Evornra 7
KarakeppaTiopoc
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aTakeppaTtiopoc - ApxeEc AesiToupyiac

. , . , Type LookUp(set S, Key k) {
Eotw S = U 10 po¢ amoBrkeuan oUvoAo KAEIBIWV. return(HK):

Baoikh Idéa }
«Av T0 KAe1di k € S evog aToixeiou s ATav aképalog apiBuog, ToTe Ba nTav
duvaTo To k va amoTeAci deikTn og £vav Tivaka A, OTToU To OToIXEio S gival
amoOnkeupévo, dnAadh va 1oxUel A[K] = s».

= AV UTTNpXE ATTEIPOC ATTOONKEUTIKOC XWPOC, n eUpean eVOC OTOIXEIOU OTO OUVOAO
Ba cixe xpovikA ToAuttAokoThTa O()!!

® H umoBeon auTth cival avéQikTn:
Q TTdavra umdpxe!l éva mdvw éplo m ato diaBéaipo XWpo.
O H omartdAn og pyvApn civar yeydAn otav To oUvoAo £xel Aiya oToixeia ev o
xwpo¢ U Twv KAeId1wy gival TepdaTiog.

A¢ uTroOéooupe WG 0 XWPOG TwWV KAeIdIWYV gival To 0UVOAO TWV QUOIKWY
ap1Buwy.

Idéa

ATtoOnKeUoupe Ta aTolxeia Tou ouvoAou S oe évav Tivaka m B€oswy, TTou
ovopd{eTal mivakag KaTakeppaTiopoU Kai XphotgomoloUue pia cuvdpthon h n
otoia ameikovilel To ouvoho {0, ..., |U|} aTo olvoro {0,..m}. H ouvdpThon auth
AéyeTal ouvdpTnon katakeppaTiopoU. To oToixeio pe kKAe1di k amoOnkeleTal atn

GMQJ >_”I_”_A“_“_ Tou Trivaka. HY240 - TTavayiwTa &atoUpou 2




" A
Karakeppariopoc

Zuykpouoeic (collisions)
Orav via d0o kAeidida K; kai K; ne K; = K; 1ox0e1 611 h(K,) = h(Kj) Aépe Twg
ouppaivel cOykpouaon.

Ortav ouppaivouv cuykpouoeig, Ba mpéTel va yivel avakatavopun KAEISIWyY pe
KaTdAAnAo TpoTo WwoTe va emAUBEi n oUyKpouoh Kai Ta KAId1d va pmopolv va
PpeBolv (péow TnG LookUp()) oe Aoyikd xpovo HETA TNV avakaTavouh.

KaAéc Zuvaptnoeic Karakeppatiopol
Kdavouv kaAn d1aokopTian Twv KAEISIWY OTOV TTivakd.

Apxn AnAnc Opoiopoppnc Karavopung Twv KAsidiwy

«Av éva kAe1di K emiAéyeTal Tuxaia améd 1o Xwpo KAsidiwy, n mbavoTnTa va
1oxVe1 h(K) = j, ©a mpémel va givai 1/m, idia yia 6Aa 1a j, 1 < j < m (3nAadn
id1a yia 6Aec TI¢ Oéoeig Tou Tivaka)».

Tlapadeiypa Zuvaptnong Karakeppariopol
h(k) = k mod m
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MéBodoc Aiaxeipionc ZuykpoUoewv Twv

ZexwploTwv AAucidwv (separate chaining)

Insert(HashTable A, Key K) {
int pos;
pos = IA_O“ // €Upeon Tou KAEIB10U Tou aToixeiou e Tou U Pdoel ouvapTAOEWG KATAKEPUATIONOU
(e1oaywyn Tou aToixeiou pe kA1di K oTnv aAucida ekeivn oThG omoiag
To TPWTO oToIXEio Jeixvel o deikTng A[pos]):

// n eloaywyh umopei va yiver €iTe aThv apxh h aTo TéAog Thg aAuaidag

}

LookUp(HashTable A, Key k) {
pointer p; int pos;
pos = TQAV“ // €Upeon Tou KAEIB10U Tou OToIXEioU e PATEl TG OUVAPTAOEWC KATAKEPHATIOHOU
p-= >_“_uom“_~. // o p eivai eikTng oTo TIPWTO GTOIXEIO TNG AAUTIBAG
while (p!= NULL AND p->key |= K) p = p->next;
// didoxion Tng ahuoidag péxpr €ite va PpeBei To KAEIBi A va Odooupe aTo TEAOC TNG

return p:

}
Delete(HashTable A, Key K) {

int pos = T.A_O\. // €Upean Tou KAeId10U Tou aToixeiou e Tou U Pdoel ouvapTAOEWG KATAKEPUATIONOU
(eUpeon kai diaypagh Tou aToixeiou K améd tnv aAucida ekeivh aTng otoiag
To TpWTO oToIXEio Jeixvel o deikTng A[pos]):
w HY240 - TTavayiiwra &atoUpou 5

" A
MéBodo1 Aiaxeipionc Zuykpoloswv - MEBodo¢
=exwploTwyv AAucidwv - AvaAuon TToAumAokoTnTag
Q2 upupoAiCoupe pe n To péyeOog Tou Ae€ikoU Kal e m 1o HEyeBog Tou
TTivakad KaTakepUaTiopov.

Aippa 1

2 ¢ pia douh KATakeppUaTIopoU Pe aAuaideg, n aToixeiwy, To HEdo TARBOC
oToIXeiwv Touv eival amoOnkeupéva ae pia aluaida cival a = m/n (kai
pdAioTa pe mBavoTnTa Tou Teivel ato 1).

@ To a cival yvwoTto w¢ mapdyovrag ¢optou (load fator).

TToia givar n avapevopevn xpovikn mToAutAokoTnTa piag LookUp() ot
TiVAKA KATAKEPHATIOHOU opyavwiévou pe Th HEBodo Twyv aAucidwy;

HY?240 - Tlavayiwra &aroUpou 6




" JEE 0
MéBodoi Aiaxeipionc ZuykpoUoewv - MEBodoc
=exwploTwyv AAucidwv - AvaAuon TToAurAokoTnrag

O ZuppoAiCoupe pe S(a) To avapevopevo TARBOC TTpooPdoewy aTh HVAUN TTou
amaitouvral yia Tnv ekTéAeon piag emtuxnpévng LookUp() (8nAadn piag LookUp() ot
KA£1di TTou uTtdpx el oThv SopR).

Q ZuppoAifoupe pe U(a) To avapevopevo TAKGo¢ Tpoopdocwy oTh UVARN TTOU
amaitouvral yia Tnv ekTéAeon piag amotuxnuévng LookUp() (8nAadn piag LookUp() ot
KA£18i Trou dev uTtdpxel aTnv GopR).

= U(@)=1+a.

S(a)

TToio¢ €ivai o péoo¢ ap1Buo¢ pooPdoswy oTN HVALN TTOU aTtaiTouvTdl yid pid
emTUXNHEVN avalATnon, av:

0 1o péyeBoc TnC ahuaidag eivar 1; 1

O to péyeBoc¢ TnC aAuagidag civai 2; (1+2)/2

O To péyeBocg Tng aAuagidag civai K; (1+2+3+..+k)/k=(k+1)/2

Av 0Aec o1 ahucideg ATav Un-ddeieg, To avapevopevo HRAKo¢ KAaBe aAuaidag Ba ATtav a,
omdéte S(a) = 1+ (1+a)/2 = 3/2 +a/2.

Mia emmituxnuévn LookUp moTé dev eeTaler ddeieg aAuaideg. Mari?
oTé00, TO PAKOC ThG aAuadidac Pmopei va eivail Aiyo peyaAUTepo amé a:

S(a) ~ 2 + a/2 (auté éxel ndomm&w& .:&@m@mmwﬂmw%oc 7

" JEE
MéBodo1 Aiaxeipionc Zuykpoloswv - MEBodo¢
=exwploTwyv AAugidwv - AvaAuon TToAumAokoTnTag
Xelpdtepn mepimTwon;

Ta n kA€1d1d éxouv Tnv idia TIUA KATAKEPHATIONOU Kal £€TOl ToTmoOeToUvVTaAl OAA
aThv id1a aAuaida prikoug n. Xpdévog LookUp() oTn xe1pdTepn epimTwon givai
O(n) + xpovo umoAoyiopoU ThG ouvdpTNONG KATAKEPUATIOHOU.

®» H emidoon Tng peBoddou Tou KaTakeppaTiopoU eapTdral amd To TOGo KaAd h
ouUVApPTNON KATAKEPHUATIOHNOU KATAVEHEI TO CUVOAO TWV TTPOG €10aywyn KAEIdIWvV
OTIC m B£0€IC TOU TTivaka KATAKEPHATIOHOU.

TToia sivar n KaTdAAnAn €TIAOYA Yid TO m;

Eivar emBupunTo 1o a va civai pia otaBepd, dpa Oa B£Aape To m va
emiAeyei £To1 wote n/m € O(1).

