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What is probability?

•Frequentist Answer:
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What is probability? 

•Axiomatic Answer (Kolmogorov, 1933):
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Examples of event space Lecture #2



Basic properties

Venn Diagram0. Unity:

1. Independence*:

2. Conditional Probability:

*Independence: “The occurrence of one event does 
not affect the probability of occurrence of the other.”
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Basic properties

3. Chain Rule:

4. Bayes’ Theorem:
If then
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What is a Random Variable? Lecture #2



Basic properties of r.v.s

•Cumulative Density Function (CDF), or Distribution Function:
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Basic properties of r.v.s

• Probability Density Function (PDF):
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Example of a CDF/PDF
•Mixed-type PDF:
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Dirac Delta Function (or impulse):
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Moments of a r.v.

• Expected Value:

“center of 
mass”

empirical

*i.i.d: “Independent and identically distributed random variables.”
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Moments of a r.v.

• Variance: • Standard Deviation:
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Jensen’s Inequality

• Jensen’s Inequality:

•Convexity:

The line that connects  
is above g .

𝒙𝟏, 𝒙𝟐
(𝒙),   𝒙 ∈ [𝒙𝟏, 𝒙𝟐]
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Markov’s Inequality Lecture #2

• Proof:



Chebyshev's Inequality Lecture #2



Sampling an r.v. given 𝐹𝑋(𝑥)

• Probability Integral Transform:
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Sampling an R.V. given 𝐹𝑋(𝑥)
• Inverse version (Inverse Transform Sampling):

• Algorithm:

Very important and popular example: 
categorical distribution or softmax.
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Function of an r.v.

Examples:Proof:
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Joint r.v.s

•Joint CDF of 2 random variables:

Limits: PDF:

Lecture #2



Independence

• Independence of :𝑋, 𝑌
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Sum of two independent r.v.s

Examples: Sum of 2 uniform 
distributions, sum of 2 dice, etc.
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Conditional PDFs
Lecture #2
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•Conditional Probability:

•Marginal Probability:

•Bayes Theorem:

Both a consequence of:

Example: Die with even/odd events as conditions
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Multivariate Gaussian Distribution

•PDF General Form:

•Notation:
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Multivariate Gaussian Distribution

•Covariance Matrix:

•Mean Vector:
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Multivariate Gaussian Distribution

•Marginals (2D example):
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Multivariate Gaussian Distribution

•Geometric interpretation: Correlation 
coefficient

: eigenvectors 
: eigenvalues

𝒖𝒊

𝝀𝒊
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Multivariate Gaussian Distribution

•How to sample:

Sampling from 1d normal 
import numpy as np 
mu, sigma = 0, 0.1 # mean and standard deviation 
x = np.random.normal(mu, sigma, 1000) 
x.shape  (1000,) 
type(x)  <class 'numpy.ndarray'>

Sampling from multivariate normal 
mu = [1, 2] 
Sigma = [[1, 2], [2, 4]] 
x = np.random.multivariate_normal(mu, Sigma, 1000) 
x.shape  (1000,2)

Reparametrization trick
Cholesky 
decomposition
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Multivariate Gaussian Distribution
•Conditional probability:

Schur 
complement
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Multivariate Gaussian Distribution

•Conditional probability example:
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Asymptotics Lecture #2
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