
Kef�laio 1Mètrhsh plhrofor�aH mètrhsh th plhrofor�a an�getai sth mètrhsh th abebaiìthta gia èna sÔnolo ende-qomènwn. W phg  plhrofor�a or�zetai h diadikas�a paragwg  enì sunìlou sumbìlwn  endeqomènwn :
S = {s1, s2, · · · , sn}.Se k�je sÔmbolo antistoiqe� mia pijanìthta emf�nish tou ant�stoiqou endeqomènou
{p1, p2, · · · , pn}.Olìklhro to sÔnolo sunist� th bebaiìthta me pijanìthta 1.H plhrofor�a gia k�je endeqìmeno metr� thn abebaiìthta emf�nis  tou. Gi' autì or�zetaiw mia mh arnhtik  sun�rthsh th pijanìthta pragmatopo�hsh enì endeqomènou, ¸steìso mikrìterh e�nai h pijanìthta tou endeqomènou tìso megalÔterh e�nai h plhrofor�a poukom�zei. 'Ara h plhrofor�a e�nai fj�nousa sun�rthsh th pijanìthta kai mhdenik  gia tobèbaio gegonì. Epiplèon h plhrofor�a th tautìqronh pragmatopo�hsh dÔo anex�rthtwnsumb�ntwn e�nai �sh me to �jroisma twn dÔo xeqwrist¸n posot twn plhrofor�a. H logarij-mik  sun�rthsh ikanopoie� ìle autè ti apait sei, opìte gia to endeqìmeno A, h plhrofor�aor�zetai w

I(A) = f(pA) = − log(pA).Prìkeitai epomènw gia tuqa�a metablht , afoÔ exart�tai apì tuqa�a sumb�nta. W mon�damètrhsh or�zetai h posìthta plhrofor�a enì endeqomènou me pijanìthta 1/2. W b�sh thlogarijmik  sun�rthsh armìzei na lhfje� to 2, opìte h mon�da mètrhsh e�nai to bit.H posìthta plhrofor�a th phg , pou qarakthr�zei to sÔnolo twn endeqomènwn, onom�zetaientrop�a kai isoÔtai me thn prosdokht  tim  th plhrofor�a twn endeqomènwn,
H(S) = E{I(s)} = −

n
∑

i=1

pi log2 pi = h(p1, p2, · · · , pn).Sto Sq ma 1.1 d�detai grafik� h entrop�a gia mia phg  plhrofor�a dÔo sumbìlwn wsun�rthsh th pijanìthta emf�nish tou enì endeqomènou.H entrop�a or�zetai kai sthn per�ptwsh pou to pl jo twn endeqomènwn e�nai �peiro, all�arijm simo.Par�deigma 1.1. A e�nai tuqa�a metablht  me pijanìthte
Pr{X = k} = 2−k, k = 1, 2, . . .
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Sq ma 1.1: Entrop�a duadik  phg H entrop�a ja e�nai
H(X) =

∞
∑

k=1

k2−k = 2. �Idiìthte th sun�rthsh entrop�a:
1. H entrop�a e�nai suneq  sun�rthsh twn pijanot twn sto di�sthma (0, 1].2. H entrop�a e�nai summetrik  sun�rthsh twn pijanot twn.3. H entrop�a e�nai kurt  sun�rthsh twn pijanot twn.4. H entrop�a e�nai mègisth ìtan ìla ta endeqìmena e�nai ex�sou pijan�:

0 6 h(p1, p2, · · · , pn) 6 log2 n.

5. h(p1, p2, · · · , pn, 0) = h(p1, p2, · · · , pn).

6. h( 1
n , · · · , 1

n) < h( 1
n+1 , · · · , 1

n+1)

7. h( 1
mn , · · · , 1

mn) = h( 1
m , · · · , 1

m) + h( 1
n , · · · , 1

n)

8. h(p1, · · · , pn, q1, · · · , qm) = h(p, q) + ph(p1

p , · · · , pn

p ) + qh( q1

q , · · · , qm

q )ìpou: p = p1 + · · · + pn, q = q1 + · · · + qm, p + q = 1.H sqetik  entrop�a   apìstash Kullback metaxÔ dÔo katanom¸n pijanot twn or�zetaiw
D(p‖q) =

n
∑

i=1

pi log2

pi

qi
.Gia k�je tuqa�a metablht  isqÔei h anisìthta tou Jensen:An h sun�rthsh f e�nai kurt , tìte E{f(X)} 6 f(E{X}).
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H apìdeixh g�netai epagwgik�. Sthn per�ptwsh dÔo endeqomènwn me pijanìthte p1 kai p2 =
1 − p1 h anisìthta isoduname� me

p1f(x1) + (1 − p1)f(x2) 6 f(p1x1 + p2x2),pou e�nai �mesh sunèpeia tou orismoÔ th kurt  sun�rthsh. A upojèsoume ìti h anisìthtaisqÔei gia k = n − 1. Ja apode�xoume ìti isqÔei gia k = n.
n
∑

i=1

pif(xi) =
n−1
∑

i=1

pif(xi) + pnf(xn) = (1 − pn)
n−1
∑

i=1

pi

1 − pn
f(xi) + pnf(xn),

n
∑

i=1

pif(xi) 6 (1 − pn)f

(

n−1
∑

i=1

pi

1 − pn
xi

)

+ pnf(xn) 6 f

(

n
∑

i=1

pixi

)

.Apì thn anisìthta aut  prokÔptei h anisìthta th plhrofor�a
D(p‖q) > 0, me isìthta, e�n, kai mìno e�n, pi = qi,∀i.Pr�gmati epeid  h logarijmik  sun�rthsh e�nai kurt ,

n
∑

i=1

pi log2

qi

pi
6 log2

n
∑

i=1

pi
qi

pi
= 0.Gia dÔo phgè plhrofor�a or�zetai h apì koinoÔ entrop�a

H(S1, S2) = −
m
∑

i=1

n
∑

j=1

Pr{si, sj} log2 Pr{si, sj}.Or�zetai ep�sh h desmeumènh entrop�a
H(S1|S2) = −

m
∑

i=1

n
∑

j=1

Pr{si, sj} log2 Pr{si|sj}IsqÔei o kanìna th alus�da
H(S1, S2) = H(S1) + H(S2|S1) = H(S2) + H(S1|S2),kai oi akìlouje anisìthte

H(S1|S2) 6 H(S1), H(S2|S1) 6 H(S2),

H(S1, S2) 6 H(S1) + H(S2).H amoiba�a plhrofor�a dÔo phg¸n isoÔtai me thn prìsjeth plhrofor�a th m�a phg  wpro thn �llh. Or�zetai epomènw w h apìstash apì thn per�ptwsh th anexarths�a,
I(S1, S2) =

m
∑

i=1

n
∑

j=1

Pr{si, sj} log2

Pr{si, sj}
Pr{si}Pr{sj}

.
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Me b�sh ti idiìthte pou anafèrjhkan anwtèrw ja isqÔei
I(S1, S2) = H(S1) − H(S1|S2)

I(S1, S2) = H(S1) + H(S2) − H(S1, S2)

I(S1, S2) > 0Par�deigma 1.2. D�detai o p�naka twn apì koinoÔ pijanot twn gia èna zeÔgo tuqa�wnmetablht¸n
[

1
3

1
3

0 1
3

]

.H entrop�a tìso th phg  S1, ìso kai th phg  S2, e�nai:
H(S1) = H(S2) =

1

3
log2 3 +

2

3
(log2 3 − 1) = log2 3 − 2

3
= 0, 918 bits.H apì koinoÔ entrop�a e�nai:

H(S1, S2) = log2 3 = 1, 585 bits.H amoiba�a plhrofor�a e�nai:
I(S1, S2) = log2 3 − 4

3
= 0, 252 bits. �Tupikè akolouj�e sumbìlwnH efarmog  tou nìmou twn meg�lwn arijm¸n sunep�getai thn asumptwtik� omoiìmorfhkatanom  twn akolouji¸n apì sÔmbola th phg 

− 1

L
log2 p(X1, . . . , XL) → H(X),ìpou oi metablhtè X1, . . . , XL e�nai anex�rthte me thn �dia katanom  pijanot twn, kai meentrop�a H(X).M�a akolouj�a x1, . . . , xL onom�zetai tupik , an

