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What is probability?

* Frequentist Answer:
Let A C () be an event, then:

P(A) = lim B4 where

n—oo N

e n: number of experiments (independent trials),

e n4: number of occurences of event A (e.g., coin or dice).



What is probability?

* Axiomatic Answer (Kolmogorov, 1933):

Let €2 be a sample space, J be a event space (e.g., o-algebra of €}’
and P be a measure. It

1. Forall Ae F: P(A) >0
2. P(Q) =1.
3 ANB=( — P(AUB) = P(A) + P(B). (o-additivity)

then, (€2, F, P) is a probability space




Examples of event space

Fair die: Ql — {wl, .o ,wﬁ} with P(wf,,) — %,
Fair coin: QQ — {¢17¢2} with P(@D]) — %
Product spaces:
Q=01 x Qs, or Bernoulli trials: (29 x {25 X -+ X {s.
W_J
(3 =} x { n times

w; = sum of 2 independent dice,

0 =1{2,3,...,12}.



Basic properties

0. Unity: Venn Diagram
P(AUB) = P(A)+ P(B) — P(AN B).

1. Independence™:
A, B independent events — P(AN B) = P(A) - P(B)

2. Conditional Probability:

P(B) #0 — P(A|B) = S35

: o *Independence: “The occurrence of one event does
(A7 B independent — P(A‘B) o P(A))' not affect the probability of occurrence of the other.”




Basic properties

3. Chain Rule:
P(A1N---NA,) =P(An|An—1,- .., Aq) - P(Az|Ay) - P(A)

—HPAk]ﬂk LAY,

4. Bayes’ Theorem:

If P(B)#0 then P(A|B) =208




What is a Random Variable?

e A Random Variable (r.v. or rv) is a function from 2 to R:

w — r(w)

e.g., w;: face of a die, x(w;) = 10¢, voltage of a random source, etc.

e We'll use the notation: z(w), X (w),Y (w), ... or just z, X, Y, ...



Basic properties of r.v.s

» Cumulative Density Function (CDF), or Distribution Function:

Fx(z) =P X<z =P{we:z(w) <z}

o lim, ., . Fx(z)=P0) =0
o lim, , o Fx(z)=P() =1



Basic properties of r.v.s

* Probability Density Function (PDF):

fx(z) = £ Fx(x).

e fx(x) >0, because Fx(x) is an increasing function of x.

o [T fx(x)dx = 1.



Example of a CDF/PDF

* Mixed-type PDF:

Chart Title Chart Title

/ 4 Fy(2) = Fx (2°)
1 N

1
A
0 / 0 =N
0 1 y) 0) 1 )
Dirac Delta Function (or impulse):/

+0o0
5(z) / #(2)8(x)dz = (0).
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Moments of a r.v.

* Expected Value:

—+ 00
@ — OO
“center of 1 <&
mass ~ — Zaj‘i’ €XT; ny lld>I<
n -
1=1
empirical

*i.1.d: “Independent and identically distributed random variables.”



Moments of a r.v.

* Variance: « Standard Deviation:

0-%( = Ly {(X —/LX)Q- OX = \/O'%(.




Jensen’s Inequality

- Convexity: g(+) convex < g(tz1 + (1 —t)z2) <tg(z1) + (1 - t)g(x2)

8(x)

The line that connects x,, x,
is above g(x), x € [x;, X,].

* Jensen’s Inequality:

t8(x1) + (1 —1)8(x2)

g(-) convex Sl + 1
= g (E[X]) < Elg(X)




Markov’s Inequality

e Let X be a non-negative r.v., and a > 0. Then,
P(X >a) < 2X

* Proof:




Chebyshev's Inequality

e Let X be ar.v. with finite expected value u, and finite non-zero variance
0. Then, for any positive real number k > 0:

P(IX — p| > ko) < 5.
Proof: Apply Markov’s inequality to Y = (X — p)?
o k.o for k=2
P(|X —pl <20) < 1= 2% Vrv. X with p,0 < oc.
¢ When X is Gaussian, it holds: P(|X — u| < 20) < 2.



Sampling an r.v. given Fy(x)

* Probability Integral Transform:

If X is a continuous r.v. with CDF Fx(x), then the r.v. Y = Fx(X) has a
uniform distribution in |0, 1]:

Fy(y) = P(Y <y)

— P(Fx(X) <)
= P(X <Fy'(y) = Ir(y)= {(1) glséevihiri.
= Fx(Fx'(y)) |

=Y Y < [07 1] assuming Fy ' (y) exists



Sampling an R.V. given Fy(x)

* Inverse version (Inverse Transform Sampling):

If Y has a uniform distribution in [0, 1] and X has CDF Fx(x), then the r.v.
F¢'(Y) has the same distribution as X.

Very important and popular example:
categorical distribution or softmax.

* Algorithm:

1. Compute the inverse of Fx (), i.e., Fx'(z).
2. Generate a random number u ~ U ([0, 1]).

3. Compute x = Fy'(u) ~ X.



Function of an r.v.

e Let g(-) be a monotonic function. The r.v. Y = g(X) has PDF given by:
fy(y=fx(g~(y))-

w9 W)= fx(g7 () ’g%g-ll(y)) |

Proof: Examples: Y =aX +0b, a> 0,

Fy(y) =PY <) fr(y = +fx (y;b)
= P(g(X) <) v xo
=P(X <g7(y) fr(y.=



Joint r.v.s

* Joint CDF of 2 random variables:
P(X < CE,Y < y) — ny(ai,y).

