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1 'Askhsh

H stigmiaÐa suqnìthta tou diamorfwmènou s matoc s(t) faÐnetai sthn akìlou-
jh grafik  par�stash:

MporoÔme epomènwc na ekfr�soume to s(t) wc ex c:

s(t) =





cos(2πfct), t < −T
2

cos
(
2π(fc + ∆f)t

)
, −T

2 ≤ t ≤ T
2

cos(2πfct), T
2 < t
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O metasqhmatismìc Fourier tou s(t) dÐnetai apì tic parak�tw sqèseic:

S(f) =
∫ −T/2

−∞
cos(2πfct) e−j2πftdt

+
∫ T/2

−T/2
cos

(
2π(fc + ∆f)t

)
e−j2πftdt

=
∫ ∞

−∞
cos(2πfct) e−j2πftdt

+
∫ T/2

−T/2

[
cos

(
2π(fc + ∆f)t

)− cos(2πfct)
]
e−j2πftdt (1)

O deÔteroc ìroc thc ex. (1) eÐnai h diafor� an�mesa stouc metasqhma-
tismoÔc Fourier dÔo RF palm¸n monadiaÐou pl�touc, o ènac me suqnìthta
fc + ∆f kai o �lloc me suqnìthta fc. Jewr¸ntac ìti fcT À 1 mporoÔme na
ekfr�soume to S(f) wc akoloÔjwc:

S(f) =

{
1
2δ(f − fc) + T

2 sinc[T (f − fc −∆f)]− T
2 sinc[T (f − fc)], f > 0

1
2δ(f + fc) + T

2 sinc[T (f + fc + ∆f)]− T
2 sinc[T (f + fc)], f < 0

2 'Askhsh

(a) H perib�llousa tou FM s matoc s(t) eÐnai

a(t) = Ac

√
1 + β2 sin2(2πfmt)

H mègisth tim  thc perib�llousac eÐnai

amax = Ac

√
1 + β2

kai h el�qisth
amin = Ac

Epomènwc,
amax

amin
=

√
1 + β2

H grafik  par�stash gia 0 ≤ β ≤ 0.3 eÐnai:
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(b) Ekfr�zontac to s(t) sth morf 

s(t) = Ac cos(2πfct) +
1
2
βAc cos[2π(fc + fm)t]− 1

2
βAc cos[2π(fc − fm)t]

h mèsh isqÔc tou eÐnai

P1 =
A2

c

2
+

β2A2
c

8
+

β2A2
c

8

=
A2

c

2
(1 +

β2

2
)

H mèsh isqÔc tou mh-diamorfwmènou fèrontoc eÐnai

Pc =
A2

c

2
(β = 0)

'Ara
P1

Pc
= 1 +

β2

2
(g) H gwnÐa θi(t), mporeÐ na ekfrasteÐ wc proc thn in-phase sunist¸sa sI(t)
kai thn quadrature sunist¸sa sQ(t) wc ex c

θi(t) = 2πfct + tan−1
(sQ(t)

sI(t)
)

= 2πfct + tan−1
(
β sin(2πfmt)

)
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Apì thn upìdeixh èqoume

θi(t) ' 2πfct + β sin(2πfmt)− β3

3
sin3(2πfmt)

3 'Askhsh

Gia β = 1 èqoume

J0(1) = 0.765
J1(1) = 0.44
J2(1) = 0.115

H èxodoc tou band-pass fÐltrou eÐnai

so(t) = 0.765 cos(2πfct)
+ 0.44

[
cos[2π(fc + fm)t]− cos[2π(fc − fm)t]

]

+ 0.115
[
cos[2π(fc + 2fm)t] + cos[2π(fc − 2fm)t]

]

kai to pl�toc f�smatoc (gia jetikèc suqnìthtec) eÐnai
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4 'Askhsh

(a) To FM s ma orÐzetai apì

s(t) = Ac cos[2πfct + 2πkf

∫ t

0
m(t)dt]

Jewr¸ntac ìti h fc eÐnai meg�lh sugkrinìmenh me to eÔroc f�smatoc tou s(t)
mporoÔme na gr�youme gia th migadik  perib�llousa tou s(t):

s̃(t) = Ac ej2πkf

∫ t
0 m(t)dt

Ex orismoÔ to pre-envelope tou s(t) eÐnai

s+(t) = s̃(t) ej2πfct

= s(t) + jŝ(t)

ìpou ŝ(t) eÐnai o metasqhmatismìc Hilbert tou s(t). Epomènwc èqoume,

s(t) + jŝ(t) = Ac ej2πkf

∫ t
0 m(t)dt ej2πfct

= Ac

(
cos[2πfct + 2πkf

∫ t

0
m(t)dt] + j sin[2πfct + 2πkf

∫ t

o
m(t)dt]

)

Exis¸nontac ta pragmatik� kai ta fantastik� mèrh paÐrnoume

ŝ(t) = Ac sin[2πfct + 2πkf

∫ t

0
m(t)dt] (2)

(b) Sthn perÐptwsh thc hmitonoeidoÔc diamìrfwshc èqoume

m(t) = Am cos(2πfmt)

To antÐstoiqo FM s ma eÐnai

s(t) = Ac cos[2πfct + β sin(2πfmt)]

ìpou β = kfAm. AnaptÔssontac to s(t) se seir� Fourier paÐrnoume

s(t) = Ac

∞∑
n=−∞

Jn(β) cos[2π(fc + nfm)t]

O metasqhmatismìc Hilbert tou cos[2π(fc+nfm)t] eÐnai sin[2π(fc+nfm)t] kai
apì th grammikìthta tou metasqhmatismoÔ Hilbert, brÐskoume to metasqhma-
tismì Hilbert tou s(t),

ŝ(t) = Ac

∞∑
n=−∞

Jn(β) sin[2π(fc + nfm)t]

= Ac sin[2πfct + β sin(2πfmt)]
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Autì eÐnai akrib¸c to Ðdio apotèlesma me autì pou p rame qrhsimopoi¸ntac
thn ex. (1). Sthn perÐptwsh thc hmitonoeidoÔc diamìrfwshc den up�rqei
l�joc ston upologismì tou metasqhmatismoÔ Hilbert tou antÐstoiqou FM
qrhsimopoi¸ntac thn ex. (2).
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