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Ac k�noume mia polÔ gr gorh epan�lhyh stouc migadikoÔc arijmoÔc ìpwc touc gnwrÐzoume  dh,

kai ac doÔme kai merikèc gnwstèc tautìthtec pou eÐdame sto m�jhma:

• 'Estw o migadikìc z = x + jy, me x, y ∈ ℜ. To x lègetai pragmatikì mèroc kai sumbolÐzetai

wc Re{z} kai to y lègetai fantastikì mèroc kai sumbolÐzetai wc Im{z}.

• H parap�nw morf  tou migadikoÔ z eÐnai gnwst  wc kartesian  morf . Mia �llh morf ,

pou ja mac eÐnai POLU qr simh gia touc skopoÔc mac, eÐnai h perÐfhmh polik  morf  (polar

form). Aut  orÐzetai wc:

z = |z|ejϕ, ìpou |z| =
√

x2 + y2 kai ϕ = tan−1( y
x
)

'Opwc eÐnai profanèc, to |z| prèpei na eÐnai p�nta jetikìc arijmìc. Gia par�deigma, h par�-

stash z = −3ej
π
4 DEN eÐnai grammènh se polik  morf  - breÐte eseÐc p¸c prèpei na grafeÐ

gia na eÐnai se polik  morf .

EpÐshc, h f�sh ekfr�zetai sun jwc sto di�sthma [−π, π].

• Sqèseic tou Euler:

1. ejθ = cos(θ) + j sin(θ)

2. cos(θ) =
ejθ + e−jθ

2

3. sin(θ) =
ejθ − e−jθ

2j

Autèc oi sqèseic metatrèpoun hmÐtona/sunhmÐtona se ekjetik�, kai antÐstrofa bèbaia, kai ja

mac apasqol soun arket� sto m�jhma.
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1. Jewr ste touc migadikoÔc arijmoÔc z = 1 + j, w = −1 + j, v = −1− j, u = 1− j.

a) BreÐte to mètro kai th f�sh kajenìc, kai gr�yte touc se polik  morf .

b) BreÐte ton arijmì z + w + u+ v.

g) BreÐte ta z/w,w/v, u/z. BreÐte to pragmatikì kai fantastikì touc mèroc, kaj¸c kai to

mètro kai th f�sh touc.

d) H f�sh enìc migadikoÔ arijmoÔ eÐnai shmantik  mìnon ìtan to mètro tou migadikoÔ eÐnai

shmantikì. 'Estw o migadikìc arijmìc z kai o migadikìc arijmìc y = 10−6z. SugkrÐnete to

mètro kai th f�sh touc. Ti èqete na peÐte gia th f�sh tou y?

LÔsh:

a) Gia ton z, ja eÐnai:

z = 1+j ⇒ |z| =
√
12 + 12 =

√
2 kai ϕ = tan−1(1

1
) = tan−1(1) = π

4
. 'Ara ja eÐnai z =

√
2ej

π
4 .

Gia ton w, ja eÐnai:

w = −1+ j ⇒ |w| =
√

(−1)2 + 12 =
√
2 kai ϕ = tan−1( 1

−1
) = tan−1(−1) = 3π

4
. 'Ara ja eÐnai

w =
√
2ej

3π
4 .

Gia ton v, ja eÐnai:

v = −1− j ⇒ |v| =
√
(−1)2 + (−1)2 =

√
2 kai ϕ = tan−1(−1

−1
) = tan−1(1) = 5π

4
= −3π

4
. 'Ara

ja eÐnai v =
√
2e−j 3π

4 .

Gia ton u, ja eÐnai:

u = 1− j ⇒ |u| =
√
12 + (−1)2 =

√
2 kai ϕ = tan−1(−1

1
) = tan−1(−1) = 7π

4
= −π

4
. 'Ara ja

eÐnai u =
√
2e−j π

4 .

ShmeÐwsh:

Oi migadikoÐ z, v kai w, u èqoun thn Ðdia f�sh, ìson afor� to apotèlesma thc antÐstrofhc

efaptomènhc (tan−1(1) kai tan−1(−1) antÐstoiqa). 'Omwc k�je ènac apì autoÔc touc migadi-

koÔc èqei diaforetikèc f�seic wc gwnÐec sto di�sthma [−π, π]. GiatÐ sumbaÐnei autì?

