HU-215 Efarmosmèna MajhmatikĹ gia MhqanikoÔc 1h SeirĹ Askăsewn

’Askhsh 1 Gia touc migadikoÔc

z_1 = 2 − 5j z_2 = 8 + 3j

breÐte gewmetrikĹ kai algebrikĹ ta apotelèsmata twn prĹxewn:

z_1z_2 z_1 + z_2 z_1 z_2 z1z^∗_1

ìpou .^∗ shmaÐnei suzugèc.

LÔsh Edÿ ja deÐxoume ton algebrikì upologismì tou apotelèsmatoc.

• O upologismìc tou ginomènou dÔo migadikÿn arijmÿn eÐnai exairetikĹ aplă prĹxh, arkeÐ na èqoume sto mualì mac thn exÐswsh j^2 = −1:

z_1z_2 = (2 − 5j)(8 + 3j) = 16 + 6j − 40j − 15j^2 = 16 − 34j + 15 = 31 − 34j

• Sthn prìsjesh migadikÿn, prosjètoume to pragmatikì mèroc tou z_1 me to pragmatikì mèroc tou z_2 kai to fantastikì mèroc tou z_1 me to fantastikì mèroc tou z_2:

z_1 + z_2 = (2 − 5j) + (8 + 3j) = (2 + 8) + (−5 + 3)j = 10 − 2j

• To phlÐko z_1 z_2 dÔo migadikÿn upologÐzetai pollaplasiĹzontĹc to me to klĹsma z^∗_2 z^∗_2 = 1 Sugkekrimèna: z_1 z_2 = z_1 z_2 · z^∗_2 z_2∗ = 2 − 5j 8 + 3j · 8 − 3j 8 − 3j = (2 − 5j)(8 − 3j) (8 + 3j)(8 − 3j) = 16 − 6j − 40j − 15 64 − 24j + 24j + 9 = 1 − 46j 73 = 1 73 − 46 73 j • Apì gnwstă idiìthta, ìtan pollaplasiĹzoume ènan migadikì arijmì a + bj me ton suzugă tou a − bj paÐrnoume ton pragmatikì arijmì a^2 + b^2. Sunepÿc

z_1z^∗_1 = 2^2 + 5^2

= 4 + 25 = 29

’Askhsh 2 LÔste tic exisÿseic:

z^5 = 1 z^2 = −j z^4 = −16

LÔsh H exÐswsh z^n = a, ìpou z, a ∈ C, èqei n lÔseic. An grĹyoume a = |a|e^{jϕ} = |a|(cos ϕ + j sin ϕ), autèc dÐnontai apì thn sqèsh:

z_k =^n √ |a| ( cos ϕ + 2kπ n + j sin ϕ + 2kπ n ) , k = 0, 1, . . . , n − 1

Sunepÿc èqoume:

1 = 1e^{j0} = 1(cos 0 + j sin 0) z^5 = 1 ⇒

z_k =^5 √ 1 ( cos 0 + 2kπ 5 + j sin

0 + 2kπ 5 ) , k = 0, 1, 2, 3, 4 ⇒

z_k = 1 ( cos^0_5 + j sin^0_5 ) = 1 1 ( cos^{2π}_5 + j sin^{2π}_5 ) = cos^{2π}_5 + j sin^{2π}_5 1 ( cos^{4π}_5 + j sin^{4π}_5 ) = cos^{4π}_5 + j sin^{4π}_5 1 ( cos^{6π}_5 + j sin^{6π}_5 ) = cos^{6π}_5 + j sin^{6π}_5 1 ( cos^{8π}_5 + j sin^{8π}_5 ) = cos^{8π}_5 + j sin^{8π}_5 OmoÐwc:

−j = 1e^{j 3π2} = 1 ( cos 3π 2 + j sin 3π 2 )

z^2 = −j ⇒

z_k =^2 √ 1 ( cos 3π 2 + 2kπ 5 + j sin 3π 2 + 2kπ 5 ) , k = 0, 1 ⇒

z_k = 1 ( cos^{3π2} + j sin^{3π2} ) = cos^{3π}_4 + j sin^{3π}_4 1 ( cos^{3π2 +2π}_2 + j sin^{3π2 +2π}_2 ) = cos^{7π}_2 + j sin^{7π}_2

Tèloc:

