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1. Seir� Fourier kai Metasqhmatismìc Fourier

Sto m�jhma eÐdate ìti o metasq. Fourier eÐnai mia proèktash twn seir¸n Fourier, ìtan h perÐodoc

T0 tou periodikoÔ s matoc teÐnei sto �peiro (T0 → +∞). Jewr ste mia seir� apì tetragwnikoÔc

palmoÔc x(t) me perÐodo T0 = 2 sec, me ton palmì se mia perÐodo na gr�fetai wc xT0(t) = rect(t), dhl.

eqei di�rkeia apì −0.5 wc 0.5 sec kai monadiaÐo pl�toc. 'Estw ìti h perÐodoc T0 aux�nei stadiak� se

4, 8 kai 16 sec.

(aþ) BreÐte ton suntelest  X0 thc seir�c Fourier gia k�je mia tim  tou T0 kai deÐxte/exhg ste p¸c

metaballetai gia tic timèc tou T0.

(bþ) Breite touc suntelestèc Fourier Xk kai sqedi�ste prosektik� to f�sma pl�touc gia k�je tim 

tou T0, gia touc pr¸touc 10− 15 ìrouc k�je for�. ExhgeÐste ti parathreÐte.

(gþ) An af nate to T0 na gÐnei polÔ meg�lo, ti perimènete na sumbeÐ stouc suntelestèc Fourier?

Exhg ste.

(dþ) UpologÐste to metasq. Fourier tou palmoÔ xT0(t). Sqedi�ste to f�sma pl�touc tou me prosoq .

Ti parathreÐte? Up�rqei k�poia omoiìthta se sqèsh me to f�sma pl�touc pou upologÐsate

nwrÐtera gia th seir� Fourier?

Ap�nthsh:

Xk =
1

T0
sinc

( k
T0

)

2. Metasqhmatismìc Fourier - I

Na upologÐsete ton metasq. Fourier tou s matoc:

x(t) =

 |t|, |t| ≤ 1/2

0, alloÔ

Ap�nthsh:
1

2
sinc(f)− 1

4
sinc2

(f
2

)
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3. Metasqhmatismìc Fourier - II

Ta sqèdia gia to pal�ti twn Bersalli¸n faÐnontai sto Sq ma 1. :-)

Sq ma 1: To pal�ti twn Bersalli¸n

(aþ) UpologÐste to metasq. Fourier twn sqedÐwn. Qrhsimopoi ste gnwst� sac s mata gia na gr�yete

to pal�ti wc grammikì sunduasmì aut¸n kai na breÐte polÔ eÔkola to metasqhmatismì me qr sh

thc idiìthtac thc grammikìthtac kai thc metatìpishc.

(bþ) Gnwrizoume ìti ìso pio polÔ ekteÐnetai ena s ma sto q¸ro thc suqnìthtac, tìso pio meg�lo eÐnai

to eÔroc z¸nhc tou. To eÔroc z¸nhc eÐnai an�logo me to kìstoc kataskeu c kai sunt rhshc. Oi

G�lloi polÐtec kat�laban ìti to parap�nw kt rio èqei polÔ uyhlì kìstoc kataskeu c, kai ètsi

ja touc èkane polÔ ftwqìterouc (lìgw uyhl c forolìghshc gia th sunt rhsh tou kthrÐou).

Kata th di�rkeia thc Gallik c epan�stashc (1789), kai me thn kajodhghsh tou Fourier, afaÐ-

resan èna mèroc apì to pal�ti, ¸ste to f�sma pl�touc na mei¸netai shmantik� oso aux�netai h

suqnìthta (gia ton periorismì tou eurouc z¸nhc kai �ra tou kìstouc). Poiì mèroc tou palatioÔ

afaÐresan?

Ap�nthsh:

X(f) = 2ATsinc(2fT ) +
AT

2
sinc2

(fT
2

)
+ 2 cos(2πfT )

4. Metasqhmatismìc Fourier - III

Oi I�pwnec antègrayan ta sqèdia tou palatioÔ thc 'Askhshc 3 all� ekanan èna laj�ki kat� thn

antigraf , antÐ gia t èbalan f !! To antÐgrafì touc faÐnetai sto Sq ma 2. Shmei¸ste ìti h allag  sthn

klÐmaka eÐnai Iapwnik  kainotomÐa, mia kai ì,ti fti�qnoun to k�noun lÐgo pio mikro apì ta aujentik�

(�ra den eÐnai to l�joc sto pl�toc tou sq matoc). Mìlic o Autokr�torac eide ta sqèdia, diètaxe na

fti�xoun gr gora to pal�ti sto qrìno me qr sh antÐstrofou metasq. Fourier! M�lista, gia timwrÐa,
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Sq ma 2: To antÐgrafo tou palatioÔ twn Bersalli¸n

touc apagìreye na qrhsimopoi soun ton orismì tou antÐstr. met. Fourier, all� na to k�noun me

qr sh idiothtwn! :-) BreÐte ton antÐstrofo met. Fourier, x(t), tou s matoc tou Sq matoc 2.

