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Wavelet-Based Optical Flow Estimation

Li-Fen Chen Member, IEEEHoNg-Yuan Mark Liag Senior Member, IEEEand Ja-Chen Lin

Abstract—in this paper, a new algorithm for accurate optical The first term on the right-hand side of (1) is the image con-
flow (OF) estimation using discrete wavelet approximation is straint, the second term is the smoothness constraintedad
proposed. The computation of OF depends on minimizing the o \\eighting between the two constraints. The image constraint
image and smoothness constraints. The proposed method takes, ) . . .
advantages of the nature of wavelet theory, which can efficiently 1S derived from the first-order Taylor expansion of the brightness
and accurately approximate any function. OF vectors and image constancy assumptiai{z + w6t, y + vét; t + 6t) = I(x, y; t).
functions are represented by means of linear combinations of For each pixe(z, »), two variablesy andv, need to be solved.
scaling basis functions. Based on such wavelet-based approximaWith only one constraint (the image constraint), the solution

tion, the leading coefficients of these basis functions carry global )
information about the approximated functions. The proposed ©Of » @ndv cannot be obtained. Thus, Horn and Schunck pro-

method can successfully convert the problem of minimizing posed the smoothness constraint and added it into the objective
a constraint function into that of solving a linear system of a function shown in (1). Under these circumstances, the flow field
quadratic and convex function of scaling coefficients. Once all the can be solved by optimizing the objective function. It is known

corresponding coefficients are determined, the flow vectors can . . . .
be obtained accordingly. Experiments have been conducted on that the smoothness constraint may be invalid across the motion

both synthetic and real image sequences. In terms of accuracy, the boundary, but this problem can be solved by using the regular-
results show that our approach outperforms the existing methods ization technique [5].

which adopted the same objective function as ours. Another major concern is the approximation errors that occur
Index Terms—Optical flow estimation, scaling basis function, when the gradient-based approach is adopted. These errors are
wavelets. due to inaccurate numerical approximation of partial deriva-
tives, as well as temporal and spatial aliasing during sampling
|. INTRODUCTION of the image brightness functidi{z, y; ¢). In order to solve the

PTICAL flow (OF) estimation is an essential problem inabove—mennoned error problem, Barrenal. [1] proposed ar?
Improved approach based on (1). They suggested applying a

motion analysis of image sequences. It provides informg. atiotemporal pre-smoothing to the target image first. Then,

. . . I S
tion needed for video technology, such as object tracking, 'mag%Tour-point central difference technique is adopted to simu-
segmentation, and motion compensation. A great number of? -

L . . e the differentiation operation. Their method significantly im-
proaches for OF estimation have been proposed in the literature
; ) . : rdved the method proposed by Horn and Schunck [4] because
including gradient-based, correlation-based, energy-based, gnd . . . S
. . . e smoothing step is added. In [2], Lai and Vemuri pointed
phase-based techniques [1]-[3]. A typical gradient-based ap-, T .
S . dut the approximation error problem and concluded that in the

proach was proposed by Horn and Schunck [4], which is main

L : : . ithage constraint, large approximation errors are usually located
based on optimizing an energy functiéhthat is a function of . 9 : g€ app ) y!
. : . in areas with large nonlinear components or in those with fast
an image constraint and a smoothness constraint

temporal or spatial changes in the brightness function. There-
fore, they proposed a reliability testing scheme to determine
whether each pixel in the image is adequate for the image con-
straint or not.

E://[(Imu—i—lyv—i—It)Q+a(|Vu|2+|Vv|2)]da:dy 1)

where . .
I — I(x,y: t)—image brightness function at time. In general, there are two possple ways to ;olve the op.tlml'za-
" tion problem for the energy function shown in (1). The first is
; A . )
[, 0] = [u(z, ), v(z, y)]—the flow vector; tp cqnvert the opurmzauon problem mtq one of solving par
) : tial differential equations based on variational calculus [1], [4].
v gradient operator;

This kind of approach estimates flow vectors iteratively. The
other kind of approach directly uses the discrete version of (1)
to calculate the flow vectors [6], [2]. The discretization process
converts the original optimization problem into the problem of
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Some wavelet-based OF estimation approaches have been pro- [I. WAVELET THEORY
posed [11]-[15]. In [11], Burnst al. proposed a 3-D transform
to the flow field and required large sequences of consecuti
pictures for flow estimation. It is a quite different methodolog

Since wavelet approximation will be applied to derive the so-
\ftion of the OF problem, in what follows, we will introduce
%ome key concepts of wavelet theory. Basically, the process of
. . WQelet approximation is that of representing a continuous func-
estimate flow field. In [12], Ber_nard assumed that the OF Waion f(z) with a limited number of successive approximations,
locally constant. Therefore, an inner product could be made téea-