TTéoo eUkoAa pmopoUpe va UAoTToIRGoUHE diaypa®h;

Eivar e@ikTé va uhomoinBei n diaypagh pe eUKoAo TpoTo. Bpiokoupe

HEOW TNC ouvdapTNONG KATakepHaTiopoU Thv KATAAAnAn aAugida oTnv
oTroia Oa mpémel va gival amoOnkeupuévo To TTpog diaypdgn KAE1Oi Kal
To avalntoupe ge auThAv. Av To KAc10i PpeBci, diaypdyeTal.
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" A
MEBGo0doc MikTwv AAugidwv
(coalesced chaining)

O H aAugida amoBnkeleTal péoa aTov Tivaka Tou gival ataBepou
peyéBoucg (8ev amaiTeiTal Suvapikh Tapaxwpenon HVARNG) = o Tivakdag
EKTOC TNG amoBnkeuong Twv dAAwy dedopévwy TTPETTEI va TTEPIEXEI KAl
gia oTAAN yia Thv amoBnkeuon Twy deIkTWV (€0Tw 6TI AUTO €ival To
medio next kABe oToIXEiou Tou Tivaka).

O Orvav ouupei olykpouon kai To Tedio hext Tou oToIxEiou TToU
TpokaAei Th aUykpouaoh givai A, avalnreital n pwrh d1aBéaiun Béon

Eekiviuvtag amé Tn Béon O Tou mivaka. ‘Eotw 611 n ©éon autA givai n p.

O To medio next Tou oToixeiou TTou TTpokaAei Th cUykpouah
evhpepwveTal va deixver otnv p.
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Q Mmopei va diamAékovTal diapopeTIKEC aAuaideg, dnAadh pia aAuoida | 19
HTropei va Trepiéx el KAIOIA TTOU €XoUV O1APOPETIKA TIUA KATAKEPHATIGHOL
(o€ avTiBeon pe Tn pacikh péBodo Thg aAucidag 6Tou pia aAucida
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TepIEXEl HOVO KAEIBIA Pe Thy idia TIUA KATAKEPUATIOHOU). 56
TTpoPpAnpa: Mia Béon oTnv omoia £xel TomoBeTNOci éva KAeidi yia To 20
0TT0i0 h CUVAPTNON KATAKEPHATIOHOU kaBopilel dAAn Béon eioaywyrc, | 19
HTopei va Tpémel va amoOnkelUoel apyoTepa To TpwTto KAeidi piag véag |1
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AUon: To kAeidi TomoBeTeital oTnv mpwTh d1aB¢01un Béon kai ouvdéeTal 71
010 TEAOG TnG aAuaidag Tou KAEIDIQN OV HETEXF dRVuERX KN Béan. 12
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" A0
MéEBodoc MikTwy AAugidwv

LookUp: 'I8ia pe ekeivn Tng Ppacikng pebodou Tng aAuacidag:

1.

2.

Bpiokoupe Tnv TiuR katakeppatiopol h(K) Tou pog avalATthon oToixeiou
(Tou éoTw 611 éXEl KAEIDI K).

Av To KA£18i PpiokeTal oTov Tivaka Ba eival o€ pia amd TiIc BOéoeig Tou
kaTaAapPpdavouv Ta atoixeia TNG aAucidag mou {ekivd amo th B£on h(K) Tou
Tivakd. AKoAouBoUpe Tnv aAucida auTh péXp! €iTe va Ppolpe To KAE1Bi TTou
avalnTdue A va pOdooupe oThv TeAeutaia Oéon TnS aAuacidac.
TMapatnpnon: H kdOe aAucida iowg mepiéxel kAe1dId yia Ta oToia h
ouvdpTnon KatakepUaTiopoU divel O1AYOPETIKEG TIHEG.

Insert: Omnwc otn pacikh péBodo pe aAuagidec:

1.

2.

Bpiokoupe Tnv TiuA katakeppaTiopoU h(K) Tou Tpog eioaywyh oToixeiou
(Trou £oTw 611 £xel KA1Bi K).

E€etdaloupe Tnv B¢on h(K) Tou mivaka. Av eival kateiAngpuévn, kai To edio
next Tng ©éong autng sivair A, avalntoupe Thv TpwTn d1aBéaiun ©éon oTtov
mivaka, {ekiviwvTtag amd th B£on O Tou ivaka. AiagopeTikd, akoAouBoUpe
Thv aAucida Tou ekiva amé auTh Th Béan kai 6Tav gOdooupe oTnv TeAeuTaia
©éon Tn¢ aAucidag, {ekiviuvTac amod ekei Ppiokoupe Thv emopévn eAeUBepn
©éon oTov Tivaka.
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Katakeppartiopoc pe Avoikth AieuBuvoiodoTnon
(Open Addressing Strategies)

O H péBodoc aToxelel atnv opBOn diaxeipion Tou eAcUBegpoOU XWpPOU Tou idIou Tou
Tivaka KatakeppUaTiopou.

O ‘OAa 1a kAei1d1d amoBnkelovTal oToV Tivaka Xwpic waoTéoo va axnuarifovrai
aAugidec (dev xpnoipomoloUvTal dEiKTEC).

O Ma kdOe kAe1di eAéyxeTal Hia akoAouBia amé B€oeic Tou ivaka, TTou ovopdleTai
akoAouBia e§étaong. H mpuwtn d1aBéaiun Béon Tou Tivaka pe Th oeipd ou kaBopileTal
améd Tnv akoAouBia autn Ba oTeydoel To KAE1Di.

O H akoAouBia kaBopileTtal pdoel kdmoiou kavova (Trou cuvABwc Aaupdvel uTdyn Tou
Kail To id10 To KA€1di).

Q ZuppoAiCoupe pe H(K,i) Thv i-00ThH B€on Tou Tivaka TTou eAéyxoupe av eivai
d1aBéoiun yia 1o kA1di K, i = 0, 1 ... (dnAadn, H(K,i) eivai To i-00Td oToixeio TG
akoAouBiac¢ avalAThong Tou KA1diou K).

LookUp(HashTable A, Key K)

Va€e Tic diadoxikéc BOéoeic oTnv akoAouBia e€étaoncg Tou K, péxpr €ite va PpeBei To
KA€1di, N va PppeBei pia kevh Béon oTov Tivaka.

2Tn deUTepn TepimTwon, To KAeIdi dev UTTApXEI OTOV TTivaKd.

Insert(HashTable A, Key K)

ExTéAean Tng LookUp(A K). Av To kA€1di ppeBei, o aAyopiBuog Teppartilel.
AiagopeTikd, To véo KAEIDi e10dyeTal oTNV KEVA BEan TTou £TTIOTPEPETAI ATIO ThY
_\oo_AC_uA}\_Av. HY240 - TTavaywita ®atoupou 13
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’
KarakeppaTtiopog pe -
’
7
AVOIKTN . 0 =115l el e
AigubuvaiodoTnon 50| [0
5
MFpappikh Avalhtnon . 1 IR 1
AkoAouBia e€éTaong 12112 |l12 |12 |]12 | |12
H(K,0) = h(K); ’
// n pwTn Béon otnv akoAouBia kaBopileTal amd 2 52 52 52 52 52 52 52
// TV TIHA KATAKEPUATIOHOU 71 71 71
H(K,i+1) = (H(K,i}+1) mod m; A 7 | A |
// n (i+1) Béon eivai n emépevn The Béong i (mod m, 0 10 10 10
// 3nAadh pe KUKAIKG TpoTIO).
TTapadeiypa

Aiadoxikh sioaywyh Twv KAeidiwy 71, 52, 12, 56, 1, 10, 90, 19 oc évav mivaka
karakeppatiopoU 10 Béocwy xpnoidoToIWVTAG Th oUVAPTNON KATAKEPHATIOHOU
h(k) = k mod 10.

®» H amédoon Tng HeOOdouU cival IkavoToINTIKA 0Tav o Tivakag dev €Xel TOAAd aToixeid.

X TTpopAnua: Baivopevo TTpwrapxikng Zuykévrpwong (primary clustering)
OrTav éva umAok (cluster) pe ouvexopeveg kateiAngpéveg B€oeic dnpioupynOei, amoTeAei
TPOOPITUO YIa TEPAITEPW OUYKPOUOEIC, EVW VEEC TETOIEC OUYKPOUOEIC 0dnyouv aThv

au€non Tou HeyéBoUC ToU UTTAOK.
HY240 - TTavayiwTa &atoUpou 14
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Katakeppartiopoc pe Avoikth AieuBuvoiodoTnon

ApIOUoC anaiToUHEVWY TtpooweAAOEWY OTN HVAHN YIA HN ETITUXNHEVN

avalnrtnon;

O av n ouvdpTnon KaTakePHATIOUOU £TIOTPEPEI Hid KeVA B€an Tou Tivaka;
Mia pévo mpooméAaon amaiteitail

O av n ouvdpTnon KaTakePHATIOHoU €MIOTPEPE! Hid KATeIAnUPévn B€on Tou
Tivaka;
H avalAtnon B©a TeppaTtiosl povo apol £€eTdoel Kal To TEAEUTAIO OTOIXEIO
Tou cluster.

TlpoondOcia PeAtiwong

AkoAouBia e€éTaong

_\_A_ANOV = IA_AV // n pwTn Béon aTnv akoAoubia kaBopileTal amd TNV TIHA KATAKEPHATIGHOU
_\_A_A~_+Hv = AIA_A~_v+hv mod Mm, // n(i+1) 8éon mpog e€étaon sivai ¢ Béoeic petd Th Bon i (mod m).

T amoTéAcopa Ba éxel autd To axhua; @a odnyouoe ae KaAUTepn amodoan;

Kai To oxApa auté umogépel amo Ta gaivopevo dnpioupyidg HAKpwy akoAouBiwyv
KaTelAnupévwy B€oewy, yVwoTo W¢ gaivopevo deuTepeliouods OUYKEVTPWONG
(secondary clustering).
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KatakeppaTiopoc pe Avoikti AieuBuvoiodotnon
AiAdc Karakeppariopog (Double Hashing)

XpnoigomoloUvTal Vo ouvapThoelg kKaTakepuariopou, h, kai h,. H h; ovopdletai
TipwTeUouad ouvdpTnon KaTakeppariopou, v n h, deutepevouoa.

