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" Jd
Eioaywyikd Oéuara

m AvTiKeigevo Tou paBAapaToc Twyv Aopwv Acdopévwy givai
n avamapdoTtadon Kdi n diaxipion CUVOAWY avTIKEIHEVWY
(dedopéva), Ta omoia emdéxovral Tpaleic e€aywyng
TAnpoopiac K aAAayng Thg cuvBéoswe Toug.

Apnpnuévol Turor Aedopévwv

‘Eva n tepiocodTEPA aUVOAA AVTIKEIHEVWY Kal Hid CUAAOYA
AsiToupyiwy (TTpd€ewv) €Ti TWV OTOIXEIWV TWV CUVOAWNV.

TMapadeiypa (eUpeon oToixeiov ot wivaka)

m Ta dedopéva gival kATolou TUTTOU, £0Tw Type, Kal UTTApXE!l Hid
vpappikn éidraén avdpeod Touc:

V' u,v rumou Type, EiTEu<v, Av<u Rv-=LU

m Aidetar éva alvoAo S amo atoixeia TUTou Type kai {nTeiTal
amtdvtnon oTo £pWTNHA: «U € S?»

m 20voAa avrikelpévwy: otoixeia TUmou Type (T.X., U,v) Kal
Temepaoéva ouvoAa autwy (T.x., S

m 2 UvoAo AciToupyiwv: ATTAvTNONn TNG £pWTNONG «U € S?», 6TToU: U
eivar aToixeio TUToU Type Kal S gival TeMePAOHUEVO GUVOAO ATTO
oToIXEid TUTTOU TYpe. 1y240 - Tiavayiira @aroupou 3




" JA
Eioaywyikd Oépata - NAopéc Aedopévwy

m Mia dopn dedopévwy vAoTroiei Evav apnpnpévo TUTTO dedopEVWY.
m Mia dopn dedopévwy eTodévwe oupTtepiAappaver:

éva ouvoAo dedopévwy Ta oTroia emdéxovTal el epyaaia
HEOW ToUu auvoAou AsiToupyiwy Tou uttooTnpilovTal améd Tov
apnpnuévo TUTTo 0edOoHEVWY TTOU UAOTIOIEI h OOURA

uia dopn amoBnkeuong Twv dedopévwy (T.X., Evav Tivaka, pid
AioTa, KATTL.)

éva oUvoAo amo oplopoUc cuvapThoewv/d1adikaciwy, 0Tou nh
KdB¢e auvdpTnon/di1adikacia avTioToiXi{eTal O Hid ATO TIC
Ag1Toupyie¢ ThG OOUNAC,

éva ouvoAo amd «aAyopiOuouc», KABe £vag €K TWV OTTOIWY
VAOTIOIEI HIa aTtd TIC TapaTdavw ouvadpTAoeic/diadikaagisc.

O1 paoikéc AsiToupyiec mou umtoaTnpilel pia dopn dedopévwy givai:
TTpooméAaon AvalAtnhon Eioaywyn Aiaypayh
Ta&ivopnon AVTIVpd®ph 2 uyXwveuaon Niaxwpiopoc
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" A
Eioaywyikda Oépata - AAyop1Bpol

m AAyopiBpuoc cival pia temepaopévn akoAouBia
uttoAoyIoTIKWwyY PnpdTtwy (A evToAwyv) auoThpd
kaBopiopévwy (TTou KABe éva eKTeAEiTAI 08 TTETTEPATHEVO
XpPOV0), Td oTroia av akoAouBnBoUv emAUETAI KATIOIO
TpopAnua.

m O aAyopiBuoc 0éxeTal kamold TIHA R KATTOI10 GUVOAO
TIHWYV W¢ €icodo Kal divel KAtold TIUA A KATtolo oUVoAo
TIHwy w¢ £€o0do.

Eioodo¢: Nedopéva Tou apéxovTal aTov aAyopiBpo € apxAc
(Mpiv TNV €KKivnoh Tov).

Efoooc: dedopéva Tou amoTeAoUV To aTtoTEAEOHA ToU
aAyopiBpou.

m [Tpoypappa

YAomoinon evo¢ aAyopiOuou og kdmold yYAwaood TipoypdppaTiopou.
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" A
Eva ATtA6 TTapddeiyua AAyopiBuou

Yywon evoc apiBpov x oe gia aképaia dUvapn n

Algorithm Power(x, n) {// TTepiypapn pe C-like yeudo-kwdika
// Input: évav mpayuaTiké apiBuéd x kai évav aképaio apiOuo n
// Output: évav payuariké apiBuéd mou 1goUTar ye xn

int j=0;
doubley = 1;

while (j < n) {
y =y
J =+
}

returny:
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" A
Texvikéc ATTodEIENC

m Xphon mapadeiydaToC A avTITtapadeiyudaTog

Loxupiopog: «Ymdpxel TouAdxI0Tov €va OTOIXEIO X 0TO oUVOAO S TTou £XEl
Tnv 1016TNTa P» -> T1a va d¢cifoupe 0TI 0 1GXUPIOHOC 10XVUEI, AdPKEi va
Ppolpe éva aToixeio X Tou S TTov IKavoTolei Thv P.

Toxupiopoc: «KdBe atoixeio Tou S 1kavoToiei Thv 1816TnTa P» -> MNa va
Ssi)éouus OT!I 0 10XUPIOHOC OV 1oXUEl, dpKei va PpoUpe €va oToIXEi0 X TOU
S mou d¢ev €xel Tnv P.

m AvTiOeTo-avTtioTpopn & ATtaywyn €i1¢ AToTo

Toxupiopocg: «Av To yivopevo ab eival TepITTO, TOTE KAl TO @ £ivail TTEPITTO
Kdl To b gival TtepITTO»

Ma va amodeixOei 6TI «av o 10XUPIOUAG p gival dANBAG TOTE Kai o
I0XUPIOHOG q gival dAnBng», amodeikvUoupe 6TI «av o 1axupiopds NOT(q)
gival aAnBng, Tote kar o NOT(p) eivar aAnBng».

o ATodeIkvUoupE 0TI <AV N To a €ival dpTio N To b gival dpTio, TOTE TO YIVOHEVO
ab eivai dpTio» . Eatw, Xwpic PAAPN ThG YEVIKOTNTAC OTI TO a €ivail dpTio,
dnAadn a = 2*k, yia kamoio aképaio K. ToTe, To ab = EZ*k)*b = 2 * (k*b) civai
dptio. H epimTwon mou To b eival dpTio ival Tapopoia.

