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1 Eisagwg 

EÐnai gnwstì ìti h sunèlixh apoteleÐ mia pr�xh polÔ shmantik , giatÐ sqetÐzetai me thn an�lush
susthm�twn, all� kai me to gegonìc ìti h sunèlixh metatrèpetai se ginìmeno ìtan all�zoume q¸rouc
(ap' to qrìno sth suqnìthta kai antÐstrofa). H sunèlixh, lìgw tou ìti emplèkei ton upologismì ènoc
oloklhr¸matoc, èqei mia duskolÐa. H duskolÐa ègkeitai sto ìti sthn pr�xh emperièqetai to ginìmeno duo
shm�twn, ek twn opoÐwn to èna èqei uposteÐ an�klash kai metatìpish.

2 H sunèlixh analutik�

Ed¸ ja xedialÔnoume ton trìpo me ton opoÐo upologÐzoume to olokl rwma thc sunèlixhc. Ac doÔme
ton orismì:

cxy(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ (1)

H pr¸th parat rhsh eÐnai ìti to olokl rwma èqei wc metablht  to τ ! 'OQI to t. To t to jewroÔme stajerì
mèsa sto olokl rwma. 'Epeita, to olokl rwma autì perièqei duo s mata: to x(τ) kai to y(t − τ). To
pr¸to eÐnai autoÔsio to s ma, den èqei k�poia metabol . To deÔtero ìmwc, blèpete ìti èqei uposteÐ duo
eÐdh epexergasÐac: an�klash kai metatìpish. H akoloujÐa metatrop c eÐnai h ex c:

y(t)→ y(τ)→ y(−τ)→ y(−τ + t) = y(t− τ) (2)

Opìte to s ma pou qrhsimopoieÐtai sto olokl rwma thc sunèlixhc èqei uposteÐ mia an�klash wc proc ton
katakìrufo �xona kai akoloÔjwc mia metatìpish wc proc t. To s ma pou prokÔptei pollaplasi�zetai me
to x(τ) kai oloklhr¸netai wc proc τ . Sun jwc protim�tai h grafik  lÔsh thc sunèlixhc, kai èna tètoio
par�deigma faÐnetai sto sq ma 1.

� Parathr ste ìti èqoume duo s mata, to f(t) kai to g(t) sthn pr¸th gramm  tou sq matoc. Epilè-
goume na paÐxoume me to g(t), dhl. autì ja metatopÐsoume kai ja anakl�soume.

� Sth deÔterh gramm , èqoume xan� ta duo s mata, mìno pou t¸ra eÐnai sunart sei tou τ kai ìqi tou
t, ìpwc akrib¸c epit�ssei to olokl rwma thc sunèlixhc, kai to g(τ) èqei anaklasteÐ wc proc ton
katakìrufo �xona, kai èqei metatopisteÐ kat� t. JumÐzw ìti autì to t to qeirizìmaste wc stajer�.
DeÐte thn allag  sta �kra tou g(τ), kai p¸c aut� prosarmìsthkan met� thn an�klash kai th
metatìpish.

� Sthn trÐth gramm , paÐrnoume to g(t − τ) pou mìlic fti�xame kai xekin�me na to ��sèrnoume�� p�nw
ston Ðdio �xona me to f(τ), xekin¸ntac apì to −∞ kai proc to +∞.
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Sq ma 1: DiadikasÐa sunèlixhc

� Sthn poreÐa (tètarth gramm ), blèpete ìti sunant�ei k�poia stigm  to f(τ). 'Otan to sunant�ei,
èqoume ginìmeno metaxÔ twn duo shm�twn kai �ra arqÐzoume na upologÐzoume to olokl rwma thc
sunèlixhc. 'Ara, autèc oi qronikèc stigmèc eÐnai ìtan to dexÐ �kro tou g(t− τ) sunant� to aristerì
�kro tou f(τ) kai pèra, KAI ìtan to aristerì �kro tou g(t− τ) DEN èqei per�sei to 0, dhl. ìtan

t− 1 ≥ 0⇒ t ≥ 1 kai t− 4 ≤ 0⇒ t ≤ 4 (3)
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opìte tìte h sunèlixh upologÐzetai sto di�sthma apì 0 wc t− 1, ekeÐ dhlad  pou up�rqei ginìmeno
metaxÔ twn duo shm�twn, wc

cfg(t) =

∫ t−1

0
f(τ)g(t− τ)dτ = · · · , (4)

ìpou kai antikajistoÔme tic majhmatikec morfèc twn shm�twn, kai upologÐzoume to olokl rwma.

� Sthn pèmpth gramm , to g(t − τ) èqei mpei olìklhro mèsa sto f(τ), pr�gma pou den eÐqe sumbeÐ
parap�nw, �ra eÐnai diaforetik  perÐptwsh. Ed¸, h sunèlixh orÐzetai ìtan to aristerì �kro thc
g(t− τ) per�sei to 0, dhl. ìtan

t− 4 > 0⇒ t > 4 (5)

kai h sunèlixh upologÐzetai wc

cfg(t) =

∫ t−1

t−4
f(τ)g(t− τ)dτ = · · · , (6)

ìpou kai antikajistoÔme tic majhmatikec morfèc twn shm�twn, kai upologÐzoume to olokl rwma.

� 'Allh perÐptwsh den up�rqei, opìte gia k�je �llo t ektìc apì ta parap�nw, h sunèlixh eÐnai mhdèn,
�ra

cfg(t) = 0, t < 1 (7)

Ac doÔme merikèc parathr seic...

Sq ma 2: PolÔc kìsmoc èqei talaipwrhjeÐ apì th sunèlixh...

1. 'Opwc blèpete, to pio shmantikì pr�gma eÐnai na mporeÐte na upologÐsete to metatopismèno s ma
kai na blèpete swst� tic peript¸seic kai ta �kra tou oloklhr¸matoc. Oi pr�xeic sto olokl rwma
eÐnai apl� majhmatik�.

2. H sunèlixh eÐnai antimetajetik  pr�xh, isqÔei dhl. ìti

cfg(t) = f(t) ∗ g(t) = g(t) ∗ f(t) = cgf (t) (8)

dhl. an paÐzame me to f(t) antÐ gia to g(t), ja eÐqame p�li to Ðdio apotèlesma.
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3. ProtimoÔme na paÐxoume me to mikrìtero se di�rkeia s ma, giatÐ sun jwc eÐnai pio eÔkolh h diadi-
kasÐa. An kai ta duo s mata eÐnai �peirhc di�rkeiac, protimoÔme ìpoio jèloume.

4. Qr simh parat rhsh gia peperasmènhc di�rkeiac s mata eÐnai h ex c: an to èna ek twn duo eÐnai
mh mhdenikì sto di�sthma [a, b] kai to �llo eÐnai mh mhdenikì sto di�sthma [c, d], tìte h sunèlix 
touc eÐnai mh mhdenik  sto di�sthma [a + c, b + d]. EÐnai qr simh parat rhsh gia na mporoÔme na
elègqoume ta apotelèsmat� mac. Gia par�deigma, an sto sq ma 1, eÐqame sunèlixh thc g(t) me ton
eautì thc, dhl. cgg(t) = g(t) ∗ g(t), tìte to apotèlesma ja  tan mh mhdenikì sto di�sthma [2, 8].

5. Sth bibliografÐa, ja breÐte ton orismì thc sunèlixhc me diaforetikèc metablhtèc. P.q.

cxy(t) =

∫ ∞
∞

x(τ)y(t− τ)dτ (9)

cxy(τ) =

∫ ∞
∞

x(t)y(τ − t)dt (10)

Kai oi duo parap�nw sqèseic eÐnai swstèc. Apl� all�xame tic metablhtèc t, τ metaxÔ touc. Dialèxte
ìpoia sac boleÔei, arkeÐ na eÐste sunepeÐc kai prosektikoÐ. Se autèc tic shmei¸seic, protimoÔme
sun jwc thn pr¸th sqèsh.

6. H grafik  epÐlush pou suzht same ed¸ faÐnetai ek pr¸thc ìyewc perÐplokh kai apojarrÔnei to
foitht . Pr�gmati, k�poioi isqurÐzontai ìti h sunèlixh èqei odhg sei polloÔc proptuqiakoÔc se
tm mata Mhqanik¸n H/U na ensternistoÔn th JeologÐa, eÐte gia swthrÐa yuq c eÐte wc enallaktik 
karièra!! :-) (deÐte to periodikì IEEE Spectrum, M�rtioc 1991, sel. 60).

3 PÐnakac Sunèlixhc

H diadikasia thc sunèlixhc aplopoieÐtai shmantik� apì ètoimouc pÐnakec sunèlixhc, ìpwc o PÐnakac 1).
Autìc o pÐnakac, pou anafèrei di�fora zeÔgh shm�twn kai to apotèlesma thc sunèlix c touc, mporeÐ na
sac bohj sei ston èlegqo twn apotelesm�twn sac.

