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Jèma 1o (Mon�dec 15)

DÐnetai to parak�tw periodikì s ma x(t):

x(t) = 2 cos
(
2π300t− π

9

)
+ cos

(
2π500t− π

12

)
− sin

(
2π600t+

2π

7

)
(aþ) Breite thn perÐodo T0 tou s matoc.

(bþ) Sqedi�ste to f�sma pl�touc kai f�shc.

LUSH:

(aþ) EÐnai

f0 = MKD{300, 500, 600} = 100 Hz, �ra T0 =
1

f0
=

1

100
sec

(bþ) EÐnai

x(t) = 2 cos
(
2π300t− π

9

)
+ cos

(
2π500t− π

12

)
− sin

(
2π600t+

2π

7

)
= ej2π300te−j

π
9 + e−j2π300tej

π
9 +

1

2
ej2π500te−j

π
12 +

1

2
e−j2π500tej

π
12 −

− 1

2j
ej2π600tej

2π
7 +

1

2j
e−j2π600te−j

2π
7

= ej2π300te−j
π
9 + e−j2π300tej

π
9 +

1

2
ej2π500te−j

π
12 +

1

2
e−j2π500tej

π
12 +

+
1

2
ej

π
2 ej2π600tej

2π
7 +

1

2
e−j

π
2 e−j2π600te−j

2π
7

= ej2π300te−j
π
9 + e−j2π300tej

π
9 +

1

2
ej2π500te−j

π
12 +

1

2
e−j2π500tej

π
12

+
1

2
ej2π600tej(

π
2
+ 2π

7
) +

1

2
e−j2π600te−j(

2π
7
+π

2
)

= ej2π300te−j
π
9 + e−j2π300tej

π
9 +

1

2
ej2π500te−j

π
12 +

1

2
e−j2π500tej

π
12

+
1

2
ej2π600tej

11π
14 +

1

2
e−j2π600te−j

11π
14

To f�sma pl�touc kai f�shc faÐnetai sto sq ma 1.
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Sq ma 1: F�sma pl�touc kai f�shc 'Askhshc 1

Jèma 2o (Mon�dec 30)

'Estw to periodikì me periodo T0 shma x(t), to opoÐo perigr�fetai se mia perÐodo wc

xT0(t) =

 −t+ 2, 0 ≤ t < T0/2

0, T0/2 ≤ t < T0

AnaptÔxte to se ekjetik  seir� Fourier.

LUSH:

Ja èqoume

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

∫ T0/2

0
(−t+ 2)dt

= − 1

T0

∫ T0/2

0
tdt+ 2

1

T0

∫ T0/2

0
dt

= − 1

T0

t2

2

∣∣∣T0/2
0

+ 2
1

T0
t
∣∣∣T0/2
0

= − 1

T0

T 2
0 /4

2
+ 2

1

T0

T0
2

= − 1

T0

T 2
0

8
+ 1

= 1− T0
8
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kai

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0/2

0
(−t+ 2)e−j2πkf0tdt

= − 1

T0

∫ T0/2

0
te−j2πkf0tdt+

2

T0

∫ T0/2

0
e−j2πkf0tdt

= − 1

T0

(
− e−j2πkf0t

j2πkf0

(
t+

1

j2πkf0

))∣∣∣T0/2
0
− 2

T0

1

j2πkf0
e−j2πkf0t

∣∣∣T0/2
0

=
1

T0

e−j2πkf0
T0
2

j2πkf0

(T0
2

+
1

j2πkf0

)
− 1

T0

1

j2πkf0

( 1

j2πkf0

)
− 2

T0

1

j2πkf0
e−j2πkf0

T0
2 +

2

T0

1

j2πkf0

=
e−jπk

j2πk

(T0
2

+
1

j2πkf0

)
− 1

j2πk

( 1

j2πkf0

)
− 2

j2πk
e−jπk +

2

j2πk

=
e−jπk

j2πk

T0
2

+
1

j2πkf0

e−jπk

j2πk
− 1

j2πk

1

j2πkf0
− 2

j2πk
e−jπk +

2

j2πk

=
e−jπk

j2πk

T0
2

+
T0
j2πk

e−jπk

j2πk
− T0
j2πk

1

j2πk
− 2

j2πk
e−jπk +

2

j2πk

=
e−jπk

j2πk

T0
2
− T0

4π2k2
e−jπk +

T0
4π2k2

− 1

jπk
e−jπk +

1

jπk

=
(−1)k

j2πk

T0
2
− T0

4π2k2
(−1)k + T0

4π2k2
− 1

jπk
(−1)k + 1

jπk

=
(−1)k

j2πk

T0
2
− T0

4π2k2
((−1)k − 1)− 1

jπk
((−1)k − 1)

