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1. H ekjetik  seir� Fourier enìc periodikoÔ s matoc dÐdetai wc:

x(t) = (2+ j2)e−j3t + j2e−jt + 3− j2ejt + (2− j2)ej3t.

Na brejeÐ:

(aþ) An to s ma eÐnai pragmatikì, fantastikì,   migadikì.

(bþ) To f�sma pl�touc kai f�shc tou s matoc.

(gþ) Ekfr�ste touc suntelestèc Fourier wc �jroisma sunarthsewn Dèlta

(dþ) To monìpleuro an�ptugma se seir� Fourier.

(eþ) To olokl rwma
∫ T0

0 x2(t)dt.

(�þ) BreÐte touc suntelestèc Fourier gia ta parak�tw s mata:

(aþ) x(t+ 3)

(bþ) dx(t)
dt

LÔsh:

(aþ) ParathroÔme ìti oi antÐstoiqoi suntelestèc twn ekjetik¸n eÐnai suzugeÐc metaxÔ touc, dhl. isqÔei
Xk = X∗−k. Aut  h idiìthta isqÔei mìno gia pragmatik� s mata, �ra to s ma mac eÐnai pragmatikì.

(bþ) Gia na broÔme eÔkola to f�sma pl�touc kai f�shc, arkeÐ na metatrèyoume touc suntelestèc Xk se
morf  mètro-f�sh, dhl. Xk = |Xk|ejφk . EÐnai

2 + j2 =
√
22 + 22ej tan

−1 2
2 =
√
8ej tan

−1(1) =
√
8ej

π
4

j2 = 2ej
π
2

2− j2 = (
√
8ej

π
4 )∗ =

√
8e−j

π
4

−j2 = 2e−j
π
2

To f�sma pl�touc faÐnetai sto sq ma 1aþ kai to f�sma f�shc sto sq ma 1bþ.

(gþ) Oi suntelestèc gr�fontai wc

Xk = (2 + j2)δ[k + 3] + j2δ[k + 1] + 3δ[k]− j2δ[k − 1] + (2− j2)δ[k − 3]
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(aþ) F�sma pl�touc 'Askhshc 1 (bþ) F�sma f�shc 'Askhshc 1

Sq ma 1: F�sma pl�touc kai f�shc 'Askhshc 1

(dþ) To monìpleuro an�ptugma dÐnetai eÔkola wc

x(t) = (2 + j2)e−j3t + j2e−jt + 3− j2ejt + (2− j2)ej3t

=
√
8ej

π
4 e−j3t + 2ej

π
2 e−jt + 3 + 2e−j

π
2 ejt +

√
8e−j

π
4 ej3t

= 3 + 2
√
8 cos

(
3t− π

4

)
+ 4 cos

(
t− π

2

)
(eþ) To olokl rwma ja upologisteÐ apì th sqèsh tou Parseval:∫ T0

0
x2(t)dt = T0

3∑
k=−3

|Xk|2

= 2π
(
32 + (

√
8)2 + (

√
8)2 + 22 + 22

)
= 2π33

= 66π

(�þ) Ja eÐnai

(aþ)
x(t+ 3)↔ ej3kω0Xk

kai �ra

y(t) = x(t+ 3)↔ Yk = ej3kω0Xk = ej3kXk

= ej3k
(
(2 + j2)δ[k + 3] + j2δ[k + 1] + 3δ[k]− j2δ[k − 1] + (2− j2)δ[k − 3]

)
= (2 + j2)ej3kδ[k + 3] + j2ej3kδ[k + 1] + 3ej3kδ[k]

− j2ej3kδ[k − 1] + (2− j2)ej3kδ[k − 3]

= (2 + j2)e−j9δ[k + 3] + j2e−j3δ[k + 1] + 3δ[k]

− j2ej3δ[k − 1] + (2− j2)ej9δ[k − 3]
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(bþ) ja eÐnai
dx(t)/dt↔ jkω0Xk

kai �ra

y(t) = dx(t)/dt↔ Yk = jkω0Xk = jkXk

= (2 + j2)jkδ[k + 3] + j2jkδ[k + 1] + 3jkδ[k]

− j2jkδ[k − 1] + (2− j2)jkδ[k − 3]

= −(2 + j2)3jδ[k + 3]− j2jδ[k + 1]− j2jδ[k − 1] + 3(2− j2)jδ[k − 3]

= (6− 6j)δ[k + 3] + 2δ[k + 1] + 2δ[k − 1] + (6 + 6j)δ[k − 3].

pou eÐnai kai to zhtoÔmeno.

