
Kef�laio 4

Metasqhmatismìc Fourier

4.1 Orismìc metasqhmatismoÔ Fourier

Gia s mata pou den eÐnai periodik� upì orismènec proôpojèseic pou parousi�zontai parak�tw
orÐzetai o metasqhmatismìc Fourier.

F (ω) =
∫ ∞

−∞
f(t)e−iωtdt.

Oi sunj kec Dirichlet exasfalÐzoun thn Ôparxh tou metasqhmatismoÔ Fourier:

• To s ma eÐnai apìluta oloklhr¸simo se ìlh th di�rkei� tou,
∫ ∞

−∞
|f(t)|dt < ∞.

• Se opoiod pote peperasmèno di�sthma, to s ma èqei peperasmènh metabol .

• To pl joc twn asuneqei¸n tou s matoc eÐnai peperasmèno. Epiplèon oi asunèqeiec, an
up�rqoun, eÐnai peperasmènou eÔrouc.

O antÐstrofoc metasqhmatismìc Fourier dÐdetai apì th sqèsh

f(t) =
1
2π

∫ ∞

−∞
F (ω)eiωtdω.

O metasqhmatismìc Fourier thc katanom c Dirac eÐnai F (ω) = 1, ∀ω.

Par�deigma 4.1.1. To s ma
x(t) = e−αtu(t)

èqei metasqhmatismì Fourier

X(ω) =
∫ ∞

0
e−(α+iω)tdt =

1
α + iω

, α > 0.

Par�deigma 4.1.2. To s ma

x(t) =
{

1, |t| 6 T
2

0, T
2 < |t|
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èqei metasqhmatismì Fourier

X(ω) =
∫ T

2

−T
2

e−iωtdt =
eiω T

2 − e−iω T
2

iω
= T

sinω T
2

ω T
2

= T sinc
ωT

2
.

Sto Sq ma 4.1 dÐdetai grafik� h sun�rthsh sinc.
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Sq ma 4.1: H sun�rthsh sinc

4.2 Idiìthtec tou metasqhmatismoÔ Fourier

O metasqhmatismìc Fourier èqei tic akìloujec idiìthtec.

Grammikìthta O metasqhmatismìc enìc grammikoÔ sunduasmoÔ dÔo shm�twn isoÔtai me ton
Ðdio grammikì sunduasmì twn antÐstoiqwn metasqhmatism¸n Fourier.

Qronik  metatìpish E�n F (ω) eÐnai o metasqhmatismìc tou s matoc f(t), tìte o metasqh-
matismìc tou s matoc f(t− t0) eÐnai

e−iωt0F (ω).

Antistrof  tou qrìnou E�n F (ω) eÐnai o metasqhmatismìc tou s matoc f(t), tìte o metasqh-
matismìc tou s matoc f(−t) eÐnai F (−ω).

Sqèsh suzugÐac Gia pragmatik� s mata f(t) isqÔei F (−ω) = F̄ (ω). E�n to s ma eÐnai
epiplèon �rtio, tìte o metasqhmatismìc Fourier ja eÐnai pragmatikìc, en¸ e�n to s ma
eÐnai perittì,tìte o metasqhmatismìc Fourier ja eÐnai kajar� fantastikìc.

Allag  thc klÐmakac tou qrìnou O metasqhmatismìc Fourier tou s matoc f(αt) ja eÐnai

1
|α|F

(ω

α

)
.

Metatìpish suqnìthtac O pollaplasiasmìc enìc s matoc f(t) me th fantastik  ekjetik 
sun�rthsh eiω0t sunep�getai th metatìpish sth suqnìthta F (ω − ω0).
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Duðkìthta E�n F (ω) eÐnai o metasqhmatismìc tou s matoc f(t), tìte o metasqhmatismìc tou
s matoc F (t) eÐnai 2πf(−ω).

Parag¸gish O metasqhmatismìc Fourier thc parag¸gou enìc s matoc isoÔtai me iωF (ω).

