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10 NoembrÐou 2003

1 'Askhsh

H h(t) parist�netai grafik� wc:

(a) h eÐsodoc x1(t) parist�netai grafik� wc:

Gia thn èxodo èqoume,

y1(t) = x1(t) ∗ h(t) =
∫ ∞

−∞
x1(τ)h(t− τ)dτ

Grafik� h sunèlixh ja parastajeÐ wc ex c :
h h(−τ) dÐnetai apì thn
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gia t < −1 èqoume y1(t) = 0

gia −1 ≤ t ≤ 0,

y1(t) =
∫ t

−1
1 dτ = t + 1

gia 0 < t ≤ 1,

y1(t) =
∫ t

t−1
1 dτ = t− (t− 1) = 1
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gia t > 1 & t− 1 < 1 ⇒ 1 < t ≤ 2,

y1(t) =
∫ 1

t−1
1 dτ = 1− (t− 1) = 2− t

Telik� h èxodoc y1(t) ja eÐnai h

(b) Akolouj¸ntac an�loga b mata me to (a) paÐrnoume gia thn èxodo y2(t):
gia t ≤ −1, y2(t) = 0
gia −1 < t ≤ 0,

y2(t) =
∫ t

−1
1 dt = t + 1

gia 0 < t ≤ 1,

y2(t) =
∫ 0

t−1
1 dt +

∫ t

0
−1 dt = 1− 2t

gia 1 < t ≤ 2,

y2(t) =
∫ 1

t−1
−1 dt = t− 2

gia t > 2, y2(t) = 0.

y2(t) =





0, t ≤ −1
t + 1, −1 < t ≤ 0
1− 2t, 0 < t ≤ 1
t− 2, 1 < t ≤ 2
0, t > 2
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2 'Askhsh

(a)
(1)

x3(t) = ax1(t) + bx2(t)
x3(t) ⇒ y3(t) = sin(ax1(t + 1) + bx2(t + 1))

6= a sin(x1(t + 1)) + b sin(x2(t + 1))
= ay1(t) + by2(t)

�ra to sÔsthma eÐnai mh-grammikì
(2)

x1(t) = x(t− 1) ⇒ y1(t) = sin(x(t)) = y(t− 1)

�ra to sÔsthma eÐnai qronik� amet�blhto
(3) To y(t) exart�tai apì mellontikèc timèc thc eisìdou, �ra to sÔsthma eÐnai
mh-aitiatì
(4) An |x(t)| < ∞, tìte |y(t)| < 1 �ra to sÔsthma eÐnai eustajèc.
(b)
(1)

x3(t) = ax1(t) + bx2(t)
x3(t) ⇒ y3(t) = (ax1(t− 1) + bx2(t− 1))2

= a2x2
1(t− 1) + b2x2

2(t− 1) + 2abx1(t− 1)x2(t− 1)
6= ay1(t) + by2(t)

�ra to sÔsthma eÐnai mh-grammikì
(2)

x1(t) = x(t− t0) ⇒ y1(t) = (x(t− t0 − 1))2 = y(t− t0)

�ra to sÔsthma eÐnai qronik� amet�blhto
(3) To y(t) den exart�tai apì mellontikèc timèc thc eisìdou, �ra to sÔsthma
eÐnai aitiatì
(4) An |x(t)| < A, tìte |y(t)| < A2 �ra to sÔsthma eÐnai eustajèc.
(g)
(1)

x3(t) = ax1(t) + bx2(t)

y3(t) =
∫ ∞

0
[ax1(t− τ) + bx2(t− τ)]e−τ dτ

= a

∫ ∞

0
x1(t− τ)e−τ dτ + b

∫ ∞

0
x2(t− τ)e−τ dτ

= ay1(t) + by2(t)
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�ra to sÔsthma eÐnai grammikì
(2)

x1(t) = x(t− t0) ⇒ y1(t) =
∫ ∞

0
x(t− t0 − τ)e−τ dt = y(t− t0)

�ra to sÔsthma eÐnai qronik� amet�blhto
(3) To y(t) den exart�tai apì mellontikèc timèc thc eisìdou, �ra to sÔsthma
eÐnai aitiatì
(4) An |x(t)| < A, tìte

|y(t)| = |
∫ ∞

0
(x(t− τ))e−τ dτ |

< |
∫ ∞

0
A e−τ dτ |

= |A
∫ ∞

0
e−τ dτ |

< |A| = A

�ra to sÔsthma eÐnai eustajèc.
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3 'Askhsh