Me gi¢c dTtomro amaywyn.

o Eotw 671 To ab cival mepiTTo. YOOETOUNE VIA Va kKaTaAR§oupe o€ dToTTo TWCG R
TO a gival dpTio A To b €ival dpTio. Eotw Xwpi¢c PAAPN ThG YEVIKOTNTAC TTWC TO
b eivai dpTio, dnAadn b =2 * ﬁ yla kamolo aképaio k. ToTe, To ab = a* (2*k) =
2*(a*k) cival dpTio. Auté avTITiOeTal aTnv uTdBeon pag 611 To ab cival
TepITTO. H TtepimTWON ToU To a €ivai dpTio €ival Tapopoid.
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" A
MaBnuaTikin ETraywyn
Znteital va amodeixOei Twe évag 1oxupiopog I, mou oxeTiCeTal ye kamoia
HETAPANTA j, 10XVEI yId KABE TIPHA TNG HETAPANTAG |, OTTOU N | TtaipVer TIHEG
améd yia akoAouBia TIHWY Xy, X,, ..., X,,.
AttodeikvUoupe Ta EAC:

m Av o 1oxUupIopog I 1oxUel yia kdmoia Tiph Tou j (T.X., Thv X, ) TToU UTopEi va eival
oTToIadATIOTE TIPA EKTOC TNG TeAEUTAiAg TG akoAouBiag TipWwy TG j, T6Te o I 1oxUel
Kdl yid Thv €mopevNn TIHA ThG akoAouBiag Tipwyv Tng j (8nAadn via Tnv x,,,). (1)

m O T ioxVel yia Thv TpWTN TIPA ThG dkoAouBiag TiIpwv TG j (Thv X,). (2)

» apoU amo (2) o 10xUPITUOG 10XVEl via Thv X, amo (1) 1oxverl kai yia Tnv X,. (3)
» agpou amé (3) o 1axUpIoHOG 10XUET Yia TNV X,, amd (1) 1ox0er kai yia Thv X3. (4)
» agpou amé (4) o 1axUpIoHOG 10XUEN via TNV X3, amd (1) 1ox0er kai yia Thv X,. (D)

> (..)

» apoU amo (...) o 1oxupIopocg 1oxVel yia Thv X, ., aro (1) o 1oxupiopocg 1oxvel yia Thv
X

n-1/

n

© O 10xupiopog 10xUel yia 0Aeg Tig Tipég Tng jill
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" JA
MaBnuaTikh Emaywyn - TTapddeiyua

OpBéTnTa AAyopiOuou Power A'QO;'iTh"(‘) Power(x, n)
int j=0;

2 ugpoAiloupe pe y; ThV TIHA ThG HETAPANTAG Y doubley = 1;

oThv dpXA ThG j-00TAG avakukAweng, j=1, .., o

n+1. Oa deifoupe Twg y; = xi1, Vj=1..n+1, while (j < n) {
J y = y*x;

Me eraywyn oTo j. J=J+L

Apkei va deifoupe Twg y; = xIL, }

Bdon emaywync returny;

j= 1. Apxika, y; = 1= x0 = x!-1 = xi-L, }

Emaywyikn YéBeaon

Eotw 611 yia kdmoio k, 1 < k< n+1,y, = xk1,
Emaywyiko BAua

Oa d¢cifoupe OTI 0 1I0XUPIOKAC 1oxVUel yia (k+1):
Yket = xk,

ATIO aAyopiBuo: y,,; = Y, *X.

ATO emaywyikn utoBeon: y, = xk1,

Apa, Y., = Xk, 6TTwg amaiTeiTar.
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MaOnuaTiki !navwvr'\ - Ioxuph Emaywyn

Ma kdmoloug 1oxupiapouc I, dev pmopei va amodeixBOei n (1), aAA@ pmopei va amodeixOei oTi:

m  Av o ioxupiopog I ioxUel yia k@Oe TipA Tou j TTou TponyeiTal oTnv dkoAouBia TIHWY TNG j
amé omoladNToTE TIPA X, # X,, (ONAAdN av o 10XUPIoHOG 1GXUE! YId TIG TIHEG Xq, X2, ...\ Xi),
16TE 0 I 10XU¢E! KAl YIa TNV €TTOHEVN TIUA ThG akoAouBiag TIHWv TnG j (SnAadn via TNV Xy,q).

(19
ATrodeIkvUeTal €TTiong OTI:
m O I ioxUel yid Tnv TpWTN TIPA TNG akoAouBiag Tipwv Tng j (Thv Xy). (2)
Tore:
* agoU amo (2) o 1oxupIgUdc 1oxVel yia Thv Xy, amo (1%) 1oxUel kai yia Thv Xo. (3)

» apoU amod (2) kai (3) o 10xuUpIoUOC 10XUE YIA TIC X1, X2, a0 (1') 10xUel Kail yia Thv X5. (4)

» agpou amd (2), (3) kai (4) o 10xUPIOUOC 10XUEI YIA TIC X1, X2, X3, amd (1) 1oxver kai yia
TV X4. (5)

(-)

» agou amo (2), (3), (4), (B), ... (...) o 10xUpIOUOC 1GXUE! VIA TIG X1, X2, X3, X4, s X1,
amd (1%) o 10xUpIoPOG 10X0EI VIA TNV X,

© O 10xupiopog 10xUel yia 0Aeg Tig Tipég Tng jill
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"
MaOBnuaTtikn Emaywyn - Toxuph ETaywyn

AiyunTiako¢ TToAAawAaoiaopoc
Aivetai n ouvdpTtnon:

0, avy=0
m(x.y) = { m(x+x, y/2), av y dptiog & =0
X + m(x,y-1), av y mepiTTog & =0

Oa deifw 0TI m(x,y) = x*y, V BeTIkO aképaio X,y

Anodeifn: Me emaywyn oTo y.
Bdon 1ng emaywyng: Avy = 0, m(x,y) = 0, aAAd kai x*y = O, oTt6TE 0 1GXUPIOHAG 10XVEL.

Emaywyikn YéBeon: Eotw omoiadAmote TiuA y > 0. YmoBéToupe 0TI m(x,z) = x*z, yia
kdBe TipR z, 0 < z <.

Emaywyiké BAua: Amodeikvioupe Tov 10XUPIOHO yvid TV TIPA y: m(x*y) = x™y.

m Avoy eival mePITTOG: M(X,y) = X + méx,y-l). AT emaywyikh umtéBeon (z = y-1<y)
1oxVel 6T m(x,y-1) = x*(y-1). Apa: m(x,y) = x + x*(y-1) = x + x*y -x = x*y.

m Avoy eival dpTioG: m(x,x) = m(x+x, y/2). ATé emaywyikf umtdBeon (z = y/2 <y)
1oxVel 0TI m(x,y) = (x+x)*y/2 = x*y. Apa, m(x,y) = x*y.

»  Kai oTi¢ 800 TTEpIMTTWOEIC, O 1I0XUPIOUOC 10XUEL.
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" A
Koithpia EmiAoyhc AAyopiBuwy

B Xpovoc EkTéAeonc (xpovikh TToAUTTAOKOTNTA N
TTOAUTTAOKOTNTA XPOVOU)

m ATTAITOUHEVOC XWPOC - amoOnkeuTikEC Béacic (Béaeig
HUVAUNG) TTou XpnoipotoloUvTal (XWpIKkA TTOAUTTAOKOTNTA N
TOAUTTAOKOTNTA XWPOU)

m EukoAia TpoypappaTiopou

m [ evikoTnTa

AvdAuon AAyopiBuou amokaAcgital n eUpeon TWV TOPWV
(Xpovoc, XWpocg) TToU auTOC ATIAITEI YId VA EKTEAEOTEI.
Mac evdiapépel KUPiWEC N XPOVIKA KAl N XWPIKA
moAuTtAokOTNTA. O1 dU0 auToi TtapdpeTpol kaBopilouv Thv
amodoTIKOTNTA TOU aAyopiBpou.

