
HU215: LÔseic 5ης Seir�c Ask sewn

1. Estw to s ma

z(t) = x(t) y(t)

DeÐxte ìti:

(aþ) an x(t) kai y(t) eÐnai peritt� s mata tìte to z(t) eÐnai �rtio s ma

(bþ) an x(t) eÐnai perittì s ma kai y(t) eÐnai �rtio s ma tìte to z(t) eÐnai perittì s ma

(gþ) an x(t) eÐnai �rtio s ma kai y(t) eÐnai perittì s ma tìte to z(t) eÐnai perittì s ma

(dþ) an x(t) kai y(t) eÐnai �rtia s mata tìte to z(t) eÐnai �rtio s ma

LÔsh:

(aþ) z(t) = x(t) y(t) ⇒ z(−t) = x(−t) y(−t) = (−x(t)) (−y(t)) = x(t) y(t) ⇒
⇒ z(−t) = z(t) �ra z(t) �rtio

(bþ) z(−t) = x(−t) y(−t) = −x(t) y(t) = −z(t) �ra z(t) perittì

(gþ) z(−t) = x(−t) y(−t) = x(t) (−y(t)) = −z(t) �ra z(t) perittì

(dþ) z(−t) = x(−t) y(−t) = x(t) y(t) = z(t) �ra z(t) �rtio

2. DeÐxte ìti gia èna opoiod pote pragmatikì s ma x(t) to pragmatikì mèroc tou met. Fourier

tou s matoc, R(f) isoÔtai me:

R(f) = 2
∫ ∞

0
xe(t) cos (2πft)dt

en¸ to fantastikì mèroc tou metasqhmatismoÔ, I(f), isoÔtai me:

I(f) = −2
∫ ∞

0
xo(t) sin (2πft)dt

ìpou xe(t) kai xo(t) eÐnai to �rtio kai perittì mèroc antÐstoiqa tou s matoc x(t).
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LÔsh:

GnwrÐzoume ìti:

F{x(t)} = X(f) = R(f) + j I(f),

ìpou R(f) =
∞∫
−∞

x(t) cos (2πft) dt kai I(f) = −
∞∫
−∞

x(t) sin (2πft) dt

'Omwc: x(t) = xe(t) + xo(t)

'Ara: R(f) =

∞∫

−∞
xe(t) cos (2πft) dt

︸ ︷︷ ︸
�rtia sun�rthsh wc proc t

+

∞∫

−∞
xo(t) cos (2πft) dt

︸ ︷︷ ︸
peritt  sun�rthsh wc proc t,= 0

=

= 2
∞∫
0

xe(t) cos (2πft) dt

I(f) = −
∞∫

−∞
xo(t) sin (2πft) dt

︸ ︷︷ ︸
�rtia sun�rthsh wc proc t

+

∞∫

−∞
xe(t) sin (2πft) dt

︸ ︷︷ ︸
peritt  sun�rthsh wc proc t,= 0

=

= −2
∞∫
0

xo(t) sin (2πft) dt

3. Qrhsimopoi¸ntac tic sqèseic

x(t) = xe(t) + xo(t)

R(f) = 2
∫ ∞

0
xe(t) cos (2πft)dt

I(f) = −2
∫ ∞

0
xo(t) sin (2πft)dt

ìpou xe(t) kai xo(t) eÐnai to �rtio kai perittì mèroc antÐstoiqa enìc s matoc x(t) deÐxte

ìti

X(f) = R(f) + jI(f) =
∫ ∞

−∞
x(t)e−j2πft dt

LÔsh:

R(f) + j I(f) =
∞∫
−∞

xe(t) cos (2πft) dt− j
∞∫
−∞

xo(t) sin (2πft) dt =

=
∞∫
−∞

x(t) cos (2πft) dt−
∞∫

−∞
xo(t) cos (2πft) dt

︸ ︷︷ ︸
peritt  wc proc t, = 0

−
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−j
∞∫
−∞

x(t) sin (2πft) dt + j

∞∫

−∞
xe(t) sin (2πft) dt

︸ ︷︷ ︸
peritt  wc proc t, = 0

=

=
∞∫
−∞

x(t) (cos (2πft)− j sin (2πft)) dt =

=
∞∫
−∞

x(t) e−j2πft dt =

= X(f)