AkohouBia E€éTaong
IA_Abv = IHA_AY // n pwtn Bé0n otnv akoAoubia e€éTaong kabopileTa
// ané Tnv TpwTapXIKA cuvdpThon Katakeppariopou hy

IA_A\ _+Hv = A_\_A_AN _v + TNA_AVV mod M, // n emépevn Tng Béong i aTnv akoAouBia e€étaong sival h Béon
// mou ppiokeTai h,(K) Béoeig petd T B¢on i oTov mivaka (mod m)

O H akoAouBia e £Taong mou pokUTITElI Pdoel TG HEOOIOU TNC YPAHUIKAG
avalATnong civai idia pe ekeivn TTou TTPoKUTITEI Pdoel TS HEBOJouU Tou S1TTAoU
katakeppatiopol otav h,(K) = 1, vV kAe1di K.

®» H akoAouBia e éTaong mpémel va mepiExel OAeC TIC OE0eIC TOU TivaKa.
®» TTpémer va 1oxUel 611 h,(K) > O.
® Ta h,(K) kai m dev mpémel va £xouv KoivoUg diaipETEG.
Eotw 611 évag apiBpog d amoTeAei koivo diaipéTnh Tou h,(K) kai Tou m. ToTe:
[(m/d)h,(K)] mod m = [m(h,(K)/d)] mod m = O,
Apa, n (m/d)-ooth Béon oTnhv akoAouBia Ba civai n idia dTWS n TPWTN.
IMa 1o Adyo autd, diaAéyoue Tov m va eival TpwTog apiOpoc.
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KatakeppaTiopog pe Avoikti AieuBuvoiodotnon

AinAdc KaTakeppaTtiopog

TTapadeiypa . 1
Eotw 671 hy(K) = k mod m kai

h,(K) = Kmod 3 + 1. 7

Ai1adoxIKA 10aywyR TwV KAEISILUY 6 56 [ [96 [ |56 || 56 | |56
71,52,12,56,1, 10, 90, 19 oc 5 1 1 1 1
évav mivaka katakeppatiopov 10 90 | 90
Béocwy. 4

Eivai a§ioonpciwTto 1o TI ’ e |
ouppaivel 6Tav vivetal n eicaywyn ? 52 2L [%2]]1%2] 52|52 ] ®2
Tou 1. H akohouBia e€étaong eivar |71 [ 70 | 7L 170 |7 (|72 ||72 || 72
1,1+2=3, 3+2=5, 5+2=7, 9, k0.K.,, 10 ||10 |]10

apoU h,(1)=1mod 3 +1=2.

H ©¢on 1 Tou mivaka cival kateiAnupévn, omoTe e§eTdleTal To 20 ATOIXEIO ATV
akoAouBia (dnAadn n B£on 3 Tou Tivaka) n oToia cival emiong KATeIAnPUEVN.
To 30 oToixeio TG akoAouBiac eival n ©éon 5 Tou mivaka, n omoia civai
d1aBéaiun. Apa, To oTtoixeio 1 amoBnkeleTal otnv Béon 5 Tou Tivaka.
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Katakeppariopoc pe Avoikth AiguBuvoiodoTnon
AiAéc KarakeppaTtiopdoc

Ynd6Oeon

KaBe ©éon mou e€eTdleTal oTov Tivaka katakeppaTiopoU eival ave€dpTnTn amo
TIC UTOAoITteg BéoeIg Tou Tivaka, Kal n mBavoTnTa va emiAgyei Hia
KatelAnppévn Béaon cival ion pe Tov Tapdyovra wépTou (a).

H um6Beon auth dev cival owWaTH yid Tou¢ akdAouBoug Adyouc:
Q Aiadoxikéc Béocic umopei va e€apTwvTal pe KATol10 TPATO.
Q Eivai adUvaro va e€eTaoTei n idia Béon 2 popéc.

£oTd00, TOAAEC YOPEC TETOIEC UTTOOETEIC PAC ETITPETIOUV VA TTPAYHATOTIOIOUHE
HadnuaTikég avaAloeig TTou TTEPIYPAPOUV IKAVOTIOINTIKA T CUHTIEPIPOPA TOU
ouoTAuaTtog (6TTw¢ auTth kaBopileTal amd TeIpAUATIKA HEAETN).

Eicaywyn n KAe1diWv o€ wivaka KATakeppartiopoU peyéBouc m, dcdopévou OTI

n umoOeon ecivai owoTn
a = i/m, i <n:nmBavéTnTa olykpouong HETA TNV gl0aywyn i KAEIBIWY givai g,
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Katakeppartiopoc pe Avoikth AiguBuvaiodoTnon
AiAéc Karakeppartiopyoc

TTARGo¢c mpoomeAdoswv 0OTN HVAHN Yid TNV €EKTEAEON KN EmITUXNHEVNG
avalnrnong

To avapevopevo MANBOC TpoomeAdocwv OTN HUVAPN Yid TNV €KTEAeon Hiac pn
emituxnuévng avalatnong av n-1 kAeidid éxouv HNOn ei0axBei otov mivaka
KATakeppaTiopou eivai:

C_‘Tu. = H*AH - anmv + N*anu—*Angznmv+w93|HNAH|DJ|uv + .
=1+ Q:L + Q:LN + .

1/(1-aq,,)

TTARGo¢ mpoomeAdoewy oTn UVAUN Yid TNV eKTEAeon emiTuxnhpévng avalntnong
IooUTal pye To avapevopevo TANBOC TTpooTeAdoswy OTN UVAWN YIA ThV EKTEAEON TNG
€10ayWYAC KABe evo¢ amd Ta n KAs1did.

To avapevopevo TARBo¢ mpoomeAdoswy OoTN PVAUN Yid ThV €l0aywyh Tou i-oaToU
KA€1810U = avapevopevo TTARBOC TpoomeAdoswy OTh PVAUN Yid Thv eKTEAeon Hidg

un mﬂ_._.cx:_._w;h Q<Qm34:qun. Hmﬁo_._mﬁtn. : | S, ~ (m/n) (Inm - In (m-n))
S, = /2 Y- = A/n) 22— = (m/n) 2L/ (m-i+D| = (m/n) In(m/(m-n))
U =(1/a) In (1/(1-a))
=(m/n) (Hy - Hp), 6TOUH, =1+ 3+ +1/ixIni. - n nlz:
HY?240 - TlavayiwTa &aroUpou 19

" A
Ta&ivopunpévoc Katakeppatiopog
(Ordered Hashing)

MéBodoc AAucidwv
«Ta kAc1d1d diatnpouvTal Taivounpéva oe kKABe aAuaida».

BeAtiwpévn ‘Exdoon LookUp(A,e):
Av éva peyaAUTepo KA€18i amo To e pootteAdaTei Teppatilel n avalhTnon.

MéBodoc AvoikTic AieBuvong

Ta kAe1d1a Ba mpémel va €10axOoUv OToV Tivaka KATAKEPHATIOHOU €TOI WOTE:
«Ta kAg1d1d Tou TtponyoUvTal Tou K oThv akoAouBia e€éTaonc (Tou K), Oa
TPETTEl va gival HIKpOTepa amod To K».

Idéa

Av aTnv akoAouBia e€éTaong via To KAei1di K tpoomreAdooupe kKAToIo OTOIXEIO
e' pe kAeldi K' > K, ToTe avTikaBioToUpe To e' He To e Kal ouvexi{oupe Pe Thv
£10ayWYR Tou e' pdoel Thg akoAouBiac e€éTaoncg Tou KAe1dioU K Tou €',

HY240 - TTavayiwTa &atoUpou 20




Ta&ivounpuévoc Katakeppartiopoc AvVoiKTAC

Ai1euBuvoi0d6Tnone
procedure OrderedHashTableInsert(

HashTable A, Key K, Type I) { .

int pos = hy(K):
while (A[pos] = NULL) {
if (A[pos]->Key > K) {
swap(K, A[pos]->Key);
swap(I, A[pos]->Info);
}
else if (K == A[pos]->Key) {
A[pos]->Info = I;
return;
}
pos = (pos + h,(K)) mod m;

}
A[pos]->Key = K

8

o

0

TlaparnpnoTe TIC EVEPYEIEC TOU
eKTEAOUVTAI KATA TV €10AYWYR TOU
KAg1d100 12, ToU 1

71

52

71

R Tou 10!
W AW
19
711171 || 71 71
56 56 56 56 b6
52 52 52 52 52 52
90 90
12 12 12 12 12 12
71 71 1 1 1 1
90 10 10

Alpos]->Info = I; Tlapddeiypa: ‘Eotw 611 [h,(K) = k mod 10] kai [h,(K) = K mod
} 3 +1]. Aiadoxikh eloaywyh Twy KAsidiwy 71, 52, 12, 56, 1,
90, 10, 19 o¢ évav mivaka katakeppaTiopou 10 Béoswv.