Autì prokÔptei apì to pragmatikì kai to fantastikì touc mèroc. GnwrÐzete ìti sto miga-

dikì epÐpedo, o orizìntioc �xonac eÐnai to pragmatikì mèroc kai o katakìrufoc �xonac eÐnai

to fantastikì mèroc. 'Etsi loipìn, o migadikìc z topojeteÐtai k�pou kont� kai èxw ap'to

monadiaÐo kÔklo (afoÔ èqei aktÐna
√
2 > 1), sto 1o tetarthmìrio tou epipèdou, afoÔ tìso to
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pragmatikì ìso kai to fantastikì tou mèroc eÐnai jetik�. BrÐskoume loipìn ìti h f�sh ekeÐ

eÐnai π
4
.

AntÐstoiqa, o migadikìc v èqei tìso sto pragmatikì ìso kai sto fantastikì mèroc tou ar-

nhtikèc timèc. 'Ara ja brÐsketai sto 3o tetarthmìrio. De ja mporoÔse tìte na èqei f�sh

π
4
, all� ja èqei ekeÐnh pou antistoiqeÐ se autì to tetarthmìrio, pou eÐnai h 5π

4
, all� epeid 

jèloume th f�sh sto di�sthma [−π, π], th metatrèpoume se −3π
4
, pou ousiastik� eÐnai h Ðdia

gwnÐa.

'Omoia skeftìmaste kai gia touc �llouc migadikoÔc.

b) EÐnai z + w + v + u = 1 + j − 1 + j − 1− j + 1− j = 0.

g) EÐnai z/w = 1+j
−1+j

= (1+j)(−1−j)
(−1+j)(−1−j)

= (1+j)(−1−j)
|−1+j|2 = −2j

2
= −j, �ra to pragmatikì mèroc

tou eÐnai 0 kai to fantastikì mèroc tou eÐnai −1 (ìqi −j!). H polik  morf  brÐsketai polÔ

eÔkola, kaj¸c to −j = cos(−π/2) + j sin(−π/2) = 0− j sin(π/2) mporeÐ na grafeÐ wc e−j π
2 ,

apì th sqèsh tou Euler.

EÐnai w/v = −1+j
−1−j

= (−1+j)(−1+j)
(−1−j)(−1+j)

= (−1+j)2

|−1−j|2 = −2j
2

= −j, �ra to pragmatikì mèroc tou eÐnai 0

kai to fantastikì mèroc tou eÐnai −1. H polik  morf  brÐsketai epÐshc polÔ eÔkola, kaj¸c

to −j mporeÐ na grafeÐ wc e−j π
2 , apì th sqèsh tou Euler.

EÐnai u/z = 1−j
1+j

= (1−j)(1−j)
(1−j)(1+j)

= (1−j)2

|1+j|2 = −2j
2

= −j, �ra to pragmatikì mèroc tou eÐnai 0 kai to

fantastikì mèroc tou eÐnai −1. H polik  morf  eÐnai xan� e−j π
2 , apì th sqèsh tou Euler.

d) H f�sh tou z eÐnai, ìpwc eÐdame, ∠z = π
4
. Gia ton y èqoume: y = 10−16z = 10−16

√
2ej

π
4 .

Profan¸c to mètro tou y eÐnai mikrìtero ap'to mètro tou z. H f�sh tou y eÐnai Ðdia me tou z

all� me polÔ mikrìtero mètro, opìte eÐnai kai ligìtero shmantik .

2. Jewr ste th sun�rthsh tou z = 1 + j, w = ez.

a) BreÐte to log(w), kaj¸c kai to pragmatikì kai to fantastikì mèroc tou w.

b) BreÐte to w + w∗.

g) BreÐte to |w| (mètro) kai to ∠w (f�sh).

d) BreÐte to cos(1) sunart sei tou w me qr sh twn exis¸sewn tou Euler.
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LÔsh:

a) EÐnai log(w) = log(ez) = log(e1+j) = log(eej) = log(e) + log(ej) = 1 + j log(e) = 1 + j.

EpÐshc eÐnai w = ez = e1+j = eej = e(cos(1) + j sin(1)) = e cos(1) + je sin(1). 'Ara to

pragmatikì mèroc eÐnai Ðso me e cos(1) kai to fantastikì mèroc Ðso me e sin(1).

b) EÐnai w + w∗ = 2Re{w} = 2e cos(1).

g) EÐnai |w| = e, profan¸c, afoÔ w = eej, kai �ra ∠w = 1.

d) Apì b) er¸thma, èqoume cos(1) = w+w∗

2e
.