Olokl rwsh O metasqhmatismìc Fourier tou aorÐstou oloklhr¸matoc enìc s matoc
∫ t

−∞
f(τ)dτ

isoÔtai me
1
iω

F (ω) + πF (0)δ(ω).

Periodikì s ma O metasqhmatismìc Fourier enìc periodikoÔ s matoc me an�ptugma se seir�
Fourier

f(t) =
∞∑

n=−∞
c(n)einω0t

eÐnai

F (ω) = 2π
∞∑

n=−∞
c(n)δ(ω − nω0).

Sunèlixh O metasqhmatismìc Fourier thc sunèlixhc dÔo shm�twn isoÔtai me to ginìmeno twn
dÔo antÐstoiqwn metasqhmatism¸n Fourier.

Ginìmeno O metasqhmatismìc Fourier tou ginomènou dÔo shm�twn prokÔptei apì th sunèlixh
twn dÔo antÐstoiqwn metasqhmatism¸n Fourier,

∫ ∞

−∞
x(t)y(t)e−iωtdt =

1
2π

∫ ∞

−∞
X(ν)Y (ω − ν)dν

Enèrgeia H enèrgeia tou s matoc paramènei analloÐwth me to metasqhmatismì,
∫ ∞

−∞
f2(t)dt =

1
2π

∫ ∞

−∞
|F (ω)|2dω.

Prìkeitai gia th sqèsh tou Parseval gia suneq  s mata.

Sunèpeia twn parap�nw idiot twn eÐnai o akìloujoc pÐnakac metasqhmatism¸n Fourier.

f(t) F (ω)
1 2πδ(ω)

eiω0t 2πδ(ω − ω0)
cosω0t π(δ(ω − ω0) + δ(ω + ω0))
sinω0t iπ(δ(ω + ω0)− δ(ω − ω0))

Par�deigma 6.2.1. O metasqhmatismìc Fourier thc monadiaÐa bhmatik c sun�rthshc u(t)
eÐnai

1
iω

+ πδ(ω),
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afoÔ prokÔptei wc olokl rwma thc katanom c Dirac. Kat� sunèpeia o metasqhmatismìc
Fourier tou s matoc prìshmo

f(t) = 2u(t)− 1 eÐnai F (ω) =
2
iω

.

Par�deigma 6.2.2. To s ma
x(t) = e−α|t|, α > 0

gr�fetai x(t) = x1(t) + x1(−t), gia t 6= 0, ìpou

x1(t) = e−αtu(t).

'Ara, lìgw grammikìthtac, ja èqei metasqhmatismì Fourier

X(ω) =
1

α + iω
+

1
α− iω

=
2α

α2 + ω2
.

Sto Sq ma 4.2 dÐdetai tìso to s ma, ìso kai o metasqhmatismìc Fourier gia dÔo timèc thc
paramètrou α. EpideiknÔetai epomènwc kai h idiìthta thc allag c thc klÐmakac tou qrìnou. H
meÐwsh thc qronik c èktashc tou s matoc sunep�getai megalÔtero eÔroc suqnot twn. Kat�
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Sq ma 4.2: O metasqhmatismìc Fourier tou s matoc tou ParadeÐgmatoc 6.2.2 gia dÔo timèc
tou α.
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sunèpeia, lìgw duðkìthtac, o metasqhmatismìc Fourier tou s matoc

x(t) =
1

α2 + t2

eÐnai
X(ω) =

π

α
e−α|ω|.

Par�deigma 6.2.3. O metasqhmatismìc Fourier tou s matoc

x(t) =
sinαt

t

eÐnai, lìgw duðkìthtac,

X(ω) =
{

π, |ω| 6 α
0, |ω| > α

Par�deigma 6.2.4. O antÐstrofoc metasqhmatismìc Fourier tou

X(ω) =
1

(α + iω)2

prokÔptei wc h sunèlixh tou s matoc tou ParadeÐgmatoc 4.1.1 me ton euautì tou. Opìte
brÐskoume

x(t) =
∫ t

0
e−ατdτ = te−αt, α > 0.