4 Sust mata

Ta sust mata den eÐnai tÐpota �llo apì s mata ki aut�, ta opoÐa sun jwc k�noun mia sugkekrimènh
doulei� ep�nw sto s ma eisìdou touc, x(t). Aut  h doulei� antikatoptrÐzetai sthn èxodo tou sust matoc,
y(t). To s ma pou perigr�fei to sÔsthma sun jwc sumbolÐzetai wc h(t), kai lègetai kroustik  apìkrish.
H sqèsh eisìdou-exìdou orÐzetai wc h sunèlixh thc eisìdou me thn kroustik  apìkrish:

y(t) = x(t) ∗ h(t) (11)

ìpou ∗ sumbolÐzei thn pr�xh thc sunèlixhc. EpÐshc, mporeÐ èna sÔsthma na perigrafeÐ me mia apl 
majhmatik  sqèsh, wc h èxodoc sunart sei thc eisìdou:

y(t) = f(x(t)) (12)

4.1 Idiìthtec Susthm�twn

Ta sust mata èqoun orismènec qr simec idiìthtec, tic opoÐec kai ja suzht soume ed¸. Oi idiìthtec
autèc eÐnai oi ex c:

1. Sust mata me mn mh: ta sust mata me mn mh eÐnai aut� gia ta opoÐa h èxodìc touc apaiteÐ
prohgoÔmenec timèc thc eisìdou gia na upologisteÐ. Gia par�deigma, to sÔsthma y(t) = 2x(t) eÐnai
èna sÔsthma qwrÐc mn mh, en¸ to sÔsthma y(t) = ex(t−1) eÐnai èna sÔsthma me mn mh.
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Qr sima zeÔgh sunèlixhc
x(t) y(t) x(t) ∗ y(t)

x(t) δ(t− T ) x(t− T )

eatu(t) u(t)
1− eat

−a
u(t)

u(t) u(t) tu(t)

eatu(t) ebtu(t)
eat − ebt

a− b
u(t), a 6= b

eatu(t) eatu(t) teatu(t)

teatu(t) eatu(t)
1

2
t2eatu(t)

tnu(t) eatu(t)
n!eat

an+1
u(t)−

n∑
j=0

n!tn−j

aj+1(n− j)!
u(t)

tmu(t) tnu(t)
m!n!

(n+m+ 1)!
tm+n+1u(t)

teatu(t) ebtu(t)
ebt − eat + (a− b)teat

(a− b)2
u(t)

tmeatu(t) tneatu(t)
m!n!

(n+m+ 1)!
tm+n+1eatu(t)

tmeatu(t) tnebtu(t)

m∑
j=0

(−1)jm!(n+ j)!tm−jeat

j!(m− j)!(a− b)!n+j+1
u(t)

a 6= b +

n∑
k=0

(−1)kn!(m+ k)!tn−kebt

k!(n− k)!(b− a)m+k+1
u(t)

eat cos(bt+ θ)u(t) eλtu(t)
cos(θ − φ)eλt − e−at cos(bt+ θ − φ)√

(a+ λ)2 + b2
u(t)

φ = tan−1 −b
a+λ

eatu(t) ebtu(−t) eatu(t) + ebtu(−t)
b− a

, <{b} > <{a}

eatu(−t) ebtu(−t) eat − ebt

b− a
u(−t)

PÐnakac 1: PÐnakac zeug¸n sunelÐxewn

2. Aitiat� sust mata: ta aitiat� sust mata eÐnai aut� gia ta opoÐa o upologismìc thc exìdou
DEN apaiteÐ mellontikèc timèc thc eisìdou. Gia par�deigma, to sÔsthma y(t) = 2x(t−1)+sin(x(t))
eÐnai aitiatì, en¸ to sÔsthma y(t) = x(t−2)2 +4x(t+4) eÐnai mh aitiatì, epeid  gia ton upologismì
tou y(t) apaiteÐtai mellontik  tim  thc eisìdou, h x(t+ 4). Enallaktik�, mporeÐte na elègqete thn
h(t), an sac dÐnetai. An isqÔei ìti h(t) = 0, t < 0, tìte to sÔsthma eÐnai aitiatiì. Mia kai eÐpame
ìti èna sÔsthma den eÐnai tÐpota �lla apì èna s ma ki autì, ja deÐte lÐgo parak�tw ìti èna aitiatì
s ma x(t) ikanopoieÐ th sqèsh x(t) = 0, t < 0.

3. Grammik� sust mata: ta grammik� sust mata eÐnai aut� gia ta opoÐa isqÔei ìti:

x(t) = Ax1(t) +Bx2(t)→ y(t) = T{Ax1(t) +Bx2(t)}
= AT{x1(t)}+BT{x2(t)} = y1(t) + y2(t) (13)

Me lìgia, grammik� eÐnai ta sust mata sta opoÐa an efarmìsoume wc eÐsodo èna �jroisma shm�twn,
ja p�roume wc èxodo to �jroisma twn exìdwn pou ja paÐrname an eÐqame d¸sei wc eÐsodo èna-èna
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ta s mata, ki ìqi ìla mazÐ wc �jroisma. Gia par�deigma, to sÔsthma y(t) = 2x(t + 1) − 3x(t − 4)
eÐnai grammikì, en¸ to sÔsthma y(t) =

√
x(t) den eÐnai grammikì, ìpwc epÐshc kai to y(t) = x2(t)

den eÐnai grammikì. H idiìthta thc grammikìthtac eÐnai polÔ shmantik .

4. Qronik� Amet�blhta sust mata: ta sust mata pou eÐnai qronik� amet�blhta eÐnai aut� gia
ta opoÐa isqÔei ìti h èxodìc touc DEN exart�tai rht� apì to qrìno t. Gia par�deigma, to sÔsthma
y(t) = 3x(t + 2) − 2 cos(x(t − 2)) eÐnai qronik� amet�blhto, en¸ to sÔsthma y(t) = tx(t) eÐnai
qronik� metablhtì.

5. Eustaj  sust mata: ta sust mata pou eÐnai eustaj  eÐnai aut� gia ta opoÐa isqÔei:

|x(t)| < Mx ⇒ |y(t)| < My, Mx,My < +∞ (14)

Me lìgia, an h eÐsodoc eÐnai fragmènh kat' apìluth tim , tìte kai h èxodoc eÐnai fragmènh kat'
apìluth tim . Gia par�deigma, to sÔsthma y(t) = x(t − 1) + t den eÐnai eustajèc, ìpwc epÐshc kai
to sÔsthma y(t) = t/x(t + 2), en¸ to sÔsthma y(t) = sin(x(t)) eÐnai eustajèc. O sugkekrimènoc
orismìc thc eust�jeiac lègetai kai BIBO stablility - Bounded Input Bounded Output stability,
pou dhl¸nei akrib¸c ì,ti eÐpame: ìtan h eÐsodoc eÐnai apolÔtwc fragmènh, tìte kai h èxodoc eÐnai
apolÔtwc fragmènh (ki ìqi aparaÐthta apì ton Ðdio arijmì-fr�gma, ìpwc faÐnetai parap�nw).

Apì ìlec autèc tic kathgorÐec shm�twn, ta pio shmantik� eÐnai aut� pou eÐnai grammik�, qronik� ame-
t�blhta, kai se aut� ja anaferìmaste apì ed¸ kai pèra ìtan mil�me gia sust mata. H eust�jeia eÐnai
sun jwc mia epijumht  idiìthta all� de ja th jewr soume dedomènh sth melèth mac.

4.2 Sunèlixh kai sust mata - I

'Opwc anafèrame parap�nw, h sunèlixh eÐnai mia polÔ shmantik  pr�xh, giatÐ sundèei thn èxodo, y(t),
enìc sust matoc me thn eÐsodì tou, x(t), mèsw thc sqèshc

y(t) = x(t) ∗ h(t) = h(t) ∗ x(t) (15)

ìpou h(t) h perÐfhmh kroustik  apìkrish, to s ma dhlad  pou qarakthrÐzei to sÔsthm� mac kai th
leitourgÐa tou. H analutik  melèth susthm�twn den eÐnai antikeÐmeno tou maj matoc � dustuq¸c :-) �
opìte prin doÔme èna qarakthristikì par�deigma sust matoc, ac doÔme merikèc diat�xeic susthm�twn pou
sunant¸ntai suqn� sthn pr�xh.

(aþ) Sust mata se seir� (bþ) Sust mata se seir� - isodÔnamh di�taxh

Sq ma 3: Sust mata se seir�

Sto sq ma 3aþ, faÐnontai duo sust mata se seir�. H èxodoc apì èna tètoio sÔsthma, ys1(t), eÐnai:

ys1(t) = (x1(t) ∗ h1(t)) ∗ h2(t) = x1(t) ∗ (h1(t) ∗ h2(t)) = (x1(t) ∗ h2(t)) ∗ h1(t) (16)

lìgw thc antimetajetik c idiìthtac thc sunèlixhc.
An anadiat�xoume th seir� twn susthm�twn, ja èqoume th di�taxh sto sq ma 3bþ, gia thn opoÐa h

èxodoc eÐnai

ys2(t) = (x1(t) ∗ h2(t)) ∗ h1(t) = x1(t) ∗ (h2(t) ∗ h1(t)) = (x1(t) ∗ h1(t)) ∗ h2(t) (17)
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(aþ) Par�llhla sust mata (bþ) Par�llhla sust mata - isodÔnamh di�taxh

Sq ma 4: Par�llhla sust mata

pou eÐnai isodÔnamh me th sqèsh 16, �ra oi duo diat�xeic eÐnai isodÔnamec.
Sto sq ma 4aþ, faÐnontai duo sust mata se parallhlÐa. H èxodoc apì èna tètoio sÔsthma, ys1(t),

eÐnai:
ys1(t) = (x1(t) ∗ h1(t)) + (x1(t) ∗ h2(t)) = x1(t) ∗ (h1(t) + h2(t)) (18)

lìgw idiot twn thc sunèlixhc.
'Estw ìti èqoume th di�taxh sto sq ma 4bþ, gia thn opoÐa h èxodoc eÐnai

ys2(t) = x1(t) ∗ (h1(t) + h2(t)) = (x1(t) ∗ h1(t)) + (x1(t) ∗ h2(t)) (19)

pou eÐnai isodÔnamh me th sqèsh 18, �ra oi duo diat�xeic eÐnai isodÔnamec.