2−L(H(X)+ǫ)
6 p(x1, . . . , xL) 6 2−L(H(X)−ǫ).H pijanìthta tou sunìlou twn tupik¸n akolouji¸n e�nai sqedìn 1. To pl jo twn tupik¸nakolouji¸n e�nai per�pou 2LH(X).Sunèpeia twn parap�nw e�nai h dunatìthta sump�esh th phg  plhrofor�a pou parist�netaiapì th metablht  X se H(X) bits an� sÔmbolo th phg  plhrofor�a.
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Kef�laio 2Kwdikopo�hsh phg  plhrofor�aKwdikopo�hsh e�nai h antistoiq�a twn sumbìlwn mia phg  plhrofor�a se kwdikè lèxeienì dosmènou alfab tou. 'Ena k¸dika, efìson den e�nai amf�shmo, e�nai monadik� apo-kwdikopoi simo, an den up�rqei akolouj�a sumbìlwn pou h kwdik  th èkfrash na epidèqetaiperissìtere th m�a ermhne�e. 'Ena k¸dika e�nai stigmia�o, an to pèra mia kwdik  lèxhprosdior�zetai mìno apì thn �dia, kai ìqi me th bo jeia twn kwdik¸n lèxewn pou akoloujoÔn.Autì shma�nei ìti kam�a kwdik  lèxh enì stigmia�ou k¸dika den e�nai prìjema k�poia �llh.'Ena duadikì stigmia�o k¸dika mpore� na parastaje� me èna duadikì dèndro, sta fÔllatou opo�ou eur�skontai oi kwdikè lèxei. To dèndro autì mpore� na qrhsimopoihje� gia thnapokwdikopo�hsh.Anisìthta tou KraftIkan  kai anagka�a sunj kh gia na e�nai èna duadikì k¸dika stigmia�o, e�nai ta m khtwn kwdik¸n lèxewn {l1, . . . , lN} na ikanopoioÔn thn akìloujh anisìthta
N
∑

n=1

2−ln 6 1H �dia sunj kh e�nai ikan  kai anagka�a gia na e�nai èna duadikì k¸dika monadik� apo-kwdikopoi simo (McMillan).'Ena k¸dika onom�zetai bèltisto, e�n to mèso m ko kwdik  lèxh,
l̄ =

N
∑

n=1

pnln,e�nai el�qisto. Me b�sh ti parap�nw idiìthte h eÔresh tou bèltistou k¸dika mpore� naperiorisje� sthn kl�sh twn stigmia�wn kwd�kwn. M�a aplousteutik  ep�lush d�dei thn akìloujhsqèsh an�mesa sthn plhrofor�a enì sumbìlou kai sto m ko th ant�stoiqh kwdik  lèxh
ln = ⌈− log2 pn⌉An l̄ e�nai to mèso m ko kwdik  lèxh tou k¸dika me ta parap�nw m kh, kai H(X) e�naih entrop�a th phg  plhrofor�a, tìte

H(X) 6 l̄ < H(X) + 1
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Kat' epèktash gia thn kwdikopo�hsh m�a akolouj�a L sumbìlwn th phg  plhrofor�a isqÔei
H(X) 6 l̄ < H(X) +

1

LAutì shma�nei ìti to mèso m ko kwdik  lèxh mpore� na plhsi�sei thn entrop�a ìso kont�e�nai epijumhtì.Ta parap�nw m kh proèkuyan qwr� na lamb�netai upìyh ìti ta m kh e�nai akèraia. Apodei-knÔetai ìti o bèltisto stigmia�o k¸dika èqei ti akìlouje idiìthte :
• An pm > pn, tìte lm 6 ln.
• Oi dÔo kwdikè lèxei mègistou m kou èqoun to �dio m ko.
• Oi dÔo kwdikè lèxei mègistou m kou diafèroun mìno sto teleuta�o yhf�o.O k¸dika Huffman ikanopoie� ti parap�nw idiìthte.

2.1 Kwdikopo�hsh HuffmanH kataskeu  tou duadikoÔ k¸dika Huffman,   isodÔnama tou dèndrou Huffman, ulopoie�tai meton akìloujo algìrijmo:
• 'Enwsh twn dÔo sumbìlwn me qamhlìterh pijanìthta se èna kìmbo me pijanìthta to�jroisma twn dÔo. Oi dÔo kl�doi pro tou kìmbou - paidi� diakr�nontai me ta duadik�yhf�a.
• Antikat�stash twn kìmbwn-paidi� apì ton kìmbo-gonèa pou dhmiourg jhke. E�n h pi-janìthta e�nai 1, h diergas�a oloklhr¸jhke. 'Allw, epanalamb�netai to prohgoÔmenob ma.To dèndro pou kataskeu�zetai èqei thn adelfik  idiìthta.
• K�je kìmbo, plhn th r�za, èqei adelfikì kìmbo.
• 'Oloi oi kìmboi tou dèndrou mporoÔn na diataqjoÔn kat� fj�nousa t�xh pijanot twn,en¸ oi adelfiko� kìmboi geitoneÔoun.W apotèlesma twn idiot twn aut¸n ikanopoie�tai h isìthta

N
∑

n=1

2−ln = 1Prìkeitai gia èna pl rh stigmia�o k¸dika. Akìma ja isqÔei
H(X) 6 l̄ < H(X) + 1Lamb�nonta upìyh th dom  kai ti idiìthte tou dèndrou Huffman e�nai dunat  h prosarmog tou, ìtan oi pijanìthte twn sumbìlwn e�nai arqik� �gnwste kai prèpei na ektimhjoÔn apì taupì sump�esh dedomèna.
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Par�deigma 2.1. 'Estw phg  pou par�gei dÔo sÔmbola {α, β} me pijanìthte ant�stoiqa
{3/4, 1/4}. Zhte�tai h kwdikopo�hsh akolouji¸n apì tr�a sÔmbola th phg  me thn pro�pìjeshth anexarths�a. D�detai kat' arq n o p�naka me ti pijanìthte pou upolog�zontai sta dia-doqik� b mata tou algor�jmou. H ar�jmhsh twn bhm�twn g�netai me b�sh twn arijmì twnenapomein�ntwn mhnum�twn.SÔmbolo 8 7 6 5 4 3 2 1

ααα 27/64 27/64 27/64 27/64 27/64 27/64 27/64 1
ααβ 9/64 9/64 9/64 9/64 18/64 18/64 37/64
αβα 9/64 9/64 9/64 9/64
βαα 9/64 9/64 9/64 9/64 9/64 19/64
αββ 3/64 3/64 6/64 10/64 10/64
βαβ 3/64 3/64
ββα 3/64 4/64 4/64
βββ 1/64Akolouje� o p�naka me ta duadik� yhf�a se k�je b ma tou algor�jmou kai oi telikè kwdikèlèxei. SÔmbolo 7 6 5 4 3 2 1 Kwdik  lèxh

ααα 0 0
ααβ 0 0 1 100
αβα 1 0 1 101
βαα 0 1 1 110
αββ 0 1 1 1 1 11110
βαβ 1 1 1 1 1 11111
ββα 1 0 1 1 1 11101
βββ 0 0 1 1 1 11100H entrop�a th arqik  phg  plhrofor�a e�nai H(S) = 3

4 log2
4
3 + 1

4 log2 4 = 0.811 bits. Tomèso m ko kwdik  lèxh an� sÔmbolo th arqik  phg  e�nai l̄ = 0.823 bits, polÔ kont�sthn entrop�a.
2.2 K¸dika GolombO k¸dika Golomb qrhsimopoie�tai gia thn kwdikopo�hsh mh arnhtik¸n akera�wn arijm¸n megewmetrik� fj�nousa pijanìthta. Sugkekrimèna oi pijanìthte d�dontai w ex :

P (r) = (1 − p)pr, r = 0, 1, . . .Gi' aut  thn katanom , pou onom�zetai gewmetrik , isqÔei:
E{R} =

p

1 − p
kai H(R) =

h(p, 1 − p)

1 − pO rujmì me�wsh th pijanìthta metr�tai apì thn par�metro
m = ⌈− 1

log2 p
⌉,
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pou d�dei thn apìstash pou qwr�zei dÔo endeqìmena me lìgo pijanot twn 1/2. Or�zontai dÔoakèraioi arijmo�, to akèraio phl�ko kai to upìloipo th dia�resh tou r dia m:
q = ⌊ r

m
⌋ kai s = r − mq.H kwdik  lèxh gia to q sun�statai apì q `1' kai èna `0'. To s lamb�nei m diaforetikè timè methn �dia kat� prosèggish pijanìthta, ki epomènw apaitoÔntai k = ⌈log2m⌉ duadik� yhf�a giathn kwdikopo�hsh. An to m den e�nai dÔnamh tou 2 e�nai dunat  mia mikr  epiplèon sump�esh. Ok¸dika pou par�getai me autìn ton trìpo e�nai eleÔjero projèmato. An qrhsimopoihjoÔn

k duadik� yhf�a gia to s, to mèso m ko kwdik  lèxh ja e�nai
l̄ = k + 1 +

pm

1 − pm
≈ k + 2.Par�deigma 2.2. A upojèsoume p = 0.84, opìte H(R) = 3.964 bits. Eur�skoume ìti m = 4,ki epomènw apaitoÔntai 2 bits gia thn kwdikopo�hsh tou s. 'Ara gia r = 0, . . . , 3 apaitoÔntai3 bits, gia r = 4, . . . , 7 apaitoÔntai 4 bits k.o.k. To mèso m ko kwdik  lèxh ja e�nai 3.976

bits.