JewroÔme treic sugkekrimènec pragmatopoi seic thc X(t) pou antistoiqoÔn
se fc = W/4, W/2, kai W ìpwc faÐnontai sto parak�tw sq ma:

Gia na deÐxoume ìti h X(t) eÐnai mh-st�simh, qrei�zetai mìno na parathr -
soume ìti k�je kumatomorf  (apì tic parap�nw) eÐnai 0 sto t = 0, jetik  gia
0 < t < 1/2W , kai arnhtik  gia −1/2W < t < 0. Epomènwc, h sun�rthsh
puknìthtac pijanìthtac thc tuqaÐac metablht c X(t1) pou prokÔptei parathr¸n-
tac th X(t) sto t1 = 1/4W eÐnai mhdèn gia arnhtikèc timèc, en¸ h sun�rthsh
puknìthtac pijanìthtac thc tuqaÐac metablht c X(t2) pou prokÔptei parathr¸n-
tac th X(t) sto t2 = −1/4W eÐnai mh-mhdenik  gia arnhtikèc timèc mìno.
Sunep¸c,

fX(t1)(x) 6= fX(t2)(x)

kai h X(t) eÐnai mh-st�simh.

4 'Askhsh

X(t) = A cos(2πfct)
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Epomènwc,
Xi = A cos(2πfcti)

AfoÔ to pl�toc A eÐnai omoiìmorfa katanemhmèno, mporoÔme na gr�youme,

fXi(x) =

{
1

cos(2πfcti)
, 0 ≤ x ≤ cos(2πfcti),

0, αλλιώς

OmoÐwc mporoÔme na gr�youme

Xi+τ = A cos[2πfc(ti + τ)]

kai

fXi+τ (y) =

{
1

cos[2πfc(ti+τ)] , 0 ≤ y ≤ cos[2πfc(ti + τ)],

0, αλλιώς

Blèpoume epomènwc ìti
fXi(x) 6= fXi+τ (y)

kai �ra h diadikasÐa X(t) eÐnai mh-st�simh.

5 'Askhsh

(a) H mèsh tim  thc Z(t1) eÐnai

E[Z(t1)] = cos(2πt1) E[X] + sin(2πt1) E[Y ]

Kaj¸c E[X] = E[Y ] = 0, èqoume ìti E[Z(t1)] = 0. OmoÐwc, brÐskoume ìti
E[Z(t2)] = 0. EpÐshc èqoume ìti

Cov[Z(t1)Z(t2)] = E[Z(t1)Z(t2)]
= E{[X cos(2πt1) + Y sin(2πt1)][X cos(2πt2) + Y sin(2πt2)]}
= cos(2πt1) cos(2πt2) E[X2] + [cos(2πt1) sin(2πt2) + sin(2πt1) cos(2πt2)]E[XY ]
+ sin(2πt1) sin(2πt2)E[Y 2]

UpologÐzontac ta parak�tw

E[X2] = σ2
X + {E[X]}2 = 1

E[Y 2] = σ2
Y + {E[Y ]}2 = 1

E[XY ] = 0

paÐrnoume

Cov[Z(t1)Z(t2)] = cos(2πt1) cos(2πt2) + sin(2πt1) sin(2πt2)
= cos[2π(t1 − t2)]
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H Z(t) eÐnai Gaussian diadikasÐa. Epiplèon, èqoume ìti

σ2
Z(t1) = E[Z2(t1)] = 1

Autì prokÔptei jètontac t1 = t2 sthn parap�nw sqèsh. OmoÐwc,

σ2
Z(t2) = E[Z2(t2)] = 1

Epomènwc o suntelest c susqètishc twn Z(t1) kai Z(t2) eÐnai

ρ =
Cov[Z(t1)Z(t2)]

σZ(t1)σZ(t2)

= cos[2π(t1 − t2)]

'Ara h apì koinoÔ pdf twn Z(t1) kai Z(t2) eÐnai

fZ(t1), Z(t2)(z1, z2) = C e−Q(z1, z2)

ìpou

C =
1

2π
√

1− cos2[2π(t1 − t2)]

=
1

2π sin[2π(t1 − t2)]

kai

Q(z1, z2) =
1

2 sin2[2π(t1 − t2)]
{z2

1 − 2 cos[2π(t1 − t2)]z1z2 + z2
2}

(b) ParathroÔme ìti h sundiaspor� twn Z(t1) kai Z(t2) exart�tai mìno apì
th qronik  diafor� t1 − t2. H Z(t) eÐnai epomènwc st�simh me thn eureÐa
ènnoia. Kai epeid  eÐnai Gaussian eÐnai epÐshc st�simh me thn austhr  ènnoia.