4.3 Sunèlixh kai Sust mata - II

EÐpame prohgoumènwc ìti h sqèsh pou sundèei thn eÐsodo, x(t), me thn èxodo, y(t), enìc sust matoc,
h(t), ekfr�zetai mèsw thc sunèlixhc:

y(t) =

∫ ∞
−∞

x(τ)h(t− τ)dτ (20)

'Omwc èna apì ta shmantikìtera porÐsmata thc An�lushc Fourier eÐnai ìti h sunèlixh sto qrìno gÐnetai

pollaplasiasmìc sth suqnìthta, kai to antÐstrofo. 'Ara h Ðdia sqèsh pou perigr�fei to sÔsthma mporeÐ
na grafeÐ kai wc:

Y (f) = X(f)H(f) (21)

O metasq. Fourier tou sust matoc h(t) lègetai, sthn orologÐa twn susthm�twn, apìkrish suqnìthtac.
'Ena sÔsthma h(t) me apìkrish se suqnìthta H(f) Ðswc mporeÐ na upologisteÐ pio eÔkola sto q¸ro twn
suqnot twn ap' ìti sto q¸ro tou qrìnou. P¸c? Profan¸c apì th sqèsh

H(f) =
Y (f)

X(f)
(22)

Blèpete ìti, en gènei, h apìkrish se suqnìthta eÐnai mia rht  sun�rthsh thc suqnìthtac f . MporoÔme
loipìn na poÔme ìti

H(f) =
Y (f)

X(f)
=
N(f)

D(f)
(23)
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ìpou N(f), D(f) o arijmht c kai o paronomast c, antÐstoiqa, thc apìkrishc se suqnìthta H(f), me
ìpoiec aplopoi seic mporeÐ na gÐnoun sto kl�sma. ApodeiknÔetai ìti mia tètoia rht  sun�rthsh mporeÐ na
analujeÐ se mikrìtera kl�smata mèsa apì mia apl  diadikasÐa pou lègetai ��Anaptugma se Merik� Kl�-
smata��, kai perigr�fetai analutik� sto Par�rthma aut¸n twn shmei¸sewn. En suntomÐa, to An�ptugma
se Merik� Kl�smata lèei ìti ìti mia tètoia rht  sun�rthsh, en gènei, mporeÐ na grafeÐ wc

H(f) =
N(f)

D(f)
=

M∑
k=1

Ak
αk + j2πf

+
L∑
k=1

Bk
βk − j2πf

(24)

SÔmfwna me ton pÐnaka me ta zeÔgh Fourier pou èqete se prohgoÔmenec shmei¸seic, mporoÔme, èqontac
thn An�lush se Merik� Kl�smata, na broÔme thn h(t), wc

H(f) =
M∑
k=1

Ak
αk + j2πf

+
L∑
k=1

Bk
βk − j2πf

←→ h(t) =
M∑
k=1

Ake
−αktu(t) +

L∑
k=1

Bke
βktu(−t) (25)

Fusik� h diadikasÐa aut  mporeÐ na qrhsimopoihjeÐ gia na brejeÐ kai to x(t)←→ X(f), afoÔ kai to X(f)
ekfr�zetai wc rht  sun�rthsh:

X(f) =
Y (f)

H(f)
(26)

Ac doÔme merik� paradeÐgmata p�nw se aut�.
Par�deigma 1:

'Estw to sÔsthma
h(t) = e−3tu(t) (27)

Sthn eÐsodì tou parousi�zetai to s ma

x(t) = 2e−tu(t) + e−2tu(t) (28)

BreÐte thn èxodo tou sust matoc y(t).
LÔsh:

Autì pou ja mporoÔsame na k�noume eÐnai na upologÐsoume th sunèlixh thc eisìdou me to sÔsthma, me ton
klasikì trìpo tou oloklhr¸matoc. 'Omwc, an metaferjoÔme sto pedÐo thc suqnìthtac, sumbouleuìmenoi
ton pÐnaka me ta zeugh metasqhmatism¸n, èqoume ìti

y(t) = x(t) ∗ h(t)←→ Y (f) = X(f)H(f) =
( 2

1 + j2πf
+

1

2 + j2πf

) 1

3 + j2πf

=
2

(1 + j2πf)(3 + j2πf)
+

1

(2 + j2πf)(3 + j2πf)

=
A

1 + j2πf
+

B

3 + j2πf
+

C

2 + j2πf
+

D

3 + j2πf
←→

y(t) = Ae−tu(t) + (B +D)e−3tu(t) + Ce−2tu(t) (29)

me

A =
2

(1 + j2πf)(3 + j2πf)
(1 + j2πf)

∣∣∣
f=−1/j2π

=
2

(3 + j2πf)

∣∣∣
f=−1/j2π

= 1 (30)

B =
2

(1 + j2πf)(3 + j2πf)
(3 + j2πf)

∣∣∣
f=−3/j2π

=
2

(1 + j2πf)

∣∣∣
f=−3/j2π

= −1 (31)

C =
1

(2 + j2πf)(3 + j2πf)
(2 + j2πf)

∣∣∣
f=−2/j2π

=
1

(3 + j2πf)

∣∣∣
f=−2/j2π

= 1 (32)

D =
1

(2 + j2πf)(3 + j2πf)
(3 + j2πf)

∣∣∣
f=−3/j2π

=
1

(2 + j2πf)

∣∣∣
f=−3/j2π

= −1 (33)
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kai �ra
y(t) = e−tu(t)− 2e−3tu(t) + e−2tu(t) (34)

Ac upologÐsoume to Ðdio me efarmog  tou orismoÔ thc sunèlixhc (qwrÐc grafik  lÔsh, mia kai den eÐnai
aparaÐthto). 'Etsi, ja èqoume:

y(t) = x(t) ∗ h(t) =

∫ ∞
−∞

x(τ)h(t− τ)dτ

=

∫ ∞
−∞

(2e−τu(τ) + e−2τu(τ))e−3(t−τ)u(t− τ)dτ

=

∫ ∞
−∞

2e−τu(τ)e−3(t−τ)u(t− τ)dτ +

∫ ∞
−∞

e−2τu(τ)e−3(t−τ)u(t− τ)dτ(
isqÔei ìti u(τ)u(t− τ) =

{
1, 0 < τ < t
0, alloÔ

)

=

∫ t

0
2e−τe−3(t−τ)dτ +

∫ t

0
e−2τe−3(t−τ)dτ

=

∫ t

0
2e−τ−3(t−τ)dτ +

∫ t

0
e−2τ−3(t−τ)dτ

=

∫ t

0
2e2τ−3tdτ +

∫ t

0
eτ−3tdτ

= 2e−3t

∫ t

0
e2τdτ + e−3t

∫ t

0
eτdτ

= e−3te2τ
∣∣∣t
0

+ e−3teτ
∣∣∣t
0

= e−3t(e2t − 1) + e−3t(et − 1)

= e−t − e−3t + e−2t − e−3t

= e−t − 2e−3t + e−2t, 0 < t

= e−tu(t)− 2e−3tu(t) + e−2tu(t) (35)

pou eÐnai h Ðdia akrib¸c sqèsh me thn 34! :-) Dialèxte ti protim�te. :-)

EpÐshc, me parìmoio trìpo mporoÔme na broÔme thn eÐsodo x(t), an mac dÐnetai to sÔsthma kai h èxodoc
tou. DeÐte:

Par�deigma 2:
'Estw èna sÔsthma me apìkrish suqnìthtac

H(f) =
1

3 + j2πf
(36)

Sthn eÐsodì tou, brÐsketai èna s ma x(t), to opoÐo dÐnei èxodo

y(t) = e−tu(t)− e−2tu(t) (37)

BreÐte thn eÐsodo, x(t).
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LÔsh:
Me parìmoio trìpo èqoume

y(t)←→ Y (f) =
1

1 + j2πf
− 1

2 + j2πf
(38)

Profan¸c isqÔei

Y (f) = H(f)X(f)⇐⇒ X(f) =
Y (f)

H(f)
=

1
1+j2πf −

1
2+j2πf

1
3+j2πf

=

1
(2+j2πf)(1+j2πf)

1
3+j2πf

=
3 + j2πf

(2 + j2πf)(1 + j2πf)

=
A

2 + j2πf
+

B

1 + j2πf
←→

x(t) = Ae−2tu(t) +Be−tu(t) (39)

me

A =
3 + j2πf

(2 + j2πf)(1 + j2πf)
(2 + j2πf)

∣∣∣
f=−2/j2π

=
3 + j2πf

(1 + j2πf)

∣∣∣
f=−2/j2π

= −1 (40)

B =
3 + j2πf

(2 + j2πf)(1 + j2πf)
(1 + j2πf)

∣∣∣
f=−1/j2π

=
3 + j2πf

(2 + j2πf)

∣∣∣
f=−1/j2π

= 2 (41)

kai �ra telik� h eÐsodoc ja eÐnai
x(t) = −e−2tu(t) + 2e−tu(t) (42)

Merikèc parathr seic...