To povTéAo uttoAoyiopoU atoTeAei Thy agaipeTIKh Bewpnon
TOU UAIKOU TToU O1aTiOeTal yia Thv eKTEAEON Tou aAyopiOpou.
HY240 - TTavayiwTta &atoUpou 12



" J
To MovTéAo YToAoyiopoU RAM
Mnxavn Tuxaiac TTpoorwéAaonc (Random Access

Machine, RAM)

To ovoTnua Ttapéxel:
m TOUG avaykdaioug kataxwpntég (registers)

évav ovoowpeuTh (accumulator)

Hia akoAouBia anoGnKsuanv Ocoewv (memory cells)
ue dieuBuvoeic O, 1, 2, ... ou amoTeAoUv Thv KUpld HvAun

To oUoThua civai ogg Béon:

va ekTeAei apBunTikég pdéeic (+, -, *, /, mod)

va Ttaipvel amopdoeic 1akAadWoswE (|f else...) pdoel
TWV TEAEOTWYV 20: <,>,=¢,>=, =)

va diapadel h va ypdyel ané Kdl TTpoC oTroladnmoTe Béan
HvVNHNG.

HY240 - TTavayiwTta &atoUpou 13



" A
To MovTéAo YmoAoyiopoU RAM

2 TOIXEIWOEIC EVTOAEC

m Karaxwpnon TIHAC 0€ Hia HeTAPANTA

m KAnon piag peGodou

m EkTéAcon piac apiBunTikhg mpaéng

m 2 Uykpioh 0Uo apiBuwy

m Asikt0d6Tnon mivaka (ouppoAioupe pe A[s..u] évav
Tivaka Tou oTroiou n TpwTn Béon deikTodoTeiTal ATd ThY
TIUA S evW N TeAeuTdia amd Thyv TiuA u, cuppoAiloupe
etiong He A[i] To i-00TO OTOIXEiO TOU Tivaka A, S =< i =< u)

m [Tpoopaon otn dicvBuUvon PVAUNG TTou dEixX Vel €vac
O€iKTNC

m EmoTpoph amd pia péBodo (return)

HY240 - TTavayiwTta &atoUpou
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" A
To MovTéAo YmoAoyiopoU RAM

Métpnon Movadiaiov KooToug

> O xpbvo¢ ekTEAEONC KABe oToixeIWdoug evToAng e€apTdral
amé 1o UAIKO (givar ave€dptnTog amd Th yAwagoa
TPOYPAUHATIoHoU) Kai iooUTal e kKdTola oTaBepd. Ocwpolue
0TI KAB¢e TETOIA EVTOAR eKTEAEITAI O€ Hia Hovdda Xpovou.

MéTpnon AoyapiBuikol KooTtoug

> H oToixeiwdng evroAn amaitei xpovo avdAoyo Tou HAKOUC TNC
OUadIKAC avamapdoTadong TWV TEAEOTEWV.

TTapadeiypa: H petakivnon evog apiByou h améd Thv Kupia

HVAUN TIpoG évav KATaxwpnTh aTaiTei Llogn] + 1 povddeg
XPOVOU.

2. uvhBwg, ipayudToTolEiTal avdAuon Twy aAyopiOuwy pdaocer
HETPAOEWC Hovadidiou KOaToug (EKTOG Kal av YiveTdl eKTEVAG
xpnon mpalecwv emi oupPoAoasipwy bit).
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Xpoviki TToAuttAokoTnTa

m EiodyeTal pia petapAnti n tou ekppdlel To HéyeBoc ThC €100d0u.

TTapadeiypara

m 270 MPpOPAnUa avuywaoeswc oe dUvapn To HEyeBoC auTo €ival To h, n
duvapn othv omoia mpéTel va uywOei o dedopévoc apiBuoC.
m 2¢ éva mpopAnua Talivopnong evocg mivaka, To HéyeOocg Tou
TpoPARUATOC €ival To TTARNBOC TWV OTOIXEiWV TOU TTivakd.
H oywon evé¢ apiBuou arn duvaun 100 anaitei TV EKTEAEON
TTEPICOOTEPWY OTOIXEIWOWY EVTOAWY amd Thy Uywon Tou idiou api6Liou
g€ pia LIKpdTEPN duvaun, m.x., otn duvaun 2! Ouoiwg, n raéivounon
1000 ap/Buwyv amaitel mep1000TEPO XPOVOo amo Thv Tacivounon 3
ap16uwv!
m AUTO 10XUEI YEVIKOTEPA:
«(0 xpovo¢ mou anaiTel £vag aA yopfé’,uog VIa va EKTEAEOTEl ouxvd
efaprdrar amo 1o uEyeBog TN e10600u»!

Xpovoc EkTéAsonc yia ouyKekpipévn €icodo

m O xpovog eEKTEAEONC (r'unnmg Tlme) AN xpovmn noAunAOKomTa
EVOG aAyopiBuou yia pia ouykekpipévn €icodo cival To TARBog Twy
OTOIXEIWOWYV EVTOAWYV TIOU €KTEAOUVTAI KATA ThV EKTEAEON TOU
aAyopiBpou pe auTth Tnv gicodo.
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" A
YmoAoyiCovTac 1o TTARBOC TWV OTOIX EIWOWY
evToAWV - AAyop1Buoc Power

Algorithm Power(x, n) TTARGoc ZToixeiwdwv EvroAwv
int j=0; >1 m T(n)=1+1+n+l+2*n+ 2%n
double y = 1; > 1 +1=5n+4

m O mapamdvw TUTOC 10XUEI YId
OTTOIAOATIOTE TIHA TOU h.

while (j < n) { >n+1 : '
y = Y*X; L 2% = To mANBo¢ TWV OTOIXEIWAWY
A s EVTOAWYV TTOU eKTEAEI 0
j=i+L "2 n aAyopiOpoc¢ givai pia

} ouUVAPTNON Tou peYEBoUC n TG

returny; »1 e106d0u!
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Eva Akoun TTapadeiyua

TTpopAnua

Eicodoc
Mia akoAouBia améd n ap1Buoug
<a,, a, ..., a;.

‘E€odo¢ (output):
Mia usTdeson (avadidaraén)

<a;, a, .. a, Tng akohouBiag
£10000U £T01 WOTE:

a;<a,<..<a,

Algorithm InsertionSort (A[1..n]) {

// Eigodoc¢: évag pn-tafivounpévog
Tivakag A akepaiwv apiOpwy

// 'EEodoc¢: o Tivakag A e Ta oToixXeid
Tou o¢ aufouoa diatain

int key, i, j;
for (j=2;j<n; j++){
key = A[jI
i = j-1;
while (i > 0 && A[i] > key) {
Ali+1] = A[il;
i =i-1;
}
Ali+1] = key:
}
return A;

}

TTwc AsiToupyei o aAyopiBuoc av A =<5,2,4,6,1,3>;

HY240 - TTavayiwTta &atoUpou
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‘Eva Aképn TTapddeiyua

Algorithm InsertionSort (A[1..n]) { [5 4 6| 1|3
int key, i, j;
for (j=2;j<n; j++){
key = A[j];
SeAe 245813
while (i > 0 && A[i] > key) {
Ali+1] = A[i];
i=i-1; 112145 fi!
} | I
Ali+1] = key:;
}
return A;

TTwc AeiToupyei o aAyopiBuoc av
A=<524,6,11,3>

HY240 - TTavayiwTta &atoUpou
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" A
YmoAoyiCovracg 1o TARBOC TWV OTOIX EIWOWY
evToAwv - AAyopi1Buoc¢ InsertionSort

Algorithm InsertionSort(A[l..n]){ KéoToc
int key, i, j:
for(j=2;j=<n; j=j+1){ = —mmmmmmmr- > 1+ n+2*(n-1)
key = A[jI 0 - > 2% (n-1)
i=j-L e > 2*(n-1)
while (i > 0 && A[i]> key) { ----—-—————————————- > 4%, t
Ali+1]1= A[il, - > 4*T ., ( - 1)
=i e > Z*ZJzn( -1)
}
Ali+1]= key; e > 3*(n-1)
}
return A; e > 1
}

tt 0 ap1Bu6¢ TwY Popwy TOU 0 e)\evxog Tou while loop ekTeAciTal yia
Th OUYKEKPIUEVN TIUA Tou j, 2 < j < h.
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" A
YmoAoyilovrac 1o TAROOC Twv oTOoIXEIWOWY
evTOAWV - AAyop1Bpuoc¢ InsertionSort
2 uvoAikoc Xpovoc EkTéAeonc

TN =1+n+2*(n-1)+2*(n-1)+2*(n-1)+4* 2 +. +4* X (+-1)
+ 2% T (t7-1) + 35(n-1) + 1 ! !

