
��� �������
	���
������
3
ης � ������������
�����
��! #"

$&%
x(t) = <

{

ej200πt
2

cos (2000πt− π
2
)
}

=

= 1

2
<

{

ej200πt
2

ej2000πt e−j
π
2

}

+ 1

2
<

{

ej200πt
2

e−j2000πt ej
π
2

}

=

= 1

2
cos (200πt2 + 2000πt− π

2
) + 1

2
cos (200πt2 − 2000πt+ π

2
)

ψ1(t) = 200πt2 + 2000πt− π
2
⇒ f1 = 1

2π

dψ

dt
= 1

2π
(200 2πt+ 1000 2π) ⇒

⇒ f1 = 200t+ 1000

ψ2(t) = 200πt2 − 2000πt+ π
2
⇒ f2 = 200t− 1000

2000


1000


-1000


-2000


t
 (sec)


f
 (Hz)


5


'(%

$



x(
t
)


t

t
c
-t
c


-T
0
/2
 T
0
/2


1


X0 = 1

T0

T0

2∫

−
T0

2

t dt = 1

T0

tc∫

−tc

dt = 2t0
T0

Xk = 1

T0

T0

2∫

−
T0

2

e−jk2πf0t dt = 1

T0

1

−jk2πf0
e−jk2πf0t

∣
∣tc

−tc
=

= 1

−jk2π
(e

−jk2π tc
T0 − e

jk2π tc
T0 ) = 1

kπ
sin (k2π tc

T0

)

�����
tc = T0

4
⇒







X0 = 2

T0

T0

4
= 1

2

Xk = 1

kπ
sin (k π

2
)

�����
tc = T0

10
⇒







X0 = 1

5

Xk = 1

kπ
sin (k π

5
)

� ��� � �����
tc = T0

4
x(t) = 1

2
+

∞∑

k=1

2

kπ
sin (k π

2
) cos (k2πf0t)

	�

����������
��
Ak = 2Xk

��� � ����
 ��� � ���"!#�$�%�&�
Xk

���"��'���()��
#*,+ � � ��+��-���.
/��

0��1*���2 � *$�����43����
k π

2
= ±mπ ⇒ k = ±2m,m =

1, 2, ...
5 ��+ �76 � � �8��

0��9*
�:��� � �8�1;<����= � �?>%�9*@��

A

f = 0
3�� * � *$������3B���

k = +2
;<���

k = −2 C 3B��� m = 1
;<���

m = −1
�$*#�$�:�D� � �:EF��G %

'



� + ! � � * ! �$�
cos (k2πf0t)

+ ��� ; � +������%!��$���
'���!)�.'�� � ��� *#���F���$�:A ��'
E *#!���
����-A
−2f0

; �
�
2f0

%
� ��� � ∆f1 = 4f0

f0 = 1

T0






⇒ ∆f1 = 4

T0

� 5 � � ��� 3B���
tc = T0

10

%
x(t) = 1

5
+

∞∑

k=1

2

kπ
sin (k π

5
) cos (k2πf0t)

k π
5

= ±mπ ⇒ k = ±5m⇒ k = ±5 (m = 1) ⇒
∆f2 = 10 f0 (−5f0 : 5f0)

f0 = 1

T0






⇒ ∆f2 = 10

T0

� *#�$�:�D� � �:EF��� ∆t1 = 2tc

tc = T0

4






⇒ ∆t1 = T0

2

∆t2 = 2tc

tc = T0

10






⇒ ∆t2 = T0

5

∆t1 ∆f1 = T0

2

4

T0
= 2

∆t2 ∆f2 = T0

5

10

T0

= 2






⇒

� ��� 3B���#�$�
∆t∆f = c

��� � ����( � 

��
�� � 5 � � � ��; � �
� *#�&�D� �
∆t

��'�� � *#�-����� � �
∆f
%�� 
	�
�
0�( �:��E � ����� ��� �#*$�$�:�D� � !�
���A,�#* � � � 3F


��EF=-��
 % � � EF( ��

A � � � � ����!���
����
A %

� % C �	
 G sin (27πt) = ej27πt
−e−j27πt

2j� ��� �
x(t) = sin3 27πt = j

8
(3e−27jπt − 3e27jπt + e81jπt − e−81jπt) =

= −1

4
sin (81πt) + 3

4
sin (27πt)