−16 = 16e^{jπ} = 16 (cos π + j sin π)

z^4 = −16 ⇒

z_k =^4 √ 16 ( cos π + 2kπ 4 + j sin π + 2kπ 4 ) , k = 0, 1, 2, 3 ⇒

z_k = 2 ( cos^π_4 + j sin^π_4 ) 2 ( cos^{3π}_4 + j sin^{3π}_4 ) 2 ( cos^{5π}_4 + j sin^{5π}_4 ) 2 ( cos^{7π}_4 + j sin^{7π}_4 )

’Askhsh 3 GnwrÐzontac ìti

e^x = 1 + x + x^2 2! + x^3 3! + x^4 4! + · · · + x^n n! + · · ·

sin x = x − x^3 3! + x^5 5! − x^7 7! + · · · + (−1)^{n−1} x^{2n−1} (2n − 1)!

+ · · ·

cos x = 1 − x^2 2! + x^4 4! − x^6 6! + · · · + (−1)^n x^{2n} (2n)!

+ · · · deÐxte thn sqèsh Euler: e^{jx} = cos x + j sin x

LÔsh SÔmfwna me ta parapĹnw èqoume:

e^{jx} = 1 + jx +

(jx)^2 2! + (jx)^3 3! + (jx)^4 4! + · · · +

(jx)^n n! + · · ·

= 1 + jx − x^2 2! − j x^3 3! + x^4 4! + · · · + j^n x^n n! + · · ·

= 1 + jx + j^2 x^2 2! + j^3 x^3 3! + j^4 x^4 4! + · · · + j^n x^n n! + · · · (1)

EpÐshc èqoume:

cos x + j sin x = 1 − x^2 2! + x^4 4! − x^6 6! + · · · + (−1)^n x^{2n} (2n)!

+ · · ·

+ jx − j x^3 3! + j x^5 5! − j x^7 7! + · · · + (j)^{2n−1} x^{2n−1} (2n − 1)!

+ · · ·

= 1 + j^2 x^2 2! + j^4 x^4 4! + j^6 x^6 6! + · · · + j^2n x^{2n} (2n)!

+ · · ·

+ jx + j^3 x^3 3! + j^5 x^5 5! + j^7 x^7 7! + · · · + (j)^{2n−1} x^{2n−1} (2n − 1)!

+ · · ·

(2)

AnadiatĹsontac touc ìrouc sthn exÐswsh (2) parathroÔme ìti ta deÔtera mèlh twn exisÿsewn (1) kai (2) tautÐzontai. Sunepÿc kai ta prÿta mèlh eÐnai Ðsa kai Ĺra:

e^{jx} = cos x + j sin x

’Askhsh 4 ’Estw {z_i} èna peperasmèno sÔnolo migadikÿn arijmÿn. DeÐxte ìti: ∏ i z_i = ∏ i |z_i| [ cos ( ∑ i θ_i ) + j sin ( ∑ i θ_i )]

ìpou z_i = |z_i|e^{jθi}

LÔsh ’Eqoume ìti ∏ i z_i = ∏ i ( |z_i|e^{jθi} )

= ∏ i (|z_i|) e^{j Pi θi} kai apì th sqèsh tou Euler

= ∏ i |z_i| [ cos ( ∑ i θ_i ) + j sin ( ∑ i θ_i )]

’Askhsh 5 Qrhsimopoiÿntac th sqèsh tou Euler grĹyte to cos(3θ) wc sunĹrthsh tou sin(θ) kai cos(θ).

LÔsh Apì thn antÐstrofh sqèsh tou Euler èqoume ìti

cos(3θ) = e^{j3θ} + e^{−j3θ} 2 Parathrÿntac ìti e^{j3θ} = ( e^{jθ}

)_3

h prohgoÔmenh exÐswsh gÐnetai:

cos(3θ) = [ e^{jθ}

]_3 + [ e^{−jθ}

]_3 2 = [cos(θ) + j sin(θ)]^3 + [cos(θ) − j sin(θ)]^3 2 ’Eqoume:

[cos(θ) + j sin(θ)]^3 = cos^3(θ) + 3j cos^2(θ) sin(θ) − 3 cos(θ) sin^2(θ) − j sin^3(θ) kai [cos(θ) − j sin(θ)]^3 = cos^3(θ) − 3j cos^2(θ) sin(θ) − 3 cos(θ) sin^2(θ) + j sin^3(θ)