2. DÐnetai to parak�tw periodikì s ma x(t):

x(t) = 2 cos
(
2π200t+

π

3

)
+ cos

(
2π500t− π

8

)
− sin

(
2π600t+

2π

5

)
(aþ) BreÐte thn perÐodo, T0, tou s matoc kai sqedi�ste to f�sma pl�touc kai f�shc.

(bþ) UpologÐste to y(t) =
∫ t
−∞ x(τ)dτ

(gþ) UpologÐste thn isqÔ tou s matoc y(t)

LÔsh:

(aþ) To s ma èqei suqnìthtec 200, 500, 600Hz, �ra jemeli¸dh suqnìthta f0 = MKD{200, 500, 600} =
100Hz. Opìte h perÐodoc ja eÐnai T0 = 1/100 = 0.01sec. Qrhsimopoi¸ntac tic sqèseic tou Euler,
to s ma gr�fetai wc:

x(t) = ej2π200tejπ/3 + e−j2π200te−jπ/3 +
1

2
ej2π500te−jπ/8 +

1

2
e−j2π500tejπ/8 −

− 1

2j
ej2π600tej2π/5 +

1

2j
e−j2π600te−j2π/5

= ej2π200tejπ/3 + e−j2π200te−jπ/3 +
1

2
ej2π500te−jπ/8 +

1

2
e−j2π500tejπ/8 +

+
1

2
ejπ/2ej2π600tej2π/5 +

1

2
e−jπ/2e−j2π600te−j2π/5

= ej2π200tejπ/3 + e−j2π200te−jπ/3 +
1

2
ej2π500te−jπ/8 +

1

2
e−j2π500tejπ/8 +

+
1

2
ej2π600tej9π/10 +

1

2
e−j2π600te−j9π/10

To f�sma pl�touc kai f�shc faÐnetai sto sq ma 2.

(bþ) GnwrÐzoume ìti

y(t) =

∫ t

−∞
x(τ)dτ ↔ Yk =

Xk

jkω0
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(aþ) F�sma pl�touc 'Askhshc 2 (bþ) F�sma f�shc 'Askhshc 2

Sq ma 2: F�sma pl�touc kai f�shc 'Askhshc 2

kai �ra ja èqoume

y(t) =
1

j2π200
ej2π200tejπ/3 +

1

(−j2π200)
e−j2π200te−jπ/3 +

1

2

1

j2π500
ej2π500te−jπ/8

+
1

2

1

(−j2π500)
e−j2π500tejπ/8 +

1

2

1

j2π600
ej2π600tej9π/10 +

1

2

1

(−j2π600)
e−j2π600te−j9π/10

=
1

2π200
ej2π200tejπ/3ejπ/2 +

1

2π200
e−j2π200te−jπ/3e−jπ/2 +

1

2

1

2π500
ej2π500te−jπ/8ejπ/2

+
1

2

1

2π500
e−j2π500tejπ/8e−jπ/2 +

1

2

1

2π600
ej2π600tej9π/10e−jπ/2 +

1

2

1

2π600
e−j2π600te−j9π/10ejπ/2

=
1

2π200
ej2π200tej5π/6 +

1

2π200
e−j2π200te−j5π/6 +

1

2

1

2π500
ej2π500tej3π/8

+
1

2

1

2π500
e−j2π500te−j3π/8 +

1

2

1

2π600
ej2π600tej4π/10 +

1

2

1

2π600
e−j2π600te−j4π/10

=
1

π200
cos(2π200t+ 5π/6) +

1

2π500
cos(2π500t+ 3π/8) +

1

2π600
cos(2π600t+ 4π/10)