¢ ) g  of selected ing b h ch of which is basically a smoothed versiorf 0f) [16]. De-
Ween an Image and a set of selecled scaling bases suc 3L the scaling function by(z) and its dilation and translation
a linear system which contained all the flow vectors could q

finctions2//2¢(20 % — n) by ¢;..(z) for j,n € Z, whereZ

generated. In his approach, every flow vector is calculated i&\é otes the set of integers. LIét be the subspace spanned by
dependently since the smoothness constraint is not consider (P !

alx , whereo; ,,(x is an orthonormal basis df;.
Similarly, S_rinivasan and Chellappa [13.] proposed asimilarg ﬁe(fu)ﬁcctizon spaci)g’j ,(j )gcé have the following properfcies
proach which modeled the OF field using a set of overlappi 96]:
basis functions. After their model is applied, the image con-
straint function can be reduced to a scaler equation by inte- 1)y, c v, |, forallje Z
grating with a suitably chosen kernel. The difference between 00 o0
the work proposed in [12] and that in [13] lies in the selection of = 2) U V; = L*(R) and ﬂ vV, = {0}
the basis function for modeling the flow field and some related j=—oo j=—o0
function variables. Wit al.[14], [15] used wavelets to model 3) a scaling functions(z) € V;, exists such that the set
flow vectors and proposed a coarse-to-fine hierarchy to recon-
struct these vectors. At each iteration, they estimate the wavelet

coefficients by minimizing the sum of the squared intensity dif4ere, R denotes the set of real numbers ddR) denotes the
ference between the warped image and the second image. &&tor space of measurable, square-integrable functigns
sically, the main difference between our work and @tal's respectively. Sincép(z—n) }nez is abasis o¥p, for a function
[15] is the objective function used for flow field computation:f(x) € Vo, we have

The first-order Taylor expansion we used is known as a kind of

approximation of the brightness constancy assumption. The ad- fl@) = Z end(x —n) (2)
vantage of such approximation is to increase the efficiency of n

computation, while the disadvantage is to compromise the acﬁere{c ) is a sequence and [ F@)d(a — n) da
n fnc”z — -

curacy. Nevertheless, the key idea in this paper is to presenre%resents the weighting coefficients foftz) [17]. In the com-

basic methodology for solving elliptic partial differential sys- . . .
. . putation of OF, we will represent the flow vector and image re-
tems efficiently and accurately. Meanwhile, \&ual.[14], [15] . ) X
: . lated functions based on (2). More precisely, we will not make
only applied wavelets to represemtandv. That is, they only

used wavelets to approximate the function variable part. giﬁigg:]hihzutl)tgjsglcur::gg gggﬁr?ptfs:]g\t’%\;el[ig I\Tviflhsepjsp:dr. ;2
In this paper, the scaling functions are used to appro ' 9

. the basis ol since the Daubechies scaling functions have the
mate both the flow vectors and the image related operators . .
. o . roperties of compact support and orthogonality. In what fol-

such as the differentiation operator. Using wavelet calculys ) . .
- o . .los, we will describe the relation between the wavelet trans-

we can efficiently compute derivatives of the functions 1

{¢(x — n)}nez is an orthonormal basis &f.

terms of the scaling expansion coefiicients. After we app orm and differential operators, which has been well treated in

our wavelet model, the energy constraint function of th¥]'. .
flow vector becomes a quadratic and convex function of trbe First, we represent the functiof(z) = >_,, cad(z — n) as

scaling coefficients. Therefore, we can successfully conver?gned_'q(azr)]’d\’vhe“?g ;r{] f{ggld)(:u_ ?r?gd Svilrécii nd)sra]jin_k of
the problem of minimizing a constraint function into that ofl) v = () pactly supp '

solving a linear system of a quadratic and convex function ff — ) as a function which is similar to a delta function.
erefore, we have

the scaling coefficients. Such conversion preserves the inter-
action information between flow field and the image related

functions, and estimates flow vectors as global minima. Once f(n) = /f(x)d)"(x) dx

all the the scaling coefficients are obtained, the flow vectors to o o

be solved can be determined. At the end of this paper, we Wiil€r€¢x(z) = ¢(z — n). Substituting the above equation into
discuss experiments conducted on a set of standard test imgggénd differentiating it, we have

sequences, including synthetic and real image sequences.

