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❑ LSM amplification is sum of
❑ Level amplification (better for larger f ➔ fewer levels)
❑ Merge amplification (better for smaller f → more 

amortization)

❑ What is the optimal growth size f?
❑ Definitions

❑ Ki, Vi: Size of all keys, values

❑ Si: capacity of level I (Ki+Vi)
❑ l: number of levels on storage device
❑ f: growth factor
❑ H: Required system throughput in pages/s
❑ R: Application throughput (sustained) in bytes/s
❑ Sp:  page size (bytes/page) for device to achieve R

❑ LSM: contribution of each level to compaction is
❑ Each level is read and written twice
❑ Except last level

❑ Optimal case is when H is minimum

❑ Trivially, will lead to S0=Sl, l=0, or Sl=0
❑ Need to minimize H under some constraint

❑ (a) When Sl/S0 is constant (memory cost)
❑ Find optimal f for storing data (Sl) fixed times more 

than memory

❑ Result: optimal f=~4.48 (~4-5)
▪ 1               16                         256 (f=16)
▪ 1      4       16          64           256          (f=4) <- best
▪ 1  2  4  8   16   32  64  128  256           (f=2)

▪ 2.56  25.6 256          (f=10) <- ???
• (not considered by optimization problem)

❑ (b) When S0+S1+…+Sl is constant (store capacity)
❑ Find optimal f for fixed device budget (S0+…+Sl-1) – 

dataset size Sl can vary
❑ Alternatives may have fewer or more levels but all 

need to have the same device space

❑ Result: optimal f=~10-11 
▪ 1                                               120  (S=~121, f=~100)
▪ 11                                             110  (S=~121, f=~10) best
▪ 1               3         9            27     81  (S=~121, f=~3)
▪ 3                             18              100  (S=~121, f differs)
▪ 0.355  1.4     6             23          91  (S=~121, f=~4) ???

• (solution says this is suboptimal)

❑ This is what RocksDB uses by default

❑ LSM paper discusses both (a) and (b)
❑ VAT paper includes all step of the derivations

LSM: Optimal growth factor and #levels
[VAT: Asymptotic Cost Analysis for Multi-Level Key-Value Stores. Nikos Batsaras et al. February 2020. arXIV 2003.00103. arxiv.org/abs/2003.00103v1]

an amplification of A then H = R· A. In the LSM design,

HDDsalwaysoperateat themaximum throughput and H can

be achieved by using moreHDDs. However, it is still impor-

tant to minimize amplification and therefore the number of

disks required to handle a desired data rateR. Based on this

lineof thought, H can bedefined as:

H =
R

Sp
((2f1 + 2) + ... + (2fl + 1)) (18)

• R bytesper second

• Sp bytesper page

• l is thenumber of levels

• f variablesrepresent sizeratiosbetween adjacent levels

fi = Si
Si− 1

• 2fi + l representsall I/O on level l i

• fi
R
Sp

to read in pages from l i for the merge from li− 1 to

l i

• ( fi + 1) R
Sp

to write out pages to l i for thesamemerge

• R
Sp

to read in pagesfrom l i for themerge from l i to li+ 1

An important note here is that H is based on the assump-

tion that in every spill from level i to level i+ 1, we read and

write the entire level i+ 1 once. We can re-writeH as:

H =
R

Sp
(2( f1 + f2 + ... + fl ) + 2l − 1)

=
R

Sp
(2

l

∑
i= 1

fi + 2l − 1) (19)

To minimizeH, theauthors in [25] observethat therateof

insertions to all levels is the same at steady state (and Sp is

constant aswell), so it suffices to minimizethesecond factor

of H. Therefore:

minH = min(2
l

∑
i= 1

fi + 2l − 1) (20)

This minimization problem makes sense and has non-

trivial solutionsunder someconstraint on theamount of data

that needsto bestored. In theoriginal LSM analysis [25] the

authorsusetwo different constraints: (1) Theratio of DRAM

to the dataset size is constant
Sl
S0

= C:

min
Sl
S0

= C

H = min
Sl
S0

= C

(2
l

∑
i= 1

fi + 2l − 1) (21)

(2) The total size of all levels is constant S0 + ... + Sl = C:

min
S0+ ...+ Sl = C

H = min
S0+ ...+ Sl = C

(2
l

∑
i= 1

fi + 2l − 1) (22)

Thepractical meaning of thefirst constrain is that thesize

of the workload Sl is a function of DRAM size. This di-

rect correlation, simplifies the minimization problem further

down in theanalysis. On theother hand, thesecond constrain

is more relaxed, in a sense that it only bounds the storage

capacity the system has, which better fits real scenarios but

results in a harder minimization problem. We also note that

in thefirst constrain C is only a scalar whereas in the second

constrainC is measured in bytes.

Next, wepresent thesolutionof theminimization problem

for thefirst case.

B.1 LSM optimal growth factor and number
of levelsunder constant C = Sl

S0

In the case of constant
Sl
S0

= C and since Si = fi ·Si− 1 we

can write theconstraint asaproduct of fi : Sl = ∏
l
i= 1 fi ·S0 or

Sl
S0

= ∏l
i= 1 fi or ∏l

i= 1 fi = C. Therefore:

min
∏l

i= 1 fi= C
H = min

∏l
i= 1 fi= C

(2
l

∑
i= 1

fi + 2l − 1)

The original LSM analysis [25] argues that based on this

formulationwecan concludethat all fi arethesame. Weelab-

oratethisargument,asfollows. If wefix thenumber of levels

to any constant valueL, meaning that weexamineevery pos-

sible number of levels in a KV store, then the minimization

problem becomes:

min
∏l

i= 1 fi= C
H = min

∏l
i= 1 fi= C

(2
l

∑
i= 1

fi + 2L− 1)

To solve this minimization problem we can replace the fl
term in the sum using the constraint. So the minimization

problem can be written as:

min
∏l

i= 1 fi= C

l

∑
i= 1

fi = min(2
l− 1

∑
i= 1

fi + C·
l− 1

∏
i= 1

f − 1
i + 2L− 1)

Finding the minimum of a function is equivalent to find-

ing the point where its derivative is equal to 0. Using partial

derivatives for each of the free variables f j , j = 1, . . . , l − 1

we get:

(2
l− 1

∑
i= 1

fi + C·
l− 1

∏
i= 1

f − 1
i + 2L− 1)

d

d f j
= 0⇒

( f1 + f2 + . . . + fl− 1 + C·
l− 1

∏
i= 1

f − 1
i + 2L− 1)

d

d f j
= 0

Given that L is a constant, we get:
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Constant memory C = Sl/S0 

❑ => C = fl => l = logfC and f = l-root(C)

❑ To minimize solve for derivative = 0

 

❑ With Lamberts function, by definition W(xex)=x

❑ Therefore, optimal f is

❑ Given that W(1/e) is about 0.5, we can get optimal f 
= e3/2 = ~4.48
❑ Simpler solution

❑ Optimal l = logeC => el=C. Since fl = C => f=e ~= 2.718

Constant total capacity C= S0+…+Sl 

❑ Minimize with Lagrange multipliers
❑ Masters thesis of Nikos Batsaras and arxiv TR