2.3 Kwdikopo�hsh arijmoÔ epanal yewnH kwdikopo�hsh tou arijmoÔ twn epanal yewn enì sumbìlou qrhsimopoie�tai kÔria gia phgèplhrofor�a me dÔo sÔmbola susqetismèna   mh. Se per�ptwsh anexarths�a prokÔptei hakìloujh katanom  pijanot twn:
{1 − p, (1 − p)p, . . . , (1 − p)pm, . . . , (1 − p)pM−1, pM}.Gia thn katanom  aut  mpore� na kataskeuasje� k¸dika Huffman.Par�deigma 2.3. A jewr soume p�li thn phg  pou par�gei dÔo sÔmbola {α, β} me pi-janìthte ant�stoiqa {3/4, 1/4}. Me anex�rthte epanal yei, mporoÔme na jewr soumeta mhnÔmata {β, αβ, ααβ, αααβ, αααα} me pijanìthte {1/4, 3/16, 9/64, 27/256, 81/256}. Ok¸dika Huffman ja e�nai ant�stoiqa: {10, 00, 011, 010, 11}. To mèso m ko kwdik  lèxhan� sÔmbolo th arqik  phg  plhrofor�a e�nai 0.89 bits.

2.4 Arijmhtik  kwdikopo�hshGia na epiteuqje� uyhlì bajmì sump�esh kwdikopoioÔntai akolouj�e apì sÔmbola th phg plhrofor�a. K�je akolouj�a sumbìlwn th phg  plhrofor�a par�statai apì èna di�sthmapragmatik¸n arijm¸n metaxÔ 0 kai 1. H kwdik  lèxh gia k�je akolouj�a sumbìlwn upolog�zetaime arijmhtikè pr�xei. 'Oso pio pijan  e�nai mia akolouj�a sumbìlwn, tìso megalÔtero e�naito di�sthma pou th antistoiqe�, gia to opo�o ligìtera bits apaitoÔntai gia na kwdikopoihje�.K�je di�sthma kwdikopoie�tai qrhsimopoi¸nta ènan arijmì pou an kei s' autì. K�je arijmì
F , tètoio ¸ste, 0 6 F < 1, mpore� na parastaje� apì m�a akolouj�a duadik¸n yhf�wn
{b1, . . . , bi, . . .}, w ex 

F =
∞
∑

i=1

bi2
−i
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An h akolouj�a sumbìlwn pro par�stash emfan�zetai me pijanìthta p, gia th duadik  par�sta-s  th arkoÔn se k�je per�ptwsh ⌈− log2 p⌉ + 1 yhf�a, ¸ste na prosdior�zetai me monadikìtrìpo to di�sthma pou an kei. Pr�gmati arke� na parastaje� me peperasmèno arijmì duadik¸nyhf�wn o pragmatikì arijmì
F +

p

2
,me trìpo ¸ste F < F < F + p.D�detai sth sunèqeia èna arijmhtikì kwdikopoiht /apokwdikopoiht , gia m�a metablht 

X, me pijanothte {p1, p2, . . . , pn}. A e�nai q oi ajroistikè pijanìthte
q(xi) =

i−1
∑

j=1

pjGia thn kwdikopo�hsh mia akolouj�a apì L sÔmbola mpore� na qrhsimopoihje� o akìloujoalgìrijmo, ìpou F dhl¸noun ta k�tw ìria twn diasthm�twn kai S ti ant�stoiqe pijanìthte.
1. F0 = 0, S0 = 1

2. Gia i = 1, . . . , L
Fi = Fi−1 + Si−1q(xi)
Si = Si−1p(xi)

3. K = ⌈log2
1

SL
⌉ + 1

4. Par�stash tou F = FL + 2−K qrhsimopoi¸nta K bits

5. Epistrof  sto b ma 1, gia to epìmeno m numaO apokwdikopoiht  qrhsimopoie� ton akìloujo algìrijmo
1. G0 = F , S0 = 1

2. Gia i = 1, . . . , LEÔresh tou mègistou akèraiou ¸ste
Gi−1 > Si−1q(sj)Tìte xi = sj

Gi = Gi−1 − Si−1q(xi)
Si = Si−1p(xi)

3. K = ⌈log2
1

SL
⌉ + 1

4. Epistrof  sto B ma 1, gia to epìmeno m numa, K bits met� thn arq  tou parìntomhnÔmatoEpeid  h akr�beia twn upologism¸n kai th par�stash twn arijm¸n e�nai peperasmènh,apaite�tai na lhfje� prìnoia, ¸ste na apofeuqjoÔn sf�lmata lìgw arijmhtik¸n upologism¸n.
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2.5 Mèjodoi me lexik�Se pollè peript¸sei to montèlo pijanot twn th phg  e�nai �gnwsto, en¸ mpore� epiplèon nae�nai dÔskolh kai polÔplokh h montelopo�hs  th. Se autè ti peript¸sei e�nai epijumhtì naprosdior�zetai èmmesa to montèlo kai na axiopoie�tai gia thn kwdikopo�hsh. QrhsimopoioÔntaigi' autì lèxei apì sÔmbola th phg  pou prokÔptoun me an�lush pou lamb�nei upìyh thnper�odo emf�nis  tou.A e�nai X l
1 = x1x2 . . . xl m�a akolouj�a apì l sÔmbola th phg  plhrofor�a. A e�nai

Nl(X) o mikrìtero akèraio, ¸ste X l
1 = X l−N

1−N (N > 1), dhlad  e�nai to di�sthma poumesolabe� gia thn epanemf�nish th akolouj�a twn sumbìlwn. ApodeiknÔetai ìti h pros-dokht  tim  tou diast mato epanemf�nish e�nai
E{Nl(X)|X l

1 = z} =
1

Pr{z} .H sump�esh bas�zetai sto asumptwtikì je¸rhma tou diast mato epan�lhyh m�a akolouj�asumbìlwn
lim
l→∞

log2 Nl(X)

l
= H(X).IsodÔnama mpore� na anazhthje� h mègistou m kou akolouj�a sumbìlwn th phg  plhro-for�a, ¸ste èna ant�grafo na arq�zei sta n prohgoÔmena sÔmbola, dhlad  sto di�sthma

[−n + 1, 0]. Ta n prohgoÔmena sÔmbola sunistoÔn m�a mn mh kai anamènetai to mègisto m koantisto�qhsh na aux�nei me to mègejo th mn mh. ApodeiknÔetai ìti
lim

n→∞

log2 n

Ln(X)
= H(X).

2.5.1 Algìrijmo Lempel-Ziv’ 77O pr¸to algìrijmo qrhsimopoie� kuliìmenh mn mh stajeroÔ megèjou, pou apotele�tai apìta W pio prìsfata gnwst� sÔmbola. Arqik�, efìson e�nai �gnwsth h phg , jewre�taièna par�juro m kou W pou kwdikopoie�tai qwr� sump�esh. Anazhte�tai sth sunèqeia hplhsièsterh mègistou m kou akolouj�a XW+L
W+1 gia thn opo�a eur�sketai ta�riasma me afethr�asto par�juro pou èqei apomnhmoneuje�.

XW+L
W+1 = XW−m+L−1

W−m , m ∈ {0, . . . , W − 1} (2.1)A e�nai gia par�deigma m�a phg  me dÔo sÔmbola {α, β}, ki èstw ìti par�getai h akolouj�a
βββααααααααααβ . . .An e�nai W = 4, tìte ja e�nai L = 9 kai m = 0.Apaite�tai èna apotelesmatikì trìpo kwdikopo�hsh tou m kou L.Kwdikopo�hsh Or�zetai kat' arq n h duadik  par�stash tou L, b(L). Apaite�tai epiplèon tom ko aut  th par�stash, |b(L)|. O k¸dika èqei th morf 

c(L) = e(|b(L)|)b(L)10



ìpou e(k) = 0|b(k)|−11b(k). A e�nai gia par�deigma L = 7. Tìte b(L) = 111 kai
|b(L)| = 3, opìte c(7) = 0111111.Qrhsimopoie�tai h duadik  par�stash tou m, me ⌈log2 W ⌉, an e�nai sumferìterh apìthn par�stash asump�esth th akolouj�a twn L sumbìlwn, alli¸ qrhsimopoioÔntai
L⌈log2 |S|⌉ duadik� yhf�a.Apokwdikopo�hsh Apokwdikopoe�tai pr¸ta o k¸dika tou L. An ⌈log2 W ⌉ < L⌈log2 |S|⌉,tìte apokwdikopoie�tai to m kai efarmìzetai to ta�riasma th ex�swsh (2.1). Alli¸,apokwdikopoe�tai �mesa h akolouj�a twn L sumbìlwn.M�a parallag  tou algor�jmou autoÔ gnwst  me to ìnoma Deflate qrhsimopoie�tai sthmorf  gzip gia th sump�esh arqe�wn kai sth morf  PNG (Portable Network Graphics) gia thsump�esh eikìnwn.

