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Introduction: source separation problem
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Multi-microphone signal model in time domain
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From time-domain to frequency domain

time domain — — — frequency domain
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From time-domain to frequency domain

time domain — — — = frequency domain  time domain frequency domain
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Multi-microphone signal model in frequency domain for a
single frequency bin
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Multi-microphone signal model in frequency domain for a
single frequency bin

Y1 = + S2G124 Ny Approximation!!l: DFT multiplication means circular convolution in time
domain. If the FFT size is large enough the circular convolution (after

computing the IFFT) becomes a good approximation of the linear
Yo = + 520922+ N9 convolution.

Ym = +So2aG02 4+ Nopg
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Multi-microphone signal model in frequency domain for a
single frequency bin using matrices and vectors
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Multi-microphone signal model in frequency domain for a
single frequency bin using matrices and vectors

bold-face lower-case letters for vectors

acoustic transfer function

aji
mic. source
index index

source 2 DFT: S2

Andreas Koutrouvelis 23



Multi-microphone signal model in frequency domain for a
single frequency bin using matrices and vectors

acoustic transfer function

CLji
y=lor @) |on 7\
82 mic. source
index index

source 2 DFT: S2

bold-face lower-case letters for vectors
bold-face upper-case letters for matrices Andreas Koutrouvelis 24



Multi-microphone signal model in frequency domain with
7" sources

yzzaz‘San%y:As—kn
1=1 / \ \

Mxr rx1 Mx1



Multi-microphone signal model in frequency domain with
7" sources

yzzaz‘San%y:As—kn
1=1 / \ \

Mxr rx1 Mx1

Py, =E [(y — uy)(y — piy)"] cross-power spectral density matrix



Multi-microphone signal model in frequency domain with
7" sources

yzzaz‘San%y:As—kn
1=1 / \ \

Mxr rx1 Mx1

P, =E [yyH } cross-power spectral density matrix if p, =0
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Multi-microphone signal model in frequency domain with
T sources

:Zazsz—l—n%y As+n

/N T

Mxr rx1 Mx1

v
T

Py:E[yyH}:ZE[szs]aza +E nn szaza +P,

=1 Rf—’
Di P,
H is a diagonal matrix because the
= APAY + P, »| > a a8 |
microphone self noises are

mutually uncorrelated.
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Multi-microphone noise reduction

* Typically, in multi-microphone noise reduction we have one target. That is,

r
y = a8 + E a;s; +n
1=2

~ TV
q: total noise

* The goal is to estimate the target S1 from the noisy DFT coefficients y. That is,
§1 — f(Y)a

where f(.) is the filter function, where in this presentation is linear. That is,

target

7

n H
S1=W'Yy,
where W is the filter vector.

e We want to find a W such that s; = WHy = WHa181 +WHq,
—_——— N~

~S1 ~0



Multi-microphone noise reduction

* Typically, in multi-microphone noise reduction we have one target. That is,

-
y = aisi +Zai8i+n

target =2

7

TV
q: total noise

* The goal is to estimate the target S1 from the noisy DFT coefficients y. That is,
51 = f(y),
where f(.)is the filter function, where in this presentation is linear. That is,
§1 = WHya
H

where W is the filter vector. w'a; =1

« We want to find a W such that §; = w'y




Multi-microphone noise reduction
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Multi-microphone noise reduction

* Signal model in freq. domain: Yy = a151 + Z a;s; + n

target 322 .,
—~

q: total noise

* If the total noise q is stochastic with zero mean (i.e., E[q] = 0) and the target S1 is deterministic, the
variance of the the estimator 51 = W'y, is given by
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Multi-microphone noise reduction

* Signal Model in freq. domain: Yy = Q151 + Z a;s; + n

target 322 P
TV

q: total noise

* If the total noise q is stochastic with zero mean (i.e., E[q] = 0) and the target S1 is deterministic, the
variance of the the estimator 51 = W'y, is given by

P,=E [qu} —E WHa151 +wiq—wta;s; — WHE[q)])ﬂ

is the cross _ E ) } E [wqq"w] = w! B [qq"] w

power spectral —_——
Pq

density matrix of
the total noise = w! P wl— filter output noise variance/power




Multi-microphone noise reduction

* Multi-microphone noise reduction filters:
e Spatial filters (DS, MVDR and LCMV)

» Spatio-temporal filters (MWF)

 Spatial filters (also known as beamformers):

* Aim at suppressing the noise, while at the same time leaving the target signal undistorted.

e Spatio-temporal filters:

* Provide more aggressive noise suppression at the expense of some target signal distortions.
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filter (Flanagan 1993)
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Estimation of S1 I
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guadratic optimization
problem also known as
least squares.