HY240 - TTavayiiwra &atoUpou
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Ta&ivounpévoc KarakeppaTiopog AVoIKTAC

AiguBuvai0doTnong

Type OrderedHashTableLookUp(HashTable A, Key K) {

int pos = hy(K):

while A>_“_uom“_ I= NULL && >_”_uom“_|v_A®< < K) do
pos = (pos + h,(K)) mod m;

if (A[pos]!= NULL && A[pos]->Key == K)
return A[pos]->Info;

else return NIL;

AoKnon yid To OTiTI

IxvnAariote Tnv ekTéAeon Tng OrderedHashTableLookUp(A,71),
OTIoU A 0 Ttivakdg Tou oxXAHAToC.
IxvnAatioTe Tnv ekTéAeon Tng OrderedHashTableLookUp(A,91),
O0TIoU A 0 Trivakdg Tou oxXAHAToc.

HY?240 - Tlavayiwra &aroUpou
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" A
Ta&ivopunpévoc Katakeppartiopoc AvoiKTNAG
AiguBuvaioddTnone

®» H TeAIkA HOPPH TOU TTivAKA KATAKEPHATIOUOU, HETA TNV £10AYWYR O€ AUTOV
(BPdoel TG TEXVIKAC Tou Ta&ivounuévou KaTakepuaTiopoU) evog ouvdAou
kAeidiwv, Ba givai n idia ave€apTATWG ThC 0cIpdg We TNV omroia Ta KA€1did auTd
€10ayovTdl OTOV Tivakd.

Yn60eon
H miBavoTnTa va emiAcyei éva oUYKEKPIHEVO KAEIDI ATt To XWpPo KAEIBIWY eival
n idia yia 6Aa Ta kKAg1di1d Tou Xwpou.

Tore:

O avapevépevog xpovog S, yia pia emTuxndévn avalfithon dev aAAdlel.
O avapevépevog xpovog U, yid pid pn emiTuxndévn avalhTnon HeIwveTal.
Fivetar mepimou idiog pe S,

Apa:
S,~U,~(1/a,) In(1/(1 - a)).
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" A
Katakeppatiopoc - Aiaypagéc

Mé£Bodoc¢ aAuaidwyv
YAomroiciTal eUkoAa. TTwg?

MéEBodoc AvoikThc AicuBuvaioddThong
‘Eva kAc1di dev umropei va diaypagei aprvovrag amAd Th ©éon Tou KaTeixe
adeia. Nari?

Tlapadeiypa

‘Eotw 611 XpnoipomoioUpe TN HéB0do ThG YpaupikAg avalATnong.

‘Botw 6711 800 KAe181d pe Tnv idia Paciki/TpwTapXIKA TIUA KATAKEPHATIOHOU
glgdyovtai oTig Béoeig j kal j+1 evog Tivaka KATAKEPHATIOHOU KAl OTh CUVEXEID
auté otn Béon j diaypdeeTat.

To dAAo Ba peivel otn B¢on j+1, aAd n LookUp() Oa otapathoer Tav Pper Tn
Béon j kevAa. AuTo Ba odnynoer Thv ev Adyw LookUp() oe AdBog amdkpion!

Idéa

Ma kaBe Béon Tou mivaka untdpxel éva bit, ou ovopdletal Deleted kai pmopei
va eivair ite O A 1. Apxikd 6Aa autd Ta bits civai 0. Av diaypdyoupe KATI améd
pia ©éon Tou Tivaka, BéToupe To bit Tng Béong authg oe 1. H LookUp() dev
TeppaTtilel ae ddeieg Ofocig yia Ti¢ omoieg To Deleted bit civai 1.
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"
Enekraoipog Karakepuatiopog (Extendible Hashing)

v ' H péBodoc¢ evdeikvutal yia Thv amoBnkeuon oToiXeiwv ge deuTepelouad
HvAuNn diokou.

v O1 diokol tival oAU Tio apyéC HovddeC¢ ATOOAKEUONC OUYKPITIKA HE ThV
KUpia pvApn. Tia To Adyo auto, Ta dedopéva opyavwvovTal ae ochideg (pages),
dnAadn amoBnkelovralr oc opdde¢ ouvexopdevwyv Oféoccswv amoBnkeuong, Ta
TEPIEXOUEVA TWV OTOIWV HETAPEPOVTAI OTNV KUpld HVAPNR oTav {nTnBei n
avdkThon A h TpoTroToinon KAToIwY €€ AUTWV.

OAIké Paboc D(S) evoc auvdAou S kaAeital To HIKPOTEPO HAKOC TTPOoBEUATOC
TWV TIHWY KATAKEPUATIOHOU TWV OTOIXEIWY TOU S, TTOU ATaITEiTAI yid vd
Xwp1o0oUV Ta oToIXeia autd o€ oddec Twyv b oToixeiwyv To TOAU ge KdO¢ pia,
OTou 6Aa Ta oToIxXeia piag opddag £xouv Koive mpoBepa pnkoug D(S) bits.

TTapadeiypa

‘Eotw 611 b=4 kai 6T1:

S = {6 (00110),, 9 (01001),, 14 (01110),, 17 (10001),, 5 (00101),, 7 (00111),,
16 (10000),, 20 (10100),, 18 (10010),, 19 (10011),, 4 (00100),, 11 (01011),}.
Eivai D(S) = 3 ka1 o1 opadec mou dhpioupyoUvTal givail o e€AG:

{00110, 00101, 00111,00100}, {01001, 01011}, {01110},
{10001, 10000, 10010, 10011}, {10100}.
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" A 000
. , —1+{00110, 00101, 00111, 001
Enekraoipoc Karakeppatiopog o (00110, 00101, 00111, 00100}
010 | —1*{01001, 01011}
O KaBe opdda amoOnkeleTal oc 81aPopeTIKA ol | — {01110}
ocAida TnG dOUNC TOU ETTEKTACIHOU 100 [ —{ {10001, 10000, 10010, 10011}
KATAKEPHATIOHOU. 101 >{10100}
O MmopoUpe va XpnoIHOTIOINOOUKE €vav
Tivaka peyéBouc 2065 yia th dsikTodo6TNON 110 S whug 1
Twv oeAidwy (Zxhpa 1). 11 XNHa
Eivai duvaré va ouvevwBolv oeAideg pe 000
OUVOAIKO TTARBO0C aToixeiwv b kal HIKpOTEPO 001 | =} {00110, 00101, 00111, 00100}
Koivo TpdBepa. To mpdOepa auTéd KaAeital —1 ., 101001 01011 01110%
PpaBoc¢ ocAidac. 010 3 \ \ }
o11
Tapadeiypa — 1} {10001, 10000, 10010, 10011}3
{01001,01011,01110} L {01110} = 100 l%so% - 10010, 10011}
{01001, 01011,01110,01110}  (ExAua 2). 101
110
Q TéTolou €idoug oeAidec xapakTnpilovral wg "

@IAIkéG oeAideg (buddies).
O Ta oToixeia @iAIkwy ocAidwy diagépouv 0To
TeAeuTaio Ynyio Tou TPOOEUATAC TOUG.
Q Av via pia agAida 1axUel 011 To PABoc¢ Tng d civar HiIKpOTEPO amd To oAIké pdBog D, ToTe
20-d JeikTeg 0e ouvexdleveg Béaeic Tou Tivaka Ba deixvouv aTn ocAida auTh.
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D(S) =3 2xhpa 2




Ewekraoipoc Karakeppartiopoc

O ‘Evac emekTdoipoc wivakag KatakeppartiopoU cival dopn dUo emimédwy. ATtoTeAeiTal
amé évav kardhoyo (directory) mou dnpioupyei Tn dopn uynAoU emiédou Kai éva
oUvoAo amé oeAideg (pages) oTig omoieg amoBnkevovTal Ta dedopéva.

O O kardaAoyocg civai évag mivakag amo deikTeg oTIC aeAideg 0Tou amoBnkelovTal Ta
dedopéva. O1 oeAideg cival oTaBepol peyéBoug, T.X., Xwpdel b aToixeia/dedopéva n
KdBe wia.

O Mia ouvdpTnon katakeppaTiopoU ameikovilel kdOe kAeidi K ae pia akoAouBia amd
bits pyakouc L. H akoAouBia auth ovopdleTal TigR KatakeppatiopoU Tou K.

O Ta kdBe d < L, ouppoAiCoupe pe hy(K) Ta mpwra d bits Tou h(K).

O To péyioTo Pabog peTall 6Awv Twv ocAidwy 000
ovopdletal fdBo¢ Tou mivaka KATAKEPHATIOHOU 001 > (00110, 00101, 00111, 00100
Kal ouppoAileTar pe 1o D. ' ' '

010 —1=${01001, 01011,01110}2

O O kardAoyocg civar évag mivakag pe 2° deikTeg o11

o€ ochideq.
¢ 100 | —¢>{10001, 10000, 10010, 10011}3

EUpeon ocAidac mou wepiéxel 1o KAeidi K 101 | —F+{10100}3

1. Ymohoyiopég tou hy(K): 10

2. O d¢eiktng mou mepiéxeTtal ato A[hy(K)] odnyei

oTnv oeAida oTnv omoia Oa mpémel va givai u

amoONKEUPEVO To SEJONEVO; , . D(S)=3
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Emnekraoipog Karakeppartiopog o -o

0 {00110, 01001, 10001,
m_QQ<E<Mn 10100)°
EkTeAoUpe pia avalAThon, WoTe va eVTomIaTEl h aeAida
ToTmoOeTAOEWS p n oToid éoTw 6T £xel PABog d. Eigaywyh Tou 11100
(Apxika D=0 ka1 umtdpx el pHia pévo
ocAida oTov Tivaka mou Tepiéxel 0Aa Ta dedopéva. D =
O kardAoyog mepiéxel €vav Hovo OeikTn oth ocAida ol —}+—{00110, 01001}
auTh Kai .o>mﬂ ol m<nm:3nm_a ann»s<oc< EKEI. ) . 110001, 10100, 11100}

2. Av 1a TARNBOC TWV OToIXEIWV TTOV gival amoOnkeupéva
otnv p eivai < b, To véo oToixeio TomoOeTeiTal oTNV p Kal 0 AAy6pIBHoG TepuaTilel.