2.5.2 Algìrijmo Lempel-Ziv-WelchSto deÔtero algìrijmo kataskeu�zetai èna lexikì, ìpou eis�gontai ìso g�netai megalÔterese m ko lèxei pou apant¸ntai suqn�. To mègejo tou lexikoÔ e�nai p�ntote orismèno kai hkwdikopo�hsh g�netai me kwdikè lèxei orismènou m kou pou antistoiqoÔn stou de�kte twnlèxewn tou lexikoÔ. Akolouje� h perigraf  tou algor�jmou.Kwdikopo�hsh (sump�esh)Ekk�nhsh Arqikì lexikì
• Lexikì apoteloÔmeno apì ìla ta gr�mmata
• Pr¸th lèxh: pr¸to gr�mmaB ma : Enhmèrwsh tou lexikoÔ kai kwdikopo�hsh
• An den up�rqei �llo gr�mma

– kwdikopo�hsh (ω)
– tèlo

• An ωα up�rqei sto lexikì
– nèa lèxh: ωα

– epan�lhyh tou b mato
• An ωα den up�rqei sto lexikì

– kwdikopo�hsh ω

– kataq¸rhsh th ωα sto lexikì
– nèa lèxh: α

– epan�lhyh tou b matoApokwdikopo�hsh (aposump�esh)Ekk�nhsh Metablhtè: Code, OldCode, InCode, FinChar

• Pr¸to k¸dika sto Code kai sto OldCode

• Apokwdikopo�hsh(Code) sto pr¸to gr�mma (α)

• α sto FinChar

11



Epìmeno k¸dika sto Code kai sto InCode

• An den up�rqei �llo k¸dika: tèlo
• An o Code den èqei orisje�

– FinChar sthn èxodo
– OldCode sto Code

– k¸dika(OldCode, FinChar) sto InCodeEpìmeno gr�mma Apokwdikopo�hsh
• An Code = k¸dika(ωα)

– α sth st lh
– k¸dika(ω) sto Code

– Sto Epìmeno gr�mma
• An Code = k¸dika(α)

– α sthn èxodo kai sto FinChar

– 'Oso h st lh den e�nai ken , koruf  th st lh sthn èxodo kai anèbasmath st lh
– (OldCode, α) sto lexikì
– InCode sto OldCode

– Ston Epìmeno k¸dikaO algìrijmo Lempel-Ziv-Welch qrhsimopoie�tai gia th sump�esh eikìnwn sth morf  GIFTo lexikì megal¸nei dunamik� arq�zonta apì mègejo 2b+1, ìpou b e�nai o arijmì twn bitsan� eikonostoiqe�o. To mègejo tou lexikoÔ mpore� na fj�sei ti 4096 lèxei, en¸ o arijmìtwn bits sta arqik� dedomèna e�nai to polÔ 8. Problèpetai h dunatìthta epanekk�nhsh toulexikoÔ.
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Kef�laio 3Suneq  phg  plhrofor�a
3.1 Diaforik  entrop�aH diaforik  entrop�a qarakthr�zei suneqe� phgè ki epomènw mpore� na qrhsimeÔsei se metr seiplhrofor�a gia s mata pou lamb�noun suneqe� timè. H diaforik  entrop�a wstìso de metr��mesa mia posìthta plhrofor�a. A e�nai X mia tuqa�a metablht  me sun�rthsh puknìthtapijanìthta pX(x). H diaforik  entrop�a or�zetai w

h(X) =

∫

pX(x) log
1

pX(x)
dx,ìpou to olokl rwma or�zetai sto sÔnolo twn tim¸n th metablht , kai efìson beba�wup�rqei.Sthn per�ptwsh mia omoiìmorfh katanom  sto di�sthma [0, a] h diaforik  entrop�a e�nai

h(X) = log a.Sthn per�ptwsh mia katanom  Gauss me diaspor� σ2 h diaforik  entrop�a e�nai, se fusikoÔlog�rijmou,
h(X) =

1

2
ln 2πeσ2.ApodeiknÔetai eÔkola ìti h metak�nhsh th mèsh tim  th metablht  den ephre�zei thdiaforik  entrop�a. En¸ h allag  kl�maka kat� α sunep�getai aÔxhsh kat� log |α|.H apì koinoÔ diaforik  entrop�a or�zetai kat� parìmoio trìpo

h(X, Y ) =

∫ ∫

pX,Y (x, y) log
1

pX,Y (x, y)
dxdy,ìpw kai h desmeumènh diaforik  entrop�a

h(X|Y ) =

∫ ∫

pX,Y (x, y) log
1

pX|Y (x|y)
dxdy,

h(Y |X) =

∫ ∫

pX,Y (x, y) log
1

pY |X(y|x)
dxdy.
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IsqÔei o kanìna th alus�da
h(X, Y ) = h(X) + h(Y |X) = h(Y ) + h(X|Y ).H sqetik  entrop�a   apìstash Kullback metaxÔ dÔo katanom¸n pijanot twn or�zetai w

D(p‖q) =

∫

p(x) log
p(x)

q(x)
dx.ApodeiknÔetai ìti

D(p‖q) > 0.Qrhsimopoi¸nta thn anisìthta aut  apodeiknÔetai ìti gia dosmènh diaspor� h katanom 
Gauss megistopoie� th diaforik  entrop�a. Pr�gmati mporoÔme na gr�youme
∫ ∞

−∞
p(x) ln p(x)σ

√
2πe

(x−µ)2

2σ2 dx > 0 ⇔ −h(X) + ln(σ
√

2π) +

∫ ∞

−∞

(x − µ)2

2σ2
p(x)dx > 0 ⇔

h(X) 6
1

2
ln 2πeσ2.Or�zetai h amoiba�a plhrofor�a

I(X, Y ) =

∫ ∫

pX,Y (x, y) log
pX,Y (x, y)

pX(x)pY (y)
dxdy.H amoiba�a plhrofor�a sundèetai me ti posìthte diaforik  entrop�a w akoloÔjw

I(X, Y ) = h(X) − h(X|Y ) = h(Y ) − h(Y |X) = h(X) + h(Y ) − h(X, Y ).Epeid  h amoiba�a plhrofor�a e�nai apìstash metaxÔ dÔo katanom¸n
I(X, Y ) > 0.H amoiba�a plhrofor�a metr� to bajmì ex�rthsh metaxÔ twn metablht¸n X, Y kai mhden�zetaiìtan e�nai anex�rthte.E�n X, Y e�nai dÔo metablhtè pou akoloujoÔn thn katanom Gauss, me suntelest  susqètish

̺, tìte
I(X, Y ) =

1

2
log

1

1 − ̺2
.E�n X, Z e�nai dÔo anex�rthte metablhtè pou akoloujoÔn thn katanom  Gauss, me dias-porè σ2

X , σ2
Z ant�stoiqa, kai Y = X + Z, tìte

I(X, Y ) =
1

2
log

(

1 +
σ2

X

σ2
Z

)

.
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3.2 Posìthta plhrofor�a kai prosèggishA e�nai X̂ mia prosèggish th metablht  X. Or�zetai èna mètro apìstash   paramìrfwsh,
d : X × X̂ → R+.Gia duadikè timè mpore� na e�nai h apìstash Hamming,

d(x, x̂) =

{

0 x = x̂
1 x 6= x̂Gia opoiesd pote pragmatikè timè mpore� na orisje� h tetragwnik  apìklish,

d(x, x̂) = (x − x̂)2.An apait soume h mèsh paramìrfwsh na mhn uperba�nei k�poio fr�gma,
∫ ∫

p(x, x̂)d(x, x̂)dxdx̂ 6 D,tìte h amoiba�a plhrofor�a I(X, X̂) èqei k�tw fr�gma mia posìthta plhrofor�a,
R(D) = min I(X, X̂),ìpou to el�qisto lamb�netai metaxÔ ìlwn twn desmeumènwn katanom¸n p(x̂|x). Epomènw aut h posìthta plhrofor�a e�nai h el�qisth pou apaite�tai, ¸ste to sf�lma th prosèggish namhn uperba�nei to fr�gma D.Gia mia duadik  phg  me pijanìthta p kai apìstash Hamming, h el�qisth posìthta plhro-for�a e�nai:

R(D) =

{

H(p) − H(D), 0 6 D 6 min(p, 1 − p)
0, D > min(p, 1 − p)A upojèsoume kat' arq n gia ti an�gke th parous�ash ìti oi dÔo dunatè timè thmetablht  X e�nai {0, 1} me ant�stoiqe timè pijanìthta {1 − p, p}. H mèsh paramìrfwshja e�nai D =Gia thn prosèggish mia metablht  Gauss me diaspor� σ2 kai tetragwnik  apìstashapaite�tai posìthta plhrofor�a toul�qiston