❑ E.g. l=5
❑ f1=11.0998, f2=11.0991, f3=11.0909, f4=11, f5=10

❑ For all practical purposes all equal to 10

LSM: Optimal growth factor and #levels

1−
1

f j
·C·

l− 1

∏
i= 1

f − 1
i = 0⇒ f j = C·

l− 1

∏
i= 1

f − 1
i

Therefore, all f j must havethesamevalue f = f1 = ... = fl
and leadsto: leads to:

C = f1 · f2 ·. . . · fl ⇒ C = f l ⇒ f =
l
√

C (23)

If we replacethisvalue f in Equation 21, weget:

min
Sl
S0

=C

H = min
Sl
S0

=C

(2l f + 2l − 1) = min
Sl
S0

=C

(2l ·
l
√

C+ 2l − 1)

To minimizethis function wesolve for thepoint whereits

derivativebecomes0:

d

dl
(2l ·

l
√

C+ 2l − 1) = 0⇒ 2
l
√

C−
2

l
√

C·logeC

l
+ 2 = 0

⇒
l
√

C
logeC

l
− 1 = 1⇒ (elogeC)

1
l

logeC

l
− 1 = 1

⇒ e
logeC

l
logeC

l
− 1 = 1

logeC
l = x

====⇒ ex(x− 1) = 1

⇒ (x− 1)exe− 1 = e− 1 ⇒ (x− 1)ex− 1 =
1

e

If we use Lambert’s W function [9], then by definition

W(xex) = x. Therefore:

W((x− 1)ex− 1) = W(
1

e
) ⇒ x− 1= W(

1

e
)

x = logeC
l

====⇒

logeC

l
− 1 = W(

1

e
) ⇒ l =

logeC

W( 1
e) + 1

Wecan now calculate theoptimal growth factor f as:

f =
l
√

C = C
1
l = C

1
logeC

W( 1
e)+ 1 = C

W( 1
e)+ 1

logeC

= (C
1

logeC )W( 1
e )+ 1 = (e

logeC
1

logeC )W( 1
e )+ 1

= eW( 1
e)+ 1 (24)

Given that W( 1
e) is about 0.5 [1], we can write l = logeC

1.5

and f = e
3
2 .

Wecan deriveasomewhat lessaccuratebut simpler value

for theoptimal number of levelsandgrowthfactor by solving

thesimplified minimization problem:

min
∏l

i= 1 fi= C
(2l f + 2l − 1) ≈ min

∏l
i= 1 fi= C

(l f )

Similar to above, using derivativesleads to:

d

dl
l ·

l
√

C =
l
√

C+ l logeC·
l
√

C·(−
1

l2
)

=
l
√

C 1−
logeC

l
= 0⇒ l = logeC (25)

Therefore, the optimal number of levels is l = logeC and

we can calculate the optimal growth factor as f =
l
√

C =
logeC
√

C = e.

B.2 Optimal growth factor and number of lev-

els under constant total sizeC = S0 + ... +
Sl

In thesecond case, wesolve for adifferent assumption. Sim-

plifying theminimization problem as in thepreviouscase:

min
S0+ ...+ Sl = C

H = min
S0+ ...+ Sl =C

(2
l

∑
i= 1

fi + 2l − 1) ≈ min
∑l

i= 0Si=C

l

∑
i= 1

fi

If we use the Lagrange Multipliers, the problem can be

described as follows:

L( f1, f2, . . . , fl ,λ) = h( f1, f2, . . . , fl ) − λ(g(S0,S1, . . . ,Sl ) − C)

where h( f1, . . . , fl ) is the function we want to minimize,

g(S0,S1, . . . ,Sl ) is thefunctiondescribing theconstraintsand

λ is called the Lagrange Multiplier . To find the minimum

produced by a certain set of values for f1, f2, . . . , fl we pro-

ceed as follows:

∇L = 0⇒
∂L

∂ f1
,
∂L

∂ f2
, . . . ,

∂L

∂ fl
= 0

So now we take each dimension equal to 0 to satisfy the

equation:

∂L

∂ fi
= 0, i ∈ [1, l ]

Taking thepartial derivativeof L with respect to f1 weget:

∂L

∂ f1
= 0⇒

∂h( f1, f2, . . . , fl )

∂ f1
− λ ·

∂g(S0,S1, . . . ,Sl )

∂ f1
− λ ·

∂C

∂ f1
= 0⇒

1− λ ·(S0+ f2S0 + ···+ f2 · f3 ··· fl ·S0) = 0⇒

S0 + f2S0 + ···+ f2 · f3 ··· fl ·S0 =
1

λ
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If we use the Lagrange Multipliers, the problem can be

described as follows:

L( f1, f2, . . . , fl ,λ) = h( f1, f2, . . . , fl ) − λ(g(S0,S1, . . . ,Sl ) − C)

where h( f1, . . . , fl ) is the function we want to minimize,

g(S0,S1, . . . ,Sl ) is thefunction describing theconstraintsand

λ is called the Lagrange Multiplier . To find the minimum

produced by a certain set of values for f1, f2, . . . , fl we pro-

ceed as follows:

∇L = 0⇒
∂L

∂ f1
,
∂L

∂ f2
, . . . ,

∂L

∂ fl
= 0

So now we take each dimension equal to 0 to satisfy the

equation:

∂L

∂ fi
= 0, i ∈ [1, l ]

Taking thepartial derivativeof L with respect to f1 weget:

∂L

∂ f1
= 0⇒

∂h( f1, f2, . . . , fl )

∂ f1
− λ ·

∂g(S0,S1, . . . ,Sl )

∂ f1
− λ ·

∂C

∂ f1
= 0⇒

1− λ ·(S0+ f2S0 + ···+ f2 · f3 ··· fl ·S0) = 0⇒

S0 + f2S0 + ···+ f2 · f3 ··· fl ·S0 =
1

λ
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f j
·C·

l− 1

∏
i= 1

f − 1
i = 0⇒ f j = C·

l− 1

∏
i= 1

f − 1
i

Therefore, all f j must havethesamevalue f = f1 = ... = fl
and leads to: leads to:

C = f1 · f2 ·. . . · fl ⇒ C = f l ⇒ f =
l
√

C (23)

If we replacethisvalue f in Equation 21, weget:

min
Sl
S0

= C

H = min
Sl
S0

=C

(2l f + 2l − 1) = min
Sl
S0

= C

(2l ·
l
√

C+ 2l − 1)

To minimizethis function wesolve for thepoint where its

derivativebecomes0:

d

dl
(2l ·

l
√

C+ 2l − 1) = 0⇒ 2
l
√

C−
2

l
√

C·logeC

l
+ 2 = 0

⇒
l
√

C
logeC

l
− 1 = 1⇒ (elogeC)

1
l

logeC

l
− 1 = 1

⇒ e
logeC

l
logeC

l
− 1 = 1

logeC
l = x

====⇒ ex(x− 1) = 1

⇒ (x− 1)exe− 1 = e− 1 ⇒ (x− 1)ex− 1 =
1

e

If we use Lambert’s W function [9], then by definition

W(xex) = x. Therefore:

W((x− 1)ex− 1) = W(
1

e
) ⇒ x− 1= W(
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e
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We can now calculate theoptimal growth factor f as:

f =
l
√

C = C
1
l = C
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W( 1
e)+ 1 = C

W( 1
e)+ 1

logeC

= (C
1

logeC )W( 1
e)+ 1 = (e

logeC
1

logeC )W( 1
e)+ 1

= eW( 1
e)+ 1 (24)

Given that W( 1
e
) is about 0.5 [1], we can write l = logeC

1.5

and f = e
3
2 .

