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1. 'Estw èna pragmatikì, perittì kai periodikì s ma x(t), pou anaptÔssetai se seir� Fourier me

suntelestèc Xk. DeÐxte ìti

Xk = −X−k.

LÔsh:

To s ma mac eÐnai perittì, �ra ja isqÔei x(t) = −x(−t).

EÐnai:

Xk =
1

T0

∫ T0

0

x(t)e−j2πkf0tdt =
1

T0

∫ T0

0

−x(−t)e−j2πkf0tdt.

Jètw u = −t ⇒ du = −dt. EpÐshc, u1 = 0, u2 = −T0.

'Ara ja eÐnai Xk =
1

T0

∫ −T0

0

x(u)ej2πkf0udu = − 1

T0

∫ 0

−T0

x(u)e−j2π(−k)f0udu = −X−k.

2. DÐdontai tria pragmatik�, periodik� s mata me mikrì arijmì armonik¸n. Oi mh mhdenikoÐ sun-

telestèc gia k > 0 dÐdontai akoloÔjwc:

a) x1(t) : T0 = 1, X1 = 5, X3 = 2.

b) x2(t) : T0 = 2, X1 = j,X2 = −j 1
2
, X3 = j 1

4
, X4 = −j 1

8
.

BreÐte ta xi(t).
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LÔsh:

AfoÔ ta s mata eÐnai pragmatik�, autì shmaÐnei ìti up�rqoun suntelestèc Xk kai gia k < 0,

kai gia autoÔc ja isqÔei ìti X−k = X∗
k .

a) EÐnai x1(t) = X−3e
j2π(−3) 1

T0
t
+X−1e

j2π(−1) 1
T0

t
+X1e

j2π(+1) 1
T0

t
+X3e

j2π(+3) 1
T0

t

= X∗
3e

−j2π3 1
T0

t
+X∗

1e
−j2π 1

T0
t
+X1e

j2π 1
T0

t
+X3e

j2π3 1
T0

t

= 2e
−j2π3 1

T0
t
+ 5e

−j2π 1
T0

t
+ 5e

j2π 1
T0

t
+ 2e

j2π3 1
T0

t

= 2e−j6πt + 5e−j2πt + 5ej2πt + 2ej6πt

= 2(e−j6πt + ej6πt) + 5(e−j2πt + ej2πt)

= 4 cos(6πt) + 10 cos(2πt).

b) EÐnai x2(t) = X−4e
j2π(−4) 1

T0
t
+X−3e

j2π(−3) 1
T0

t
+X−2e

j2π(−2) 1
T0

t
+X−1e

j2π(−1) 1
T0

t
+X1e

j2π(+1) 1
T0

t
+

X2e
j2π(+2) 1

T0
t
+X3e

j2π(+3) 1
T0

t
+X4e

j2π(+4) 1
T0

t

= X∗
4e

−j2π4 1
T0

t
+X∗

3e
−j2π3 1

T0
t
+X∗

2e
−j2π2 1

T0
t
+X∗

1e
−j2π 1

T0
t
+X1e

j2π 1
T0

t
+X2e

j2π2 1
T0

t
+X3e

j2π3 1
T0

t
+

X4e
j2π4 1

T0
t

= j 1
8
e−j2π4 1

2
t − j 1

4
e−j2π3 1

2
t + j 1

2
e−j2π2 1

2
t − je−j2π 1

2
t + jej2π

1
2
t − j 1

2
ej2π2

1
2
t + j 1

4
ej2π3

1
2
t − j 1

8
ej2π4

1
2
t

= j 1
8
e−j4πt − j 1

4
e−j3πt + j 1

2
e−j2πt − je−jπt + jejπt − j 1

2
ej2πt + j 1

4
ej3πt − j 1

8
ej4πt

= j 1
8
(e−j4πt − ej4πt)− j 1

4
(e−j3πt − ej3πt) + j 1

2
(e−j2πt − ej2πt)− j(e−jπt − jejπt)