R(D) =

{

1
2 log σ2

D , 0 6 D 6 σ2

0, D > σ2
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Kef�laio 4Kbantismì
4.1 Bajmwtì kbantist 'Ena kbantist  (Sq ma 4.1) antistoiqe� se m�a tim  mia suneqoÔ metablht  X m�a apì tidiakritè timè enì peperasmènou sunìlou {r1, r2, . . . , rN} antiproswpeutik¸n tim¸n. Gia tonprosdiorismì tou kbantist  apaitoÔntai to sÔnolo twn antiproswpeutik¸n tim¸n kai to sÔnolotwn shme�wn apìfash {d1, d2, . . . , dN−1} pou qwr�zoun ton �xona twn pragmatik¸n arijm¸nsta akìlouja diast mata

IR = (−∞, d1] ∪ (d1, d2] ∪ · · · ∪ (dN−1,∞) (4.1)Gia to sqediasmì enì kbantist  parousi�zetai sth sunèqeia m�a statistik  mèjodo pros-
-

d3 d4

d2d1

6

r4

r5

r2

r1Sq ma 4.1: 'Ena summetrikì kbantist diorismoÔ twn antiproswpeutik¸n tim¸n kai twn tim¸n apìfash.A e�nai X m�a tuqa�a metablht , th opo�a h sun�rthsh puknìthta pijanìthta e�nai p(x).Zhte�tai o prosdiorismì tìso twn epipèdwn kbantismoÔ, ìso kai twn shme�wn apìfash, giadosmèno arijmì N diasthm�twn kai epipèdwn kbantismoÔ, me trìpo ¸ste to mèso tetragwnikìsf�lma na elaqistopoie�tai
D = E{(X − Q(X))2} =

N
∑

i=1

∫ di

di−1

(x − ri)
2p(x)dx, (4.2)ìpou Q(.) e�nai o telest  tou kbantismoÔ, kai d0 = −∞, dN = ∞.
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Oi Lloyd kai Max èdwsan ti anagka�e sunj ke gia thn elaqistopo�hsh tou D, pousun�stantai se dÔo sust mata exis¸sewn. To pr¸to sÔsthma d�dei thn kalÔterh antipros¸peush,me dosmèna ta diast mata
ri = E{X|X ∈ (di−1, di)} =

∫ di

di−1
xp(x)dx

∫ di

di−1
p(x)dx

; i = 1, . . . , N (4.3)To deÔtero sÔsthma d�dei thn kalÔterh diamèrish tou �xona twn pragmatik¸n arijm¸n medosmèna ta ep�peda antipros¸peush
di =

ri + ri+1

2
; i = 1, . . . , N − 1 (4.4)Sth genik  per�ptwsh to parap�nw sÔsthma exis¸sewn (4.3) kai (4.4) mpore� na epiluje�mìno me arijmhtikè epanalhptikè mejìdou. Met� apì k�poie arqikè timè gia ta ep�pedakbantismoÔ, qrhsimopoioÔntai diadoqik�, kai epanalhptik� mèqri th sÔgklish, oi exis¸sei (4.4)kai (4.3). Prèpei na shmeiwje� ìti h epanalhptik  ep�lush tou sust mato twn exis¸sewnden exasfal�zei p�ntote thn elaqistopo�hsh tou mèsou tetragwnikoÔ sf�lmato. Mpore� hsÔgklish na odhg sei s' èna topikì el�qisto, ìtan oi parap�nw sunj ke e�nai mìno anagka�e,all� ìqi kai ikanè gia thn elaqistopo�hsh tou D.O Lloyd-Max kbantist  èqei ti akìlouje idiìthte.

• H mèsh kbantismènh tim  e�nai �sh me th mesh tim  th metablht 
E{Q(X)} = E{X}

• H kbantismènh tim  kai to sf�lma kbantismoÔ e�nai asusqètiste metablhtè
E{(X − Q(X))Q(X)} = 0

• H diaspor� tou sf�lmato kbantismoÔ e�nai �sh me th diafor� th diaspor� th metablht me�on th diaspor� twn kbantismènwn tim¸n
E{(X − Q(X))2} =

∫ ∞

−∞
x2p(x)dx −

N
∑

i=1

Pir
2
iìpou Pi =

∫ di

di−1
p(x)dx.

• Asumptwtik�, dhlad  gia meg�lo N , h diaspor� tou sf�lmato kbantismoÔ mei¸netaiìpw to 1/N2,

D ≈

(

∫∞
−∞(p(x))1/3dx

)3

12N2
.An h tuqa�a metablht  X katanèmetai omoiìmorfa, ta diast mata kbantismoÔ e�nai isom kh,kai ta ep�peda kbantismoÔ katanèmontai omoiìmorfa. O omoiìmorfo kbantist  prosdior�zetaime th qr sh m�a mìno paramètrou, to b ma tou kbantismoÔ ∆. H diaspor� tou sf�lmatokbantismoÔ sthn per�ptwsh th omoiìmorfh katanom  e�nai

D =
σ2

N2
.17



Lìgw th aplìtht� tou o omoiìmorfo kbantist  ja mporoÔse na e�nai qr simo kai sthnper�ptwsh metablht¸n pou den katanèmontai omoiìmorfa. An m�a metablht  katanèmetai stosÔnolo twn pragmatik¸n arijm¸n, up�rqei èna bèltisto b ma kbantismoÔ pou elaqistopoie�to mèso tetragwnikì sf�lma. Parousi�zetai sth sunèqeia to prìblhma beltistopo�hsh sthnper�ptwsh m�a metablht  me summetrik  katanom , ìpou p(x) = p(−x), me sunèpeia o kban-tist  na e�nai summetrikì, ki ìtan epiplèon o arijmì twn epipèdwn kbantismoÔ e�nai �rtio.A e�nai ∆ to b ma tou kbantist  kai 2N o arijmì twn epipèdwn kbantismoÔ. Ja èqoume
ri = (2i − sgn(i)) ∆

2 , i = ±1, . . . ,±N
di = i∆ , i = 0,±1, . . . ,±(N − 1)

}

(4.5)To mèso tetragwnikì sf�lma e�nai
D = 2

N−1
∑

i=1

∫ di

di−1

(

x − i
∆

2

)2

p(x)dx + 2

∫ ∞

dN−1

(

x − N
∆

2

)2

p(x)dx (4.6)H lÔsh w pro ∆ eur�sketai me arijmhtikè mejìdou.Sto Sq ma 4.2 d�detai gia m�a tuqa�a metablht  pou akolouje� thn katanom  Gauss (me di-aspor� σ2 = 1) h apaitoÔmenh posìthta plhrofor�a sa sun�rthsh th paramìrfwsh gia tonkbantist  Max-Lloyd (LM), gia ton omoiìmorfo kbantist  (U), kai gia ton idanikì kbantist 
Shannon (S), gia ton opo�o isqÔei

R = max

(

0,
1

2
log2

σ2

D

)

(4.7)

S
U

LM

Sq ma 4.2: Posìthta plhrofor�a se sqèsh me thn paramìrfwsh gia mia metablht  Gauss

4.2 Dianusmatikì kbantist S' aut  thn per�ptwsh o kbantismì afor� N metablhtè apì koinoÔ, pou parist�nontai apì ènadi�nusma N diast�sewn. O kbantist  diajètei èna sÔnolo apì antiproswpeutik� dianÔsmata
{rk : k = 1, . . . , K} pou onom�zetai lexikì. Gia k�je di�nusma pro kbantismì epilègetai18



to plhsièstero s' autì antiproswpeutikì di�nusma, kai kwdikopoie�tai o de�kth autoÔ toudianÔsmato. O aposumpiest  diajètei to lexikì kai me thn apokwdikopo�hsh prosdior�zei toant�stoiqo di�nusma apì to lexikì, to opo�o kai apokajist�.To lexikì kataskeu�zetai apì èna sÔnolo dianusm�twn ekm�jhsh {xi : i = 1, . . . , Nt} kaibas�zetai s' èna krit rio el�qisth tetragwnik  paramìrfwsh
D =

K
∑

k=1

∑

xi∈Ck

‖xi − rk‖2 (4.8)gia K kl�sei Ck.O bèltisto dianusmatikì kbantist  ikanopoie� dÔo anagka�e sunj ke gia thn elaqi-stopo�hsh th D. Gia dosmènh kl�sh o kalÔtero antiprìswpo e�nai to kèntro b�rou
rk =

1

card[Ck]

∑

xi∈Ck

xi (4.9)Gia dosmèno lexikì h kalÔterh tim  kbantismoÔ enì dianÔsmato x sun�statai sthn epilog tou plhsièsterou antiprìswpou
‖x − rk‖ < ‖x − rl‖ ∀l 6= k ⇒ x ∈ Ck (4.10)H qrhsimopo�hsh twn dÔo aut¸n anagka�wn sunjhk¸n d�dei ènan epanalhptikì algìrijmokataskeu  enì lexikoÔ apì èna sÔnolo dianusm�twn ekm�jhsh.

