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1. BreÐte to metasq. Fourier tou parak�tw s matoc

Sq ma 1: Sq ma 'Askhshc 3.1

LÔsh:
MporoÔme na sp�soume to s ma se k�poia mikrìtera gnwst� mac s mata. Poi� ja eÐnai aut�?
Ja eÐnai èna tetragwnikì par�juro, di�rkeiac 2T , me kèntro to t0 = 3T , èna trigwnikì par�juro
di�rkeiac 2T , me kèntro to t0 = 3T , kai mia sun�rthsh Dèlta sth jèsh t0 = 6T , ìpwc sto sq ma
2. Gia to pr¸to s ma tou sq matoc 2, ja èqoume

Sq ma 2: Sq ma 'Askhshc 3.1 - Spasmèno s ma

X1(f) =
A

2
2Tsinc(2fT )e−j2π3Tf

gia to deÔtero, ja eÐnai

X2(f) =
A

2
Tsinc2(fT )e−j2π3Tf
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kai gia to trÐto, ja eÐnai

X3(f) =
A

2
e−j2π6Tf

'Ara sunolik� ja eÐnai

X(f) =
A

2
2Tsinc(2fT )e−j2π3Tf +

A

2
Tsinc2(fT )e−j2π3Tf +

A

2
e−j2π6Tf

= AT
(
sinc(2fT ) +

1

2
sinc2(fT ) +

A

2
e−j2π3Tf

)
e−j2π3T (1)

2. BreÐte to metasq. Fourier tou s matoc

x(t) = Arect
( t

2T

)
∗ (δ(t− 5T) + δ(t) + δ(t+ 5T))

LÔsh:
Ja qrhsimopoi soume thn idiìthta thc sun�rthshc Dèlta

x(t) ∗ δ(t− t0) = x(t− t0)

'Ara ja èqoume

x(t) = Arect
( t

2T

)
∗ (δ(t− 5T ) + δ(t) + δ(t+ 5T ))

= Arect
( t− 5T

2T

)
+Arect

( t

2T

)
+Arect

( t+ 5T

2T

)
←→

X(f) = 2ATsinc(2fT )e−j2π5Tf + 2ATsinc(2fT ) + 2ATsinc(2fT )ej2π5Tf

= 2ATsinc(2fT )(e−j2π5Tf + 1 + ej2π5Tf )

= 2ATsinc(2fT )(1 + 2 cos(10πfT )) (2)

'Enac �lloc trìpoc ja  tan na qrhsimopoi soume thn idiìthta pou lèei sunèlixh sto qrìno ⇔
pollaplasiasmìc sth suqnìthta. Tìte, ja eÐqame

X(f) = F{Arect
( t

2T

)
}F{(δ(t− 5T ) + δ(t) + δ(t+ 5T ))}

= 2ATsinc(2fT )(e−j2π5Tf + 1 + ej2π5Tf )

= 2ATsinc(2fT )(1 + cos(10πfT )) (3)

3. Na sqedi�sete to s ma
x(t) = e−α|t|, t ∈ <

me a > 0 kai na upologÐsete to metasq. Fourier tou s matoc. EpÐshc, na upo-
logÐsete to mètro kai th f�sh tou. UpologÐste th mèsh tim  tou s matoc∫ ∞

−∞
x(t)dt
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Se poièc suqnìthtec to f�sma pl�touc isoÔtai me to misì thc mèshc tim c tou
s matoc?

LÔsh:
To s ma mporeÐ na grafeÐ wc

x(t) =

{
e−at, t ≥ 0
eat, t < 0

= e−atu(t) + eatu(−t)

To s ma faÐnetai sto sq ma 3 EÐnai

Sq ma 3: S ma 'Askhshc 3.3

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ 0

−∞
eate−j2πftdt+

∫ ∞
0

e−ate−j2πftdt

=

∫ 0

−∞
e(a−j2πf)tdt+

∫ ∞
0

e−(a+j2πf)tdt

=
1

a− j2πf
e(a−j2πf)t

∣∣∣0
−∞

+
1

−a− j2πf
e−(a+j2πf)t

∣∣∣∞
0

=
1

a− j2πf
(1− 0) +

1

−a− j2πf
(0− 1) =

2a

a2 + 4π2f2
, a > 0 (4)

