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1 Eisagwg 

Se autèc tic shmei¸seic, ja doÔme pwc qrhsimopoieitai o metasq. Laplace sta GQA sust mata, kai
poi� h bajÔterh sqèsh tou me to metasq. Fourier. Eqoume dei oti ìtan to pedÐo sÔgklishc perilamb�nei
to fantastikì �xona, tote mporoÔme na upologÐsoume to metasq. Fourier apì to metasq. Laplace wc:

X(ω) = X(s)
∣∣∣
σ=0

(1)

'Omwc poi� einai h bajÔterh shmasÐa tou metasq. Laplace? Den mporeÐ na einai mìno h qr sh tou gia ton
upologismì tou metasq. Fourier, ètsi den eÐnai? Poi� h shmasÐa twn pìlwn sto pedÐo sÔgklishc? Poi�
aut  twn mhdenik¸n? Ti sumbaÐnei ìtan pern�me èna s ma mèsa apì èna sÔsthma pou perigr�fetai sto
q¸ro tou Laplace? 'Ola aut� ja ta melet soume ed¸... :-)

2 H Sun�rthsh Metafor�c

Ac jewr soume mia eÐsodo thc morfhc

x(t) = est = e(σ+jω)t (2)

se èna GQA sÔsthma me kroustik  apìkrish h(t). H èxodoc tou sust matoc dÐnetai apì th sqèsh

y(t) = H{x(t)} = h(t) ∗ x(t) =

∫ ∞
−∞

h(τ)x(t− τ)dτ (3)

Antikajistwntac, èqoume

y(t) =

∫ ∞
−∞

h(τ)es(t−τ)dτ = est
∫ ∞
−∞

h(τ)e−sτdτ (4)

OrÐzoume wc Sun�rthsh Metafor�c to

H(s) =

∫ ∞
−∞

h(t)e−stdt (5)

kai ètsi mporoÔme na grayoume oti
y(t) = H{est} = H(s)est (6)

'Ara blèpoume ìti h epÐdrash tou sust matoc ep�nw se mia eÐsodo thc morfhc est eÐnai o pollaplasiasmìc
thc me th sun�rthsh metafor�c H(s). JumhjeÐte oti idiosun�rthsh lègetai to shma pou pern�ei apì to
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sÔsthma qwrÐc kami� tropopoÐhsh pl n tou pollaplasiasmoÔ tou me mia stajer�. 'Etsi, anagnwrÐzoume
to est wc idiosun�rthsh tou GQA sust matoc kai to H(s) wc h antÐstoiqh idiotim .

T¸ra, ac ekfr�soume thn migadik  sun�rthsh metafor�c H(s) se polik  morf , wc

H(s) = |H(s)|ejφ(s) (7)

ìpou |H(s)| kai φ(s) eÐnai to mètro kai h f�sh tou H(s), antÐstoiqa. T¸ra, xanagr�fontac thn èxodo
tou susthmatoc, ja èqoume

y(t) = |H(s)|ejφ(s)est (8)

Me qr sh tou s = σ + jω ja èqoume

y(t) = |H(σ + jω)|eσtej(ωt+φ(σ+jω))

= |H(σ + jω)|eσt cos(ωt+ φ(σ + jω)) + j|H(σ + jω)|eσt sin(ωt+ φ(σ + jω)) (9)

MporoÔme ed¸ na parathr soume ìti to sÔsthma, dedomènhc thc eisìdou thc morfhc x(t) = est, all�zei
to pl�toc thc eisìdou kata par�gonta |H(σ+ jω)| kai metatopÐzei th f�sh twn hmitonoeid¸n sunistws¸n
kat� φ(σ+ jω). To sÔsthma den all�zei ton par�gonta apìsbeshc σ, oÔte th suqnìthta ω thc eisìdou.
Endiafèron!! :-)

'Eqoume  dh orÐsei èna ìnoma gia to metasq. Laplace thc kroustik c apìkrishc enìc GQA sust matoc:
sumfwn same na ton lème Sun�rthsh Metafor�c - Transfer Function. JumhjeÐte ìti h èxodoc enìc GQA
sust matoc sqetÐzetai me thn eÐsodì tou kai me to susthma mèsw thc sunèlixhc

y(t) = x(t) ∗ h(t) (10)

Aut  h sqèsh metafr�zetai sto q¸ro tou metasq. Laplace wc

Y (s) = X(s)H(s) (11)

'Ara o metasq. Laplace thc exìdou isoÔtai me to ginìmeno thc sun�rthshc metafor�c epÐ to metasq.
Laplace thc eisìdou. Me anadi�taxh thc parap�nw sqèshc, èqoume

H(s) =
Y (s)

X(s)
(12)

h opoÐa sqèsh mac jumÐzei thn antÐstoiqh sqèsh sta susthmata, otan meletoÔsame to metasq. Fourier:

H(ω) =
Y (ω)

X(ω)
(13)

Autì fusik� de ja prèpei na sac ekpl ssei. :-)

3 H Sun�rthsh Metafor�c kai oi Diaforikèc Exis¸seic

H Sun�rthsh Metafor�c mporei na sundejeÐ ap' eujeÐac me thn perigraf  mèsw diaforik¸n exis¸sewn
enìc sust matoc, me qr sh tou metasq. Laplace. JumhjeÐte ìti h sqèsh eisìdou-exìdou enìc GQA
sust matoc N -osthc t�xhc perigr�fetai apì th diaforik  exÐswsh

N∑
k=0

ak
dk

dtk
y(t) =

M∑
k=0

bk
dk

dtk
x(t) (14)

2



Parap�nw deÐxame ìti h eÐsodoc est eÐnai mia idiosun�rthsh enìc GQA sust matoc, me thn antÐstoiqh
idiotim  Ðsh me th Sun�rthsh Metafor�c H(s). Autì shmaÐnei ìti, an x(t) = est, tìte y(t) = H(s)est.
Antikajistwntac aut� sth sqèsh (14), ja èqoume(

N∑
k=0

ak
dk

dtk
est

)
H(s) =

M∑
k=0

bk
dk

dtk
est (15)

Me qr sh thc gnwsthc sqèshc
dk

dtk
est = skest (16)

ja èqoume

H(s) =

∑M
k=0 bks

k∑N
k=0 aks

k
(17)

To H(s) eÐnai mia rht  sun�rthsh metafor�c, opwc blèpete. O suntelest c bk tou sk ston arijmht 
antistoiqeÐ sto suntelest  bk thc k-osthc parag¸gou thc eisìdou x(t). O suntelest c ak tou sk ston
paronomasth antistoiqeÐ sto suntelest  ak thc k-osthc parag¸gou thc exìdou y(t). 'Ara, mporoÔme na
upologÐzoume eÔkola th Sun�rthsh Metafor�c enìc sust matoc pou perigr�fetai apì diaforik  exÐswsh,
kai antÐstrofa fusik�.

Par�deigma:
Breite th Sun�rthsh Metafor�c tou GQA sust matoc pou perigr�fetai apì th diaforik  exÐswsh

d2

dt2
y(t) + 3

d

dt
y(t) + 2y(t) = 2

d

dt
x(t)− 3x(t) (18)

LÔsh:
Ja eÐnai (kat' eujeÐan apì th sqèsh (17) )

H(s) =
2s− 3

s2 + 3s+ 2
(19)

Fusik� mporeÐte na upologÐsete analutik� thn H(s) me qr sh thc idiìthtac thc paragwgishc sto qrìno.
Ja katal xete sto idio apotèlesma.

