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1. 'Estw x(t) èna pragmatikì s ma. Se pollèc efarmogèc thlepikoinwni¸n, orÐzetai h analutik 

morf , x(t), tou s matoc x(t) wc:

x(t) = x(t) + jx̂(t),

ìpou x̂(t) eÐnai o metasqhmatismìc Hilbert tou s matoc, kai o opoÐoc orÐzetai wc:

x̂(t) =
1

π

∫ +∞

−∞

x(t)

t− τ
dτ .

BreÐte to metasqhmatismì Hilbert tou s matoc

x(t) =

 A, −T
2
≤ t ≤ T

2

0, elsewhere

LÔsh:

EÐnai x̂(t) =
1

π

∫ +∞

−∞

x(t)

t− τ
dτ =

1

π

∫ T
2

−T
2

A

t− τ
dτ =

A

π

∫ T
2

−T
2

1

t− τ
dτ .

Jètw u = t− τ ⇒ du = −dτ, u1 = t− T
2
, u2 = t+ T

2
.

'Ara ja eÐnai x̂(t) = −A

π

∫ t−T
2

t+T
2

1

u
du =

A

π

∫ t+T
2

t−T
2

1

u
du =

A

π
[ln |u|]t−

T
2

t+T
2

=

A

π
(ln |t+ T

2
| − ln |t− T

2
|) = A

π
ln |

t+ T
2

t− T
2

|.
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Sqìlio:

To analutikì s ma x(t) eÐnai èna s ma to opoÐo èqei to Ðdio f�sma stic jetikèc suqnìth-

tec me to x(t), all� èqei mhdenikì f�sma stic arnhtikèc suqnìthtec. H qrhsimìtht� tou

sunÐstatai sto gegonìc ìti dieukolÔnei tic pr�xeic me s mata, kai sto gegonìc ìti apì thn

analutik  morf  enìc pragmatikoÔ s matoc x(t) mporoÔme p�nta na epistrèyoume sthn arqik 

morf  tou x(t) (ki autì giatÐ to f�sma enìc pragmatikoÔ s matoc eÐnai suzugèc summetrikì).

Ousiastik�, o metasqhmatismìc Hilbert x̂(t) bohj�ei akrib¸c se autì: 'kìbei' tic arnhtikèc

sunist¸sec tou f�smatoc tou s matoc x(t), an sto x(t) prosjèsei kaneÐc to jx̂(t). Opìte to

x(t) = x(t)+ jx̂(t), wc èna tètoio �jroisma tou x(t) kai tou jx̂(t), katal gei na èqei mhdenikì

f�sma sthn arnhtikèc suqnìthtec kai mh mhdenikì f�sma mìno stic jetikèc suqnìthtec.

Gia par�deigma, to s ma

x(t) = A cos(2πf0t) =
A

2
ej2πf0t +

A

2
e−j2πf0t

èqei fasmatikèc sunist¸sec pl�touc A
2
stic suqnìthtec f0 kai −f0. H analutik  tou morf ,

x(t), ja prèpei na èqei fasmatikèc sunist¸sec mìno (!) sth jetik  suqnìthta f0. 'Etsi,

eÔkola (lème :) ) mporoÔme na poÔme ìti h analutik  morf  tou x(t) eÐnai:

x(t) = x(t) + jx̂(t) = A cos(2πf0t) + jA sin(2πf0t) = Aej2πf0t,

tou opoÐou to f�sma èqei mìno mia sunist¸sa pl�touc A sth suqnìthta f0, ìpwc blèpete.

'Ara o metasqhmatismìc Hilbert tou A cos 2πf0t eÐnai x̂(t) = A sin(2πf0t).

H ìlh diadikasÐa thc anapar�stashc se analutik  morf  qrhsimopoieÐtai stic thlepikoinwnÐec,

kurÐwc se mejìdouc diamìrfwshc - apodiamìrfwshc mon c pleurik c z¸nhc. 'Ola aut�, apl�

wc shmeÐwsh, ep' eukairÐa thc �skhshc...

