
HU215: LÔseic 3hc seir�c ask sewn

1. EÐnai:

a)
∫ +∞

−∞
x(α− t)e−j2πftdt.

Jètw u = α− t ⇒ du = −dt kai u1 = α− (−∞) = +∞, u2 = α− (+∞) = −∞.

'Ara ja eÐnai:

∫ +∞

−∞
x(α− t)e−j2πftdt = −

∫ −∞

+∞
x(u)e−j2πf(α−u)du = −

∫ −∞

+∞
x(u)ej2πfue−j2πfαdu =

∫ +∞

−∞
x(u)ej2πfue−j2πfαdu = e−j2πfα

∫ +∞

−∞
x(u)ej2πfudu = e−j2πfαX(−f).

b)
∫ +∞

−∞
x(αt− β)e−j2πftdt, α > 0.

Jètw u = αt− b ⇒ du = αdt kai u1 = α(−∞)− b = −∞, u2 = α(+∞)− b = +∞.

'Ara ja eÐnai:

∫ +∞

−∞
x(αt− b)e−j2πftdt =

1

α

∫ +∞

−∞
x(u)e−j2πf u+b

α du =
1

α

∫ +∞

−∞
x(u)e−j2πf u

α e−j2πf b
α du =

1

α
e−j2πf b

α

∫ +∞

−∞
x(u)ej2π f

α
udu =

1

α
e−j2πf b

α X(
f

α
), α > 0.

g) Xèroume ìti F{x(t− α)} = e−j2πfαX(f).
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EpÐshc xèroume thn idiìthta thc parag¸gou, pou lèei : F{dx(t)/dt} = j2πfX(f).

'Ara sundu�zontac kai tic duo, èqoume: F{dx(t− α)

dt
} = j2πfe−j2πfαX(f).

2. EÐnai:

x(t) = e−t, 0 ≤ t ≤ 1 ⇒ X(f) =

∫ 1

0

e−te−j2πftdt = − 1

j2πf + 1
e−(j2πf+1)t|10 =

1− e−(j2πf+1)

1 + j2πf
.

a) 'Eqoume:

y(t) = x(t) + x(−t) ⇒ Y (f) = X(f) + X(−f) =

1− e−(j2πf+1)

1 + j2πf
+

1− e−(−j2πf+1)

1− j2πf
=

2− 2
e
cos(2πf) + 2πf

e
sin(2πf)

1 + 4π2f 2
.

b) Ja qrhsimopoi soume thn idiìthta

tx(t) ←→ j

2π

dX(f)

df
.

Apìdeixh:

EÐnai:

X(f) =

∫ +∞

−∞
x(t)e−j2πftdt ⇒ dX(f)

df
=

∫ +∞

−∞
(−j2πt)x(t)e−j2πftdt ⇒

j

2π

dX(f)

df
=

∫ +∞

−∞
tx(t)e−j2πftdt.

'Ara:

Y (f) =
j

2π

dX(f)

df
=

j

2π

1− e−(j2πf+1)

1 + j2πf
=

1− 2
e
e−j2πf − j2πf

e
e−j2πf

(1 + j2πf)2
.

3. Swst  ekf¸nhsh: An y(t) = x(t) ∗ h(t) kai g(t) = x(αt) ∗ h(αt), α > 0. DeÐxte ìti

g(t) = 1
α
y(αt), qrhsimopoi¸ntac idiìthtec MetasqhmatismoÔ Fourier.
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LÔsh:

EÐnai (apì ekf¸nhsh)

y(t) = x(t) ∗ h(t) ⇒ Y (f) = X(f)H(f)

kai antikajist¸ntac to f me f
α
, èqoume

Y ( f
α
) = X( f

α
)H( f

α
)

EpÐshc, apì th deÔterh sqèsh thc ekf¸nhshc,

g(t) = x(αt) ∗ h(αt) ⇒ G(f) = 1
α
X( f

α
) 1

α
H( f

α
) = 1

α
[ 1
α
X( f

α
)H( f

α
)],

ki apì tic parap�nw sqèseic, èqoume:

G(f) = 1
α
[ 1
α
Y ( f

α
)] ⇒ g(t) = 1

α
y(αt).

'Ara apodeÐqjhke to zhtoÔmeno.

4. GnwrÐzoume ìti rect(
t

T
) ←→ Tsinc(fT ) =

sin(πfT )

πf
.

Lìgw summetrÐac, an x(t) ←→ X(f), tìte X(t) ←→ x(−f).

Opìte
sin(πtT )

πt
←→ rect(

−f

T
) = rect(

f

T
).

An πT = α, tìte
sin(αt)

πt
←→ rect(

f

α/π
).

5. Profan¸c eÐnai arket� dÔskolo na upologÐsoume to olokl rwma sto pedÐo tou qrìnou. 'Omwc

gnwrÐzoume to je¸rhma tou Parseval, pou lèei ìti:

∫ +∞

−∞
x2(t)dt =

∫ +∞

−∞
|X(f)|2df
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'Ara gia na qrhsimopoi soume to je¸rhma, qreiazìmaste na broÔme èna x(t) pou ìtan uywjeÐ

sto tetr�gwno kai oloklhrwjeÐ, na mac dÐnei to dedomèno olokl rwma thc ekf¸nhshc.

