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DISCRETE-TIME SIGNALS

@ Unit sample or “impulse”:

d[n] = 1, n=
= 0, n#0
@ Unit step:
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= 0, n<O0

o Exponential sequence:
x[n] = Aa"
o Sinusoidal sequence:

x[n] = Acos (wn + ¢)



DISCRETE-TIME SIGNALS

@ Unit sample or “impulse”:

d[n] = 1, n=
— 0, ntQ —xo—

Unit step:
uln] = 1, n>0 ToF
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Exponential sequence:

Sinusoidal sequence:



DISCRETE-TIME SYSTEMS
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Discrete-time System:

ylnl = T{x[nl}

Important class of systems: Linear and Time Invariant (LTI):

o Linearity:

T{axln] + belnl} = aT{alnl} + bT (e}
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DISCRETE-TIME SYSTEMS
Discrete-time System:

ylnl = T{x[nl}

Important class of systems: Linear and Time Invariant (LTI):

o Linearity:
T{axi[n] + bxa[n]} = aT{x1[n]} + bT{xz2[n]}

@ Time-Invariant:

if y[n] = T{x[n]}
then y[n—no] = T{x[n— nol}



DISCRETE-TIME SYSTEMS

Discrete-time System: / B
—/

o _\ i
y[”] = T{X[n]} Wr-v1
Important class of systems: Linear and Time Invariant (LTI):
o Linearity:

T{axi[n] + bxa[n]} = aT{x1[n]} + bT{xz2[n]}
o Time-Invariant:
if y[n] = T{x[n]}
then y[n—no] = T{x[n— no]}
Important property of L'_I'I FC_Q{_-_\—,:P_? I 0«2

Cy[ﬁ]\} = S oxKhn— K M heas
— = x[n] Tf[n],: qord aiFu hC-17
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STABILITY AND CAUSALITY FOR LTI

Necessary and sufficient conditions for:
o Stability:

PORLLIEES

n=—oo



STABILITY AND CAUSALITY FOR LTI
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DISCRETE-TIME FOURIER TRANSFORM, DTFT

“?QCM'L J—; >< [LO\
Discrete-Time Fourier Transform pair:

o Direct: - i
TN e FI’ . '

(X(% et

— n=—o00

o Inverse: > : :: :

@ e’””dw

Example: { 06) dhs= L
oon ¢ ¢ - lil
o Aef(o +0.- onae M) AEG S S o) Atfo- o)
‘ Mﬂ%w @L;ﬂlﬂ QIJQ’ 'H A e’l ‘JL'J" | - W - 1.';_,,“,-‘ )
[ c A _3'-:11 - ’ |
+ 7 9 | W1t Loo)




DTFT PROPERTIES

e Fourier transform is complex:

X(w) = Xi(w)+jXi(w)
= [X(w)]eX)



DTFT PROPERTIES

e Fourier transform is complex:

X(w) = Xi(w)+jXi(w)
= [X(w)]eX)

o Fourier transform is periodic with period 27:

X(w+27) = X(w)



DTFT PROPERTIES

e Fourier transform is complex:

X(w) = Xi(w)+jXi(w)
= [X(w)]eX)

o Fourier transform is periodic with period 27:
X(w+27) = X(w)

e For real valued sequence x[n]:



DTFT PROPERTIES

o Fourier transform is complex: AW RS

I. X(w) = X/ (w) —i-'jX,-(w) Layp 5 A
) — \X(w)|eféx(“’)

o Fourier transform is perjodic with period 27: :""";. .
X(w+27) = X(w) R <
o For real valued sequence x[n] o |
X(w) = X(~w) /e
@ Energy of a signal (Parseval theorem) ) A )

Z \x[n]!2 =/ /7T IX(w)\zdwﬁ -

| n=—o00 ,




UNCERTAINTY PRINCIPLE

Given a signal x[n] we define as:
@ Duration of the signal:

(e 9]
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UNCERTAINTY PRINCIPLE
Given a signal x[n] we define as:
@ Duration of the signal:

(e 9]

D(x) = (n—n)|x[n]>

n=-—o00
o Bandwidth of the signal:

B = [ (o - 2P IX(w)

—T

where
A= >l onlx[n]?
o = ffﬂw|X(w)\2dw

Uncertainty Principle states that:

D(x)B(x) >1/2



HILBERT TRANSFORM

For a real signal x[n], we form the a_n_aly_fié signal:
s{i] = s [n] + js{n]

where s.[n] = x[n]/2 and 2

Si(w) = H(w)Si(w) |

where H(w) is referred to as Hilbert transform:

Hw) = —Jj O_Sw-_-<7_r-_
| =j)—-7m<w<0



INSTANTANEOUS AMPLITUDE AND FREQUENCY

The analytic signal may be written as:

s[n] = A[n]e/ll



INSTANTANEOUS AMPLITUDE AND FREQUENCY

The analytic signal may be written as:

s[n] = A[n]e/ll

@ Instantaneous amplitude:

Aln] = [s[n]|



INSTANTANEOUS AMPLITUDE AND FREQUENCY

The analytic signal may be written as:

s{n] = Afnje"™

@ Instantaneous amplitude:

(A = 1slll)

@ Instantaneous frequency:

il

where
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7Z- TRANSFORM

z-Transform pair:

@ Direct:



7Z- TRANSFORM

z-Transform pair:

@ Direct:
D

X(z) = Z x[n]z™"

n=—o0
@ Inverse:

x[n] = 2:rjfi:X(z)z"ldz



7Z- TRANSFORM

z-Transform pair:

@ Direct:
D

X(z) = Z x[n]z™"

n=—o0
@ Inverse:

x[n] = 2:rjfi:X(z)z"ldz



Z-TRANSFORM
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z-Transform pair:

@ Direct: )
— Z=¢€
— q: ‘}Mll;b(' =L
@ Inverse: . 1 - ZW
—_— - — X n— 1d
il = o e PxE) s @

Example:

au[n] — _1Hz|>|a] \
KOW) = ]ﬁ\ .6{“ 5 & “‘F“-’f




Z-TRANSFORM: RATIONAL FUNCTIONS

Usually:

_P@) _ , IL (- ez ) T2 (1 - bez)
Q(2) [T (1 — ez ) TTies (1 — di2)



Z- TRANSFORM: RATIONAL FUNCTIONS

Usually: / ‘7,MH_M'+M¢ - ?M?Mrp:
x(z):@:Az—'H /1—akz Hc;@ (1—bez)
\— Q(2) Hk (1= az )[R 1(L—dkz)

— SN =W+ _ o C nstol
No/epeat?cl poles, no poles outside the unit circle: (PO’P‘@)
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EIGENVALUES, EIGENFREQUENCIES, AND

EIGENFUNCTIONS |
. — ) ) . \&( _U
If x[n] ='&/“0", then
ylnl = (WO)K[H] e
— T
where H(w) is referred to a.;§ frequency respon_s_e_:_"""*\;"_ T *__,l_._,LTJ— _
s . _-
Hw) = > hlkle™k | ot
k=—00 | !-.:' :.‘-: ] v \"':v‘alj J_I"‘.
while H(z) I'!_s usually referred to as system function or transfer s>

function



CONVOLUTION THEOREM

If
x[aV —  X(w)
D H(w)
and if: /y[n]‘— x[n] * h[n] . then: o /_\
Y(w) = X(W)H( ) ___}_—-:——- Jv/



EXAMPLE OF CONVOLUTION
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WINDOWING (MODULATION) THEOREM
\-‘____—_'___—-.

If
sl — X(w)
win] — W(w)

and if:@z i[_n]w[n] then:

Y(w) L ff X(©)W(w —©)do




EXAMPLE OF MODULATION
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DIFFERENCE EQUATIONS

[
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MAGNITUDE-PHASE RELATIONSHIPS

@ Minimum, Maximum and Mixed-phase systems
H(z) = Hmin(2)Hmax(2)
@ Minimum-phase and All-pass system

H(z) = Humin(2)Aa1(2)



MAGNITUDE-PHASE RELATIONSHIPS
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EXAMPLE OF MINIMUM AND MIXED PHASE
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FIR AND IIR FILTERS
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'DISCRETE FOURIER TRANSFORM

Discrete Fourier Transform, DFT, pair: V() f/‘ X Tw)-
] —~F A AN
@ Direct: AW “
0’ o
N-1 L?Q—--w.lzf .‘._..I
X(k)y=> x[nle W ", 0<k<N-1
n=0 .
@ Inverse:

N—-1
1 2
ol =+ Y " X(K)T 0<n< N1
k=0

et



DISCRETE FOURIER TRANSFORM

Discrete Fourier Transform, DFT, pair:

@ Direct:
N—1
X(k)y= " x[nle %k 0<k<N-1
n=0
o Inverse:
x[n] = 1NZIX(/<)6J2W" 0<n<N-1
S ____Nk:O -
lll Parseval theorem: ,II
T T

N-1
S Il = 1 3 IXIKIP
B k=0

n=0 __



© DISCRETE-TIME SIGNALS AND SYSTEMS
© DISCRETE-TIME FOURIER TRANSFORM

© Z-TRANSFORM

@ LTI SYSTEMS IN THE FREQUENCY DOMAIN
@ PROPERTIES OF LTI SYSTEMS

@ DISCRETE FOURIER TRANSFORM

@ A/D axp D/A

«O>r «Fr <

it
it
it
N)
re
?



.,--""_—‘;":__“"‘\ I."
.(ANALOG TO DIGITAL AND DIGITAL TO ANALOG
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sin(x)/x
Interpolation
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Sampling /
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