1. Me parìmoio trìpo brÐskoume to sÔsthma h(t) an mac dÐnetai h eÐsodoc kai h èxodoc, x(t), y(t),
antÐstoiqa. K�nte to! :-)

2. Gia ton upologismì twn stajer¸n A,B,C,D parap�nw, deÐte to Par�rthma aut¸n twn shmei¸sewn.

3. Fusik� gia ton upologismì thc exìdou enìc sust matoc mporeÐte na qrhsimopoi sete to olokl rwma
thc sunèlixhc, an sac boleÔei. To p¸c ja katalabaÐnete poiìc trìpoc eÐnai pio eÔkoloc   sÔntomoc,
apaiteÐ empeirÐa kai trib  se ask seic. Pollèc forèc m�lista den eÐnai emfanèc me to m�ti k�ti
tètoio, kai anagkastik� douleÔete ìpwc nomÐzete eseÐc, mèqri na epibebaiwjeÐte   na diayeusteÐte.
:-)

4.4 FÐltra

K�poia sust mata ekteloÔn sugkekrimènec leitourgÐec, oi opoÐec eÐnai polÔ sun jeic kai polÔ qr simec
sthn pr�xh. Autèc oi leitourgÐec perilamb�noun thn apokop  sugkekrimènwn suqnot twn tou s matoc
eisìdou kai th dièleush k�poiwn �llwn, kai/  thn enÐsqush twn suqnot twn tou s matoc eisìdou pou
dièrqontai eleÔjera tou sust matoc. Lìgw aut c thc leitourgÐac touc, aut� ta sust mata onom�zontai
��fÐltra��. O lìgoc, profan c: ìpwc to fÐltro (tou kafè p.q.) desmeÔei ton kafè se stèrea morf 
kai epitrèpei th dièleush tou ugroÔ kafè, ètsi kai aut� ta fÐltra, epitrèpoun th dièleush orismènwn
suqnot twn en¸ desmeÔoun (katastèlloun, mhdenÐzoun to pl�toc touc dhlad ) k�poiec �llec.
Up�rqoun tèssera basik� eÐdh fÐltrwn:

10

George
Cross-Out

George
Inserted Text
Δείτε το Μαθηματικό Υπόβαθρο (back.pdf) στο link "Σημειώσεις", στο site του μαθήματος.



1. To bajuperatì (lowpass) fÐltro: epitrèpei th dièleush suqnot twn apì th mhdenik  suqnìthta wc
mia sugkekrimènh, pou lègetai suqnìthta apokop c, fc.

2. To uyiperatì (highpass) fÐltro: epitrèpei th dièleush suqnot twn apì mia sugkekrimènh, pou
lègetai suqnìthta apokop c, fc, wc to +∞.

3. To zwnoperatì (bandpass) fÐltro: epitrèpei th dièleush suqnot twn apì mia sugkekrimènh fc1 , wc
mia �llh sugkekrimènh suqnìthta, fc2 . Sun jwc aut  h z¸nh suqnot twn eÐnai mikr .

4. To zwnoapagoreutikì (bandstop) fÐltro: apagoreÔei th dièleush suqnot twn apì mia sugkekrimènh
fc1 , wc mia �llh sugkekrimènh suqnìthta, fc2 . Sun jwc aut  h z¸nh suqnot twn eÐnai mikr . To
zwnoapagoreutikì fÐltro eÐnai k�pwc san to ��antÐjeto�� tou zwnoperatoÔ. :-)

Sq ma 5: Idanik� FÐltra

Ta fÐltra aut� faÐnontai sqhmatik� sthn eikìna 5, mìno gia tic jetikèc suqnìthtec. Summetrik� eÐnai
ta sq mata kai gia tic arnhtikèc, afoÔ mil�me gia pragmatik� s mata. Ta fÐltra aut� lègontai idanik�,
giatÐ orÐzontai mìno jewrhtik�, dhl. den mporoÔme na ta kataskeu�soume sthn pr�xh ètsi ìpwc faÐnontai
sthn eikìna. MporoÔme na ta proseggÐsoume arket� kal�, me fÐltra ìpwc aut� thc eikìnac 6. Proc to
parìn kai se autì to m�jhma, mac endiafèroun mìno ta idanik� fÐltra, gia ta opoÐa mporoÔme na èqoume mia
eÔkolh majhmatik  anapar�stas  touc. Gia par�deigma, to qamhloperatì fÐltro mporeÐ na anaparastajeÐ
majhmatik� wc:

H(f) =

{
1, |f | ≤ fc
0, |f | > fc

(43)

H SqedÐash FÐltrwn eÐnai ènac olìklhroc tomèac thc EpexergasÐac S matoc apì mìnoc tou, opìte de ja
epektajoÔme perissìtero ed¸.
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Sq ma 6: Pragmatopoi sima FÐltra

5 SÔgkrish shm�twn - Susqètish

'Eqontac plèon ìla ta ergaleÐa thc An�lushc Fourier diajèsima, mporoÔme na rÐxoume mia gr gorh
mati� sth sÔgkrish shm�twn. H sqèsh pou mac bohj�ei se aut n thn kateÔjunsh lègetai Susqètish kai
gia duo s mata x(t), y(t) dÐnetai apì thn exÐswsh

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ (44)

H suzugÐa sto x(t) emfanÐzetai epeid  en gènei ta s mata eÐnai migadik�. An prìkeitai gia pragmatik�
s mata, h suzugÐa apl� paraleÐpetai. H susqètish ��baftÐzetai�� me diaforetikì ìnoma an sugkrÐnoume
diaforetik� s mata (eterosusqètish), en¸ an sugkrÐnoume to s ma me ton eautì tou (x(t) = y(t)), lègetai
autosusqètish. H susqètish metaxÔ duo shm�twn eÐnai exairetik� shmantik  epeid  eÐnai èna mètro thc
omoiìthtac metaxÔ duo shm�twn. H jewrÐa thc susqètishc emfanÐzetai se di�forouc tomeÐc epexergasÐac
s matoc, ìpwc sta rant�r, sta sìnar, stic yhfiakèc epikoinwnÐec, klp.
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5.1 Periodik  Susqètish

Ac xekin soume apì thn periodik  susqètish, dhl. apì th melèth omoiìthtac periodik¸n shm�twn. Gia
na jumhjoÔme k�poia pr�gmata. DeÐte:

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt (45)

φxy(t) =
1

T0

∫ T0

0
x(τ)y(τ + t)dτ (46)

Blèpete pwc h omoiìthta eÐnai profan c! (mh mou peÐte pwc den to blèpete! :-) ) Kai mantèyte � h
idèa thc probol c pou suzht same parap�nw gia touc suntelestèc Xk, isqÔei ki ed¸! PantoÔ aut  h
probol , telik�! :-) Ed¸ ìmwc, prob�lloume to s ma x(t) p�nw se èna �llo s ma y(t) to opoÐo ed¸ èqei
thn ikanìthta na metakineÐtai sto qrìno, y(τ + t), kai gia k�je qronik  metakÐnhsh t, paÐrnoume kai èna
mètro thc omoiìthtac metaxÔ twn shm�twn. 'Opwc akrib¸c paÐrname èna Xk gia k�je akèraia pollapl�sia
suqnìthta e−j2πkf0t sth sqèsh 45, ètsi ki ed¸ paÐrnoume èna φxy(∆t) gia k�je apeirost  metakÐnhsh ∆t
tou s matoc y(t), kai fusik� aut  h diadikasÐa mac dÐnei sto tèloc mia suneq  sun�rthsh φxy(t).

Gia na katal�boume diaisjhtik� th susqètish, ac jewr soume pr¸ta to par�deigma thc autosusqèti-
shc, dhl. thc susqètishc enìc s matoc me ton eautì tou:

φxx(t) =
1

T0

∫ T0

0
x(τ)x(τ + t)dτ (47)

Ed¸ èqoume loipìn èna mètro thc omoiìthtac tou s matoc me ton eautì tou. Prèpei na sac eÐnai antilhptì
ìti h mègisth omoiìthta tou s matoc ja sumbaÐnei ìtan den up�rqei kami� metakÐnhsh, dhl. ìtan t = 0.
Tìte ta duo s mata ��pèftoun to èna p�nw sto �llo�� kai to ginìmenì touc eÐnai mègisto. 'Oso to t arqÐzei
na all�zei, dhl. to x(τ + t) na metakineÐtai, tìso diaforopoieÐtai autì to ginìmeno, giatÐ plèon ta duo
s mata arqÐzoun na mh moi�zoun pia se mia qronik  stigm  t0. 'Omwc, prèpei na jumìmaste ìti èqoume na
k�noume me periodikì s ma. 'Ara met� apì metakÐnhsh kat� t = T0, ta s mata p�li ja pèftoun akrib¸c to
èna p�nw sto �llo, kai �ra p�li h omoiìtht� touc ja eÐnai mègisth! Ki autì ja suneqÐzetai ep' �peiron.
Apì aut n thn parat rhsh, sumperaÐnoume ìti

|φxx(t)| ≤ φxx(0) = φxx(kT0) (48)

pou eÐnai h majhmatik  graf  thc parat rhshc pou k�name mìlic sqetik� me th mègisth omoiìthta. H
eterosusqètish mporeÐ na gÐnei antilhpt  me parìmoio trìpo, mìno pou t¸ra den èqoume duo Ðdia s mata,
all� duo diaforetik� x(t), y(t). Ta shmeÐa megÐstou thc sun�rthshc eterosusqètishc eÐnai ekeÐ pou ta
duo s mata moi�zoun perissìtero to èna me to �llo. ?-)