Par�deigma 6.2.5. To s ma s(t) = m(t) cosωct sunist� diamìrfwsh tou pl�touc enìc
fèrontoc hmitonoeidoÔc s matoc gia th met�dosh tou s matoc m(t). H suqnìthta ωc tou
fèrontoc s matoc eÐnai kat� polÔ megalÔterh thc mègisthc suqnìthtac tou s matoc m(t).
Tupik� to eÔroc suqnot twn tou s matoc ja mporoÔse na eÐnai 10 kHz, en¸ h fèrousa
suqnìthta eÐnai ekatont�dec kHz. O metasqhmatismìc Fourier ja eÐnai

S(ω) =
1
2
(M(ω − ωc) + M(ω + ωc)).

'Eqoume epomènwc metatìpish sth suqnìthta. O dèkthc autoÔ tou s matoc suntonÐzetai
sth fèrousa suqnìthta pou shmaÐnei ìti arqik� pollaplasi�zei me to fèron s ma p(t) =
s(t) cos ωct. 'Ara

P (ω) =
1
2
M(ω) +

1
4
(M(ω − 2ωc) + M(ω + 2ωc)).

Me kat�llhlo fÐltro mporeÐ na exaqjeÐ to s ma m(t).

4.3 Metasqhmatismìc Fourier kai grammik� qronik� amet�blhta
sust mata

Ac upojèsoume ìti sthn eÐsodo enìc grammikoÔ kai qronik� amet�blhtou sust matoc dÐdetai
èna kajar� fantastikì ekjetikì s ma me suqnìthta ω. H apìkrish tou sust matoc ja eÐnai

∫ ∞

−∞
h(τ)ceiω(t−τ)dτ = ceiωtH(ω).
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Epomènwc h apìkrish eÐnai epÐshc èna kajar� fantastikì ekjetikì s ma me thn Ðdia suqnìthta,
kai all�zei o suntelest c pou eÐnai pollaplasiasmènoc me H(ω). 'Ara den up�rqei allag 
thc suqnìthtac, all� tou pl�touc kai thc f�shc, an�loga me th suqnìthta. Shmei¸noume
ìti h Ôparxh tou metasqhmatismoÔ Fourier tou sust matoc proôpojètei thn eust�jeia tou
sust matoc.

E�n sthn eÐsodo enìc grammikoÔ kai qronik� amet�blhtou sust matoc dojeÐ èna periodikì
s ma me an�ptugma se seir� Fourier

x(t) =
∞∑

n=−∞
c(n)einω0t,

h apìkrish ja eÐnai epÐshc èna periodikì s ma

y(t) =
∞∑

n=−∞
c(n)H(nω0)einω0t.

Tèloc epanerqìmaste sth genik  sqèsh thc sunèlixhc kai sth sqèsh pou sundèei thn eÐsodo
kai thn èxodo sto pedÐo twn suqnot twn

Y (ω) = H(ω)X(ω).

Epomènwc o metasqhmatismìc Fourier thc kroustik c apìkrishc H(ω) deÐqnei ìti to gram-
mikì qronik� amet�blhto sÔsthma leitourgeÐ wc fÐltro stic suqnìthtec. H apìkrish stic
suqnìthtec onom�zetai epÐshc f�sma tou sust matoc. Efìson to f�sma tou sust matoc eÐnai
mia migadik  sun�rthsh mporeÐ na parastajeÐ me to mètro kai to ìrisma, pou orÐzei th sun�rthsh
thc f�shc. Periorizìmenoi se pragmatik� s mata gnwrÐzoume ìti gia tic arnhtikèc suqnìthtec h
apìkrish eÐnai suzug c aut c pou prokÔptei gia tic antÐstoiqec jetikèc suqnìthtec. Epomènwc
to mètro ja eÐnai mia �rtia sun�rthsh kai h f�sh ja eÐnai mia peritt  sun�rthsh. Kai gia
ta dÔo eÐnai arketì na parastajoÔn mìno gia tic jetikèc suqnìthtec. To |H(ω)|2 onom�zetai
f�sma isqÔoc tou sust matoc. H plhroforÐa pou perièqetai sth f�sh eÐnai polÔ shmantik .
Sto Sq ma 4.3 dÐdetai mÐa eikìna pou apokatast�jhke mìno me thn plhroforÐa thc f�shc,
ìpou faÐnetai ìti sth f�sh perièqetai plhroforÐa gia tic apìtomec allagèc tou s matoc thc
eikìnac.