- lOn - 7 + 10*2\1:2"” TJ - 6* Z':znn 1
=10n-7+10% 2, . +,- 6 * {n-1)
= 4n-1+10% 3, 1,

TTolog eival o KAAUTEPOG XPOVOG EKTEAEONG TTOU UTTOPEI VA ETITEUXOEI
ato6 Thv InsertionSort?

O mivakac civail €€ apxnc¢ Talivounuévog oe avfouoa didtain.
Tore?
t=1vj=2,..,n.

mopsvwe, T(n) = 4n - 1+10 *(n-1) = 14n - 11

= YPAHHIKR ouvapTtnon Tou n!
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" J
YmoAoyiCovTac 1o TTARBOC TWV OTOIX EIWOWY
evToAwv - AAyop1Buoc¢ InsertionSort
[o10¢ €ival 0 XEIPOTEPOC XPOVOC EKTEAEONC KATA ThV
ekTéEAeon Tn¢ InsertionSort?
Ta oToixeia Tou Tivaka eivai oe @Bivouaa didatain.
Tore?
T = J.VJj=2, .., n Kka
Zion Yj=Zjon) =2+ .. +n=(n+2)(n-1)/2
Emopévwe:
T(n)=4n -1+ 5n+2)(n-1) = 5n° + 9n - 11

= TETPAYWVIKA ouvaptnon Ttou nl

HY240 - TTavayiwTta &atoUpou 22



"

AvdAuon XeipoTepNC TTEPITTTWONG

m O xelploTog XpOVOGC eKTeAeong (R N XpoVvikn noAunAOKomm
XEIPOTEPNG TIEPITITWONG) EVOG aAyopiBuou opileTal va gival o
HEYIOTOG XPOVOG EKTEAEONG Yid OTIOIABATIOTE €i0000 e
osijerlusvo HéyeBoc¢ n (kar ouvnOwWC gival cuvdpTnon Tou
h).

m [Twc pmopoupe va Pppoupe Eva dvw @pdypda oTh XPOVIKA
TTOAUTTAOKOTNTA XEIPOTEPNC TTEPITTWONG £VOC aAyopiBpovu;

m TTwg pmopoupe va Ppolpe €va KATW @pdypd oTNV XPOVIKA
TTOAUTTAOKOTNTA XEIPOTEPNC TTEPITTWONG £VOC aAyopiBpovu;

> Mag evoiapéper va PpoUpe To XaUnAGTEPO dAvw PpdyHa Kai To
UYNAOTEPO KATW Ppdypa. 2. Trold eKTEAEDN Tou aAyopiBpou
TIPETTEI VA £0TIACOUHE TTPOKEIHEVOU va UTToAoyIoToUV auTd;
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" A
AvdAuon Avapevopevne TTepimTwong

m Av cival yYVwoTh Kamoia katavopun mlavéetnrag i Tou cuvoAou Twy
OTIYMIOTUTIWY Tou ev Adyw TrpoPpARuaToc (dnAadh, dAwv Twy duvaTwy 106wV
Hey£Boug n), T6TE eival SuvaTh n avdAuoh avapevopuevng TepiTTwaong, n omoia
Hag Oivel TNV avapevopevn xpovukn TtoAunAOKOTnTa (R Tov avapevopevo Xpovo
eKTEAEONC) Tou aAyopiBpou, 0Tav Tou 60Oc¢i pia vopipn icodog pe HéyeOocg n.

Tlapadeiypa
m  Ag umoB£ooule 0TI Td h gToixEid Tou Tivaka oTov aAyopiBuo InsertionSort
EXOUV 81TIA£V8I OHOIOHOp@A HE TUXAio TPOTIO ATTO KATTO10 AdpXIKO aUVOAO
oToixeiwv (universe).
m Tlooeg popég Ba ekTeAeaTei To owpa Tou while loop Tou aAyopiBuou yia
OTTOIAOATTIOTE TIHA TOU |
Kard péoo 6po, Ta piod otoixeia otov A[1..j-1] Ba civar pikpdTepa Tou A[j] Kai Ta dAAa
Hiod pyeyaAuTepa.
_E/nzousvwg, To avagevopevo TARBoG oToixeiwv Tou Ba eAeyxBoulv eivai j/2. Apa, t
j’2.
m O avapevopevog Xpovo¢ ekTéAeonc Tne InsertionSort cival emopévwg:
T(n) 4n-1+10*%, t,=4n-1+5*%,, j=4n-1+5*(n+2)(n-1)/2
= (6n+5n? + 510 -2)/2 = (5n2 + 11n"-12 )/2.

= TETPAYWVIKA ouvapTthon Tou nl
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" A
AvdaAuon XeipoTepnc TtepimtTwong - AvaAuoh
Avapevopevng TTepimTwong

B 270 HAOnua auto Ba soTidooupe oThv avdAuon XeIpoTePNC
TEPITTTWONG YId TOUC akOoAouBouc Adyoug:
O xeip1oTo¢ Xpovocg ekTEAeanC evo¢ aAyopiBpou eival éva tavw
ppdypa aTov Xpovo eKTEAeONC yia omolddnToTE €icodo peyEOoug n.

2.€ ToAAd TTpoPAAUATa, n XeipioTn TtepitTwon cuppPaiver ouxva
(T.x., amoTuxnuévn avalitnon).

O avapevopuevog Xpovocg ekTEAeong auxva Oev gival TToAU
KAAUTEPOC ATt TOV XEIPIOTO XpOVo eKTEAEONC.

m Ao €0W Kai oTo £ENC, o1 6poI XPOVIKA TTOAUTTAOKOTNTA KAl
XpOvoC eKTEAEONC £vOC aAyopiBpou Oa avapépovral oTn
XPOVIKA TTOAUTTAOKOTNTA XEIPOTEPNC TTEPITITWONG KAl OTO
XEipI0TO XpOVo eKTEAEONC TOU aAyopiBpovu.