§1 = arg min Hy — alsng
S1



Multi-microphone noise reduction: delay and sum (DS)
filter (Flanagan 1993)

deterministic

Estimation of S1 I
with an unconstrained

guadratic optimization
problem also known as
least squares.

R . R 1
$1 = arg min ||y —a;si1||3 — 81 = ——ai'y

S1 al al




Multi-microphone noise reduction: delay and sum (DS)
filter (Flanagan 1993)

deterministic
Estimation of S1 I

with an unconstrained ) , 5 A 1 I
quadratic optimization §1 = arg min Hy - 3-151"2 — 51 = aHal ay
problem also known as 51 I
least squares. 1 l
wi 7 af[ . DS filter
0
. 112 ~ \H R
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Multi-microphone noise reduction: delay and sum (DS)
filter (Flanagan 1993)

deterministic

Estimation of S1 I

with an unconstrained . , 5 . |
quadratic optimization §1 = arg min Hy - 3-151"2 — 51 = a g ay
problem also known as 51 1 <l
least squares. 1 l

wi 7 af[ . DS filter
Estimation of W - : H H 2 1

. . w=argmnw ' w st wla=1->w=—FF—a

with a constrained W a; ag

guadratic optimization
problem.



Multi-microphone noise reduction: delay and sum (DS)
filter (Flanagan 1993)
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with a constrained W a; ap
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Multi-microphone noise reduction: delay and sum (DS)
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Multi-microphone noise reduction: delay and sum (DS)
filter (Flanagan 1993)

1

Estimation of W W = arg min w’w st. wila;=1—-Ww= ——aj
with a constrained W a; ap
guadratic optimization
problem.
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i / \ a{Ial

%[virHvir+)\(1—virHa1)+)\*(1—af]vAv)} :O%W—Aale%W:)\al}
H

W 31:1



Multi-microphone noise reduction: minimum variance
distortionless response (MVDR) filter (Capon 1969)

deterministic

Estimation of S1
with an unconstrained

. . A o 1P~ Y/2(v — 2
guadratic optimization §1 = arg mniin H q (y alsl)H2
problem also known as S1
weighted least squares.



Multi-microphone noise reduction: minimum variance
distortionless response (MVDR) filter (Capon 1969)

deterministic

Estimation of S1
with an unconstrained 1

quadratic optimization ~ §7 = arg min HP;1/2 (y — alSl)H% — 51 = T a{{Paly
problem also known as S1 aq Pq aj
weighted least squares. &
. 1 _
wh = a;’ P, : MVDR filter

Hp—1
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Multi-microphone noise reduction: minimum variance
distortionless response (MVDR) filter (Capon 1969)

Estimation of S1

with an unconstrained
guadratic optimization
problem also known as

weighted least squares.

Estimation of W

with a constrained
guadratic optimization
problem.

deterministic

. : _ . 1 _
§1 = arg min Hqu/2(y—a131)H§ — 81 = =g {Iquy
S1 A Pq a1
~ H 1 Hp-1
w' = ————a; P~ : MVDR filter
W = arg min w/Pow st. wia; =1—> W= ! P_la;
wW 4 a{{Pc_llal k



Multi-microphone noise reduction: linearly constrained
minimum variance (LCMV) filter (Frost 1972)
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with a constrained
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problem. w



Multi-microphone noise reduction: linearly constrained
minimum variance (LCMV) filter (Frost 1972)

Estimation of W

with a constrained
quadratic optimization W = arg min WHPqW s.t. |[wilA=f"
problem. w

lexample
WHa1 =1

WHa2 =0



Multi-microphone noise reduction: linearly constrained
minimum variance (LCMV) filter (Frost 1972)