We can deriveasomewhat lessaccuratebut simpler value
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thesimplified minimization problem:

min
∏l

i= 1 fi= C
(2l f + 2l − 1) ≈ min
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√
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√
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els under constant total sizeC = S0 + ... +
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If we use the Lagrange Multipliers, the problem can be

described as follows:

L( f1, f2, . . . , fl ,λ) = h( f1, f2, . . . , fl ) − λ(g(S0,S1, . . . ,Sl ) − C)

where h( f1, . . . , fl ) is the function we want to minimize,

g(S0,S1, . . . ,Sl ) is thefunctiondescribing theconstraintsand

λ is called the Lagrange Multiplier . To find the minimum

produced by a certain set of values for f1, f2, . . . , fl we pro-

ceed as follows:
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,
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So now we take each dimension equal to 0 to satisfy the
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and leads to: leads to:
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To minimize this function wesolve for the point where its

derivativebecomes0:
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If we use Lambert’s W function [9], then by definition

W(xex) = x. Therefore:
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1
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) ⇒ x− 1 = W(

1
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Given that W( 1
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for theoptimal number of levelsandgrowth factor by solving

thesimplified minimization problem:

min
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i= 1 fi= C
(2l f + 2l − 1) ≈ min
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i= 1 fi= C

(l f )

Similar to above, using derivativesleads to:
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Therefore, the optimal number of levels is l = logeC and
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B.2 Optimal growth factor and number of lev-

els under constant total sizeC = S0 + ... +
Sl
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i= 0 Si= C
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If we use the Lagrange Multipliers, the problem can be

described as follows:

L( f1, f2, . . . , fl ,λ) = h( f1, f2, . . . , fl ) − λ(g(S0,S1, . . . ,Sl ) − C)

where h( f1, . . . , fl ) is the function we want to minimize,

g(S0,S1, . . . ,Sl ) is thefunction describing theconstraintsand

λ is called the Lagrange Multiplier . To find the minimum

produced by a certain set of values for f1, f2, . . . , fl we pro-

ceed as follows:

∇L = 0⇒
∂L
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,
∂L
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, . . . ,
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∂ fl
= 0

So now we take each dimension equal to 0 to satisfy the
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Taking thepartial derivativeof L with respect to f1 weget:
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If we use Lambert’s W function [9], then by definition

W(xex) = x. Therefore:
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Given that W( 1
e) is about 0.5 [1], we can write l = logeC
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and f = e
3
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We can deriveasomewhat lessaccuratebut simpler value

for theoptimal number of levelsandgrowth factor by solving

thesimplified minimization problem:

min
∏l

i= 1 fi= C
(2l f + 2l − 1) ≈ min

∏l
i= 1 fi= C

(l f )

Similar to above, using derivativesleads to:

d

dl
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√

C =
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√

C+ l logeC·
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√

C·(−
1

l2
)

=
l
√

C 1−
logeC
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= 0⇒ l = logeC (25)

Therefore, the optimal number of levels is l = logeC and

we can calculate the optimal growth factor as f =
l
√

C =
l ogeC
√

C = e.

B.2 Optimal growth factor and number of lev-

els under constant total sizeC = S0 + ... +
Sl

In thesecond case, wesolvefor adifferent assumption. Sim-

plifying theminimization problem as in thepreviouscase:

min
S0+ ...+ Sl = C

H = min
S0+ ...+ Sl = C

(2
l

∑
i= 1

fi + 2l − 1) ≈ min
∑l

i= 0 Si= C

l

∑
i= 1

fi

If we use the Lagrange Multipliers, the problem can be

described as follows:

L( f1, f2, . . . , fl ,λ) = h( f1, f2, . . . , fl ) − λ(g(S0,S1, . . . ,Sl ) − C)

where h( f1, . . . , fl ) is the function we want to minimize,

g(S0,S1, . . . ,Sl ) is thefunction describing theconstraintsand

λ is called the Lagrange Multiplier . To find the minimum

produced by a certain set of values for f1, f2, . . . , fl we pro-

ceed as follows:

∇L = 0⇒
∂L

∂ f1
,
∂L

∂ f2
, . . . ,

∂L

∂ fl
= 0

So now we take each dimension equal to 0 to satisfy the

equation:

∂L

∂ fi
= 0, i ∈ [1, l ]

Taking thepartial derivativeof L with respect to f1 weget:

∂L

∂ f1
= 0⇒

∂h( f1, f2, . . . , fl )

∂ f1
− λ ·

∂g(S0,S1, . . . ,Sl )

∂ f1
− λ ·

∂C

∂ f1
= 0⇒

1− λ ·(S0+ f2S0 + ···+ f2 · f3 ··· fl ·S0) = 0⇒

S0 + f2S0 + ···+ f2 · f3 ··· fl ·S0 =
1

λ
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If we rewrite:

(S0 + f2S0 + ···+ f2 · f3 ··· fl ·S0) =
C− S0

f1
⇒

1

λ
=

C− S0

f1
⇒ f1 = λ ·(C− S0)

Equivalently, we can calculate:

f1 = λ ·(C− S0)

f2 = λ ·(C− S0− f1S0)

f3 = λ ·(C− S0− f1S0− f1 f2S0)

. . .

fl = λ ·(C− S0− f1S0− f1 f2S0− . . .−
l

∏
i= 1

fiS0)

If we perform the subtractions, the early fi ’swill be con-

stituted by a largenumber of termsbut in the latter fi ’s, most

of the termswill be canceled out. This way:

fl = − λ ·
l

∏
i= 1

fiS0 ⇒

fl− 1 = − λ ·
l− 1

∏
i= 1

fiS0 +
l

∏
i= 1

fiS0 ⇒

fl− 2 = − λ ·
l− 2

∏
i= 1

fiS0 +
l− 1

∏
i= 1

fiS0 +
l

∏
i= 1

fiS0 ⇒

. . .