ParathroÔme ìti to X(f) eÐnai pragmatikì s ma, kai jetikì gia k�je f . 'Ara h f�sh tou eÐnai φ = 0
kai to mètro tou eÐnai o Ðdioc o metasqhmatismìc Fourier, dhl.

|X(f)| = 2a

a2 + 4π2f2
kai ∠X(f) = 0 (5)

EpÐshc

µx =

∫ ∞
−∞

x(t)dt = X(f)
∣∣∣
f=0

= X(0) =
2

a
(6)

Jèloume t¸ra na broÔme se poièc suqnìthtec, tèloc, to f�sma pl�touc isoÔtai me to misì thc mèshc
tim c tou s matoc. LÔnontac apl� thn exÐswsh, èqoume

|X(f)| =
2
a

2
=

1

a
⇔ 2a

a2 + 4π2f2
=

1

a

⇔ 4π2f2 = a2

⇔ f = ± a

2π
(7)
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Sq ma 4: Sq ma 'Askhshc 3.4

4. Na brejeÐ o metasq. Fourier tou s matoc pou faÐnetai sto sq ma 4

LÔsh:
Gia thn eÔresh tou metasq. Fourier tou s matoc x(t) pou apeikonÐzetai sto sq ma, mporoÔme na
efarmìsoume polloÔc trìpouc. Ac doÔme merikoÔc...

(aþ) Me ton orismì:

X(f) =

∫ ∞
−∞

x(t)e−2πftdt

=

∫ 2

1
1e−j2πftdt+

∫ 3

2

3

2
e−j2πftdt+

∫ 4

3
1e−j2πftdt

= − 1

j2πf
e−j2πft

∣∣∣2
1
− 3

2

1

j2πf
e−j2πft

∣∣∣3
2
− 1

j2πf
e−j2πft

∣∣∣4
3

=
1

−j2πf
e−j4πf − 1

−j2πf
e−j2πf︸ ︷︷ ︸+

1

−j2πf
3

2
e−j6πf − 1

−j2πf
3

2
e−j4πf︸ ︷︷ ︸+

+
1

−j2πf
e−j4πf − 1

−j2πf
e−j6πf︸ ︷︷ ︸

=
1

−j2πf
e−j3πf (e−jπf − ejπf ) + 3

2

1

−j2πf
e−j5πf (e−jπf − ejπf ) +

+
1

−j2πf
e−j7πf (e−jπf − ejπf )

=
1

−j2πf
e−j3πf (−2j sin(πf)) + 3

2

1

−j2πf
e−j5πf (−2j sin(πf)) + 1

−j2πf
e−j7πf (−2j sin(πf))

=
sin(πf)

πf
e−j3πf +

3

2

sin(πf)

πf
e−j5πf +

sin(πf)

πf
e−j7πf

= sinc(f)
(
e−j3πf +

3

2
e−j5πf + e−j7πf

)
(8)

Parathr ste touc ìrouc pou bg�lame koinì par�gonta ¸ste na emfanistoÔn ta sin(πf). Me
�gkistro eÐnai ta ekjetik� pou qrhsimopoi same mazÐ ¸ste na to petÔqoume autì.

(bþ) AnalÔontac to s ma se aploÔstera gnwst� s mata. To pio aplì eÐnai h parak�tw di�spash,
pou faÐnetai sto sq ma 5. 'Eqoume �ra

X1(f) = 3sinc(3f)e−j2π5f/2 = 3sinc(3f)e−j5πf
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Sq ma 5: Di�spash 'Askhshc 3.4 - deÔteroc trìpoc

kai

X2(f) =
1

2
sinc(f)e−j2π5f/2 =

1

2
sinc(f)e−j5πf

'Ara to telikì s ma ja eÐnai to �jroisma

X(f) = X1(f) +X2(f) = e−j5πf
(1
2
sinc(f) + 3sinc(3f)

)
Parathr ste ìti to apotèlesma moi�zei diaforetikì apì autì tou pr¸tou trìpou pou akolou-
j same, all� sthn ousÐa eÐnai to Ðdio s ma. Autì mporeÐte na to epibebai¸sete me toMATLAB
  k�nontac pr�xeic sto apotèlesma tou pr¸tou trìpou.