Suqn� eÐnai protimìtero to f�sma tou s matoc na parastajeÐ grafik� se èna logarijmikì
di�gramma tìso gia tic apokrÐseic, ìso kai gia tic suqnìthtec. Autìc o trìpoc par�stashc
dieukolÔnei sthn perÐptwsh pou sundu�zontai sust mata sth seir�. Sugkekrimèna gia to mètro
dÐdetai h grafik  par�stash tou

20 log10 |H(ω)|
H posìthta aut  metriètai se decibels (db) kai parist�netai se logarijmikì �xona kai gia tic
suqnìthtec. H grafik  par�stash pou prokÔptei onom�zetai di�gramma Bode.

Par�deigma 4.3.1. An h kroustik  apìkrish enìc sust matoc eÐnai

h(t) = e−αtu(t), α > 0,

tìte h apìkrish stic suqnìthtec eÐnai (blèpe Par�deigma 4.1.1)

H(ω) =
1

α + iω
.
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Sq ma 4.3: Mia eikìna kai h anapar�stas  thc mìno me thn plhroforÐa thc f�shc.

To mètro kai h f�sh ja eÐnai

|H(ω)| = 1√
α2 + ω2

kai ϕ(ω) = − arctan
ω

α
.

To mètro kai h f�sh parist�nontai grafik� sto Sq ma 4.4. DÐdontai akìmh ta diagr�mmata
Bode sto Sq ma 4.5.
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Sq ma 4.4: To mètro kai h f�sh thc apìkrishc tou sust matoc tou ParadeÐgmatoc 4.3.1.

'Ena fÐltro onom�zetai idanikì e�n diathreÐ analloÐwtec orismènec suqnìthtec, endeqìmena
me grammik  metabol  thc f�shc, en¸ apokìptei tèleia ìlec tic �llec suqnìthtec. 'Ena idanikì
bajuperatì fÐltro, me suqnìthta apokop c ωc, èqei apìkrish stic suqnìthtec

H(ω) =
{

1, |ω| 6 ωc

0, |ω| > ωc
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Sq ma 4.5: To di�gramma Bode gia to mètro kai th f�sh thc apìkrishc tou sust matoc tou
ParadeÐgmatoc 4.3.1.

Epomènwc h kroustik  apìkrish tou sust matoc eÐnai

h(t) =
sinωct

πt
.

H kroustik  aut  apìkrish den ulopoieÐtai akrib¸c. Se sqèsh me proseggÐseic aut c thc
apìkrishc eÐnai protimìtero na qrhsimopoihjoÔn �lla fÐltra pou mporoÔn na ulopoihjoÔn
akrib¸c, kai epiplèon na eÐnai aitiat�, e�n autì apaiteÐtai. Se aut  thn perÐptwsh h suqnìthta
apokop c tou bajuperatoÔ fÐltrou orÐzetai ekeÐ ìpou h apìkrish eÐnai −3 decibels wc proc
thn apìkrish sth suqnìthta 0, dhlad  mei¸netai kat� to  misu. Gia to sÔsthma tou Pa-
radeÐgmatoc 4.3.1 h suqnìthta apokop c eÐnai α. Shmei¸netai ìti h apìkrish sth suqnìthta 0
eÐnai

H(0) =
∫ ∞

−∞
h(t)dt.