= −j 1
8
2j sin(4πt) + j 1

4
2j sin(3πt)− j 1

2
2j sin(2πt) + j2j sin(πt)

= 1
4
sin(4πt)− 1

2
sin(3πt) + sin(2πt)− 2 sin(πt)

3. AnaptÔxte se Seir� Fourier to periodikì, me perÐodo T0, s ma:

x(t) =

 e−αt, 0 ≤ t < T0

2

0, T0

2
≤ t < T0

LÔsh:

Ja anaptÔxoume to s ma kat� thn ekjetik  seir� Fourier. GnwrÐzoume ìti:

X0 =
1

T0

∫ T0

0

x(t)dt kai Xk =
1

T0

∫ T0

0

x(t)e−j2πkf0tdt
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Ja eÐnai loipìn:

X0 =
1

T0

∫ T0

0

x(t)dt =
1

T0

∫ T0
2

0

e−αtdt =
1

T0

1

−α
e−αt|

T0
2
0

=
1

T0

1

−α
(e−α

T0
2 − 1) ⇐⇒ X0 =

1

T0

∫ T0

0

x(t)dt =
1

αT0

(1− e−α
T0
2 ).

EpÐshc,

Xk =
1

T0

∫ T0

0

x(t)e−j2πkf0tdt =
1

T0

∫ T0
2

0

e−αte−j2πkf0tdt =
1

T0

∫ T0
2

0

e−αt−j2πkf0tdt

=
1

T0

∫ T0
2

0

e−(α+j2πkf0)tdt =
1

T0

1

−(α + j2πkf0)
e−(α+j2πkf0)t|

T0
2
0

=
1

T0

1

−(α + j2πkf0)
(e−(α+j2πkf0)

T0
2 − 1) = − 1

T0

1

(α + j2πkf0)
(e−(α

T0
2
+jπk) − 1) =

= − 1

T0

1

(α + j2πkf0)
(e−α

T0
2 e−jπk − 1) =

1

(αT0 + j2πk)
(1− e−α

T0
2 e−jπk)

'Omwc xèroume ìti: e−jπk = cos πk − j sin πk = (−1)k, giatÐ gia k�je k akèraio, to cos πk

eÐnai eÐte 1 gia �rtia k, eÐte -1 gia peritt� k, en¸ to sin πk eÐnai mhdèn gia k�je k.

'Ara mporoÔme na gr�youme telik� ìti:

Xk =
1

(αT0 + j2πk)
(1− (−1)ke−α

T0
2 )

Opìte telik� oi suntelestèc Fourier eÐnai oi :

X0 =
1

αT0

(1− e−α
T0
2 ) kai Xk =

1

(αT0 + j2πk)
(1− (−1)ke−α

T0
2 )

'Ara to s ma mac ja gr�fetai wc:

x(t) =
+∞∑

k=−∞

Xke
j2πkf0t =

+∞∑
k=−∞

1

(αT0 + j2πk)
(1− (−1)ke−α

T0
2 )ej2πkf0t
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4. 'Ena periodikì s ma ìtan anaptuqjeÐ se seir� Fourier èqei suntelestèc

A2k+1 = 2/3, 1/3, 1/3, 1/5, 2/25

ìpou k = 0, 1, 2... kai ta Ak èqoun upologisteÐ mèsw thc sqèshc

Ake
jϕk =

2

T0

∫ T0

0

x(t)e−j2πkf0tdt

Pìsh sunolik  enèrgeia èqei katanemhjeÐ apì th suqnìthta ω0 èwc kai thn 6ω0?

LÔsh:

Blèpoume ìti ta Ak eÐnai ta A1, A3, A5, A7, A9, dhl. oi perittoÐ suntelestèc pou emplèkon-

tai sto monìpleuro an�ptugma se seir� Fourier. JumÐzetai ìti to monìpleuro an�ptugma

prokÔptei apì th sqèsh:

x(t) = A0 +Re{
+∞∑
k=1

Ake
jϕkej2πkf0t} = A0 +Re{

+∞∑
k=1

Ake
j(2πkf0t+ϕk)} =

A0 +
+∞∑
k=1

Ak cos(2πkf0t+ ϕk) = A0 +
+∞∑
k=1

Ak cos(kω0t+ ϕk).