Gia na l�boume perissìterh plhroforÐa gia th sun�rthsh metafor�c, ja htan polÔ bolikì na th
gr�youme se morf  paragìntwn, wc

H(s) = A

∏M
k=1(s− ck)∏N
k=1(s− dk)

(20)

me A mia stajer�. UpenjumÐzoume ìti oi arijmoÐ ck, dk lègontai mhdenik� kai pìloi, antÐstoiqa. Au-
toÐ oi arijmoÐ den eÐnai fusik� tÐpota perissìtero apì tic rÐzec tou arijmht  kai tou paronomasth thc
sqèshc (17), dhl. ta mhdenik� mhdenÐzoun ton arijmht  tou H(s), �ra kai to Ðdio to H(s), en¸ oi pìloi
mhdenÐzoun ton paronomasth tou H(s), �ra apeirÐzoun to Ðdio to H(s).

Oi pìloi kai ta mhdenik� miac rht c sun�rthshc metafor�c prosfèroun shmantik  plhroforÐa gia ta
qarakthristik� enìc GQA sust matoc, ìpwc ja doÔme parak�tw. 'Allwste, sumfwna me thn parap�nw
sqèsh (20), h gn¸sh twn pìlwn, twn mhdenik¸n, kai thc stajer�c A kajorÐzoun pl rwc thc sun�rthsh
metafor�cH(s) kai ètsi prosfèroun mia akìma perigraf  enìc GQA sust matoc, thc opoÐac h qrhsimìthta
ja faneÐ amèswc t¸ra...
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4 Sqèsh Apìkrishc se Suqnìthta kai Pìlwn-Mhdenik¸n

'Estw loipìn ìti èqoume touc pìlouc kai ta mhdenik� miac sun�rthshc metafor�c H(s) sto migadikì
epÐpedo. Ti mac lèei autì gia to metasq. Fourier tou susthmatoc, dhl. thc Apìkrishc se Suqnìthta

H(ω)?1 Poi� h sqèsh pou ta sundèei? P¸c ephre�zei h morfh thc H(s) thn apìkrish se suqnìthta H(ω)?
Nai, bèbaia, eipame ìti isqÔei

H(ω) = H(s)
∣∣∣
σ=0

= H(σ + jω)
∣∣∣
σ=0

(21)

ìtan to pedÐo sugklishc tou H(s) perilamb�nei ton fantastikì �xona, all� de mac arkei autì! :-) We
want more! :-) Ed¸ loipìn ja suzht soume gia mia pio diaisjhtik  prosèggish tou metasq. Laplace kai
twn pìlwn-mhdenik¸n tou, p�nta se sqèsh me to metasq. Fourier2.

Ac exet�soume loipìn to f�sma pl�touc kai f�shc tou H(ω), me qr sh optikografik¸n :-R mejìdwn,
kai fusik� parèa me touc pìlouc kai ta mhdenik� thc H(s). 'Estw ìti èqoume thn apìkrish pl�touc (dhl.
to f�sma pl�touc thc apìkrishc se suqnìthta) thc H(ω) wc

|H(ω)| = |A|
∏M
k=1 |jω − ck|∏N
k=1 |jω − dk|

(22)

ìpwc aut  prokÔptei an qrhsimopoi soume th sqèsh (21) sth sqèsh (20). Aut  h sqèsh perilamb�nei èna
lìgo ginomènwn paragìntwn thc morf c |jω − λ|, ìpou to λ eÐnai eÐte pìloc eÐte mhdenikì. Ta mhdenik�
profan¸c suneisfèroun ston arijmht , en¸ oi pìloi ston paronomast . Ac k�noume ta pr�gmata pio
eÔkola. :-) Ac jewr soume to aplopoihmèno sÔsthma

|H(ω)| = |jω − c1|
|jω − d1|

(23)

me ènan pìlo sth jèsh d1 kai èna mhdenikì sth jèsh c1. Ac jewrhsoume xan� èna genikì par�gonta thc
morfhc jω − λ. Profan¸c, to ω einai h suqnìtht� mac, h opoÐa metab�lletai apì to −∞ wc to ∞. P¸c
all�zei o arijmht c |jω − c1| ìso trèqei to ω? P¸c all�zei o paronomast c |jω − d1| ìso trèqei to ω?
P¸c autèc oi allagèc ephre�zoun to sunolikì |H(ω)|?

Gia na apant soume se aut� ta erwt mata, ja prèpei na fantastoÔme ton par�gonta jω − λ wc èna
di�nusma apì to shmeÐo λ sto shmeÐo jω, to opoÐo fusik� den eÐnai stajerì, ìpwc sto Sq ma 1. Ara autì
to di�nusma eÐnai metaballìmeno. To m koc autoÔ tou dianÔsmatoc eÐnai fusik� |jω − λ|. Exet�zontac
loipìn to mhkoc autì ìso to ω metab�lletai, mporoÔme na prosdiorÐsoume th sumbol  k�je pìlou h
mhdenikoÔ sth sunolik  apìkrish pl�touc |H(ω)|!! :-)

DeÐte to Sq ma 2. Blèpete p¸c metab�lletai to di�nusma (kai ara kai to m koc tou) ìso h suqnìthta
ω metab�lletai. :-) Parathr ste ìti to m koc tou dianÔsmatoc einai arket� meg�lo oso to ω èrqetai apì
to −∞, mikraÐnei suneq¸c ìso plhsi�zei kont� sto λ, ginetai el�qisto kai iso me |jω− λ| = |<{λ}| ìtan
ω = ={λ}, kai met�, ìso to ω anebaÐnei sto ∞, to di�nusma - kai �ra kai to m koc tou - xanamegal¸nei.
Parathr ste oti an to λ eÐnai arketa kont� ston fantastikì �xona, tìte to |jω−λ| gÐnetai polÔ mikrì gia
ω = ={λ}. EpÐshc, sthn Ðdia perÐptwsh, oi pio akariaÐec allagèc sto |jω − λ| gÐnontai stic suqnìthtec
kont� sto λ! :-) H ìlh aut  diadikasÐa perigr�fetai sto Sq ma 3.

Ac doÔme t¸ra ti sumbainei sthn perÐptwsh pou o par�gontac pou exet�zoume einai eÐte pìloc eÐte
mhdenikì.

1JumhjeÐte thn orologia: Apìkrish se Suqnìthta ↔ H(ω), Sun�rthsh Metafor�c ↔ H(s) :-)
2To'qoume xanapeÐ... eÐmaste mhqanikoÐ, ìqi majhmatikoÐ, mac endiafèrei h diaisjhtik  ermhneÐa twn pragm�twn! :-)
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Sq ma 1: Par�gontac jω − λ

Sq ma 2: Par�gontac jω − λ ìso to ω metab�lletai

• An to λ eÐnai mhdenikì, tote to |jω−λ| suneisfèrei ston arijmht  tou |H(ω)|. 'Ara, se suqnìthtec
pou eÐnai kont� se ena mhdenikì, to |H(ω)| teÐnei na mikraÐnei. To pìso mikraÐnei exart�tai apì to
pìso kont� ston katakìrufo �xona eÐnai to en lìgw mhdenikì! :-) An brÐsketai se k�poia apìstash,
ìpwc sto Sq ma 2, tìte apl� h apìkrish pl�touc fjÐnei, all� de mhdenÐzetai, opwc sto Sqhma 3.
An ìmwc to mhdenikì brÐsketai ep�nw ston �xona jω, tote h apìkrish suqnìthtac p�ei sto mhdèn
sth suqnìthta pou antistoiqei sto mhdenikì. Se suqnìthtec makri� apì to mhdenikì, dhl. otan
|ω| >> <{λ}, tote mporoÔme na poÔme oti |jω − λ| ≈ |ω|.

