HU215: LÔseic 3^{ης} SeirĹc Askăsewn

1. x(t) = ℜ { e^{j200πt2} cos (2000πt −^π_2 ) } = =^1_2 ℜ { e^{j200πt2} e^{j2000πt} e^{−j π}2 } +^1_2 ℜ { e^{j200πt2} e^{−j2000πt} e^{j π}2 } = =^1_2 cos (200πt^2 + 2000πt −^π_2 ) +^1_2 cos (200πt^2 − 2000πt +^π_2 )

ψ_1(t) = 200πt^2 + 2000πt −^π_2 ⇒ f_1 =^1_{2π}^{dψ}_{dt} =^1_{2π} (200 2πt + 1000 2π) ⇒

⇒ f_1 = 200t + 1000

ψ_2(t) = 200πt^2 − 2000πt +^π_2 ⇒ f_2 = 200t − 1000

2.

X_0 =^1_{T0} T0 2∫ −^{T0}_2

t dt =^1_{T0}

t_c∫

−t_c

dt =^{2t0}_{T0}

X_k =^1_{T0} T0 2∫ −^{T0}_2

e^{−jk2πf0t} dt =^1_{T0}^1_{−jk2πf0} e^{−jk2πf0t} | |^{tc}_{−tc} =

=^1_{−jk2π} (e^{−jk2π tcT}0 − e^{jk2π tcT}0 ) =^1_{kπ} sin (k2π^{tc}_{T0} )

Gia t_c =^{T0}_4 ⇒

X_0 =^2_{T0}^{T0}_4 =^1_2 X_k =^1_{kπ} sin (k^π_2 )

Gia t_c =^{T0}_{10} ⇒

X_0 =^1_5 X_k =^1_{kπ} sin (k^π_5 )

’Ara Gia t_c =^{T0}_4 x(t) =^1_2 +^∞ ∑ k=1 2 kπ sin (k^π_2 ) cos (k2πf_0t)

ShmeÐwsh: A_k = 2X_k

ParathroÔme ìti ta X_k se aută thn perÐptwsh mhdenÐzontai gia k^π_2 = ±mπ ⇒ k = ±2m, m = 1, 2, ...

Oi prÿtoi mhdenismoÐ ekatèrwjen thc f = 0 gÐnontai gia k = +2 kai k = −2 (gia m = 1 kai m = −1 antÐstoiqa).

Apì ton ìro cos (k2πf_0t) prokÔptei ìti autì sumbaÐnei stic suqnìthtec −2f_0 kai 2f_0. ’Ara

Δf_1 = 4f_0 f_0 =^1_{T0}

⇒ Δf_1 =^4_{T0}

’Omoia gia t_c =^{T0}_{10} . x(t) =^1_5 +^∞ ∑ k=1 2 kπ sin (k^π_5 ) cos (k2πf_0t)

k^π_5 = ±mπ ⇒ k = ±5m ⇒ k = ±5 (m = 1) ⇒

Δf_2 = 10 f_0 (−5f_0 : 5f_0) f_0 =^1_{T0}

⇒ Δf_2 =^{10}_{T0}

AntÐstoiqa:

Δt_1 = 2t_c t_c =^{T0}_4

⇒ Δt_1 =^{T0}_2

Δt_2 = 2t_c t_c =^{T0}_{10}

⇒ Δt_2 =^{T0}_5

Δt_1 Δf_1 =^{T0}_2^4_{T0} = 2 Δt_2 Δf_2 =^{T0}_5^{10}_{T0} = 2

⇒ PrĹgmati ΔtΔf = c

Paratărhsh: ’Oso mikraÐnei to Δt auxĹnetai to Δf. Dhladă isqÔei mia antistrìfwc anĹlogh sqèsh. Arqă thc abebaiìthtac.

3. (aþ) sin (27πt) =^{ej27πt−e−j27πt}_{2j} ’Ara x(t) = sin^3 27πt =^j_8 (3e^{−27jπt} − 3e^{27jπt} + e^{81jπt} − e^{−81jπt}) = = −^1_4 sin (81πt) +^3_4 sin (27πt)

(bþ) Gia na sqediĹsoume to fĹsma plĹtouc kai fĹshc eÐnai pio aplì na kĹnoume ta sin → cos.