C � 
 G@�����/*#� ��EF��0$� � � � '
��� � � 
 � ����� +�� � � � '�A ;<����
 � ��

A �&� *#���4+<� � �#+���! *#� ; � * � '
��� ���
sin → cos

%
� � ���.� �
x(t) = 3

4
cos (27πt− π

2
) + 1

4
cos (81πt+ π

2
)

�



f


|X
k
|


3/8


1/8


-27/2
-81/2
 27/2
 81/2



 � ����� +�� � � � '�A

f


arg
(
X
k
)


-27/2
-81/2
 27/2
 81/2


pi/2


-pi/2



 � ����� 
 � ��

A

C 3 
:G T1 = 2π
27π

= 2

27

T2 = 2π
81π

= 2

81

T0 = l1T1 = l2T2 ⇒
l1
l2

= T2

T1
⇒ l1

l2
= 1

3
⇒

T1 = T0 = 2

27

C 0�
:G � + !/� � >4� 6�� 

���
Parseval

�
�



1

T0

T0∫

0

x2(t) dt = A0 + 1

2

∞∑

k=1

A2

k ⇒
T0∫

0

sin6 (27πt) dt = 1

2
( 9

16
+ 1

16
) 2

27
= 5

8

1

27
= 5

216

� %

1


T
0
 2T
0
 3T
0

t
0
-T
0
-2T
0


x(
t
)


X0 = 1

T0

T0∫

0

(− t
T0

+ 1) dt = 1

T0

(− 1

T0

T0∫

0

t dt+
T0∫

0

dt ) = 1

T0

(− 1

T0

t2

2

∣
∣
∣

T0

0

+ t|T0

0
) = 1

T0

(−T0

2
+ T0 ) = 1

2

� � E � 

�.��� � + � ��(
� � '���� � � 3B�-3 � *#!<A"!��$�
∫

xeaxdx =
eax(ax− 1)

a2

Xk =
1

T0






−

1

T0

∫ T0

0

te−jkω0tdt

︸ ︷︷ ︸

a

+

∫ T0

0

e−jkω0tdt

︸ ︷︷ ︸

b







� � � � � ;���( � ����� ��

A
e−jkω0t

��� � ���)+ � � � � 0 � �:� � � �����4�������4�	
 � �
ejθ = cos(θ) + j sin(θ)

% 	�'#*#�-+ 6 A
� �

b
����
#* + � � ��+ � *$� � �$�:�B���.
,��� *#�����:� � ����� � � %

�



�����,� �
a
=�E � '
�����

−
1

T0

∫ T0

0

te−jkω0tdt = −
1

T0

(
e−jkω0t(−jkω0t− 1)

(−jkω0)2

∣
∣
∣
∣

T0

0

)

= −
1

T0

(
e−jk2πf0T0(−j2πf0T0 − 1)

−4k2π2f 2

0

−
−1

−4k2π2f 2

0

)

= −
1

T0

(
e−j2kπ(−j2kπ − 1)

−4k2π2f 2

0

−
1

4k2π2f 2

0

)

= −
1

T0

(
j2kπ + 1

4k2π2f 2

0

−
1

4k2π2f 2

0

)

= −
1

T0

(
j2kπ

4k2π2f 2

0

+
1

4k2π2f 2

0

−
1

4k2π2f 2

0

)

= −
1

T0

j2kπ

4k2π2f 2

0

= −
j

2kπf0

� *#�$� ; �$> �:�D� 6 *$�&�
A ���
a
;<���

b
����
$* � � EB��;<( � �$�:�B����
 =-E � '
�����

Xk =
1

T0






−

j

2kπf0
︸ ︷︷ ︸

a

+ 0
︸︷︷︸

b







= −
j

2kπf0T0

= −
j

2kπ

Ak = 2Xk = 1

kπ
e−j

π
2

�
A0 = X0

x(t) = 1

2
+ <

{
∞∑

k=1

1

kπ
e−j

π
2 ejkω0t

}

= 1

2
+ 1

π

∞∑

k=1

1

k
sin (kω0t)

�(%
fi = 1

2π
dψ(t) = fc − I0 e

−t
t fm sin (2πfmt + φm) − 1
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Matlab
�

Td = 6;

f_s = 11025;

t = 0:1/f_s:Td;

tau = 2;

I0 = 10;
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A = 1*exp(-t/tau);

I = I0*exp(-t/tau);

Phim = -pi2;

Phic = -pi2;

f_m = 220;

f_c = 110;

x = A.*cos(2*pi*f_c*t + I.*cos(2*pi*f_m*t + Phim) + Phic);

soundsc(x, f_s);
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