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E<FHGJILKNM�ONM*PRQLM�S envelope detector TVU W E<XZY

v(t) = Ac|1 + µ cos(2πfmt)|Q2[\P]M7^7M U E�P_[ `5aNE�bcXed*f ^7E�aNg*hiQjE*hi[ `kXlE µ = 2 bmE U WnT QLE*X0hiQjMoh0p<f\q\Esrt E*anE�Qu[\aNM�vwq Tyx QNXz[ v(t) TVU W E<Xc^ T a{X M�O{Xed*f|q T ^ T a U M�ONM fm
d<E*X x QnX TVU W E<X}g�anQnXlEh5S W g*a2Q2[\hi["QjM*S t ~�� � Q2h5XZ�kqw^7M*anM*vwq T�W E T d*bmang*h0M*Swq T Q2[ W v(t) � P T K2f\P{Y

v(t) = a0 + 2

∞∑

n=1

an cos(2nπfmt)

x ^7M*S
a0 = 2fm

∫
1/2fm

0

v(t)dt

= 2Acfm

∫
1/3fm

0

[1 + 2 cos(2πfmt)]dt + 2Acfm

∫
1/2fm

1/3fm

[−1 − 2 cos(2πfmt)]dt

=
Ac

3
+

4Ac

π
sin(

2π

3
) ��� F

an = 2fm

∫
1/2fm

0

v(t) cos(2nπfmt)dt

= 2Acfm

∫
1/3fm

0

[1 + 2 cos(2πfmt)] cos(2nπfmt)dt

+ 2Acfm

∫
1/2fm

1/3fm

[−1 − 2 cos(2πfmt)] cos(2nπfmt)dt

=
Ac

nπ
[2 sin(

2nπ

3
) − sin(nπ)] +

Ac

(n + 1)π
{2 sin[

2π

3
(n + 1)] − sin[π(n + 1)]}

+
Ac

(n − 1)π
{2 sin[

2π

3
(n − 1)] − sin[π(n − 1)]} � r\F

� X8E n = 0 [ T K U h � hi[ � r\F�^�E U a WNT X<Qu[�q\M*aNb5f Qu[\P ��� F ~
�
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� F � X8E n = 1 [ T K U h � hi[ � r\F�^�E U a WNT X<Qu[�q\M*aNb5fiY
a1 = Ac(

√
3

2π
+

1

3
)

� X8E n = 2 ILpiM*Swq T Y
a2 =

Ac

√
3

2π� � Q2h5XZ��M�� x `5M*P�QLM�S�^7�\g7QLM�SwP�Qu[\P�O T v{Q T a2[\P�E�aNq\M W Xed*f\P�^�anM*P�QLM�� T q T �7Xe��O T PH^\�\g�QjM*P`kXlE#QLM v(t) TVU W E<XZY
a2

a1

=
3
√

3

2π + 3
√

3
= 0.452

� ? @BA C�D�A D
G�ILKnM*ONM�P
QjM*S squarer TVU W E<XZY

v1(t) = A2
c [1 + kam(t)]2 cos2(2πfct)

=
A2

c

2
[1 + 2kam(t) + m2(t)][1 + cos(4πfct)]� M�^\�\g�QjM*P�bmg�h5q\E7QLM*P]Qu[\P v1(t)

bmE U WNT QjE<XihiQLMsh0p<f\q\E 2 �0� Tj� an� W QLE*P x QnX5QjM m(t)TVU W E<X<^ T a{X M�a{X h0q\I W MohiQLM�O{X8g*hiQu[\q7E −W ≤ f ≤ W ~� bmM�v fc > 2W � TVU W E<X 2fc − 2W > 2W ~�� � Q2h5X�� T ^�Xe�\I�`5M W QLE�P�[:h5Swp Wnx Q2[N�QLE'E�^7M�d*M�^\f\P�QjM*S � E7�kS{^ T anE�QLM�v�b U �wQ2aNM*S W E TVU W E*X�q T `5E��\v{Q T an[�E�^ x 2W E7�w�\gq�Xed<a x Q T an["E7^ x 2fc − 2W �0IjpiM*Swq T Qu[ W ILKnM*OnMkY
v2(t) =

A2
c

2
[1 + kam(t)]2

r
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� � Q2h5XZ�5[�IjKNM*OnM*P_QjM*S square-rooter TLU W E*X�Y
v3(t) =

Ac√
2
[1 + kam(t)]

[.M7^�M U E5�*E W]T KNE*XlanILh0M*Swq T QLM W ^7E*ang7`5M W QjE dc Ac√
2
TVU W E<X�E W g7�\MN`0[yq T QLM�hif\q\E m(t) ~

� ? @BA C�D�A D
� bmM�v

v1(t) = Ac[1 + kam(t)] cos(2πfct)E<F � x Q T [�ILKnM*ONM�P
QjM*S square-law detector TVU W E<XZY
v2(t) = a1v1(t) + a2v