3. a) BreÐte thn trigwnometrik  tautìthta tou sin2(θ) me qr sh twn tautìthtwn tou Euler.

b) UpologÐste to

∫ 1

0

sin2(2πt)dt.

LÔsh:

a) EÐnai:

sin2(θ) = (
ejθ − e−jθ

2j
)2 =

(ejθ − e−jθ)2

4j2
=

ej2θ − 2ejθe−jθ + e−j2θ

4j2
= −ej2θ − 2 + e−j2θ

4
=

−ej2θ + e−j2θ − 2

4
= −ej2θ + e−j2θ

4
+

1

2
= −1

2
cos(2θ) +

1

2
=

1− cos(2θ)

2
.

b) EÐnai: ∫ 1

0

sin2(2πt)dt =

∫ 1

0

1− cos(4πt)

2
dt =

∫ 1

0

1

2
dt− 1

2

∫ 1

0

cos(4πt)dt =

=
t

2
|10 −

1

8π
sin(4πt)|10 =

1

2
− 1

8π
(sin(4π)− sin(0)) =

1

2
,

giatÐ profan¸c ta parap�nw hmÐtona èqoun tim  mhdèn.
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4. Na sqedi�sete to f�sma pl�touc kai to f�sma f�shc tou s matoc

x(t) = 2 + cos(2πt)− sin(πt)− 3 cos(3πt).

LÔsh:

Ja qreiastoÔme tic tautìthtec:

sin(θ) = cos(θ − π/2),

− sin(θ) = cos(θ + π/2) kai

cos(θ + π) = − cos(θ).

Ja metatrèyoume ta sin se cos kai ja frontÐsoume ta prìshma na eÐnai ìla jetik�, eis�gontac

ìpou qrei�zetai thn kat�llhlh f�sh.

EÐnai: x(t) = 2 + cos(2πt)− sin(πt)− 3 cos(3πt) =

= 2 + cos(2πt) + cos(πt+ π/2) + 3 cos(3πt+ π) =

= 2 + 1
2
ej2πt + 1

2
e−j2πt + 1

2
ejπtejπ/2 + 1

2
e−jπte−jπ/2 + 3

2
ej3πtejπ + 3

2
e−j3πte−jπ.

To f�sma pl�touc kai to f�sma f�shc faÐnontai sta sq mata 1 kai 2 (prosèxte ìti ed¸

qrhsimopoioÔme th gwniak  suqnìthta gia th sqedÐash twn fasm�twn - deÐte to sqìlio sto

tèloc autoÔ tou PDF).

MporoÔme na doÔme ìti to f�sma pl�touc eÐnai �rtia sun�rthsh, ìpwc prèpei na eÐnai gia

pragmatik� s mata. EpÐshc, to f�sma f�shc eÐnai peritt  sun�rthsh, ìpwc prèpei na eÐnai

gia pragmatik� s mata.

5. Na sqedi�sete to f�sma pl�touc kai to f�sma f�shc tou s matoc

x(t) = 1 + 3 cos(2π10t− π/3) + 4 sin(2π20t+ π/4).
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LÔsh:

EÐnai:

x(t) = 1 + 3 cos(2π10t− π/3) + 4 sin(2π20t+ π/4) =

= 1 +
3

2
(ej2π10te−jπ/3 + e−j2π10tejπ/3) +

2

j
(ej2π20tejπ/4 − e−j2π20te−jπ/4) =

=
3

2
ej2π10te−jπ/3 +

3

2
e−j2π10tejπ/3 +

2

j
ej2π20tejπ/4 − 2

j
e−j2π20te−jπ/4.

Prèpei t¸ra na exaleÐyoume ta arnhtik� prìshma kai th fantastik  mon�da j, eis�gontac thn

kat�llhlh f�sh se k�je èna ap'ta ekjetik�. GnwrÐzoume (ki an den gnwrÐzoume, to majaÐnoume!

:-) ) ìti:

ejπ/2 = j, e−jπ/2 = −j

kai �ra ja èqoume:

x(t) =
3

2
ej2π10te−jπ/3 +

3

2
e−j2π10tejπ/3 +

2

j
ej2π20tejπ/4 − 2

j
e−j2π20te−jπ/4 =

=
3

2
ej2π10te−jπ/3 +

3

2
e−j2π10tejπ/3 + 2e−jπ/2ej2π20tejπ/4 + 2ejπ/2e−j2π20te−jπ/4 =

=
3

2
ej2π10te−jπ/3 +

3

2
e−j2π10tejπ/3 + 2ej2π20te−jπ/4 + 2e−j2π20tejπ/4.