5. Metasqhmatismìc Fourier - IV

Na brejei o antÐstrofoc met. Fourier tou s matoc tou Sq matoc 3.

Sq ma 3: Metasqhmatismìc Fourier 'Askhshc 5

Ap�nthsh:

x(t) = A∆sinc2
(∆

2
t
)

cos(2πf0t)

6. Metasqhmatismìc Fourier - V

(aþ) UpologÐste to metasq. Fourier tou s matoc

x(t) = e−αtε(t)

me α > 0.
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(bþ) Breite to pragmatikì kai to fantastikì tou mèroc.

(gþ) BreÐte to mètro tou, |X(f)|, kai sqedi�ste to proseggistik� gia a = 1 kai di�forec timèc tou f .

Ap�nthsh:

X(f) =
1

α+ j2πf

7. Sunart seic Dèlta

'Estw to s ma

x(t) =



5, t = −2,

2, t = −1,

2, t = 1,

5, t = 2,

0, alloÔ

(aþ) Sqedi�ste to x(t).

(bþ) Gr�yte to x(t) wc grammikì sunduasmì thc sun�rthshc Dèlta.

(gþ) UpologÐste to metasq. Fourier tou x(t).

Ap�nthsh:

X(f) = 20 cos2(2πf) + 4 cos(2πf)− 10

8. Metasqhmatismìc Fourier sto MATLAB - bonus 10%

Ed¸ ja qrhsimopoi soume MATLAB gia na epibebai¸soume to apotèlesma thc 'Askhshc 6. O metasq.

Fourier einai èna olokl rwma. Ac to doÔme loipìn genik� pr¸ta. :-)

(aþ) 'Estw oti jèloume na epibebai¸soume sto MATLAB èna olokl rwma. 'Enac spoudaÐoc majh-

matikìc, o B. Riemann, èdeixe ìti èna olokl rwma mporeÐ na proseggisteÐ apì èna �jroisma

wc ∫ b

a
f(x)dx = lim

δ→0

N∑
i=1

f(xi)δi

Ti mac lèei to parap�nw?

i. QwrÐzoume to di�sthma olokl rwshc [a, b] se N mèrh, me m koc δi to kajèna. Estw δ to

megalÔtero apì aut� ta m kh.

ii. Epilègoume èna shmeÐo xi se k�je ena apì aut� ta diast mata.

iii. UpologÐzoume tic timèc thc sun�rthshc f(x) sta shmeÐa xi.
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iv. T¸ra èqoume N timèc thc f(x) kai N m kh (arijmoÔc dhladh) δi.

v. Pollaplasi�zoume tic N timèc thc f(x) (dhl. ta f(xi)) me tic N timèc twn δi, kat' antistoi-

qÐa, kai prosjètoume ta ginìmena metaxÔ touc, paÐrnontac telik� mia tim .

H parap�nw sqèsh epÐshc mac lèei oti gia na einai to olokl rwma Ðso me autì to �jroisma

pou br kame, ja prèpei na qwrÐsoume to di�sthma [a, b] kat� tètoio tropo ¸ste to megalÔtero

di�sthma apì ta δi, dhladh to δ, na eÐnai polÔ mikrì. H parap�nw sqèsh dhladh isqÔei austhr�

mìnon ìtan limδ→0.

Pollèc pr�xeic bebaia, all� h isìthta èqei to kìstoc thc! :-) Eutuq¸c, olec autèc tic pr�xeic tic

k�nei to MATLAB gia mac. To mìno kakì eÐnai oti tic k�nei polÔ gr gora kai den prolabaÐnoume

oÔte ènan kafè na pioÔme, kai to apotèlesma èqei  dh upologisteÐ! :-)

'Estw loipìn ìti to olokl rwm� mac eÐnai to∫ 2π

0
sin10(t)dt

Ac qwrÐsoume to di�sthm� mac, [0, 2π], se 6001 shmeÐa:

delta = 2*pi/6000;

t = 0:delta:2*pi;

Autì mac dÐnei δ = 0.00104719. O upologismìc tou oloklhr¸matoc me b�sh th sqèsh tou

Riemann eÐnai apl�

oloklhrwma = delta * sum( sin(t).^10 );

(bþ) Sto jèma mac pÐsw t¸ra... gia na upologÐsoume to olokl rwma tou metasq. Fourier sto MA-

TLAB, ja prepei na p�roume deigmata apì ton �xona tou qronou kai ton �xona thc suqnìthtac,

¸ste na kataskeu�soume to ginìmeno kai na to oloklhr¸soume1. JumhjeÐte, sto MATLAB, ìla

eÐnai dianÔsmata   pÐnakec, �ra èqoun diakritèc timèc. EÐdate parap�nw oti to suneqèc di�sthma