Estimation of W
with a constrained = = =
quadratic optimization W = arg min w~ Pqw s.t. |[w A =f

problem. w
example
WHa1 =1 -
a; ax| =11 0
WHaQ = () W [ 1 2} [ }
A £fH

M X2 1X2




Multi-microphone noise reduction: linearly constrained
minimum variance (LCMV) filter (Frost 1972)

Estimation of W
with a constrained

quadratic optimization W = arg min WHPqW S.t.

problem. w

wilA=rfH
example
WHa1 =1
WHa2 =0
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Multi-microphone noise reduction: linearly constrained
minimum variance (LCMV) filter (Frost 1972)

Estimation of W
with a constrained = = =
quadratic optimization W = arg min w~ Pqw s.t. |[w A =f

problem. w
example
WHa1 =1
H _
wHa, = 0 \\4 [al ag} = [1 O}
—— N —
A £H
M x2 1Xx2

|

M-2 degrees of freedom

More constraints means more control, but less total noise reduction! . .
for noise reduction



Multi-microphone noise reduction: linearly constrained
minimum variance (LCMV) filter (Frost 1972)

LCMV filter
Estimation of W t

with a constrained - - - H —1
quadratic optimization W = arg min w~ Pqw st. w A ={f" —|w = Pc_llA (A P;lA) f
problem. w

 The MVDR filter is a special case of the LCMV filter which provides the minimum filter output noise power,
but does not control how the noise sources will be suppressed.

 The LCMV optimization problem gives you more control to design the filter vector than the MVDR
optimization problem.

* More constraints means more control, but less total noise reduction!
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Wiener filter (MWF) (Brandstein 2001)

Estimation of W stochastic
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Multi-microphone noise reduction: multi-channel
Wiener filter (MWF) (Brandstein 2001)

Estimation of W stochastic

with an unconstrained I

LMSE optimization

problem. W = arg min E [|WHy — 31|2} — W = pngla
W

(WHy —s1)*(Wy —s1)]} =0 —

:]vAva—sl\Q]}—O 5’W

B — siwly — siyfw + wlyy VAV}} =0—

~ 8?\7* - B [STWHY} — b [51yH\fv] +E [wHywa}} — 0 —
O roes o _ .. ) 5 * - A
— v [Sley} -+ 8W*E [WHyyHW} — P wHE s*y] + - WHE [yyH} W0 —

E[sin]=0 . _
° /W:plelal

— E[s]y] + Py,w=0—E|[sis1a; + sin] + P,w =0 — E[s]s1]a; + E[s]n] + P,Ww =0



Multi-microphone noise reduction: multi-channel
Wiener filter (MWF) (Brandstein 2001)

Estimation of W stochastic

with an unconstrained I

LMSE optimization

problem. W = arg min E [|WHy — 31|2} — W = pngla
W

Estimation of S1

with an unconstrained S1 N(O,}h)
MSE optimization n~ N(,Py)
n
problem. 51 = arg min E [|§1 — 81|2} =k [S1|y] | > 81 =

S1




Multi-microphone noise reduction: multi-channel
Wiener filter (MWF) (Brandstein 2001)

Estimation of W stochastic

with an unconstrained I

LMSE optimization

problem. w = arg min E UwHy — 31\2] — W = plP;lal
W

= p1 (praray’ + Pq)_l ay
b1
p+  (allP la)
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MVDR output noise power




Multi-microphone noise reduction: multi-channel
Wiener filter (MWF) (Brandstein 2001)

Sherman Morrison formula

Estimation of W stochastic p-1_ piPg aial’ Pyt
with an unconstrained I 4 1+ pal’Pgta;
LMSE optimization

problem. w = arg min E [|[w'y — s1?] = W = plP;lal

P1

p+  (afPrlay)

\ 7

-~

MVDR output noise power
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Multi-microphone noise reduction: multi-channel
Wiener filter (MWF) (Brandstein 2001)

Estimation of W stochastic

with an unconstrained I

LMSE optimization

problem. w = arg min E UwHy — 31|2] — W = plP;lal
W

= p1 (praray’ + Pq)_l ay
b1
p+  (allP la)