• An to λ eÐnai pìloc, tìte to |jω−λ| suneisfèrei ston paronomast  tou |H(ω)|. 'Ara, se suqnìthtec
pou eÐnai kont� se enan pìlo, to |H(ω)| teÐnei na megal¸nei kai sqhmatizei mia koruf  (giati o
paronomasthc tou kl�smatoc mikraÐnei, ft�nei se ena el�qisto, kai xanamegal¸nei). To pìso
megal¸nei exart�tai apì to pìso kont� ston katakìrufo �xona eÐnai o en lìgw pìloc! :-) An
brÐsketai se k�poia apìstash, ìpwc sto Sq ma 2, tìte apl� h apìkrish pl�touc megal¸nei, all�
de mhdenÐzetai, me k�pwc an�podh grafik  par�stash, san èna antÐstrofo Sq ma 3. An ìmwc o
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Sq ma 3: Par�gontac |jω − λ| sunart sei tou ω

pìloc brÐsketai ep�nw ston �xona jω, tote h apìkrish suqnìthtac p�ei sto �peiro sth suqnìthta
pou antistoiqei ston pìlo. Se suqnìthtec makri� apì ton pìlo, dhl. otan |ω| >> <{λ}, tote
mporoÔme na poÔme oti |jω − λ| ≈ |ω|.

Genik�, ta mhdenik� kont� ston katakìrufo �xona teinoun na kateb�zoun thn apìkrish pl�touc proc
to mhdèn, en¸ oi pìloi kont� ston katakìrufo �xona, teÐnoun na aneb�zoun thn apìkrish pl�touc proc
ta p�nw. Shmei¸ste oti enac pìloc den mporeÐ na brÐsketai ston fantastikì axona, giati tìte h apìkrish
pl�touc apeirÐzetai (kai �llwste eqoume upojèsei oti o fantastikìc �xonac perilamb�netai sto pedÐo
sÔgklishc tou metasq. Laplace).3

Ac epistrèyoume t¸ra sto par�deigm� mac, me ton èna pìlo kai to èna mhdenikì. Sto Sq ma 4,
faÐnetai h suneisfor� tou mhdenikoÔ kai tou pìlou antÐstoiqa, sthn apìkrish pl�touc, wc xeqwristoÐ
par�gontec, sunart sei thc metablht c ω. Parathr ste ìti an o pìloc kai to mhdenikì eÐnai sthn Ðdia
jèsh, ìpwc faÐnetai sto sq ma, autoÐ allhloakur¸nontai, kai h apìkrish pl�touc eÐnai stajer , afoÔ

|H(ω)| = |A||jω − c1|
1

|jω − d1|
= |A|, an c1 = d1!! Autì fainetai ki an pollaplasi�sete ta duo f�smata

pl�touc tou Sq matoc 4.

Fusik� mia tètoia perÐptwsh den èqei endiafèron tìso analutik c melèthc ìpwc k�name edw, opìte
sun jwc se mia tetoia anapar�stash jewroÔme oti axÐzei analutik c melèthc ìtan ck 6= dk. Tìte, an
jewr soume oti to mhdenikì eÐnai sth suqnìthta ω2 kai o pìloc sthn ω3, to sunolikì f�sma pl�touc ja
eÐnai, POLU poiotik�, k�pwc ìpwc sto Sq ma 5.

3Jewrhtik�, oi pìloi kai ta mhdenik� mporoÔn na brÐskontai opoud pote! :-) Apl� den èqei kanèna praktikì endiaferon
èna sÔsthma pou èqei pìlouc sto fantastikì �xona - einai dhlad  èna astajèc sÔsthma, ìpwc gnwrÐzete.
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Sq ma 4: Mhdenikì-pìloc kai apìkrish pl�touc

Sq ma 5: Mhdenikì-pìloc kai suneisfor� sth sunolik  apìkrish pl�touc |H(ω)|
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Ac ta b�loume ola aut� se èna par�deigma, gia na doÔme sunolik� ti gÐnetai. :-)

Par�deigma:
'Estw èna GQA sÔsthma me sun�rthsh metafor�c

H(s) =
s− 0.5

(s+ 0.1− j5)(s+ 0.1 + j5)
(24)

Sqedi�ste poiotik� thn apìkrish pl�touc tou GQA sust matoc.

LÔsh:
To susthma èqei èna mhdenikì sth jèsh z1 = 0.5 kai pìlouc stic jèseic pi = −0.1 ± j5, i = 1, 2. To
di�gramma pìlwn-mhdenik¸n faÐnetai sto Sq ma 6. 'Etsi, to mhdenikì k�nei thn apìkrish pl�touc na

Sq ma 6: Di�gramma Pìlwn-Mhdenik¸n ParadeÐgmatoc

fjÐnei kont� sto ω = 0, en¸ o pìloc thn k�nei na aux�nei kont� sto ω = ±5. Sto ω = 0, èqoume

|H(0)| = 0.5

|0.1− 5j||0.1 + 5j|
≈ 0.5

52
= 0.02 (25)

en¸ gia ω = 5, eÐnai

|H(5)| = |j5− 0.5|
|0.1||j10 + 0.1|

≈ 5

0.1(10)
= 5 (26)

Gia ω >> 5, to m koc tou dianÔsmatoc apì to jω se ènan apì touc pìlouc einai proseggistik� Ðso me
to di�nusma apì to jω proc to mhdenikì, kai ètsi to mhdenikì kai o enac pìloc allhloakur¸nontai. H
apìstash apì to jω ston enapomeÐnanta pìlo aux�netai ìso aux�nei to ω. 'Etsi, h apìkrish pl�touc
|H(ω)| phgaÐnei proc to mhdèn ìso aux�nei to ω. 'Ola ta parap�nw faÐnontai sto Sq ma 7.

Me parìmoiouc sullogismoÔc mporoÔme na bgaloume sumper�smata kai gia th f�sh tou sust matoc,
arg{H(ω)}. MporoÔme na deÐxoume oti

arg{H(ω)} = arg{A}+
M∑
k=1

arg{jω − ck} −
N∑
k=1

arg{jω − dk} (27)
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Sq ma 7: Apìkrish Pl�touc ParadeÐgmatoc

Se aut n thn perÐptwsh, h f�sh tou H(ω) eÐnai to �jroisma ìlwn twn f�sewn pou ofeÐlontai sta
mhdenik�, meÐon to �jroisma olwn twn f�sewn pou ofeÐletai stouc pìlouc. O pr¸toc oroc, arg{A}, den
exart�tai apì to ω. Xan� ed¸ jewroÔme ena par�gonta thc morfhc arg{jω − λ}, pou eÐnai h gwnÐa enìc
dianÔsmatoc pou deÐqnei apì to λ sto jω sto migadikì epÐpedo. Ki ed¸ fusik� to jω metab�lletai, ara h
gwnÐa all�zei. H gwnÐa aut  metriètai sqetik� me mia orizìntia gramm , par�llhlh tou �xona twn σ kai
pern� apì to λ. Exet�zontac th f�sh autoÔ tou dianÔsmatoc ìso all�zei to ω, mporoÔme na broÔme th
suneisfor� tou k�je pìlou   mhdenikoÔ sth sunolik  apìkrish f�shc tou sust matoc, ìpwc k�name kai
gia thn apìkrish pl�touc! :-) 'Omwc, de ja epektajoÔme ed¸... mporeÐte bèbaia na to dokim�sete eseÐc!
:-) :-)

5 AntÐstrofa Sust mata

Ac jewr soume èna GQA sÔsthma, me kroustik  apìkrish h(t). H kroustik  apìkrish tou antÐ-
strofou sust matoc, hinv(t), ikanopoieÐ th sunj kh

hinv(t) ∗ h(t) = δ(t) (28)

pou thn èqete xanadeÐ ìtan prwtosuzht same gia sust mata. An efarmìsoume metasq. Laplace kai sta
duo mèlh, èqoume oti

H inv(s)H(s) = 1⇔ H inv(s) =
1

H(s)
(29)

'Ara blèpoume oti h Sun�rthsh Metafor�c H inv(s) tou antÐstrofou sust matoc den eÐnai �llh apì thn
antÐstrofh thc Sun�rthshc Metafor�c, 1/H(s), tou arqikoÔ sust matoc. Me ìrouc pìlwn-mhdenik¸n,
aut  h sqèsh gr�fetai

H inv(s) =
1

A

∏N
k=1(s− dk)∏M
k=1(s− ck)

(30)

ìpou ck, dk ta mhdenik� kai oi pìloi tou arqikoÔ sust matoc, pou edw blèpete oti èqoun ginei pìloi (ck)
kai mhdenik� (dk), gia to antÐstrofo sÔsthma. MporoÔme loipìn na sumper�noume oti k�je sÔsthma me
rht  sun�rthsh metafor�c èqei antÐstrofo sÔsthma.