The results for standard sequences show that our approach (@)= J(m)d(@). )
outperforms the existing methods in terms of accuracy. The "

rest of the paper is organized as follows. In Section Il, sonéerefore, a functiorf(x) can be approximated by (2), and its
key concepts of wavelet theory will be introduced. Then, thgifferential form f’(«) can be approximated by (3). Based on
proposed solution of the OF problem will be clearly describetiese two approximations, we can represent all the function vari-
in Section Ill. Experimental results will be given in Section IVables in (1) in a wavelet format. In this format, we have to cal-
Finally, concluding remarks will be made in Section VI. culate a number of integrals of products of several differential
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TABLE | TABLE I
TwO-TERM CONNECTION COEFFICIENTS I'; = [ ¢(2)¢;(x) dx AND I, = THREE-TERM CONNECTION COEFFICIENTS A; ; = [ é(x)¢;(2)d;(x) dx, OF
[ ¢ ()¢ () dir, OF DAUBECHIES SCALING FUNCTION (i) DAUBECHIES SCALING FUNCTION () WITH N = 6
WITH N = 6
Y v (4, 7) Aij (1,7) Ayj (i, 5) Aij
: (4,4) | -4.6492524e-06 || (1,4) | 1.0186330e-06 | (-2,2) |-2.9257204e-06

-4 | 0| -0.00535714285714 (4,3) | 6.4355627e-06 || (1,3) | -5.6656771e-04 | (-2,1) | 1.2067195¢-03
-3 | 0 | -0.11428571428572 (4,2) | -2.9257204e-06 || (1,2) |-3.1707519e-02 || (-2,0) | 2.3759883e-02
-2 | 0 | 0.87619047619047 (4,1) | 1.0186330e-06 || (1,1) | 9.0122957e-02 | (-2,-1) | -3.1707519¢-02
-1 | 0 | -3.39047619047619 (4,0) | 1.2077707¢-07 || (1,0) | 1.5289039-01 | (-2,-2) | 7.3133353e-03
0] 1| 5.26785714285715 (1,-1) | -3.1707519e-02 || (-2,-3) | -5.6656771e-04
1| 0] -3.39047619047619 (1,-2) | 1.2067195¢-03 | (-2, -4) | -2.9257204e-06
2 | 0 | 0.87619047619047 (1,-3) | 6.4355627e-06
3| 0 |-0.11428571428572 (3,4) | 6.4355627e-06 || (0,4) | 1.2077707e-07 || (-3,1) | 6.4355627e-06
4 | 0 | -0.00535714285714 (3,3) | -8.5842521e-04 || (0,3) | 2.1081922e-04 | (-3,0) |-8.5842521e-04

(3,2) | 1.2067195e-03 || (0,2) | 7.3133353e-03 | (-3,-1) | 1.2067195e-03
(3,1) | -5.6656771e-04 || (0,1) | 1.5289039¢-01 || (-3,-2) | -5.6656771e-04
(3,0) | 2.1081922e-04 || (0,0) | 9.4742170e-01 | (-3,-3) | 2.1081922¢-04

scaling functions with different orders, which are called conne
tion coefficients and have been derived by Ladtal.[19].
The concept of connection coefficients is very useful for con (3. -1 | 1.0186330e-06 || (0,-1) | 90122957¢-02 | (-3, -4) | 1.0186330e-06

puting derivatives and solving differential equations. The ge (0,-2) | 2.3759883e-02
eral form ofn-term connection coefficients is as follows [19]: (0,-3) | -8.5842521e-04
oo (0, -4) | -4.6492524e-06
Af;ﬁ;d” = / pH (x)d)f: (z)... dﬁfj (z)dx (2,4) | 2.9257204e-06 || (-1,3) | 1.0186330e-06 | (-4,0) | -4.6492524e-06
—0

(2,3) | 1.2067195¢-03 | (-1,2) | -5.6656771e-04 || (-4,-1) | 6.4355627¢-06
whered; > 0 represents the differential order of tith scaling  (2,2) | 2.3759883¢-02 || (-1,1) | -3.1707519e-02 || (4,-2) | -2.9257204¢-06
function andl; is the translation betweef' (z) and ¢ (z). (2,1 | 3.1707519e02 || (-1,0) | 9.0122957¢-02 || (-4, 3) | 1.0186330¢-06
O(?(:,ie tge derivative ordel, . . ., d, is determin_ed, the function ;o) [ 7.3133353¢-03 || (-1,-1) | 1.5289039¢-01 | (-4, 4) | 1.2077707¢-07
A% can be calculated for all combinationslef.. ., L,. (2.1) | 56656771608 | (-1,-2) | -3.1707519¢-02
In [19], a technigque was proposed for evaluating the two- at
three-term connection coefficients. They define the scalir
equations as homogeneous linear equations and the mon
equations as inhomogeneous linear equations. These equations
are used as bases to construct a linear system. Once the lingaér hand, the significant domainBfis2— N <i < N -2,
system is solved, the connection coefficients can be determingdyhat follows, we will use wavelet-based approximation and
as well. For a specific problem, the connection coefficients @bnnection coefficients to estimate the values of OF.
interest can be calculated in advance and then stored in tables
for look-up use. lIl. OF ESTIMATION

