
HU-430 DeÔterh seir� ask sewn

24 NoembrÐou 2003

1 'Askhsh

a) H sun�rthsh susqètishc RY X(τ) eÐnai

RY X(τ) = E[Y (t + τ)X(t)]

Oi Y (t) kai X(t) sqetÐzontai wc ex c:

Y (t) =
∫ ∞

−∞
X(u)h(t− u)du

'Etsi,

RY X(τ) = E[
∫ ∞

−∞
X(u)X(t)h(t + τ − u)du]

=
∫ ∞

−∞
h(t + τ − u)E[X(u)X(t)]du

=
∫ ∞

−∞
h(t + τ − u)RX(u− t)du

Antikajist¸ntac to t + τ − u me u, èqoume:

RY X(τ) =
∫ ∞

−∞
h(u)RX(τ − u)du

b) AfoÔ RXY (τ) = RY X(−τ), èqoume:

RXY (τ) =
∫ ∞

−∞
h(u)RX(−τ − u)du

Epeid  h RX(τ) eÐnai �rtia sun�rthsh tou τ :

RXY (τ) =
∫ ∞

−∞
h(u)RX(τ + u)du

Antikajist¸ntac to u me −u:

RXY (τ) =
∫ ∞

−∞
h(−u)RX(τ − u)du
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RY X(τ) = RXX(τ) ∗ h(τ) ↔ SY X(f) = SXX(f)H(f)

RXY (τ) = RXX(τ) ∗ h∗(−τ) ↔ SXY (f) = SXX(f)H∗(f)

g) E�n h X(t) eÐnai mia diadikasÐa leukoÔ jorÔbou me mhdenik  mèsh tim  kai
fasmatik  puknìthta isqÔoc N0/2, èqoume

RX(τ) =
N0

2
δ(τ)

Gi' autì:
RY X(τ) =

N0

2

∫ ∞

−∞
h(u)δ(τ − u)du

Qrhsimopoi¸ntac thn idiìthta olÐsjhshc thc sun�rthshc dèlta:

RY X(τ) =
N0

2
h(τ)

Dhlad 

h(t) =
2

N0
RY X(τ)

Autì shmaÐnei ìti mporoÔme na metr soume thn kroustik  apìkrish tou fÐl-
trou, efarmìzontac èna leukì jìrubo me fasmatik  puknìthta isqÔoc N0/2
sthn eÐsodo tou fÐltrou, paÐrnontac thn eterosusqètish thc exìdou tou fÐl-
trou me thn eÐsodì tou, kai sth sunèqeia pollaplasi�zontac to apotèlesma
me 2/N0.

2 'Askhsh

DÐnetai ìti:
y(t) =

∫ t

t−T
x(τ)dτ

Gia x(t) = δ(t), h kroustik  apìkrish tou running integrator eÐnai ex'
orismoÔ:

h(t) =
∫ t

t−T
δ(τ)dτ = 1

gia t− T ≤ 0 ≤ t,   isodÔnama, 0 ≤ t ≤ T

AntÐstoiqa, h apìkrish suqnìthtac tou running integrator eÐnai:

H(f) =
∫ ∞

−∞
h(t)exp(−j2πft)dt

=
∫ T

0
exp(−j2πft)dt

=
1

j2πft
[1− exp(−j2πfT )]

= Tsinc(fT )exp(−jπfT )
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'Etsi, h fasmatik  puknìthta isqÔoc SY (f) dÐnetai apì th sqèsh

SY (f) = |H(f)|2SX(f) = T 2sinc2(fT )SX(f)

3 'Askhsh

H sun�rthsh autosusqètishc thc X(t) eÐnai:

RX(τ) = E[X(t + τ)X(t)]
= A2E[cos(2πFt + 2πFτ −Θ) cos(2πFt−Θ)]

=
A2

2
E[cos(4πFt + 2πFτ − 2Θ) + cos(2πFτ)]

PaÐrnontac to mèso ìro wc proc Θ kai parathr¸ntac pwc to Θ eÐnai
omoiìmorfa katanemhmèno sto [0, 2π], èqoume:

RX(τ) =
A2

2
E[cos(2πFτ)]

=
A2

2

∫ ∞

−∞
fF (f) cos(2πfτ)df

Sth sunèqeia, parathroÔme ìti h RX(τ) sqetÐzetai me th fasmatik  puknìth-
ta isqÔoc me th sqèsh

RX(τ) =
∫ ∞

−∞
SX(f)cos(2πfτ)df

Apì tic parap�nw exis¸seic prokÔptei ìti:

SX(f) =
A2

2
fF (f)