It is easier to start from thehigher terms of fi :

fl− 1

fl
=
− λ · ∏

l− 1
i= 1 fiS0 + ∏l

i= 1 fiS0

− λ ·∏l
i= 1 fiS0

⇒

fl− 1

fl
=
∏

l− 1
i= 1 fi + ∏

l
i= 1 fi

∏
l
i= 1 fi

⇒

fl− 1

fl
=
∏

l− 1
i= 1 fi

∏
l
i= 1 fi

+ 1⇒

fl− 1

fl
=

1

fl
+ 1⇒ fl− 1 = 1+ fl

fl− 2

fl− 1
=
− λ · ∏

l− 2
i= 1 fiS0 + ∏

l− 1
i= 1 fiS0 + ∏l

i= 1 fiS0

− λ · ∏
l− 1
i= 1 fiS0 + ∏

l
i= 1 fiS0

⇒

fl− 2

fl− 1
=
∏

l− 2
i= 1 fi + ∏

l− 1
i= 1 fi + ∏

l
i= 1 fi

∏
l− 1
i= 1 fi + ∏

l
i= 1 fi

⇒

fl− 2

fl− 1
=

∏
l− 2
i= 1 fi

∏
l− 1
i= 1 fi + ∏l

i= 1 fi
+ 1⇒

fl− 2

fl− 1
=

f1 · f2 ··· fl− 2

( f1 ··· fl− 2) · fl− 1 + ( f1 ··· fl− 2) · fl− 1 · fl
+ 1⇒

fl− 2

fl− 1
=

1

fl− 1 + fl− 1 · fl
+ 1⇒

fl− 2

fl− 1
=

1

fl− 1 ·(1+ fl )
+ 1⇒

fl− 2 = fl− 1 +
1

1+ fl
⇒

fl− 2 = fl− 1 +
1

fl− 1

Similarly:

fl− 3 = fl− 2 +
1

fl− 1
·

1

fl− 2

. . .

f1 = f2 +
1

fl− 1
···

1

f2

We can keep taking fractions to unveil each fi value:
We notice that the optimal growth factor fi between two

levels i (large) and i − 1 (small) reduces by a small decre-

ment at each i. For instance, for l = 5 levels, an example se-

quence is the following: f1 ≈ 11.0998, f2 ≈ 11.0991, f3 ≈

11.0909, f4 = 11, f5 = 10. Essentially, these values have

small differences and for all practical purposes they can be

considered to be thesamevalue f5. Therefore, even with the

constant total size assumption, it turns out that for all practi-

cal purposes the growth factor is constant across levels and

we can follow the same processas in the previoussection to

calculate theoptimal l , f .
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Therefore, all f j must havethesamevalue f = f1 = ... = fl
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If we replace this value f in Equation 21, we get:
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Given that W( 1
e
) is about 0.5 [1], we can write l = logeC
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3
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for theoptimal number of levelsandgrowthfactor by solving
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min
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described as follows:

L( f1, f2, . . . , fl ,λ) = h( f1, f2, . . . , fl ) − λ(g(S0,S1, . . . ,Sl ) − C)

where h( f1, . . . , fl ) is the function we want to minimize,

g(S0,S1, . . . ,Sl ) is thefunctiondescribing theconstraintsand

λ is called the Lagrange Multiplier . To find the minimum

produced by a certain set of values for f1, f2, . . . , fl we pro-

ceed as follows:
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S0

= C

H = min
Sl
S0

= C

(2l f + 2l − 1) = min
Sl
S0

= C

(2l ·
l
√

C+ 2l − 1)

To minimize this function wesolve for thepoint where its

derivativebecomes0:

d

dl
(2l ·

l
√

C+ 2l − 1) = 0⇒ 2
l
√

C−
2

l
√

C·logeC

l
+ 2 = 0

⇒
l
√

C
logeC

l
− 1 = 1⇒ (elogeC)

1
l

logeC

l
− 1 = 1

⇒ e
l ogeC

l
logeC

l
− 1 = 1

logeC
l = x

====⇒ ex(x− 1) = 1

⇒ (x− 1)exe− 1 = e− 1 ⇒ (x− 1)ex− 1 =
1

e

If we use Lambert’s W function [9], then by definition

W(xex) = x. Therefore:

W((x− 1)ex− 1) = W(
1

e
) ⇒ x− 1 = W(

1

e
)

x = logeC
l

====⇒

logeC

l
− 1 = W(

1

e
) ⇒ l =

logeC

W( 1
e) + 1

We can now calculate theoptimal growth factor f as:

f =
l
√

C = C
1
l = C

1
logeC

W( 1
e)+ 1 = C

W( 1
e)+ 1

logeC

= (C
1

logeC )W( 1
e )+ 1 = (e

logeC
1

logeC )W( 1
e)+ 1

= eW( 1
e)+ 1 (24)

Given that W( 1
e) is about 0.5 [1], we can write l = logeC

1.5

and f = e
3
2 .

We can derivea somewhat less accuratebut simpler value

for theoptimal number of levelsandgrowthfactor by solving

thesimplified minimization problem:

min
∏l

i= 1 fi= C
(2l f + 2l − 1) ≈ min

∏l
i= 1 fi= C

(l f )

Similar to above, using derivativesleads to:

d

dl
l ·

l
√

C =
l
√

C+ l logeC·
l
√

C·(−
1

l2
)

=
l
√

C 1−
logeC

l
= 0⇒ l = logeC (25)

Therefore, the optimal number of levels is l = logeC and

we can calculate the optimal growth factor as f = l
√

C =
l ogeC
√

C = e.

B.2 Optimal growth factor and number of lev-

els under constant total sizeC = S0 + ... +
Sl

In thesecond case, wesolve for adifferent assumption. Sim-

plifying theminimization problem as in thepreviouscase:

min
S0+ ...+ Sl = C

H = min
S0+ ...+ Sl = C

(2
l

∑
i= 1

fi + 2l − 1) ≈ min
∑l

i= 0 Si= C

l

∑
i= 1

fi

If we use the Lagrange Multipliers, the problem can be

described as follows:

L( f1, f2, . . . , fl ,λ) = h( f1, f2, . . . , fl ) − λ(g(S0,S1, . . . ,Sl ) − C)

where h( f1, . . . , fl ) is the function we want to minimize,

g(S0,S1, . . . ,Sl ) is thefunctiondescribing theconstraintsand

λ is called the Lagrange Multiplier . To find the minimum

produced by a certain set of values for f1, f2, . . . , fl we pro-

ceed as follows:

∇L = 0⇒
∂L

∂ f1
,
∂L

∂ f2
, . . . ,

∂L

∂ fl
= 0

So now we take each dimension equal to 0 to satisfy the

equation:

∂L

∂ fi
= 0, i ∈ [1, l ]

Taking thepartial derivativeof L with respect to f1 weget:

∂L

∂ f1
= 0⇒

∂h( f1, f2, . . . , fl )

∂ f1
− λ ·

∂g(S0,S1, . . . ,Sl )

∂ f1
− λ ·

∂C

∂ f1
= 0⇒

1− λ ·(S0+ f2S0 + ···+ f2 · f3 ··· fl ·S0) = 0⇒

S0 + f2S0 + ···+ f2 · f3 ··· fl ·S0 =
1

λ

16
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SST size, Organi- Value

placement zation placement

LSM [25], RocksDB [15], Large Full In-place

Locs [35], Dostoevsky [11],

Triad [4], Mutant [38],

bLSM [31], cLSM [16]

Atlas [21], WiscKey [23], Large Full Log

HashKV [7]

LSM-trie [36], Monkey [10], Large Partial In-place

SifrDB [24], Novelsm [20]

PebblesDB [28]

Kreon [27] Small Small Log

Be-tree [5] Small Full In-place

Table 3: Taxonomy of the main approaches to design KV

stores in threedimensions.

technology improves.