2
1(t)

= a1Ac[1 + kam(t)] cos(2πfct)

+
1

2
a2A

2
c [1 + 2kam(t) + k2

am
2(t)][1 + cos(4πfct)]� F � M T ^*X �kSwqw[wQ x hif\q\Ek��O2[w�\E*O2f�QLM a2A

2
ckam(t) �]M*b TVU � T QLE<X�hiQjM a2v

2
1(t) ~ Gh5S W X hiQu��h5E,E�S{Q2f�qw^7M*a TLUmW E T KNE*p*� TVU q T Qu[ � M�f{� T X8E TLWNx P � E7�kS{^ T aNE7QLM*v�b U �wQ2aNM�S ~  x aNM*P a2A

2
ckam(t) O TLW.TVU W E<X0M¡q x\W M*P]^7M*S#h5S WnT X h0bmIja T XmhiQjM baseband bkg*h0q\E ~¢ ^�g�aNp T XNd*E<X{M x anM*P 1/2a2A

2
ckam

2(t) M�M�^7M U M�P��kE�On��h T XwE�^ x d<a{X h0[_h T ^7E*a x q\M<X T Ph5Swp Wnx Q2[wQ T P ~   � x `5M�P.QLM�S,£n[wQLM�vwq TLW M�Sshif\q7E7QLM�P ^�anM*P Qu[ W ^7E�aNE*q x aNb � hi[ TVU W E<X
2/kam(t) ~   ^ x Q T ��`kX8E W E¤q T `5E��w��h0M�Swq T QjM¤� x `5M¤E*S{Q x ��E*and TVU¥W E:d<g W M�Swq T QLM
|kam(t)| x h0M�` U WNT QjE<X0q7X8d*a x Q T aNM�h T h0piILhi[#q T Q2[#q\M W g�ONE ~

¦
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¨ ? @BA C�D�A D
E<FHGJILKNM�ONM*PRQLM�S�^7a2�©QLM*S product modulator TVU W E<XZY

v1(t) = m(t) cos(2πfct)G�ILKnM*ONM�P
QjM*S"O T v{Q T aNM*S product modulator TVU W E<XZY
v3(t) = v2(t) cos[2π(fc + fb)t]� Mo^\�\g�QLM�Pybkg*h0q\E�QjM*P]Q ��W m(t), v1(t), v2(t), v3(t)

d*E<X s(t) bkE U WNT QjE<X0h0QjM¡h0p<f\q7Eª ~'«
^7M*aNM�vwq T_W E T d*bmaNg�h0M*Swq T QjMohif\q\Eob ��W f\P m(t) � P{Y

m(t) =
1

2
[m+(t) + m−(t)]

x ^7M*S m+(t) TVU W E<X}QLM pre-envelope QjM*S m(t) d*E<X m−(t) = m∗
+(t) TLU W E*XcQLM¤q7X �`5E*O{Xed x h0Sw£NSN`5ILP�QLM�S ~   X<q T QLE�h5p<[\q\E7QNX h5q\M U Fourier Q ��W m+(t) d<E*X m−(t) O U W M W �QLE<X5E�^ x QNX P�h0piILh T X P{Y

M+(f) =

{
2M(f), f > 0

0, f < 0

M−(f) =

{
0, f > 0

2M(f), f < 0¬ SN`0d<a U W M W QjE*P QjM­bkg*h0q\E®Q ��W s(t) d<E<X m(t) � � �\I�^�M�Swq T ^ � P#QLM s(t) q\^7M�a TVU¯W ET d<bkaNE*hiQ TVU h T h0S W g�anQu[\hi["Q ��W m+(t) d*E<X m−(t) � P T Knf\P{Y
s(t) =

1

8
m+(t) exp(−j2πfbt) +

1

8
m−(t) exp(j2πfbt)

=
1

8
[m(t) + jm̂(t)] exp(−j2πfbt) +

1

8
[m(t) − jm̂(t)] exp(j2πfbt)

=
1

4
m(t) cos(2πfbt) +

1

4
m̂(t) sin(2πfbt)� F � � piM W QjE*P � P TVU h0M*OnM.QLM s(t) ��[ ILKnM*OnM*P�QLM�Sy^7an�©QjM*S product modulator TVU W E<XZY

v1(t) = s(t) cos(2πfct)

ª
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² ? @BA C�D�A D
� M�^7M{�\S{^\� T `5q\I W M#hif\q7E TVU W E<XZY

s(t) = Acm1(t) cos(2πfct) + Acm2(t) sin(2πfct)� X � E*S{Q x Y
S(f) =

Ac

2
[M1(f − fc) + M1(f + fc)] +

Ac

2j
[M2(f − fc) − M2(f + fc)]

x ^7M*S M1(f) = F [m1(t)]
d<E*X M2(f) = F [m2(t)] ~:� ^7M�q7I Wn� P{�©QLM³bkg*h0q\E®QLM*S�\E*q � E Wnx q TLW M�S.hif\q\E�QjM*P TVU W E<XZY