Sto q¸ro twn suqnot twn, apodeiknÔetai ìti to s ma thc susqètishc metafr�zetai wc

φxy(t) =
1

T0

∫ T0

0
x∗(τ)y(τ + t)dτ =

∞∑
k=−∞

X∗kYke
j2πkf0t (49)

PolÔ pio apl  sqèsh sth suqnìthta, sumfwneÐte? Gia thn perÐptwsh thc autosusqètishc, h parap�nw
sqèsh apl� gÐnetai

φxx(t) =
1

T0

∫ T0

0
x∗(τ)x(τ + t)dτ =

∞∑
k=−∞

|Xk|2ej2πkf0t (50)

Parathr ste ìti gia t = 0, h autosusqètish mac dÐnei thn isqÔ tou s matoc, sÔmfwna me to je¸rhma tou
Parseval:

φxx(0) = E =

∞∑
k=−∞

|Xk|2 (51)
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5.2 Susqètish gia mh periodik� s mata

Ac suneqÐsoume me thn susqètish gia mh periodik� s mata. H antistoiqÐa ki ed¸ eÐnai emfan c. DeÐte:

X(f) =

∫ ∞
∞

x(t)e−j2πftdt (52)

φxy(t) =

∫ ∞
−∞

x(τ)y(τ + t)dτ (53)

Blèpete pwc ki ed¸ h omoiìthta eÐnai profan c! (ki ed¸ mh mou peÐte pwc den to blèpete! :-) ) Ed¸,
aut  th for�, prob�lloume to s ma x(t) p�nw se èna �llo s ma y(t) to opoÐo ed¸ èqei thn ikanìthta na
metakineÐtai sto qrìno y(τ+t), kai gia k�je qronik  metakÐnhsh t, paÐrnoume kai èna mètro thc omoiìthtac
metaxÔ twn shm�twn. 'Opwc akrib¸c paÐrname èna X(∆f) gia k�je suqnìthta e−j2π∆ft sth sqèsh 52,
ètsi ki ed¸ paÐrnoume èna φxy(∆t) gia k�je apeirost  metakÐnhsh ∆t tou s matoc y(t), kai fusik� aut 
h diadikasÐa mac dÐnei sto tèloc mia suneq  sun�rthsh φxy(t).

Ki ed¸ h autosusqètish, orÐzetai wc:

φxx(t) =

∫ ∞
−∞

x(τ)x(τ + t)dτ (54)

Kai ed¸ èqoume loipìn èna mètro thc omoiìthtac tou s matoc me ton eautì tou. H mègisth omoiìthta tou
s matoc ja sumbaÐnei ìtan den up�rqei kami� metakÐnhsh, dhl. ìtan t = 0. Tìte ta duo s mata ��pèftoun
to èna p�nw sto �llo�� kai to ginìmenì touc eÐnai mègisto. 'Oso to t arqÐzei na all�zei, dhl. to x(τ + t)
na metakineÐtai, tìso diaforopoieÐtai autì to ginìmeno, giatÐ plèon ta duo s mata arqÐzoun na mh moi�zoun
pia se mia qronik  stigm  t0. Apì aut n thn parat rhsh, sumperaÐnoume ìti

|φxx(t)| ≤ φxx(0) (55)

pou eÐnai h majhmatik  graf  thc parat rhshc pou k�name mìlic sqetik� me th mègisth omoiìthta. Sh-
mei¸ste ìti ta s mata den eÐnai pia periodik�, opìte up�rqei mìno èna shmeÐo ìpou h autosusqètish eÐna
mègisth. H eterosusqètish mporeÐ na gÐnei antilhpt  me parìmoio trìpo, mìno pou t¸ra den èqoume duo
Ðdia s mata, all� duo diaforetik� x(t), y(t). To shmeÐo megÐstou thc sun�rthshc eterosusqètishc � den
mporeÐ na eÐnai parap�nw apì èna � eÐnai ekeÐ pou ta duo s mata moi�zoun perissìtero to èna me to �llo
(ìqi aparaÐthta sto 0). ?-)

Sto q¸ro twn suqnot twn, apodeiknÔetai ìti to s ma thc susqètishc metafr�zetai wc

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ ↔ Φxy(f) = X∗(f)Y (f) (56)

ìpou h
Φxy(f) = X∗(f)Y (f) (57)

onom�zetai Energy Interspectral Density � Diafasmatik  Puknìthta Enèrgeiac.
Gia thn perÐptwsh thc autosusqètishc, h parap�nw sqèsh apl� gÐnetai

φxx(t) =

∫ ∞
−∞

x∗(τ)x(τ + t)dτ ↔ Φxx(f) = |X(f)|2 (58)

ìpou h
Φxx(f) = |X(f)|2 (59)

onom�zetai (pio apl�) Energy Spectral Density � Fasmatik  Puknìthta Enèrgeiac, kai mac perigr�fei
thn katanom  thc enèrgeiac tou s matoc an� tic suqnìthtec. 'Ara ed¸ faÐnetai ìti h eterosusqètish sto
qrìno eÐnai apl� to mètro tou metasq. Fourier sto tetr�gwno, sth suqnìthta!

Parathr ste ìti gia t = 0, h autosusqètish mac dÐnei thn enèrgeia tou s matoc, sÔmfwna me to
je¸rhma tou Parseval:

φxx(0) =

∫ ∞
−∞
|x(t)|2dt =

∫ ∞
−∞
|X(f)|2df (60)
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5.3 Susqètish gia s mata isqÔoc

Ta periodik� s mata eÐnai s mata isqÔoc all� ìqi mìno aut�. Ja epekteÐnoume thn an�lush twn
periodik¸n shm�twn gia s mata isqÔoc. Gia s mata isqÔoc, h eterosusqètish orÐzetai wc

φxy(t) = lim
T→∞

∫ T/2

−T/2
x∗(τ)y(τ + t)dτ (61)

en¸ h sun�rthsh autosusqètishc wc

φxx(t) = lim
T→∞

∫ T/2

−T/2
x∗(τ)x(τ + t)dτ (62)

O metasq. Fourier thc autosusqètishc onom�zetai Power Spectral Density � Fasmatik  Puknìthta
IsqÔoc, kai mac perigr�fei thn katanom  thc isqÔoc an� suqnìthta, en¸ o antÐstoiqoc thc eterosusqètishc
onom�zetai Power Interspectral Density � Diafasmatik  Puknìthta IsqÔoc.

Parathr ste ìti gia t = 0, h autosusqètish mac dÐnei thn isqÔ (kai ìqi pia enèrgeia � mil�me gia
s mata isqÔoc �llwste) tou s matoc, sÔmfwna me to je¸rhma tou Parseval:

φxx(0) =

∫ ∞
−∞

Φx(f)df (63)

Prosèxte pwc ed¸, h Fasmatik  Puknìthta IsqÔoc DEN isoÔtai me to mètro tou metasq. Fourier
sto tetr�gwno thc autosusqètishc, ìmwc mporeÐ na upologisteÐ eÔkola apì th sqèsh

Φx(f) = lim
T→∞

1

T
|X(f, T )|2 (64)

ìpou X(f, T ) eÐnai o metasq. Fourier tou s matoc

x(t, T ) = x(t)rect
( t
T

)
(65)

ìpou x(t) eÐnai to s ma isqÔoc, en¸ to x(t, T ) eÐnai èna komm�ti tou s matoc isqÔoc, di�rkeiac T , dhl.
eÐnai s ma enèrgeiac.

5.4 Efarmogèc

Ac anafèroume apl� duo efarmogèc thc susqètishc sthn pr�xh, ètsi, gia na sac peÐsoume gia th
shmasÐa thc. :-)

1. Ac jewr soume èna rant�r, ìpou stìqoc tou eÐnai na aniqneÔsei ènan pijanì stìqo, stèlnontac
proc autìn èna s ma. An o stìqoc eÐnai par¸n, to s ma antanakl�tai kai epistrèfei ston pompì,
en¸ an ìqi, o pompìc lamb�nei mìno jìrubo (fusik� ta s mata aut� eÐnai mh periodik�). H parousÐa
  h apousÐa tou anakl¸menou s matoc epibebai¸nei thn parousÐa   thn apousÐa tou stìqou (de
mil�me gia katast�seic Stealth, ètsi? Mil�me gia apl� pr�gmata :-) ). To krÐsimo prìblhma se
aut  th diadikasÐa eÐnai h anÐqneush tou anakl¸menou s matoc. Fusik�, to anakl¸meno s ma pou
lamb�netai èqei alloiwjeÐ sobar� lìgw apìstashc kai jorÔbou tou perib�llontoc. Se mia tètoia
perÐptwsh, h susqètish tou lhfjèntoc s matoc me ton arqikì, pou metadìjhke, mporeÐ na mac
bohj sei shmantik�!