6 'Askhsh

(a) 'Estw
X(t) = A + Y (t)

ìpou A eÐnai mia stajer� kai Y (t) eÐnai mia tuqaÐa diadikasÐa me mèsh tim 
mhdèn. H sun�rthsh autosusqètishc thc X(t) eÐnai

RX(τ) = E[X(t + τ)X(t)]
= E{[A + Y (t + τ)][A + Y (t)]}
= E[A2 + AY (t + τ) + AY (t) + Y (t + τ) Y (t)]
= A2 + RY (τ)
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to opoÐo deÐqnei ìti h RX(τ) perièqei mia stajer  sunist¸sa Ðsh me A2.
(b) 'Estw

X(t) = A cos(2πft + θ) + Z(t)

ìpou A cos(2πft + θ) thn hmitonoeid  sunist¸sa thc X(t) kai θ eÐnai mia
tuqaÐa f�sh. H sun�rthsh autosusqètishc thc X(t) eÐnai

RX(τ) = E[X(t + τ)X(t)]
= E{[A cos(2πft + 2πfτ + θ) + Z(t + τ)][A cos(2πft + θ) + Z(t)]}
= E[A2 cos(2πft + 2πfτ + θ) cos(2πft + θ)]
+ E[Z(t + τ) A cos(2πft + θ)]
+ E[A cos(2πft + 2πfτ + θ)Z(t)]
+ E[Z(t + τ)Z(t)]
= (A2/2) cos(2πfτ) + RZ(τ)

to opoÐo deÐqnei ìti h RX(τ) perièqei mia hmitonoeid  sunist¸sa Ðdiac suqnìth-
tac me aut  thc X(t).

7 'Askhsh

(a) H sun�rthsh katanom c thc X(t) eÐnai

FX(t)(x) =





0, x < 0
1
2 , 0 ≤ x ≤ A

1, x > A

kai h antÐstoiqh sun�rthsh puknìthtac pijanìthtac

fX(t)(x) =
1
2
δ(x) +

1
2
δ(x−A)

0
 A


1


1/2


F
X
(
t
)
(
x
)


x
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(b) Me qr sh statistik c mèshc tim c èqoume

E[X(t)] =
∫ ∞

−∞
x fX(t)(x) dx

=
∫ ∞

−∞
x [

1
2
δ(x) +

1
2
δ(x−A)] dx

=
A

2

H sun�rthsh autosusqètishc thc X(t) eÐnai

RX(τ) = E[X(t + τ)X(t)]

OrÐzoume thn tetragwnik  sun�rthsh SqT0(t) ìpwc faÐnetai parak�tw:

0


1


Sq
T
0
(
t)


t
-
T
0
 -
T
0
/2
 T
0
/2
 T
0


Tìte èqoume :

RX(τ) = E[(A · SqT0(t− td + τ)) · (A · SqT0(t− td))]

= A2

∫ ∞

−∞
SqT0(t− td + τ)SqT0(t− td)fTd

(td) dtd

= A2

∫ T0
2

−T0
2

SqT0(t− td + τ)SqT0(t− td) · 1
T0

dtd

=
A2

2
(1− 2

|τ |
T0

), |τ | ≤ T0

2
.
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Kai afoÔ to tetragwnikì kÔma eÐnai periodik  sun�rthsh me perÐodo T0, h
RX(τ) prèpei epÐshc na eÐnai periodik  me perÐodo T0.
(g) Me qr sh qronik c mèshc tim c (kai apì th grafik  par�stash thc
katanom c) èqoume gia th mèsh tim :

< x(t) >=
A

2

opìte h sun�rthsh autosusqètishc, h opoÐa dÐnetai apì th sqèsh,

< x(t + τ)x(t) >=
1
T0

∫ T0
2

−T0
2

x(t + τ)x(t) dt

èqei mègisth tim  A2

2 sto τ = 0, kai fjÐnei grammik� sto mhdèn sto τ = T0
2 .

Epomènwc,

< x(t + τ)x(t) >=
A2

2
(1− 2

|τ |
T0

), |τ | ≤ T0

2
.

Kai p�li h autosusqètish prèpei na eÐnai periodik  me perÐodo T0.
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