2. 'Ena periodikì s ma x(t) = A cos(2πf0t) me perÐodo 5 sec jèloume na kajuster sei kat� 0.05

sec. Pìsh ja eÐnai h f�sh metatìpis c tou?

LÔsh:

'Estw t0 = 0.05sec. To kajusterhmèno kat� t0 s ma ekfr�zetai wc:
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x(t− t0) = A cos(2πf0(t− t0)) = A cos(2πf0t− 2πf0t0) = A cos(2πf0t+ ϕ).

'Ara ϕ = −2πf0t0 = −2π
1

T0

t0 = −2π
1

5
0.05 = −0.02π.

Profan¸c, an jèlame na prohgeÐtai kat� t0 = 0.05sec, ja eÐqame ϕ = 0.02π, me parìmoio

sullogismì me parap�nw (ja zhtoÔsame tìte to x(t+ t0)).

3. 'Estw to s ma x(t) = 1 +
+∞∑
k=1

Ak cos(2(k + 1)πt+ ϕk). BreÐte thn perÐodì tou.

LÔsh:

To s ma eÐnai profan¸c anaptugmèno kat� Fourier. Blèpoume ìti gia k = 1, k = 2, k = 3 · · · ,

paÐrnoume antÐstoiqa (kuklikèc) suqnìthtec ω1 = 4π, ω2 = 6π, ω3 = 8π · · · . Profan¸c, ìlec

autèc oi suqnìthtec eÐnai pollapl�sia miac jemeli¸douc, thc ω0 = 2π. 'Ara h perÐodoc eÐnai

T0 = 2π
ω0

= 1. Prosèxte, to gegonìc ìti den up�rqei sunhmÐtono me tètoia suqnìthta sthn

parap�nw anapar�stash, de shmaÐnei k�ti gia thn perÐodo tou s matoc.

4. 'Ena chirp s ma monadiaÐou pl�touc x(t) metab�llei th suqnìtht� tou apì 3000 Hz se 0 Hz

se qrìno 2 sec.

a) Sqedi�ste thn anapar�stash qrìnou-suqnìthtac gia to x(t).

b) BreÐte th majhmatik  morf  tou s matoc.

LÔsh:

'Ena chirp s ma (s ma seir nac, sta ellhnik� :) ) eÐnai èna s ma to opoÐo DE diathreÐ sta-

jer  suqnìthta me to pèrasma tou qrìnou (ìpwc k�nei to A cos(2πf0t), pou èqei suqnìthta

stajer  kai Ðsh me f0), all� ìso pern�ei o qrìnoc, h suqnìthta metab�lletai grammik� wc

proc to qrìno. S mata seir nac mporeÐte na akoÔsete se peripolik�, asjenofìra   purosbe-

stik� oq mata (makri� apì mac kai ta tria :) ).

To chirp s ma orÐzetai wc x(t) = cos(θ(t)), me θ(t) = 2πmt2 + 2πf0t + ϕ, me m mia stajer�
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pou lègetai stajer� diamìrfwshc.

H stigmiaÐa suqnìthta tou s matoc x(t) orÐzetai wc: fi(t) =
1
2π

dθ(t)
dt

= 2mt+ f0.

a) 'Ena s ma pou metab�llei grammik� th suqnìtht� tou apì 3000 Hz wc 0 Hz se 2 sec,

èqei anapar�stash qrìnou-suqnìthtac ìpwc faÐnetai parak�tw:
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b) AfoÔ to s ma metab�lletai grammik� se qronikì di�sthma T = 2 sec apì f1 = 3000 Hz wc

f2 = 0 Hz, h stigmiaÐa tou suqnìthta ja eÐnai:

fi(t) = f2−f1
T

t + f1 = 0−3000
2

+ 3000 = −1500t + 3000. 'Ara h f�sh tou ja eÐnai θ(t) =

2π
∫ t

0
(−1500u+ 3000)du+ ϕ = 2π(−1500 t2

2
+ 3000t) + ϕ = −1500πt2 + 6000πt+ ϕ

(an den mporeÐte na jum�ste ton tÔpo thc fi(t), mporeÐte apl� na breÐte thn exÐswsh thc

eujeÐac pou pern�ei apì ta (0,3000), (2,0) sto sq ma tou erwt matoc (a). Aut  ja eÐnai h

fi(t) ).