EpÐshc, èqei deiqjeÐ ìti isqÔei:

x(t) =
+∞∑

k=−∞

Xke
j2πkf0t = X0 +

+∞∑
k=1

2|Xk| cos(2πkf0t+ ϕk) = X0 +
+∞∑
k=1

2|Xk| cos(kω0t+ ϕk)

'Ara blèpoume ìti to Ak eÐnai oi suntelestèc tou monìpleurou anaptÔgmatoc se seir� Fourier

kai sqetÐzontai me ta Xk wc: Ak = 2|Xk|.

Profan¸c ta �rtia Ak eÐnai mhdèn sto par�deigm� mac. 'Ara katalabaÐnoume apì ìla au-

t� ìti sthn pr¸th armonik  suqnìthta, ω0, up�rqei pl�toc A1, sthn trÐth armonik  suqnì-

thta, 3ω0, up�rqei pl�toc A3, sthn pèmpth armonik  suqnìthta 5ω0, up�rqei pl�toc A5, k.o.k.

To je¸rhma tou Parseval mporeÐ na mac d¸sei th sunolik  enèrgeia pou eÐnai katanemhmè-

nh apì th suqnìthta ω0 (pr¸th armonik ) wc th suqnìthta 6ω0 (èkth armonik  - pou èqei

A6 = 0 sthn perÐptws  mac).
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'Ara, qrhsimopoi¸ntac ton tÔpo tou Parseval gia monìpleurh seir� Fourier, ja èqoume:

E = A2
0 +

6∑
k=1

A2
k

2
=

A2
1

2
+

A2
3

2
+

A2
5

2
=

1

3
.

5. Oi suntelestèc sto an�ptugma se seir� Fourier enìc periodikoÔ s matoc èqoun upologisteÐ

apì th sqèsh

Ake
jϕk =

2

T0

∫ T0

0

x(t)e−j2πkf0tdt

kai eÐnai oi parak�tw gia k > 0

Ake
jϕk = − A

j2πk
[(−1)k − 1]

kai A0 = 0. BreÐte to s ma se an�ptugma monìpleurhc seir�c Fourier.

LÔsh:

Xèroume ìti h monìpleurh seir� Fourier dÐnetai apì:

x(t) = A0 +Re{
+∞∑
k=1

Ake
jϕkej2πkf0t} = A0 +

+∞∑
k=1

Ak cos(2πkf0t+ ϕk)

ParathroÔme ìti to Ake
jϕk eÐnai mh mhdenikì kai Ðso me A

jkπ
, gia peritt� k, kai Ake

jϕk = 0 gia

�rtia k. 'Ara to Ake
jϕk mporeÐ na grafeÐ wc:

Ake
jϕk =

 A
jπk

= A
πk
e−j π

2 , k odd

0, k even

'Ara eÔkola sumperaÐnoume ìti Ak =
A
πk

kai ϕk = −π
2
, gia k peritt�.

'Ara ja eÐnai: (A0 = X0 = 0)

x(t) =
+∞∑
k odd

A

πk
cos(2πkf0t−

π

2
) =

∞∑
k=0

A

π(2k + 1)
cos(2π(2k + 1)f0t−

π

2
)
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=
∞∑
k=0

A

π(2k + 1)
sin(2π(2k + 1)f0t) =

A

π

∞∑
k=0

1

2k + 1
sin(2π(2k + 1)f0t).