\ 7
-~

MVDR output noise power

l

single channel Wiener filter (SWF)

Andreas Koutrouvelis 59



Multi-microphone noise reduction: multi-channel
Wiener filter (MWF) (Brandstein 2001)

Estimation of W stochastic
with an unconstrained I
LMSE optimization
problem. w = arg min E UwHy — 31|2] — W = plP;lal
W
H —1
MWF =p1 (paral’ +Pq) &
_ P1
o Hp—-1_ \~!
QDC L N MVDR output noise power
> = > S1
s Z |
single channel Wiener filter (SWF)
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Multi-microphone noise reduction: multi-channel
Wiener filter (MWF) (Brandstein 2001)

Estimation of W stochastic

with an unconstrained I

LMSE optimization

problem. w = arg min E UwHy — 31\2] — W = plP;1a1
W

* Typically, the MWEF filter achieves extra noise reduction compared to the MVDR filter.
e Unlike the MVDR filter, the MWEF filter distorts the target signal. This is due to the fact that

H Hp-1
wa; =pia; Py a; #1



Multi-microphone source separation



Multi-microphone source separation

e Typically, in multi-microphone source separation all point sources are considered targets. That is,
T

y:Zaz-smL n -y= As + n

1=1 noise targets noise

N——
targets

* The goal is to estimate the targets S from the noisy DFT coefficients ¥. That is,

f(y),

where f(.) is the filter function, where in this presentation is linear. That is,

Wiy,

S

wm>
|

where W is the filter matrix.

- We want to find a W such that § = W As+ W',
—_— =

~S ~0



Multi-microphone source separation

e Typically, in multi-microphone source separation all point sources are considered targets. That is,
T

y:Za@-smL n -y= As + n

1=1 noise targets noise

N——
targets

* The goal is to estimate the targets S from the noisy DFT coefficients ¥. That is,

f(y),

S

where f(.) is the filter function, where in this presentation is linear. That is,

Wiy,

wm>
|

WHA =1

where W is the filter matrix.

e We want to find a W such that S = +WHn




Multi-microphone source separation

yl

target S92
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Multi-microphone source separation

15t Method
Least squares

2"d Method
Weighted least
squares

3d Method
MMSE

deterministic

s =argmin |Jy — As||? — §= (AFA) Ay

S

S

S

deterministic

1

arg min |[Pn? (y — As) |2 —» 8= (AFP;1A) T AFP]ly

S

stochastic

T

arg min E[|[8 — s||3] = E [s[y]

S




Multi-microphone source separation

deterministic

15t Method § = arg min ||y — Asl||5 — § y
Least squares S

deterministic

2nd Method ~ . 1 T 5 )
Weighted least S = arg min HPn ’ (y — AS) H2 — S =
squares S
stochastic S ~ N(O,
3d Method ) | ] ; n~ N(0
MMSE S = arg min E[[|S — s|[3] = E[s]y]

S
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Estimation of multi-microphone signal model parameters



Maximum likelihood estimation of P,

A

P, = arg min —Inp ({y1,--- ,yn }|Py)
P

y



Maximum likelihood estimation of P,

yi, t=1,---, N, indipendent

A

Py, =arg min —Inp ({y1, - ,y~}|Py)
P

y

N
= arngin —In Hp (yi|Py)

Y 1=1

N
= arngin — Z Inp (yi|Py)

Y 1=1



Maximum likelihood estimation of P,

Yi, 7::17"'7
—lnp({y1,--- 7yN}‘PY)

A

P, = arg min

N, indipendent

—In Hp(yz-\Py)

M-

Inp (y;|Py)

'MZ

1=1

In (1) — In (7*)

1=1

iid y; ~ N(0, Py)

p(yilPy) =

—In (|Py]) + In (exp (—

1

exp (—y;' P,
‘WPy| (

i Plyi))]

1

yi)



Maximum likelihood estimation of P,

Yi, 7’:17"'7

A

P, = arg min

N, indipendent

—Inp ({y1, - ,y~n}Py)
— lan (yi|Py)

o Zlnp yz|P

N
Z 11’1 ‘PY| +yz Py yZ}

iid y; ~ N(0, Py)

p(yilPy) =

1
‘WPy|

exp( Y P

1

yi)