3. AiagopeTikd, ouppaiver urtepxeihion kai n p Oa mpémel va xwpioTei oe dUo oeAideg. O
XWPIOUOG yiveTal pe abgnon Tou PaBoug Tng p oTnv TIUA d+1 kai pe TN dnpioupyia piag
véag @IAIKAG oeAidag p' PdBoug emiong d+1.

4. Ta (b+1) kA€1d1d Tng p KaTavépovTail oTIG p, p' pdoel Twv d+1 TpWTWY YnYiwv Toug.

5. Av auto dev emAUoel To TpoPAnua (3nAadn 6Aa Ta b+1 kAeidid aviikouv kai TTdAl o
Hia amé TiIg p, p', €0Tw aTny p'), BéTw p = p' Kal d = d+1 kal emavaAaupdvw To BAua 3.

6. Av petd amé D-d emavaAiyeig, n uttepxeiAion dev Xl QVTIHETWTIATEI, €ival
avaykaiog o dITAaciacpog Tou kataAdyou (dnAadn To oAk Paboc aAAaler oe D+1). O
véog katdAoyog deikTodoTeiTal amod deikTEC TNG tone:n XX.. xvﬁ A xx..xx0.

7. TlepioadTepol ToU £vO¢ SITTAACIACHOI TOU KATAAGYOU t

HTopEi va amaiTouvral av To TpdpAnpa dev emAUBEI. D b
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’ _ 00110 7 _ 00110, 01001 7 ; 00110, 01001, 01110 _

Enekraoipgoc >

*CDK_QMS_QOA,Q___Q,:uOD__ 0 GD,_:uACuGD_.G___DAQ‘:C*t

14 1 10001 ]

dTakKeEPHUATIOUO @
[2] 2 &)
‘ 00 00110, 00101, 00111 N\_ 00 00110, 00101, 00111 Nl_
m-qn<e<: L 01001, 01110 ] o 01001, 01110 2]
10 10

10001 11 10001, 10000

sl
O

(o1) @

Tlapadeiypa

00110,00101,00111 00 00110, 00101, 00111

01001, 01110 01 01001, 01110

NiadoxIkéC sloaywyéC Twy
6 (00110), 9 (01001), 14 :

10001, 10000, 10100

VHP“ ]
7
T TE
T T

1 10001, 10000, 10100, 10010

AOHHHOV\ HN AHOOOHV\ m " 000 WL Cc:ojnﬁ”wﬁc_.::_: _N|_
(000101), 7 (000111), 16 = =
(10000), 20 (10100),18 & oot i F
AﬂOOHOV~ H@ AHOOHHV\ L. ﬂm MH‘WSGS. SE.P@&%LS.E N|_ __m” MA 10001, 10000, 10010, 10011 "MH__
(00100), 11 (01011) o¢ - o [ :
ETMEKTATIHO TTivaKd - o H
_.AQ._-Q_‘AMD—‘_Q._-_QT_OG. MMN mL’c.:E,ocmc_,:c_:,coyﬂw_ 000 W& 00110, 00101, 00111, 00100 T
M”nw Mi e T M“.w wv_ 01001,01110,01011 ﬁ
“MH_V -|‘$_ 10001, 10000, 10010, 10011 P ] e m¢_ e P E
!|I1l— i T 1 H!l— 10100 E
110 | 110 =%
1 HV_ ﬁ . HV_ _E
(1) )

"
Ewekraoipoc Karakeppartiopoc - Aiaypapn

O1 evépyeleg TTOU TTpAYHATOTIOIOUVTAI €ival KOUUHETPIKES» TNG AsiToupyidg ThG
€10aywyng.
1. EkteAoUpe pia avalhAtnon, WoTe va evTomioTei n oeAida p oTnv omoida eivai
amoOnkeupévo To Tipog diaypagh KAe1di. Eotw 611 n ogAida auTh £xel
pdabog d.

2. To oToixeio diaypdgpeTal améd Tnv p.
3. TTpoomeAdleTal n @IAIKA ogAida, éoTw p’, ThG p (edv umtdpxer).

4. Edv 10 ouvoAiké TTARBOG oToixeiwv Twy p,p’ ival < b, Ta amoBnkevoupe
0Aa oTnv p peivovTag To pdBog Tng ot d-1.

5. Edv petd Tn peiwon, 6Aec o1 oehideg éxouv PpdBocg < D, ToTE
uttoditAacialoupe Tov KATAAOYo Kal Td AToONnKeupéva aToixeia
katavépovTal aTic aeAidec Aaupdavovrag ut oyiv To oAU D-1 yneia.

6. O kardAoyoc umodimrAacidleTai, diaTnpwvTac yvia kdBe {elyog Béacwy

TNG HopPNng XX..xx0 kai xx..xx1, yia ©&on TG HOPYNE XX...XX.
D-1 D-1
- - D-1
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" A
3] 3

000 | e— 00110, 00101, 00111, 00100 ﬁ 000 11]’“@:: 00111, 00100 ‘

r} 001 w 001 ._l\‘
mameqQQ—tOﬂ 010 H& 01001, 01110, 01011 I 010 [e—I] 01001, 01110, 01011 2]

P | £ ot [
Knn—-nxmb:n-—u—Q—hOﬁ [l 100 m&moo:oooo,_oo:‘_.:5: E
0 101 -lJl—MEo _D

110
TTapadeiypa - m%go_“g___g_g 2
I3 ’ w 001

D—Q&OX—XMﬁ m_Q<DQ6Mﬁ .—UE< 010 ” 01001, 01110, 01011 ‘ 010 Hi’o::fo_o: i

6 (00110), 9 (01001), 14 o =" oo |5
AOHHHOV Q.:O mﬁ.mx._.QO.__._O 100 M%ooo_ 10000, 10010, 10011 P ] 100 mgv.:q_%%. _o::,,_cc%
Tivaka KaTakeppaTiopoU. o W;Cé A E I i
11 UV_!‘ E 11 _Nl._

(53]

[3] 3]
Hmw m S me w“ 00101, 00111, 00100, 01011 |1 ]

010 ” 01110,01011 010 wN

011 .‘\ g 011 QR
100 MLL%E.E%P:.SPEc: I 100 ”L 10001, 10000, 10010, 10011 P

101 -t ”
b R T
= gty 2

" A
2uvaptnoeic KarakeppariopoU

ArnodoTikéC ZuvapTnoeic Karakepupariopov

IkavomoioUv Thv Tapadoxh Tou amAoU oHOIOHOPPOU KATAKEPHATIOHOU:

«Oa mpémel va cival e€ioou mOavé n TIPA KATAKEPUATIOHOU Tou KAOe KAg1d10U va
gival omoitadnmoTe amo Ti¢ TIpéEC {0, ..., m-1}, avedpTnTa amod Tig TIHéC
KATAKEPHUATIOHOU TWV UTTOACITTWY KAEIQIWV. »

2 uvhBwcg dev cival duvaro va eAéy§oupe av 1oxUel auTh N Tapadoxh:

O Zmaviwe yvwpiloupe TRV KATavoun mOavoThTag mou akoAouBolv Ta KAeIdid.
QO Mmopei autd va pnv sivar avedpTnta petall Toug.

2.€ OPIOPEVEG TTEPITITWOEIC, N KATAVOUR TWV KAEIBIWY gival yVWaTHh.
Tlapadeiypa

Av yvwpiCoupe 0TI Ta KA€181d cival TpaypaTtikoi apiBOpoi kaTavepunpévol
aveédpTnTa Kai opoldpopya oto didotnua [0,1), T6TE h ouvdpThon
katakeppatiopou h(k) = Lkm. ikavomoiei Th ouvBAKn Tou aAoU opoIGHOPPOU
KATAKEPHATIOHOV.

2.Thv Tpdén, ouxvd dnpioupyoUUE OUVAPTAROEIC KATAKEPHUATIOUOU HE KAAR
ouuttepipopd Paci{Opevol o EUPIOTIKEG TEXVIKEG.
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" A
Epunveia Twv kAeidiwv wg Buoikwv ApiBuwyv

O1 Tep1000TEPEC OUVAPTATEIC KATAKEPHATIOHOU TTPoUTTOBETOUV OTI 0 XWPOC TWV
KA€181WV €ival To oUvoAo N Twv QUOIKWY apiOuwy.

2.uxvd auto dev 1oxVel = Ba mpémel va PpeOei TpOTOC va HETATPATIEI TO
ekdoToTe KAeIdi ag pUOIKO apIOUo.

TTapadeiypa

Eotw 611 éva kAe1di K eivar ahpapiBunTiké (string).
, Pl i,

YmoAoyiloupe To Mu_uooq , 0TTOV

" p: UAKOG Tou aAgapiBunTikoU

* r: To TARBOC XapakThpwy oTov KWwdika (ouvhBwe 128 n 256)

» ¢;: 0 kwdikog (ASCIT) Tou xapakThpa i (6Tou o xapakTtipag O givail o
de€10TEPOG Kal 0 XapakTApag p-1 eival o ap1oTePdTEPOG).

