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Efarmosmèna MajhmatikĹ gia MhqanikoÔc - HU215

LÔseic 4hc seirĹc askăsewn

’Askhsh 2.

DÐnetai ìti:

x(t) = Arect(
t

T
) ⇐⇒ X(f) = ATsinc(fT )

Ja èqoume loipìn:

x(2t) = Arect(
2t

T
) = Arect(

t

T/2
) ⇐⇒ AT

2
sinc(

fT

2
) =

1

2
X(

f

2
)

x(t/2) = Arect(
t/2

T
) = Arect(

t

2T
) ⇐⇒ 2ATsinc(2fT ) = 2X(2f)

ParathroÔme ìti o met. Fourier tou tetragwnikoÔ palmoÔ x(t) = Arect( t
T
) eÐnai pragma-

tikì săma to opoÐo paÐrnei jetikèc kai arnhtikèc timèc, enÿ mhdenÐzetai ìtan sinc(fT ) = 0,
dhladă ìtan fT = ±n ⇒ f = ± n

T
se aktÐnia (radians). To fĹsma plĹtouc eÐnai pĹnta je-

tikì, profanÿc, enÿ to fĹsma fĹshc ja eÐnai eÐte 0 (ìtan
∣

∣sinc(fT )
∣

∣ = sinc(fT ) > 0), eÐte
±π (ìtan −

∣

∣sinc(fT )
∣

∣ = sinc(fT ) < 0) . Epiplèon, to fĹsma fĹshc eÐnai perittă sunĹrth-
sh thc suqnìthtac f , kai katĹ sÔmbash jewroÔme ìti ja paÐrnei jetikèc timèc stic jetikèc
suqnìthtec (aristerìstrofa).

Sta sqămata 1(a), 1(b) kai 1(g) apeikonÐzontai ta fĹsmata plĹtouc kai fĹshc twn met.
Fourier twn shmĹtwn x(t), x(2t) kai x(t/2) antÐstoiqa.

’Askhsh 3.

EÐnai gnwstì ìti o met. Fourier enìc palmoÔ Gauss eÐnai epÐshc mÐa sunĹrthsh Gauss:

x(t) = exp−αt2 ⇐⇒ X(f) =
1√
2α

exp−f2/4α,

ìpou α > 0 (den upĹrqei o metasqhmatismìc Fourier tou sămatoc x(t) = exp−αt2 ìtan α < 0
giatÐ tìte den sugklÐnei to oloklărwma Fourier ).

MporoÔme wstìso na apodeÐxoume ton parapĹnw tÔpo qrhsimopoiÿntac ton orismì tou met.
Fourier: sumplhrÿnoume to tetrĹgwno sto ekjetikì kai bgĹzoume èxw apì to oloklărwma
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−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.5

1

t

x[
t]

A rectangular pulse of width τ

−4 −3 −2 −1 0 1 2 3 4
0

1000

2000

f: frequency (1/T)

|X
(f

)|

Amplitude spectrum

−4 −3 −2 −1 0 1 2 3 4
−2

0

2

f: frequency (1/T)

<
 X

(f
) 

in
 r

ad
ia

ns

Phase spectrum

1(b)
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1(g)
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ton ekjetikì parĹgonta o opoÐoc den perilambĹnei th metablhtă oloklărwshc t :

F(e−αt2) =
1√
2π

∫ ∞

−∞

exp[−αt2 − ift]dt

=
1√
2π

∫ ∞

−∞

exp

[

−
(√

αt +
if

2
√

α

)2

+

(

if

2
√

α

)2
]

dt

=
1√
2π

exp

(

− f 2

4α

)
∫ ∞

−∞

exp

[

−
(√

αt +
if

2
√

α

)2
]

dt

=
1√
2π

exp

(

− f 2

4α

)

I,

ìpou

I =

∫ ∞

−∞

exp

[

−
(√

αt +
if

2
√

α

)2
]

dt.

JewroÔme mia nèa metablhtă υ =
√

αt + if
2
√

α
. Ja isqÔei ìti : dt = dυ/

√
α, opìte:

I =
1√
α

∫ ∞

−∞

e−υ2

dυ =

√

π

α
,

kai apì thn prÿth sqèsh ja èqoume:

F(e−αt2) =
1√
2π

exp

(

− f 2

4α

)
√

π

α
=

1√
2α

exp−f2/4α .
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O met. Fourier enìc palmoÔ Gauss eÐnai loipìn epÐshc palmìc Gauss, opìte ja eÐnai
pragmatikì săma, kai jetikì gia ìlec tic timèc thc f. ’Etsi to fĹsma thc fĹshc tou ja eÐnai
mhdèn ∀f :

R(f) > 0, I(f) = 0 ∀f ⇒ θx(f) = 0 ∀f
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To fĹsma plĹtouc eÐnai :

|X(f)| =
1√
2α

exp−f2/4α

kai faÐnetai sto parapĹnw sqăma.

’Askhsh 4.
Ta pragmatikĹ mèrh twn αk = |αk|.ejφk ja eÐnai Re{αk} = |αk|. cos(φk). To Ĺrtio mèroc tou
pragmatikoÔ periodikoÔ sămatoc x(t) =

∑∞

k=−∞ αke
jkω0t, ja eÐnai :

xe(t) =
1

2
[x(t) + x(−t)]

=
1

2

[ ∞
∑

k=−∞

αk.e
jkω0t +

∞
∑

k=−∞

αk.e
−jkω0t

]

=

=
1

2

[

2
∞

∑

k=−∞

αk. cos(kω0t)

]

=

=
∞

∑

k=−∞

αk. cos(kω0t)

Epeidă to xe(t) eÐnai epÐshc pragmatikì săma, ja isqÔei :

xe(t) = Re

{ ∞
∑

k=−∞

αk. cos(kω0t)

}

=

∞
∑

k=−∞

|αk|. cos(φk). cos(kω0t)

PrĹgmati loipìn oi suntelestèc tou anaptÔgmatoc tou Ĺrtiou mèrouc tou sămatoc eÐnai Ðsoi
me ta pragmatikĹ mèrh twn αk.