R(f) = H(f)S(f)

=
Ac

2
H(f)[M1(f − fc) + M1(f + fc) +

1

j
M2(f − fc) −

1

j
M2(f + fc)]t aNM7d T X8q\I W M�S W E´E W E7d*Quf\h0M*Swq T QjM m1(t)

��^�M{�w�\E7^\�\E*h5Xlg�£NM�Swq T QLM r(t) ��QLM W E W �Q U hiQ2aNM�bmM,q T QLE�h0p<[\q7E7QnX h0q x Fourier QLM*S R(f) �zq T cos(2πfct)
d<E*XchiQ2[,h0S W ILp T X8E^ T a W g�q T Qu[ W ILKnM*ONM�^7M*S]^7aNM7d<v{^\Q T X�E7^ x I W E�piE*qw[w�\M7^ T aNE�Q x b U �wQ2anMk�\q T E�^7MwQ2Ij� T h*�q7E W E�^7aNM�d*vwµ T XiI W E�h0f\q\Esq T QjMoE7d x �\M*SN�kM#bmg�h5q\E5Y

F [r(t) cos(2πfct)] =
1

2
[R(f − fc) + R(f + fc)]

=
Ac

4
H(f − fc)[M1(f − 2fc) + M1(f) +

1

j
M2(f − 2fc) −

1

j
M2(f)]

+
Ac

4
H(f + fc)[M1(f + 2fc)

+ M1(f) − 1

j
M2(f + 2fc) +

1

j
M2(f)] � ¦ F

G¶h0S W �5fwd*[ H(fc + f) = H∗(fc − f) TLU W E*X�X h0M*ONv W E*qw[³q T Qu[ W H(f + fc) =
H(f − fc) ~ � S{Q x ^7anM�d<v{^\Q T XiE�^ x QLM x QnX*`kXlE#q7XlE�d<anM*SwhiQnX8d�f E�^ x d<a{X h0[ h(t) X h0piv T X
H(−f) = H∗(f) ~�� � Q2h5XZ�mE W QnX8d*E7�mX hiQu� W QjE*P]hiQu[ W T K U h � hi[ � ¦ Fj�0ILpiM�Swq T Y

F [r(t) cos(2πfct)] =
Ac

2
H(f − fc)M1(f)

+
Ac

4
H(f − fc)[M1(f − 2fc) +

1

j
M2(f − 2fc)

+ M1(f + 2fc) −
1

j
M2(f + 2fc)]

� ^7M�q7I Wn� P{�e[�ILKnM*ONM�P�QLM�S]d<E�Q � ^ T aNE7QLM*v]b U �wQ2aNM�S�ILp T X7bmg�h5q\E U h5Myq T (Ac/2)H(f −
fc)M1(f) ~�   q7M*XlE5�c^7aNM7d T X8q\I W M�S W E¡E W E7d*Quf\h0M*Swq T QLM m2(t)

�}^7M{�w�\E�^\�\E*h5X8g*£NM�Swq T QjM r(t) q T
sin(2πfct)

�{d<E*X{hiQ2[_h0S W ILp T X8E�^ T a W g*q T QLM�hif\q\E�^7M�S
^7aNM7d<v{^\Q T X{E�^ x I W E]piE*qw[w�\M�^{�T aNE7Q x b U �wQ2aNM ~ ¬ T E*S{Quf´Q2[ W ^ T a U ^\Q � hi[�QjM·h0f\q\E T K x ONM�S­Ijp T X�bmg�h5q\E U h0M·q T
(Ac/2)H(f − fc)M2(f) ~

¸



¹ ? @BA C�D�A D
t E*anE�Qu[\aNM�vwq Tox QnX C(f) = M(f) ∗ X(f) ~ � ^ x Qu[ W S{^ x � T hi[ºh0p T QnXed<g»q T QLEbmg*h0q\E�QjE�Q ��W m(t) d*E<X x(t) ^7E*anE�Qu[\aNM�vwq T¡x QnX�QLM C(f) E�^7MwQ T �\IVX QjE<X¼E�^ x OnvwMQnqwf\q\E�QjEº`kXlE�QnX P¡� T QnX8d*ILP,d<E<X�QnX P:E�a W [wQnXed<ILP¡h0Swp Wnx Qu[wQ T P,E W Q U h0QjM<X piE5�¼QLE»M7^�M U EO TLW"T ^�Xed<E7�\v{^7QjM W QLE*X ~ � E¡Q2qwf\q7E7QLE|E*S{Q2g¡QLE|h0Swq � M{� U £NM�Swq T q T C+(f) d*E<X C−(f)E W Q U hiQLM*X piE ~ t E*aNE7Qu[\aNM*vwq T�x QnX�Y