H ouppoAoaceipd ekppdleTal Wg AképaAlog 0To AdplOuUNTIKG olaTna He pdon To
128 (apoU o TANBIKOC apIBUC Tou ouvoAou xapakThpwyv ASCIT civai 1o 128).
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" A
2uvaptnoeic Katakeppariopou

Karakeppartiopéc pacel tng wpaéng tng Aiaipeong

> uvdpTtnon katakeppariopoV: h(K) = K mod m,

Omou m cival To péyeBog Tou Tivaka KatakeppaTiopov Kai K éva kAs1di
oto U.

2ZKomoC: ATIOQUYH OUGTNHATIKWY CUYKPOUOEWY O€ TTEPITITWAOEIC TIOU Td
KA€I101d eTIAEyovTal e éva oUOTNUATIKA YN TuXdio TPOTTO.

Tlapadeiypara

1. AvTom civair A r?, To amoTéAeopa TG didipeang €ival o KWAIKOG
TOU £VOG N Twv OU0 TeAEUTAIWY XAPAKTAPWY.
Opwg, améd Ta ypdupara Tou aAgdpnrou gival ToAU Aiya autd mou
OoUVABWC ouvavToUvTal W TeAeuTaiol XapakTApeg Aé€ewv.

2. Av 1o m civai dpTiog, n TipA h(K) Ba civar dpTia h TepITTH avdAoya pe
TO AV 0 TEAEUTAIOC XAPAKTAPAG OTO AAQPAPIOUNTIKO €XEl TTEPITTO N
dpTio KWOIKO.
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" A
2 uvapthoeic Karakeppariopou

Karakeppariopéc pacer tne mpa€ne tng Aiaipeong

To m emAéyeTal va gival TpWTo¢ apIOUOC.

Emiong, civai kaAUTepo To m va pnv diaipei Toug rk+a, rk-1 via pikpéc oTaBepéc
k kai a.

Tlapadeiypa
‘Eotw m = r-1 ka1 £éoTw 0TI 0 r-1 cival mpwTog. ToTe:

._oleo_isdQQ ~-1) = %leo_t:dogﬁ ~1)))mod(r -1) = %MWO_VBOQQ ~1)

MTmopei va amodeixOei emaywyikd Twg, yia kdde i,
i—1 i
ri mod (r-1) = (1 + A_‘.-CM _.no_\ ) mod (r-1) = 1.

Apa, av m = r-1, 6Aec o1 petaBéoeic Tou idlou ouvdAou XapakThpwv (T.X.,
ABC, BCA, CBA, KAT.) éxouv Thv idia TIPA KaTakeppaTiapoU.
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S
2 uvaptnoeic Karakeppartiopou

KartakeppaTtiopog pacel Tng wpafnc tov TToAAarmAaciaopoU

1. TToAAamAacidloupe To KA£18i K pe pia dppnTtn otaBepd A oto didotnpa O < A <
1 ka1 kpatdype To dekadiko HEPOC Tou yivopévou KA.

2. TToAAamAacidloupe auTh TNV TOGOTNTA HE M KAl TIAiIPVOUHE TO KATW aKEPAIO
HEPOG TOU atmoTeAEOUATOC.

Zuvaptnon KarakeppartopoU
h(K) = Lm(KA - LKA)]

QO H moootnta KA - KA givai To 8ekadiké pépoc Tne moadTntac KA.

O H péBodoc pmopei va epappooTei He omoladNTToTE TIMA TG 0TABepdc A
dcdopévou OTI To A eival dppnTog ap1OuoC.

O AmodeikvUeTal 6TiI av To A eival oTtol00dNTTOTE dppNnNTOC ApIOUOC TOTE
yia dpKeTd peydAo n, Ta dekadikd pépn Twy apiBuwy A, 2A, 3A ..., nA
Karavépovrtal oxedov opolopoppa oto didoThpa petalu O kai 1.

O TMa mapddeiyua, n Tiph A = (V5 -1)/2 = 0,6180339887... (golden
ratio) Ocwpeital gia KaAn emiAoyH.

TTAeovékTnpa TnG HeGOdou
1. H mipyn Tou m dev €xel kaBopiaTikA onuaacia. To m pmopei va eivar akopn Kai

duvapn Tou 2.
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2uvaptnoeic Karakeppartiopou

TéAcio¢c Karakeppatiopoc Zratikwv Acdopévwy

O Av yvwpilape €€ apxhc Ta KAc1d1d Tou BéAoupe va amobnkeuToUly,
iow¢ va ptmopovaoape va oxe01A00UKE HiId oUVAPTNON KATAKEPHATIOHOU
IOV vd aTroQeUYEl EVTEAWC TIC CUYKPOUTEIG.

O ‘Exouv avamtuxBei didgopec TEXVIKEC Yia Thv eUpean TEAEIWY
ouvapTRoewv KatakeppaTtiopoU via dedopéva auvoAa KAEIBIWY.

O H pébodog éxel eplopiopuévn epappoyn, apol cuviBwe To aUvoAo
Twv KA&181Wy dev eival yvwoTo kal Ta dedopéva aAAdlouv duvapikd.
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"
KaBoAikéc KAdoeic Zuvaptnocswv KartakeppaTiopou

TTpopAnua

‘Evag kaképouhog avtimarog (adversary) mou yvwpilel Tn ouvdpThon
KATAKEPUATIOHOU TTOU XpnoioTolei évac aAydpiBuog pmopei va emAé€el Ta
Tpo¢ amoBnkeuaon kKAeId1d £€To1 WoTe va €xouv O0Aa Tnv idia TIUA
KATAKEPHATIOHOV.

® Ze auTh Tnv TTepiMTWON N XPoVIkA ToAuTtAok6TNTa TG LookUp() eivai
YPAUHIKA OTO N.

EwiAuon TTpopAnpaToc

EmiAéyoupe Tn ouvdpThon KaTakeppaTiopoU pe Tuxaio Tpomo, avedpTnTo amo
Ta KA€191d TToU TTPOKEITAI va amoOnkeuBouv TeAikd oTn doun KaTakepuaTiopou,
amo Hia pooeXTIKA axediaopévn KAAon ouvapTACEWY Katd Thv €KKivhon ThG
ekTéAeong. H mpoaoéyyion auth ovopdleTtal KaBoAKOC KATAKEPHATIOHOC
(universal hashing).

AOyw Tng TUXa10TNTAC, 0 aAyOpIOUOC UTTopEi va oupTTEpIPEPETAl SIAPOPETIKA
oc KAO¢e ekTEAEON, AkOUN Kai yia Thyv idia gigodo.

®» Me Tov TpdTo autéd eaocpaAileTal KaAh avapevépevn emidoon yia
otroladnToTE €igodo.

HY?240 - Tlavayiwra &aroUpou 38




" A
KaBoAikéc KAdoeic ZuvapTnoswy
KarakeppaTiopou

Opiopoc

Eotw H pia memepaopévn oUAAOYH oUVAPTAGEWY KATAKEPHATIGHOU ol
omroie¢ ameikoviCouv éva dedopévo xwpo kAe1diwyv U oTo didoThua
{0.1,.. m-1}.

Mia TéTtola ouAAoyn AéyeTal kaBoAIKn €dv yia kABe (eUyog
diapopeTikWwy KAe1diwy k,| € U, To TARB0¢ Twv ouvapTAoEWY
katakeppariopol h € H yvia 1i¢ omoieg h(k) = h(l) ivai pikpdTepo H
ioo Tou |H|/m.

TTaparnpnon
Me pia ouvdpThon KATAKEPHUATIOUOU TToU €TIAEYETAI TUXAid ATTO Hid
kaBoAIkA kKAdon ocuvapThoewyv H, n mBavéTnTta va cuppei pia
oUykpouah peTall dUo diagopeTikWwyY KAsdiwy K kai | givar pikpdTepn
A ion Tng mBavéTnTac 1/m va ouvépaive pia ouykpouon av Ta h(k)
kai h(l) emAéyovrav Tuxaia kar avedptnTa peTall Toug amoéd To
ouvoho {0,... m-1}.
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" A
KaBoAikéc KAdoeic ZuvapTRoswy
KarakeppartiopoU (universal hashing)

Ocwpnpa: EoTtw 4TI eTIAéYOUNE HId CUVAPTNON KATAKEPUATIOHOU h amé
Hia kaBoAIkh kKAdon ouvapThoswyv H Kal €0Tw 0TI XphaidoToloUpe Thv h
yia va amoBnkeVooupe n KAeI1d gg £vav Tivaka KATAKEPHATIOHOU A Twv
m Bégcwv emIAUOVTAC TIC OUYKPoUGTeIC Pe Th HEB0Jo Twv {EXWPITTWY
aAugidwv.

1. Av éva kAe1di k dev PpiokeTal oTov Tivaka, TOTE TO AVAHEVOHEVO
wrAkog E[ny, ] The aAuaidag othv omoia amoBnkeleTal To Kk eivai
HIKPOTEPO N i0O TOU a.

2. Av 10 KAc1di k PpiokeTal oTov TTivaka KATAKePUATIOHOU, TOTE TO
avapevépevo prikog E[hy ] Tng aAuaidag mou mepiéxer To k iva
HIKPOTEPO 1 i00 Tou 1+a.

Tlapatnpnon - ZuupoAoypagia

» O1 avapevopeveg TIHEC avapépovTal oTIC dIdYopEC OUVAPTAOEIC
katakeppatiopoU. Aev éxel vivel kamoia tapadoxh 6cov agopd Thv
KATavoun Twv KAeIdiwv.