LSM-Tree cost analysis: The LSM-Tree analysis [25]

quantifiesthetradeoff between device throughput and ampli-

fication and shows that asymptotically it isbetter to increase

devicethroughput at thecost of high amplification for HDDs.

VAT generalizes this analysis to a much broader collection

of KV-storedesign techniques, which includesthose that are

dictated by modern device technology.

Merge and level amplification are competing quantities:

As we see in Figure 6(a), for a given amount of data, if we

reducethenumber of levels l , wehaveto increasethegrowth

factor f between two consecutive levels. Similarly, reducing

the growth factor f , results in increasing the number of lev-

els l . Therefore, in a proper LSM design there is a need to

balance l and f to minimize the total I/O amplification. The

LSM-Treeanalysis [25] solvesthisminimization problem in

two cases: (1) when thesizeratio of theentiredataset to main

memory isconstant and (2) when thesum of thecapacitiesof

all levels is constant. In Appendix B.1, we use the equations

in [25] to solve the minimization problem without applying

the formula simplification used in [25] that minimizes the

total I/O amplification.

Alternative KV-store cost analyses: The authors in [22]

proposeamodel that calculatesthecost of writeand read am-

plification in multi-stagelog-structured KV-storedesigns, of-

fline without the need to run long experiments. Their model

takes into account redundancy (duplicate keys) and uses

this to estimate overheads based on unique keys. They find

that the proposed approach can accurately model the perfor-

mance of LevelDB and RocksDB and they show how the

model can be used to improve the insert cost in both sys-

tems. VAT shares the goal of modeling write amplification

in multi-stage KV stores (see Figure 6(b)), however, aims

to capture the behavior of the underlying device technology

(parameter r) and also theimpact of mergeamplification (pa-

rameter a) of several design factors. VAT does not take into

account redundancy in the key population but rather aims

(a) LSM (b) VAT, a = r = 1

Figure 6: (a) Amplification vs. number of levels as a result

of minimizing the LSM cost for variousC =
Workload size= Sl

DRAM size= S0

ratios. (b) Amplification vs. number of levels as a result of

minimizing VAT cost for variousC ratios.

to capture asymptotic behavior of different designs and ap-

proaches. Our resultsshow that VAT can describeseveral ex-

isting techniquesand design tradeoffs.

MonkeyDB [10] and Wacky [12] proposeand use models

to explore tradeoffs in the design of multi-level KV stores.

They focus on optimizing the use of memory for different

aspects of KV stores. Wacky uses this analysis to search an-

alytically a broad space of merge policies and other parame-

terswith thegoal to identify theparametersthat best match a

givenworkload. Themodel of Wacky takesinto account both

the write and read path and aims to optimize the system for

insert, read, and scan operations. UnlikeWacky, VAT focuses

on expressing asymptotically write amplification and takes

into account the impact of device technology. VAT allowsus

to exploretradeoffsacrossdesign points in theconfiguration

space, including improving device technology.

8 Discussion

In this section we make variousobservationsextracted from

our analysisand evaluationprocessto providefurther insight.

We believe that VAT can be generalized further to (a) take

into account additional important resources and (b) express

thecost of additional operations, inaddition to insert patham-

plification. For instance, VAT can consider read path ampli-

fication, space amplification, optimal unit of transfer (write,

read), etc. Next, wediscusssomeof these in moredetail.

Unit of transfer in compaction: In Section 5 we briefly

discuss that RocksDB performs compactions in a per-file

manner which results in lower tail latency but increased am-

plification. Tail latency is an important metric for data serv-

ing systems that significantly affects the perceived quality

of the system. In KV stores, it is desirable that the sys-

tem does not block for long periodswhen reorganizing data,

especially given the volume of data stored in lower levels.

10

LSM: Optimal growth factor and #levels
❑ Amplification vs. number of levels for various values of C=Sl/S0
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VAT Analysis
[VAT: Asymptotic Cost Analysis for Multi-Level Key-Value Stores. Nikos Batsaras et al. February 2020. arXIV 2003.00103. arxiv.org/abs/2003.00103v1]

❑ High R is achieved with large and sequential Sp

❑ Say some compaction technique uses
❑ (1) smaller I/Os and 

❑ (2) more random I/Os

❑ Then, it can only achieve a percentage r of R 

❑ r=1 is max throughput and “pure” LSM analysis

❑ Hopefully, this compaction technique reduces also compaction traffic 
to a percentage a of full traffic due to key skew
❑ Otherwise, there is no point in using smaller and random I/Os

❑ a=1 is full traffic and “pure” LSM

❑ Then, we can calculate traffic D and time T for compaction as follows

Fall 2025 L06.CS647.CSD-UoC 5
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Backup: M odeling I/ O Traffic for Leveling Compact ion

Definit ions:

Ki , Vi : Size of keys, values of level i .

Si : Capacity of level i (Ki + Vi ).

` : Number of device resident levels.

We calculate the I/ O traffic as follows:

D =
S̀

S0

(S0) + 2

S` / S0X

j= 1

(( j − 1) mod f ) · S0

+
S̀

S1

(2S1) + 2

S` / S1X

j= 1

((j − 1) mod f ) · S1

+ . . .

+
S̀

S̀ − 1

(2S̀ − 1) + 2

S` / S` − 1X

j= 1

((j − 1) mod f ) · S̀ − 1

nikbats@ics.forth.gr 20 of 27
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Backup: M inimizat ion Problem Derivat ion

We plug the merge amplification parameter a in I/ O traffic equation:

D =
S̀

S0

(S0) + 2a

S` / S0X

j= 1

((j − 1) mod f ) · S0

+ . . .

+
S̀

S̀ − 1

(2S̀ − 1) + 2a

S` / S` − 1X

j= 1

((j − 1) mod f ) · S̀ − 1

We calculate:

• Time to write the data of size Sl as: T = D
r ·Ropt

.

• Optimal time Topt = S`
Ropt
.

• The ratio: T
Topt

= 2`− 1− a`+ af `
r

.

The goal:

• Minimize T
Topt

i.e. get as close to optimal execution time as possible.

nikbats@ics.forth.gr 21 of 27
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VAT: Analysis for Leveling Compact ion

The VAT analysis:

• Defines I/ O cost.

• Results in a cost minimization problem: 2`− 1− a`+ af `
r

.

(a) r = 1

Observations:

• Curves have a minimum point.

• Optimal growth factor decreases as

merge amplification increases.

nikbats@ics.forth.gr 10 of 27

(a) r = 1, C = 1000 (b) a = 1, C = 1000

Figure 2: (a) VAT cost ratio (T/ Topt) for optimal through-

put (r = 1) and different valuesof mergeamplification a. (b)

VAT cost ratio at maximum mergeamplification (a = 1) and

different valuesof achieved device throughput r.

the NVMe device we used for the experiments. Equation 11

shows that T
Topt

can also beexpressed as a ratio of bytes:

T

Topt
=

D/ (r ·Ropt)

Sl / Ropt
=

D

r ·Sl
(11)

5 VAT on several KV-store designs

In thissection,weusemeasurementsfromthefour KV stores

in our experimental setup to show that VAT captures the be-

havior of different design points and is able to suggest the

optimal level configuration for each technique. Figure3 sum-

marizesour experimental results, which we discussbelow.

