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Efarmosmèna MajhmatikĹ gia MhqanikoÔc - HU215

LÔseic 5hc seirĹc askăsewn

’Askhsh A.

1. H autosusqètish enìc sămatoc x(t), eÐnai:

φx(τ) =

∫

∞

−∞

x∗(t).x(t + τ)dt.

To săma x(t) = Arect( t
T
) eÐnai pragmatikì, opìte x(t) = x∗(t). Profanÿc, gia τ ≤ −T

ă τ ≥ T , h autosusqètish tou sămatoc eÐnai 0. ’Opwc faÐnetai kai sto sqăma 1(a), gia
T > τ ≥ 0, ja èqoume:

φx(τ) =

∫ T

2
−τ

−
T

2

Arect(
t

T
).Arect(

t + τ

T
)dt

=A2(
T

2
− τ +

T

2
) = A2(T − τ)

1(a)
−T/2 T/2

A

A

T/2−τ

τ > 0

(b)

−T/2 T/2

τ < 0

−T/2−τ

A

A
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AntÐstoiqa, gia −T < τ < 0, bl. sqăma 1(b):

φx(τ) =

∫ T

2

−
T

2
−τ

Arect(
t

T
).Arect(

t + τ

T
)dt

=A2(
T

2
+ τ +

T

2
) = A2(T + τ)

’Ara

φx(τ) =











0, τ ≤ −T, τ ≥ T

A2(T − τ), T ≥ τ > 0,

A2(T + τ), −T ≤ τ < 0

1(g)
          

Autocorrelation of A.rect(t/T)

τ

A2T

−T T

2. EÐnai gnwstì ìti o metasqhmatismìc Fourier enìc tetragwnikoÔ palmoÔ, x(t), eÐnai:

x(t) = Arect(
t

T
) ⇐⇒ X(f) = ATsinc(fT ).

DÐnetai epiplèon ìti o metasqhmatismìc Fourier thc autosusqètishc, φx(τ), eÐnai:

φx(τ) =

∫

∞

−∞

x∗(t)x(t + τ)dt ⇒ Φx(f) = X∗(f)X(f).

Apì tic parapĹnw sqèseic èqoume ìti:

Φx(f) = X∗(f)X(f) =
∣

∣X(f)
∣

∣

2
= A2T 2sinc2(fT ).
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3. MporoÔme na epalhjeÔsoume ìti Φx(f) =
∣

∣X(f)
∣

∣

2
, qrhsimopoiÿntac ton orismì tou

metasqhmatismoÔ Fourier:

Φx(f) =F
(

φx(τ)
)

=

∫

∞

−∞

φx(τ).e−j2πfτdτ ⇒

Φx(f) =

∫

∞

−∞

[
∫

∞

−∞

x∗(t).x(t + τ)dt

]

e−j2πfτdτ

=

∫

∞

−∞

x∗(t)

[
∫

∞

−∞

x(t + τ)e−j2πfτdτ

]

dt

=X(f)

∫

∞

−∞

x∗(t)ej2πftdt

=X(f)X∗(f) =
∣

∣X(f)
∣

∣

2
.

Stic parapĹnw exisÿseic èqoume kĹnei mÐa allagă metablhtăc, jètontac ìpou t+τ = t′, opìte
dt′ = dτ kai e−j2πfτ = e−j2πft′ej2πft.