'Otan h suqnìthta paÐrnei mia stajer  tim  p.q. fc, èqoume:

fF (f) =
1
2
δ(f − fc) +

1
2
δ(f + fc)

kai
SX(f) =

A2

4
δ(f − fc) +

A2

4
δ(f + fc)

4 'Askhsh

'Estw σ2
X h diaspor� thc tuqaÐac metablht c Xk h opoÐa proèkuye apì thn

parat rhsh thc tuqaÐac diadikasÐac X(t) se qronik  stigm  tk. H diaspor�
σ2

X sqetÐzetai me th mèsh tetragwnik  tim  thc Xk wc ex c:

σ2
X = E[X2

k ]− µ2
X
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ìpou µX = E[Xk]. AfoÔ h diadikasÐa X(t) èqei mhdenik  mèsh tim ,

σ2
X = E[X2

k ]

EpÐshc:

E[X2
k ] =

∫ ∞

−∞
SX(f)df

'Etsi, orÐzoume th diaspor� σ2
X wc to embadì k�tw apì thn SX(f) wc ex c:

σ2
X =

∫ ∞

−∞
SX(f)df

'Etsi, me th mèsh tim  µX = 0 kai th diaspor� orismènh apì thn prohgoÔmenh
exÐswsh, mporoÔme na ekfr�soume th sun�rthsh puknìthtac pijanìthtac thc
Xk wc ex c:

fXk
(x) = − 1√

2πσX

exp(− x2

2σ2
X

)

5 'Askhsh

a) H sun�rthsh puknìthtac pijanìthtac thc tuqaÐac metablht c Y (tk) eÐnai:

fY (tk)(y) =

{
1√

2πyσX
exp(− y2

2σX
), y ≥ 0,

0, y < 0.

ìpou

σ2
X = E[X2(tk)]− {E[X(tk)]}2

= E[X2(tk)]
= RX(0)

Epomènwc, h mèsh tim  thc Y (tk) eÐnai:

E[Y (tk)] =
∫ ∞

−∞
yfY (tk)(y)dy

=
1√

2πσX

∫ ∞

0

√
y exp(− y2

2σ2
X

)dy

Jètoume
y

σ2
X

= u2

kai mporoÔme na gr�youme thn prohgoÔmenh exÐswsh wc:

E[Y (tk)] =

√
2
π

σ2
X

∫ ∞

0
u2 exp(−u2

2
)du

= σ2
X

= RX(0)
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b) H sun�rthsh autosusqètishc thc Y (t) eÐnai:

RY (τ) = E[Y (t + τ)Y (t)]

AfoÔ Y (t) = X2(t), èqoume:

RY (τ) = E[X2(t + τ)X2(t)]

=
∫ ∞

−∞

∫ ∞

−∞
x2

1x
2
2fX(tk+τ),X(tk)(x1, x2)dx1dx2 (1)

Oi X(tk+τ) kai X(tk) eÐnai apì koinoÔ Gaussian, me apì koinoÔ sun�rthsh
puknìthtac pijanìthtac h opoÐa dÐnetai apì th sqèsh:

fX(tk+τ),X(tk)(x1, x2) =
1

2πσ2
X

√
1− ρ2

X(τ)
exp[−x2

1 − 2ρX(τ)x1x2 + x2
2

2σ2
X(1− ρ2

X(τ))
]

ìpou σ2
X = RX(0),

ρX(τ) =
cov[X(tk + τ)X(tk)]

σ2
X

=
RX(τ)
RX(0)

Xanagr�foume thn exÐswsh (1) sth morf :

RY (τ) =
1

2πσ2
X

√
1− ρ2

X(τ)

∫ ∞

−∞
x2

2 exp(− x2
2

2σ2
X

)g(x2)dx2 (2)

ìpou
g(x2) =

∫ ∞

−∞
x2

1 exp{− [x1 − ρX(τ)x2]2

2σ2
X [1− ρ2

X(τ)]
}dx1

Jètoume

u =
x1 − ρX(τ)x2

σX

√
1− ρ2

X(τ)

kai ètsi mporoÔme na ekfr�soume thn g(x2) me th morf :

g(x2) = σX

√
1− ρ2

X(τ)
∫ ∞

−∞
exp(−u2

2
){ρ2

X(τ)x2
2+σ2

X [1−ρ2
X(τ)]u2+2σXρX

√
1− ρ2

X(τ)ux2}du

EpÐshc, parathroÔme ìti:
∫ ∞

−∞
exp(−u2

2
)du =

√
2π

∫ ∞

−∞
u exp(−u2

2
)du = 0

∫ ∞

−∞
u2 exp(−u2

2
)du =

√
2π
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'Etsi,

g(x2) = σX

√
2π[1− ρ2

X(τ)]{ρ2
X(τ)x2

2 + σ2
X [1− ρ2

X(τ)]}

Epomènwc, apì thn exÐswsh (2):