[0, 2π] to qwrÐsame se poll� shmeia gia na upologÐsoume to olokl rwma. 'Etsi ja k�noume kai

t¸ra. H deigmatolhyÐa sto qrìno ja eÐnai:

dt = 1/100; % To bhma mas

D = 20; % H diarkeia tou shmatos sto xrono

t = 0:dt:D; % O a3onas tou xronou

1To MATLAB fusik� èqei dik  tou sun�rthsh pou upologÐzei ton met. Fourier enìc s matoc, kai lègetai fft. Par' ìla

aut�, emeÐc ja fti�xoume th dik  mac, gia na èqoume apìluto èlegqo kai giati h fft apaiteÐ k�poiec gn¸seic parap�nw gia na

th qrhsimopoi sete.
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H deigmatolhyÐa sth suqnìthta ja eÐnai:

df = 1/D; % To bhma mas sth syxnothta

f = -5*pi:df:5*pi; % O a3onas twn syxnothtwn [-5pi, 5pi]

Ac jewrhsoume ìti oi parap�nw suqnìthtec [−5π, 5π] mac endiafèroun mìno kai ìti se autì

to di�sthma ja upologÐsoume ton metasq. Fourier. 'Ara ousiastik� ja blèpoume ton metasq.

Fourier mìno sto di�sthma [−5π, 5π]. Gnwrizontac ta deÐgmata tou qrìnou kai thc suqnìthtac

mporoÔme na kataskeu�soume touc legìmenouc pÐnakec an�lushc kai sÔnjeshc tou metasq. Fou-

rier:

M = exp(-j*2*pi*t’*f);

Minv = exp(j*2*pi*f’*t);

Ac dhmiourg soume kai sqedi�soume to shma mac, gia α = 2:

a = 0.2;

x = exp(-a*t);

plot(t,x);

Gia na upologÐsoume ton metasq. Fourier, ja doulèyoume ìpwc gia to olokl rwma Riemann

parap�nw, dhl.

X = dt*x*M;

Ac sugkrÐnoume to f�sma pl�touc tou parap�nw me to jewrhtikì pou br kate sthn 'Askhsh 6.

Xtheoretic = 1./(a + j*2*pi*f);

plot(f, abs(X)); hold on; plot(f, abs(Xtheoretic), ’m--’); hold off;

Moi�zoun ta duo f�smata pl�touc? Se poi� suqnìthta to f�sma pl�touc èqei tim 
1√
2α

?

9. Omalìthta kai suqnotikì perieqìmeno - MATLAB - bonus 10%

H omalìthta enìc s matoc kajorÐzei to suqnotikì tou perieqìmeno. 'Oso pio omalì eÐnai ena s ma

sto qrìno, tìso qamhlìtera ja eÐnai ta pl�th twn suqnot twn tou sto f�sma. Jewr ste ta s mata:

x(t) = ε
(
t+

1

2

)
− ε
(
t− 1

2

)
y(t) = (1 + cos(πt))

(
ε
(
t+

1

2

)
− ε
(
t− 1

2

))
(aþ) Sqedi�ste ta s mata x(t), y(t) sto qartÐ sac. Mporeite na apofanjeÐte gia to poiì eÐnai pio

omalì? Epilèxte ena apì ta duo sÔmfwna me to ènstiktì sac (  kai tic gn¸seic sac :-) ).
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(bþ) Sqedi�ste ta sto MATLAB. Qrhsimh ja sac faneÐ h sun�rthsh rectpuls, pou sqedi�zei èna

monadiaÐo tetragwnikì par�juro pou orÐzetai sto [−0.5, 0.5]. Gia par�deigma,

t = -5:0.01:5;

x = rectpuls(t);

plot(t,x);

o parap�nw k¸dikac sqedi�zei èna tetragwnikì palmì di�rkeiac 1 sec, dhl. apì t = −0.5 wc

t = 0.5, sto di�sthma [−5, 5].

(gþ) BreÐte to metasq. Fourier twn shm�twn sto qarti sac. Qrhsimopoi ste gnwstec idiìthtec.

Sqedi�ste prosektik� to fasma pl�touc touc.

(dþ) Sqedi�ste to f�sma pl�touc touc sto MATLAB. Qrhsimopoi ste katallhla ton k¸dika thc

prohgoÔmenhc �skhshc. Qrhsimopoi ste tic entolèc hold on, hold off ìpwc sac deÐqnoume sthn

prohgoÔmenh �skhsh gia na tup¸sete ta f�smata to èna p�nw sto �llo.

(eþ) Poiì apì ta duo s mata èqei uyhlìtera pl�th stic suqnìthtèc tou? Mporeite na peÐte poiì s ma

eÐnai omalìtero? An mperdeÔeste, kanonikopoi ste ta s mata wc proc thn enèrgei� touc wc

x = x./sqrt(sum(x.^2));

y = y./sqrt(sum(y.^2));

kai xanak�nte to metasq. Fourier sto MATLAB. Sqedi�ste xan� ta f�smata pl�touc twn

metasq. Fourier twn shm�twn, to ena p�nw sto �llo. T¸ra m pwc mporeÐte na deÐte th diafor�?

Poiì s ma eÐnai omalìtero?

7


