
HU215: LÔseic 6ης Seir�c Ask sewn

1. GnwrÐzoume ìti an x(t) ↔ X(f) tìte

x(t− t0) ↔ e−j2πft0X(f)

DeÐxte ìti
x(−t− t0) ↔ e+j2πft0X∗(f)

x(−t + t0) ↔ e−j2πft0X∗(f)

LÔsh:
∞∫
−∞

x(−t−t0) e−j2πft dt =
∞∫
−∞

x(t′) e−j2πf(−t′−t0) dt′ = ej2πft0
∞∫
−∞

x(t′) ej2πft′ dt′ = X?(f) ej2πft0

Jètontac:

t′ = −t− t0 ⇒ dt′ = −dt

t →∞ ⇒ t′ → −∞
t → −∞ ⇒ t′ → +∞

ParomoÐwc:
∞∫
−∞

x(−t + t0) e−j2πft dt =
∞∫
−∞

x(t′) e−j2πf(−t′+t0) dt′ = X?(f) e−j2πft0 ,

Jètontac:

t′ = −t + t0 ⇒ dt′ = −dt

t →∞ ⇒ t′ → −∞
t → −∞ ⇒ t′ → +∞

2. DeÐxte ìti an x(t) ↔ X(f) tìte

tnx(t) ↔ (
j

2π
)n dnX(f)

dfn

LÔsh:

X(f) =
∞∫
−∞

x(t) e−j2πft dt ⇒ dnX(f)
dfn =

∞∫
−∞

x(t) (−j2πt)n e−j2πft dt ⇒

⇒ dnX(f)
dfn = (−j2π)n

∞∫
−∞

tn x(t) e−j2πft dt ⇒

⇒
∞∫
−∞

tn x(t) e−j2πft dt = ( 1
−j2π

)n dnX(f)
dfn = ( j

2π
)n dnX(f)

dfn
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3. Na upologisteÐ o met. Fourier twn shm�twn:

x(t) = e−a|t|

x(t) =
2a

a2 + 4(πt)2

me a > 0.

LÔsh:

x(t) = e−α|t| = eαt ε(−t) + e−αt ε(t)

an y(t) = e−αt ε(t) ⇒ Y (f) = 1
α+j2πf

tìte eαt ε(−t) = y(−t) → Y ?(f) = 1
α−j2πf

'Ara X(f) = Y (f) + Y ?(f) = 2α
α2+(2πf)2

Lìgw thc idiìthtac thc summetrÐac tou metasqhmatismoÔ Fourier èqoume ìti:

X(t) = 2α
α2+(2πt)2

→ x(−f) = e−α|f |

'Ara: 2α
α2+(2πt)2

↔ e−α|f |

4. (aþ) DeÐxte ìti

X(f) = e−πf2

eÐnai lÔsh thc exÐswshc
dX(f)

df
+ 2πfX(f) = 0

(bþ) Qrhsimopoi¸ntac idiìthtec tou met. Fourier kaj¸c kai to parap�nw apotèlesma,

deÐxte ìti:

e−πt2 ↔ e−πf2

ShmeÐwsh: h sun�rthsh e−πt2 èqei thn idiaiterìthta na diathreÐ th morf  thc tìso

sto qrìno ìso kai sth suqnìthta. AxioshmeÐwth pr�gmati idiaiterìthta.
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(gþ) Sqedi�ste me th bo jeia tou Matlab tic sunart seic

x(t) = e−πt2 kai X(f) = e−πf2

gia −π ≤ t ≤ π kai −π ≤ f ≤ π.

LÔsh:

(aþ) X(f) = e−πf2 ⇒ dX(f)
df

= −2πf e−πf2

�ra −2πf e−πf2
+ 2πf e−πf2

= 0.

Epomènwc pr�gmati h X(f) = e−πf2 eÐnai lÔsh thc exÐswshc:
dX(f)

df
+ 2πf X(f) = 0

(bþ) Xèroume ìti dnX(t)
dtn

↔ (j2πf)n X(f) ⇒ −2πt e−πt2 ↔ j2πf X(f)

'Omwc t e−πt2 ↔ j
2π

dX(f)
df

⇒ −2πt e−πt2 ↔ −j dX(f)
df

Apì ta parap�nw prokÔptei ìti: dX(f)
df

= −2πf X(f) ⇒ dX(f)
df

+ 2πf X(f) = 0

SÔmfwna me to (a) er¸thma X(f) = e−πf2

5. Na brejeÐ o antÐstrofoc met. Fourier tou f�smatoc pou faÐnetai sto Sq ma 1

Shm: K�nte qr sh twn apotelesm�twn thc �skhshc 2.

LÔsh:

Ja qrhsimopoi soume parag¸gouc apl� sto q¸ro thc suqnìthtac kai ja k�noume qr sh

thc sqèshc:

tn x(t) ↔ ( j
2π

)n dnX(f)
dfn
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f

-1

−π π

X(f)

Sq ma 1: F�sma suqnot twn �skhshc 5.