(gþ) H sunolik  isqÔc eÐnai to �jroisma twn epimèrouc isqÔwn twn hmitìnwn, afoÔ aut� èqoun diaforetikèc
metaxÔ touc suqnìthtec, �ra

Py =

3∑
k=1

P 2
k

2
=

( 1
200π )

2 + ( 1
1000π )

2 + ( 1
1200π )

2

2

Sto Ðdio apotèlesma ja katal game an ajroÐzame ta tetr�gwna twn mètrwn twn ekjetik¸n suntele-
st¸n Fourier,

∑
|Yk|2.

3. Gia to sÔsthma tou sq matoc 3, breÐte to h(t), thn kroustik  apìkrish tou su-
nolikoÔ sust matoc, an h1(t) = δ(t− 1), h2(t) = e−2tu(t), h3(t) = δ(t− 1), h4(t) = e−3(t+2)u(t+ 2),
kai h5(t) = δ(t+ 1)

(aþ) Poi� apì ta epimèrouc sust mata eÐnai aitiat�? Poi� eustaj ?
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Sq ma 3: SÔsthma 'Askhshc 3

(bþ) To sunolikì sÔsthma h(t) einai aitiatì kai eustajèc?

LÔsh:
Gia to sunolikì sÔsthma, gnwrÐzoume ìti ta par�llhla susthmata mporoÔn na grafoÔn wc èna sÔsthma
pou apotelei to �jroisma twn epimèrouc, en¸ ta sust mata se seir� mporoÔn na grafoÔn wc èna sÔsthma
pou apoteleÐ th sunèlixh twn epimèrouc susthm�twn. 'Ara ja eÐnai

h(t) = (h1(t) + ((h2(t) + h3(t)) ∗ h4(t))) ∗ h5(t)
= (δ(t− 1) + (e−2tu(t) + δ(t− 1)) ∗ e−3(t+2)u(t+ 2)) ∗ δ(t+ 1)

= (δ(t− 1) + e−2tu(t) ∗ e−3(t+2)u(t+ 2) + δ(t− 1) ∗ e−3(t+2)u(t+ 2)) ∗ δ(t+ 1)

= (δ(t− 1) + e−2tu(t) ∗ e−3(t+2)u(t+ 2) + e−3(t+1)u(t+ 1)) ∗ δ(t+ 1)

= δ(t) + e−2tu(t) ∗ e−3(t+2)u(t+ 2) ∗ δ(t+ 1) + e−3(t+2)u(t+ 2)

= δ(t) + e−2tu(t) ∗ e−3(t+3)u(t+ 3) + e−3(t+2)u(t+ 2)

ArkeÐ na upologÐsoume th sunèlixh. EÐnai

e−2tu(t) ∗ e−3(t+3)u(t+ 3) =

∫ ∞
−∞

e−3(τ+3)u(τ + 3)e−2(t−τ)u(t− τ)dτ

=

∫ ∞
−∞

e−2(t−τ)e−3(τ+3)u(τ + 3)u(t− τ)dτ

=

∫ ∞
−∞

e−2(t−τ)−3(τ+3)u(τ + 3)u(t− τ)dτ

=

∫ ∞
−∞

e−2t+2τ−3τ−9u(τ + 3)u(t− τ)dτ

= e−2t−9
∫ ∞
−∞

e−τu(τ + 3)u(t− τ)dτ

'Omwc xèroume ìti

u(τ + 3) =

{
1, τ ≥ −3
0, alloÔ

kai

u(t− τ) =
{

1, τ ≤ t
0, alloÔ
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'Ara

u(τ + 3)u(t− τ) =
{

1, −3 ≤ τ ≤ t
0, alloÔ

'Ara

e−2tu(t) ∗ e−3(t+3)u(t+ 3) = e−2t−9
∫ ∞
−∞

e−τu(τ + 3)u(t− τ)dτ

= e−2t−9
∫ t

−3
e−τdτ

= −e−2t−9
[
e−τ
]t
−3

= −e−2t−9(e−t − e3)
= −e−3t−9 + e−2t−6, t ≥ −3
= (e−2(t+3) − e−3(t+3))u(t+ 3)