In this paper, we define a set of 1-D connection coefficients,
which will be used in the computation of OF, as

(2,-2) | -2.9257204e-06 | (-1,-3) | 1.2067195¢-03
(-1,-4) | 6.4355627¢-06

In this section, we will explain in detail how to apply wavelet
approximation to model the OF problem. First of all, we reor-
ganize (1) into the form

r = / () ¢s(z) d
;= / ¢ ()¢ (x) da
Ay = / () i(2) b5 () (4)

E = // [(Iw? + IV + I} + 20D + 20, L
+ 21, Lw) + o (vl +ul + vi +vy)] dedy.  (5)
Suppose the image sizeAi$ x M. Based on the format defined

whered® () = (8/02)(z) andds(x) = ¢z — 1), Itis ob- in (2), the flow vectolfu(z, v), v(x, y)] can be represented as

vious thatl’y = 1 andl’; = 0, for all « # 0, due to the or- M—-1M-1
thogonality property of the scaling functigifx). Based on the u(z,y) = Z Z Um (T —m,y —n)
technique described in [19], we can calculate the valu€s.af; m=0 n=0
andA; ;, which are illustrated in Tables | and Il, respectively. N
Fig. 1 shows the distribution of the functigffx) with N = v(wy) =Y Y tmad(e —my =)
6. Suppose the Daubechies scaling function is compactly sup- m=0 n=0
ported in[0,1,..., N — 1] with its differentiability property; wherew,,,, andv,,, are the weighting coefficients, and the

then, the significant domain af; ; which has nonzero values¢(z — m,y — n)’s are the scaling bases of the subsp&ge
is2—-N < 4,5 <N -2 whereli —j] < N—2. 0nthe atthe fine resolution 0. Once the weighting coefficieats .,
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are normalized by dividing/1? + 12 + C, whereC'is a con-

stant used to avoid dividing by zero. Throughout the experi-
ments conducted in this study,was constantly set to ten.

Plugging the above mentioned approximations of flow vector
and image functions into (5) and reorganizing their formula-
tions, we have

// <E¢ (@ y) <Zumn¢mn z y>>

m.n m.,n

2
<Z brn n¢rn n\& y ) <Z Urn,nd)rn,n(xa y))

m,n m,n

—+ <Z Cmy n(/)m ntX, Y ) +2 <Z dm,n(/)m,N(‘Tv y))

m,n m,n

<Z Um nd)rn n xr,y ) <Z Urn,n(/)rn,n(xa y))

m,n m,n

+2 <Z Emn Pmn (T, Y ) <Z“m"¢m" T y)>

m,n m,n

<Z fm n(/)mn ) <Z Um n(/)mn & U))

m,n m,n

2
(z um,nd);f?n(x,y))

m,n

Zumnd)mn z,Yy)

m.,n

Fig. 1. Distribution of the Daubechies scaling functipfx) with N = 6. <

andw,, ,, of u(x,y) andv(z,y) are, respectively, determined, ]
the OF problem can be solved. Therefore, we convert the OF

problem into a process that involves determining2hé&” nodal <Z Um "‘/)m n\L Y )
variables{u,, , } and{v,, ,, }, that will minimize the objective ]

m.,n

function FE described in (5). Similarly, we apply wavelet approx-
imation to represent image related functions as follows: Z VB (5 y) dx dy (6)
M—1M-1 - () -
5 B where ¢, ,(z,y) = d)(a? — m,y — n),dmn(z,y) =
o= 2 2 emndle =y =) (0/92) i 2,4) G (2:1) = (0/00)ty () e
M1 M—1 the notation_, . is the simplified form ofy M~ -0 M o
[3(% y) = Z Z b (z — M,y — 1) we decompose the constraint functiérin (6) as

m=0 n=0

Iz, y) = %_:1 %_:1 Con (@ — M,y — n) E, = // <Z Gy P (2 u))

m,n
m=0 n=0
1

M-1 2

m=0 n=0 .
1

ImIt(.’E,y) = Z z_: Cn1,7n,¢($ —m,y — 7‘L) E, = // <Z b nd)rn n 7y)>
n=0

m,n

M—1M—1 2
1,1 (37’ y) = Z fm,nd)(aj —m,y - 71) X <Z Um,n(/)m,n(xv y)) dx dy
n=0

m,n

In order to avoid unbalanced weighting between the scales of;, — // Z ConnPmn(T, ) | dedy
flow vectors and those of image functions, the image functions

m,n
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B (dend)mn x u) <Zum¢mn x u))