T¸ra eÐmaste se jèsh na sqedi�soume to f�sma pl�touc kai to f�sma f�shc, ta opoÐa faÐ-

nontai sta sq mata 3 kai 4. MporoÔme na doÔme ìti to f�sma pl�touc eÐnai ki ed¸ �rtia

sun�rthsh, ìpwc prèpei na eÐnai gia pragmatik� s mata, ìpwc kai to f�sma f�shc eÐnai pe-

ritt  sun�rthsh, ìpwc prèpei na eÐnai gia pragmatik� s mata.
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Sqìlia:

(aþ) Par�oti gia th lÔsh twn ask sewn 4 kai 5 akolouj same lÐgo diaforetikèc mejìdouc

lÔshc, sunÐstatai ènjerma na protim�te th mèjodo thc �skhshc 4, ìpou all�zete sthn

arq  ta hmÐtona se sunhmÐtona kai ta arnhtik� prìshma se jetik�. Ja qreiasteÐte gi�utì

merikèc trigwnometrikèc tautìthtec.

(bþ) Prosèxte ta f�smata pl�touc sthn �skhsh 4 kai sthn �skhsh 5. Parathr ste ìti

o orizìntioc �xonac eÐnai angular frequency sth mia perÐptwsh kai Frequency in Hz

sthn �llh. H angular frequency eÐnai h legìmenh gwniak  suqnìthta, kai orÐzetai wc

ω = 2πf , ìpou f h suqnìthta se Hz. Gia par�deigma, sto s ma x(t) = 2 cos(2π200t), h

suqnìthta eÐnai 200 Hz en¸ h gwniak  suqnìthta eÐnai ω = 2π200 = 400π kai metriètai

se rad/sec. 'Omoia kai sto s ma y(t) = ej2π200t.

Poll� biblÐa qrhsimopoioÔn th gwniak  suqnìthta antÐ thc suqnìthtac se Hz, kai sqe-

di�zoun èna f�sma pl�touc ìpwc sthn �skhsh 4. Sto m�jhma qrhsimopoieÐtai kurÐwc

h suqnìthta se Hz kai ètsi ta f�smata pl�touc ja sqedi�zontai ìpwc sthn �skhsh 5.

'Omoia kai gia to f�sma f�shc. Ousiastik� den up�rqei kamÐa diafor� metaxÔ twn duo

diaforetik¸n anaparast�sewn. DÐnoun akrib¸c thn Ðdia plhroforÐa. EÐnai jèma goÔstou

to poi� ja qrhsimopoieÐte, arkeÐ na eÐste sunepeÐc. Kalì eÐnai ìmwc na qrhsimopoieÐte

thn anapar�stash me th suqnìthta se Hz gia touc skopoÔc tou maj matoc.

(gþ) LÐga pr�gmata gia ta f�smata pl�touc kai f�shc... en gènei, to f�sma eÐnai mia anapar�-

stash pou afor� to pedÐo thc suqnìthtac. EÐnai mia diaforetik  perigraf  enìc s matoc.

Gia par�deigma, èqete dei pollèc forèc pwc eÐnai h grafik  par�stash enìc hmitìnou su-

nart sei tou qrìnou. To f�sma (pl�touc kai f�shc) mac deÐqnei thn anapar�stash tou

Ðdiou autoÔ hmitìnou sunart sei twn suqnot twn. Ta f�smata pou sqedi�zoume sto

m�jhma lègontai amfÐpleura, giatÐ èqoun tìso jetikèc ìso kai arnhtikèc suqnìthtec.

Up�rqoun kai ta monìpleura f�smata, pou èqoun mìno jetikèc suqnìthtec, all� den ta

qrhsimopoioÔme sto m�jhma.