HY240 - TTavayiwTta &atoUpou 25



" JdA
ACUUTITWTIKA AvdAucoh

H xpovikh ToAuttAokoTnTa ThC InsertionSort civai
5n?+9n-11.
Oi1 oTtaPepéc b, 9, -11 dev pacg divouv xphaoiun
TTAnpoyopida.
Mac svdiapépel Kupiwg o puBudc peTtaPoAnC TN
ouvdpThong ThS XPOoVIKAC ToOAUTTAOKOTNTAC:
ATO To dBpoiopa 5n2+9n-11 pac evdiapépel HOVo o0 KUpiapXoC
0poc 5n?, apou o1 dAAol dUo 6pol gival Un oNUAVTIKOI Yid HEYAAEC
TIMEC TOU h.
AyvoouUpe emion¢ To ouvTeAeoTn B, apou o1 oTaBepoi TapdyovTec
O&v gival onpavTikoi yiad HeydAec TIHEC Tou n.
Aépe Twe N xpoVvikh moAuTtAokoTNTa ThC InsertionSort
gival TETPAYWVIKAC Tdénc.
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" A
ACUUTTTWTIKA AvdAuon - 2uppoAiopoc O
Opiopoc

Eotw f(n) kai g(n) duo ouvapthoeic. H f(n) aviker ato O(g(n)),
f(n) € O(g(n)) h f(n) = O(g(n)), av umtdpxouv oTaBepéc ¢ € R* (c
TpaAydarikag, ¢ > 0) kar aképaiog hy > 0, éTa1 woTe yid kKABe n > n,
va 1oxUel:

0 < f(n) < cg(n)

20 ouppoAiopdc O umodnAwver 611 pia ouvdpTtnon (f(n)) civai
AOUUTITWTIKA dvw @paypévn.

eEivar agloonueiwTo 611 T0 O(g(n)) eivar éva ouvoAo
OUVAPTAOEWY, TO OUVOAO TWV OUVAPTACEWV Yid TIG oTtoieg n g(n)
ATOTEAEI AOUUTTITWTIKO dvw @pdypa. ETtaor, o ouppoAiopocg f(n) =
O(g(n)) (av kai ouvnBileTai yiati eivar PoAIKOG € KATOIEG
MEPITTTWOEIC) Oev ival paBnuaTikd owoTtoc. AnAwver amAd 6Ti n
f(n) civar péAoc Tou auvohou O(g(n)).
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"

ACUUTTTWTIKA AvdaAuoh - 2uppoAiopoc O

cg(n)

"0 f(n) = O(g(n))
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" A
ACUUTTTWTIKA AvdAuonh - 2uppoAiopoc O

Mapadeiypa 1: Eotw f(n) = an? +bn, 6mou a,b BeTikéC oTaBepéc.
Toxver o1 f(n) = O(n?);

Aravtnon: Avalnrtoupe otaBepég c eR & ny >0, T.W.:

an? + bn < ¢n?, yia kdBe n > n,

O <(c-a)n®-bn<=0<n(c-a)n-b] < (c-a)n-b >0 (apov n>ny,>0)
Av emiIAéCoupe ¢ = a+l kal oolodATIOTE Ny > b, n avigoTnTa

(c-a)n - b > 0 10xUel.

TTapadeiypa 2: Eotw f(n) = 20n3 + 10nlogn + 5. Ioxver 611 f(n) = O(n3);

Anavrnon: 20n3 + 10nlogn + 5 < 35n3, yia n > 1. Av amodeifoupe Twg
UTTApXOoUV OTaei:cpég ceR &Ny >0T1.w. 35n3<cn3, vV n>n,, Ba
1IoXUEI KAl TTWC (nl) <cnd, V n>n,. Apa, av emiAé€oupe ¢ = %5 Kdl
oTrol00ATIOTE Ny > 1, 0 10XUPIoNOG E%(n) = O(n3) amodeikvueTal.

TTapadeiypa 3: Eotw f(n) = 3 logn + loglogn. Ioxuei 611 f(n) = O(logn);
Arnavrnon: 3 logn + loglogn < 4 logn, av n > 1. Apa, av emAéCoupe ¢ = 4
Kal ommolodAToTE Ny > 1, 0 1axupiopdg f(n) = O(logn) amodeikvieTal.
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" A
ACUUTITWTIKA AvdAuoh - 2uppoAiopoc O

m Aéfyovrag OTI 0 xpovog EKTEAEONC evog aAyopiOuou civai
O(n?) evvoouus 0TI UTtdpX el Wia ouvdptnon f(n) n omoia
aviikel gTo O(n?), TéTold WOTE yia oToIASATIOTE TIHA TOU h
(ekTdG iowe amd kdmoieg PIKpEG TIUEG), aveldpTnTa amé Th
HOpYHA TNG KADE OUYKEKPIUEVNG £10630U HeyeBoug h, o xpovog
smsﬁo;\g Yld auTh Thv £idodo YpdooeTdl K TWV AVw aATé Thv
TIHA

m Aev givai ouvnBiopévo va cupmepiAappdvovral oTaBepoi
TapdyovTeg Kdl XaunAdTepng Tagng opor ato ouppohiopé O. O
10XUPIoHOG 2n® = O(4n? + nlogn) eival owaTég dAAd dev
OewpeiTal KKOPYOC».

m O 1oxupiopéc f(n) < O(g(n)) dev eivar emiong Kopwog agou To
O eumepiéxel TRV £vvoid TOU «UIKPOTEPOU A igou»:
uTtodNAWVEl éva pn auoTnpd ACUUTITWTIKG dvw ¢pdypa Tne f.

n EmTpensTal h XpAoh Tou ouppoAiopol O oe ap1BUNTIKEG

smppaoelg Mmopoupe va Aépe 611 n f(n) civar aTo h(n) +
gs(n)&: unapxouv oTaBepég € KAl Ny T.W., yId KABe n > n,,

(n) + cg(n).
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" Jd
ACUUTITWTIKA AvdAuon - ZuppoAioudc (2

Opiopoc

Eotw f(n) kai g(n) Vo ouvapthoeig. H f(n) aviker ato £2(g(n)),
f(n) € L2(g(n)) A f(n) = Q(g(n)), av umdpxouv oTaBepéc ¢ € R* (¢
Tpayuarikog, ¢ > 0) kai aképaiog ny > 0, €101 WOTE, yia KABe n > n,,
va 1oXVEl:

0 < cg(n) < f(n)

@ O auppoAiopoc €2 dnAwver 61 pia ocuvdpTtnon (f(n)) civar aoUPTTWTIKA KATW
@paypevn.

f(n)

/{‘ g,(.n)
I
B |
|

e Fl
0 £n) = Qg(n)
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" A
ACUUTITWTIKA AvdAuon - ZuppoAiouéc 2

TMapadeiypa 1: Eotw f(n) = an? +bn, 6mou a,b BeTikéc oTaOepéc. Oa
amodeioupe 611 f(n) = £2(n).

Anodei§n: Avalntolpe otaBepéc ¢ € R* & ny > 0 T.w., yia KABe n > n, va
loxUel: an? + bn > ch < an? + (b-c)n >0 < an + b-¢c > 0.

Av emiAé€oupe ¢ = b 1axUel 0TI an > 0, yia kdB¢ n > 0 (apou a € R*), dpa
viac =b & ny = 0, 0 10xUpIoUdG amodeikvueTal,

TTapadeiypga 2: Eotw f(n) = 20n3 + 10nlogn + 5. Toxuel 611 f(n) = 2(n3);

Arnavrnon: 20n3 + 10nlogn+ 5 > 20n3, yian > 1. Apa, av emiAé€oupe
¢ = 20 kai omoI0dATTOTE Ny > 1, 0 1oxUp1opdc f(n) = £2(n3) amodeikvueTal.

TMapadeiypga 3: Eotw f(n) = n3 - 10nlogn - 5. Toxver ot f(n) = £2(n3);
Anavrnon: n3 - 10nlogn-5 > n3 - 10n? - 5n?, yia kdB¢ n > 1. Avalntouue
oTaBepég c e R" & Ny > 0, T.w. , yid kKABe n > n, va 1oxvel:

n3 - 10nlogn-5=>n3 - 10n - 5n? > cn¥ <

n3-15n2>cnd3< (1-c)n®-15n°>0< (1-c)n-15 > 0.