ShmeÐwsh: An dinìtan arqik� ìti Xk = − A
4jπk

[(−1)k − 1] (dhl. oi suntelestèc tou dÐpleurou

anaptÔgmatoc), kai zhtoÔse to monìpleuro an�ptugma, tìte polÔ apl�:

Xk =
A

2πk
e−j π

2 , gia k peritt�, me ton Ðdio sullogismì me parap�nw, kai ja eÐqame:

x(t) =
+∞∑
k odd

2|Xk| cos(2πkf0t−
π

2
) =

+∞∑
k odd

2
A

2πk
sin(2πkf0t)

=
+∞∑
k odd

A

πk
sin(2πkf0t) =

A

π

+∞∑
k=0

1

2k + 1
sin(2π(2k + 1)f0t),

to Ðdio dhlad  apotèlesma.

6. BreÐte thn perÐodo tou s matoc:

x(t) = sin2(5πt+ ϕ1) + sin2(2πt+ ϕ2)

LÔsh:

Ja qreiasteÐ na gr�youme to s ma mac wc �jroisma apl¸n hmitìnwn  /kai sunhmitìnwn, ¸ste

na mporoÔme na apofanjoÔme gia thn periodikìtht� tou.

EÐnai:

x(t) = sin2(5πt+ ϕ1) + sin2(2πt+ ϕ2)

= (
1

2j
ej5πtejϕ1 − 1

2j
e−j5πte−jϕ1)2 + (

1

2j
ej2πtejϕ2 − 1

2j
e−j2πte−jϕ2)2

= −1

4
ej10πtej2ϕ1 − 2

1

2j

1

2j
− 1

4
e−j10πte−j2ϕ1 − 1

4
ej4πtej2ϕ2 − 2

1

2j

1

2j
− 1

4
e−j4πte−j2ϕ2

= −1

4
(ej10πtej2ϕ1 + e−j10πte−j2ϕ1)− 1

4
(ej4πtej2ϕ2 + e−j4πte−j2ϕ2) + 1
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= 1− 1

4
2 cos(10πt+ 2ϕ1)−

1

4
2 cos(4πt+ 2ϕ2)

= 1− 1

2
cos(10πt+ 2ϕ1)−

1

2
cos(4πt+ 2ϕ2)

= 1− 1

2
cos(2π5t+ 2ϕ1)−

1

2
cos(2π2t+ 2ϕ2).

'Ara h jemeli¸dhc suqnìthta tou s matoc ja eÐnai f0 =MKD{5, 2} = 1. 'Ara T0 =
1
f0

= 1 sec.

Alli¸c, ja mporoÔsame na poÔme ìti T0 = EKP{1
5
, 1
2
} =EKP{0.2, 0.5} = 1 sec.

ShmeÐwsh:

1. An mac zhtoÔse na deÐxoume ìti to s ma eÐnai periodikì, kai met� na upologÐsoume thn

perÐodì tou, tìte ja èprepe (gia na eÐmaste apìluta swstoÐ) na poÔme ìti:

T1
T2

=
1
5
1
2

= 2
5
, pou eÐnai lìgoc akeraÐwn arijm¸n, �ra to s ma eÐnai periodikì. 'Epeita, ja

upologÐzame thn perÐodo me ìpoion trìpo jèlame.

'Ena kalì antipar�deigma sqetik� me aut  th shmeÐwsh, ja  tan p.q. to

x(t) = 2 + cos(10πt+ ϕ1)− 1
2
cos(4t− ϕ2).

Tìte, ja  tan T1
T2

=
1
5
2
π

= π
10
, to opoÐo profan¸c DEN eÐnai lìgoc akeraÐwn arijm¸n, �ra to

s ma DEN eÐnai periodikì.

2. EnnoeÐtai pwc me th diadikasÐa pou akolouj same gia na lÔsoume thn �skhsh, mporoÔ-

me amèswc (èstw, me el�qistec pr�xeic akìma :) ) na apant soume se erwt mata sqedÐashc

f�smatoc pl�touc kai f�shc, ìpwc kai erwt mata sqetik� me je¸r. Parseval, katanom c

enèrgeiac klp. 'O,ti qreiazìmaste gia na apant soume se aut� up�rqei ètoimo sth lÔsh pa-

rap�nw!
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