Figure 3(a) shows the cost ratio T
Topt

with an increasing

number of levels for leveling without a value log as calcu-

lated with VAT and as measured with RocksDB. We also in-

clude the cost as calculated by LSM-Tree analysis. We see

that VAT is close to theactual measurements.

In addition, RocksDB performscompactionsbetween two

levels Li and Li+ 1 on a per-SST basis. Therefore, a com-

paction in RocksDB does not necessarily merge all SSTs of

Li to Li+ 1. This results in all levels being continuously al-

most full. VAT expresses this behavior as follows (where B

is equal to theSST size):

D =
Sl

S0

S0

B
B+ 2a

f
S0
B

∑
i= 1

i
S0
B

+ f
Sl

S0

S0

B
− f

S0

B
B

+ ···

+
Sl

Sl− 1

Sl− 1

B
2B+ 2a

f
Sl− 1

B

∑
i= 1

i
Sl− 1

B

+ f
Sl

Sl− 1

Sl− 1

B
− f

Sl− 1

B
B

(12)

By performing calculations(see Section A.4), weget:

(a) RocksDB (b) Kreon

(c) BlobDB (d) PebblesDB

Figure3: VAT models for different KV-storedesignsand ac-

tual measurements.

D = Sl 2l − 1+
af lB

Sl
+ 2af l − af

1− 1
f l

1− 1
f

(13)

Figure3(a) includesthisextension asSST-VAT and shows

that it tracks RocksDB behavior even closer compared to

VAT.

Figure2(b) showshow VAT capturestheeffect of designs

that exhibit a reduced value for a (reduced amplification) re-

sulting in lower r (reduceddevicethroughput) aswell. Kreon

uses a value log and small-size SSTs with an index. Small

SSTs allow for a reduced a. At the same time, Kreon ex-

hibitsa lower r dueto therandomnessintroduced from small

SSTs. With modern storage devices, experiments showed

that r for Kreon isaround 0.91, which isclose to theoptimal

valueof 1. Figure3(b) shows that the measured values from

Kreon are close to the cost calculated by VAT. We note that

LSM [25] cost analysis does not describe designs similar to

Kreon, therefore, we do not includea curve from LSM-type

analysis.

BlobDB triesto reduceamplification by also using avalue

log and merging only metadata (keys and pointers) during

compaction. VAT modeling for leveling with a valuelog suc-

cessfully capturesthisbehavior,asshown in Figure3(c). Am-

plification is reduced significantly because of value separa-

tion and the use of small keys in our workload (default for

YCSB).

7
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VAT: Analysis for T iering Compact ion

• Cost minimization problem: 2`− 1
r
.

• KV separation benefit :

VAT for leveling

VAT for t iering
=

2`− 1− a`+ af `
r

2`− 1
r

(b) r = 1

Observations:

• Less amplification than leveling

compaction (⇡ 5x).

• Benefit deteriorates as a decreases.

nikbats@ics.forth.gr 11 of 27

(a) f = 10, C = 1000 (b) p = 1%, r = 1, C = 1000

Figure4: (a) Amplification benefit of using avalue log com-

pared to placing thevaluesin place. (b) Amplificationbenefit

of tiering compared to leveling compaction.

(a) p = 1%, r = 1, C = 1000 (b) r = 1 C = 1000

Figure5: (a) VAT for tiering. (b) VAT for tiering with values

in log.

2l− 1− al+ af l
r

p(2l− 1− al+ af l )+ p+ 1
r·( p+ 1)

a = 0
−−−→
l = 1

p+ 1

2p+ 1
(15)

So for any key-value size ratio Equation 15 shows that

KV separation is actually worse that placing the values in-

place with keys, especially when introducing the extra cost

of garbagecollection (see Section 8).

Doestier ing still makesensewith futuredevices? In Fig-

ure 5(a), VAT shows that when using tiering with in-place

values, oneshould probably use a growth factor f of around

10, which is the point of diminishing returns for amplifica-

tion. After f = 10, amplification reducesless, while read op-

erations continue to become slower. VAT also expresses the

fact that with tiering, throughput does not depend on merge

amplification. Thus, tiering cannot benefit from improvedde-

vicetechnology and theability to reducea. Furthermore,Fig-

ure 4(b) shows that the benefit of tiering reduces as merge

amplification decreases: As compactions become cheaper,

i.e. a reduces, thebenefit of tiering becomessmaller.

Tiering techniques so far have placed values along with

keys [19] without using a log. In Figure 5(b) VAT shows

that tiering with a log can be a valid approach for small val-

uesof f , which do not reduceread performancesignificantly

and for small p ratios, up to 10%. However, in thiscase, Fig-

ure 4(a) shows that the amplification benefit is also signifi-

cant for leveling with avaluelog, about 10x. In addition, lev-

eling with avalue log hasbetter scan performancecompared

to tiering with a value log. Therefore, for small p ratios, it is

preferableto usea value log with leveling.

7 Related Work

In this section we first present a taxonomy of various KV-

storedesignsand then relate this space to VAT.

Taxonomy: Table 3 providesa high-level taxonomy of ex-

isting systems that to some extend have tried to take advan-

tage of device properties and improve performance, similar

to what VAT models. In this taxonomy, we use three dimen-

sions:

Size and placement of SSTs: The SST size used to organize

data within each level and their placement on the device

is typically large. Large SSTs guarantee maximum device

throughput,eliminating theeffectsof theI/O pattern (sequen-

tial or random) and metadata I/Os, as metadata is small and

fits in memory. Small and sequentially placed SSTs on the

device [31] can achieve the same goal of maximum device

throughput. This results in high I/O amplification but im-

provesread performanceat theexpenseof maintaining more

metadata. Emerging device technologies allow using small

SSTs with random placement which introduces randomness

but hasthepotential to reduceI/Oamplification [27]. Thisap-

proach is suitable for devices where random I/O throughput

degradesgracefully compared to sequential I/O throughput.

Logical level organization: Keys in each level are logically

organized either fully or partially. Full organization keeps

the key space in fully sorted, non-overlapping SSTs. Full

organization is usually done with leveling compaction [4, 7,

11,15,16,21,23,25,35,38]. However, B+-tree indexes have

also been used to either optimize reads and scans [31] or re-

duce amplification [27]. Partial organization maintains the

key space in overlapping units, e.g. in the form of tiering

compaction [10,20,24,28,36] which reducesmergeamplifi-

cation at the cost of reduced read and scan performance.

Value location: Finally, values can be placed either in-place

with keys or in a separate value log. Typically, values are

stored in-place because this results in optimal scan behavior

at theexpenseof increasing amplification dueto valuemove-

ment during merge operations. Previous work has proposed

techniques [7,21,23,26,27] that store values in a log, reduc-

ing amplification significantly, relying on modern devices to

alleviate the impact on scan performance.

VAT is able to describe the design points within this tax-

onomy and quantify tradeoffsacrossthesedesigns, asdevice

9
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(a) f = 10, C = 1000 (b) p = 1%, r = 1, C = 1000

Figure4: (a) Amplification benefit of using avalue log com-

pared to placing thevaluesin place. (b) Amplificationbenefit

of tiering compared to leveling compaction.