C+(f) = M(f) ∗ X+(f)

d<E<X
C−(f) = M(f) ∗ X−(f)� X8E W E � anM*vwq T QjM W q T QLE�h0p<[\q7E7QnX h0q x Hilbert QjM*S c(t) ILpiM�Swq T Y

F [ĉ(t)] = −jsgn(f)C(f)

= −jC+(f) + jC−(f)

= −jM(f) ∗ X+(f) + jM(f) ∗ X−(f)

= M(f) ∗ [−jX+(f) + jX−(f)]

= M(f) ∗ [−jsgn(f)X(f)]

= M(f) ∗ F [x̂(t)]

� ^�X hiQ2aNIjbmM W QjE*P]hiQLMo^ T O U M#QjM*S�pia x\W M*S<�<IjpiM*Swq T Y
ĉ(t) = m(t)x̂(t)

½ ? @BA C�D�A D

x(t) = sinct cos 2πf0t =⇒ X(f) =
1

2
Π(f + f0)) +

1

2
Π(f − f0))

h(t) = sinc2t sin 2πf0t =⇒ H(f) = − 1

2j
Λ(f + f0)) +

1

2j
Λ(f − f0))

� E lowpass equivalents TVU W E*X�Y
Xl(f) = 2u(f + f0)X(f + f0) = Π(f)

Hl(f) = 2u(f + f0)H(f + f0) =
1

j
Λ(f)

Yl(f) =
1

2
Xl(f)Hl(f) =





1

2j (f + 1) − 1

2
< f ≤ 0

1

2j (−f + 1) 0 ≤ f < 1

2

0 αλλιώς

¾



t E U a W M W QLE�P�QjM W E W Q U hiQ2aNM�bmM|q T QLE�h5p<[\q\E7QNX h5q x Fourier QLM�S Yl(f)
� a U hid<M*Swq T Q2[

lowpass equivalent E�^ x d*a{X hi["QjM*S"h0SwhiQ2f\q\E7QLM*P ~©� � Q2hkXZ�
yl(t) = F−1[Yl(f)]

=
1

2j

∫
0

− 1

2

(f + 1)ej2πftdf +
1

2j

∫ 1

2

0

(−f + 1)ej2πftdf

=
1

2j

[
1

j2πt
fej2πft +

1

4π2t2
ej2πft

] ∣∣∣∣
0

− 1

2

+
1

2j

1

j2πt
ej2πft

∣∣∣∣
0

− 1

2

− 1

2j

[
1

j2πt
fej2πft +

1

4π2t2
ej2πft

] ∣∣∣∣
1

2

0

+
1

2j

1

j2πt
ej2πft

∣∣∣∣
1

2

0

= j

[
− 1

4πt
sinπt +

1

4π2t2
(cos πt − 1)

]

G�ILKnM*ONM�P
QjM*S"h0SwhiQ2f\q\E7QLM*P y(t) S{^7M{�\MN` U £ T QLE*X5E7^ x y(t) = Re[yl(t)e
j2πf0t] ~�¿ E<X

y(t) = Re

[
(j[− 1

4πt
sinπt +

1

4π2t2
(cos πt − 1)])(cos 2πf0t + j sin 2πf0t)

]

= [
1

4π2t2
(1 − cos πt) +

1

4πt
sinπt] sin 2πf0t

À ? @BA C�D�A D
� E<F

r̃(t) = heq(t) ∗ ỹ(t) ⇒ R̃(f) = Heq(f)Ỹ (f) � ª F

R̃(f) = 2U(f + f0)R(f + f0)

= 2U(f + f0)H(f + f0)Y (f + f0)

= 2
2

2
U(f + f0)U(f + f0)H(f + f0)Y (f + f0)

=
1

2
H̃(f)Ỹ (f) � ± F

� ^ x (4), (5) IjpiM*Swq T
Heq(f) =

1

2
H̃(f) ⇒ heq(t) =

1

2
h̃(t)

Á



� � F
Eỹ = ‖ỹ(t)‖2 = ‖Ỹ (f)‖2 = ‖2U(f + f0)Y (f + f0)‖2

=

∫ ∞

−∞

(
2U(f + f0)Y (f + f0)

)2
df

= 4

∫ ∞

−∞

(
U(f + f0)Y (f + f0)

)2
df

= 4

∫ ∞

−f0

(
Y (f + f0)

)2
df = 4

∫ ∞

0

Y 2(u) du

= 2

∫ ∞

−∞

Y 2(u) du = 2‖Y (u)‖2

= 2‖y(t)‖2 = 2Ey

Â