• Arqikì b ma: Arqikì lexikì, i = 1, kai arqik  meg�lh tim  gia thn paramìrfwsh D(0)

• B ma 1: EÔresh twn kl�sewn (Ex�swsh (4.10))

• B ma 2: Upologismì th paramìrfwsh D(i)

• B ma 3: 'Elegqo sÔgklishAn D(i−1) − D(i)

D(i−1)
6 ǫ, tèloDiaforetik�, prosaÔxhsh tou i, kai sunèqish twn epanal yewn

• B ma 4: EÔresh tou kalÔterou antiprìswpou gia k�je kl�sh (Ex�swsh (4.9)), ki epistro-f  sto B ma 1.To upologistikì kìsto gia thn eÔresh tou plhsièsterou antiprìswpou apì to lexikì e�nai
O(NK). To kìsto apoj keush tou lexikoÔ e�nai NK. Epeid  to upologistikì kìsto e�naiuyhlì, ki endeqìmena apagoreutikì gia met�dosh se pragmatikì qrìno, mpore� na epiblhje�m�a dom  dèndrou sto lexikì. An to dèndro perilamb�nei ν kl�dou, tìte to upologistikìkìsto perior�zetai se O(Nν logν K), en¸ to kìsto apoj keush tou lexikoÔ aux�nei se
N(K − 1) ν

ν−1 . An gia par�deigma ν = 2, to upologistikì kìsto e�nai O(2N log2 K) kai tokìsto apoj keush 2N(K − 1). H kataskeu  tou lexikoÔ g�netai me th qr sh tou parap�nwalgìrijmou gia ν kl�sei kai gia ìlou tou endi�mesou kìmbou tou dèndrou apì th r�zapro ta fÔlla.
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Kef�laio 5Sump�esh shm�twnH an�gkh gia sump�esh twn shm�twn prokÔptei apì to meg�lo ìgko twn dedomènwn promet�dosh   apoj keush. ZhtoÔmeno th sump�esh e�nai h oikonomikìterh met�dosh   apoj keu-sh twn shm�twn. H sump�esh twn shm�twn bas�zetai ston periorismì th peritt  plhrofor�a,qwr� antilhpt  allo�wsh twn dedomènwn tou s mato,   èstw w ta ìria allo�wsh anekt apì to anjr¸pino sÔsthma ant�lhyh tou s mato. Krit ria ep�dosh enì sust mato sump�e-sh e�nai: o bajmì sump�esh, h poiìthta twn shm�twn pou mporoÔn na anasuntejoÔn apì thsumpiesmènh posìthta plhrofor�a, h poluplokìthta tou sumpiest /aposumpiest , kai, sthnper�ptwsh Ôparxh laj¸n metaxÔ sumpiest  kai aposumpiest , h antoq  tou sust mato sum-p�esh s' aut� ta l�jh.O bajmì sump�esh or�zetai w o lìgo th posìthta plhrofor�a prin kai met� thsump�esh. Katallhlìtero krit  th poiìthta twn sumpiesmènwn shm�twn e�nai o dèkthkai qr sth twn shm�twn. Wstìso gia th sqed�ash susthm�twn sump�esh shm�twn mporoÔnna qrhsimopoihjoÔn statistik� krit ria mètrhsh th ep�dos  tou, ìpw h shmatojorubik sqèsh se logarijmik  kl�maka (decibel)

SNR = 10 log10

∑N
n=1 s2(n)

∑N
n=1(s(n) − s̄(n))2

,pou ep�sh mpore� na orisje� me b�sh th mègisth tim  tou s mato
PSNR = 10 log10

N(smax − smin)
2

∑N
n=1(s(n) − s̄(n))2

.Kat� genikì kanìna èna sumpiest  sun�statai apì tr�a mèrh: sto pr¸to mèro to s mauf�statai m�a epexergas�a, an�lush   metasqhmatismì, qwr� ap¸leia plhrofor�a, sto deÔteromèro to apotèlesma kbant�zetai, me ap¸leia plhrofor�a, kai sto tr�to mèro ta kbantismènamegèjh kwdikopoioÔntai (Sq ma 5.1). Summetrik� o aposumpiest  apokwdikopoie�, apokajist�
- Epexergas�a - Kbantismì - Kwdikopo�hsh -Sq ma 5.1: Tupikì sq ma sump�esh shm�twn
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thn antistoiq�a me ta kbantismèna megèjh kai anasunjètei to s ma.H qr sh enì entropikoÔ kwdikopoiht  epitrèpei th mègisth dunat  sump�esh sthn èxodo toukbantist  qwr� ap¸leia plhrofor�a. O kbantismì odhge� se shmantik  sump�esh, eis�gontaparamìrfwsh, pou epidi¸ketai na perior�zetai se ìria mh antilhpt�. Kai ta dÔo aut� jèmatakalÔfjhkan se prohgoÔmena kef�laia. Sth sunèqeia ja anaferjoÔme kur�w sthn epexergas�atwn shm�twn me skopì th sump�esh.
5.1 Sump�esh me prìbleyhH basik  arq  enì sust mato sump�esh me prìbleyh e�nai �ì,ti e�nai problèyimo, pleon�zei�.Sto Sq ma 5.2 d�detai èna sÔsthma exagwg  th pleon�zousa plhrofor�a me prìbleyh. TosÔsthma autì qarakthr�zetai apì to kèrdo th prìbleyh

Gp =
σ2

s

σ2
e

. (5.1)Gia dosmèno rujmì plhrofor�a, kai e�n qrhsimopoihje� kbantismì, pou sunep�getai para-
Prìbleyh -

�
��
+ -

-

6

s + e

−
ŝ

Sq ma 5.2: Exagwg  tou sf�lmato th prìbleyhmìrfwsh, h prìbleyh odhge� se me�wsh th paramìrfwsh praktik� �sh me to kèrdo thprìbleyh
Ds

De
= Gp.En¸ gia dosmènh paramìrfwsh, o arijmì bits an� de�gma tou s mato, mei¸netai

Bs − Be =
1

2
log2 Gp.To sÔsthma sump�esh pou perilamb�nei kai kbantist  d�detai sto Sq ma 5.3. Ap' autì tosq ma prokÔptei ìti h paramìrfwsh e�nai �sh me to sf�lma tou kbantismoÔ

s − s̄ = e − ē.Kat� kanìna gia thn prìbleyh qrhsimopoie�tai èna grammikì anadromikì f�ltro. 'Enamikrì arijmì suntelest¸n e�nai arketì gia ton prosdiorismì tou f�ltrou prìbleyh, pouqrhsimopoe�tai w akoloÔjw
ŝ(n) =

K
∑

k=1

a(k)s̄(n − k). (5.2)
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Sq ma 5.3: Sumpiest /aposumpiest  me prìbleyh (P: prìbleyh, Q: kbantismì, C:kwdikopo�hsh, D: apokwdikopo�hsh, Q−1: ant�strofo kbantismì).Oi suntelestè tou f�ltrou mporoÔn na ektimhjoÔn mèsw th sun�rthsh summetablhtìthtatou s mato.A jewr soume èna grammikì montèlo prìbleyh gia èna s ma me mhdenik  mèsh tim 
ŝ(n) =

K
∑

k=1

a(k)s(n − k). (5.3)Oi suntelestè mporoÔn na prosdiorisjoÔn qrhsimopoi¸nta to krit rio el�qistou tetra-gwnikoÔ sf�lmato
E{
(

s(n) −
K
∑

k=1

a(k)s(n − k)

)2

}.H elaqistopo�hsh tou parap�nw sf�lmato d�dei ti akìlouje exis¸sei
E{
(

s(n) −
K
∑

k=1

a(k)s(n − k)

)

s(n − l)} = 0,gia l = 1, . . . , K, pou gr�fontai w akoloÔjw
K
∑

k=1

γ(l − k)a(k) = γ(l). (5.4)Oi timè th sun�rthsh γ(m) mporoÔn na prosdiorisjoÔn e�te empeirik� e�te mèsw enì montèlou.To aploÔstero montèlo e�nai pr¸th t�xh
γ(m) = σ2ρ|m|.H lÔsh tou parap�nw sust mato s' aut n thn per�ptwsh d�dei mìno èna suntelest  gia tof�ltro prìbleyh,

a(1) = ρ.To kèrdo th prìbleyh e�nai tìso megalÔtero, ìso o suntelest  susqètish e�nai uyhlìtero
Gp =

1

1 − ρ2
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O kbantist  mpore� na sqediasje� me b�sh th mèjodo Max-Lloyd. Wstìso to sf�lmath prìbleyh diafèrei shmantik� an�loga me ta topik� qarakthristik� tou s mato. Opwe�nai anamenìmeno, to sf�lma th prìbleyh e�nai isqurìtero kont� sti apìtome metabolètwn tim¸n tou s mato, ki asjenèstero se omoiogene� perioqè. An epiplèon lhfje� upìyhìti to anjr¸pino sÔsthma ant�lhyh e�nai genik� pio eua�sjhto se paramorf¸sei th èntashse omoiogene� perioqè, e�nai protimìtero o kbantist  na prosarmìzetai topik� sto sf�lmaprìbleyh tou s mato, kai to b ma tou kbantismoÔ na e�nai mikrìtero sti omoiogene� perioqè,kai megalÔtero kont� sti metab�sei.Qwr� kbantismì prìbleyh qrhsimopoie�tai sto sÔsthma kwdikopo�hsh JPEG gia sump�esheikìnwn qwr� ap¸leie. Prìbleyh apì eikìna se eikìna met� kai apì ekt�mhsh th k�nhshqrhsimopoie�tai sta sust mata kwdikopo�hsh b�nteo MPEG.

