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e Juotnpata SLakpLtol Xpovou

* E¢&lowoelc Sladopwv




Wneuakn Eneéepyaocia Znuorog

* JuotApata Atakptov Xpovou — EnavaAnyn...

* E¢élowoelc Stadopwv

N M
z aiyln — k] =z bix[n — ]
k=0 [=0

* Apxkég ouvBnkeg y[—1], y[—2], ..., y[—N]

*‘E¢odocC
y[n] = Yzi [Tl] + Vs [Tl]

* Zero-input response: n £€€060¢ TOU CUCTAHATOC AOYW PXLKWV ouvOnkwv (x[n] = 0)

* Zero-state response: n €€060¢ TOU CUOTAUATOC TTapoucia ELcodou (apxLkn npeuia)




Wneuakn Eneéepyaocia Znuorog

* JuotApata Atakptov Xpovou — EnavaAnyn...

* Zero-input response: n £€€060¢ TOU CUCTHATOC AOYW APXLKWV ouvOnkwv (x[n] = 0)

* Opoyevncg e€lowon
N

Zak)’[n—k] =0

k=0

* Xapaktnplotikoé modvwvupo (ay + ay—_1y + -+ a1 + agy)

° )(apOLKTr]pLGTLKE'C piCEC )4

* [evikn popdn
N

yailnl = ) cevfuln)

k=1

® EUpeon TwV oTaBEPWV €, ATIO TG APXLIKEG CUVONKEG




Wneuakn Eneéepyaocia Znuorog

* JuotApata Atakptov Xpovou — EnavaAnyn...

* Zero-state response: n ££060¢ Tou cuoTRUOTOC tapouaoia etoodou (x[n] # 0)

* MeyaAo tAnBoc¢ niBavwv eLoodwv
* EUpeon y,.[n] péow kpouaotikng amodkplong hln]
* h[n]: £€€060¢ yla eicodo x[n] = &[n]
* H guvaptnon AéAta swoayel (Peudo-)apxkec cuvOnKeg oto ocUOTNUA

* ATTAO cuoTnpa

N N
> ayln—kl = xfn] > ) aphln - k] = 8[n)
k=0

k=0

* Xapaktnplotikoé modvwvupo (ay + ay_1y + -+ a1 + agy)
* XOpOKTNPLOTIKEG PLIEG Yy

* [evikn popdn




Wneuakn Eneéepyaocia Znuorog

* JuotApata Atakptov Xpovou — EnavaAnyn...
* KpouoTikr) Amokplon: n €€060¢ Tou cuotiuatog yla eicodo x[n| = §[n]

®* [evLKO cuoTnUA
N

2 aiyln — k| =ib1x[n — ]
1=0

k=0

* KpOUOTLKN ATIOKPLON

M
hin] = z byhy[n — ]
=0

* H KpOUOTLKN amokpLlon meplypadeL TANPwWG Eva NXA cuotnua

* Ac boUpe ylati...




Wneuakn Eneéepyaocia Znuorog

* AmoKpLon UNSEVIKAG Kataotaong y,¢[n|

* Moap’ 6o 1ou PPAKALE TNV KPOUOTLKN amoKpLon omoloudrmote XA cuOTAMATOC, TTWG AUTH
BonBa otnv eVpeon TNG ATTOKPLONC UNOEVIKAC KOTAOTAONC?

® QuunOeite O0TL KABE orpa pmopet va ypadet wg
+ 00

x[n] = Z x[k]S[n — k]

k=—o0

Vzs [n] = T{x[n]}

[pappLKOTNTA
(aBpolotikoTNTA)

FpappLKOTNTA
(opoyevela)

Xpov. ApetapAntotnta
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[ Xpov. ApetapAntotnta ]

[ FpappkotTnTa (opoyévea) ]

» Z a[k]8[n—k]

I

S alk)s[n—k] K > alk]h[n—k

"Hmm lHHHh : e




Wneuakn Eneéepyaocia Znuorog

* Juvélién

* To mponyoUpEeVO amoTEAeopa eivol EQLPETIKA ONUOAVTLKO

* Hnpaén X

z x[k]h[n — k] = x[n] * h{n]

k=—o0

elval kepoAalwdouc onuoociac otnv avaluon cuoTnUATWY Kot 6 Ba prmopoloE va [NV €XEL
TO OLKO TNC Ovoua: cUVEALEN (convolution)