'Ara telik� to s ma ja eÐnai to x(t) = cos(−1500πt2 + 6000πt+ ϕ).
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5. AnaptÔxte se seir� Fourier to s ma

x(t) =
sin(2t) + sin(3t)

sin(t)

a) Poi� eÐnai h perÐodoc tou s matoc;

b) Sqedi�ste to f�sma pl�touc kai f�sma f�shc tou s matoc.

LÔsh:

AnaptÔssoume to s ma mac sÔmfwna me touc tÔpouc tou Euler:

x(t) =
sin(2t) + sin(3t)

sin(t)
=

1
2j
(ej2t − e−j2t + ej3t − e−j3t)

1
2j
(ejt − e−jt)

=
1

(ejt − e−jt)
(ej2t − e−j2t + ej3t − e−j3t).

Ja qrhsimopoi soume t¸ra tic tautìthtec:

a2 − b2 = (a− b)(a+ b) , a3 − b3 = (a− b)(a2 + ab+ b2)

gia ta ekjetik� tou arijmht . Ja eÐnai loipìn:

x(t) =
1

(ejt − e−jt)
(ej2t − e−j2t + ej3t − e−j3t) =

1

(ejt − e−jt)
[(ejt)

2 − (e−jt)
2
+ (ejt)

3 − (e−jt)
3
]

=
1

(ejt − e−jt)
[(ejt − e−jt)(ejt + e−jt) + (ejt − e−jt)(ej2t + 1 + e−j2t)] =

=
1

(ejt − e−jt)
(ejt − e−jt)(ejt + e−jt + 1 + ej2t + e−j2t) = ejt + e−jt + 1 + ej2t + e−j2t

= 1 + 2 cos(t) + 2 cos(2t).

a) H perÐodoc tou s matoc ja eÐnai T0 = EKP{2π, π} = 2π.

b) To f�sma pl�touc kai f�shc faÐnontai sta parak�tw sq mata:
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6. 'Ena pragmatikì periodikì s ma x(t) èqei anaptuqjeÐ se seir� Fourier, kai gia tic suqnìthtec

100, 200, 300, 400 Hz èqei antÐstoiqa migadik� pl�th:

X1 = ej
π
3 , X2 = 2ej

π
4 , X3 = 3ej

π
16 , X4 = 2ej

π
8

'Ena deÔtero pragmatikì s ma y(t) èqei anaptuqjeÐ se seir� Fourier kai gia tic suqnìthtec

50, 100, 150, 200 Hz èqei antÐstoiqa migadik� pl�th:

Y1 = 3ejπ, Y2 = 2ej
π
3 , Y3 = ej

π
16 , Y4 = ej

π
4

'Allec suqnìthtec den up�rqoun sta s mata.

UpologÐste ta:

1

T1

∫ T1

0

x2(t)dt

1

T2

∫ T2

0

y2(t)dt

1

T2

∫ T2

0

x(t)y(t)dt

ìpou T1, T2 oi antÐstoiqec perÐodoi twn x(t), y(t).

LÔsh:

PolÔ qr simo ja mac faneÐ ed¸ to je¸rhma tou Parseval gia èna kai duo s mata:

Gia èna s ma x(t) me perÐodo T0, isqÔei ìti:

1

T0

∫ T0

0

x2(t)dt =
+∞∑

k=−∞

|Xk|2,

dhlad  h enèrgeia enìc s matoc se mia perÐodo proc thn perÐodo aut , isoÔtai me to �jroisma

twn apolÔtwn tim¸n sto tetr�gwno twn suntelest¸n Fourier tou dÐpleurou anaptÔgmatoc.