Suqn� sthn pr�xh, mac endiafèroun sust mata pou eqoun eustajèc kai aitiatì antÐstrofo sÔsthma.
Profan¸c gia na eÐnai èna susthma eustajèc kai aitiatì, prèpei na èqei olouc touc pìlouc tou sto ariste-
rì hmiepÐpedo tou migadikì epipèdou. GiatÐ? Giati tìte ja èqei dexiìpleuro pedÐo sugklishc (wc aitiato,
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eÐnai kai dexiìpleuro s ma, kai ta dexiìpleura s mata xèroume oti èqoun dexiìpleuro pedÐo sÔgklishc),
kai autì ja eÐnai thc morfhc <{s} > maxk=1,··· ,N{<{dk}}, ìpou dk oi pìloi tou sust matoc. AfoÔ
loipìn to pedÐo sÔgklishc eÐnai ètsi, o megalÔteroc pìloc ja eÐnai sto aristero hmiepÐpedo, kai ètsi to
pedÐo sÔgklishc sigoura ja perilamb�nei ton katakìrufo �xona jω, ara ja eÐnai kai eustajèc.

AfoÔ gia èna tètoio sÔsthma H(s), to antÐstrofì tou, H inv(s), ja èqei gia pìlouc ta mhdenik� tou
H(s), kai gia mhdenik� touc pìlouc tou H(s), èna eustajèc kai aitiatì antÐstrofo sÔsthma up�rqei mìnon
ìtan ìla ta mhdenik� kai oi pìloi tou H(s) eÐnai sto aristerì hmiepÐpedo tou s−epipèdou. 'Ena sÔsthma
pou èqei ìlouc touc pìlouc kai ìla ta mhdenik� sto aristerì tou hmiepÐpedo lègetai SÔsthma El�qi-
sthc F�shc. Mìno sust mata el�qisthc f�shc mporoÔn na d¸soun eustajèc kai aitiatì antÐstrofo
sÔsthma! :-)

Mia shmantik  idiìthta twn susthm�twn elaqÐsthc f�shc eÐnai h monadik  sqèsh metaxÔ tou f�smatoc
pl�touc kai tou f�smatoc f�shc. Dhlad , h apìkrish f�shc enìc sust matoc elaqÐsthc f�shc mporeÐ
na eurejeÐ monadik� apì thn apìkrish pl�touc, kai antÐstrofa.

Par�deigma:
Jewr ste to GQA sÔsthma pou perigr�fetai apì th diaforik  exÐswsh

d

dt
y(t) + 3y(t) =

d2

dt2
x(t) +

d

dt
x(t)− 2x(t) (31)

BreÐte th sun�rthsh metafor�c tou antistrìfou sust matoc. EÐnai autì eustajèc kai aitiatì?

LÔsh:
Pr¸ta, ac broÔme th sun�rthsh metafor�c tou Ðdiou tou sust matoc. Ja eÐnai, me efarmog  thc idiìthtac
thc parag¸gishc

sY (s) + 3Y (s) = s2X(s) + sX(s)− 2X(s)⇔ Y (s)(s+ 3) = X(s)(s2 + s− 2) (32)

'Ara h sun�rthsh metafor�c ja eÐnai

H(s) =
Y (s)

X(s)
=
s2 + s− 2

s+ 3
(33)

kai to antÐstrofo sÔsthma ja eÐnai to

H inv(s) =
1

H(s)
=

s+ 3

s2 + s− 2
=

s+ 3

(s− 1)(s+ 2)
(34)

To antÐstrofo sÔsthma èqei pìlouc stic jèseic s = 1, s = −2. O pìloc sth jèsh s = 1 eÐnai sto
dexiì hmiepÐpedo tou migadikoÔ epipèdou. 'Etsi, to antÐstrofo sÔsthma den mporeÐ na einai kai aitiatì kai
eustajèc.

'Ena er¸thma pou mporei na jèsei k�poioc eÐnai ti sumbaÐnei me to pedÐo sÔgklishc tou antÐstrofou
sust matoc. An ROCH(s) = RH , tìte poiì eÐnai to pedÐo sÔgklishc tou antÐstrofou sust matoc, RinvH ?
Thn ap�nthsh se autì to er¸thma mac th dÐnei to je¸rhma thc sunèlixhc, to opoÐo, ìpwc xèrete  dh, mac
lèei ìti ta H(s) kai G(s) = H inv(s) prèpei na èqoun epikaluptìmena pedÐa sÔgklishc.

Par�deigma:
'Estw èna GQA sÔsthma me

H(s) =
s− 0.5

s− 0.8
, ROC = <{s} > 0.8 (35)
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tìte to antÐstrofo sÔsthma eÐnai to

H inv(s) =
s− 0.8

s− 0.5
(36)

'Omwc gia to pedÐo sÔgklishc èqoume duo epilogèc: i) <{s} > 0.5, ii) <{s} < 0.5. Apì aut� ta duo pedÐa,
autì pou epikalÔptetai me to pedÐo sÔgklishc tou H(s) eÐnai to <{s} > 0.5. 'Ara mìno to sÔsthma me
autì to pedÐo sÔgklishc eÐnai ègkuro antÐstrofo sÔsthma! 'Etsi, mporoÔme na broÔme kai thn kroustik 
apìkrish tou antistrìfou sust matoc, hinv(t), h opoÐa eÐnai

hinv(t) =  L−1
{ s

s− 0.5

}
−  L−1

{ 0.8

s− 0.5

}
=  L−1

{
s

1

s− 0.5

}
−  L−1

{ 0.8

s− 0.5

}
=

d

dt
et/2u(t)− 0.8et/2u(t)

= δ(t) + 0.5et/2u(t)− 0.8et/2u(t)

= δ(t)− 0.3et/2u(t) (37)

6 SunoyÐzontac...

O metasq. Laplace anaparist� s mata suneqoÔc qrìnou wc ajroÐsmata migadik¸n ekjetik¸n me b�rh,
pou eÐnai pio genik� s mata apì ta migadik� hmÐtona (ta opoÐa einai eidik  perÐptwsh twn pr¸twn). 'Etsi,
o metasq. Laplace anapariast� epituq¸c èna megalÔtero sÔnolo shm�twn ap' ì,ti o metasq. Fourier, kai
m�lista perilamb�nei kai s mata pou den eÐnai apolÔtwc oloklhr¸sima. 'Ara mporoÔme na qrhsimopoioÔme
to metasq. Laplace gia an�lush GQA susthm�twn pou den eÐnai eustaj .