EmAéyovrag m.x., ¢ = 1/2 ka1 ny = 30, n TeAeuTaia avigoTnTa 1I0XVEI VI
KABe n > n,. Apa, o 1oxupiapog F(n) = £2(n3) 1oxUel.
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" A
ACUUTTTWTIKA AvdAuoh - 2uppoAiopoc ©
Opiopoc
Eotw f(n) kai g(n) duo cuvapthoeic. H f(n) aviaker ato ©(g(n)),

f(n) € ©(g(n)) n f(n) = @8(n)), av 1oxUel OTI
f(n) = O(g(n)) kai f(n) = £2(g(n)). g 5070

f(n)

Z : n
Ly f(n) = O(g(n))

Av f(n) € ©(g(n)), 1oxvel 611 utdpxouv oTaBepég ¢4, C, € R+ kal aképaiog ny > 0O,
£TOI WOTE yId KAOe n > n, va 1oXVEL:

c,9(n) < f(n) < c,g(n)

@ O ouppoAiopdéc © umodnAwvel 611 pia ouvdpTthon (f(n)) civai
AOUUTITWTIKA @payuévn e auotnpd Tpomo (n g(n) cival éva acuUTTTWTIKA
avoTnpo gpdypa yia thv f(n)).

HY240 - TTavayiwTta &atoUpou 33




" A
ACUUTITWTIKA AvdAuon - 1010TnTeC

MeTapaTikn IdioTnTa

m f(n) = O(g(n)) kai g(n) = O(h(n)) = f(n) = O(h(n) (To id10 10xVEI Ka
yid Tou¢ aupPoAiapiouc €, O).

AvakAaoTikn IdioTnTa

= f(n) = O(g(n)), f(n) = (g(n)) kai f(n) = ©(g(n))

2 uppeTpikn IdioTnTa
= f(n) = ©(g(n)) av kai yévo av g(n) = O(f(n))

Avaotpogikn IdioTnta
= f(n) = O(g(n)) av kai pévo av g(n) = £2(f(n))

AAAec IdioTnTeC

m Av flgn) = O(g(n)), Tote (cf)(n) = O(g(n)), yia omoiadnmoTe oTabepd
C € R,

= Av f(n) = O(g(n)) kai h(n) = O(%(n)), 167€E (C,f+C,h)(n) = O(g(n)) via
omoladAmoTe 0TaOepéC ¢4, €, € R*.
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" A
2 UVRBeIC TAEe1c TOAUTTAOKOTNTAC

XapaKThpIoTIKEC KAAOEIC oUVAPTATEWYV
Kal ol HETAEL ToUuC ox£EOEIC
O(l) c

O(log n)

O(log® n), yia kaBe k> 1
O(Vn) c

O(n) <

O(n log n) c

O(n?)

O(nk), yia kd@Be k> 2 =
o(2M <

O(nD) <

O(n")
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" J
ACUUTITWTIKA AvdAuon - MiaTi gival onpavTtiki;

Size ||logn | ./n|n nlogn | n? n3 2n

ior:cpu‘r

2 1 14 |2 4 8 4

4 2 2 |4 8 16 64 16

8 3 28 |8 24 64 512 256

16 4 4 |16 64 256 4096 65.536

32 5 5.7 |32 160 1024 32.768 4.294.967.296
64 6 8 |64 384 4096 262.144 1,84 * 1010
128 7 11 | 128 896 16384 2.097.152 3,40 * 1038
256 |8 16 |256 |2048 |65536 16.777.216 1,15 * 1077
512 9 23 | bl12 4608 |262144 |134.217.728 |1,34* 1014
1024 |10 32 | 1024 |10240 |1048576 |1.073.741.824 | 1,79 * 10308

AUENTIKOC XapakTApaAg ZuvapTAoEWV
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" J
ACUUTTTWTIKA AvdAuonh - TMiaTi €ival ondavTikA;

Size of l n n2 no n 3n

input

10 0,01 0,1 msec |0, sec 1 msec 59 msec
msec

20 0,02 0,4 msec |3,2sec 1 sec 58 min
msec

40 0,04 1,6 msec |[1,7 min 12,7 days | 3855
msec centuries

50 0,05 25 msec | 5,2 min 35,7 2*108
msec years centuries

60 0,06 3,6 msec |13 min 366 1,3 * 101
msec centuries | centuries

EvdcikTikEC Avaykec oe Xpovo YToTiIBEpevwy AAyopiBpwy
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" A
ACUUTTTWTIKA AvdAuoh - TMiaTi €ival ondavTikA;
MéyeBoc Tou peyaAUTEPOU OTIYHIOTUTIOU £VOC TTPOPAAHATOC
oV PTropei va emAuBei og 1 wpa

n h2 ho 2n 3n

Me évav Tpéxov | N, N, N N, N5
UTTOAOYIOTRA

Me évav 1I00N; [10N, |[25N; N,+6,64 |N;+4,19
uttoAoyiotn 100
POPEC TTIO
YPAyopo

Me évav 1000N, |31,6N, [3,98N; |N,&+997 |[Ns+6,29
UTTOAOYIOTRA
1000 gopéc mio
YPNYOpo
Emidpaon PeATiwpévng TexvoAoyiac ae d1dpopouc TOAUWVUHIKOUC
Kal eKOeTIKOUC aAyopiBuoug
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"
Xphoigo MaBnuartiko YmopaBpo - EkBETeC
& AoydpiBpol

Ma omolouodnmoTe TpaypaTikoU¢ apiBuol¢ a >0, m Kai n, 1oxUouv Ta e¢NC:
ma®=1,al=qg,al=1/aq,

- (am)n — amn’ (am)n — (an)m

m g™g" = g™n. gm/qgh = g™

2 uppoAiloupe pe e = 2,71828... Tn pdon Twyv QuoIkwy (VETTEPEIWY)
AoyapiOpwv.

Na 6Aou¢ Toug npavuanxoug a3pI9u0U(_: X 10xVEl OTI:
X

e’ —1+x+x—+—+ —
2! 3 = i!
Na oTroIouadNTTOTE TTPAYHATIKOUC apuGuoUg a,b,c >0, 1oxUouv Ta Enc:
log,ac = log,a+log,c,
log,(a/c) = log,a - log,c, log,(1/a) = - log,a
log,ac = ¢ log,a
log,a = (log.a) / log.b
q= blogba’ blogca _ a.Iogcb ’ IOg(Hk 1ak) Zlogak
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Xpnoipo Mabnuartiko YmopaBpo - Katw kai
tavw aképaio pépoc & TTapayovrikd

Ma kdB¢ mpaypaTiko apiBuo x:

m 70 oUppoho x| dnAwvel To peyaAUTepo aképaio Tou givail HIKPOTEPOC R i00C TOU
X Kdl To oUppoAo | x | 3nAwvel To peyaAUTepo aképaio Tou gival HeyaAUTEPOC R
igo¢ Tou X

m x-1<|x]<x<[x]<x+l
m [1a omolouodnmoTe akepaioug a,b > O 1oxUel OTI:
[Ix/al/b]=]x/ab]