Maximum likelihood estimation of Py,
y;, t=1,---, N, indipendent |

PP =, |
y

eXp( yi'P,ly:)




Estimation of multi-microphone signal model

parametersr, A, P, Py

A

Py

estimate ,f;) A
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Estimation of multi-microphone signal model
parametersr, A, P, Py

Py

exploratory factor
analysis (EFA)

AN A

P P,
where® = APAH



Estimation of multi-microphone signal model
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exploratory factor
analysis (EFA)

AN A

P P,
where® = APAH

l

7 = rank (@)



Estimation of multi-microphone signal model
parametersr, A, P, Py

exploratory factor
analysis (EFA)

confirmatory factor
analysis (CFA)

AN A

P P,
where® = APAH

l

7 = rank (@)

>
<
\ow>
awh
)




Exploratory Factor Analysis (EFA) P,, estimate, § P

Minimum rank factor analysis (Lederman 1940, Ten Berge et al. 1991):

®, P, = arg min rank (®)
®.P,
st. Py =®+ P,
® >0
P, = Diag(pn1, pn2, - ;Pn2) = 0.

This is a non-convex optimization problem.



" - estimate &/ T eigenvalues
Exploratory Factor Analysis (EFA) P, ¢ Py D (S

) A /\Z Z 0
eigenvectors
eflej =0
Minimum rank factor analysis (Lederman 1940, Ten Berge et al. 1991): \

d = APAY = EAEY

A AN

®. P, = arg min rank (®)

& P,
st. Py =®+ P,
P >0
P, = Diag(pn1,Pn2, s Pn2) = 0.

This is a non-convex optimization problem.
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A

" B estimate F eigenvalues
Exploratory Factor Analysis (EFA) P, ¢ Py D (S

. 4 A >0
eigenvectors
efe; =0
Minimum rank factor analysis (Lederman 1940, Ten Berge et al. 1991): \

o ® = APA" = EAE"
P P, =arg min
® P, A1 ]

S.t. f)y =&+ P, rank (@) = |[Allo A= | :
P >0 A7 |
P, = Diag(pp1,Pn2, - s Pn2) = 0.

This is a non-convex optimization problem.
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A

" - estimate F eigenvalues
Exploratory Factor Analysis (EFA) P, ¢ Py D (S

) A /\7, Z 0
eigenvectors
eflej =0
Minimum trace factor analysis (Lederman 1940, Della Riccia et al. 1982): \

d = APAY = EAEY

A AN

® P, = arg min trace (P)

& P,
st. Py =® 4+ P,
P >0
P, = Diag(pn1,Pn2, s Pn2) = 0.

This is a convex optimization problem. The global optimum will be obtained for sure.
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A

Exploratory Factor Analysis (EFA) P,, estimate, § P - eigenvalues
A = Dlag()\la e 7>\7“)
: £ X\ >0
eigenvectors
eflej =0
Minimum trace factor analysis (Lederman 1940, Della Riccia et al. 1982): \

o ® = APA"” = EAE"”
® P, = arg min(trace (P) i
P P, A1

M
trace (@) =) N =|AllL1 A=
1=1

st. Py =® 4+ P, N
b -0 )
P, = Diag(pnlap’rﬂa T 7pn2) >~ 0.

This is a convex optimization problem. The global optimum will be obtained for sure.
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Exploratory Factor Analysis (EFA) P,, estimate, § P

Minimum trace factor analysis (Lederman 1940, Della Riccia et al. 1982):

A AN

® P, = arg min trace (P)

& P,
st. Py =® 4+ P,
P >0
P, = Diag(pn1,Pn2, s Pn2) = 0.