Gia èna s ma x(t) ki èna s ma y(t), me koin  perÐodo T0, isqÔei ìti:

1

T0

∫ T0

0

x(t)y∗(t)dt =
+∞∑

k=−∞

XkY
∗
k ,
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dhlad  to parap�nw olokl rwma isoÔtai me to �jroisma twn ginomènwn twn suntelest¸n

Fourier (me ton ènan ek twn dÔo na eÐnai suzug c) tou dÐpleurou anaptÔgmatoc stic IDIES

armonikèc suqnìthtec kf0! To ti akrib¸c shmaÐnei autì, ja to doÔme se lÐgo.

Gia to pr¸to olokl rwma ja eÐnai:

1

T1

∫ T1

0

x2(t)dt =
+∞∑

k=−∞

|Xk|2 = |X−4|2+|X−3|2+|X−2|2+|X−1|2+|X1|2+|X2|2+|X3|2+|X4|2

To s ma mac ìmwc eÐnai pragmatikì, �ra isqÔei: X−k = X∗
k . 'Ara ja èqoume:

|X−4|2 + |X−3|2 + |X−2|2 + |X−1|2 + |X1|2 + |X2|2 + |X3|2 + |X4|2

= |X∗
4 |2 + |X∗

3 |2 + |X∗
2 |2 + |X∗

1 |2 + |X1|2 + |X2|2 + |X3|2 + |X4|2

= |2e−j π
8 |2 + |3e−j π

16 |2 + |2e−j π
4 |2 + |e−jπ|2 + |ejπ|2 + |2ej

π
4 |2 + |3ej

π
16 |2 + |2ej

π
8 |2.

GnwrÐzoume ìmwc ìti |Aejϕ|2 = |A|2|ejϕ|2 = |A|2, giatÐ eÐnai |ejϕ|2 = | cos(ϕ) + j sin(ϕ)|2 =

cos2(ϕ) + sin2(ϕ) = 1 (mètro migadikoÔ arijmoÔ sto tetr�gwno). 'Ara telik� ja èqoume:

|2e−j π
8 |2 + |3e−j π

16 |2 + |2e−j π
4 |2 + |e−jπ|2 + |ejπ|2 + |2ej

π
4 |2 + |3ej

π
16 |2 + |2ej

π
8 |2

= |2|2 + |3|2 + |2|2 + |1|2 + |1|2 + |2|2 + |3|2 + |2|2

= 4 + 9 + 4 + 1 + 1 + 4 + 9 + 4 = 36.

EpalhjeÔste eseÐc, me ton Ðdio akrib¸c trìpo, ìti
1

T2

∫ T2

0

y2(t)dt = 30.

Gia to trÐto olokl rwma, prèpei na prosèxoume idiaÐtera. 'Opwc proanafèrjhke, mporoÔ-

me na ekfr�soume ton tÔpo tou Parseval,
1

T2

∫ T2

0

x(t)y(t)dt, me lìgia: to olokl rwma se mia

koin  perÐodo tou ginomènou twn duo shm�twn sto qrìno isoÔtai me to �jroisma twn gino-

mènwn twn suntelest¸n Fourier (me ton ènan ek twn dÔo na eÐnai suzug c) tou dÐpleurou

anaptÔgmatoc stic IDIES armonikèc suqnìthtec kf0.

Ac k�noume pr¸ta safèc to ex c (PROSOQH!): Duo OPOIADHPOTE pragmatik� perio-

dik� s mata me thn Ðdia perÐodo T0 anaptÔssontai to kajèna se mia seir� Fourier stic IDIES

armonikèc suqnìthtec kω0 (  kf0). Ac to doÔme majhmatik� (mhn trom�zete, yuqraimÐa!):
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'Ena periodikì s ma x(t) me perÐodo T0 (kai �ra jemeli¸dh kuklik  suqnìthta ω0 = 2π
T0
)

anaptÔssetai se seir� Fourier wc:

x(t) =
+∞∑

k=−∞

Xke
j2πkf0t =

+∞∑
k=−∞

Xke
jkω0t.