H sun�rthsh metafor�c orÐzetai wc o metasq. Laplace thc kroustik c apìkrishc kai prosfèrei mia
akìma perigraf  twn qarakthristik¸n eisìdou-exìdou enìc GQA sust matoc. H jèsh twn pìlwn kai
twn mhdenik¸n thc sun�rthshc metafor�c sto migadikì epÐpedo prosferei akìma mia perigraf  enìc GQA
sust matoc, dÐnontac plhroforÐa sqetik� me thn eust�jeia, thn aitiatìthta, thn antistreyimìthta, kai
fusik� kai thn apìkrish se suqnìthta tou sust matoc.

Ta migadik� ekjetik� parametropoioÔntai apì mia migadik  metablht  s. O metasq. Laplace eÐnai su-
n�rthsh thc metablht c aut c kai aut  anaparistatai se èna migadikì epÐpedo pou onom�zetai s−epÐpedo.
O metasq. Fourier mporeÐ na upologisteÐ mèsw tou metasq. Laplace, jètontac s = jω, mìnon ìtan o
fantastikìc �xonac perilamb�netai sto pedÐo sÔgklishc. Oi idiìthtec tou metasq. Laplace einai parì-
moiec me autèc tou metasq. Fourier. O metasq. Laplace kai o metasq. Fourier èqoun pollèc omoiìthtec
kai suqn� mporoÔn na qrhsimopoioÔntai enall�x, all� èqoun shmantik� diaforetikì rìlo sthn an�lush
shm�twn kai susthm�twn. O metasq. Laplace qrhsimopoieÐtai suqnìtera sthn an�lush metab�sewn kai
eust�jeiac twn susthm�twn. AntÐjeta, o metasq. Fourier suqn� efarmìzetai wc ergaleÐo anapar�stashc
shm�twn kai sthn epÐlush problhm�twn susthm�twn ìpou mac endiafèroun ta qarakthristik� stajer c
kat�stashc. O metasq. Fourier optikopoieÐtai eukolìtera apì to metasq. Laplace, giatÐ eÐnai sun�r-
thsh thc pragmatik c metablht c ω, antÐjeta me to metasq. Laplace pou eÐnai sun�rthsh thc migadik c
suqnìthtac σ + jω.

7 Ask seic

1. 'Ena eustajèc sÔsthma èqei tic parak�tw eisìdouc kai exìdouc x(t) kai y(t)
antÐstoiqa. Qrhsimopoi ste to metasq.Laplace gia na breÐte th sun�rthsh
metafor�c kai thn kroustik  apìkrish tou sust matoc.

(aþ) x(t) = e−tu(t), y(t) = e−2t cos(t)u(t)

(bþ) x(t) = e−2tu(t), y(t) = −2e−tu(t) + 2e−3tu(t)
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LÔsh:
EÐnai

(aþ) Profan¸c

H(s) =
Y (s)

X(s)

�ra arkeÐ na broÔme ta X(s), Y (s). 'Eqoume

x(t) = e−tu(t)↔ X(s) =
1

s+ 1
, <{s} > −1

afoÔ to s ma einai dexiìpleuro. EpÐshc

y(t) = e−2t cos(t)u(t)↔ Y (s) =
s+ 2

(s+ 2)2 + 1
, <{s} > −2

kai �ra

H(s) =
Y (s)

X(s)
=

s+2
(s+2)2+1

1
s+1

=
(s+ 1)(s+ 2)

(s+ 2)2 + 1
=
s2 + 3s+ 2

s2 + 4s+ 5

K�nontac diairesh poluwnÔmwn, ja èqoume

H(s) =
s2 + 3s+ 2

s2 + 4s+ 5
= 1− s+ 3

(s+ 2)2 + 1

Ed¸ mporoÔme na akoloujhsoume mia diaforetik  prosèggish anti thc An�ptuxhc se Merik�
Kl�smata. Blèpoume oti o paronomast c mac jumÐzei duo polÔ gnwst� zeÔgh Laplace, ta

e−at cos(ω0t)u(t)←→ s+ a

(s+ a)2 + (ω0)2
, <{s} > −<{a}

e−at sin(ω0t)u(t)←→ ω0

(s+ a)2 + (ω0)2
, <{s} > −<{a}

Opìte mporoÔme na gr�youme ton arijmht  me tètoio trìpo ¸ste na qrhsimopoi soume touc
parap�nw tÔpouc. Dhl.

H(s) = 1− s+ 3

(s+ 2)2 + 1
= 1− (s+ 2)

(s+ 2)2 + 1
− 1

(s+ 2)2 + 1

EpÐshc, to pedÐo sÔgklishc gia aut� ta duo s mata eÐnai to <{s} > −2, to opoÐo sumfwneÐ me
to qarakthristikì thc eust�jeiac tou sust matoc pou mac lèei h ekf¸nhsh, �ra

h(t) = δ(t)− e−2t cos(t)u(t)− e−2t sin(t)u(t) (38)

(bþ) 'Omoia, eqoume

X(s) =
1

s+ 2
, Y (s) =

−2

s+ 1
+

2

s+ 3

�ra

H(s) =
Y (s)

X(s)
=

−4(s+ 2)

(s+ 1)(s+ 3)
=

A

s+ 1
+

B

s+ 3

me

A = H(s)(s+ 1)
∣∣∣
s=−1

=
−4(s+ 2)

(s+ 3)

∣∣∣
s=−1

= −2
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kai

B = H(s)(s+ 3)
∣∣∣
s=−3

=
−4(s+ 2)

(s+ 1)

∣∣∣
s=−3

= −2

kai ara

H(s) =
−2

s+ 1
+
−2

s+ 3
←→ h(t) = −2e−tu(t)− 2e−3tu(t) (39)

pou eÐnai kai to zhtoÔmeno.

2. Exet�ste an ta parak�tw sust mata eÐnai eustaj  kai aitiat�, kai an èqoun
eustajèc kai aitiatì antÐstrofo.

(aþ) H(s) =
(s + 1)(s + 2)

(s + 1)(s2 + 2s + 10)

(bþ) H(s) =
s2 + 2s− 3

(s + 3)(s2 + 2s + 5)

(gþ) H(s) =
s2 − 3s + 2

(s + 2)(s2 − 2s + 8)

(dþ) H(s) =
(s2 + 2s)

(s2 + 3s− 2)(s2 + s + 2)

LÔsh:
Gia na eÐnai èna sÔsthma eustajèc kai aitiatì, ja prèpei na èqei pedÐo sÔgklishc pou na eÐnai
dexiìpleuro (<{s} > σmax) , ìpou σmax to pragmatikì mèroc tou megalÔterou pìlou, kai na
perilamb�nei ton katakìrufo �xona jω, dhl. to σmax prèpei na eÐnai sto aristerì hmiepÐpedo.
Me �lla lìgia, ìloi oi pìloi tou sust matoc, sk = σk + jωk, prèpei na brÐskontai sto aristerì
hmiepÐpedo σk < 0.

(aþ) Profan¸c oi oroi s+ 1 se arijmht  kai paronomast  apaleÐfontai, kai �ra mènei to

H(s) =
s+ 2

s2 + 2s+ 10
(40)

Gia to sÔsthma autì, ìloi oi pìloi, s = −1 ± 3j, brÐskontai sto aristerì hmiepÐpedo, kai
an epilèxoume <{s} > −1, tote to sÔsthma eÐnai eustajèc kai aitiatì. Gia to antÐstrofo
sÔsthma,

H inv(s) =
s2 + 2s+ 10

s+ 2
(41)

o pìloc einai sth jèsh s = −2, �ra brÐsketai sto aristerì hmiepÐpedo, kai an epilèxoume
<{s} > −2, tìte to antÐstrofo sÔsthma eÐnai eustajèc kai aitiatì.