» 2uppoAiloupe pe Ny TO HAKOG Thg aAuaidag mou deikTodoTei 0 deikThg
¢ Béon h(k) Tou A, émou k givai éva omoiodAmoTe KA€1di oTo U.
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"
KaBoAikéc KAdoeic 2ZuvapTtnoeswyv KartakeppaTiopou

Anodeifn Ocwpnparog
Ma kaBe Celyoc diagopeTikWwy KAe1diwv k kai |, opiCoupe Tnv (3cikTpia) Tuxaia
HETAPANTA X 1 if h(k) = h(l)

“ 10 otherwise
Acdopévou 6T1 n mBavéTNTa olykpouong dUo otrolovARTIOTE KAEISILWY gival €€
oplapol HikpdTePN K ion Tou 1/m, éxoupe Prih(k) = h(D} < 1/m.
Apa, E[X,,]1=1* Pr{h(k)=h(1)} + O * (1-Pr{h(k)=h(])}) < 1/m.
Ma kdB¢e kAeidi k, opiCoupe Thv Tuxaia peTaPAnTh Y, n omoia 1000Tal pe To TARBOG
TWV 1aPOPETIKWY KAEIdIWY amd To k Tou amoOnkelovTal oThy idia O£on Tou
Tivaka kartakeppaTiopgoU pe 1o K. Toxver 611 <x = M X_A_

leA

Ik
\ M M 1
1k Ik Ik

Avk gA, ny =Y, ka [{l € Akai | =K} = n. Emopévwg, E[n, gyl = E[Y, J<n/m=a.

Av k €A, emeidn 1o k avhkel atnv aAucida A[h(k)] kai To TARBoC Yk dev
mepiAappaver 1o K, éxoupe gy = Y+l kai [{l € A kar | = k}| = n-1. Emopévwg,
m_UST_QAv“_ = m_“<x“_ +H < ABlHV \3 +H = H +Qa- H\B) < H.TQ.
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KaBoAikéc KAdoeic ZuvapTnoswy

KarakeppaTiopou

TTépiopa

H péBodoc Tou KaBoAIKoU KATAKEPHATIONOU ae cuvduaopo pe Th HéBodo eTiAuong
ouykpoUgewv Twv exwploTwy aAucidwy o Tivaka pe m Béoeic e€aopalilel 0TI 0
avapevopevocg Xpovog diekTrepaiwong omoldodNTToTe akoAouBiag n AsiToupyiwv
Insert(), LookUp() kai Delete() o1 omoieg mepiAaupdvouv O(m) AeiToupyieg
Insert() civai O(n) (dedopévou 0TI N XpOoVIKA TTOAUTTAOKOTNTA UTTOAOYIGHOU
0T01a0dATIOTE OUVAPTNONG KATAKEPHATIOWOU ThG olkoyévelag H eivar O(1)).

Anodeifn

O AgoU 1o TARBOC Twv AciToupyiwy gloaywyng ivar O(m) 1oxvel 0TI

n = O(m) ka1 emopévwe a = O(1).

O Bdoel Tou OcwphpaTog, o avapevopevog Xpovog yvia kaBe avalitnon civar O(1)
(apoV a=0(1)).

Q Emopévwg, o avapevouevog XpOvoc vid TV eKTEAEON AWV TWV AEITOUPYIWV
givar O(n).

A To kdTw @pdyua £2(n) TpokUTTEI amd To 6TI KABe AciToupyia amaiTei Xp6vo

Q(1).
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" A
Anpioupyia piac KaBoAikig KAaong
2uvaptnoewv Karakeppariopou

EmAéyoupe évav mpwro apiBud p apkeTd peydho wote 6Aa Ta duvatd kAeidid K va
ppiokovTai oTo didoThya {0,.., p-1}.

Oswpnua

Ma kdBe apiBpé a € {1,.. p-1} kar b € {0,... p-1} éoTw h,  (x) = ((ax+b) mod p) mod m.
Tote, To oOvoho ouvapThoewy H = {h 1 < a < p kai O < b < p} eivar pia kaBoAikh
KAdon oUVAPTACEWY KATAKEPHATIOWOU.

Anodeién
XpnoipoTolei emIXeIpAKATA amod Th Oswpia apIOpWy.
TTaparnpnoeic

v To péyeBoc m Tou Tivaka WToOpEi va eival omMoIoOONTIOTE aKépAlog Kdal OX!
amapaiTnTa Tpwrog, oUTE Kav TePITTOC. T1.X., To m Ytopei va civai pia dUvapn Tou 2.

v H péBodoc pmopei va xpnoigomoinBei ae ouvéuaopd pe Th HEO0BO TOU ETTEKTATIHOU
KATAKEPHATIOHOU.
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EvoTnta 8
Oupéc TTpoTepaioTnrac
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" A
Oupéc TlpoTepaidoTnrac

Ocwpoupe éva xwpo kAe1diwv U kai éoTtw 6T1 pe kAOe kAe1di K (TUTou Key)
éx el ouoxeTioBei kdmola mAnpogopia I (TUmou Type). EoTw emiong 0TI €xel
op10B¢i pia didraén ota oTtoixeia Tou U éTal woTe yia kdOe {eUyog oToIXEiwy
x)y € U, va ioxuel eiTeX=yAX<YyAX>Y.

Ta oToixeia Tou eivar emBuunTo va amoOnkeuBouv atn doun cival {elyn TnG
Hopeng <K,I>.

Opiopocg

Mia oupa mpoTepaioTnTag civai évag apnpnpévog TuTog dedopévwy yia
éva ouvoAo pe atoixeia Ceuyn <K,I>, mou umtooTnpilel TIC akdAouBeg
Ag1ToUpYieG:

Q MakeEmptySet(): emaoTtpépel To kevo oUvohro .

Q IsEmptySet(S) Emiotpépel true av S = I, false diapopeTikd

Q Insert(KI,S) Eiodyel To (elyog <K,I> oTo S.

Q FinaMin(S): emiatpégel To info edio I Tou {elyoug <K,I>, émou K
gival To HIKPOTEPO KAEIdi 0TO oUVOAo.

Q DeleteMin(S): Niaypdper To Celyog <K, I>, 6ou K eivar 1o
HIKPOTEPO KAEIDi 0TO OUVOAO, Kal emtioTpéel I.
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" J
Oupéc TlpoTepaidoTnrac

YAomoinon pe Iooluyiopéva Aévdpa

MmopoUpe va uAhoTroincoupe Hid oupd TTpoTEPaAIOTNTAC He 10ouyiauéva
0évdpa;

AVL d¢évdpa, 2-3 dévdpa, Red-black dévdpa, B-3évdpa: 6Aa mapéxouv
amoTeAEOHATIKEG UAOTIOINOEIC OUPWY TTIPOTEPAIOTATWY.

Aedopévou evog 10oluyiopévou dévdpou, TTwe Ba pumopolodpe va
UAOTTOINOOUUE Hid oupd TTPOTEPAIOTNTAG,

TToia gival n Xxpovikh TToAUTTAOKOTNTA Yia TIC AsiToupyiec Insert(),
FindMin() kai DeleteMin();

Ymdpxouv dAAec AciToupyieg ou va uttooThpilovTal amodoTIKd;

(1) LookUp; (2) Delete; (3) FindMax - DeleteMax;
AOKRWOEIC yid TO OTTiTI!

Mia oupd TtpoTepaIdTNTAC TTOU UTTOOTNPI(El KAl TIC AEITOUPYiEC
FindMax() kai DeleteMax() ovopdleTal dimAn oupa mpoTtepaioTntac (R
oupd mpoTepaIdTNTAc He dUo akpa).
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" A
Oupéc TlpoTepaioTnracg

‘Eva pepikwe diaretaypévo dEvdpo
gival éva duadiko dévopo Tou
OTT0iOVU Ta OTOIXEia £€XOUV ThV
e€ng 1810TnTA:

To kAe1di kKABe koppou cival
HIKPOTEPO R i00 EKEIVOU TWV
Taidiwyv Tou Koupou.

OcewpoUpe 0TI N TTPOoTEPAIOTNTA £VOC KOpPoU kKaBopileTal amod To KAe1di
ToUu wW¢ €EAC HIKPO KAEIBi -> HEYAAN TTPOTEPAIOTNTA KAl TO AVTIOTPOWO.
Evai, n didatain Twv kKOUPWV Tou oXANATOG aTd HeYaAUTEPEC TIPOG
HIKPOTEPEC TIPOTEPAIOTNTEG €ival 5, 8, 9, 10, 12, 13, 16, 18, 20, 22, 44, 56.

TTolog €ivail o KOpPo¢ pe Tn HeyaAUTEPN TTPOTEPAIOTNTA O€ £va HEPIKWCE
diateTaypévo d€vopo;

®» > ¢ KAOe povomdTi amd Tn pila Mpo¢ omolodNTOTE KOUPO, o1 KOuPoI TTou
diatpéxoupe gival pBivouaac TTpoTeEPAIOTNTAC.

TTw¢ vAomoioUpe Thv FindMin() oe pepikwg diateTaypévo dévdpo;
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" A
Oupéc TlpoTepaidoTnrac

TTpokelpévou o1 AeIToupyieg auTég va
UAomoinBoulv amodoTikd, Ba ATav
emMOUUNTO To UYoC Tou dévOpou va
givar O(log n).