4. Estw ta periodik� s mata:

x(t) = A sin (2πf0t)

y(t) = (A/2) cos (2f0t + π/4)

(aþ) UpologÐste th sun�rthsh eterosusqètishc φxy(τ) twn shm�twn

(bþ) UpologÐste th sun�rthsh autosusqètishc tou s matoc:

z(t) = x(t) + y(t)

LÔsh:

(aþ) h perÐodoc tou pr¸tou s matoc eÐnai T1 = 1
f0
, en¸ h perÐodoc tou deÔterou s matoc

eÐnai T2 = π T1 = π
f0

GnwrÐzoume ìti: φxy(τ) =
∞∑

k=−∞
X?

k Yk e
j2πk 1

T2
τ

ìmwc to pr¸to s ma èqei mìno sunist¸sec stic suqnìthtec −f0 kai f0,

en¸ to deÔtero stic suqnìthtec −f0

π
kai f0

π

'Ara se diaforetikèc jèseic kai epomènwc φxy(τ) = 0

(bþ) z(t) = x(t) + y(t) ìpou T = π T1 = T2

φ2(τ) = 1
T

T
2∫

−T
2

[x(t) + y(t)] [x(t + τ) + y(t + τ)] dt =

= 1
T

T
2∫

−T
2

x(t) x(t + τ) dt + 1
T

T
2∫

−T
2

y(t) x(t + τ) dt+
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+ 1
T

T
2∫

−T
2

x(t) y(t + τ) dt + 1
T

T
2∫

−T
2

y(t) y(t + τ) dt =

= φx(τ) + φyx(τ)︸ ︷︷ ︸
0

+ φxy(τ)︸ ︷︷ ︸
0

+φy(τ) =

= φx(τ) + φy(τ) = 1
2
A2 cos (2πf0τ) + 1

2
A2

4
cos (2f0τ)

5. Estw to periodikì s ma x(t) me perÐodo T , to opoÐo se mia perÐodo èqei th morf 

x(t) =





A |t| ≤ tc

0 tc < |t| < T/2

(aþ) Na upologÐsete th sun�rthsh autosusqètishc tou x(t) kai na thn sqedi�sete gia

|t| ≤ 3T/2 stic peript¸seic
tc = T/4

tc = 3T/8

(bþ) Sqoli�ste thn perÐptwsh ìpou tc = T/2 parathr¸ntac th morf  tou s matoc x(t)

kai thc autosusqètis c tou.

LÔsh:

(aþ)

x(
t
)


-
T
 T
 2T
-
tc
 tc
 t


φx(τ) = 1
T

T
2∫

−T
2

x(t) x(t + τ) dt
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Se mÐa perÐodo:

gia τ > 0

A


A


t


t


-
tc
 tc


-
tc
-tau
 tc
-tau


x(
t
)


x(
t
+tau)


φx(τ) = A2

T

tc−τ∫
−tc

dt = A2

T
(2tc − τ)

gia τ < 0

A


A


t


t


-
tc
 tc


-
tc
-tau
 tc
-tau


x(
t
)


x(
t
+tau)


φx(τ) = A2

T

tc∫
−tc−τ

dt = A2

T
(2tc + τ)

MporoÔme loipìn na gr�youme to φx(τ) wc:

φx(τ) = A2

T
2tc (1− |τ |

2tc
)

gia tc = T
4

φx(τ) = A2

2
(1− |τ |

T
2

)

-
2T

-
3T
/2


-
T

-
T
/2
 T
/2


T

3T
/2


2T


A^2/2


gia tc = 3T
8

φx(τ) = 3
4
A2 (1− |τ |

3 t
4

)