RY (τ) =
1√

2πσX

∫ ∞

−∞
x2

2 exp(− x2
2

2σ2
X

){ρ2
X(τ)x2

2 + σ2
X [1− ρ2

X(τ)]}dx2

Qrhsimopoi¸ntac ta apotelèsmata:
∫ ∞

−∞
x2

2 exp(− x2
2

2σ2
X

)dx2 =
√

2πσ3
X

∫ ∞

−∞
x4

2 exp(− x2
2

2σ2
X

)dx2 = 3
√

2πσ5
X

èqoume:

RY (τ) = 3σ4
Xρ2

X(τ) + σ4
X [1− ρ2

X(τ)]
= σ4

X [1 + 2ρ2
X(τ)]

AfoÔ

σ2
X = RX(0), ρX(τ) =

RX(τ)
RX(0)

èqoume:

RY (τ) = R2
X(0)[1 + 2

R2
X(τ)

R2
X(0)

]

= R2
X(0) + 2R2

X(τ)

Epomènwc, h sun�rthsh autometablhtìthtac thc Y (t) eÐnai:

CY (τ) = RY (τ)− {E[Y (tk)]}2

= R2
X(0) + 2R2

X(τ)−R2
X(0)

= 2R2
X(τ)

6 'Askhsh

a) H sun�rthsh autosusqètishc thc exìdou tou fÐltrou eÐnai:

RX(τ) =
∫ ∞

−∞

∫ ∞

−∞
h(τ1)h(τ2)RW (τ − τ1 + τ2)dτ1dτ2

AfoÔ RW (τ) = (N0/2)δ(τ), h kroustik  apìkrish h(t) tou fÐltrou,
prèpei na ikanopoieÐ th sunj kh:
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2B

0

S (f)1

N /20

-fc

2B

f
-fc

Sq ma 1

RX(τ) =
N0

2

∫ ∞

−∞

∫ ∞

−∞
h(τ1)h(τ2)δ(τ − τ1 + τ2)dτ1dτ2

=
N0

2

∫ ∞

−∞
h(τ + τ2)h(τ2)dτ2

b) Gia na èqei h èxodoc tou fÐltrou fasmatik  puknìthta isqÔoc Ðsh me SX(f),
ja prèpei na epilèxoume th sun�rthsh metafor�c H(f) tou fÐltrou ètsi ¸ste:

SX(f) =
N0

2
|H(f)|2

 

|H(f)| =
√

2SX(f)
N0

7 'Askhsh

a) 'Estw S1(f) h fasmatik  puknìthta isqÔoc tou jorÔbou thn pr¸th èxodo
tou fÐltrou. H sqèsh thc S1(f) me th suqnìthta faÐnetai sto sq ma 1:

'Estw S2(f) fasmatik  puknìthta isqÔoc tou jorÔbou sthn èxodo tou
sq matoc. 'Eqoume thn ex c sqèsh:

S2(f) =
1
4
[S1(f + fc) + S1(f − fc)]

thc opoÐac h grafik  par�stash faÐnetai sto sq ma 2:
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2B 2B

0

S (f)2

N /40

N /80

-2fc

2B

f
-2fc

Sq ma 2

'Etsi, h fasmatik  puknìthta isqÔoc tou jorÔbou n(t) sthn èxodo tou
deÔterou fÐltrou, orÐzetai apì th sqèsh:

SO(f) =

{
N0
4 , −B < f < B

0, αλλιώς

H sun�rthsh autosusqètishc tou jorÔbou n(t) eÐnai:

RO(τ) =
N0B

2
sinc(2Bτ)

b) H mèsh tim  tou jorÔbou sthn èxodo tou sust matoc eÐnai mhdèn. 'Etsi,
h diaspor� kai h mèsh tetragwnik  tim  autoÔ tou jorÔbou eÐnai Ðdiec. To
sunolikì embadì k�tw apì thn SO(f) eÐnai Ðso me (N0/4)(2B) = N0B/2. E-
pomènwc, h diaspor� tou jorÔbou sthn èxodo tou sust matoc eÐnai N0B/2.

g) H mègisth suqnìthta me thn opoÐa mporoÔme ne deigmatolhptÐsoume thn
n(t) ètsi ¸ste ta deÐgmata pou ja prokÔyoun na eÐnai ousiastik� asusqètista
eÐnai 2B deÐgmata to deuterìlepto.
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