5.2 Sump�esh me qr sh orjomonadia�ou metasqhmatismoÔH qr sh enì orjomonadia�ou metasqhmatismoÔ epitugq�nei th sump�esh, q�rh sth shmantik aposusqètish twn dedomènwn kai sth dunatìthta o kbantismì na sqediasje� gia èna olìklhrodi�nusma   mplok tim¸n tou s mato. Tupik  di�stash twn mplok pou qrhsimopoioÔntai giato metasqhmatismì gia sump�esh eikìnwn e�nai 8 × 8. MetaxÔ twn metasqhmatism¸n o plèonqrhsimopoioÔmeno me skopì th sump�esh e�nai o diakritì metasqhmatismì sunhmitìnou (blèpesÔsthma JPEG). To kèrdo pou epitugq�netai me th qr sh metasqhmatismoÔ, an σ2 e�nai hdiaspor� tou arqikoÔ s mato kai σ2
n e�nai h diaspor� tou suntelest  tou metasqhmatismoÔsth jèsh n, e�nai
GT =

σ2

(

∏N
n=1 σ2

n

)
1
N

(5.5)p�ntote megalÔtero th mon�da, afoÔ ∑N
n=1 σ2

n = Nσ2.

- Mplok - T - Q - C -Sq ma 5.4: Sump�esh me qr sh metasqhmatismoÔ (T : orjomonadia�o metasqhmatismì, Q:kbantismì, C: kwdikopo�hsh).Mpore� kane� na diakr�nei dÔo teqnikè gia ton kbantismì kai thn kwdikopo�hsh. Kat�thn pr¸th qrhsimopoie�tai diaforetikì kbantist  gia k�je suntelest  tou metasqhmati-smoÔ, kai stajerì arijmì bits gia k�je ep�pedo kbantismoÔ. Kat� th deÔterh kat� kanìnaqrhsimopoie�tai o �dio omoiìmorfo kbantist  gia ìlou tou suntelestè tou metasqh-matismoÔ kai metablhtì arijmì bits an�loga me to ep�pedo kbantismoÔ. Oi dÔo autè teqnikèparousi�zontai sth sunèqeia.
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5.2.1 Stajerì rujmì plhrofor�a'Estw ìti o rujmì met�dosh th plhrofor�a e�nai stajerì kai kajorismèno
R =

1

N

N
∑

n=01

Bn, (5.6)ìpou Bn e�nai o arijmì twn bits pou qrhsimopoioÔntai gia to suntelest  tou metasqhmatismoÔsth jèsh n. Zhte�tai h bèltisth katanom  twn bits an� suntelest  tou metasqhmatismoÔ, methn ènnoia th elaqistopo�hsh th mèsh paramìrfwsh lìgw kbantismoÔ
D =

1

N

N
∑

n=1

σ2
nf(Bn) (5.7)H sun�rthsh f(.) qarakthr�zei ton kbantist . Gia par�deigma gia ton idanikì kbantist  tou

Shannon e�nai
f(x) = 2−2x. (5.8)H lÔsh tou parap�nw probl mato e�nai gnwst . An h(.) e�nai h ant�strofh sun�rthshth f ′(.), tìte o arijmì bits e�nai

Bn =

{

h( θf ′(0)
σ2

n
) 0 < θ < σ2

n

0 θ > σ2
n

, (5.9)ìpou θ e�nai h lÔsh th ex�swsh
R =

1

N

∑

σ2
n>θ

h(
θf ′(0)

σ2
n

). (5.10)Gia thn per�ptwsh tou kbantist  tou Shannon (5.8), to apotèlesma e�nai
Bn = max(0,

1

2
log2

σ2
n

θ
),opìte

D =
1

N

N
∑

n=1

min(θ, σ2
n).H Ex�swsh (5.9) den exasfal�zei akèraio arijmì bits. Apaite�tai epomènw h stroggÔleushtou apotelèsmato, gia na èqoume akèraio arijmì bits an� suntelest  tou metasqhmatismoÔ,kai to dosmèno rujmì met�dosh th plhrofor�a.

5.2.2 Metablhtì kai prosarmozìmeno rujmì plhrofor�aH teqnik  aut  qrhsimopoie�tai gia th sump�esh eikìnwn, gi' autì h parous�ash ja g�neigia disdi�stata mplok. H qr sh metablhtoÔ arijmoÔ bits an� mplok d�dei th dunatìthtaprosarmog  tou rujmoÔ met�dosh th plhrofor�a sto perieqìmeno tou k�je mplok. ProtoÔto o kbantist  e�nai omoiìmorfo kai summetrikì me perittì arijmì epipèdwn kbantismoÔ.Parathre�tai ìti èna meg�lo arijmì suntelest¸n tou metasqhmatismoÔ antistoiqe� sto
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endi�meso ep�pedo kbantismoÔ me tim  `0'. Kat� kÔrio lìgo oi suntelestè auto� antistoiqoÔnse uyhloÔ de�kte, pou me th seir� tou antistoiqoÔn se uyhlè suqnìthte gia tou qrhsi-mopoioÔmenou metasqhmatismoÔ. Arke� na doje� to orjog¸nio parallhlìgrammo pou peril-amb�nei ìlou tou mh �mhdenikoÔs� suntelestè, gia na kajorisje� h tim  ìlwn twn upìloipwn,  na qrhsimopoihje� m�a anti-diag¸nia s�rwsh tou mplok, efìson e�nai disdi�stato, pou nadièrqetai pr¸ta apì tou suntelestè me qamhloÔ de�kte, kai na doje� h dieÔjunsh touteleuta�ou mh �mhdenikoÔ� suntelest  (Sq ma 5.5). Epiplèon sth z¸nh pou perilamb�nei tou
���

�
�

��

�
�

�

�
�

��

�
�

�
�

�
�

��

�
�

�

�
��

�
�
��Sq ma 5.5: Anti-diag¸nia s�rwsh tou mplokmh `mhdenikoÔs' suntelestè mpore� na up�rqei akìmh ikanì arijmì �mhdenik¸n� suntelest¸n.O bajmì sump�esh e�nai uyhlìtero, e�n kwdikopoihjoÔn ta diast mata �mhdenik¸n� sunte-lest¸n, ant� na kwdikopoihje� k�je tim  xeqwrist�.

0 1 2 3 4 5 6 7

0 16 11 10 16 24 40 51 61

1 12 12 14 19 26 58 60 55

2 14 13 16 24 40 57 69 56

3 14 17 22 29 51 87 80 62

4 18 22 37 56 68 109 103 77

5 24 35 55 64 81 104 113 92

6 49 64 78 87 103 121 120 101

7 72 92 95 98 112 100 103 99

Table 5.1: P�naka kbantismoÔ gia èna mplok suntelest¸n DCT 8 × 8 sunist¸meno stosÔsthma JPEGH qr sh metablhtoÔ arijmoÔ bit an�loga me to perieqìmeno tou k�je mplok axiopoie�ep�sh th qr sh enì p�naka kbantismoÔ, pou lamb�nei upìyh, sthn per�ptwsh twn eikìnwn,thn apìkrish tou anjr¸pinou sust mato ìrash an�loga me th suqnìthta, dhlad  me th jèshtou suntelest . 'Ena par�deigma tètoiou p�naka me diaforetikì b ma kbantismoÔ an�loga meth jèsh tou suntelest  d�detai ston P�naka 5.1.H mèjodo aut  kwdikopo�hsh me metablhtì arijmì bits an� mplok qrhsimopoie�tai stosÔsthma sump�esh JPEG. 'Ena par�deigma apotelesm�twn d�detai sto Sq ma 5.6.