(a) p = 1%, r = 1, C = 1000 (b) r = 1 C = 1000

Figure5: (a) VAT for tiering. (b) VAT for tiering with values

in log.

2l− 1− al+ af l
r

p(2l− 1− al+ af l )+ p+ 1
r·(p+ 1)

a = 0
−−−→
l = 1

p+ 1

2p+ 1
(15)

So for any key-value size ratio Equation 15 shows that

KV separation is actually worse that placing the values in-

place with keys, especially when introducing the extra cost

of garbagecollection (see Section 8).

Doestier ing still makesensewith futuredevices? In Fig-

ure 5(a), VAT shows that when using tiering with in-place

values, one should probably use a growth factor f of around

10, which is the point of diminishing returns for amplifica-

tion. After f = 10, amplification reducesless, while read op-

erations continue to become slower. VAT also expresses the

fact that with tiering, throughput does not depend on merge

amplification. Thus, tiering cannot benefit from improvedde-

vicetechnology and theability to reducea. Furthermore,Fig-

ure 4(b) shows that the benefit of tiering reduces as merge

amplification decreases: As compactions become cheaper,

i.e. a reduces, thebenefit of tiering becomessmaller.

Tiering techniques so far have placed values along with

keys [19] without using a log. In Figure 5(b) VAT shows

that tiering with a log can be a valid approach for small val-

uesof f , which do not reduceread performancesignificantly

and for small p ratios, up to 10%. However, in thiscase, Fig-

ure 4(a) shows that the amplification benefit is also signifi-

cant for leveling with avalue log, about 10x. In addition, lev-

eling with avalue log hasbetter scan performancecompared

to tiering with avalue log. Therefore, for small p ratios, it is

preferable to use a value log with leveling.

7 Related Work

In this section we first present a taxonomy of various KV-

store designsand then relate this space to VAT.

Taxonomy: Table 3 providesa high-level taxonomy of ex-

isting systems that to some extend have tried to take advan-

tage of device properties and improve performance, similar

to what VAT models. In this taxonomy, we use three dimen-

sions:

Size and placement of SSTs: The SST size used to organize

data within each level and their placement on the device

is typically large. Large SSTs guarantee maximum device

throughput,eliminating theeffectsof theI/O pattern (sequen-

tial or random) and metadata I/Os, as metadata is small and

fits in memory. Small and sequentially placed SSTs on the

device [31] can achieve the same goal of maximum device

throughput. This results in high I/O amplification but im-

provesread performanceat theexpenseof maintaining more

metadata. Emerging device technologies allow using small

SSTs with random placement which introduces randomness

but hasthepotential to reduceI/Oamplification [27]. Thisap-

proach is suitable for devices where random I/O throughput

degradesgracefully compared to sequential I/O throughput.

Logical level organization: Keys in each level are logically

organized either fully or partially. Full organization keeps

the key space in fully sorted, non-overlapping SSTs. Full

organization is usually done with leveling compaction [4, 7,

11,15,16,21,23,25,35,38]. However, B+-tree indexes have

also been used to either optimize reads and scans [31] or re-

duce amplification [27]. Partial organization maintains the

key space in overlapping units, e.g. in the form of tiering

compaction [10,20,24,28,36] which reducesmergeamplifi-

cation at the cost of reduced read and scan performance.

Value location: Finally, values can be placed either in-place

with keys or in a separate value log. Typically, values are

stored in-place because this results in optimal scan behavior

at theexpenseof increasing amplification dueto valuemove-

ment during merge operations. Previous work has proposed

techniques[7,21,23,26,27] that store values in a log, reduc-

ing amplification significantly, relying on modern devices to

alleviate the impact on scan performance.

VAT is able to describe the design points within this tax-

onomy and quantify tradeoffsacrossthesedesigns, asdevice

9

VAT: Analysis for KV Separat ion

• Cost minimization problem:
p(2`− 1− a`+ af ` )+ p+ 1

r ·(p+ 1)
, p = Key size

Value size
.

• KV separation benefit :

VAT for values in-place

VAT for KV separation
=

2`− 1− a`+ af `
r

p(2`− 1− a`+ af ` )+ p+ 1

r ·(p+ 1)

(c) f = 8

Observations:

• Less amplification (⇡ 10x).

• Benefit increases as p decreases.

• Benefit decreases with a.
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Optimal way to reorganize data?

❑ So far we assume KV store has levels with growing size 
by factor f

❑ L0 fits in memory (compulsory)

❑ In some sense, we limit the LSM structure and 
reorganization possibilities

❑ What if we do not assume anything about levels and 
their size and how merge occurs?
❑ What is the optimal way to reorganize (merge) data?

▪ So that everything eventually becomes a single sorted level for reads

❑ Optimal = minimum work (per byte inserted) to reorganize

❑ Explanation and exploration in
❑ Qizhong Mao, Steven Jacobs, Waleed Amjad, Vagelis Hristidis, Vassilis J. Tsotras, and Neal E. Young. 2021. Comparison and evaluation 

of state-of-the-art LSM merge policies. The VLDB Journal 30, 3 (May 2021), 361–378. https://doi.org/10.1007/s00778-020-00638-1 
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Does the index fit in memory? (5-minute-rule-type analysis)
[Appendix A of Russell Sears et al. 2012. bLSM: a general purpose log structured merge tree. ACM SIGMOD'12. https://dl.acm.org/doi/pdf/10.1145/2213836.2213862]

❑ What are the factors that affect this?
❑ Consider kv-pair hotness and device speed

❑ Consider a B+-Tree index

❑ P: device, memory page size
❑ Assume the same for now

❑ Makes sense to use different page sizes 
for memory (index),  device (data)

❑ ks, vs, kvs: key size, value size, K+V size 

❑ F: Fanout for B+-Tree bottom internal 
nodes (BINs)
❑ F=pointers+keys per memory page

❑ Let’s say F=100

❑ Assumes 1 index page points to F device 
pages – approximation

❑ S: Device IOPS
❑ A device can do S random reads(seeks)/s 
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Internal index nodes: 
(pivot, ptr), …
fanout F, page size P

bottom index nodes (BINs): 
(pivot, ptr) …
fanout F, page size P

(pivot, ptr)
(pivot, ptr)
 …

…

Data block:
(k,v) (k,v) (k,v) …
Device page size P

…

https://dl.acm.org/doi/pdf/10.1145/2213836.2213862


How much memory M should we use to index N KV pairs?