m,n m,n

X <Z Vm,n Pmn (T y)) dz dy

m,n

o [ [ (Senstunton)

m,n

X <Z Urrs o, (2, y)) dz dy

m,n

o= [ [ (S it

m,n

X <Z Um,nd)m,n(xa y)) dx dy

// <Zum nd)mn x y)) dzx dy

m,n

e[ (Z oo

m,n

a:y)
Eg—// <van¢mna:y> dx dy
d

a:y)

dz dy

m,n

an
E10—// <van¢mn

m,n

dz dy

then we have

3 6 10
E= ZEH—ZZEi —i—aZEi.
=1 =4 =7

Based on the basic properties learned from calculus and

ately selects coordinate functions for variable approximation,
then
min E(u(z,y),v(z,y)) = min E(un, n, Vmon)-

w( ) wWim,m
o(ooy) vmn

The optimal coefficients{ty, n,Um »} that will minimize

E(tm n,vm ») can be determined by the stationary conditions
OF OF
=0 and ——— =0
812,,17,1 a{/nl,n
form,n=0,... M—1.

The partial differential equations listed above form a large
sparse linear systemu = b, whereu = [igo,. .., Um n,

U —1,M=1,00,05 -+ Vs -+ On—1,m—1]°  and - the
matrix A € R2M**x2M” is symmetric positive—definite with the
following 2 x 2 block structure

A A
A= .
[Am A2J
Here, Ai» = Ay and they are composed of

> i @i (Ns—mimmA—n j—n) With row indexm x M + n

and column index x M + ¢. Similarly, A;; is composed of

> @i (Nsmmimm B jon) (T Doy + T I

and Ay, has the same formula except; is substituted

for a,; ;. Since functionsA,_,, ;—m,ls_m, and I';_, are
symmetric, any combination of two of them is also symmetric.
Furthermore, the diagonals of;; and A5, are all positive,
thus the matrixA can be proved as positive definite. The
well-structured large sparse linear system can be then solved
without difficulty.

The wavelet-based method is superior to the traditional iter-
ative methods due to the efficient and accurate approximation
power of wavelets. With the traditional gradient-based methods,
one often uses a pixel-wise iterative mechanism to solve the OF
problem. At each iteration, each flow vector was computed in-
dependently and updated using local information that was com-
theed in the previous iteration. On the other hand, our wavelet

definitions of connection coefficient#;; can be easily derived model collects information from flow field as well as image re-

which are shown in the Appendix.

lated functions concurrently and stores this information into the

According to the derivation results in Appendix, we camatrix A. Once the linear systemu = b is solved, the optimal
rewrite £ as in (7), shown at the bottom of the page. Equatiaoefficients{i,, », om » } can also be determined. Thus, we can

(7) is a quadratic and convex function ff,,, », } and{vy, ,}.

successfully convert the problem of minimizing a constraint en-

From calculus of variations [20], we know that if one appropriergy function, as depicted in (1), into that of solving a linear

E= § U'rnn§ Us,t § az,] s—m,i— rnAt n,j— n +§

m,n m,n

+2Zumnzvst Zdzj s—m,i— ms— n,j— n)

m,n

Urnn§ Ust § bz] S—mm,i— rnAt n,j— n) +§ Cm.n

m,n

+2Zunln ZCZJ i— rn Jj— n +2zvnln Zflj i— rn Jj— n +azunlnlzust ; ant n)]

m,n m,n

+a2umnlzust s— rn

m,n

m,n

+azvmn lzvst aemlt— n

m,n

+azvnlnlzvst s— rn )] (7)

m,n
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system of a convex and quadratic function. We then used the In-
complete Cholesky Preconditioned Conjugate Gradient method,
provided in the SparseLib++ package, to solve this large linear
system. Once the coefficients are determined, the flow vectors
can be determined accordingly.

IV. EXPERIMENTAL RESULTS

In our experiments, we used five sets of results obtained
using five different methods for comparison. The five methods
were those of Horn and Schunck [4], Barrehal. [1], Uras
et al. [21], Anandan [22], and the proposed wavelet-based
method. We used six standard image sequences to test the
different method$.The first three were image synthetic se- _—
guences, and the other three were real image sequences. Theh'I
source codes included implementation of all the methods in
[4], [1], [21], [22] and the error measurement. The angular
error measurement between the correct velo¢ity, v.) and
the estimated velocityu., v. ) with 100% density is [1]

Uelhe + VeVe + 1
Oorr = arccos .