'Ena deÔtero periodikì s ma y(t) me thn IDIA perÐodo T0 (kai �ra me thn IDIA jemeli¸-

dh kuklik  suqnìthta ω0 pou èqei kai to x(t)) anaptÔssetai se seir� Fourier wc:

y(t) =
+∞∑

k=−∞

Yke
j2πkf0t =

+∞∑
k=−∞

Yke
jkω0t.

Blèpete ìti autì pou all�zei eÐnai ta migadik� pl�th twn ekjetik¸n sunistws¸n ejkω0t. Gia

to pr¸to s ma, ta migadik� pl�th eÐnai Xk, gia to deÔtero s ma eÐnai Yk. 'Omwc oi ekje-

tikèc sunist¸sec eÐnai oi Ðdiec kai stic duo peript¸seic: ejkω0t! Autì shmaÐnei ìti KAI TA

DUO SHMATA analÔontai stic Ðdiec ekjetikèc sunist¸sec, dhl. stic Ðdiec armonikèc su-

qnìthtec. DeÐte to ki alli¸c: autì shmaÐnei ìti sta dÐpleura f�smata pl�touc (kai f�shc)

KAI TWN DUO SHMATWN, ja èqoume mh mhdenikèc timèc stic suqnìthtec kω0, dhl. stic

±ω0,±2ω0,±3ω0,±4ω0 klp.

Autì sumbaÐnei giatÐ kai ta duo s mata èqoun thn Ðdia perÐodo, �ra thn Ðdia jemeli¸dh kukli-

k  suqnìthta ω0 =
2π
T0
, opìte oi armonikèc suqnìthtec pou prokÔptoun kat� ta anaptÔgmata

se seir� Fourier eÐnai oi Ðdiec kai sta duo anaptÔgmata!

Se mia tètoia perÐptwsh, h efarmog  tou tÔpou tou Parseval gÐnetai kateujeÐan,

1

T0

∫ T0

0

x(t)y∗(t)dt =
+∞∑

k=−∞

XkY
∗
k = ...+X−4Y

∗
−4 +X−3Y

∗
−3 + ...+X3Y

∗
3 +X4Y

∗
4 + ...,

afoÔ to X1 antistoiqeÐ sth suqnìthta 1ω0, ìpwc kai to Y1, to X2 antistoiqeÐ sth suqnìthta

2ω0, ìpwc kai to Y2, to X3 antistoiqeÐ sth suqnìthta 3ω0, ìpwc kai to Y3 k.o.k. , to Ðdio kai

gia ta k < 0.

(An k�pou to 'q�sate', xanadiab�ste to! EÐnai eÔkolo, ki ac mhn tou faÐnetai :) )

'Estw ìti èqoume katano sei to parap�nw :). Prospaj¸ntac na efarmìsoume ton tÔpo tou

Parseval gia ta x(t), y(t), blèpoume ìti autìc isqÔei MONO gia s mata pou èqoun thn Ðdia

perÐodo T0 (  alli¸c, thn Ðdia jemeli¸dh suqnìthta f0   jemeli¸dh kuklik  suqnìthta ω0).

Sthn perÐptws  mac, to èna s ma (x(t)) èqei migadik� pl�th stic suqnìthtec 100, 200, 300,
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400 Hz, kai to �llo s ma (y(t)) èqei migadik� pl�th stic suqnìthtec 50, 100, 150, 200 Hz.