Gia k �rtio, èqoume:

Xk =
1

j2πk

T0
2
− T0

4π2k2
(1− 1) +

1

jπk
(1− 1)

=
1

j2πk

T0
2

=
T0
4πk

e−jπ/2

Gia k peritto, èqoume:

Xk = − 1

j2πk

T0
2
− T0

4π2k2
(−1− 1) +

1

jπk
(−1− 1)

= − T0
j4πk

+
T0

2π2k2
− 8

j4πk

=
T0

2π2k2
+
T0 + 8

4πk
ejπ/2

Ara telik�

Xk =


T0
4πk

e−jπ/2, k �rtio

T0
2π2k2

+
T0 + 8

4πk
ejπ/2, k perittì
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kai �ra

x(t) = −T0
8
+

∞∑
k=−∞,k �rtio

T0
4πk

ej(2πkf0t−π/2)+
∞∑

k=−∞,k perittì

T0
2π2k2

ej2πkf0t+
∞∑

k=−∞,k perittì

T0 + 8

4πk
ej(2πkf0t+π/2)

Jèma 3o (Mon�dec 30)

DÐnontai ta parak�tw s mata:

x(t) = −2rect
( t+ 1

2

)
, y(t) = tri(5t)− tri

( t− 4

2

)
e−j2π2t

(aþ) BreÐte to metasqhmatismì Fourier, X(f), Y (f), twn shm�twn x(t), y(t).

(bþ) BreÐte kai sqedi�ste thn par�gwgo tou s matoc x(t).

(gþ) An Z(f) = fX(f), breÐte ton antÐstrofo metasqhmatismì Fourier, z(t).

(dþ) BreÐte th mèsh tim  tou s matoc x(t), µx =

∫ ∞
−∞

x(t)dt.

LUSH:

(aþ) EÐnai

X(f) = −2 · 2sinc(2f)ej2π·1·f = −4sinc(2f)ej2πf

Y (f) =
1

5
sinc2

(1
5
f
)
− 2sinc2(2(f + 2))e−j2π4(f+2)

=
1

5
sinc2

(1
5
f
)
− 2sinc2(2(f + 2))e−j2π4fe−j2π8

=
1

5
sinc2

(1
5
f
)
− 2sinc2(2(f + 2))e−j2π4f · 1

=
1

5
sinc2

(1
5
f
)
− 2sinc2(2(f + 2))e−j2π4f

(bþ) EÐnai
d

dt
x(t) = −2 d

dt
rect

( t+ 1

2

)
= −2δ(t+ 2) + 2δ(t)

kai to s ma faÐnetai sto sq ma 2.

(gþ) EÐnai

Z(f) = fX(f)

j2πZ(f) = j2πfX(f) = F
{ d
dt
x(t)

}
= F

{
− 2δ(t+ 2) + 2δ(t)

}
Z(f) = F

{
− 2

j2π
δ(t+ 2)}+ 2

j2π
δ(t)

}
Z(f) = F

{ 1

π
ejπ/2δ(t+ 2)}+ 1

π
e−jπ/2δ(t)

}
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Sq ma 2: Par�gwgoc S matoc x(t) 'Askhshc 3

'Ara

Z(f) = F{z(t)} ←→ z(t) =
1

π
ejπ/2δ(t+ 2) +

1

π
e−jπ/2δ(t)

(dþ) EÐnai

µx =

∫ ∞
−∞

x(t)dt =

∫ ∞
−∞

x(t)e−j2π·0·tdt = X(0) = −4sinc(2f)ej2πf
∣∣∣
f=0

= −4

Jèma 4o (Mon�dec 15)