❑ Let’s say N is number of keys we can access in an interval T
❑ Limited by available IOPS in T (random accesses)

❑ N/T accesses per second

❑ Assume all data is on the device only
❑ No data caching (large datasets with random accesses)

❑ N KV pair accesses will require access to N devices pages

❑ If index fanout is F, then we need /F pages in memory M
❑ Last level of index (BINs), assume previous levels negligible

❑ M = N/F pages for BINs
❑ M = (N/F)*P bytes for the respective portion of BINs

❑ Assume index BINs are used fully (locality - all pointers they 
contain are traversed to reach the N KV pairs)

❑ What if there is some “hotness” in the keys?
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Key Hotness H

❑ Max accesses allowed by device in interval T are IOPS*T=S*T
❑ If some keys are hot, then they are accessed repeatedly during T 
❑ If they are on the device, they consume IOPS and

leave less room (in IOPS) for other keys to be accessed
❑ Therefore, N is reduced (unique keys accessed, depending on hotness) 
❑ Each requires at least one access (data always on device)

❑ If hot keys are accessed L times in T, then N(T) = (S/L)*T
❑ Define H=T/L (seconds/access) => N(H) = S * H

❑ How much memory do we need to index N KV pairs?
❑ M(H) = N(H)*P/F = (S*H*P)/F bytes
❑ Constraint: M(T) cannot exceed the index size required to index all data 

on a device with capacity C, so always M(T) <= C/F = Mmax (Bytes)

❑ Then, memory required for index is
❑ M(1s hotness) = (1M * 1s/access * 4KB) / 100 = 40 MB for index
❑ M(1m hotness) → M(1s) * 60 → 2.4 GB, M(5m) = 12 GB
❑ Mmax=1TB/100 = 10 GB to index fully a 1 TB device
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What reduces index memory?
❑ Smaller index when

❑ Hotter items (smaller H)
❑ Larger fanout F (and assume all pointers in a page are used)
❑ Fewer device IOPS (S)

❑ P is more strange
❑ We assume the same size for pages in memory and on the device
❑ No reason for this, it pays to use larger pages for index (larger fanout)
❑ But we also assume locality in index

❑ Can we assume all of the index fits in memory?
❑ Depending on hotness, the difference in index DRAM can be quite large

▪ From 100s MBytes to 10s GBytes per 1TB-1MIOPS device

❑ Assuming some hotness → YES
❑ Assuming no hotness → Maybe or probably NO

❑ Are we willing to spend DRAM and keep the index always in memory?
❑ Probably yes
❑ More dynamic? Keep all but the last level index in memory always?

❑ How about the future with device capacity vs. DRAM capacity trends?
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5-min-rule: What questions can we answer?
[Jim Gray and Goetz Graefe. The five-minute rule ten years later, and other computer storage rules of thumb. SIGMOD’1997. https://doi.org/10.1145/271074.271094]

❑ Index: we calculated that for H=T/L (generic) we need M(H) = (S*P*H)/F Bytes
❑ Data? The same calculation leads to M(H) = S*P*H Bytes
❑ Question: Place a data item on device or in memory?

❑ Consider cost (not performance)
❑ Device cost = IOPS, Memory cost = capacity
❑ If on device it consumes IOPS to fetch it, if in memory it consumes capacity

❑ Therefore, there is a frequency of accesses per item where cost is equal for memory or device
❑ Call this Hb, breakeven point: same cost for placing this in memory or device, but
❑ If accessed more, cheaper to place in memory
❑ If accessed less, cheaper to place on device

❑ Calculate Hb
❑ We have M Bytes of memory (at Cm $/Byte) and/or S IOPS of device throughput (at Cs $/drive with DIOPS)
❑ Cost of memory C(M) = M * Cm (page size P)
❑ Cost of storage C(S) = Cs * #drives = Cs  * S/ DIOPS

▪ S/DIOPS is the number of drives required to achieve S IOPS

❑ C(M) = C(S)  =>  Cm * M = S/DIOPS * Cs  =>  Cm * (S * P * Hb)  = S/DIOPS * Cs  =>  

Cm * S * P * Hb = S/DIOPS * Cs => Cm * P * Hb = 1/DIOPS * Cs   => Hb = Cs/Cm * 1/P * 1/DIOPS 

❑ Therefore, Hb = (1/P) x (1/DIOP) x Cs/Cm

❑ Example: Hb = 100$/drive / (4$/GB * 4 KB * 1M (accesses/sec)/drive) = 100 / 1  sec/access =  100 sec/access

▪ Can we do the same calculation for the index?

❑ What does it mean?
❑ If you access something every ~1.5mins, keep it in memory
❑ If you will access something in less than ~1.5mins in the future, keep it in memory

❑ What is the relationship to application performance? To cache size? To cache replacement policy?
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Reading

❑ Review
❑ Slides + pointers, Your class notes

❑ Read
❑ VAT: Asymptotic Cost Analysis for Multi-Level Key-Value Stores. Nikos Batsaras, 

Giorgos Saloustros, Anastasios Papagiannis, Panagiota Fatourou, and Angelos 
Bilas.  February 2020. arXIV 2003.00103. arxiv.org/abs/2003.00103v1

❑ (optional, Section 3) P. O'Neil, E. Cheng, D. Gawlick, and E. O'Neil. 1996. The log-
structured merge-tree (LSM-tree). Acta Inf. 33, 4 (1996), 351–385. 
https://doi.org/10.1007/s002360050048

❑ Next class

❑ Paper discussion
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5-minute-rule-type Analysis (summary)
[Appendix A of Russell Sears et al. 2012. bLSM: a general purpose log structured merge tree. ACM SIGMOD'12. https://dl.acm.org/doi/pdf/10.1145/2213836.2213862]

❑ Consider a B+-Tree index
❑ P: device, memory page size (assume same)

▪ Makes sense to use different page sizes for memory (index),  device (data)

❑ ks, vs, kvs: key size, value size, K+V size 
❑ F: Fanout for B+-Tree bottom internal nodes (BINs). F=pointers+keys per memory page. Let’s say F=100.

▪ Assumes 1 index page points to F device pages – approximation

❑ S: IOPS = a device can do S random reads = random seeks per sec

❑ How much memory (in pages) do we need to index N KV pairs?
❑ Assume all data is on device, no data caching (large datasets with random accesses)
❑ If we want to access N KV pairs on a device, randomly, we will eventually have to access N pages
❑ If the index fanout is F, then we need /F pages in memory
❑ M = N/F pages and M = (N/F)*P bytes for the respective portion of the index (BINs)

▪ Assume index BINs are used fully (all pointers they contain are traversed to reach the N KV pairs)

❑ What is N?
❑ B+-Tree requires 1 random IO per key (large dataset, random accesses)
❑ Max accesses allowed by the device in an interval T are S*T
❑ If some keys are hot, then they are accessed repeatedly and they do not leave room for other keys to be accessed 
❑ Therefore, N is smaller than the dataset size (depending on hotness) 
❑ If hot keys are accessed L times in the interval T, then we can define H=T/L and N(T) = S*T/L

❑ How much memory do we need to index N KV pairs?
❑ M(H) = (S*H*P)/F bytes, Also: M(T) cannot exceed the index size required to index all data on a device with 

capacity C, so always M(T) <= C/F = Mmax (Bytes)

❑ If each key is accessed once per second then H = 1 sec / access (access to key or page on device is 
the same when random)
❑ M(1s hotness) = (1M * 1s/access * 4KB) / 100 = 40 MB for index
❑ M(1m hotness) → M(1s) * 60 → 2.4 GB, M(5m) = 12 GB, Mmax=1TB/100 = 10 GB to index fully a 1 TB device
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