Ac exhg soume DIAISJHTIKA :-) p¸c gÐnetai h anÐqneush tou s matoc me qr sh thc susqètishc.
Metr¸ntac th qronik  kajustèrhsh metaxÔ tou s matoc pou st�ljhke kai autoÔ pou el fjh,
mporoÔme na prosdiorÐsoume thn apìstash tou stìqou. 'Estw ìti to s ma pou st�ljhke eÐnai to
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Sq ma 7: ErmhneÐa thc susqètishc

g(t) kai autì pou el fjh eÐnai to f(t), ìpwc perigr�fontai sto sq ma 7. An ginìtan ap' eujeÐac
sÔgkrish gia thn omoiìthta, me mia exÐswsh ìpwc

φfg(t) =

∫ ∞
−∞

f(t)g(t)dt (66)

to apotèlesma ja  tan mhdèn. Gi� autì kai qrhsimopoioÔme th gnwst  sqèsh susqètishc

φfg(t) =

∫ ∞
−∞

f(τ)g(τ + t)dτ (67)

An gia k�poio t (pou eÐnai oi di�forec kajuster seic tou enìc s matoc) parathrhjeÐ isqur  su-
sqètish (pou shmaÐnei meg�lh tim  sto olokl rwma), den aniqneÔetai mìno h parousÐa tou s matoc
all� kai h sqetik  qronik  metatìpish tou f(t) se sqèsh me to g(t). 'Etsi, ìqi mìno metr�me thn
parousÐa enìc stìqou all� kai thn apìstas  tou. ?-) Opìte   qtup�me to sunagermì   stèlnoume
ton pÔraulo na ton qtup sei... :-)

2. 'Ena polÔ hot jèma sthn EpergasÐa S matoc Fwn c (w nai, asqoloÔmaste polÔ me aut� emeÐc :-) )
eÐnai h eÔresh thc legìmenhc jemeli¸douc suqnìthtac f0 se tm mata fwn c pou eÐnai èmfwna, ìpwc
to /a/. Se aut� ta tm mata, jewroÔme ìti oi suqnìthtec tou f�smatoc eÐnai akèraiec (  sqedìn
akèraiec) pollapl�siec miac jemeli¸douc suqnìthtac. An broÔme aut , mporoÔme na broÔme kai tic
upoloipec. JewroÔme dhlad  ìti to èmfwno s ma fwn c eÐnai periodikì (pou den eÐnai, all� mac
boleÔei kai sthn pr�xh douleÔei kiìlac! :-) ) 'Enac apì touc pr¸touc trìpouc pou prot�jhkan gia
thn eÔresh aut c thc suqnìthtac, eÐnai h mèjodoc thc autosusqètishc. Jewr¸ntac mikr� tm mata
fwn c pou jewroÔme me k�poia bebaiìthta ìti eÐnai èmfwna, efarmìzoume thn autosusqètish sto
qrìno se k�je èna apì aut�. SusqetÐzoume dhlad  k�je tm ma me ton eautì tou. 'Opwc eÐdame,
h susqètish periodik¸n shm�twn dÐnei mègista se qronikèc stigmèc pollapl�siec thc periìdou T0.
'Etsi loipìn, brÐskontac th mègisth tim  thc sun�rthshc autosusqètishc (ektìc fusik� apì thn
tim  sth jèsh 0), brÐskoume thn perÐodo tou s matoc, kai �ra th jemeli¸dh suqnìthta f0 = 1/T0.

5.5 Parathr seic

1. Parathr ste ìti h susqètish moi�zei kataplhktik� me th sunèlixh. 'Omwc en¸ h sunèlixh emplè-
kei thn an�klash kai th metatìpish enìc ek twn duo shm�twn, h susqètish emplèkei MONO th
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metatìpish. DeÐte parak�tw � jewroÔme pragmatik� s mata:

cxy(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ (68)

φxy(t) =

∫ ∞
−∞

x(τ)y(t+ τ)dτ (69)

'Ara prèpei na sac eÐnai pio eÔkolo na upologÐsete th susqètish, apl� metatopÐzontac � ki ì-
qi anastrèfontac � to èna ek twn duo shm�twn, akolouj¸ntac parìmoia diadikasÐa me aut  pou
akolouj same sth sunèlixh.

2. Fusik�, aut  h tìsh meg�lh omoiìthta metaxÔ sunèlixhc kai susqètishc de ja mporoÔse par� na
mac odhg sei se mia sqèsh pou tic sundèei:

φxy(t) = x(−t) ∗ y(t) (70)

en¸ gia thn autosusqètish eÐnai
φxx(t) = x(−t) ∗ x(t) (71)

3. Shmantikì eÐnai na parathr sete ìti DEN isqÔei h antimetajetik  idiìthta sth susqètish, dhl.

φxy(t) 6= φyx(t) (72)

en¸ èqoume dei ìti isqÔei gia th sunèlixh:

cxy(t) = x(t) ∗ y(t) = y(t) ∗ x(t) = cyx(t) (73)

Aut  eÐnai mia shmantik  diaforopoÐhsh twn duo sqèsewn.

4. EÐdame parap�nw ìti o metasq. Fourier thc autosusqètishc φxx(t) (pou ton baftÐsame Fasmatik 
Puknìthta Enèrgeiac) eÐnai Ðsoc me |X(f)|2, dhl. eÐnai PANTA pragmatik  sun�rthsh, kai PANTA
jetik  gia ìlec tic suqnìthtec! 'Ara h f�sh tou metasqhmatismoÔ eÐnai p�nta mhdèn. Autì shmaÐnei
ìti o metasq. Fourier thc autosusqètishc eÐnai anex�rthtoc opoiasd pote metakÐnhshc sto qrìno
(f�sh sth suqnìthta == metakÐnhsh sto qrìno) thc sun�rthshc autosusqètishc. Endiafèron! :-)

5. Shmantikì eÐnai na jum�ste ìti:

(aþ) O metasq. Fourier thc autosusqètishc mac dÐnei th Fasmatik  Puknìthta Enèrgeiac

(bþ) O antÐstr. metasq. Fourier thc Fasmatik c Puknìthtac Enèrgeiac mac dÐnei thn autosusqè-

tish
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6 Ask seic

1. 'Estw ta parak�tw s mata: Na upologÐsete th sunèlixh y(t) = x(t) ∗ h(t).

Sq ma 8: Sq ma 'Askhshc 4.1

LÔsh:
Epilègoume na paÐxoume me to x(t), kaj' ìti eukolìtero. H an�klash kai h metatìpish tou s matoc
faÐnetai sto sq ma 9. Akolouj¸ntac th diadikasÐa pou perigr�fhke sthn par�grafo 2, ja èqoume

Sq ma 9: Metatìpish kai an�klash gia 'Askhsh 4.1

tic parak�tw peript¸seic:

� y(t) = 0, t < 0 (sq ma 10aþ)

� y(t) =

∫ t

0

τ

T
dτ =

τ2

2T

∣∣∣t
0

=
t2

2T
, gia t ≥ 0 kai t− T ≤ 0⇔ 0 ≤ t ≤ T (sq ma 10bþ)

� y(t) =

∫ t

t−T

τ

T
dτ +

∫ t

T

(
2− τ

T

)
dτ = − t

2

T
+ 3t− 3T

2
, gia t− T < T kai t ≥ T ⇔ T ≥ t < 2T

(sq ma 11aþ)

� y(t) =

∫ 2T

t−T

(
2− τ

T

)
dτ =

(
2τ − τ2

2T

)∣∣∣2T
t−T

=
t2

2T
− 3t+

9T

2
, gia t < 3T kai t ≥ 2T ⇔ 2T ≤

t < 3T (sq ma 11bþ)

� y(t) = 0, t ≥ 3T (sq ma 12aþ)

'Ara telik� ja eÐnai:

y(t) =


0, t < 0 kai t ≥ 3T
t2

2T , 0 ≤ t ≤ T
− t2

T + 3t− 3T
2 , T ≥ t < 2T

t2

2T − 3t+ 9T
2 , 2T ≤ t < 3T

(74)
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(aþ) 1h perÐptwsh 'Askhshc 4.1 (bþ) 2h perÐptwsh 'Askhshc 4.1

Sq ma 10: Peript¸seic 'Askhshc 4.1 - I

(aþ) 3h perÐptwsh 'Askhshc 4.1 (bþ) 4h perÐptwsh 'Askhshc 4.1

Sq ma 11: Peript¸seic 'Askhshc 4.1 - II

(aþ) 5h perÐptwsh 'Askhshc 4.1

Sq ma 12: Peript¸seic 'Askhshc 4.1 - III

pou eÐnai kai to zhtoÔmeno.

2. 'Estw ta s mata
x(t) = Ae−|t|, h(t) = 2(u(t− 3)− u(t− 5))

pou faÐnontai sto sq ma 13 UpologÐste th sunèlixh twn duo shm�twn.

Sq ma 13: Sq ma 'Askhshc 4.2

LÔsh:

19



Epilègoume na paÐxoume me to h(t), kaj' ìti eukolìtero. H an�klash kai h metatìpish tou s matoc
faÐnetai sto sq ma 14. Akolouj¸ntac th diadikasÐa pou perigr�fhke sthn par�grafo 2, ja èqoume

Sq ma 14: An�klash kai metatìpish tou s matoc 'Askhshc 4.2

tic parak�tw peript¸seic:

� y(t) =

∫ t−3

t−5
2Aeτdτ = 2A(et−3 − et−5), gia t− 3 ≤ 0⇔ t ≤ 3 (sq ma 15aþ)

� y(t) =

∫ 0

t−5
2Aeτdτ +

∫ t−3

0
2Ae−τdτ = 2A(2A−et−5−e3−t), gia t ≤ 5 kai t > 3⇔ 3 < t ≤ 5

(sq ma 15bþ)

� y(t) =

∫ t−3

t−5
2Ae−τdτ = 2A(e5−t − e3−t), gia t− 5 > 0⇔ t > 5 (sq ma 16aþ)

(aþ) 1h perÐptwsh 'Askhshc 4.2 (bþ) 2h perÐptwsh 'Askhshc 4.2

Sq ma 15: Peript¸seic 'Askhshc 4.2 - I

(aþ) 3h perÐptwsh 'Askhshc 4.2

Sq ma 16: Peript¸seic 'Askhshc 4.2 - II
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'Ara telik� ja èqoume

y(t) =


2A(et−3 − et−5), t ≤ 3
2A(2A− et−5 − e3−t), 3 < t ≤ 5
2A(e5−t − e3−t), t > 5

(75)

pou eÐnai kai to zhtoÔmeno.