(gþ) AnalÔontac to s ma se trÐa s mata, antÐ gia dÔo, ìmoia me to deÔtero trìpo, ìpwc faÐnetai
sto sq ma 6. 'Omoia loipìn, ja èqoume

Sq ma 6: Di�spash 'Askhshc 3.4 - trÐtoc trìpoc

X(f) = X1(f) +X2(f) +X3(f) = sinc(f)
(
e−j3πf +

3

2
e−j5πf + e−j7πf

)
(9)

5



To apotèlesma eÐnai Ðdio me autì pou proèkuye me ton orismì, all� polÔ pio eÔkola kai sÔn-
toma. :-) Up�rqoun 1-2 trìpoi akìma pou mporeÐte na sp�sete to arqikì s ma se aploÔstera.
Qrhsimopoi ste th fantasÐa sac! ?-)

5. Na upologÐsete to metasq. Fourier tou s matoc sto sq ma 7.

Sq ma 7: Sq ma 'Askhshc 3.5

LÔsh:
O eÔkoloc trìpoc eÐnai na sp�soume to s ma mac ìpwc sthn 'Askhsh 1. K�nte to! :-) Epibebai¸ste
ìti to apotèlesma eÐnai

X(f) =
AT

2

(
sinc(fT ) +

1

2
sinc2

(fT
2

))
(10)

'Enac �lloc trìpoc ja  tan na qrhsimopoi soume thn idiìthta thc parag¸gishc, h opoÐa se peri-
pt¸seic pou den mporoÔme na sp�soume to s ma mac, mac lÔnei ta qèria. H idiìthta jumÐzetai ìti
eÐnai

dx(t)

dt
↔ j2πfX(f) (11)

Ja doulèyoume wc ex c: ja qrhsimopoi soume thn par�gwgo tou x(t), ja broÔme ton metasq.
Fourier, kai mèsw thc sqèshc 11, ja broÔme to X(f). Sthn prosp�jei� mac na paragwgÐsoume
to x(t) èqontac sto mualì mac thn klasik  jewrÐa thc An�lushc, ja sunant soume duskolÐec.
Up�rqoun shmeÐa sto s ma ìpou up�rqoun asunèqeiec. Ta shmeÐa aut� eÐnai stic qronikèc stigmèc
t = ±T

2 , ìpou to s ma all�zei akariaÐa timèc. SÔmfwna me ìsa gnwrÐzoume apì ton Apeirostikì
Logismì, den orÐzetai par�gwgoc sta shmeÐa aut�. 'Omwc èqete dei ìti

du(t− t0)
dt

= δ(t− t0) (12)

dhl. ìti h par�gwgoc thc bhmatik c sun�rthshc u(t − t0) eÐnai mia sun�rthsh Dèlta sth jèsh
t = t0. Kat' autìn ton trìpo, orÐsthke h par�gwgoc miac asunèqeiac, ìpwc aut  pou èqei h
bhmatik  sun�rthsh, me qr sh genikeumènwn sunart sewn, ìpwc eÐnai h sun�rthsh Dèlta. Aut  h
diadikasÐa faÐnetai sto sq ma 8. Autì shmaÐnei ìti opoiod pote s ma perièqei mia asunèqeia (  kai
perissìterec), mporeÐ na grafeÐ wc grammikìc sunduasmìc bhmatik¸n sunart sewn. Gia par�deigma,
o gnwstìc mac tetragwnikìc palmìc

x(t) = Arect
( t
T

)
mporeÐ na grafeÐ wc

x(t) = Arect
( t
T

)
= Au

(
t+

T

2

)
−Au

(
t− T

2

)
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Sq ma 8: Par�gwgoc bhmatik c sun�rthshc

ìpou kai me thn parag¸gis  tou, prokÔptoun duo sunart seic Dèlta stic jèseic t = ±T
2 , akrib¸c

lìgw thc parap�nw sqèshc kai thc sqèshc 12.

Opìte ìtan paragwgÐzoume èna s ma, prèpei na eÐmaste idiaÐtera prosektikoÐ sta shmeÐa asunèqeiac,
arqik� anagnwrÐzont�c ta, kai èpeita qwrÐc na paraleÐpoume na b�zoume thn antÐstoiqh sun�rthsh
Dèlta sta shmeÐa asunèqeiac. ParagwgÐzontac loipìn to s ma, katal goume sto sq ma 9. Opìte

Sq ma 9: Parag¸gish s matoc 'Askhshc 3.5

èqoume ìti to s ma dx(t)
dt apoteleÐtai apì:

� Mia sun�rthsh Dèlta, x1(t) =
A
2 δ
(
t+ T

2

)
� 'Ena tetragwnikì par�juro, x2(t) =

A
T rect

(
t+T

4
T/2

)
� 'Allo èna tetragwnikì par�juro, x2(t) = −A

T rect
(
t−T

4
T/2

)
� Kai mia akìma sun�rthsh Dèlta, x4(t) = −A

2 δ
(
t− T

2

)
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'Ara telik� ja eÐnai

dx(t)

dt
= x1(t) + x2(t) + x3(t) + x4(t)

=
A

2
δ
(
t+

T

2

)
+
A

T
rect

( t+ T
4

T/2

)
− A

T
rect

( t− T
4

T/2

)
− A

2
δ
(
t− T

2

)
↔

F{dx(t)
dt
} =

A

2
ej2πfT/2 +

A

T

T

2
sinc

(fT
2

)
ej2πfT/4 − A

T

T

2
sinc

(fT
2

)
e−j2πfT/4 − A

2
e−j2πfT/2

= Aj sin(πfT ) +
A

2
sinc

(fT
2

)
2j sin

(πfT
2

)
j2πfX(f) = Aj sin(πfT ) +

A

2
sinc

(fT
2

)
2j sin

(πfT
2

)
X(f) =

AT

2
sinc(fT ) +

AT

4
sinc2

(fT
2

)
(13)

6. Na brejeÐ o metasq. Fourier tou s matoc

x(t) =
2

1+ t2

LÔsh:
H lÔsh me ton orismì de sunÐstatai... ja k�noume qr sh idiot twn kai sugkekrimèna thn idiìthta
thc duikìthtac

x(t)↔ X(f)⇒ X(t)↔ x(−f)

EpÐshc gnwrÐzoume apì prohgoÔmenh �skhsh ìti

e−a|t| ↔ 2a

a2 + 4π2f2

Gia a = 2π, h parap�nw sqèsh gr�fetai wc

e−2π|t| ↔ 1

2π

2

1 + f2
⇔ 2πe−2π|t| ↔ 2

1 + f2

O deÔteroc ìroc thc parap�nw exÐswshc èqei th morf  tou s matoc sto qrìno pou y�qnoume. Me
qr sh thc idiìthtac thc duikìthtac, ja eÐnai

x(t) =
2

1 + t2
↔ X(f) = 2πe−2π|−f | = 2πe−2π|f | (14)

7. UpologÐste to

E =

∫ ∞
−∞
|x(t)|2dt

gia to s ma x(t) pou èqei metasq. Fourier ìpwc sto sq ma 10.

LÔsh:
Arqik�, ja mporoÔse k�poioc na skefteÐ na brei to x(t) mèsw tou X(f), afoÔ to teleutaÐo eÐnai
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Sq ma 10: S ma 'Askhshc 3.6

aplì s ma. AfoÔ to X(f) apoteleÐtai apì s mata rect, tìte to x(t) ja apoteleÐtai apì s mata
sinc. Pio sugkekrimèna, an

X(f) = 2rect
(f − 3/4

1

)
+ rect

(f
1

)
+ 2rect

(f + 3/4

1

)
↔

x(t) = 2sinc(t)ej2π3t/4 + sinc(t) + 2sinc(t)e−j2π3t/4

= sinc(t) + 4sinc(t) cos(3πt/2)

= sinc(t)
(
1 + 4 cos

(3πt
2

))
(15)

AfoÔ ft�same wc ed¸, prèpei t¸ra na broÔme to |x(t)|2 kai na oloklhr¸soume. Autìc o trìpoc �
an bg�zei kai poujen� :-) � DEN sunÐstatai!

'Ena �lloc trìpoc ja  tan na qrhsimopoi soume to je¸rhma tou Parseval,∫ ∞
−∞
|x(t)|2dt =

∫ ∞
−∞
|X(f)|2df

ArkeÐ na upologÐsoume to deÔtero mèloc, �ra ja eÐnai∫ ∞
−∞
|X(f)|2df = 2

∫ 1/2

0
12df + 2

∫ 1

1/2
22df = 1 + 4 = 5 (16)

8. EÐdame sth jewrÐa ìti pollèc sunart seic mporoÔn na proseggÐsoun th su-
n�rthsh Dèlta. An orÐsoume th sun�rthsh Dèlta wc

δ(t) = lim
A→0

sin(πt/A)

πt

apodeÐxte ìti o metasq. Fourier thc δ(t) eÐnai 1.
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LÔsh:
O metasq. Fourier eÐnai