Vuz+ v+ 1/u2+v2+1

The average errors and standard deviation&.ofwere calcu-
lated by neglecting a 20-pixel-wide boundary. The last image
sequence was a standard test sequence in video compressiol
All experiments described in this section were pre-smoothed by
a Gaussian filter with a sigma value of 1.5 and were sampled
out to 3 standard deviation. The alpha value of the smoothness
constraint was set to 0.2 for all the experiments conducted in
this study. The number of iterations for Horn and Schunck’s ap-
proach [4] and Barroet al.'s approach [1] were both set to 500.
The parameters used in Urassal’s approach [21] and those inFig. 2.  Estimated OF for the Tree image sequences. (a) A frame grabbed from
Anandan's approach [22] were set according fo the experimeff/le s lngDherong Tee mage scences, () Esmeted O o
done in [1]. In our approach, computation of the flow fields was

halted when the process for solving the linear system converged.

() ©

Figs. 2—7 show the experimental results obtained by applying comparisonResuLTs OBTAIIjI—EAlfll_JESII\II(IEI THE TRANSLATING TREE, THE
Barron et al’s method and our method. The estimated OFs DIVERGING TREE, AND Y OSEMITE
shown in these figures were all subsampled and then rescaled
Fig. 2(a) shows one of the frames grabbed from the synthe Translating Tree | Diverging Tree Yosemite
Translating/Diverging Tree image sequences; Fig. 2(b) and (Method Ave. Err | Std. Err | Ave. Err | Std. Err | Ave. Err | Std. Err
shows the corresponding estimated OFs obtained usSing (Hom and Schunck [4] | 36.37° | 27.60° | 11.90° | 11.10° | 31.446° | 30.188°
proposed approach. The average errors and standard deviat Barron et al. [1] 0.82° | 0082°] 216°| 2.16°] 10.119° | 15.651°
of the computed flows for the above mentioned five Methot yrys e a1, (21 065 | 064 | 503 | 3.69° | 10.104° | 15.533°
are shown in Table IIl. The testimages in the experiments we’, -+ oo 2570 | 2080 | 16.62° | 1230° | 16.08° | 14.421°
the 20th frame of the Translating Tree sequence and the 2 Our method 062°| 066°] 1.41°| 123 | 8.375° | 13.395°

frame of the Diverging Tree sequence, respectively. Table =
also shows the experimental results for Yosemite, where the

testimage was the ninth frame of the Yosemite sequence. Frpgtause they did not release their source codes to the public.
the results shown in Table IlI, it can be seen that our methgfbwever, the readers can refer the experimental results reported
outperformed the existing approaches. These results were jaof12]-[14]. In what follows, we will present the results we

so obviously different because they were synthetic images. Qiitained by applying our method to the real image sequences.
thing to note is that we did not use the output data reportedrig. 3 shows two static frames grabbed from two standard
in the literature to make the comparison. This is because W&l image sequences. Fig. 3(a) shows the ninth frame of the
changed some error-measurement criteria, such as the nunipghburg Taxi image sequence. Fig. 3(b) shows a frame of an
of neglecting pixels in the boundary and the weighting of ththage sequence which had a rotating plate with a Rubik’s cube
smoothness constraint. In addition, we were not able to makgit. The difficulty in detecting the OF from the Rubik’s image
the comparison with other wavelet-based approaches [12]-[*#lyuence was that the upper surface of the rotating plate was

IThe first five image sequences and source codes implemented by marroft VEry homogene_ous region, so that only a little informa_-tion
al. [1] were taken from ftp.csd.uwo.ca. could be used. Figs. 4 and 5 show the computed flow fields
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Fig. 3. Ninth frames, grabbed from the: (a) Hamburg Taxi and (b) rotating Rubik’s image sequences.

k\]\:il ———

© (d)

Fig. 4. Estimated OF from the Taxi image sequence obtained using Betri@s approach. (a), (c) Obtained results (without setting a threshold) after 4:1
subsampling and 1:2 rescaling were performed. (b), (d) Obtained results from (a) and (c), respectively, by setting the threshold value to 0.8.

corresponding to Fig. 3(a) and (b), respectively. Fig. 4(a) amesults obtained from (a) and (c), respectively, by setting the
(c) show the results obtained (without setting a threshold) usitigeshold value to 0.8. From Fig. 4(d), we can see that three
Barronet al’s [1] approach and our approach, respectively, aftenoving objects were located by our algorithm. Fig. 5(a) and
4:1 subsampling and 1:2 rescaling. Fig. 4(b) and (d) show t(® show the results obtained (without setting a threshold) using
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Fig. 5. Estimated OF obtained from the Rubik’s image sequence using Batredis approach. (a), (c) Obtained results (without setting a threshold) after 4:1

subsampling and 1:3.5 rescaling were performed. (b), (d) Obtained results from (a) and (c), respectively, by setting the threshold value to 0.1.