(bþ) Gia to sÔsthma

H(s) =
s2 + 2s− 3

(s+ 3)(s2 + 2s+ 5)
=

(s+ 3)(s− 1)

(s+ 3)(s2 + 2s+ 5)
=

s− 1

s2 + 2s+ 5
(42)

èqoume ìti oi pìloi tou eÐnai stic jèseic s = −1± 2j, �ra an epilèxoume <{s} > −1, tìte to
sÔsthma eÐnai eustajèc kai aitiatì. Gia to antÐstrofo sÔsthma,

H inv(s) =
s2 + 2s+ 5

s− 1
(43)

blèpoume oti oi pìloi tou eÐnai sth jèsh s = 1, kai �ra opoio pedÐo sÔklishc kai na dialèxoume
(eÐte <{s} > 1 eÐte <{s} < 1) to sÔsthm� mac den mporeÐ na einai kai eustajèc kai aitiatì.
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(gþ) Gia to sÔsthma

H(s) =
s2 − 3s+ 2

(s+ 2)(s2 − 2s+ 8)
(44)

blèpoume oti èqei pìlouc stic jèseic s = −2, 1± j
√

7. 'Ara den up�rqei pedÐo sÔgklishc pou
na dinei eustajèc kai aitiatì sÔsthma. To antÐstrofo sÔsthma,

H inv(s) =
(s+ 2)(s2 − 2s+ 8)

s2 − 3s+ 2
(45)

èqei pìlouc stic jèseic s = 1, 2, kai �ra epÐshc den mporeÐ na eÐnai eustajèc kai aitiatì, gia
kanèna pijanì pedÐo sÔgklishc.

(dþ) Gia to sÔsthma

H(s) =
s2 + 2s

(s2 + 3s− 2)(s2 + s+ 2)
(46)

blèpoume ìti oi pìloi tou eÐnai stic jèseic s = −3±
√
17

2 ,−0.5 ± j
√

7
4 . 'Ara den up�rqei pedÐo

sugklishc pou na dÐnei eustajèc kai aitiatì sÔsthma. Gia to antÐstrofo,

H inv(s) =
(s2 + 3s− 2)(s2 + s+ 2)

s2 + 2s
(47)

parathroÔme ìti oi pìloi brÐskontai stic jèseic s = 0,−2, �ra lìgw den up�rqei pedio sÔg-
klishc pou na dÐnei eustajèc kai aitiatì antÐstrofo susthma.

ShmeÐwsh:
EÐpame sth jewrÐa ìti mia mìno kathgorÐa eustaj¸n kai aitiat¸n susthm�twn èqoun eustajèc kai
aitiatì antÐstrofo: ta sust mata El�qisthc F�shc. JumÐzoume ìti ta sust mata El�qisthc F�-

shc eÐnai aut� pou èqoun ìlouc touc pìlouc kai ìla ta mhdenik� sto aristerì hmiepÐpedo. 'Ara
h parap�nw �skhsh ja mporoÔse na apanthjeÐ gia ta antÐstrofa sust mata H inv(s) exet�zontac
apl� an ìloi oi pìloi kai ìla ta mhdenik� tou k�je H(s) eÐnai sto aristerì hmiepÐpedo. An eÐnai,
tìte ja èqei eustajèc kai aitiatì antÐstrofo H inv(s), qwrÐc na qrei�zetai na broÔme poiì eÐnai kai
pou èqei touc pìlouc tou. An den eÐnai, tìte de ja èqei eustajèc kai aitiatì antÐstrofo.

3. Sqedi�ste thn apìkrish pl�touc gia ta parak�tw sust mata

(aþ) H(s) =
s

s2 + 2s + 101

(bþ) H(s) =
s2 + 16

s + 1

(gþ) H(s) =
s− 1

s + 1

qrhsimopoi¸ntac th sqèsh metaxÔ pìlwn, mhdenik¸n, kai tou katakìrufou �-
xona sto migadikì epÐpedo.

LÔsh:
Ja èqoume

(aþ) H apìkrish pl�touc ja eÐnai

|H(ω)| = |ω|
|j(ω − 10) + 1||j(ω + 10) + 1|

(48)

'Ara ja eÐnai H(0) = 0 kai H(±10) ≈ ±1
2 .
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(bþ) H apìkrish pl�touc ja eÐnai

|H(ω)| = |j(ω + 4)||j(ω − 4)|
|jω − 1|

(49)

'Ara ja eÐnai H(0) = 16 kai H(±4) = 0.

(gþ) H apìkrish pl�touc ja eÐnai

|H(ω)| = |jω − 1|
|jω + 1|

=

√
ω2 + 1√
ω2 + 1

= 1 (50)

�ra to sÔsthma eÐnai all-pass.

Oi apokrÐseic pl�touc twn parap�nw susthm�twn faÐnontai sto Sq ma 8.

Sq ma 8: Apìkrish Pl�touc 'Askhshc 7.3

4. H sun�rthsh autosusqètishc enìc s matoc x(t) orÐzetai wc

r(t) =

∫ ∞
−∞

x(τ)x(t + τ)dτ

(aþ) Gr�yte to parap�nw olokl rwma me th morf  sunèlixhc.

(bþ) Qrhsimopoi ste to parap�nw apotèlesma gia na breÐte to metasq. Laplace
tou r(t).
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(gþ) An to x(t) eÐnai pragmatikì kai to X(s) èqei duo pìlouc, ek twn opoÐwn o
enac eÐnai sth jèsh s = σp + jωp, breÐte th jèsh ìlwn twn pìlwn tou R(s).

LÔsh:

(aþ) 'Eqoume

r(t) =

∫ ∞
−∞

x(τ)x(t+ τ)dτ (Jètw u = −τ)

= −
∫ −∞
+∞

x(−u)x(t− u)du

=

∫ +∞

−∞
x(−u)x(t− u)du

= x(−t) ∗ x(t) (51)

pou eÐnai kai to zhtoÔmeno. 'Ara h autosusqètish den eÐnai tipota perissìtero apì th sunèlixh
tou s matoc me to anestrammèno wc proc ton katakìrufo �xona eautì tou.

(bþ) EÐnai
r(t) = x(−t) ∗ x(t)←→ R(s) = X(−s)X(s) (52)

(gþ) AfoÔ to s ma x(t) eÐnai pragmatikì, tìte oi pìloi tou X(s) eÐnai suzug¸c summetrikoÐ, ki ètsi
ja èqoume s = σp ± jωp. 'Omwc, oi pìloi tou X(−s) eÐnai oi s = −σp ± jωp, kai �ra sunolik�
oi pìloi tou R(s) = X(s)X(−s) eÐnai oi s = ±σp ± jωp.

5. Jewr ste to sÔsthma

H(s) =
(s + 2)(s− 1)

(s + 3)(s + 4)(s + 5)

(aþ) 'Eqei to parap�nw sÔsthma eustajèc kai aitiatì antÐstrofo sÔsthma?

(bþ) Ekfraste to H(s) wc to ginìmeno duo susthm�twn: enìc sust matoc E-
l�qisthc F�shc, Hmin(s), kai enìc sust matoc All-pass, Hap(s), to opoÐo ja
prèpei na èqei ènan pìlo kai èna mhdenikì.

(gþ) Jewrhste to antÐstrofo sÔsthma tou sust matoc El�qisthc F�shc pou
br kate parap�nw, Hinv

min(s). MporeÐ na eÐnai eustajèc kai aitiatì?

(dþ) Sqedi�ste thn apìkrish pl�touc tou nèou sust matoc, G(s) = H(s)Hinv
min(s).