Antikajistÿntac tic parapĹnw sqèseic katalăgoume sto ìti

cos(3θ) = cos^3(θ) − 3 cos(θ) sin(θ)

’Askhsh 5 Thn ekfÿnhsh DEN thn grĹfw... :-)

LÔsh

Oi basikèc entolèc gia thn dhmiourgÐa 3D grafhmĹtwn, dhladă grafhmĹtwn pragmatikÿn sunartăsewn 2 metablhtÿn eÐnai oi meshgrid kai mesh. H prÿth dhmiourgeÐ katĹ kĹpoio trìpo to pedÐo orismoÔ thc sunĹrthshc, enÿ h deÔterh kĹnei thn pragmatikă douleiĹ thc sqedÐashc sthn eikìna. H sunĹrthsh meshgrid paÐrnei san orÐsmata dÔo dianÔsmata ta opoÐa ekfrĹzoun to eÔroc kai thn anĹlush stouc dÔo Ĺxonec. Gia parĹdeigma an jèlame ston x Ĺxona na èqoume timèc sto diĹsthma [−3, 3], me anĹlush 0.1 ja grĹfame:

x = [-3:0.1:3];

Me thn entolă

[X,Y] = meshgrid([-3:0.1:3],[-3:0.1:3]);

dhmiourgoÔme dÔo pÐnakec oi opoÐoi perilambĹnoun tic timèc gia thn x kai thn y sunistÿsa antÐstoiqa pĹnw se èna (tetrĹgwno) plègma, me anĹlush 0.1.

MporoÔme na jewrăsoume to plègma pou dhmiourgeÐ h parapĹnw entolă san mÐa prosèggish tou migadikoÔ epipèdou gia thn tetrĹgwnh perioqă pou orÐzetai apì touc migadikoÔc arijmoÔc {−3 − 3j, 3 − 3j, −3 + 3j, 3 + 3j}. To rìlo tou pragmatikoÔ mèrouc paÐzei o pÐnakac X enÿ to rìlo tou fantastikoÔ mèrouc paÐzei o pÐnakac Y . Sugkekrimèna mporoÔme na grĹyoume kĹje migadikì arijmì se aută thn perioqă (kai fusikĹ anĹloga me thn anĹlush pou èqoume epilèxei) wc:

comp = X + i*Y;

Gia thn parapĹnw entolă èqoume na shmeiÿsoume dÔo prĹgmata:

• Oi pÐnakec X kai Y prèpei na èqoun to Ðdio mègejoc. Autì shmaÐnei ìti ja prèpei na epilèxoume touc Ĺxonec, ìqi mìno na èqoun ta Ðdia ìria, allĹ kai thn Ðdia anĹlush.

• H metablhtă i paÐzei to rìlo thc fantastikăc monĹdac sto Matlab, arkeÐ na mhn thc èqoume anajèsei kĹpoia timă.

AfoÔ èqoume kataskeuĹsei touc migadikoÔc arijmoÔc sthn perioqă pou mac endiafèrei, gia na upologÐsoume thn timă thc sunĹrthshc f(z) = z^2 − 1, polÔ aplĹ plhktrologoÔme:

func = comp.^2 - 1;

H f eÐnai mÐa sunĹrthsh f : C → C. Sto Matlab, allĹ kai genikìtera, den mporoÔme na sqediĹsoume tètoiou eÐdouc sunartăseic. To kalÔtero pou mporoÔme na kĹnoume eÐnai na sqediĹsoume sunartăseic ston 3D qÿro dhladă f : R^2 → R ă f : C → R. Gia na pĹroume loipìn mÐa idèa gia to pwc sumperifèretai h migadikă sunĹrthsh f(z) prèpei na sqediĹsoume xeqwristĹ to pragmatikì kai to fantastikì mèroc thc. Autì Ĺllwste zhtĹei kai h ekfÿnhsh thc Ĺskhshc kai sugkekrimèna na sqediĹsoume to pragmatikì thc mèroc. Sto Matlab gia na pĹroume to pragmatikì mèroc enìc migadikoÔ arijmoÔ qrhsimopoioÔme thn sunĹrthsh real .

’Etsi plhktrologÿntac thn entolă

mesh(X,Y,real(func));

paÐrnoume to apotèlesma pou faÐnetai sto sqăma 1.

Sqăma 1: To pragmatikì mèroc thc f(z) = z^2 − 1