'Ena pragmatikì, periodikì s ma me perÐodo T0 = 0.01 sec analÔetai se ekjetik  seir� Fourier. Sac dÐnontai

oi suntelestèc gia k ≥ 0:

X0 = 2,

X2 = 3ej(2π2f0t+
π
4
),

X4 = −ej2π4f0t,

X6 = ej(2π6f0t+
3π
7
)

Gr�yte to s ma x(t) wc monìpleurh seir� Fourier, dhl. wc �jroisma hmitìnwn  /kai sunhmitìnwn.
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LUSH:

AfoÔ to s ma eÐnai pragmatikì, ja èqei kai X−k gia ta opoÐa ja isqÔei X−k = X∗K . 'Ara afoÔ

X2 = 3ej(2π2f0t+
π
4
),

X4 = −ej2π4f0t,

X6 = ej(2π6f0t+
3π
7
)

ja eÐnai kai

X−2 = X∗2 = 3e−j(2π2f0t+
π
4
),

X−4 = X∗4 = −e−j2π4f0t,

X−6 = X∗6 = e−j(2π6f0t+
3π
7
)

'Ara sunolik�

x(t) = X0 +X2 +X∗2 +X4 +X∗4 +X6 +X∗6

= 2 + 3ej(2π2f0t+
π
4
) + 3e−j(2π2f0t+

π
4
) − ej2π4f0t − e−j2π4f0t + ej(2π6f0t+

3π
7
) + e−j(2π6f0t+

3π
7
)

= 2 + 3ej(2π2f0t+
π
4
) + 3e−j(2π2f0t+

π
4
) + ej(2π4f0t+π) + e−j(2π4f0t+π) + ej(2π6f0t+

3π
7
) + e−j(2π6f0t+

3π
7
)

= 2 + 3 · 2 cos(2π2f0t+ π/4) + 2 cos(2π4f0t+ π) + 2 cos(2π6f0t+ 3π/7)

= 2 + 6 cos(2π200t+ π/4) + 2 cos(2π400t+ π) + 2 cos(2π600t+ 3π/7)

Enallaktik�, epeid  to s ma eÐnai pragmatikì, mporeÐ na grafeÐ wc

x(t) = A0 +

+∞∑
k=1

Ak cos(2πkf0t+ φk)

me

A0 = X0

Ak = 2|Xk|

φk = ∠Xk

me Xk = |Xk|ejφk . BrÐskontac tic parap�nw timèc katal gete sto Ðdio apotèlesma.
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Jèma 5o (Mon�dec 30)

Na brejeÐ h enèrgeia tou s matoc:

x(t) =
2α

t2 + α2

me α > 0, me qr sh tou metasq. Fourier.

LUSH:

H ap' eujeÐac epÐlush tou ∫ ∞
−∞

x2(t)dt

eÐnai arket� dÔskolh. GnwrÐzoume ìmwc ìti

x(t) = e−α|t| ←→ X(f) =
2α

(2πf)2 + α2

Apì thn idiìthta thc duikìthtac èqoume

x(t) ←→ X(f)

X(t) ←→ x(−f)

kai �ra an

X(t) =
2α

t2 + α2
=

4π2

4π2
2α

t2 + α2
= 2π

2(2απ)

(2πt)2 + (2απ)2
tìte

x(−f) = 2πe−2απ|−f | = 2πe−2απ|f |

'Etsi, ∫ ∞
−∞

X2(t)dt =

∫ ∞
−∞

x2(−f)df =

∫ ∞
−∞

(2π)2e−4απ|f |df

= 4π2
∫ ∞
−∞

e−4απ|f |df

= 4π2
∫ 0

−∞
e4απfdf + 4π2

∫ ∞
0

e−4απfdf

= 4π2
1

4απ
e4απf

∣∣∣0
−∞

+
1

−4απ
e−4απf

∣∣∣+∞
0

= 4π2
1

4απ
(1− 0) +

1

−4απ
(0− 1)

= 4π2
1

4απ
+

1

4απ

= 4π2
2

4απ

=
2π

α
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