LÔsh:

(aþ) Ta mhdenik� tou H(s) brÐskontai stic jèseic s = −2, 1. AfoÔ èna mhdenikì apì aut� eÐnai sto
dexiì migadikì hmiepÐpedo, to antÐstrofo sÔsthma den mporeÐ na eÐnai eustajèc kai aitiatì.

(bþ) Ta sust mata El�qisthc F�shc èqoume dei ìti èqoun ìlouc touc pìlouc kai ta mhdenik� sto
aristerì hmiepÐpedo. Ta sust mata All-pass èqoun touc pìlouc kai ta mhdenik� se summetrÐa
gÔrw apì ton katakìrufo �xona jω, dhl. an ènac pìloc brÐsketai sth jèsh s = σp+jωp, tìte
prèpei na up�rqei ki èna mhdenikì sth jèsh s = −σp + jωp. Opìte, sth dik  mac paragonto-
poÐhsh, to sÔsthma El�qisthc F�shc ja p�rei ìlouc touc pìlouc kai ta mhdenik� tou H(s)
pou brÐskontai sto aristero hmiepÐpedo. To sÔsthma All-pass ja prèpei èpeita na eÐnai tètoio
¸ste na èqei ìlouc touc upìloipouc pìlouc kai mhdenik� tou H(s), all� epeid  ja prèpei
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na èqei anagkastik� kai pìlouc/mhdenik� stic summetrikèc jèseic wc proc jω, pou profan¸c
to arqikì H(s) den èqei, ja prèpei aut� na ta ��akur¸soume��, b�zontac kat�llhlouc pìlouc
kai mhdenik� sto susthma El�qisthc F�shc, prosèqontac bèbaia na mhn pèftoun sto dexiì
hmiepÐpedo. Dhlad :

Oi pìloi kai ta mhdenik� tou H(s) pou eÐnai sto aristerì hmiepÐpedo eÐnai oi p = −3,−4,−5
(ìloi dld) kai z = −2 (to èna apì ta duo mhdenik�), antÐstoiqa. 'Ara to sÔsthma El�qisthc
F�shc ja einai to

Hmin(s) =
s+ 2

(s+ 3)(s+ 4)(s+ 5)

To sÔsthma All-pass ja p�rei to enapomeÐnan mhdenikì, z = 1, all� epeid  eÐpame oti sta All-
pass sust mata, oi pìloi kai ta mhdenik� èrqontai se summetria gÔrw apì ton jω, ja prèpei
to sÔsthma na èqei kai ènan pìlo sth jèsh p = −1. 'Ara

Hap(s) =
s− 1

s+ 1

'Omwc ètsi ìpwc eÐnai t¸ra kataskeuasmèna ta sust mata, to ginìmeno Hmin(s)Hap(s) den
eÐnai to Ðdio me to H(s), giati up�rqei o pìloc sth jèsh p = −1 pou eis qjh sto All-pass
sÔsthma. DeÐte:

Hdec(s) = Hmin(s)Hap(s)

=
s+ 2

(s+ 3)(s+ 4)(s+ 5)

s− 1

s+ 1

=
(s+ 2)(s− 1)

(s+ 1)(s+ 3)(s+ 4)(s+ 5)

6= (s+ 2)(s− 1)

(s+ 3)(s+ 4)(s+ 5)
= H(s) (53)

To prìblhma, opwc eÐpame kai blèpete kai parap�nw, eÐnai o pìloc sto p = −1, pou mp ke
upoqrewtik� sto All-pass sÔsthma. 'Omwc, o pìloc autìc brÐsketai sto aristerì hmiepÐpedo,
�ra mporoÔme na ton ��akur¸soume��, b�zontac sto sÔsthma El�qisthc F�shc èna mhdenikì ekei,
ètsi ¸ste sto ginìmeno twn duo, na apaleifjoÔn. Mia tètoia enèrgeia diathreÐ to sÔsthma
El�qisthc F�shc wc tètoio, en¸ plèon to ginìmenì mac eÐnai swstì. Bèbaia, to sÔsthma
El�qisthc F�shc èqei t¸ra èna mhdenikì pou den up rqe sto arqikì sÔsthma H(s). Autì
den èqei shmasÐa, �llwste kai to All-pass sÔsthma èqei ènan pìlo pou den up rqe sto arqikì
sÔsthma H(s). Em�c mac endiafèrei to ginìmeno twn duo susthm�twn Hmin(s)Hap(s) na dÐnei
to arqikì sÔsthma H(s), kai k�je èna sÔsthma na èqei ta qarakthristik� pou prèpei na èqei.
Ara

Hmin(s) =
(s+ 2)(s+ 1)

(s+ 3)(s+ 4)(s+ 5)
(54)

Hap(s) =
s− 1

s+ 1
(55)

Blèpete oti to ginìmeno twn parap�nw eÐnai Ðso me to H(s). 'Ara aut� eÐnai ta sust mata pou
zhtoÔntai.

(gþ) To antÐstrofo sÔsthma tou Hmin(s) eÐnai to H inv
min(s) kai einai

H inv
min(s) =

(s+ 3)(s+ 4)(s+ 5)

(s+ 2)(s+ 1)
(56)

Oi pìloi eÐnai stic jèseic s = −1,−2, kai brÐskontai sto aristero hmiepÐpedo, kai ètsi to
sÔsthma mporeÐ na eÐnai eustajèc kai aitiatì, epilègontac <{s} > −1.

17



(dþ) EÐnai

G(s) = H(s)H inv
min(s) =

s− 1

s+ 1
= Hap(s) (57)

�ra h apìkrish pl�touc eÐnai stajer  kai Ðsh me th mon�da.

6. 'Estw to eustajèc sÔsthma tou Sq matoc 9. me

Sq ma 9: SÔsthma 'Askhshc 7.6

H1(s) =
1

(s− 1)(s− 2)
, H2(s) =

s

s + 2
, H3(s) =

s− 1

s + 1

(aþ) BreÐte to sunolikì sÔsthma H(s) kai to pedÐo sugklis c tou.

(bþ) BreÐte thn kroustik  apìkrish tou sunolikoÔ sust matoc, h(t).

(gþ) Exet�ste, qwrÐc gn¸sh tou sunolikoÔ sust matoc, pìte ta sust mata
Hi(s) eÐnai eustaj , aitiat�, kai antistrèyima.

(dþ) BreÐte tic epimèrouc kroustikèc apokrÐseic twn susthm�twn, hi(t), gnwrÐ-
zontac ìti to sunolikì sÔsthma eÐnai eustajèc.

(eþ) Gr�yte to H1(s) wc ginìmeno duo susthm�twn: enìc sust matoc El�qisthc
F�shc Hmin

1 (s) kai enìc All-pass sust matoc, Hap
1 (s).