F{δ(t)} =

∫ ∞
−∞

δ(t)e−j2πftdt =

∫ ∞
−∞

lim
A→0

sin(πt/A)

πt
e−j2πftdt

= lim
A→0

∫ ∞
−∞

sin(πt/A)

πt
e−j2πftdt = lim

A→0

∫ ∞
−∞

1

A
sinc

( t
A

)
e−j2πftdt

'Omwc to olokl rwma autì den eÐnai tÐpota �llo apì to metasq. Fourier tou s matoc

x(t) =
1

A
sinc

( t
A

)
Apì thn idiìthta thc duikìthtac, eÔkola brÐskoume ìti o metasq. Fourier tou s matoc x(t), eÐnai

X(f) = rect
( f

1/A

)
Opìte t¸ra zht�me to

lim
A→0

rect
( f

1/A

)
ParathroÔme ìti to 1/A eÐnai h di�rkeia tou palmoÔ, ìpwc xèroume. 'Oso A→ 0, tìso to 1/A→∞,
�ra tìso megalÔteroc gÐnetai o palmìc se di�rkeia. 'Ara telik�

F{δ(t)} = lim
A→0

rect
( f

1/A

)
= 1 (17)

Mia ligìtero diaisjhtik  ermhneÐa èrqetai ìtan qrhsimopoi soume apl� majhmatik�, dhl.

lim
A→0

rect
( f

1/A

)
= lim

A→0
rect(Af) = rect(0) = 1 (18)

9. Qrhsimopoi¸ntac to je¸rhma Parseval, apodeÐxte ìti∫ ∞
−∞

sin2(αt)

t2
dt = απ

LÔsh:
JumÐzoume to je¸rhma tou Parseval:∫ ∞

−∞
|x(t)|2dt =

∫ ∞
−∞
|X(f)|2df

'Eqoume ìti

∫ ∞
−∞

sin2(at)

t2
dt =

∫ ∞
−∞

a2
sin2

(
π aπ t

)
a2t2

dt =

∫ ∞
−∞

(
a
sin
(
π aπ t

)
π aπ t

)2

dt

=

∫ ∞
−∞

(
asinc

(a
π
t
))2

dt =

∫ ∞
−∞

x2(t)dt (19)
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'Ara arkeÐ na broÔme to metasq. Fourier tou s matoc

x(t) = asinc
(a
π
t
)

Apì gnwstèc idiìthtec èqoume ìti

x(t) = asinc
(a
π
t
)
↔ X(f) = πrect

( f

a/π

)
'Ara ja eÐnai ∫ ∞

−∞
x2(t)dt =

∫ ∞
−∞

(
asinc

(a
π
t
))2

dt = π2
∫ ∞
−∞

rect2
( f

a/π

)
df

= π2
∫ a/(2π)

−a/(2π)
12df = π2f

∣∣∣a/(2π)
−a/(2π)

= π2
a

π
= aπ (20)

10. Upologiste to metasq. Fourier tou s matoc

x(t) =
1

πt

LÔsh:
To s ma

x(t) =
1

πt

eÐnai perittì giatÐ isqÔei x(t) = −x(−t). 'Ara o metasq. Fourier tou s matoc ja èqei mìno fanta-
stikì mèroc, dhlad :

X(f) = j=(f) = −2j
∫ ∞
0

sin(2πft)

πt
dt = − 2

π
j

∫ ∞
0

sin(2πft)

t
dt

'Omwc isqÔei ìti ∫ ∞
0

sin(ax)

x
dx =


π
2 , a > 0,
0, a = 0,
−π

2 , a < 0

Opìte ja eÐnai

X(f) =


−j, f > 0,
0, f = 0,
j f < 0

pou gr�fetai en suntomÐa wc
X(f) = −jsgn(f) (21)

me sgn(f) h sun�rthsh pros mou

sgn(t) =
t

|t|
, t 6= 0.

11



11. 'Estw ìti X(f) = <(f) + j=(f) eÐnai o metasqhmatismìc Fourier enìc pragmatikoÔ
s matoc x(t). ApodeÐxte ìti o metasq. Fourier tou �rtiou mèrouc tou x(t) eÐnai
Ðsoc me <(f) kai o antÐstoiqoc tou perittoÔ mèrouc eÐnai Ðsoc me j=(f).