’Askhsh B. 1 & 2
To săma x(t) = Arect( t

T
) eÐnai pragmatikì kai Ĺrtio, isqÔei loipìn ìti: x∗(t) = x(t) =

x(−t). Apì th sqèsh pou dÐnetai anĹmesa sthn eterosusqètish kai thn sunèlixh dÔo shmĹtwn,
mporoÔme eÔkola na upologÐsoume thn sunèlixh tou sămatoc x(t) = Arect( t

T
) me ton eautì

tou, xekinÿntac apì ton tÔpo thc autosusqètishc tou sămatoc:

φx(τ) = x∗(−τ) ∗ x(τ) = x(−τ) ∗ x(τ) = x(τ) ∗ x(τ) = cx(τ)

’Ara h sunèlixh tou sămatoc x(t) = Arect( t
T
) me ton eautì tou, isoÔtai me thn autosusqètisă

tou:

cx(τ) =











0, τ ≤ −T, τ ≥ T

A2(T − τ), T ≥ τ > 0,

A2(T + τ), −T ≤ τ < 0

Thn parapĹnw sqèsh mporoÔme profanÿc na thn apodeÐxoume eĹn ergastoÔme ìpwc akribÿc
kai sthn A1, afoÔ x(t) Ĺrtio kai x(−t + τ) = x(t + τ).

’Askhsh G.
1. H eterosusqètish twn dÔo tetragwnikÿn palmÿn x(t) = A.rect( t−2

T
) kai y(t) = A.rect( t+1

T
),

ìpou T < 1, ja eÐnai mh mhdenikă, ìpwc faÐnetai kai sto parakĹtw sqăma, gia metatìpi-
sh tou y(t) proc ta dexiĹ, dhladă τ < 0, eÐte gia metatìpish tou x(t) proc ta aristerĹ,
dhladă τ > 0. QwrÐc blĹbh thc genikìthtac, jewroÔme thn prÿth perÐptwsh, metatopÐ-
zoume dhladă dexiĹ to y(t). Ja èqoume τ < 0, kai h eterosusqètish eÐnai mh mhdenikă gia
−T

2
+ 2 < T

2
− 1 − τ < T

2
+ 2 ⇒ −3 < τ < T − 3 < 0 (afoÔ T < 1) :

φxy(τ) =

∫ T

2
−1−τ

−
T

2
+2

Arect(
t − 2

T
).Arect(

t + 1 + τ

T
)dt

=A2(
T

2
− 1 − τ +

T

2
− 2) = A2(T − τ − 3)



4

H eterosusqètish ftĹnei sto mègistì thc ìtan ta dÔo sămata sumpèsoun, gia τ = −3, enÿ
gia τ < −3, ja isqÔei −T

2
+ 2 < −T

2
− 1 − τ < T

2
+ 2 ⇒ −T − 3 < τ < −3:

φxy(τ) =

∫ T

2
+2

−
T

2
−1−τ

Arect(
t − 2

T
)Arect(

t + 1 + τ

T
)dt

=A2(
T

2
+ 2 +

T

2
+ 1 + τ) = A2(T + τ + 3)

’Ara

φxy(τ) =











0, τ ≤ −T − 3, τ ≥ T − 3

A2(T − τ − 3), −3 ≤ τ < T − 3 < 0,

A2(T + τ + 3), −T − 3 < τ < −3
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2. To mègisto thc autosusqètishc isoÔtai me A2T , kai brÐsketai sto τ = −3. Gia qronikă
metatìpish tou y(t) proc ta dexiĹ, Ðsh me τ = −3, ta dÔo sămata sumpÐptoun akribÿc afoÔ
prìkeitai gia dÔo ìmoiouc tetragwnikoÔ palmoÔc oi opoÐoi "apèqounfl qronikĹ katĹ |τ | = 3.
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’Askhsh D.
1. Qrhsimopoiÿntac ton orismì tou metasqhmatismoÔ Fourier:

F
(

φxy(−τ)
)

=

∫ +∞

−∞

φxy(−τ).e−j2πfτdτ

=

∫ +∞

−∞

[
∫ +∞

−∞

x∗(t).y(t − τ)dt

]

e−j2πfτdτ

=

∫ +∞

−∞

x∗(t)

[
∫ +∞

−∞

y(t − τ)e−j2πfτdτ

]

dt

=

∫ +∞

−∞

x∗(t)

[

−

∫

−∞

+∞

y(t′)ej2πft′dt′
]

e−j2πftdt

=

∫ +∞

−∞

x∗(t)

[
∫ +∞

−∞

y(t′)e−j2π(−f)t′dt′
]

e−j2πftdt

=

[
∫ +∞

−∞

x∗(t)e−j2πftdt

]

Y (−f)

=X∗(−f)Y (−f)

Stic parapĹnw exisÿseic èqoume kĹnei mÐa allagă metablhtăc, jètontac ìpou t−τ = t′, opìte
dτ = −dt′ kai e−j2πfτ = ej2πft′e−j2πft.

