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LÔseic 1hc seir�c ask sewn

1. 'Algebra migadik¸n arijm¸n I

(aþ) |z| =
√
22 + 22 =

√
8 = 2

√
2.

∠z = tan−1
Im{z}
Re{z}

= tan−1
2

2
= tan−1 1 =

π

4
, giatÐ Re{z} > 0, Im{z} > 0.

Sq ma 1: 'Askhsh 1a

(bþ) |z| = |u| = |v| = |w| = 2
√
2. 'Omwc ∠z = π

4 ,∠u = tan−1 +2
−2 = tan−1(−1) = π − π

4 = 3π
4 , giatÐ

o −→u an kei sto 2o tetarthmìrio ([π2 , π)). 'Omoia, ∠u = tan−1 −2−2 = tan−1 1 = π + π
4 = 5π

4 ,

kai ∠w = tan−1 −22 = tan−1(−1) = 2π − π
4 = 7π

4 ( −π
4 ). P�nta exet�zoume pou brÐsketai o

migadikìc prin upologÐsoume f�sh!

Algebrik�, w + z + v + u = 2 + 2j + 2 − 2j − 2 + 2j − 2 − 2j = 0, �ra to mhdenikì di�nusma

eÐnai to �jroisma ìlwn twn dianusm�twn.

'Idio mètro, antÐjeth kateÔjunsh, �ra to �jroisma eÐnai
−→
0 .

(gþ)

z

w
=

2 + 2j

2− 2j
=

(2 + 2j)(2 + 2j)

|2 + 2j|2
=

4 + 4j + 4j − 4

22 + 22
=

8j

8
= j, | z

w
| = |j| = 1, ∠

z

w
=
π

2

w

v
=

2− 2j

−2 + 2j
=

(2− 2j)(−2− 2j)

(−2)2 + 22
=
−4− 4j + 4j − 4

4 + 4
=
−8
8

= −1 |w
v
| = |−1| = 1, ∠

w

v
= π

u

z
=
−2− 2j

2 + 2j
=

(−2− 2j)(2− 2j)

22 + 22
=
−4 + 4j − 4j − 4

4 + 4
=
−8
8

= −1, |u
z
= 1, ∠

u

z
= π
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Sq ma 2: 'Askhsh 1b-1

Sq ma 3: 'Askhsh 1b-2

2. 'Algebra migadik¸n arijm¸n II

(aþ) ln(w) = ln(ez) = z ln e = 1 + 1j

(bþ) w = ez = e1+1j = eej ⇔ w = e(cos(1) + j sin(1))⇔ Re{w} = e cos(1), Im{w} = e sin(1)

(gþ) w + w∗ = ez = (ez)∗ = ez + ez
∗
= eej + ee−j = e(ej + e−j) = 2e cos(1)

(dþ) |w| = |eej | = |e|1 = e

∠w = 1, giatÐ w = |w|ej∠w = eej1

Alli¸c,

∠w = tan−1
Im{w}
Re{w}

= tan−1
e sin(1)

e cos(1)
= tan−1(tan(1)) = 1

(eþ) | ln(w)|2 = |1 + 1j|2 = 12 + 12 = 2
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(�þ) w + w∗ = 2e cos(1), apì (g) er¸thma. 'Ara, cos(1) = w+w∗

2e

3. 'Algebra migadik¸n arijm¸n III

(aþ) i. zz∗ = (x+ jy)(x− jy) = x2 − xyj + xyj + y2 = x2 + y2.

ii.
1

z
=

z∗

zz∗
=

z∗

|z|2

(bþ) i. zz∗ = |z|ejθ|z∗|e−jθ = |z||z∗| = |z|2.

ii.
1

z
=

1

|z|ejθ
= |z|−1e−jθ = 1

|z|
e−jθ  

z∗

|z|2
=
|z∗|e−jθ

|z|2
=
|z∗|e−jθ

|z||z∗|
=

1

|z|
e−jθ.

(gþ) (z + w)∗ = (x+ jy + u+ vj)∗ = (x− jy + u− vj) = z∗ + w∗

(zw)∗ = (|z|ej∠z|w|ej∠w)∗ = |z|e−j∠z|w|e−j∠w = z∗w∗.

(dþ) z = |r|ejθ, w = |ρ|ejφ

zw = |r||ρ|ejθejφ = |r||ρ|ej(θ+φ)

zw = (r cos(θ) + jr sin(θ))(ρ cos(φ) + jρ sin(φ) = rρ(cos(θ + φ) + j sin(θφ))

Profan¸c protim�me thn polik  morf .