To na poÔme:

+∞∑
k=−∞

XkY
∗
k = X−4Y

∗
−4 +X−3Y

∗
−3 + ...+X3Y

∗
3 +X4Y

∗
4 ,

kai met� antikajist¸ntac amèswc tic timèc apì thn ekf¸nhsh, ja  tan LAJOS! GiatÐ? GiatÐ

ta Xk, Yk den antapokrÐnontai stic Ðdiec armonikèc suqnìthtec! Gia par�deigma, to X1 eÐnai to

migadikì pl�toc pou antistoiqeÐ sta 100 Hz, en¸ to Y1 eÐnai to migadikì pl�toc pou antistoiqeÐ

sta 50 Hz! Opìte den isqÔei to �jroisma ginomènwn pou gr�yame mìlic pio p�nw. Prèpei na

up�rqei �antistoiqÐa�metaxÔ twn plat¸n, dhl. na anafèrontai stic Ðdiec suqnìthtec, �sqeta

me ton deÐkth k pou èqoun!

'Ara telik� (ouf!...) autì pou prèpei na k�noume eÐnai na pollaplasi�soume ta Xk, Yk twn

Ðdiwn suqnot twn. Sugkekrimèna:

+∞∑
k=−∞

XkY
∗
k = X∗

−1Y−2︸ ︷︷ ︸+X∗
−2Y−4︸ ︷︷ ︸+X1Y

∗
2︸ ︷︷ ︸+X2Y

∗
4︸ ︷︷ ︸,

me to pr¸to �gkistro na deÐqnei ta migadik� pl�th twn −100Hz, to deÔtero twn −200Hz, to

trÐto twn 100Hz kai to tètarto twn 200Hz.

Epeid  ta s mata eÐnai pragmatik�, isqÔei X−k = X∗
k , �ra ja eÐnai telik�:

+∞∑
k=−∞

XkY
∗
k = X1Y

∗
2 +X2Y

∗
4 +X1Y

∗
2 +X2Y

∗
4 =

= ej
π
3 2e−j π

3 + 2ej
π
4 e−j π

4 + ej
π
3 2e−j π

3 + 2ej
π
4 e−j π

4 = 2 + 2 + 2 + 2 = 8,

apotèlesma logikì, giatÐ to olokl rwma duo pragmatik¸n shm�twn de gÐnetai na mac d¸-

sei migadikì apotèlesma. An perÐsseue k�poio ejϕ, tìte k�poio l�joc ja eÐqame k�nei.

ShmeÐwsh - gia proqwrhmènouc :) : Autì pou k�name �siwphr��parap�nw eÐnai to ex c:

ParathroÔme ìti to x(t) èqei perÐodo T1 =
1

100
= 0.01sec kai to y(t) èqei perÐodo T2 =

1
50

=

0.02sec, dhl. T2 = 2T1. Opìte mporoÔme na �jewr soume�(k�pwc teqnik  prosèggish aut )
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ìti to x(t) eÐnai periodikì me perÐodo T1 = 0.02sec kai �ra jemeli¸dh suqnìthta f0 = 50Hz.

Opìte oi �nèec�armonikèc tou ja eÐnai [±50,±100,±150,±200,±250,±300,±350,±400] Hz,

kai bèbaia sta ±50,±150,±250,±350 Hz ta migadik� pl�th ja eÐnai mhdèn. Opìte gia to x(t)

èqoume touc �nèouc�suntelestèc Fourier, X ′
k, oi opoÐoi eÐnai:

X ′
k = [X ′

1, X
′
2, X

′
3, X

′
4, X

′
5, X

′
6, X

′
7, X

′
8] = [0, X1, 0, X2, 0, X3, 0, X4],

gia tic suqnìthtec [50, 100, 150, 200, 250, 300, 350, 400].

T¸ra up�rqei antistoiqÐa suqnot twn me to Yk, opìte plèon mporoÔme na qrhsimopoi soume

ton tÔpo tou Parseval wc:

1

T2

∫ T2

0

x(t)y(t)dt =
+∞∑

k=−∞

X ′
kY

∗
k = X ′

−4Y
∗
−4 +X ′

−3Y
∗
−3 + ...+X ′

3Y
∗
3 +X ′

4Y
∗
4

= X
′∗
4 Y4 +X

′∗
3 Y3 + ...+X

′
3Y

∗
3 +X

′
4Y

∗
4 = ... = 8,

ìpwc parap�nw.
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