Barronet al’s [1] approach and our approach, respectively, afte
4.1 subsampling and 1:3.5 rescaling. Fig. 5(b) and (d) show tl
thresholded results (with the threshold set to 0.1) for (a) ar
(c), respectively. From Fig. 5(d), it can be seen that the floy
vectors of the rotating plate and the Rubik’s cube were clear
captured by our algorithm. The result shown in Fig. 5(d) is ver
impressive. This is because the wavelet model has the ability ===
collect accurate information and to then spread it over the flo' :
vector image. It is obvious that the flow vectors on the upper= = ==

surface of the rotating plate, which was a homogeneous regic e
could be captured clearly and accurately. P e
Figs. 6 and 7 show a standard sequence in video compressi = '-_HT"" i
the Coastguard sequence. In acquiring this sequence, a vic '_—___"_—'_ T : :
camera was fixated on a moving coastguard boat such that ..~ s I

boat was V|Sua”y Stat'onary F|g 6 was the 220th frame Of tl% 6. 220th frame grabbed from the Coastguard sequence.
Coastguard sequence, and Figs. 7(a) and (c) show the results

obtained (without setting athreshold) for Baredial'sapproach and 1:1.5rescaling. Fig. 7(b) and (d) show the thresholded results
and our proposed approach, respectively, after 3:1 subsampliwith the threshold setto 0.3) for (a) and (c), respectively. Fig.7(d)
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© (d)

Fig. 7. (a) Estimated OF of the coastguard image sequence obtained using&airsrapproach after 3:1 subsampling and 1:1.5 rescaling. (b) Result obtained
from (a) by setting the threshold value to 0.3. (c) Estimated OF of the coastguard image sequence obtained using our proposed approach aftelirgylaadbsam
1:1.5 rescaling. (d) Result obtained from (c) by setting the threshold value to 0.3.

shows that the shape of the boat was nearly completely captuuntitized such that the flow estimation is done by interpolation
by our proposed method, even the tiny parts of the boat, suctofsasis. However, all functions in our approach have been
theflag pole, the antenna, and the pole infront of the antenna. projected td/, space with finest resolution, such that we do not
As for the time complexity of the proposed method, twbave to perform interpolation while doing reconstruction. The
major parts were involved: 1) computation of the matAx accuracy can be improved by estimating the flow field directly
and 2) solving the large sparse linear systdma = b. Our at the finest resolution without interpolation. Furthermore,
method was implemented in C and all of our experiments weapplying wavelet transform to image functions can enhance
performed on a Sun Ultra 2 workstation with 512-MB RAMsystem efficiency. This advantage can be revealed from the
The computational cost of the proposed method is proportiorgaliculation of (7) in Section Ill. In the formulation, all scaling
to the size of images. For divergence/translating tree sequencesfficients are unrelated to connection coefficients, and thus,
of size 150x 150, it took about 30 s to compute the matrixthey can be calculated in advance.
A and another 80 s to solve the linear system. For the taxiAnother important property of wavelets is multiresolution.
sequence of size 190256, it took about 75 s for computing  Applying multiresolution might speed up flow field estimation;
and about 320 s for solving the linear system. As for the rubtowever, some modifications will be necessary in our formu-
sequence of size 240256, it took about 90 s for computationlation. Such modifications will increase the complexity of our
of the matrixA and 620 s for solving the linear system. Thest®rmulation and computational cost.

computations could be enhanced by applying preconditionerdRegarding the computational complexity of the proposed
to sparse linear systems. method, the most time-consuming parts are the computation of

the matrixA4 and solving the linear systerdn = b. As for the
construction of the matripd4, because of its sparse and sym-
metric properties, only part of it need be computed. Regarding
In this paper, we called the proposed method “wavelet-basexblving the linear systerdu = b, the symmetric positive—def-
because we adopted the translations of Daubechies’ scalinige property of the matrixA helps the convergence and
functions as basis functions to perform wavelet transforiyin efficiency of this linear system. The computation could also
space. In traditional gradient-based approaches, they appledenhanced by applying preconditioners to this sparse linear
calculus of variations to iteratively estimate the flow field. Irsystem. Such advantages make our method comparable to other
other wavelet-based methods, multiresolution property wasvelet-based methods in terms of computation complexity.

