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1. Na sqedi�sete to s ma
x(t) = e−α|t|, t ∈ <

me a > 0 kai na upologÐsete to metasq. Fourier tou s matoc. EpÐshc, na upo-
logÐsete to mètro kai th f�sh tou. UpologÐste th mèsh tim  tou s matoc∫ ∞

−∞
x(t)dt

Se poièc suqnìthtec to f�sma pl�touc isoÔtai me to misì thc mèshc tim c tou
s matoc?

LÔsh:
To s ma mporeÐ na grafeÐ wc

x(t) =

{
e−at, t ≥ 0
eat, t < 0

= e−atu(t) + eatu(−t)

To s ma faÐnetai sto sq ma 1 EÐnai

Sq ma 1: S ma 'Askhshc 3.3

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ 0

−∞
eate−j2πftdt+

∫ ∞
0

e−ate−j2πftdt

=

∫ 0

−∞
e(a−j2πf)tdt+

∫ ∞
0

e−(a+j2πf)tdt

=
1

a− j2πf
e(a−j2πf)t

∣∣∣0
−∞

+
1

−a− j2πf
e−(a+j2πf)t

∣∣∣∞
0

=
1

a− j2πf
(1− 0) +

1

−a− j2πf
(0− 1) =

2a

a2 + 4π2f2
, a > 0 (1)
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ParathroÔme ìti to X(f) eÐnai pragmatikì s ma, kai jetikì gia k�je f . 'Ara h f�sh tou eÐnai φ = 0
kai to mètro tou eÐnai o Ðdioc o metasqhmatismìc Fourier, dhl.

|X(f)| = 2a

a2 + 4π2f2
kai ∠X(f) = 0 (2)

EpÐshc

µx =

∫ ∞
−∞

x(t)dt = X(f)
∣∣∣
f=0

= X(0) =
2

a
(3)

Jèloume t¸ra na broÔme se poièc suqnìthtec, tèloc, to f�sma pl�touc isoÔtai me to misì thc mèshc
tim c tou s matoc. LÔnontac apl� thn exÐswsh, èqoume

|X(f)| =
2
a

2
=

1

a
⇔ 2a

a2 + 4π2f2
=

1

a

⇔ 4π2f2 = a2

⇔ f = ± a

2π
(4)

2. Na brejeÐ o metasq. Fourier tou s matoc pou faÐnetai sto sq ma 2

Sq ma 2: Sq ma 'Askhshc 3.4

LÔsh:
Gia thn eÔresh tou metasq. Fourier tou s matoc x(t) pou apeikonÐzetai sto sq ma, mporoÔme na
efarmìsoume polloÔc trìpouc. Ac doÔme merikoÔc...

(aþ) Me ton orismì:

X(f) =

∫ ∞
−∞

x(t)e−2πftdt

=

∫ 2

1
1e−j2πftdt+

∫ 3

2

3

2
e−j2πftdt+

∫ 4

3
1e−j2πftdt

= − 1

j2πf
e−j2πft

∣∣∣2
1
− 3

2

1

j2πf
e−j2πft

∣∣∣3
2
− 1

j2πf
e−j2πft

∣∣∣4
3

=
1

−j2πf
e−j4πf − 1

−j2πf
e−j2πf︸ ︷︷ ︸+

1

−j2πf
3

2
e−j6πf − 1

−j2πf
3

2
e−j4πf︸ ︷︷ ︸+

+
1

−j2πf
e−j4πf − 1

−j2πf
e−j6πf︸ ︷︷ ︸
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Jèloume na �paket�roume� mazi ta uposhmeiwmèna ekjetik�. Blèpoume ìmwc oti oi ekjètec
touc de mac dÐnoun hmÐtona   sunhmÐtona me apèujeÐac efarmog  thc sqèshc tou Euler. 'Ara
prèpei na bgaloume k�poion koinì par�gonta gia na èrjoume se pio bolik  morf . Sto pr¸to
zeug�ri ekjetik¸n, bgazoume koinì par�gonta to �mèso oro� tou 4π kai tou 2π, dhl. to 3π.
'Ara o koinìc paragontac ja einai o e−j3πf . OmoÐwc kai gia ta �lla.

=
1

−j2πf
e−j3πf (e−jπf − ejπf ) + 3

2

1

−j2πf
e−j5πf (e−jπf − ejπf ) +

+
1

−j2πf
e−j7πf (e−jπf − ejπf )

=
1

−j2πf
e−j3πf (−2j sin(πf)) + 3

2

1

−j2πf
e−j5πf (−2j sin(πf)) + 1

−j2πf
e−j7πf (−2j sin(πf))

=
sin(πf)

πf
e−j3πf +

3

2

sin(πf)

πf
e−j5πf +

sin(πf)

πf
e−j7πf

= sinc(f)
(
e−j3πf +

3

2
e−j5πf + e−j7πf

)
= sinc(f)

(
e−j2π

3
2
f +

3

2
e−j2π

5
2
f + e−j2π

7
2
f
)

(5)

Parathr ste touc ìrouc pou bg�lame koinì par�gonta ¸ste na emfanistoÔn ta sin(πf). Me
�gkistro eÐnai ta ekjetik� pou qrhsimopoi same mazÐ ¸ste na to petÔqoume autì.

(bþ) AnalÔontac to s ma se trÐa s mata, ìpwc faÐnetai sto sq ma 3. 'Omoia loipìn, ja èqoume

Sq ma 3: Di�spash 'Askhshc 3.4 - deÔteroc trìpoc

x1(t) = rect
( t− 3/2

1

)
x2(t) =

3

2
rect

( t− 5/2

1

)
x3(t) = rect

( t− 7/2

1

)
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Opìte to arqikì s ma gr�fetai wc �jroisma twn parap�nw shm�twn, wc

x(t) = x1(t) + x2(t) + x3(t)

= rect
( t− 3/2

1

)
+

3

2
rect

( t− 5/2

1

)
+ rect

( t− 7/2

1

)
= rect(t− 3/2) +

3

2
rect(t− 5/2) + rect(t− 7/2) (6)

GnwrÐzoume oti Arect(t/T )←→ ATsinc(fT ), kai epomènwc rect(t)←→ sinc(f). ParathroÔ-
me, sugkrinontac th sqèsh 6 me ton metasq. Fourier pou brhkame parap�nw (sqesh 5), ìti
qronik  metatìpish tou rect(t), dhl. rect(t − t0), antistoiqeÐ sto metasq. Fourier se polla-
plasiasmì tou metasqhmatismoÔ Fourier tou rect(t) epÐ mia ekjetik  sun�rthsh e−j2πft0 :

X(f) = X1(f) +X2(f) +X3(f) = sinc(f)
(
e−j2π

3
2
f +

3

2
e−j2π

5
2
f + e−j2π

7
2
f
)

(7)

H �skhsh aut  mac eis�gei se duo basikèc idiìthtec tou metasq. Fourier, pou einai h Grammi-
kìthta kai h Qronik  Metatìpish:

x(t) = ax1(t) + bx2(t) ←→ X(f) = aX1(f) + bX2(f)

x(t± t0) ←→ X(f)e±j2πft0

To apotèlesma eÐnai Ðdio me autì pou proèkuye me ton orismì, all� polÔ pio eÔkola kai
sÔntoma. :-) Up�rqoun 1-2 trìpoi akìma pou mporeÐte na sp�sete to arqikì s ma se apl�
s mata me gnwstoÔc metasqhmatismoÔc. Qrhsimopoi ste th fantasÐa sac! ?-)

4