’Etsi:

x(t) =^3_4 cos (27πt −^π_2 ) +^1_4 cos (81πt +^π_2 ) fĹsma plĹtouc

fĹsma fĹshc

(gþ)

T_1 =^{2π}_{27π} =^2_{27} T_2 =^{2π}_{81π} =^2_{81}

T_0 = l_1T_1 = l_2T_2 ⇒^{l1}_{l2} =^{T2}_{T1} ⇒^{l1}_{l2} =^1_3 ⇒

T_1 = T_0 =^2_{27}

(dþ) Apì to jeÿrhma Parseval:

1 T_0

T_0∫ 0 x^2(t) dt = A_0 +^1_2^∞ ∑ k=1 A^2_k ⇒

T_0∫ 0 sin^6 (27πt) dt =^1_2 (^9_{16} +^1_{16} )^2_{27} =^5_8^1_{27} =^5_{216}

4.

X_0 =^1_{T0}

T_0∫ 0 (−^t_{T0} + 1) dt =^1_{T0} ( −^1_{T0}

T_0∫ 0 t dt +

T_0∫ 0 dt ) =^1_{T0} ( −^1_{T0}^{t2}_2 | |^{T0}_0 + t|^{T0}_0 ) =^1_{T0} ( −^{T0}_2 + T0 ) =^1_2

Ja qrhsimopoiăsoume to gegonìc ìti ∫ xe^{ax}dx = e^{ax}(ax − 1) a^2

X_k = 1 T_0 − 1 T_0

∫_{T0} 0 te^{−jkω0t}dt a + ∫_{T0} 0 e^{−jkω0t}dt b To oloklărwma thc e^{−jkω0t} se mÐa perÐodo isoÔtai me 0, afoÔ e^{jθ} = cos(θ) + j sin(θ). Sunepÿc to b sthn parapĹnw exÐswsh eÐnai Ðso me to 0.

Gia to a èqoume: − 1 T_0

∫_{T0} 0 te^{−jkω0t}dt = − 1 T_0 ( e^{−jkω0t}(−jkω_0t − 1)

(−jkω_0)^2 | | | | T_0

0 )

= − 1 T_0 ( e^{−jk2πf0T0} (−j2πf_0T_0 − 1) −4k^2π^2f^2_0 − −1 −4k^2π^2f^2_0 )

= − 1 T_0 ( e^{−j2kπ}(−j2kπ − 1)

−4k^2π^2f^2_0 − 1 4k^2π^2f^2_0 )

= − 1 T_0 ( j2kπ + 1 4k^2π^2f^2_0 − 1 4k^2π^2f^2_0 )

= − 1 T_0 ( j2kπ 4k^2π^2f^2_0 + 1 4k^2π^2f^2_0 − 1 4k^2π^2f^2_0 )

= − 1 T_0 j2kπ 4k^2π^2f^2_0 = − j 2kπf_0

Antikajistÿntac ta a kai b sthn arqikă exÐswsh èqoume:

X_k = 1 T_0 − j 2kπf_0 a + 0 b = − j 2kπf_0T_0 = − j 2kπ A_k = 2 X_k =^1_{kπ} e^{−j π}2 , A_0 = X_0

x(t) =^1_2 + ℜ

{_∞ ∑ k=1 1 kπ e^{−j π}2 e^{jkω0t} } =^1_2 +^1_π^∞ ∑ k=1 1 k sin (kω_0t)

5. f_i =^1_{2π} dψ(t) = f_c − I_0 e^{−t}t f_m sin (2πf_mt + ϕ_m) −^1_{2π} e^{− t}^{I0}_t cos (2πf_mt + ϕ_m) Kÿdikac Matlab:

Td = 6;
f_s = 11025;
t = 0:1/f_s:Td;
tau = 2;
I0 = 10;

A = 1*exp(-t/tau);
I = I0*exp(-t/tau);
Phim = -pi2;
Phic = -pi2;
f_m = 220;
f_c = 110;
x = A.*cos(2*pi*f_c*t + I.*cos(2*pi*f_m*t + Phim) + Phic);
soundsc(x, f_s);