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LÔseic 2hc seir�c ask sewn

1. Exereun¸ntac thn idèa tou Fourier

(aþ) AfoÔ to s ma eÐnai periodikì, tìte fk = kf0. An jewr soume ìti h stajer� de lamb�netai

upìyhn, �ra to mètrhma xekin� apì to hmÐtono thc 1hc armonik c, tìte h suqnìthta tou 8ou

sunhmitìnou eÐnai fk = 8f0 =
8
T0
.

(bþ) To s ma eÐnai periodikì, giatÐ
T1
T2

=
1

1/3
= 3 (1)

pou eÐnai lìgoc akeraÐwn. H perÐodìc tou eÐnai T0 = EKP{1, 1/3} = 1 sec. Profan¸c, f0 =

1
T0

= 1 Hz, kai �ra h seir� Fourier èqei ìrouc pou èqoun suqnìthtec pollapl�siec thc f0 = 1.

Dedomènou ìti ta Ak eÐnai jetik� p�nta, me qr sh twn sqèsewn tou Euler gia th metatrop  twn

arnhtik¸n proshmwn se jetik�, ja eÐnai A1 = 2, A3 = 3, f1 = f0 = 1, f3 = 3f0 = 3 Hz, kai

φ1 = 0, φ3 = −3π/4.

(gþ) Se authn thn perÐptwsh to s ma den eÐnai periodikì, giatÐ

T1
T2

=
1

π/10
=

10

π
(2)

pou den eÐnai lìgoc akeraÐwn, �ra to s ma den eÐnai periodikì.

2. F�smata Pl�touc kai F�shc

(aþ) Ja èqoume:

x(t) = {3 + 2 sin(2πt− π/8)} cos(2π4t)

= 3 cos(2π4t) + 2 cos(2π4t) sin(2πt− π/8)

= 3 cos(2π4t) +
(
ej2π4t + e−j2π4t

)( 1

2j
ej2πte−jπ/8 − 1

2j
e−j2πtejπ/8

)
= 3 cos(2π4t) +

1

2j
ej2π4tej2πte−jπ/8 − 1

2j
ej2π4te−j2πtejπ/8

+
1

2j
e−j2π4tej2πte−jπ/8 − 1

2j
e−j2π4te−j2πtejπ/8

= 3 cos(2π4t) +
1

2j
ej2π5te−j

π
8 − 1

2j
ej2π3tej

π
8 +

1

2j
e−j2π3te−j

π
8 − 1

2j
e−j2π5tej

π
8

= 3 cos(2π4t) +
1

2j
ej(2π5t−

π
8
) − 1

2j
ej(2π3t+

π
8
) +

1

2j
e−j(2π3t+

π
8
) − 1

2j
e−j(2π5t−

π
8
)
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= 3 cos(2π4t) +
1

2
e−j

π
2 ej(2π5t−

π
8
) +

1

2
ej

π
2 ej(2π3t+

π
8
) +

1

2
e−j

π
2 e−j(2π3t+

π
8
) +

1

2
ej

π
2 e−j(2π5t−

π
8
)

= 3 cos(2π4t) +
1

2
ej(2π5t−

5π
8
) +

1

2
ej(2π3t+

5π
8
) +

1

2
e−j(2π3t+

5π
8
) +

1

2
e−j(2π5t−

5π
8
)

= 3 cos(2π4t) + cos
(
2π3t+

5π

8

)
+ cos

(
2π5t− 5π

8

)
(3)

(bþ) EÐnai

x1(t) = {3 + 2 sin(2πt− π/8)} = 3 + 2
( 1

2j
ej2πte−jπ/8 − 1

2j
ej2πtejπ/8

)
= 3 +

1

j
ej2πte−jπ/8 − 1

j
ej2πtejπ/8

= 3 + e−jπ/2ej2πte−jπ/8 + ejπ/2ej2πtejπ/8

= 3 + ej2πte−j5π/8 + e−j2πtej5π/8 (4)

kai

x2(t) = cos(2π4t) =
1

2
ej2π4t +

1

2
e−j2π4t (5)

To f�sma pl�touc kai f�shc twn x1(t), x2(t) faÐnontai sto sq ma 1, sto Ðdio gr�fhma, me allo

qr¸ma, gia suntomÐa.
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Sq ma 1: F�smata pl�touc kai f�shc twn x1(t), x2(t).
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(gþ) EÐnai

x(t) =
3

2
ej2π4t +

3

2
e−j2π4t

+
1

2
ej(2π5t−

5π
8
) +

1

2
ej(2π3t+

5π
8
)

+
1

2
e−j(2π3t+

5π
8
) +

1

2
e−j(2π5t−

5π
8
) (6)

To f�sma pl�touc kai f�shc tou x(t) faÐnetai sto sq ma 2. ParathroÔme oti to f�sma tou
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Sq ma 2: F�smata pl�touc kai f�shc tou x(t).

s matoc x1(t) èqei metaferjeÐ gÔrw apì th suqnìthta tou s matoc x2(t).