7 = rank (@) . is not a good estimate of number of sources



Scree Test (Cattell 1966) d-estimate,

[

estimated number
of sources r

S
oo

S
o)

scree point
r+1

—
1.

o
b

-

normalized sorted eigenvalues

index

Figure: Normalized eigenvalues of @ in descending order. Source: Koutrouvelis et al. 2019
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Confirmatory Factor Analysis (CFA) p,, -estimate

time segment

E time S e o o< time S
frame frame

Py (t1),7(t1) Py (t/7)), 7 (t7))

A(t1),P(t1), Pu(th) (tm)s P (tyr))s P (i)

|

T :set of all time frames within the time segment,t € T

t : time frame index
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Confirmatory Factor Analysis (CFA) p,,» -estimate, A p p_

time segment

time time
: ze e e reduction of #unknowns:

frame frame
P, (t1),7 Py (ti7)), 7 A,Pparethesame Vt € T
A,f’(tl),f’n ;A ].S(t|T|>,].3n

'\n Ao

T :set of all time frames within the time segment,t € T

t : time frame index
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A estimate

Confirmatory Factor Analysis (CFA) Py A PP,
(Joreskog 1969, Parra et al. 2000, Koutrouvehs et al. 2019)
A{P(t):teT},Py= arg 1 min »  F(P (7))
{P(t) tET} vTET
s.t. Py(t) = AP(H)AY + Py, V€T
P(t) = Diag(p1(t),p2(t), - ,pm(t)) = 0
Pn — Diag(pnlapn27 T 7pnM) - 0
f(ML): log|Py| + tr (f’yPgl) ’
R ! (Mulaik 2009)

(LS): 1Py — Pyll3,
(GLS):3[1Py (P

AN

A1
- Py)Py 2%




A estimate

Confirmatory Factor Analysis (CFA) Py AP P,
20

(Joreskog 1969, Parra et al. 2000, Koutrouvehs et al. 2019)
A{P(t):teT},Py= arg min Z F(P (1))
{P(t) tET} vTET

s.t. Py(t) = AP(H)AY + Py, V€T

P(t) — Diag(pl (t)7p2(t)7 T 7pM(t)) - 0
Pn — Diag(pnlapn27 T 7pnM) - 0

A~ AT ! P(t)~ TP(t)TH
T = IIS

permutation, scaling



A estimate -

Confirmatory Factor Analysis (CFA) P, A, PP,
(Joreskog 1969, Parra et al. 2000, Koutrouvehs et al. 2019)

A{P@):te T}, Py = arg 1 min ) F(P (7))
{P(t) ey YreT
s.t. Py(t) = AP(H)AY + Py, V€T
We select a _
reference P(t) = Diag(p1(t),p2(t), -+ ,pm(t)) = 0
microphone P, = Diag(pn1,pn2, - ,Pnm) = 0
P .
ap; =1, fori=1,--- 7.
A~ AT ' P(t)~ TP(t)TH
T =11

permutation



A estimate -

Confirmatory Factor Analysis (CFA) P, A, PP,
(Joreskog 1969, Parra et al. 2000, Koutrouvehs et al. 2019)

A{P@):te T}, Py = arg 1 min ) F(P (7))
{P(t) teT}V TeT
s.t. Py(t) = AP(H)AY + Py, V€T
P(t) = Diag(p1(t), p2(t),--- ,pam(t)) = 0

Relative acoustic Pn = Diag(pnl,pnz, T 7pnM) ~ 0
transfer functionswm =1, fori=1,---,r.
A ~ AT ! P(t) ~ TP(t)TH
T =11

permutation



Permutation ambiguities

Every time-frequency bin may have a different permutation ambiguity (i.e., a different H(t7 k) ). There are
several methods on how to solve the permutation ambiguities over time-frequency bins, e.g.,:

* R.Mukai, H. Sawada, S. Araki, and S. Makino, “Frequency-domain blind source separation of many
speech signals using near-field and far-field models,” EURASIP J. Appl. Signal Process., vol. 2006, no. 1,

pp. 1-13, 2006.

* D. Nion, K. Mokios, N. D. Sidiropoulos, and A. Potamianos, “Batch and adaptive parafac-based blind
separation of convolutive speech mixtures,” IEEE Trans. Audio, Speech, Lang. Process., vol. 18, no. 6, pp.

1193-1207, Aug. 2010.



Experiments
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Experiments

true source signal

estimated signal|ITI=2
SNRinput=-5.62dB | |
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