-
2T
 -
3T
/2
 -
T
 -
T
/2
 T
/2
 T
 3T
/2
 2T


A^2/2


3A
̂ 2/4


A^2/4
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φx(
T
2
) = 3

4
A2 (1− T

2
3T
4

) = A2

4

(bþ) gia tc = T
2

φx(τ) = A2

A^2


logikì, giatÐ x(t) = A ⇒ φx(τ) = A2

T

T
2∫

−T
2

dt = A2

T
T = A2

ShmeÐwsh: Gia pragmatik� s mata isqÔoc, ìpwc to x(t) = A h sun�rthsh auto-

susqètishc orÐzetai wc: φx(τ) = limT→∞ 1
T

T
2∫

−T
2

x(t) x(t + τ) dt. Efarmìzontac thn

parap�nw sqèsh sthn perÐptws  mac èqoume: φx(τ) = A2

6. (aþ) Na upologÐsete ton met. Fourier twn shm�twn

x(t) = e−atε(t)

x(2t) = e−2atε(t)

x(t/2) = e−at/2ε(t)

ìpou

ε(t) =





1 t > 0

0 t < 0

kai a > 0.

Ap: X(f) =
1

a + j2πf
gia to x(t).

(bþ) Na sqedi�sete ta parap�nw s mata kaj¸c kai to f�sma pl�touc kai f�shc k�je

metasqhmatismoÔ Fourier pou ja upologÐsete.

(gþ) Se poiec suqnìthtec to f�sma f�shc eÐnai Ðso me π/4 kai −π/4? Poia eÐnai h tim  tou

f�smatoc pl�touc sth mhdenik  suqnìthta kaj¸c kai stic parap�nw suqnìthtec se

k�je mÐa apì tic parap�nw peript¸seic?
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LÔsh:

(aþ) X(f) =
∞∫
−∞

x(t) e−j2πft dt =
∞∫
0

e(−α−j2πf)t dt =

= 1
−α−j2πf

e(−α−j2πf)t
∣∣∣
∞
0

?
= 1

α+j2πf

?ShmeÐwsh: e(−α−j2πf)t ìtan t →∞⇒ limt→∞ (e−αt e−j2πft) = 0 γ = 0

, ìpou γ = limt→∞ e−j2πft k�poia tim  me |γ| < ∞

Apì thn idiìthta x(αt) ↔ 1
|α| X( f

α
) èqoume:

X(2t) ↔ 1
2

1
α+jπf

= X1(f) kai X( t
2
) ↔ 2 1

α+j4πf
= X2(f)

X(f) = 1
α+j2πf

⇒





|X(f)| = 1√
α2+4 π2 f2

⇒




f = 0 ⇒ |X(f)| = 1
α

f = α
2π
⇒ |X(f)| = 1

α
√

2

θx(f) = − arctan (2πf
α

) ⇒




f = 0 ⇒ θx(f) = 0

f = α
2π
⇒ θx(f) = −π

4

X1(f) = 1
2

1
α+jπf

⇒





|X1(f)| = 1
2

1√
α2+π2 f2

⇒




f = 0 → |X1(f)| = 1
2

1
α

f = α
π
→ |X1(f)| = 1

2
1

α
√

2

θx1(f) = − arctan (πf
α

) ⇒




f = 0 → θx1(f) = 0

f = α
π
→ θx1(f) = −π

4

X2(f) = 2
α+j4πf

⇒





|X2(f)| = 2 1√
α2+16 π2 f2

⇒




f = 0 → |X2(f)| = 2
α

f = α
4π
→ |X2(f)| = 2

α
√

2

θx2(f) = − arctan (4πf
α

) ⇒




f = 0 → θx2(f) = 0

f = α
4π
→ θx2(f) = −π

4
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(bþ)

1/a
 t


x(
t
)


1/
2a
 t


x(
t
)=
e
̂ (-
2at
)


2/a
 t


x(
t
/2)


f


|X(
f
)|


1/a


1/(a*
sqrt
(2))


-a/
2pi
 a/
2pi
 f


|
X1
(
f
)|


1/
2a


1/(a*2*
 sqrt
(2))


-a/pi
 a/pi
 f


|
X2
(
f
)|
2/a


2/(a*
sqrt
(2))


-a/
4pi
 a/
4pi


f
-a/
2pi
 a/
2pi


pi/2


pi/4


-pi/4


-pi/2


Phase(
 f
)


f
-a/pi


a/pi


pi/2


pi/4


-pi/4


-pi/2


Phase(
 f
)


f
-a/
4pi


a/
4pi


pi/2


pi/4


-pi/4


-pi/2


Phase(
 f
)
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