3. An�ptugma se Seir� Fourier - I

(aþ) EÐnai

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

∫ T0

0

(
2− 2

T0
t
)
dt

=
1

T0

(
2t− t2

T0

)∣∣∣T0
0

=
1

T0

(
2T0 −

T 2
0

T0

)
= 1 (7)

kai

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0

0

(
2− 2

T0
t
)
e−j2πkf0tdt

=
1

T0

∫ T0

0
2e−j2πkf0tdt− 1

T0

∫ T0

0

2

T0
te−j2πkf0tdt
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=
2

T0

∫ T0

0
e−j2πkf0tdt− 2

T 2
0

∫ T0

0
te−j2πkf0tdt

=
2

T0

1

−j2πkf0
e−j2πkf0t

∣∣∣T0
0
− 2

T 2
0

e−j2πkf0t

(−j2πkf0)

(
t− 1

(−j2πkf0)

)∣∣∣T0
0

= − 1

jπk
e−j2πkf0t

∣∣∣T0
0

+
2

T 2
0

e−j2πkf0t

j2πkf0

(
t+

1

j2πkf0

)∣∣∣T0
0

= − 1

jπk
e−j2πk +

1

jπk
+

2

T 2
0

e−j2πkf0T0

j2πkf0

(
T0 +

1

j2πkf0

)
− 2

T 2
0

1

j2πkf0

1

j2πkf0

= − 1

jπk
+

1

jπk
+

2

j2πkT0

(
T0 +

1

j2πkf0

)
+

1

2π2k2

=
2

j2πkT0

(
T0 +

1

j2πkf0

)
+

1

2π2k2

=
1

jπk
− 2

4π2k2
+

1

2π2k2

=
1

jπk
− 1

2π2k2
+

1

2π2k2

=
1

jπk

=
1

πk
e−jπ/2 (8)

me |Xk| =
1

π|k|
kai ∠Xk =

 −π
2 , k > 0

π − π
2 = π

2 , k < 0
.

'Ara,

x(t) = X0 +

∞∑
k=−∞,k 6=0

Xke
j2πkf0t

= 1 +
+∞∑

k=−∞,k 6=0

1

πk
e−jπ/2ej2πkf0t

= 1 +
+∞∑

k=−∞,k 6=0

1

πk
ej(2πkf0t−

π
2
)

= 1 +

+∞∑
k=1

2

πk
cos
(
2πkf0t−

π

2

)
= 1 +

+∞∑
k=1

Ak cos(2πkf0t+ φk) (9)

giati Ak = 2|Xk| kai φk = ∠Xk.

(bþ) To f�sma pl�touc kai f�shc faÐnetai sto sq ma 3.
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Sq ma 3: F�smata pl�touc kai f�shc thc seir�c Fourier thc 'Askhshc 3.

4. An�ptugma se Seira Fourier - II

EÐnai

x(t) = sin3(27πt) =
(ej27πt − e−j27πt

2j

)3
=

(ej27πt − e−j27πt)3

−8j

= − 1

8j
(ej81πt − 3ej54πte−j27πt + 3ej27πte−j54πt − e−j81πt)

= − 1

8j

(
(ej81πt − e−j81πt)− 3(ej27πt − e−j27πt)

)
= −1

4

ej81πt − e−j81πt

2j
+

3

4

ej27πt − e−j27πt

2j

=
3

4
sin(27πt)− 1

4
sin(81πt) (10)

'Ara h perÐodìc tou eÐnai

ω0 = MKD{27π, 81π} = 27π =⇒ T0 =
2π

ω0
=

2π

27π
=

2

27
sec (11)
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5. An�ptugma se Seir� Fourier - III

Ja èqoume

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

∫ T0/2

0
sin(2πf0t)dt

= − 1

2πf0

1

T0
cos(2πf0t)

∣∣∣T0/2
0

= − 1

2π
(cos(π)− cos(0))

=
1

π
(12)

kai

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0/2

0
sin(2πf0t)e

−j2πkf0tdt

=
1

T0

∫ T0/2

0

(
− 1

2πf0
cos(2πf0t)

)′
e−j2πkf0tdt

= − 1

2πf0T0
cos(2πf0t)e

−j2πkf0t
∣∣∣T0/2
0

+
1

2πf0T0

∫ T0/2

0
cos(2πf0t)(e

−j2πkf0t)′dt

= − 1

2π
cos(π)e−jπk +

1

2π
− 1

2π

∫ T0/2

0
j2πkf0 cos(2πf0t)e

−j2πkf0tdt

=
1

2π
e−jπk +

1

2π
− jkf0

∫ T0/2

0
cos(2πf0t)e

−j2πkf0tdt

=
1

2π
e−jπk +

1

2π
− jkf0

∫ T0/2

0

( 1

2πf0
sin(2πf0t)