5.3 Sump�esh me an�lush se z¸ne suqnot twnS' aut  th mèjodo to s ma diaqwr�zetai se sunist¸se s mato pou h kajem�a antistoiqe� sem�a diaforetik  z¸nh suqnot twn.
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Sq ma 5.6: Apotelèsmata sump�esh me to sÔsthma JPEG. Arister�: h arqik  eikìna, Kèntro:sumpiesmènh eikìna me suntelest  sump�esh 9.5, Dexi�: sumpiesmènh eikìna me suntelest sump�esh 18.5A xekin soume me k�poiou qr simou orismoÔ. Onom�zetai apodekatismì t�xh p (ìpou
p > 1 fusikì arijmì) h periodik  deigmatolhy�a enì apì k�je p de�gmata enì s mato. Toapodekatismèno s ma pou prokÔptei apì to s ma x(n) e�nai

y(n) = x(pn). (5.11)A onom�soume X(z) (ant�stoiqa Y (z)) to metasqhmatismì Z tou x(n) (ant�stoiqa y(n)). Hsqèsh metaxÔ twn dÔo metasqhmatism¸n Z prokÔptei w ex 
Y (z) =

∞
∑

n=−∞

x(pn)z−n =
∞
∑

n=−∞

z−n

2πj

∮

X(ζ)ζpn−1dζ

=
1

2πj

∮

X(ζ)
∞
∑

n=−∞

(

z

ζp

)n dζ

ζ
=

1

2πj

∮

X(ζ)
ζp−1

ζp − z
dζ

=
1

2πj

∮

X(ζ)
1

p

p−1
∑

k=0

1

ζ − (ze−j2πk)
1/p

dζ

=
1

p

p−1
∑

k=0

X(z1/pe
− j2πk

p ) (5.12)Ap' aut  th sqèsh mpore� na exaqje� ep�sh h sqèsh metaxÔ twn dÔo metasqhmatism¸n Fourier

Y(u) =
1

p

p−1
∑

k=0

X (
u − k

p
). (5.13)E�nai fanerì ìti me ton apodekatismì dhmiourge�tai èna prìblhma yeud¸numwn suqnot twn.To fainìmeno autì den e�nai epijumhtì, ant�jeta epizhte�tai o periorismì tou apodekatismènous mato se mia z¸nh suqnot twn eÔrou 1/p. Gi' autì apaite�tai h qr sh enì bajuperatoÔf�ltrou prin ton apodekatismì. To idanikì f�ltro, e�n up rqe, ja e�qe thn akìloujh apìkrishsti suqnìthte

H(u) =

{

1 |u| 6 1
2p

0 1
2p < |u| 6 1

2

(5.14)
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Sthn pr�xh gia èna opoiod pote f�ltro kai met� ton apodekatismì ja omiloÔme gia prosèggishtou s mato se kl�maka 1/p kai ja èqoume ti akìlouje sqèsei
xa(n : p) =

∞
∑

k=−∞

h(pn − k)x(k) (5.15)

Xa(z : p) =
1

p

p−1
∑

k=0

H(z1/pe
− j2πk

p )X(z1/pe
− j2πk

p ) (5.16)

Xa(z : p) =
1

p

p−1
∑

k=0

H(
u − k

p
)X (

u − k

p
) (5.17)Sthn ant�jeth kateÔjunsh se sqèsh me ton apodekatismì eur�sketai h parembol  deigm�twnme mhdenik  tim  gia thn epèktash tou s mato kat� èna par�gonta p. To s ma pou prokÔpteie�nai to akìloujo

y(n) =

{

x(n
p ) n%p = 0

0 n%p 6= 0
(5.18)ìpou n%p dhl¸nei to upìloipo th dia�resh tou n dia p. ApodeiknÔetai eÔkola ìti metaxÔ twnmetasqhmatism¸n Z kai Fourier isqÔoun oi akìlouje sqèsei

Y (z) = X(zp) (5.19)

Y(u) = X (pu) (5.20)H stajmismènh parembol  p−1 tim¸n metaxÔ dÔo tim¸n tou arqikoÔ s mato x(n) prokÔpteime th qr sh enì bajuperatoÔ f�ltrou met� thn parembol  twn mhdenik¸n tim¸n. Opìte jaèqoume
xi(n : p) =

∞
∑

k=−∞

h(n − k)y(k) =
∞
∑

l=−∞

h(n − pl)x(l) (5.21)MetaxÔ twn metasqhmatism¸n Z kai Fourier isqÔoun oi akìlouje sqèsei
Xi(z : p) = H(z)X(zp) (5.22)

Xi(u : p) = H(u)X (pu). (5.23)Sth sunèqeia ja periorisjoÔme mìno sthn per�ptwsh th an�lush se dÔo z¸ne suqnot twn(p = 2) me b�sh tou parap�nw orismoÔ. H prosèggish tou s mato se kl�maka 1/2 anti-stoiqe� sth z¸nh qamhl¸n suqnot twn. Sun jw to f�ltro h(n) epilègetai ¸ste na ikanopoie�th sunj kh
∞
∑

n=−∞

h(2n) =
∞
∑

n=−∞

h(2n + 1).Me parìmoio trìpo kai sthn �dia kl�maka mporoÔn na exaqjoÔn oi leptomèreie tou s matopou antistoiqoÔn sti uyhlè suqnìthte
xd(n) =

∞
∑

k=−∞

g(2n − k)x(k) (5.24)
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Opìte ja èqoume, qrhsimopoi¸nta thn Ex�swsh (5.16)

Xd(z) =
1

2

(

G(z1/2)X(z1/2) + G(−z1/2)X(−z1/2)
)

(5.25)To f�ltro gia thn exagwg  twn uyhl¸n suqnot twn epilègetai me b�sh to bajuperatì f�ltropou qrhsimopoie�tai gia thn prosèggish. Sun jh epilog  e�nai h akìloujh
G(u) = e−j2πuH∗(u − 1

2
) (5.26)

G(z) = z−1H(−1

z
) (5.27)

g(n) = (−1)1−nh(1 − n) (5.28)Apì thn prosèggish kai apì ti leptomèreie tou s mato, akìma ki an to f�ltro h dene�nai idanikì mpore� na apokatastaje� tèleia to arqikì s ma arke� na qrhsimopoihje� sta-jmismènh parembol  me to f�ltro H(1
z ) gia ti qamhlè suqnìthte kai me to G(1

z ) gia tiuyhlè suqnìthte, kai ta dÔo prokÔptonta s mata na prostejoÔn. A e�nai X̂(z) o metasqh-matismì Z pou prokÔptei m' autì ton trìpo. Ja èqoume
X̂(z) =

1

2
(H(z)X(z) + H(−z)X(−z)) H(

1

z
) +

1

2
(G(z)X(z) + G(−z)X(−z)) G(

1

z
)

=
1

2

(

H(z)H(
1

z
) + H(−z)H(−1

z
)

)

X(z) +
1

2

(

H(−z)H(
1

z
) − H(

1

z
)H(−z)

)

X(−z)An epomènw H(z)H(1
z ) + H(−z)H(−1

z ) = 2, tìte X̂(z) = X(z). H parap�nw sunj kh e�naiisodÔnamh me
|H(u)|2 + |H(u − 1

2
)|2 = 2. (5.29)Epiplèon metaxÔ twn f�ltrwn H kai G apaite�tai m�a sqèsh orjogwniìthta

∫ 1
2

− 1
2

H(u)G∗(u)du = 0.F�ltra pou epalhjeÔoun autè ti sqèsei an koun sthn kathgor�a twn suzug¸n orjog¸niwnf�ltrwn.'Ena zeÔgo f�ltrwn pou ikanopoie� ìle ti parap�nw apait sei e�nai to akìloujo
H(z) =

1√
2
(1 + z−1) kai G(z) =

1√
2
(−1 + z−1)pou ìmw èqei ptwqè epidìsei w pro thn an�lush se z¸ne suqnot twn. Kat� kanìnaqrhsimopoioÔntai f�ltra me peperasmènh, all� megalÔterh se èktash kroustik  apìkrish, pouikanopoioÔn ti parap�nw apait sei. Tètoia parade�gmata f�ltrwn d�dontai ston P�naka 5.2.H an�lush mpore� na epanalhfje� gia opoiad pote apì ti z¸ne suqnot twn, all� kur�wèqei endiafèron h peraitèrw an�lush th z¸nh qamhl¸n suqnot twn gia prosèggish se mikrìte-rh kl�maka. Sunolik� to s ma mpore� na analuje� se K s mata sk, me diaforetik  di�rkeia to
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n h4(n) h6(n) h8(n) h10(n) h12(n)

0 .483 .333 .230 .160 .112
1 .837 .807 .715 .604 .495
2 .224 .460 .631 .724 .751
3 -.129 -.135 -.028 .138 .315
4 -.085 -.187 -.242 -.226
5 .035 .031 -.032 -.130
6 .033 .078 .098
7 -.011 -.006 .028
8 -.013 -.032
9 .003 .001

10 .005
11 -.001

Table 5.2: F�ltra prosèggish se kl�maka 1/2.kajèna sth genik  per�ptwsh, di�rkeia pou prosdior�zetai apì to suntelest  upo-deigmatolhy�a,
Vk. Ja isqÔei h akìloujh sqèsh

K
∑

k=1

1

Vk
= 1.To kèrdo pou prokÔptei gia th sump�esh, an σ2

k e�nai h diaspor� tou s mato sk, e�nai
Gs =

σ2

K
∏

k=1

(σ2
k)

1
Vk

(5.30)Gia thn ep�teuxh autoÔ tou kèrdou to s ma k�je z¸nh, an�loga kai me ta statistik� qarakth-ristik� tou, e�te kbant�zetai bajmwt�   dianusmatik�, e�te mesolabe� èna f�ltro prìbleyh  k�poio metasqhmatismì prin ton kbantismì.
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