* H ouvéALEn pmopel va 1bwBel kot w¢ Eexwplot mpaln, £€w armod to mAaLoLlo TNE avaAuong
CUOTNUATWVY

* [a mapddelypa pmopol e va UTtoAoyicou e tn ouvEALEn duo onudtwy x[n], y[n] mou 6¢
oxetilovtal anapaitnta pe Eva cuoTNUA




* Juvel§n

[ewdtrtec Buvéiine
Ouoyévera azx[n| * y[n] = z[n] * ay[n] = a(z[n] = y[n]), ac R

AvtipstadeTind Tt x(n| = yln| = yn| * x|n]
[lgooetopio TndTnTa (z[n] * y[n]) * z[n] = z[n] * (y[n] * z[n])

Empeponixdna x[n| £ (y[n] + z[n]) = z[n| * y[n] + z[n] * z|n|
z1[n] = z1[n] * y[n]
z2[n] = 22(n] * y[n]
av z[n| = ax,[n] + bry[n]
161¢ z[n] = x[n| * y[n] = az1[n] + bza[n]

{ x[n] : [ny,ng] — R

CpoppudtnTa

Elgog yln| : [ng,ny| — R

rln|+yn|: [n1 +na,n2+ny) — R

Oudétepo otouyelo z[n] # 8[n] = &[n] * z[n] = z[n]

x[n] * 6]n — ng] = x[n — ngy]

* Mw¢ urtoAoyiloupe auto To PaLVOUEVLKA TtEpiepyo dBpolopa?




Wneuakn Eneéepyaocia Znuorog

ZUVEALEN
* Ta BApato UTtOAOYLOMOU €ival T a[n]

8 HHTTTTHHH?,

Mapatnprote 6tL éxoupue Suo onpata, to x[n] kat to n
y[n] otnv mpwtn ypaupun tou oxiuatog. Eméyoupe
(adoU n mpan TNG CUVEALENG lval AVTIUETABETLKA)
va petaBdoupe to y[n], dnA. autd Ba petatorti-
oou e Kal Ba avakAdooupe cUPPWVA LLE TOV OPLOUO. a[k]

Ztn elTePN ypapun, €xoue ava ta duo onuata,
HOVO TIOU Twpa eival cuvapTtroeL Tou k kat OXL Tou n, T T T IBEEEXXIN
OTWG aKPLBWG EMITACOEL TO ABPOLoA TNG CUVEALENC. Tk
EmutAéov, to y[k] €xel umootel avakAaon Kot €xoupe

mAéov 1o y[—k].

3TNV Tpitn ypauun, maipvoupe to y[n — k] anod to yln—Fk]
y[—k] petaromnifovtdg to katd n. Qupiloupe 6Tl autd

TO 1 TO XEPLOMaOoTE WG oTabepd péoa oTo Abpolopa T I I I I

NG OLVENLENG. Acite tnv alhayr) ota dkpa tou y[—k] ! T T T

KOLL TIWC QLUTA TTPOCOPUOOTNKAV LETA TN UETATOTLON. n—2 k
Metq, Eekvape va to “oAoBaivoupe’” mavw otov idlo

agova pe to x[k], and to —oo Kot Ipog To +0o.

] , , , , 1
2tnv nopela (Tétaptn ypouun), BAEnete otL 1O

y[n — k] ouvavtaet kdrowa otypr to x[k]. Otav to yn—F] [ k]

OUVQVTNOEL, £{OULE YWVOUEVO PETAEL TwV Suo T [ I I
oNUATWV Kot dpa apxiloupe va umtoAoyilou e To seveeerr?? T T T T

TTTTTT??H’???Q,
abpolopa Tng oUVEALENG, To omolo Ba gival pn 0] n-2 2
undeviko yia 0 < k < n — 2 (otnv npokeipevn
neplmtwon).

oAkl i)
3TNV MEUTTTN ypapun, o y[n — k] éxeL mpoxwproetL k

AaA\o «péoar oto x[k], aAAd Sev aAN&TeL kATL o€ } _ :
oX£0N UE TNV MOPATIAVW TEPLITTWOT, KABWC AAL Ta { T T f } ; l

Suo onuarta «aAAnAemidpouvy ano 0 wgn — 2. YT TYEEEXXXEA T IAAE KKK
Onote AAAEC TTEPUTTWOELG SEV UTIAPXOUV. 0 n—2 k




* Juvel§n

I'paguxr, Abon ZuvéEhiing Enpatwv

. Eméyoups éva ex twv buo orpdtv, éatw 1o x[n|, xu to petatpénoups o x(k).