[[x/al/bl=[x/ab]
Ma kB¢ aképaio n, 10xVel 6T Ln/21+[n/2]=n

1 If n=0

nl=1*2* . *n,A nl= _
n*(n-1)! otherwise

nl < nn
log(n!) = ©(nlogn)
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" J
Xpnoigo MaBnuariké YmopaBpo - ABpoiouara
Ap1OunTikn TTpoodoc
n(n+1)
2

Zn:k:1+2+...+n:

N
aq+a,+...+4a, :E(a1+ah)
MewpeTpikn TTpéodoc

Xn+1 _1
DX =14 X+ X+ X =
k=0 00 1 X_l
Av |x| <1, TéTe
g T 1-x

TnAeokomikn (Telescoping) Zeipd

n TTapaéelvua

2 @ -a)=a-a 3 RN SN
- kl|<(|<+1) i D T
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" A
AvdAuon Avadpopikwy AAyopiOuwv

Eivai n Powerl o mio amodoTikdc aAyopiOuoc yia To mpoPpAnpa Uywaong
ap1Bpou oe duvapn;

Algorithm RPower(x, n) { EoTw omoloadhmoTe aképaiog h Kai

£aTw 0TI auppoAiCoupe pe T(n) Tn

double Y XPOVIKA TTOAUTTAOKOTNTA TOU
RPower() 6Tav autoc kaAsital ge Tn
if (n==1)returnx; ---->2 5eUTEPN TTAPAPETPO ion pE TO h.
y = RPower(x, [n/2]); ---> 1+ T(Ln/2)) Tore.
Fniseven e T(1) = 2 kar T(n) = Tdn/2)+ 7 (1)
return y™y. -3 2
else O 6pog avaagoul’Kr'\ oxéon SnAWwvel
uia eiowon R aviowan n oToid
return x*y*y; ___., 3 opiCel pia ouvdpTnon péow TS TIHAC
) TNC Yid KATT0I0 HIKPOTEPO OpIoHA.

TTwc pmopoupe va AUooupe TNV
avadpopiki axéon (1) (dnAadh va
Ppoupe acuUUTTTWTIKA PpAyHaTa
TUToU © K O yia 1o T(n);
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" A
AvdAuon Avadpopikwy AAyopiOuwv

Texvikéc AenTopépeiec mou ayvoouvTal oTnhv wpaén

m YToOeon 0TI oI OUVAPTAOEIC £XOUV AdKEpAIA opiopaTd
(dvw kai kKATw aképaia pépn)

m ApXIKEC OUVONKEC

M£Bo0doI emiAuonc avadpopikwy eflowoswv
m MéBodoc¢ eikaaiag
AiaTuntovoupe pia gikaagia yia Tn AUon.

Me paOnuarikn eraywyn mpoadiopioupe TIC oTaBepéc Kai
amodeIkvUOUHE OTI h AUoh 10XVEL.

m MéBodoc emavaAnmTIKAC avTikaTdoTaong

Epappoloupe emavaAnmTikd Tov 0pIiopd ThC avadpopiKAC
e€iowaeswc péxpl 1o T(N) va ekppaoTei we £va aBpoiopa opwy
oV £€dpTWVTAI HOVO ATTO TO h KAl TIC dpXIKEC OUVONKEC.

m [evikn péBodoc
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" JEE
EmiAuon Avadpopikwy Zxéoswv - MéBodoc Eikaaiag

TTapadeiypa 1: TTpoodiopiopdc dvw ¢pdypaTocg yia Tnv avadpopikn axéaon:
1 ifn=1
T(n)=

2T({n/2])+n otherwise
Eikaloupe 61 n Auon givai O(nlogh). ATodeikvUoupe emaywyikd 611 T(n) <
cnlogn, yia katdAAnAn Tiph Tng otaBepdg ¢ > 0.

m AVTIKaOIoTWvTag aThv tapamndvw efiowon Kai epappolovTag 1oXuph
ETTAYWYA:

T(n) < 2(c Ln/2Jlog(Ln/21)) + n < cnlog(n/2)+n = cnlogn - cnlog2 + n
= chlogn -ch + n < cnlogn, av ¢ > 1.
m EAEyxoupe TIC dpXIKEC OUVONKEG:
n=1: T(n) < cnlogn = T(1) < cnlogl = O, To omoio avTITiBeTal aTN CUVONKN
T(1) =1.

m O douuTTWTIKOG cupdpoAioudg amtaiTei va amodeifoupe T(n) < cnlogn, yia n >
ny, 6TTOU hy, oTroladAToTe aTaBepd. O&TovTag ny = 2, amodeikvueTal 0TI N Pdon
TNG ETTAYWYAG 10XVEI YiId KABe n > nyav ¢ > 2:

Ao avadpopikh axéon: T(2) = 4
Toxupiopog: T(2) < c2log2 < 2*2 = 4. Ioxvel
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" A
EmiAuon Avadpopikwy Zxéocwyv - MéBodoc Eikaoiac
TTapadeiypa 2: TTpoadiopiopdg avw @pdypatog yia Thv avadpopikn oxéon:

T = 2 ifn=1
(W= {T (n/2))+7 otherwise

m EikdCoupe 6711 n AUon eivar O(logn).

m ATtodeifTe emaywyikd 611 T(n) < clogn, yia katdAAnAn TiIUA TG oTaBepdg
c>0.

TTapadeiypa 3: TTpoadiopiopdoc dvw wpdyHaTocg yvia Thv avadpopiki axéaon:

T 1 ifn=1
(n)_{T(Ln/zj)ﬂ([n/z})u otherwise

Eikaloupe 611 n AUon civar O(n). TTpoomraBoupe va amodeifoupe 611 T(N) <
ch, yia kdmoia otaBepd ¢ > 0. QoTd600, AvTIKABIOTWVTAC OThV TTAPATIAVW
eCiowaon kai epappolovTac 1Io0XUph £TTaywyn:

T(n) <cln/2]+dn/2]1+1<cn+l>cn, Ve > 0. Aev 1oxUel!

Aokipdloupe va 10XUPOTIOINOOUNE TNV ETTAYWYIKA UTTOOcoN. ATTOdEIKVUOULE
0TI T(n) <cn - b, émou b > 0 kdmoia oTaBepAd.

AoKnon yid To oTiTi!
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" A
EmiAuon Avadpopikwy Zxéoswv - MéBodoc¢
ETtavaAnTTIKAC AVTIKATAOTAONG
TTapadeiypa 1: TTpoodiopiopdc dvw @pdyuaToc yid Thv avadpopiki
oXxeon: 2 ifn=1
T(”):{T(Ln/zj)n otherwise

T(n) = T(n/2)) + 7
= (T(n/4l)+7)+7 = T(n/4]) + 2* 7
=(T(n/8N)+7)+2*7=T(n/8J)+3*7
= T(Ln/21]) + i*7
TToTé oTapard n emavaAnmTIKA AvTikaTdoTaon;
Otav[n/21] =1=i>logn.
Tote: T(n) < T(1) + 7logn = 2 + 7 logn = O(logn)!
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EmiAuon Avadpopuikwy Zxéoswyv - MéBodoc¢
EmtavaAnmTIKAC AVTIKATAOTAONG
TTapadeiypa 2: TTpoadiopiopdc avw epdypaToc yid TnV avadpopiki

oxéon:
T4r) = 1 ifn=1
(W)= 3r(n/4])+n otherwise

T(n)=3*T(n/4)) +n
= 3* (3*T(n/42]) + [n/4]) + n = 32*T( n/42]) + 3*[n/4] +n
= 32%(3*T(Ln/43))+ n/42] )+ 3* [n/4] + n= 33*T(Ln/43]) +
32% n/42] +3* | n/4] + n
< 3*T(Ln/4]) + n*((3/4) + (3/4)1 + ..+ (3/4) + 1)
< 3*T(Ln/4']) + 4n
TToT€ oTapard n emavaAnTTIKA AvTIKATAOTAON;
Otav[n/4i] = 1= i>logyn.
Tote: T(n) < 3*T(1) + 4n = 309" + 4n = nlogs3 + 4n < 4n + n = O(n)
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" A
TTeipapaTikh AvaAuon

m H xphon Twv O, (2, O umopei va odnynoel os AdBo¢
oupmepdoparta otav Ta O, £2, © urokpUTITOUV 0TABEPEC
IOV €ival HeYAAeC.