4. DianÔsmata kai migadikoÐ arijmoÐ

(aþ) Nai, eÐnai:

'Eqoume |z| = |x| cos(θ) kai | cos(θ)| ≤ 1.

Sq ma 4: 'Askhsh 4a

'Ara, |z| ≥ |x|.

(bþ) EÐnai 'Estw z = 2 + j kai u = 1 + 0.5j. IsqÔei
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Sq ma 5: 'Askhsh 4b

5. ExÐswsh Euler kai orjogwnikìthta hmitìnwn

(aþ)

sin(a) sin(b) =
eja − e−ja

2j

ejb − e−jb

2j

=
1

4j2
(eja − e−ja)(ejb − e−jb)

= −1

4
(ejaejb − ejae−jb − e−jaejb + e−jae−jb)

= −1

4
(ej(a+b) − ej(a−b) − ej(−a+b) + e−j(a+b))

= −1

4
(ej(a+b) + e−j(a+b) − ej(a−b) − ej(−a+b))

= −1

4
(2 cos(a+ b)− 2 cos(a− b))

=
1

2
cos(a− b)− 1

2
cos(a+ b)

(bþ) • x(t + 2) = x(t) ⇔ cos(π(t + 2)) = cos(πt) ⇔ cos(πt + 2π) = cos(πt) pou isqÔei,giatÐ

cos(2π + θ) = cos(θ).

• y(t + 2) = y(t) ⇔ sin(π(t + 2)) = sin(πt) ⇔ sin(πt + 2π) = sin(πt) pou isqÔei,giatÐ

sin(2π + θ) = sin(θ).

'Ara T0 = 2.
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∫
T0

x(t)y(t)dt =

∫ 2

0
sin(πt) cos(πt)dt =

∫ 2

0

ejπt − e−jπt

2j

ejπt + e−jπt

2
dt

=
1

4j

∫ 2

0
(ejπtejπt + ejπte−jπt − e−jπtejπt − e−jπte−jπt)dt =

=
1

4j

∫ 2

0
(ej2πt − e−j2πt)dt = 1

4j

∫ 2

0
2j sin(2πt)dt

=
2

4

∫ 2

0
sin(2πt)dt =

1

2

∫ 2

0

(−1
2π

cos(2πt)
)′
dt

= − 1

4π
cos(2πt)

∣∣∣2
0
= − 1

4π
(cos(4π)− cos(0)) = 0.

'Ara ta x(t), y(t) eÐnai orjog¸nia.

6. AjroÐsmata hmitìnwn Ðdiac suqnìthtac

x(t) = 2 cos
(
2π10t+

π

3

)
+
√
2 cos

(
2π10t− 3π

4

)
= Re

{
2ej(2π10t+

π
3
)
}
+Re

{√
2ej(2π10t−

3π
4
)
}

= Re
{
2ej2π10tej

π
3 +
√
2ej2π10te−j

3π
4

}
= Re

{
(2ej

π
3 +
√
2e−j

3π
4 )ej2π10t

}

|A| =
√[(

2 cos(
π

3
)
)
+
√
2 cos

(
− 3π

4

)]2
+
[
2 sin

(π
3

)
+
√
2 sin

(
− 3π

4

)]2
=

√(
2
1

2
+
√
2(−
√
2

2
)
)2

+
(
2

√
3

2
+
√
2
(
−
√
2

2

)2)
=

√(2√3
2
− 1
)2

=
√
3− 1

∠A = tan−1
Im{z1}+ Im{z2}
Re{z1}+Re{z2}

= tan−1

√
2 sin

(
− 3π

4

)
+ 2 sin

(
π
3

)
0

!!!

'Omwc, ìtan tan−1 yx , me y ≥ 0 kai x = 0, tìte tan−1 ∈ [−π
2 ,

π
2 ) me asÔmptwtec sto ±π

2 , ìtan x→ 0±.

'Ara

tan−1
Im{z1}+ Im{z2}
Re{z1}+Re{z2}

=
π

2
.
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7. S mata seir nac - Chirp signals - MATLAB (bonus 10%)

(aþ) A = 1;

f_c = 1/pi;

t = 0:0.05:40;

s = t.^2/4;

x = A*cos(2*pi*fc*t + s);

(b) s = -2*sin(t);

x = A*cos(2*pi*fc*t + s);

(c) i.
d

dt

1

2

(
2πfct+

t2

4

)
= fc +

1

2π

2t

4
= fc +

t

4π
.

ii.
d

dt

1

2π

(
2πfct− 2 sin(t)

)
= fc −

1

π
cos(t).

t = 0:0.05:40;

IF1 = fc + t./(4*pi);

IF2 = fc - cos(t)./pi;
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