3. 'Estw ta s mata

x(t) =

{
0, alloÔ
1
t , t ≥ 1

y(t) =

{
t2, 0 ≤ t ≤ 1
0, alloÔ

UpologÐste th sunèlixh twn duo shm�twn.

LÔsh:
Epilègoume na paÐxoume me to h(t), kaj' ìti eukolìtero sth sqedÐash. H an�klash kai h metatìpish
tou s matoc faÐnetai sto sq ma 17. Akolouj¸ntac th diadikasÐa pou perigr�fhke sthn par�grafo

Sq ma 17: Anaklasmèno kai metatopismèno s ma 'Askhshc 4.3

2, ja èqoume tic parak�tw peript¸seic:

� y(t) = 0, t ≤ 1

� y(t) =

∫ t

1

1

τ
(t− τ)2dτ = t2 ln |τ |

∣∣∣t
1
− 2tτ

∣∣∣t
1

+
τ2

2

∣∣∣t
1

= · · · , gia t < 2 kai t > 1⇔ 1 < t < 2

� y(t) =

∫ t

t−1

1

τ
(t− τ)2dτ = t2 ln |τ |

∣∣∣t
t−1
− 2tτ

∣∣∣t
t−1

+
τ2

2

∣∣∣t
t−1

= · · · , gia t− 1 ≥ 1⇔ t ≥ 2

Epibebai¸ste eseÐc sqhmatik� ìti ta parap�nw eÐnai swst�! :-)

4. 'Estw to s ma
x(t) = 2δ(t)− 3δ(t− 4)

kai to s ma h(t) pou faÐnetai sto sq ma 18. BreÐte to apotèlesma thc sunèli-
xhc twn duo shm�twn.

LÔsh:
H sunèlixh me sunart seic Dèlta apl� par�gei antÐgrafa twn shm�twn me ta opoÐa sunelÐssetai,
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Sq ma 18: Sq ma 'Askhshc 4.4

metatopismèna sth jèsh thc sun�rthshc Dèlta, pollaplasiasmèna me to pl�toc thc. OÔte olo-
klhr¸mata, oÔte metatopÐseic, oÔte anastrofèc, oÔte tÐpota! :-) GÐnetai ìmwc eureÐa qr sh twn
idiot twn thc sun�rthshc Dèlta, ìpwc h

x(t) ∗ δ(t− t0) = x(t− t0)

'Ara ja eÐnai apl�

y(t) = h(t) ∗ (2δ(t)− 3δ(t− 4)) = 2h(t) ∗ δ(t)− 3h(t) ∗ δ(t− 4) = 2h(t)− 3h(t− 4)

To apotèlesma thc sunèlixhc faÐnetai sto sq ma 19.

Sq ma 19: S ma sunèlixhc h(t) ∗ x(t) 'Askhshc 4.4
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5. Na upologisteÐ h sunèlixh twn shm�twn

x(t) = u(t)

y(t) = e−2tu(t)

LÔsh:
Ta duo s mata eÐnai ìpwc sto sq ma 20. PaÐzoume me to x(t). To anestrammèno kai anaklasmèno

Sq ma 20: S mata 'Askhshc 4.5

s ma faÐnetai sto sq ma 21. DiakrÐnoume duo peript¸seic, oi opoÐec faÐnontai sta sq mata 22aþ kai

Sq ma 21: Metatopismèno s ma 'Askhshc 4.5

22bþ.

� cxy(t) = 0, t ≤ 0

� cxy(t) =

∫ ∞
−∞

e−2τu(t)u(t− τ)dτ =

∫ t

0
e−2τdτ =

1− e−2t

2
, t > 0

(aþ) PerÐptwsh 1h (bþ) PerÐptwsh 2h

Sq ma 22: Peript¸seic 'Askhshc 4.5

'Ara telik� ja eÐnai

cxy(t) =

{
1−e−2t

2 , t > 0
0, t ≤ 0

(76)

pou eÐnai kai to zhtoÔmeno.
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Sq ma 23: S ma 'Askhshc 4.6

6. JewroÔme to sÔsthma pou faÐnetai sto sq ma 23, me

x(t) = u
(
t +

1

2

)
− u

(
t− 1

2

)
h1(t) = δ

(
t− 3

2

)
h2(t) = u(t)− u(t− 3)

Na upologisteÐ kai na sqediasteÐ h èxodoc tou sust matoc, y(t).

LÔsh:
AfoÔ ta sust mata eÐnai se seir�, mporoÔme na broÔme to sunolikì sÔsthma h(t), pou eÐnai h
sunèlixh twn duo susthm�twn, kai eÐnai

h(t) = h1(t) ∗ h2(t) = δ
(
t− 3

2

)
∗
(
u(t)− u(t− 3)

)
= u

(
t− 3

2

)
− u
(
t− 3− 3

2

)
= u

(
t− 3

2

)
− u
(
t− 9

2

)
'Ara eÐnai san na pern�me thn eÐsodo x(t) apì to sÔsthma h(t). ParathroÔme ìti

x(t) = u
(
t+

1

2

)
− u
(
t− 1

2

)
= rect

( t
1

)
h(t) = u

(
t− 3

2

)
− u
(
t− 9

2

)
= rect

( t− 3

3

)
Oi peript¸seic faÐnontai sto sq ma 24, 25, 26. Kat� ta gnwst� loipìn, ja paÐxoume me to h(t),

(aþ) PerÐptwsh 1h (bþ) PerÐptwsh 2h

Sq ma 24: Peript¸seic 'Askhshc 4.6 - 1

kai ja èqoume tic parak�tw peript¸seic:

� y(t) = 0, t ≤ 1

� y(t) =

∫ t−3/2

−1/2
dτ = τ

∣∣∣t−3/2

−1/2
= t− 1, gia 1 < t ≤ 2.

� y(t) =

∫ 1/2

−1/2
dτ = τ

∣∣∣1/2
−1/2

= 1, gia 2 < t ≤ 4

24



(aþ) PerÐptwsh 3h (bþ) PerÐptwsh 4h

Sq ma 25: Peript¸seic 'Askhshc 4.6 - 2

Sq ma 26: Peript¸seic 'Askhshc 4.6 - 3

� y(t) =

∫ 1/2

t−9/2
dτ = τ

∣∣∣1/2
t−9/2

= 5− t, gia 4 < t ≤ 5

� y(t) = 0, t > 5

'Ara sunolik� ja eÐnai

y(t) =


0, t < 1, t > 5
t− 1, 1 < t ≤ 2
1, 2 < t ≤ 4
5− t, 4 < t ≤ 5

(77)

To apotèlesma faÐnetai sto sq ma 27.

Sq ma 27: Apotèlesma 'Askhshc 4.6

Parat rhsh: MporoÔme na per�soume thn eÐsodo apì to h1(t), na broÔme thn èxodo y1(t), kai èpeita
na per�soume thn y1(t) apì to h2(t) kai na broÔme thn telik  èxodo y(t).

7. UpologÐste th sun�rthsh autosusqètishc tou s matoc

x(t) = e−αtu(t), α > 0
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LÔsh:
H autosusqètish emplèkei to ginìmeno tou s matoc me ton eautì tou, metatopismèno kat� t. Dou-
leÔoume ìpwc me th sunèlixh, apl� den anastrèfoume to s ma, mìno to metatopÐzoume. DiakrÐnoume
tic peript¸seic, an�loga me th jèsh tou x(τ + t).