TMapadeiypa: H ouvdptnon 101%9n = ©(n), aAAd évag aAyopiOpog
He xpovikh moAuttAokdTnTa 10nlogn Ba ATav TpoTINO6TEPOG apoU
o€ OAeC TIC AoyIKEC €10000UC 0 20C aAyopiOuoc Ba
OUUTTEPIPEPOTAV TTOAU KAAUTEPA ATIO TOV TIPWTO.

m O1 aAyopiBpol Tou £€Xouv TTOAUWVUHIKA XPOVIKA
TTOAUTTAOKOTNTA OcwpoUvTal aTToTEAEOUATIKOI, EVW AUTOI
TTOU ATTAITOUV €KOETIKO XpOVo eKTEAEONC €ival pUn-
ATTOTEAEOUATIKOI.

m (Jotbdoo, évac aAyopiBpoc Tou amaiTei XpOvo eKTEAEONC
O(nl%) dev Bewpceital amoTeAeopaTikoc!
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" A
TTeipapaTtikh AvaAuon

H aoupmTwTIKh avdAuon:

dev TTapéEXEl TTANPOPYOPIEC yid TOUC oTaBepoUC TTAPAYOVTEC
TToU KpUPovTal KATW amd Touc oupPoAiopouc O, () kai O
dev KaBopilel diaxwpIoTIKEC YpaUHEC HeTAlU
AOUUTITWTIKA dpywV dAyopiOuwy pe HiIkpoUC oTaBepouc
TAPAYOVTEC Kdl ACUUTITWTIKA TTI0 YPAYOopwV dAyopiBpuwv
He peyahoug oTaBepolC TapdyovTeC

eoTidlel KUpla ge €10000UC XEIPOTEPNC TTEPITITWONG, TTOU
UTTOPEI va Pnv €ivai ol o avTITIPOCWTIEUTIKEC Yid
OUYKEKpIMEVA TTpoPARUATA

via ToAU TToAUTTAOKOUC aAyopiOpouc Umopei va punv UTopEi
va eTITEUXOEI.

M1a 6Aoucg auTtoug Toug Adyoug, gival XpAaoiHo va pttopoUpe
va HeAeTdpe aAyopiBuoucg Kai pe TEIPAPATIKO TPOTIO.
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[e1papaTiki AvdaAuon - ETiAéyovTac

HETPIKA TTOU Ba peAeTNOoUV

EkTignon Tou dcUPTITWTIKOU XPpOVOU EKTEAEONC EVOC
aAyop1Bpuou oTh péon mepimTwon.

2. UyKpioh dUo N Ttep1o0oTEPWY aAyopiBuwy TTpoKeipévou
va amo@aciaTei ToI0¢ ival o YPAYOPOS Yid KATo10
eUpOC TIHWV 10600V [no,nl]

Ma aAkyopiBuoug Twv oTtoiwv h guuTepipopd e¢apTdral
améd apiBUNTIKEG TAPAUETPOUG, OTIWG TT.X. KATIOId
oTaBepd a h €, EUPECN TWV TILWY AUTWY TWV
TApAPéTPWY YId TIC OTIOIEC ETITUYXAVETAI R KAAUTEPN
duvarth amodédoon.

M1a aAyopiBpouc TTou amookoToUv aTnV eAaxIOTOTTOINON
A OTN UEYIOTOTTOINON KATTOIAC ouvdpTNoNnG, HEAETN TNG
qgéaomong Tn¢ €€6dou Tou aAyopiBpou amd T PEATIOTN
££000.
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" A
TTeipapaTikn AvaAuon - Ti gidoug peTpnRoeic Oa
TpayHaTomoinBouv

m TTpaypaTikog xpovog ekTeAéanc aAyopiOuou (xpnon
gettimeofday() h dAAwv ouvapTAGEWY TTOU HAG TIApEXEl
To oUoTNhpa)

YTtdpxouv TtoAAoi TTapdyovTeC TTOU PTTOpOUV vd
ETTNPEACOUV TIC HETPAOEIC
Ymdpxouv dAAa TtpoypdupaTa Tou eKTeAoUVTAl TAUTOXpOVA;

XpnoipoTtrolei o aAyopiOuoc Thv KpUPHR HVARN TOU CUCTANATOC
amoTeAeoUaTIKA;

Eivai apkeTh n HVAHN TOU CUGTALATOC YId TNV ATIOTEAEOHATIKA
eKTEAEON Tou aAyopiOpou;)

m MéTpnon TpwTapX iKWY AEITOUPYIWY TTOU £TTITEAOUVTAI
amo Tov adAyopiBpo
Avagop£g aTh pvApn
2 UYKpIOEIG
ApIBUNTIKEC AEITOUpYiEC
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" JEE
TTeipapatikh AvdAuon - TTapaywyh Acdopévwy
Eig6dou ou Ba xpnoigomoinBolv via Ta melpdpard

TTapaywyh apkeTwyv delyudTWY WOTE 0 UTTOAOYIOHOC HEOWY TIHWY va TTApEXEL
ONHAvTIKA OTATIOTIKWG 0edopéva.

TTapaywynh deiypdTwy didPopeTIKWY HEYEOWY WATE va gival eQIKTA n e€aywyh
OUUTTEPAOHATWY Yid didpopeTIKA HeYEON TNG 10600V

TTapaywyh dcdopévwy avTITIPOOWTIEUTIKWY EKEiIVWY TTOU 0 aAyépiBuoc Ba
ouvavTnoel oThv Tpdén.

Oépara YAoroinong

O xpovoc ekTEAeaNC evoc aAyopiBuou e€apTdTal amd To UAIKG, Th YAwaoda
TIPOoYPAHHATIONoU Kal TO HETAPPAOTH, dAAd KAl atrd To Tooo O&IvOC gival o
TPOYPAHHATIOTAG.

KaTtd tn oUykpion péow TreipapdTiknG HeAETNG dUo aAyopiBuwy, o idio¢ Paduocg
PeATIOTOTIOINONG TOU KWAIKA TIPETTEI VA £PAPHOCTEI OTIC UAOTTOINCEIC KAl TWV
dUo aAyopiBuwy (kai o ahyopiBpol kaAo ival va €xouv UAotroinOei amo
TIPOYPAUUATIOTEG avdAoyng epTelpiac).

Ta xapaktnpioTikd (mTAhBo¢ KME kai TaxUTtnta autwy, péyeBog KUpiag Kai
KPUPWYV HvNPWY, TaxUTNTd Tou KavaAioU eTikoivwyid¢ He Th HVAUN) Tou
OUGTAHATOC OTO OTIOIO TTPAYUATOTIOIEITAI TO Treipapa Oa mpémel va
KaTaypd@ovTdl AETTTOHEPWC.
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