Sust mata ìpwc aut� pou parousi�zontai sth sunèqeia ja mporoÔsan na qrhsimopoihjoÔn
gia thn ulopoÐhsh enìc bajuperatoÔ fÐltrou. Upojètoume ìti h sqèsh eisìdou-exìdou tou
sust matoc dÐdetai mèsw miac diaforik c exÐswshc

N∑

k=0

a(k)
dky(t)
dtk

=
M∑

k=0

b(k)
dkx(t)

dtk
.

Tìte ja isqÔei
N∑

k=0

a(k)(iω)kY (ω) =
M∑

k=0

b(k)(iω)kX(ω).

'Ara

H(ω) =
Y (ω)
X(ω)

=
∑M

k=0 b(k)(iω)k

∑N
k=0 a(k)(iω)k

.

Ja jewr soume idiaÐtera thn perÐptwsh ìpou b(0) = 1, b(k) = 0, 1 6 k 6 M , opìte h
apìkrish stic suqnìthtec prokÔptei wc to antÐstrofo enìc poluwnÔmou tou iω. O bajmìc tou
poluwnÔmou tautÐzetai me thn t�xh thc diaforik c exÐswshc kai kat' epèktash tou sust matoc.
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To sÔsthma pr¸thc t�xhc parousi�sjhke sto Par�deigma 4.3.1. Ja exet�soume sto akìloujo
par�deigma thn perÐptwsh enìc sust matoc deÔterhc t�xhc.

Par�deigma 4.3.2. Ac eÐnai

H(ω) =
ω2

n

ω2
n + 2ζωn(iω) + (iω)2

,

me ζ > 0, h apìkrish stic suqnìthtec enìc sust matoc. E�n ζ = 1

H(ω) =
ω2

n

(ωn + iω)2
,

opìte h kroustik  apìkrish eÐnai

h(t) = ω2
nte−ωntu(t).

E�n ζ 6= 1, to polu¸numo tou paranomast  èqei dÔo diakritèc rÐzec,

c1 = −ζωn + ωn

√
ζ2 − 1 kai c2 = −ζωn − ωn

√
ζ2 − 1.

MporoÔme sunep¸c na gr�youme

H(ω) =
ω2

n

(iω − c1)(iω − c2)
=

ωn

2
√

ζ2 − 1

(
1

iω − c1
− 1

iω − c2

)
.

E�n ζ > 1, oi rÐzec eÐnai pragmatikèc kai h kroustik  apìkrish ja eÐnai

h(t) =
ωn

2
√

ζ2 − 1

(
ec1t − ec2t

)
u(t).

E�n 0 < ζ < 1, oi rÐzec eÐnai migadikèc kai h kroustik  apìkrish ja eÐnai

h(t) =
ωne−ζωnt

√
1− ζ2

sin(ωn

√
1− ζ2t)u(t).

Sto Sq ma 4.6 dÐdetai dexi� h kroustik  apìkrish tou sust matoc kat� seir� apì p�nw proc
ta k�tw gia tic timèc tou ζ = 0.25, 0.5, 1, 1.41. Gia tic Ðdiec timèc kai me thn Ðdia seir� dÐdetai
to mètro thc apìkrishc stic suqnìthtec arister� sto Ðdio Sq ma. Sto Sq ma 4.7 dÐdontai ta
diagr�mmata Bode gia to mètro (dexi�) kai th f�sh (arister�).
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Sq ma 4.6: H kroustik  apìkrish kai to mètro thc apìkrishc stic suqnìthtec tou sust matoc
tou ParadeÐgmatoc 4.3.2 gia diaforetikèc timèc tou ζ.
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Sq ma 4.7: To di�gramma Bode gia to mètro kai th f�sh thc apìkrishc tou sust matoc tou
ParadeÐgmatoc 4.3.2.
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