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1. JewroÔme touc migadikoÔc arijmoÔc gia touc opoÐouc isqÔei

|z − 4| = 2|z − 1|

(a) Na apodeiqjeÐ ìti o gewmetrikìc tìpoc twn eikìnwn aut¸n twn arijm¸n eÐnai kÔkloc
me kèntro thn arq  kai aktÐna 2.
Ap�nthsh:

|z − 4| = 2|z − 1| ⇔ (z − 4)(z − 4) = 2(z − 1)(z − 1) ⇔ |z| = 2.

(b) An z1, z2 eÐnai duo arijmoÐ apì touc parap�nw, na apodeiqjeÐ ìti o arijmìc
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+
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eÐnai pragmatikìc kai ìti |w| ≤ 4.
Ap�nthsh:
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= <(z1z2).

<(z1z2) ≤ |z1z2| = 4.

(c) An w = −4, na eurejeÐ h sqèsh metaxÔ z1, z2 kai na apodeiqjeÐ ìti to trÐgwno pou
orÐzetai apì ta shmeÐa A(z1), B(z2) kai Γ(2iz1) eÐnai isoskelèc.
Ap�nthsh:

2z1

z2
+

2z2

z1
= −4 ⇔ (z1 + z2)2 = 0 ⇔ z1 + z2 = 0 ⇔ z2 = −z1.

|z1 − 2iz1| = |z1||1− 2i| = |z2||1 + 2i| = |z2 − 2iz1|.

2. DÐdetai h exÐswsh 2|z|2 + i(z + z)− 4− 2i = 0.

(a) Na apodeiqjeÐ ìti
z10
1 + z10

2 = 0,

ìpou z1 kai z2 eÐnai oi rÐzec thc parap�nw exÐswshc.
Ap�nthsh:

2|z|2 + i(z + z)− 4− 2i = 0 ⇔ 2(x2 + y2)− 4 + 2i(x− 1) = 0 ⇔ x = 1, y = ±1.

z1 = 1 + i, z2 = 1− i ⇒ z2
1 = 2i, z2

2 = −2i ⇒ z10
1 + z10

2 = (2i)5 + (−2i)5 = 0.



(b) Na eurejeÐ o gewmetrikìc tìpoc twn w gia ta opoÐa

|w − 4 + 3i| = |z1 − z2|.

Ap�nthsh:

|w − 4 + 3i| = 2, kÔkloc me kèntro z0 = (4,−3) kai aktÐna 2.

(c) Na apodeiqjeÐ ìti 3 ≤ |w| ≤ 7.
Ap�nthsh:

3 = ||w − z0| − |z0|| ≤ |w| = |(w − z0) + z0| ≤ |w − z0|+ |z0| = 7.

3. Na eurejoÔn oi rÐzec thc exÐswshc
z4 + 4 = 0.

kai sth sunèqeia na paragontopoihjeÐ to polu¸numo z4 + 4 se deuterob�jmiouc par�gontec
me pragmatikoÔc suntelestèc.
Ap�nthsh:

z4 + 4 = 0 ⇔ z4 = −4 =
√

2eiπ ⇔ z =
√

2ei π+2kπ
4 , k = 0, 1, 2, 3.

z1 = 1 + i, z2 = −1 + i, z3 = −1− i = z2, z4 = 1− i = z1

z4 + 4 = (z − z1)(z − z1)(z − z2)(z − z2) = (z2 − 2z + 2)(z2 + 2z + 2).

4. 'Estw oi migadikoÐ arijmoÐ z pou ikanopoioÔn thn isìthta (2a−z)n = zn, ìpou a pragmatikìc
arijmìc kai n ≥ 1 fusikìc arijmìc. Na apodeiqjeÐ ìti to pragmatikì mèroc twn arijm¸n
aut¸n isoÔtai me a.
Ap�nthsh:

(2a− z)n = zn ⇒ |2a− z| = |z| ⇒ (2a− z)(2a− z) = |z|2 ⇒ 2a(2a− z − z) = 0.

An a 6= 0, tìte <(z) = a. An a = 0 kai n perittìc, tìte z = 0, opìte isqÔei <(z) = a. An
a = 0 kai n �rtioc, tìte h exÐswsh gÐnetai tautìthta.