Limits: PDF
P(CUFFOO) = Fx(x), fxy(z,y) = axayFXY(fc Y) > (.

P(+00,y) = Fy (y). fj;o fj;o fxv(x,y)dzdy = 1.




Independence

» Independence of X.Y:

P(X <z, Y <y)=PX <z) - P(Y <y)
— Fxy(z,y) = Fx(z) - Fy(y)
— fxv(z,y) = fx (@) - fr(y).



Sum of two independentr.v.s

o Let X, Y be two independent random variables. The PDF of Z = X +Y
is given by the convolution of f,(z) with f,(2):

PZ<z2)=P(X+Y <z
—P(X<z-Y
= [T P(X <2—y)fy(y)dy

= [T Fx(z —y) fv (y)dy

— fz(z) = fi: fx(z—y)fy(y)dy
Examples: Sum of 2 uniform

= fx(2) * fy (2). distributions, sum of 2 dice, etc.



Conditional PDFs

* Conditional Probability: Example: Die with even/odd events as conditions

, _ fXY(CU, )
fY|X (Y| X =z) = frixWlz) = f);i((f:)y) Jrz fxy(;iy)dy

* Marginal Probability:

Both a consequence of:

fr(y erOO fyvix(ylz) fx(z)da ffXY((m’ﬁ))f "
- Baves Theorem: — JYIXAIERI XA
' fx iy (@]y) fx () = Ix1v(zly)fy (¥,

frix(ylz) = fy (¥)



Multivariate Gaussian Distribution

* Notation:

$:($1,...,xd)T, INN(M7Z)

* PDF General Form:
N(zlu,¥) = fx(x1,...,2q)

_ 1 6—%(w—u)T2_1(x—u) |Z‘ = det(Z).
V/ (2m)4|3] ’

3| #£ 0 — N(z|p, X) non-degenerate.




Multivariate Gaussian Distribution

 Mean Vector:

p=E[X]= (E[X1],E[X2],...,E[X4)"

* Covariance Matrix:
Yij = B[(Xs — pi)(Xj — pj)] = Cov[X;, X;] € R4,




Multivariate Gaussian Distribution

* Marginals (2D example):

L1 ,ul L 0-1 012
T = , M= , N = 5
L2 H2 021 03




Multivariate Gaussian Distribution

* Geometric interpretation:  Gometation
o 0% 012 | _ J% 00109 CCffﬁc(.Ti;t
— 0921 O'% _,00'10'2 0—% _ 9 p = popnl

Uy

u,: eigenvectors
A;: eigenvalues - 1 _ Zd | T
5 U U
1 X )
2
’L




L ecture #2

Multivariate Gaussian Distribution

* How to sample:
r=p+oz~N(po?), z~N(01

Cholesky
Reparametrization trick decomposition

r=pu+Lz~NWwX), z~N(01I; andX =LLT.

Sampling from 1d normal Sampling from multivariate normal
import numpy as np mu = [1, 2]

mu, sigma = 0, 0.1 # mean and standard deviation Sigma = [[1, 2], [2, 4]]

X = np.random.normal(mu, sigma, 1000) X = np.random.multivariate_normal(mu, Sigma, 1000)
x.shape - (1000,) x.shape - (1000,2)

type(x) > <class 'numpy.ndarray'>



Multivariate Gaussian Distribution

» Conditional probability:

L1

Al _--" 5 A Yaa ZaB
r=| "k sl o p= "0, = .
12:3 2.BA  2BB

S Ldy+1

Schur

complemRnt
p(xalzg) = N(zalpa +3aX55(zs — 1), Xaa — XaABY 55X B4)

p(zplza) = N(xplup + XpaXis(xa —pa), Lo — XpaX 4246,



Multivariate Gaussian Distribution Lecture #2

» Conditional probability example:

T

N "'

/ Qﬁ )
“,“ 1\

- - - :
by |1 = H1 v — |91 0122
T2’ 1218 021 03

p(xa|z1), = N(z2]ug + 02101_2(:131 — 11, 03 — 0510

— Variance (a.k.a. uncertainty) is reduced whenever there is correlation



Asymptotics

o Law of Large Numbers.

Let {X}} be a sequence of i.i.d. r.v.s and S,, =), _; X be the sum r.v,
If 4 = E|[X}| exists, then Ve > 0:

1
lim P<—Sn—,u >€>:O.
n

n—oo

E.g., a fair coin, fair dice, etc.

Proof: Application of Chebyshev’s inequality.




Asymptotics

o Central Limit Theorem.

Let { X} be a sequence of i.i.d. r.v.s and S, =), _; Xj be the sum r.v
Suppose that ¢ = E[X], and 0% = var(X) exist. Then, V/ fixed:

, S, — nu 1 5
i P (S5 <o) =3 (1421 ((3)),

where erf(-) is the error function defined by: erf(z) \/— [ e et dt.

e In other words Saaﬁ“ ~ N(O 1) as n — oQ.
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