. Egappdloupe endve Tou v npdln e ypovific ovTIgTpogfs Xo Tne ypovic petatdmong, hapfd-
vovtag étol 1o aofua x[n — k.

. Pégoupe ta Buo ofpata gt xowd dlove we Tpoc k, xa “olgoups” To x[n — k| ard 10 —oo npoc To
+oc.

. Kodopiloupe npooextind Tic neployés Tou ypdvou dmou ta duo ofjuata “ouvundgyouv’, 8nh. drou
10 ywdpevo x[n — kjy[k] eiven un undevixd.

. Bt napardves nepoyéc, urohoyilouye to dldgowoua trg ouvéine.




* Juvel§n
* MNapadeypa:

1

O Eotw to MNXA cuotnua ‘
TIOU TtePLypAdeTaL o 0
0

HHT){;:THHH?H

TNV KPOUOTLKN OTOKPLON
hln] =u[n] —un—-N].

Bpeite tnVv £€060 TOU x[K]

OUGTAMATOG YLO
x[n] = a™u[n], |a| < 1.

{IITTTTTTTT?va;k

h[n-k]

w e [

BEEEEEREY)

n-(N-1) n

21) x[K]

AESEREERTY

h[n-k]

il




Wneuakn Eneéepyaocia Znuorog
h[n-k 1

° Juvéhién
* Mapadelypa:

2) 8‘[‘”‘] ‘X(‘M’J *)\[v\j = Q n< @ "
— OJWT»TTTHHH
Q > U[nj Z X[]L/B L(Y\ Lj — . 3r]) . HTN

- Isitee

hd
R pa(N-1) n

A
Z_Q A = - = J'- " , n=0 VL.M h—(N—-i\)<®

_

x[k]

- HTTTTTHHH

v
O NN N=L
07\—(3\)-—\)— VA




Wneuakn Eneéepyaocia Znuorog

* Juvélién
* MNapadeypa:

O Eotw to NXA clUotnua mou neplypadetot anod tnv KpouoTikr anokpion h[n] = a™uln],
la| < 1. Bpeite tnv €060 TOUL CuoTAuaTOG yia x[n] = h[n].

ke

S ye= 2 L0xel = 2 <030t

p=-=
[

ZO. u[\cj (“—l‘)u{_‘r\—lc] = Qh Z Oko u(tjur“\ L]

== k= ~N—~
O*Ma L- O~®=L
4

Q" ZVEIL] u[n—\cj @

k:~ﬁ\7

L>
wl\Ld = {&) ? O,
@ /
ulDun-L) =

=

et Q% Lé”-@
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\J

* JuvéALEn Z
* Nopadelypa: C = C(NZ—M+\
Nn=nJ

LB ayw @ Sve: Yoy
h
8Eﬂ’3 = G % 1 = o <Y\-l-4> ' nzo ’AQD(.J @

.A(’tx OE«]= Qh('h‘\"\> uf_"‘l,

)‘\Omewoft'- Aocre wv 2 =a X?“?‘M‘\ (—550(0.




Wneuakn Enteéepyacio Zniuatoc

* Juvélién
* Mapadelypa:

ort numpy as np
ort matplotlib.pyplot as plt Convolution by hand

tn+l|‘[a1pha ** nj

) 20 40 60 80
ME YPMOT TNng numpy.convolwve Convolution usigpRrympy.convolve

"

np.convolve (x, h)

= plt.subplots(2, 1,

stem{n, chx)

t tltlwf"c
.grldtl

et {lahﬁlt San

.stem{n, c[@:Nh]) . 40 60

Samples

set title( "Convelution using nu
.Eridfﬁ
et xlabel( 'Samples




* Juvel§n

* Hypadikn 1 n adyeBpiki pEBobdog eival oAU xprioln otav €va TOUAAXLOTOV €K TwV SUOo
ONUATWVY TTOU EUTTIAEKOVTOL 0T CUVEALEN €lvol ATTELPNC OLAPKELOC

* Tt oupBaivel Opwc av Kat ta Suo onpatTa ival TEMEPATHEVNG (Kal ouvnBwS LLKPNG)
Sldpkelag?