Gia par�deigma, to s ma x(t) = 3 cos(2π1000t + π/8) èqei profan¸c duo suqnìthtec,

±1000 Hz, afoÔ analÔetai sÔmfwna me ton tÔpo tou Euler se duo ekjetik� s mata,

pou to pr¸to èqei suqnìthta 1000 Hz kai to �llo èqei suqnìthta −1000 Hz. 'Ara to

(amfÐpleuro) f�sma pl�touc tou ja èqei duo grammèc, mia sta 1000 kai mia sta −1000
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Hz, me Ôyoc 3/2 (katalabaÐnete giatÐ èqoun aut n thn tim ?). Akrib¸c ìpwc to k�name

stic ask seic 4 kai 5.

(dþ) Gia na deÐte kalÔtera th qrhsimìthta twn fasm�twn, prospaj ste na k�nete to antÐ-

strofo stic ask seic 4 kai 5. Dhl. èstw ìti sac dÐnontai ta f�smata pl�touc kai

f�shc. MporeÐte na breÐte poi� s mata anaparistoÔn? MporeÐte na kataskeu�sete thn

arqik  exÐswsh? Fusik� kai mporeÐte, giatÐ gnwrÐzete to pl�toc, th f�sh kai th suqnì-

thta kajenìc ekjetikoÔ ap'ta opoÐa proèrqontai oi grammèc tou f�smatoc! ArkeÐ na ta

ajroÐsete kai na deÐte ti bgaÐnei.

(eþ) 'Oson afor� th “fusik ” ermhneÐa enìc f�smatoc pl�touc... èstw ìti èqete to s ma

x(t) = 0.01 cos(2π500t) + 2 cos(2π20t). Profan¸c èqete tèsseric mìno suqnìthtec

sto f�sma pl�touc sac. Stic suqnìthtec ±500 Hz, to pl�toc eÐnai 0.005, en¸ stic

suqnìthtec ±20 Hz, to pl�toc eÐnai 1. Autì ti shmaÐnei? ShmaÐnei ìti h sunist¸sa twn

20 Hz eÐnai POLU pio isqurìterh sto �jroisma x(t) ap�oti h sunist¸sa twn 500 Hz!

GiatÐ? GiatÐ to pl�toc thc eÐnai polÔ megalÔtero. DeÐte parak�tw p¸c eÐnai h grafik 

par�stash sto qrìno tou s matoc x(t), kai twn duo sunistws¸n pou to apoteloÔn, sta

sq mata 5, 6, 7. (d¸ste prosoq  sthn klÐmaka twn plat¸n)

Den eÐnai fanerì ìti sto �jroisma twn duo sunhmitìnwn, èqei polÔ megalÔterh “i-

sqÔ/barÔthta” to sunhmÐtono twn 20 Hz?

(�þ) H parap�nw parat rhsh ìmwc mporoÔse na gÐnei apl� koit¸ntac thn exÐswsh tou x(t).

Blèpete ìti to èna sunhmÐtono èqei pl�toc 2 kai to �llo èqei pl�toc 0.01. EÐnai profanèc

ìti an ta prosjèsei kaneÐc, autì me to meg�lo pl�toc de ja alloiwjeÐ shmantik� apì to

deÔtero, me to mikrì pl�toc. EÐnai majhmatik� logikì. :-) Tìte giatÐ k�name ìlh aut 

thn an�lush? Poiì to ìfeloc? En prokeimènw, den up�rqei k�poio idiaÐtero ìfeloc. :-)

Prin arqÐsete ìmwc na dusanasqeteÐte, akoÔste to ex c. Se èna s ma to opoÐo eÐnai apl�

èna �jroisma apì hmÐtona, mia tètoia an�lush den èqei idiaÐterh axÐa. 'Ola eÐnai profan 

apì thn exÐswsh. Pl�th, suqnìthtec, kai f�seic. 'Ola mac dÐnontai sqedìn sto pi�to.

An ìmwc èqoume èna �llo s ma, pio polÔploko, ligìtero omalì apì ta apl� hmÐtona

(ac poÔme, ènac periodikìc orjog¸nioc palmìc   ènac trigwnikìc palmìc), kai jèloume

na broÔme poièc suqnìthtec perièqei (me �lla lìgia, poi� hmÐtona prèpei na prosjèsw

gia na to kataskeu�sw), tìte aut  h an�lush apokt� axÐa, giatÐ mac plhroforeÐ gia
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to suqnotikì perieqìmeno enìc s matoc, pou de mac eÐnai profanèc apì thn exÐsws 

tou! Aut  h diadikasÐa lègetai An�lush Fourier, kai ja th deÐte sÔntoma kai me poll 

leptomèreia... ?-)
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