LÔsh:
EÐnai

X(f) = Xev(f) +Xodd(f) =

∫ ∞
−∞

xev(t)e
−j2πftdt+

∫ ∞
−∞

xodd(t)e
−j2πftdt

=

∫ ∞
−∞

xev(t) cos(2πft)dt− j
∫ ∞
−∞

xev(t) sin(2πft)dt+

+

∫ ∞
−∞

xodd(t) cos(2πft)dt− j
∫ ∞
−∞

xodd(t) sin(2πft)dt

=

∫ ∞
−∞

(xev(t) + xodd(t)) cos(2πft)dt− j
∫ ∞
−∞

(xev(t) + xodd(t)) sin(2πft)dt

=

∫ ∞
−∞

x(t) cos(2πft)dt− j
∫ ∞
−∞

x(t) sin(2πft)dt

= <(f) + j=(f) (22)

12. ApodeÐxte ìti to pragmatikì, <(f), kai fantastikì, =(f), tou metasqhmatismoÔ
Fourier enìc migadikoÔ s matoc x(t) = xR(t) + jxI(t) dÐnontai apì tic parak�tw
exis¸seic:

<(f) =
∫ ∞
−∞

[
xR(t) cos(2πft) + xI(t) sin(2πft)

]
dt

=(f) =
∫ ∞
−∞

[
xI(t) cos(2πft)− xR(t) sin(2πft)

]
dt

LÔsh:
O metasq. Fourier gr�fetai wc

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ ∞
−∞

[xR(t) + jxI(t)]e
−j2πftdt

=

∫ ∞
−∞

[xR(t)e
−j2πft + jxI(t)e

−j2πft]dt

=

∫ ∞
−∞

xR(t)e
−j2πftdt+ j

∫ ∞
−∞

xI(t)e
−j2πftdt

=

∫ ∞
−∞

xR(t)(cos(2πft)− j sin(2πft))dt+ j

∫ ∞
−∞

xI(t)(cos(2πft)− j sin(2πft))dt

=

∫ ∞
−∞

(xR(t) cos(2πft) + xI(t) sin(2πft))dt+ j

∫ ∞
−∞

(xI(t) cos(2πft)− xR sin(2πft))dt

= <(f) + j=(f) (23)
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13. ApodeÐxte ìti èna pragmatikì aitiatì s ma x(t) gr�fetai wc

x(t) = 4

∫ ∞
0
<(f) cos(2πft)df

gia t > 0 kai ìpou <(f) eÐnai to pragmatikì mèroc tou metasq. Fourier.

LÔsh:
'Ena aitiatì s ma èqei thn idiìthta

x(t) = 0, t < 0

To �rtio mèroc tou s matoc gr�fetai wc

xEv(t) =
x(t) + x(−t)

2
=
x(t)

2
⇒ x(t) = 2xEv(t)↔ X(f) = 2<(f)

'Ara ja èqoume

x(t) =

∫ ∞
−∞

X(f)ej2πftdf =

∫ ∞
−∞

2<(f)ej2πftdf

= 2

∫ ∞
−∞

(
<(f) cos(2πft) + j<(f) sin(2πft)

)
df

= 2

∫ ∞
−∞
<(f) cos(2πft)df + 2j

∫ ∞
−∞
<(f) sin(2πft)df

= 2

∫ ∞
−∞
<(f) cos(2πft)df + 0

= 4

∫ ∞
0
<(f) cos(2πft)df (24)

ìpou to deÔtero olokl rwma eÐnai mhdèn wc ginìmeno �rtiac epÐ peritt c sun�rthshc se summetrikì
di�sthma.

14. 'Estw to s ma y(t) tou sq matoc 11.

Sq ma 11: S ma 'Askhshc 3.15

(aþ) UpologÐste to metasq. Fourier tou y(t).

(bþ) Se poièc suqnìthtec up�rqoun mhdenismoÐ sthn Y(f)?

(gþ) UpologÐste to f�sma f�shc gia −1 < f < 1 Hz.