* Tote par evaAAakTikn ypadikn péBodoc eival autn tng oAtoBaivovoag tawviog (sliding
tape)

* ... aAAd kal oL LSLOTNTEG TG cuvaptnong AéAta fonBolv MAPa TTOAU

* ‘Eotw OTL £XOUE SUO CHHOTO j [_O) 2
x[n] = 26[n] — 36[n — 1] + 26[n— 2]

I-1,2]
yln] = =é[n+ 1] + §[n] + 26|[n — 1] — \j

* Qa kAavoupe tnv dla dtadikaoia, amAd xwpic oxAuata autn t opd




* Juvel§n

avaklaon
e
wg ntpog k

MeTatomnioelc k:o

(a) lofofofofofo]ofofo[2]3][%n|o]o]of0]0]

c[n]=0,n+1<0

(ofojaj2f1fafojojojofojojojofojojofo]

T T oAiloBnon

n-2 n+1

[oJofofofofofofofoff2f-sf%]ofofofofo]

c[-1] =-1x2 =-2

[ojojofojojofojoj-1f2]1]-1]jojo ofojo]o]

n-2 n?rl

'olofofojofofofofof[2]3]%|o]o|of0]o0]

c[0] = 1x2 + (-3)x(-1) = 5

(ojojojofofojojofofaj2afzfa]ojojofo]fo]
A

n-2 n+1

lojofofofofofo|ool[2]|3|%|lo|ofof0]o0]

lojojojo|o|ofofofofo -1f2]1]|-1]jo]|o]0]o0] 1]=2-3-%=%

A

n-2 n+1l

ojo/ofofofofofo|ol2]3|%]o][o]o|o]o0
[ofojofofojojofofoff2]-s]%flofojojofo]

c[2]=-2-6+%=-15/2

(ojofojojojojofojofofoffaf2]1f1]oo]o
A A

n-2 n+l




* Juvel§n

lofo|ofofo|olofofo]2]|3]%[o][o]o]o]0]

c[3]=3+1=4

[ojojojojojojofojojofofolf-tf2]1]-1jo]o]
+

n-2 n+1

[ojojojofojojojojof2]sfj%jojojojojo]

[ofoJofolofofofo]ofoofofo][x]2[z]1[o] T

r¢2 nﬁl

lojof|o|ofo|ofofo|o]2]|3]|n]|o|lofo|o]|0]

c[n]=0,n+1>5

ofofojofofofofofofojojofofof1fa]f1]1]

n-2 n+1

* To amotéAeopa ivat

c[n] = =26[n + 1] + 56[n] +%6[n— 1] —1755[71— 2] + 46[n — 3] —%5[71—4]

* H 18wotnta Tou eVPoUC TIPOPAETEL CWOTA TN SLAPKELD TOU TIAPATIAVW CAUATOC?
* Mmnopeite va 1o emiBeBalwoete Pe xprion WOLOTATWY CUVEALENG?

Vs

Homework: EmBeBaiwote 1o c[n] = x[n] * y[n] avalutikd pe xprion tng
S[n—k]*6[n—1]=8n—k—1I]
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* Juvélién

“t numpy as np
~t matplotlib.pyplot as plt

T
1.00
UWVEALGH L CNS nump? Samples
np.convolve(x, y) yln]
nc = np.arange(-1, 5)

= plt.subplots(3, 1,

.’thfﬂT, X)
et tltl"‘t '- T T

.Er"lrh: I 0.5 1.0
Samples

et _xlabel( "S5 ) Convolution using numpy.convolve

.'tpmfnv, v‘
et _title("
.Erldtl
et {1d|':I|-'1E

.'thfnc, cﬁ
.Er‘ll'h: | Samples
:[2].set_xlabel( "Sar




Wneuakn Eneéepyaocia Znuorog

* JUVOALKA £€€060C CUGTAMATOC

* H ouvoAikn £€6060G EVOG CUCTNATOC LE KPOUOTLKA amoKkplon h[n] kat pe amAeg
XOPOLKTNPLOTLKEC pilec Sivetal wg

N
yln] = yoilnl + yosln] = ) eiyuln] + x[n] * hln]

=1
* ‘Exoupe O€L WG TPOTIOTOLELTAL N TTAPATIAVW OXEON YL TIOAAATIAEC pileC

* Qa pag anoaoyoAnoouv katd kavova XA cuotipata, SnA. TETOL WOTE

y[n] = Vzs [n] = x[n] * h[n]
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