LÔsh:

(aþ) Profan¸c to sunolikì sÔsthma ja eÐnai thc morf c

H(s) = (H1(s) +H2(s))H3(s)

= H1(s)H3(s) +H2(s)H3(s)

=
1

(s− 2)(s+ 1)
+

s(s− 1)

(s+ 2)(s+ 1)
=
s+ 2 + s(s− 1)(s− 2)

(s− 2)(s+ 2)(s+ 1)

=
s+ 2 + s3 − 2s2 − s2 + 2s

(s− 2)(s+ 2)(s+ 1)
=

s3 − 3s2 + 3s+ 2

(s− 2)(s+ 2)(s+ 1)
(58)

Dedomènou ìti to sÔsthma eÐnai eustajèc, kai oi pìloi stic jèseic p = −2,−1, 2, to pedÐo sÔg-
klishc den mporeÐ na eÐnai �llo apì to −1 < <{s} < 2, dedomènou ìti mìno autì perilamb�nei
ton fantastikì �xona <{s} = 0.
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(bþ) To sÔsthma gr�fetai wc

H(s) =
s3 − 3s2 + 3s+ 2

(s− 2)(s+ 2)(s+ 1)
=
s3 − 3s2 + 3s+ 2

s3 + s2 − 4s− 4

kai epeid  h t�xh tou poluwnÔmou tou arijmht  eÐnai Ðsh me aut  tou paronomast , den mpo-
roÔme na efarmìsoume An�ptugma se Merik� Kl�smata prin k�noume pr¸ta diaÐresh twn
poluwnÔmwn. 'Ara:

H(s) = 1 +
−4s2 + 7s+ 6

(s− 2)(s+ 2)(s+ 1)
= 1 +G(s)

me

G(s) =
−4s2 + 7s+ 6

(s− 2)(s+ 2)(s+ 1)

Se autìn ton ìro mporoÔme na k�noume An�ptugma se Merik� Kl�smata, ara

G(s) =
A

s− 2
+

B

s+ 2
+

C

s+ 1

me

A = G(s)(s− 2)
∣∣∣
s=2

=
−4s2 + 7s+ 6

(s+ 2)(s+ 1)

∣∣∣
s=2

=
1

3

B = G(s)(s+ 2)
∣∣∣
s=−2

=
−4s2 + 7s+ 6

(s− 2)(s+ 1)

∣∣∣
s=−2

= −6

C = G(s)(s+ 1)
∣∣∣
s=−1

=
−4s2 + 7s+ 6

(s− 2)(s+ 2)

∣∣∣
s=−1

=
5

3

'Ara

G(s) =
1

3

1

s− 2
− 6

1

s+ 2
+

5

3

1

s+ 1

opìte sunolik�,

H(s) = 1 +G(s) = 1 +
1

3

1

s− 2
− 6

1

s+ 2
+

5

3

1

s+ 1

AfoÔ èqoume tria gnwst� kl�smata kai to pedÐo sÔgklishc tou sunolikoÔ sust matoc eÐnai
to −1 < <{s} < 2, sumperaÐnoume ìti ta epimèrouc pedÐa sÔgklishc eÐnai ta

i. <{s} > −2

ii. <{s} > −1

iii. <{s} < 2

afoÔ h tom  twn parap�nw mac dÐnei to sunolikì pedÐo sÔgklishc. Apì ta gnwst� zeÔgh
metasq. Laplace, ja èqoume

G(s)←→ g(t) = −1

3
e2tu(−t)− 6e−2tu(t) +

5

3
e−tu(t)

opìte sunolik�

H(s) = 1 +G(s)←→ h(t) = δ(t) + g(t) = δ(t)− 1

3
e2tu(−t)− 6e−2tu(t) +

5

3
e−tu(t) (59)
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(gþ) Gia to H1(s) =
1

(s− 1)(s− 2)
, blèpoume oti èqei pìlouc stic jèseic p = 1, 2, �ra gia na eÐnai

eustajèc, prèpei na isqÔei <{s} < 1. Gia na einai aitiatì, prèpei <{s} > 2. To antÐstrofì
tou eÐnai to

H inv
1 (s) = (s− 1)(s− 2) (60)

to opoÐo eÐnai eustajèc kai aitiatì se olo to s−epÐpedo.
Gia to H2(s) =

s

s+ 2
, blèpoume ìti èqei pìlouc sth jèsh s−−2, kai �ra eÐnai eustajèc ìtan

<{s} > −2, kai to Ðdio prèpei na isqÔei gia na eÐnai kai aitiatì. To antÐstrofì tou eÐnai to

H inv
2 (s) =

s+ 2

s
(61)

to opoÐo èqei duo dunat� pedÐa sÔgklishc, <{s} > 0 kai <{s} < 0. Prosèxte, se perÐptwsh pou
toH2(s) èqei pedÐo sÔgklishc RH2 = {<{s} < −2}, eÐnai dhlad  astajèc kai anti-aitiatì, tìte
orÐzetai antÐstrofo sÔsthma mìnon ìtan autì èqei pedÐo sÔgklishc to RHinv

2
= {<{s} < 0},

giati se antÐjeth perÐptwsh den up�rqei epik�luyh me to pedÐo sÔgklishc tou H2(s).

Gia to H3(s) =
s− 1

s+ 1
, blèpoume ìti èqei ènan pìlo sth jèsh s = −1, �ra gia na eÐnai eustajèc

prèpei na isquei <{s} > −1, en¸ to Ðdio prèpei na isqÔei kai gia aitiatìthta. To antÐstrofì
tou eÐnai to

H inv
3 (s) =

s+ 1

s− 1
(62)

to opoÐo èqei duo dunat� pedÐa sÔgklishc, <{s} > 1 kai <{s} < 1. Ki ed¸ prosèxte, ìpwc
kai prin, se perÐptwsh pou to H3(s) èqei pedÐo sÔgklishc RH3 = {<{s} < −1}, eÐnai dhlad 
astajèc kai anti-aitiatì, tìte orÐzetai antÐstrofo sÔsthma mìnon ìtan autì èqei pedÐo sÔgkli-
shc to RHinv

3
= {<{s} < 1}, giati se antÐjeth perÐptwsh den up�rqei epik�luyh me to pedÐo

sÔgklishc tou H3(s).

(dþ) Dedomènou ìti to sunolikì sÔsthma eÐnai eustajèc, kai ìti prokÔptei apì tomèc twn epimèrouc
susthm�twn, ta epimèrouc sust mata prèpei na eÐnai eustaj . 'Ara ta pedia sÔgklishc ja einai
RH1 = {<{s} < 1}, RH2 = {<{s} > −2}, kai RH3 = {<{s} > −1}. 'Ara ja eÐnai

H1(s) =
1

(s− 1)(s− 2)
, <{s} < 1←→ h1(t) = L−1

{ −1

s− 1
+

1

s− 2

}
= etu(−t)− e2tu(−t) (63)

H2(s) =
s

s+ 2
, <{s} < −2←→ h2(t) = L−1

{
s

1

s+ 2

}
=

d

dt
e2tu(−t)

= 2e2tu(−t)− δ(t) (64)

H3(s) =
s− 1

s+ 1
, <{s} > −1←→ h3(t) = L−1

{s− 1

s+ 1

}
= L−1

{
s

1

s+ 1
− 1

s+ 1

}
=

( d
dt
e−tu(t)

)
− e−tu(t)

= δ(t)− e−tu(t)− e−tu(t)

= δ(t)− 2e−tu(t) (65)
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(eþ) To H1(s) èqei mìno pìlouc, stic jèseic s = 1, 2. Profan¸c autoÐ oi pìloi den mporoÔn
na an koun sto Hmin

1 (s), giati autoÐ brÐskontai sto dexiì hmiepÐpedo. 'Ara upoqrewtik� ja
an koun sto All-pass sÔsthma. 'Omwc sto All-pass susthma ja èqoume kai mhdenik� stic jèseic
s = −1,−2. 'Ara to All-pass ja eÐnai thc morfhc

Hap
1 (s) =

(s+ 1)(s+ 2)

(s− 1)(s− 2)
(66)

To sÔsthma El�qisthc F�shc ja èqei fusik� mìno pìlouc pou akur¸noun ta mhdenik� pou
up�rqoun sto All-pass sÔsthma. 'Ara

Hmin
1 (s) =

1

(s+ 1)(s+ 2)
(67)

'Ara telik�

H1(s) = Hmin
1 (s)Hap

1 (s) =
1

(s+ 1)(s+ 2)

(s+ 1)(s+ 2)

(s− 1)(s− 2)
=

1

(s− 1)(s− 2)
(68)
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