V. DISCUSSION
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VI. CONCLUSION and

In this paper, we have proposed a new algorithm for OF com d
putation using a wavelet model. Based on wavelet transform Z“m n sz t Z i (7)’" n(2,9)

the original problem of minimizing the constraint function can
be converted into that of solving a linear system of a quadratic
and convex function of the scaling coefficients. Experimental re- X ¢si(z,y)pi (2, y) de dy

sults show that in terms of accuracy, our approach outperforms

the existing methods which adopted the same objective func-

tion as ours. The results are quite convincing and encouraging Z Umn,n sz + Z di jMs_micmMi—n,j—n
especially in the homogeneous region, where the gradient-based mn

methods usually hard to deal with. In fact, the proposed model

can be applied to solve a great number of problems other thA& for E5, we can obtain

OF estimation, as long as they can be converted into the format

for minimizing a quadratic energy function, for example, the
g q gy p 3—chln//¢nln$ydxdy

m.,n

gradient vector flow proposed in [23].

m,n

APPENDIX = chln/ P da?/ dn(y

m,n

= § Cm,n

FE; can be written as

El Zunznzust Zaz,j //d)rnn &, 7/

m.,n

becausef ¢,..(z) dx = [ ¢, (y)dy = 1.

For E; andEg, we have
X (/)s,t(xv y)(/)l,J(‘T? y) d‘T dy

=D u Zut Za /d) z)¢s(x By =Dt Zew//%mxy@xwy)dwdy
m,n s i, m s

m,n
m,n

x ¢i(x) dx /¢n(y)¢t(y)¢j(y) dy =2_tm Ze” /d)’" J9ile

m,n

x [ én(y)ei(y) dy
_Zumnzust ZGZJ/¢ ¢S m / )
= Z Um,n Z Ci,jri—nlrj—n

X i m(2) da / )bt ()5 () dy

and

_Zurn'nZU/gf ZCL7J s—m,i— mAf nj—n | - Eﬁzzvnl,n Zfi,j//¢nl,n($7y)¢i,j($7y)dxdy
i

m,n m,n

The above equation is appropriate because 2-D connection co- _ Z . Z FiiTiemT e
efficients can be converted into 1-D form based on the concept ' ’
of the tensor product. These 1-D connection coefficients have
been well defined in Section Il. The same derivation can be ap-
plied to F> and E; to obtain

E> = vanZvSt ijj//d)mnxu Er

m.,n

m,n

Similarly, F; can be written as

Z“mnzust//@% &, )¢ (2, y) dx dy

m.,n

= Z Um,n Z Us t / (7)(39) (f)(m)

X (/)s,t(xvy)d)i,j(x,y) d.’l’dy o

x / du(w)be(u) dy

- 5 UnlnE Vst E szAs —m,i— rnAt n,j—n = E Um,n E UIStFS —m t

m.,n m,n
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The same derivation can be appliedfg, Fg, and £y to [14] Y.-T. Wu, T. Kanade, J. Cohn, and C.-C. Li, “Optical flow estimation

obtain using wavelet motion model,” iRroc. Int. Conf. Computer Visigdan.
1998, pp. 992-998.
@ [15] ——, “Image registration using wavelet-based motion modiit” J.
— (y) Y Computer Visionvol. 38, no. 2, pp. 129-152, 2000.
Es = Z Hm,n Z Yot // d)m " d) (@) dvdy [16] S. G. Mallat, “A theory for multiresolution signal decomposition: The
L wavelet representation|EEE Trans. Pattern Anal. Machine Inteliol.
11, pp. 674-693, 1989.
= Z Um,n Z Us t / d)rn ¢s ) [17] R. O. Wells and X. Zhou, “Wavelet Interpolation and Approximate So-
myn lutions of Elliptic Partial Differential Equations,” Computat. Math. Lab.,
() () Rice Univ., Houston, TX, Tech. Rep., 1993.
X </)ny (U)¢t (U) dy [18] I. Daubechies, “Orthonormal bases of compactly supported wavelets,”
Commun. Pure Appl. Mathvol. 41, pp. 909—996, 1988.
= Z Um.n Z Usg trs_m [19] A.Latto, H. L. Resnikoff, and E. Tenenbaum, “The evaluation of connect
coefficients of compactly supported wavelets,” Pmoc. USA-French
man Workshop on Wavelet and Turbulend&l, 1991.
z 20] F. Y. M. Wan,Introduction to the Calculus of Variations and Its Appli-
By = Z Um,n Z Usyt // d)g’l)" (a:, y) da dy 120 cations London, U.K.: Chapman & Hall, 1995. i
m,n [21] S. Uras, F. Gorosi, A. Verri, and V. Torre, “A computational approach to
— Z v Z v TV motion perception,Biol. Cybernet.vol. 60, pp. 79-87, 1988.
T stlsoml [22] P. Anandan, “A computational framework and an algorithm for the mea-
m,n surement of visual motion,ht. J. Comput. Vis.vol. 2, pp. 283-310,
and 1989.
[23] C.XuandJ. L. Prince, “Snakes, shapes, and gradient vector flB&E
Eig= Z Um,n Z Vs, t // ¢£{li)n (z,9) ¢2Jt) (z,y)dz dy Trans. Image Processingol. 7, pp. 359-369, Mar. 1998.
m,n
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