)′
e−j2πkf0tdt

=
1

2π
e−jπk +

1

2π
− jk

2π
sin(2πf0t)e

−j2πkf0t
∣∣∣T0/2
0

+
jk

2π

∫ T0/2

0
sin(2πf0t)(e

−j2πkf0t)′dt

=
1

2π
e−jπk +

1

2π
+
jk

2π

∫ T0/2

0
sin(2πf0t)(−j2πkf0)e−j2πkf0tdt

=
1

2π
e−jπk +

1

2π
+ k2f0

∫ T0/2

0
sin(2πf0t)e

−j2πkf0tdt

=
1

2π
e−jπk +

1

2π
+ k2

1

T0

∫ T0/2

0
sin(2πf0t)e

−j2πkf0tdt

=
1

2π
e−jπk +

1

2π
+ k2Xk

=
1

2π
(e−jπk + 1) + k2Xk (13)

'Ara ja èqoume

Xk =
1

2π
(e−jπk + 1) + k2Xk ⇐⇒ Xk − k2Xk =

1

2π
(e−jπk + 1)

⇐⇒ Xk(1− k2) =
1

2π
(e−jπk + 1)

⇐⇒ Xk =
1

2π

e−jπk + 1

1− k2
(14)
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'Omwc xèroume ìti e−jπk = (−1)k, �ra

Xk =
1

2π

(−1)k + 1

1− k2
(15)

Blèpoume omwc ìti h parap�nw èkfrash den orÐzetai gia k = ±1, �ra prèpei na upologÐsoume to X1

xeqwrista (profan¸c, epeid  to s ma mac eÐnai pragmatikì, X−1 = X∗1 ). Ja èqoume:

X1 =
1

T0

∫ T0/2

0
sin(2πf0t)e

−j2πf0tdt

=
1

T0

∫ T0/2

0

(
sin(2πf0t) cos(2πf0t)− j sin2(2πf0t)

)
dt

=
1

T0

∫ T0/2

0
sin(2πf0t) cos(2πf0t)dt−

1

T0
j

∫ T0/2

0
sin2(2πf0t)dt

=
1

T0

∫ T0/2

0

1

2
sin(4πf0t)dt−

1

T0
j

∫ T0/2

0
sin2(2πf0t)dt

=
1

2T0

∫ T0/2

0

(
− 1

4πf0
cos(4πf0t)

)′
dt− 1

T0
j

∫ T0/2

0

1− cos(4πf0t)

2
dt

= − 1

8π
cos(4πf0t)

∣∣∣T0/2
0
− 1

2T0
jt
∣∣∣T0/2
0

+
1

2T0
j

1

4πf0
sin(4πf0t)

∣∣∣T0/2
0

= −1

8
(cos(2π)− cos(0))− 1

2T0
j
T0
2

+
j

8π
(sin(2π)− sin(0))

= − j
4

=
1

4
e−jπ/2 (16)

'Ara:

Xk =


1

π(1− k2)
, k �rtio

0, k perittì, k 6= ±1
1

4
e−jπ/2, k = ±1

(17)

'Ara telik� to s ma mac ja gr�fetai wc :

x(t) =
1

π
+

1

4
ejπ/2e−j2πf0t +

1

4
e−jπ/2ej2πf0t +

∑
k �rtio

1

π(1− k2)
ej2πkf0t

=
1

π
+

1

4
e−j(2πf0t−π/2) +

1

4
ej(2πf0t−π/2) +

+∞∑
k=−∞,k 6=0

1

π(1− (2k)2)
ej2π2kf0t

=
1

π
+

1

4
e−j(2πf0t−π/2) +

1

4
ej(2πf0t−π/2) +

+∞∑
k=−∞,k 6=0

1

π(1− 4k2)
ej2π2kf0t

=
1

π
+

1

4
e−j(2πf0t−π/2) +

1

4
ej(2πf0t−π/2) +

+∞∑
k=−∞,k 6=0

1

π(4k2 − 1)
ejπej2π2kf0t

=
1

π
+

1

4
e−j(2πf0t−π/2) +

1

4
ej(2πf0t−π/2) +

+∞∑
k=−∞,k 6=0

1

π(4k2 − 1)
ej(2π2kf0t+π) (18)
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Tèloc, mporoÔme na to gr�youme wc monìpleurh seir� Fourier wc:

x(t) =
1

π
+

1

2
cos(2πf0t− π/2) +

∞∑
k=1

2

π(4k2 − 1)
cos(4πkf0t+ π) (19)

6. Suntelestèc Fourier

(aþ) To f�sma pl�touc kai f�shc faÐnetai sto sq ma 4.
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Sq ma 4: F�smata pl�touc kai f�shc twn suntelest¸n Fourier thc 'Askhshc 6.

(bþ) Epeid  isqÔei Xk = X∗−k, to s ma sto qrìno sto opoÐo antistoiqoÔn oi suntelestec autoÐ eÐnai

pragmatikì.

(gþ) Ja eÐnai

d

dt
x(t) =

d

dt

∞∑
k=−∞

Xke
j2πkf0t

=

∞∑
k=−∞

Xk
d

dt
ej2πkf0t =

∞∑
k=−∞

Xkj2πkf0e
j2πkf0t (20)

�ra oi suntelestèc thc seir�c Fourier pou perigr�fei thn par�gwgo enìc s matoc eÐnai oi

X ′k = j2πkf0Xk (21)

Sto sugkekrimèno paradeigma, ja eÐnai X ′k = −πf0.
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