X(f) =





|f |
π
− 1 ,−pi ≤ f ≤ pi

0 , otherwise
⇒ dX(f)

df
=




− 1

π
, f < 0

1
π

, f > 0

'Omwc:

f


dX
(
f
)/
df


1/pi


-1/pi


pi
-pi
 1


2


1 :
F−1→ sinc(πt) ej2π π

2
t

2 :
F−1→ −sinc(πt) ej2π π

2
t




⇒ 1 + 2 → sinc(πt) 2j sin (π2t)

kai j
2π

dX(f)
df

F−1→ t x(t) ⇒ − 1
π

sinc(πt) sin (π2t) = t x(t) ⇒

⇒ x(t) = −sinc(πt) sin (π2t)
πt

⇒ x(t) = −π sinc2(πt)

To parap�nw apotèlesma mporeÐ na prokÔyei kai apì thn idiìthta thc summetrÐac ston

metasqhmatismì Fourier.
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6. JewroÔme to s ma

x(t) = e−atε(t) a > 0

(aþ) Na upologÐsete th sun�rthsh autosusqètishc, φx(τ), tou s matoc.

(bþ) Na upologÐsete ton met. Fourier, Φx(f), thc φx(τ).

(gþ) Na epibebai¸sete ìti

Φx(f) = |X(f)|2

ìpou X(f) o met. Fourier tou s matoc x(t).

LÔsh:

t


x(
t
)


X(f) = 1
α+j2πf

⇒ |X(f)|2 = 1
α2+(2πf)2

τ > 0
t


x(
t
)


-tau

φx(τ) =

∞∫
0

e−αt e−α(t+τ) dt = e−ατ 1
−2α

e−αt|∞0 = 1
2α

e−ατ

τ < 0
t


x(
t
)


-tau

φx(τ) =

∞∫
−τ

e−αt e−α(t+τ) dt = e−ατ 1
−2α

e−2αt|∞−τ = 1
2α

eατ

Dhlad : φx(τ) = 1
2α

[e−ατ ε(τ) + eατ ε(−τ)] ⇒

Φx(f) = 1
2α

[X(f) + X?(f)] = 1
α2+(2πf)2

= |X(f)|2
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7. Parak�tw sac dÐdetai o k¸dikac se Matlab gia ton upologismì tou met. Fourier enìc

s matoc kaj¸c kai o upologismìc tou antÐstrofou met. Fourier. Ta oloklhr¸mata pou

qrei�zontai na upologistoÔn, proseggÐzontai me th mèjodo Riemann kai qrhsimopoioÔme

wc par�deigma to s ma

x(t) = e−atε(t) a > 0

Sqoli�ste ton k¸dika ìpou sac zhthjeÐ kai bèbaia na ton qrhsimopoi sete. EÐnai polÔ

qr simoc gia ton èlegqo twn apant sewn stic ask seic sac all� kai ston èlegqo tou

upologismoÔ Fourier me to Matlab.

ShmeÐwsh: To Matlab èqei dik  tou sun�rthsh gia ton upologismì tou met. Fourier kai

tou antistrìfou: fft, ifft antÐstoiqa. Parìla aut�, o parap�tw k¸dikac sac dÐnei pl rh

kai eÔkolo èlegqo.

% xronos ...

dt = 1/100; % deigmatolhpsia aksona xronou

a = 0.2; % stathera a tou shmatos

D = 4*1/a; % diarkeia se sec toy shmatos

t = 0:dt:D; % xronos

x = exp(-a*t); % shma

plot(t,x) % plot!! mmm...

% syxnothta ....

df = 1/D; % deigmatolhpsia aksona syxnothtas

f = -pi:df:pi; % syxnothta

% pinakas analyshs: met. Fourier. SXOLIASTE

M = exp(-j*(2*pi*t’*f));

% pinakas synthesis: ant. met. Fouier. SXOLIASTE
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Minv = exp(j*(2*pi*f’*t));

% upologismos met.Fourier (kata Riemann)

X = dt*x*M; % prosoxh ... einai migadikos

% plot fasma platos (magnitude) kai fasma fashs (phase)

subplot(211);plot(f,abs(X));ylabel(’magnitude’);

subplot(212);plot(f,angle(X));ylabel(’phase’);

xlabel(’Frequency in Hz’);

% thewrhtiko apotelesma

Xth = 1./(a+ j*2 *pi*f);

% Sugkrish

subplot(211);plot(f,abs(X));ylabel(’magnitude’);

hold on;plot(f,abs(Xth),’g’);

legend(’Riemann’,’Theory’);hold off;

subplot(212);plot(f,angle(X));ylabel(’phase’);

hold on;plot(f,angle(Xth),’g’);

legend(’Riemann’,’Theory’);hold off;

xlabel(’Frequency in Hz’);

% antistrofos met. Fourier - kratame to real meros. To imag einai

% para polu mikro kai ofeiletai se arithmitika sfalmata

xx = real(df*X*Minv);

% sugkrish:

clf;

plot(t,x);hold on;plot(t,xx,’g’);hold off
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