Opìte telik�
h(t) = δ(t) + (e−2(t+3) − e−3(t+3))u(t+ 3) + e−3(t+2)u(t+ 2)

(aþ) Aitiat� susthmata eÐnai ta h1(t), h2(t), h3(t), giati plhroÔn th sunj kh aitiatothtac gia èna s ma,
h(t) = 0, t < 0. Eustaj  sust mata eÐnai ìla, giatÐ ola ikanopoioÔn th sunj kh

∫∞
−∞ |h(t)|dt <∞.

(bþ) To sunolikì sÔsthma den eÐnai aitiatì all� eÐnai eustajèc.

4. Breite poi� apì apì ta parak�tw GQA sust mata eÐnai qwrÐc mn mh, aitiat�,
kai eustaj :

(aþ) h(t) = cos(πt)

(bþ) h(t) = e−2tu(t− 1)

(gþ) h(t) = u(t+ 1)

(dþ) h(t) = 3δ(t)

(eþ) h(t) = cos(πt)u(t)

LÔsh:
Susthmata qwrÐc mn mh lègontai aut� pou èqoun kroustik  apìkrish thc morfhc h(t) = αδ(t). Sust mata
aitiat� lègontai aut� pou h kroustik  apìkrish ikanopoiei th sunj kh h(t) = 0, t < 0. Sust mata
eustaj  èqoun kroustik  apìkrish pou ikanopoieÐ th sunj kh

∫∞
−∞ |h(t)|dt <∞.

(aþ) Profan¸c eÐnai sÔsthma me mn mh. Den eÐnai aitiato, kai eÐnai astajèc.

(bþ) Profan¸c einai sÔsthma me mn mh, aitiatì kai eustajèc.

(gþ) EÐnai sÔsthma me mn mh, mh aitiatì, kai mh eustajèc.

(dþ) EÐnai sÔsthma qwrÐc mn mh, aitiato, kai eustajèc.

(eþ) EÐnai sÔsthma me mn mh, aitiato, kai mh eustajèc.
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5. 'Estw to periodikì s ma x(t) pou orÐzetai se mia perÐodo −T0/2 ≤ t ≤ T0/2 wc:

x(t) =

{
1, |t| ≤ tc
0, tc < |t| ≤ T0/2

me tc < T0/2. AnaptÔxte to se seir� Fourier, gia tc = T0/4 kai tc = T0/10.

LÔsh:
Ja anaptÔxoume to periodikì s ma se seir� Fourier qwrÐc antikat�stash thc tc, h opoÐa ja gÐnei sto
tèloc. EÐnai:

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

∫ tc

−tc
1dt =

1

T0
t
∣∣∣tc
−tc

=
1

T0
(tc + tc) =

2tc
T0

kai

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt

=
1

T0

∫ tc

−tc
e−j2πkf0tdt

=
1

T0

1

−j2πkf0
e−j2πkf0t

∣∣∣tc
−tc

= − 1

j2πk

(
e−j2πkf0tc − ej2πkf0tc

)
=

1

j2πk
2j sin(2πkf0tc)

=
sin(2πkf0tc)

πk

� Gia tc =
T0
4 , èqoume

X0 =
2T0/4

T0
=

1

2

Xk =
sin(2πkf0T0/4)

πk
=

sin(πk/2)

πk
=

1

2
sinc(k/2)

� Gia tc =
T0
10 , èqoume

X0 =
2T0/10

T0
=

1

5

Xk =
sin(2πkf0T0/10)

πk
=

sin(πk/5)

πk
=

1

5
sinc(k/5)
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