DeleteMin()

Aev diaypdypoupe Tnh pila, ahAd To
0e€10TepO YUAAO ToU TeAeuTdaiou
emimédou Tou dévOpou, apol TpwTd
avTiypdyoupe ta dedopéva Tou atn pila.

TTpopAnpa mou pmopei va mpoKUYEl
To mpokUTtTOV VPO UTTOPEI Va PNV
gival pepikw¢ diaretaypévo d€vopo.

TTapaTtnpnon
H pepikA didtaén kataotpépeTal Hovo
otn pila.
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" A
Mepikwe AiateTaypéva Aévdpa
Aiaypaepn

DeleteMin() - EravopBwon diarafng

1. 'Botw u n piCa Tou dévdpou Kai w o
OuyaTtpikog KOUPOC ToU U HE Th HeYaAUTepn
TTPOTEPAIOTNTA.

2. Av (w == nill OR KA&18i Tou u > KA£18i ToU W)
0 aAyopiBuoc Teppatilel;

3. AvtaAAdoooupe Ta dedopéva Tou U He Td
dcdopéva Tou w;

4. O¢toupe (U = w) kai (w = BuyaTpIkog

KOUPOC Tou U He Th HeyaAUTepn

TPOTEPAIOTNTA);

5. EmoTtpépoupe oto PAua 2;

TToia givar moAutthokotnta tne DeleteMin(); O(Uyog 8£vdpou)
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" A
Mepikwg
AiateTaypéva
Aévdpa

Insert() o )

Q Eiodyoupe To vEo oTOIXEIO WC
de€16TEPO PUAAO Tou BEvEpou.

Q HdioTnTa TG pepikng diataéng
iow¢ KaTaoTpEPeTal AAAa Hovo yid
Tov TTaTépa Tou UAAOU auToU.

Insert() - EmavépOwon diaraéng
1. 'Eotw u o Kéupoc gUAAO aToV 0TI0i0 YiveTdl h £10aYWYR Kal W 0 TTATPIKOC
Koupog Tou u.
2. Av (w == nill OR kA&1di Tou w > KA€13i Tou u) 0 aAyoépiBuoc Tepparilel;
3. AvtaAAdoooupe Ta dedopéva Tou U He Ta dedopéva Tou w;
4, Ofttw (u=w)Kal (W = TaTpIkOC KOPPOC TOU U e TN HEYAAUTEPN
TpoTEPAIOTNTA);

) ) TToia civai n xpovikh ToAuTtAokéTNTa ThG Insert();
5. Emotpépoupe oTo PrApa 2;

O(Uyoc dévdpou
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" JEE
Mepikwe AiateTaypéva Aévdpa
YAoroinon w¢ TTARpn Avadika Dm<mb.

®» YAomoloUpe To HepIKWG diaTeTaypévo 0€vdpo
xpnhoidomoiwvTtag mAnpn duadikd dévdpa.

> To de€16TEp0 UAAO pe péyioTo Pdbog oo
0évOpo cival To TeAeuTaio aToIXEIO TOU TrivaKa.
> H ©éon Tou mivaka Tou TrepIéXEl AUTO Tov KOUPo
Htopei va kaBopioTei av yvwpiloupe To TARBOC TWV
oToIX€iwv Kai Th 81eUBUVON ToU TTPWTOU OTOIXEioU

TOU Trivakad.
» H diaypagn Tou gUAAoU auToU dev emnpedlel Thv
HepikA diataén Tou dévdpou, v 01 2 3 4 5 6 7 8 9 10 1

10 8évdpo e€arkohouBei va cival TARpeG. |5 [8 |9 |16 (12|10 |56 |18 |20 | 22 | 44

‘Eva pepikwg diateTaypévo dévdpo UAoToInpéVO HE
oTaTiko Tpomo (dnAadn pe mivaka), ovopdleTal
owpoc.

To Uyog omoloudnmoTe TARpoug duadikol dévdpou eival O(logn) = TToAuTtAokdTNTA
HeapInsert() kai HeapDeleteMin() = O(logn). O owpdg eival pia e€aipeTika
amodoTIkA OOUR Yid TV UAOTIOINON OUPWY TIPOTEPAIOTNTAG.

HY?240 - TlavayiwTa &aroUpou 51

" A0
YAomoinon TTAnpwv Avadikwv Aévdpwy @0
Ymdpxel povo éva mAnpeg duadiké dévOpo pe n

KOuPoug Kai To UAotroloUpe pe éva mivaka N
OTOIXEIWV.

Ap1Buolpe Toug KOUPoug pe apiBuouc oTto didoTnua L
{0,....n-1} kar amroOnKeloupe Tov KOWPO i aTO

otoixeio T[i] Tou Tivaka. ® 0 M

O©¢éAoupe va kKAvoupe Thv apibunon pe TETolo TPOTIO 7 8 ; 9 10 11 2041
WaoTe va TETUXOUHE TNV EKTEAETN XPAOIHWY | |
A€IToupyIwv oTo dévOpo 0c oTaBepO XpOVo.0 1 2 3 4 5 6 7 8 9 10 11

ApiBunon
H piCa eivai o képpoc O. A|CIE|GID|K[X|BIO|M]Y |s

To apioTepd Taidi Tou KOUPou i apiBucital wg kKOuPog 2i+l1, ev 1o de€i aidi Tou
w¢ Koupog 2i+2.

YAomoinon Acsitoupyiwv

Q IslLeaf(i): return (2i+1>n);

Q Left+Child(i): if (2i+1 < n); return (2i+1) else return nill;
Q RightChild(i): if (2i+2<n) return(2i+2); else return nill;
Q LeftSibling(i): if (i = 0 and i not odd) return (i-1);

0 RightSibling(i): if (i 1= n-1 and i not even) return(i+1);
Q Parent(i): if (i = 0) return((i-1)/2.);
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Xpovikn
mwoAUTTAOKOTNTA KAOE
AsiToupyiac: O(1)




" J
2wpoi - Yeudokwdikag yia HeapInsert()

0 Ta oroixeia Tou owpou civar structs pe dUo media, éva kAeidi K Tutrou Key kai
Ta dedopéva data TUTOU Type Tou €xouv cuaxeTIoOEi He To KAEIDi.

0 O owpdg uhomroreital amd évav mivaka A (Tumou HeapTable) kai évav aképaio
size ou uodnAwvel To TANBOC TWV OTOIXEIWY TOU owpoU.

/* Eioaywyri Tou (evyous <K, I> oro owpd <A,size> */
if (size == N) then error; /* Heap is full */
m = size, // o m eivai aképaiog Tou XPNOILOTIOIEITAI WC SEIKTNG OTOUC KOUPOUC EVOC
// povomatiol Tou dévdpou. ApxIkd, Scixvel oTh Béon Tou Ba sioaxBei To véo aToixEio
while (m > 0 and K < >_”_.A3|C\N|_“_|V_AN<V { 77 00 3ev éxw pBaoer oTn pila kai
// 0 TaTpIKOG KOUPOC Tou M éXel HIKpdTEPO KAEISi amd To K
A[lm]->key = )gr?ﬂ-S\Nb-v_Amva // 1o kAeidi kai Ta Sedopéva Tou TATPIKoU KOPPoU
A[m]->data = >_“:3|C\NH_|vQQ+P. // Tou m avTiypdgovTal aTov m

m= ::.TC\N% // n &iadikacia emavaAauPdaveTar pe m = TaTPIKOC KOGUPOC Tou m
} 5 9
Alm]->Key = K; 0 h 2 3 M/ 5 6 7 8 9 10 11
Alm]->data = T; 57 8 16 |12 |10J56 |18 |20 |22 |44 |10
Size++,; T - ¥
} TMapadeiypa: Eiocaywyn 1
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" A
2Zwpoi - Yeudokwdikag yia HeapDeleteMin()

Type HeapDeleteMin(HeapTable A, int size) {
// diaypagh Tou oToIXEiOU HE Th HEYAAUTEPN TTPOTEPAIOTNTA KdI ETICTPOPYRA TG TIHAC Tou

if (size == 0) then error; // Kevég owpdg

I = A[O]->data; // Ztoixeio mou Ba emioTpayei

K = A[size-1]->Key; // TIgR KAEI1B10U TTou Ba peTakivnBei Tpog Tn pila

size--; // véo péyeBoc¢ owpou

if (size == 1) then return; // 0 owpdc Tepiéxel Hévo TN pila PETA Th diaypagh

m=0; /* o m givai aképaio¢ Tou JeIKTOBOTEI TOUC KOUPOUC £vOC HovoTtaTioU Tipo¢ Th pila

while ((2m+1 <n AND K > A[2m+1]->Key) OR // av undpxei apioTepé maidi kai éxer HikpdTepo KAEISi
(2m+2 <n AND K > A[2m+2]->Key)) { 7/ av undpxei 8e€16 Taidi kar éxel HikpoTEPO KAEISi

if (2m +2 <n){ // 0 m éxer 3Uo BuyaTpIKoUC KOHPOUC
if (A[2m+1]->Key < A[2m+2]->Key)
p = 2m+l; J m Ue Th HeyaAUTeph TTPOTEPAIOTNTA
else p = 2m+2;
}
elsep=n-1
A[m]->Key = A[p]->Key:
A[lm]->data = A[p]->data; ® @ @ m@ 44
- p 12 22
wa_p 0 wg\mowmoxﬁ\:
Alm]->Key = A[n-1]->Key; _mm\ 8719 |16 10 |56 |18 |20 44
A[m]->data = A[n-1]->data; v " - ! .
return I Tapadeiypa: DeleteMin()
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