2. MporoÔme epÐshc na qrhsimopoiăsoume tic idiìthtec tou metasqhmatismoÔ Fourier se sun-
duasmì me th sqèsh anĹmesa sthn eterosusqètish kai thn sunèlixh dÔo migadikÿn shmĹtwn:

φxy(τ) =x∗(−τ) ∗ y(τ) ⇒

φxy(−τ) =x∗(τ) ∗ y(−τ) ⇒

F
(

φxy(−τ)
)

=F
(

x∗(τ)
)

F
(

y(−τ)
)

=X∗(−f)Y (−f)

ă akìma ìti:

F
(

φxy(τ)
)

=Φxy(f) = X∗(f)Y (f) ⇒

F
(

φxy(−τ)
)

=Φxy(−f) = X∗(−f)Y (−f)

’Askhsh E.
To săma apoteleÐtai apì trÐa tmămata, x1(t), x2(t), x3(t), ta opoÐa perigrĹfontai antÐ-
stoiqa apì tic sunartăseic:

x1(t) = −
A

2
t + A, 0 ≤ t ≤ 1

x2(t) =
A

2
rect(

t − 2

2
), 1 < t ≤ 3

x3(t) = −
A

4
t +

5A

4
, 3 ≤ t ≤ 5
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opìte o metasqhmatismìc Fourier tou sămatoc ja eÐnai to Ĺjroisma triÿn metasqhmatismÿn
Fourier:

X(f) = X1(f) + X2(f) + X3(f).

MporoÔme na qrhsimopoiăsoume thn idiìthta thc paragÿgishc tou m. Fourier :

F
(

x′

i(t)
)

= j2πfXi(f) ⇒ Xi(f) =
1

j2πf
F

(

x′

i(t)
)

(1)

gia na upologÐsoume ta X1(f), X3(f), ìpou:

x′

1(t) =Aδ(t) −
A

2
rect(t −

1

2
) −

A

2
δ(t − 1), 0 ≤ t ≤ 1

x′

3(t) =
A

2
δ(t − 3) −

A

4
rect(

t − 4

2
), 3 ≤ t ≤ 5

’Eqoume :

F
(

x′

1(t)
)

=A −
A

2
e−j2πf/2sinc(f) −

A

2
e−j2πf

=A −
A

2
e−jπfsinc(f) −

A

2
e−j2πf

F
(

x′

3(t)
)

=
A

2
e−j2πf.3 −

A

2
e−j2πf.4sinc(2f)

=
A

2
e−j6πf −

A

2
e−j8πfsinc(2f)

opìte

X1(f) =
1

j2πf

(

A −
A

2
e−jπfsinc(f) −

A

2
e−j2πf

)

X2(f) =Ae−j2π2fsinc(2f) = Ae−j4πfsinc(2f)

X3(f) =
1

j2πf

(

A

2
e−j6πf −

A

2
e−j8πfsinc(2f)

)

kai

X(f) =
1

j2πf

(

A −
A

2
e−jπfsinc(f) −

A

2
e−j2πf

)

+ Ae−j4πfsinc(2f) +
1

j2πf

(

A

2
e−j6πf −

A

2
e−j8πfsinc(2f)

)

=
A

j4πf

(

2 − e−jπfsinc(f) − e−j2πf + e−j6πf − e−j8πfsinc(2f)

)

+ Ae−j4πfsinc(2f)