LÔsh:

13



(aþ) Ja qrhsimopoi soume parag¸gish gia na broÔme eÔkola to met. Fourier tou s matoc. H
par�gwgoc faÐnetai sto sq ma 12. EÐnai:

Sq ma 12: Par�gwgoc s matoc 'Askhshc 3.15

dy(t)

dt
= rect

( t− 3/2

1

)
− rect

( t− 9/2

1

)
↔

F{dy(t)
dt
} = sinc(f)e−j3πf − sinc(f)e−j9πf ⇔

j2πfY (f) = sinc(f)(e−j3πf − e−j9πf )⇔
j2πfY (f) = sinc(f)e−j6πf2j sin(3πf)⇔

Y (f) = 3e−j6πfsinc(3f)sinc(f) (25)

(bþ) Oi mhdenismoÐ gÐnontai ìtan

3πf = kπ, k ∈ Z kai πf = lπ, l ∈ Z

�ra to f�sma ja mhdenÐzetai ìtan

f =
k

3
, k ∈ Z (26)

(gþ) H f�sh tou s matoc apoteleÐtai apì th f�sh tou ekjetikoÔ, −6πf , kai th f�sh tou sinc(3f)sinc(f).
Dedomènou ìti oi mhdenismoÐ gÐnontai k�je k/3 Hz, ja èqoume ìti

∠Y (f) =


−6πf, sinc(3f)sinc(f) > 0,
−6πf + π, sinc(3f)sinc(f) < 0, f > 0
−6πf − π, sinc(3f)sinc(f) < 0, f < 0

Sugkentrwtik�,

∠Y (f) =


−6πf, −1 ≤ f < −2/3
−6πf − π, −2/3 ≤ f < −1/3
−6πf, −1/3 ≤ f ≤ 1/3
−6πf + π, 1/3 < f ≤ 2/3
−6πf, 2/3 < f ≤ 1

14



15. To s ma y(t) tou prohgoÔmenou jèmatoc eÐnai eÐsodoc sto sÔsthma me apìkrish
h(t) = δ(t) + δ(t+ 6). Na upologisteÐ o metasq. Fourier thc exìdou kai oi timèc
tou f�smatoc gia 1

3 ≤ f ≤ 1
3 .

LÔsh:
EÐnai

Z(f) = Y (f)H(f) = 3e−j6πfsinc(3f)sinc(f)H(f)

= 3e−j6πfsinc(3f)sinc(f)(1 + ej2π6f )

= 3sinc(3f)sinc(f)(e−j2π3f + ej2π3f )

= 6sinc(3f)sinc(f) cos(6πf) (27)

Epeid  =(f) = 0, h f�sh ja eÐnai 0   ±π. 'Opou to s ma eÐnai jetikì, h f�sh eÐnai 0. 'Opou
eÐnai arnhtikì, èqoume duo peript¸seic: gia jetikèc suqnìthtec, h f�sh eÐnai π, en¸ gia arnhtikèc
suqnìthtec, èqoume f�sh −π. Ta shmeÐa mhdenismoÔ gia k�je ìro tou ginomènou eÐnai stic jèseic

3πf = kπ, πf = lπ, 6πf = mπ ± π

2
, k, l,m ∈ Z

f =
k

3
, f = l, f =

m± 1
2

6
=
m

6
± 1

12
, k, l,m ∈ Z

(28)

Profan¸c, to sunolikì s ma mhdenÐzetai sto di�sthma [−1/3, 1/3] ìtan

f =
m

6
± 1

12

Sugkentrwtik�,

∠Z(f) =


0, −1/3 ≤ f < −3/12
−π, −3/12 ≤ f < −1/12
0, −1/12 ≤ f ≤ 1/12
+π, 1/12 < f ≤ 3/12
0, 3/12 < f ≤ 1/3

16. 'Ena s ma x(t) èqei mh mhdenikèc suqnìthtec sto di�sthma [−B,B].DeÐxte ìti to
s ma xn(t) èqei mh mhdenikèc suqnìthtec sto di�sthma [−nB,nB].

LÔsh:
GnwrÐzoume ìti

x(t)x(t)←→ X(f) ∗X(f)

kai to f�sma eÐnai mh mhdenikì sto di�sthma [−2B, 2B].
'Omoia,

x(t)x(t)x(t)←→ [X(f) ∗X(f)] ∗X(f)

kai to f�sma eÐnai mh mhdenikì sto di�sthma [−3B, 3B] AntÐstoiqa,

x(t)x(t) · · ·x(t)︸ ︷︷ ︸
n forèc

←→ X(f) ∗X(f) ∗ · · · ∗X(f)︸ ︷︷ ︸
n forèc

kai skeptìmenoi ìmoia, to f�sma eÐnai mh mhdenikì stic suqnìthtec [−nB, nB].
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