� EÐnai

φxx(t) =

∫ ∞
0

e−aτe−a(τ+t)dτ = e−at
∫ ∞

0
e−2aτdτ

= e−at
1

−2a
e−2aτ

∣∣∣∞
0

=
1

2a
e−at, t > 0

� EÐnai

φxx(t) =

∫ ∞
−t

e−aτe−a(τ+t)dτ = e−at
∫ ∞
−t

e−2aτdτ

= e−at
1

−2a
e−2aτ

∣∣∣∞
−t

=
1

2a
eat, t < 0

'Ara sunolik� isqÔei

φxx(t) =
1

2a
e−a|t|, a > 0 (78)

8. UpologÐste th Fasmatik  Puknìthta Enèrgeiac tou s matoc

x(t) = e−αtu(t), α > 0

LÔsh:
Xèroume ìti h Fasmatik  Puknìthta Enèrgeiac dÐnetai apì to metasq. Fourier thc autosusqètishc:

Φxx(f) = F{φxx(t)} =

∫ ∞
−∞

φxx(t)e−j2πftdt

'Omwc èqoume deÐxei ìti
Φxx(f) = |X(f)|2

ArkeÐ na broÔme to |X(f)|2. EÐnai:

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ ∞
0

e−ate−j2πftdt

=

∫ ∞
0

e−(a+j2πf)tdt = − 1

a+ j2πf
e−(a+j2πf)t

∣∣∣∞
0

= − 1

a+ j2πf

(
lim
t→∞

e−(a+j2πf)t − 1
)

Gia to olokl rwma autì isqÔei ìti:

e−(a+j2πf)t = e−ate−j2πft = f(t)g(t)

H sun�rthsh f(t) = e−at teÐnei sto 0 ìtan t→∞, en¸ h sun�rthsh g(t) = e−j2πft eÐnai fragmènh,
giatÐ |g(t)| = |e−j2πft| = 1, gia k�je f, t. Apì gnwstì je¸rhma, to ìrio tou ginomènou teÐnei sto
0. 'Ara

lim
t→∞

f(t)g(t) = lim
t→∞

e−(a+j2πf)t = 0
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'Ara telik�,

X(f) = − 1

a+ j2πf
(0− 1) =

1

a+ j2πf

Tèloc, h Fasmatik  Puknìthta Enèrgeiac eÐnai

Φxx(f) = |X(f)|2 =
1

a2 + 4π2f2
, a > 0 (79)

9. 'Estw x(t),y(t) duo migadik� s mata kai

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ

h sun�rthsh eterosusqètishc touc. 'Estw X(f),Y(f) o metasqhmatismoÔc Fou-
rier touc. DeÐxte ìti

(aþ) φyx(t)↔ Y∗(f)X(f)

(bþ) φ∗xy(−t) = φyx(t)

(gþ) φ∗yx(−t) = φxy(t)

LÔsh:
EÐnai

(aþ)

F{φyx(t)} =

∫ ∞
−∞

(∫ ∞
−∞

y∗(τ)x(τ + t)dτ
)
e−j2πftdt

=

∫ ∞
−∞

y∗(τ)

∫ ∞
−∞

x(τ + t)e−j2πftdtdτ

=

∫ ∞
−∞

y∗(τ)X(f)ej2πfτdτ

= X(f)

∫ ∞
−∞

y∗(τ)ej2πfτdτ

= X(f)
(∫ ∞
−∞

y(τ)e−j2πfτdτ
)∗

= X(f)Y ∗(f) (80)

(bþ) EÐnai

φyx(t) =

∫ ∞
−∞

y∗(τ)x(t+ τ)dτ (81)

EpÐshc

φxy(t) =

∫ ∞
−∞

x∗(τ)y(t+ τ)dτ, (jètw t← −t)

φxy(−t) =

∫ ∞
−∞

x∗(τ)y(τ − t)dτ

φ∗xy(−t) =
(∫ ∞
−∞

x∗(τ)y(τ − t)dτ
)∗

φ∗xy(−t) =

∫ ∞
−∞

x(τ)y∗(τ − t)dτ
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Jètw u = τ − t⇒ du = dτ . 'Ara

φ∗xy(−t) =

∫ ∞
−∞

x(u+ t)y∗(u)du (82)

Apì tic sqèseic 81, 82, apodeiknÔetai to zhtoÔmeno.

(gþ) EÐnai

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ (83)

EpÐshc

φyx(t) =

∫ ∞
−∞

x(τ + t)y∗(τ)dτ, (jètw t← −t)

φyx(−t) =

∫ ∞
−∞

x(τ − t)y∗(τ)dτ

φ∗yx(−t) =
(∫ ∞
−∞

x(τ − t)y∗(τ)dτ
)∗

φ∗yx(−t) =

∫ ∞
−∞

x∗(τ − t)y(τ)dτ

Jètw u = τ − t⇒ du = dτ . Ara

φ∗yx(−t) =

∫ ∞
−∞

x∗(u)y(u+ t)du (84)

Apì tic sqèseic 84, 83, apodeiknÔetai to zhtoÔmeno.

10. 'Estw to s ma

x(t) =


5, t = −2
2, t = −1
2, t = 1
5, t = 2
0, alloÔ

(85)

(aþ) Sqedi�ste to x(t).

(bþ) Gr�yte to x(t) wc grammikì sunduasmì thc sun�rthshc Dèlta

(gþ) UpologÐste to metasq. Fourier tou x(t)

(dþ) DeÐxte ìti Φxx(f) ≤ 156, ìpou Φxx(f) h fasmatik  puknìthta enèrgeiac tou
s matoc.

LÔsh:

(aþ) To s ma faÐnetai sto sq ma 28.

(bþ) To x(t) gr�fetai wc

x(t) = 5δ(t+ 2) + 2δ(t+ 1) + 2δ(t− 1) + 5δ(t− 2) (86)
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Sq ma 28: 'Ajroisma sunart sewn Dèlta

(gþ) O metasq. Fourier eÐnai

F{x(t)} = 5ej2π2f + 2ej2πf + 2e−j2πf + 5e−j2π2f

= 10 cos(4πf) + 4 cos(2πf)

= 10(2 cos2(2πf)− 1) + 4 cos(2πf)

= 20 cos2(2πf)− 10 + 4 cos(2πf)

= 20 cos2(2πf) + 4 cos(2πf)− 10 (87)

(88)

(dþ) EÐnai

Φxx(f) = |X(f)|2 (89)

= |10 cos(4πf) + 4 cos(2πf)|2

= 100 cos2(4πf) + 40 cos(4πf) cos(2πf) + 16 cos2(2πf)

= 100 cos2(4πf) + 20 cos(2πf) + 20 cos(6πf) + 16 cos2(2πf)

Profan¸c −1 ≤ cos(x) ≤ 1 kai 0 ≤ cos2(x) ≤ 1, opìte:

Φxx(f) = 100 cos2(4πf) + 20 cos(2πf) + 20 cos(6πf) + 16 cos2(2πf)

≤ 100 + 20 + 20 + 16

= 156 (90)

11. Gia èna pragmatikì s ma x(t) apodeÐxte ìti h sun�rthsh autosusqètishc eÐnai
�rtia sun�rthsh.

LÔsh:
Jèloume na deÐxoume ìti φxx(t) = φxx(−t). To s ma mac eÐnai pragmatikì, �ra x(t) = x∗(t). EÐnai:

φxx(−t) =

∫ ∞
−∞

x∗(τ)x(τ − t)dτ

=

∫ ∞
−∞

x(τ)x(τ − t)dτ ( jètw τ − t = u⇒ dτ = du)

=

∫ ∞
−∞

x(u+ t)x(t)du

= φxx(u) (91)
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pou eÐnai kai to zhtoÔmeno.

12. ApodeÐxte ìti gia ta s mata
x(t) = e−αtu(t)

y(t) = e−2αtu(t), α > 0

isqÔei Φxy(f) = X∗(f)Y(f), ìpou Φxy(f) h sun�rthsh Diafasmatik c Puknìthtac
Enèrgeiac.

LÔsh:
EÐnai

Φxy(f) = F{φxy(t)} =

∫ ∞
−∞

(∫ ∞
−∞

e−aτu(τ)e−2a(τ+t)u(τ + t)dτ
)
e−j2πftdt

=

∫ ∞
−∞

e−aτu(τ)

∫ ∞
−∞

e−2a(τ+t)u(τ + t)e−j2πftdtdτ

=

∫ ∞
−∞

e−aτu(τ)
(∫ ∞
−∞

y(τ + t)e−j2πftdt
)
dτ

=

∫ ∞
−∞

e−aτu(τ)
(
Y (f)ej2πfτ

)
dτ

= Y (f)

∫ ∞
−∞

e−aτu(τ)ej2πfτdτ

= Y (f)
(∫ ∞
−∞

e−aτu(τ)e−j2πfτdτ
)∗

= Y (f)X∗(f) = X∗(f)Y (f) (92)

Parat rhsh:
Ed¸, apodeÐxame th zhtoÔmenh sqèsh genik�, gia k�je s ma x(t), y(t). ApodeÐxte eseÐc to pragmatikì
zhtoÔmeno, upologÐzontac th Φxy(f) me ton orismì, kai epibebai¸ste ìti isoÔtai me X∗(f)Y (f),
upologÐzontac kai autì to ginìmeno. :-)

13. Qrhsimopoi¸ntac thn anisìthta Schwarz∣∣∣ ∫ ∞
−∞

x∗(t)y(t+ τ)dt
∣∣∣2 ≤ ∫ ∞

−∞
|x(t)|2dt

∫ ∞
−∞
|y(t)|2dt

deÐxte ìti:

(aþ) h sun�rthsh eterosusqètishc èqei mègisto gia t = 0.

(bþ) h sun�rthsh autosusqètishc èqei mègisto gia t = 0.

LÔsh:

(aþ) 'Eqoume

|φxy(t)|2 =
∣∣∣ ∫ ∞
−∞

x∗(τ)y(t+ τ)dτ
∣∣∣2 ≤ ∫ ∞

−∞
|x(τ)|2dτ

∫ ∞
−∞
|y(τ)|2dτ

= φxx(0)φyy(0)⇒ |φxy(t)| ≤
√
φxx(0)φyy(0) (93)
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(bþ) 'Eqoume

|φxx(t)|2 =
∣∣∣ ∫ ∞
−∞

x∗(τ)x(t+ τ)dτ
∣∣∣2 ≤ ∫ ∞

−∞
|x(τ)|2dτ

∫ ∞
−∞
|x(τ)|2dτ

= φxx(0)φxx(0) = φ2
xx(0)⇒ |φxx(t)| ≤ |φxx(0)| (94)
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