'Eqoume ìti
∫ +∞

−∞
t2(

sin(t)

πt
)4dt =

∫ +∞

−∞
(t(

sin2(t)

πt
)2))2dt.

'Ara x(t) = t(
sin(t)

πt
)2.

An y(t) = (
sin(t)

πt
)2 =

sin(t)

πt

sin(t)

πt
, kai z(t) =

sin(t)

πt
, tìte o Metasqhmatismìc Fourier

tou y(t) ja eÐnai Y (f) = Z(f) ∗ Z(f).

Apì thn prohgoÔmenh �skhsh èqoume ìti F{ sin(t)
πt
} = F{z(t)} = Z(f) = rect( f

1/π
) =

rect(πf), me * na sumbolÐzei th sunèlixh.

K�nontac sunèlixh twn duo rect parajÔrwn, èqoume ìti:

Z(f) ∗ Z(f) = rect(πf) ∗ rect(πf) =
1

π
+ |f |, |f | ≤ 1

π
.

T¸ra, x(t) = t(
sin(t)

πt
)2 ←→ j

2π

dY (f)

df
.

'Omwc to dY (f)
df

apoteleÐtai apì duo par�jura di�rkeiac 1
π
, gÔrw apì to ± 1

2π
me pl�th ±1.

'Ara

X(f) =





j
2π

, − 1
π
≤ f < 0

− j
2π

, 0 ≤ f < 1
π

0, elsewhere

Opìte telik�
∫ +∞

−∞
|X(f)|2df = 2

∫ 1
π

0

1

4π2
df =

1

2π3
.
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Enallaktik�, ja mporoÔsame na k�noume to ex c:

JewroÔme wc x(t) to x(t) =
sin2(t)

π2t
=

1

π

sin2(t)

πt
=

sin(t)

π

sin(t)

πt
.

GnwrÐzoume to M.F. tou deÔterou ìrou tou ginomènou, apì thn �skhsh 4. EÐnai:

sin(t)

πt
←→ rect(πf).

EpÐshc, xèroume ìti:
sin(t)

π
←→ 1

j2π
d(f +

1

2π
)− 1

j2π
d(f − 1

2π
).

To ginìmeno twn duo shm�twn sto qrìno mac dÐnei sunèlixh twn metasqhmatism¸n touc sth

suqnìthta. 'Ara ja eÐnai:

X(f) = F{sin(t)

π
} ∗ F{sin(t)

πt
} = (

1

j2π
d(f +

1

2π
)− 1

j2π
d(f − 1

2π
)) ∗ rect(πf)

Ed¸ ja qrhsimopoi soume idiìthtec thc sun�rthshc Dèlta kai sugkekrimèna thn:

X(f)∗d(f − f0) = X(f − f0)

'Ara X(f) =
1

j2π
rect(π(f +

1

2π
))− 1

j2π
rect(π(f − 1

2π
)).

Ta duo aut� par�jura èqoun di�rkeia 1
π
kai brÐskontai gÔrw apì ta shmeÐa f0 = ± 1

2π
. ArkeÐ

t¸ra na broÔme to |X(f)|2, kai met� na oloklhr¸soume autì pou ja broÔme.

EÐnai |X(f)|2 = | 1

j2π
rect(π(f +

1

2π
))− 1

j2π
rect(π(f − 1

2π
))|2 =

| 1

j2π
(rect(π(f +

1

2π
))− rect(π(f − 1

2π
)))|2 =

|−j

2π
(rect(π(f +

1

2π
))− rect(π(f − 1

2π
)))|2 =

1

4π2
(rect2(π(f +

1

2π
)) + rect2(π(f − 1

2π
))− 2rect(π(f +

1

2π
))rect(π(f − 1

2π
))).

'Omwc, to ginìmeno twn duo rect pou prokÔptei parap�nw apì thn efarmog  thc tautìth-

tac (a− b)2 eÐnai mhdèn, giatÐ ta duo rect den epikalÔptontai. 'Ara:
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|X(f)|2 =
1

4π2
(rect2(π(f +

1

2π
)) + rect2(π(f − 1

2π
))− 2rect(π(f +

1

2π
))rect(π(f − 1

2π
))) =

1

4π2
(rect2(π(f +

1

2π
)) + rect2(π(f − 1

2π
))) = |X(f)|2.

Profan¸c ìmwc rect2(f) = rect(f) (sqedi�ste kai deÐte to).

'Ara |X(f)|2 =
1

4π2
(rect(π(f +

1

2π
)) + rect(π(f − 1

2π
))).

Opìte telik�
∫ +∞

−∞
|X(f)|2df =

∫ +∞

−∞

1

4π2
[(rect(π(f +

1

2π
)) + rect(π(f − 1

2π
)))]df =

1

4π2

∫ 0

− 1
π

1df+
1

4π2

∫ 1
π

0

1df =
1

4π2
f |0− 1

π
+

1

4π2
f |

1
π
0 =

1

4π2
(0−(− 1

π
))+

1

4π2
(
1

π
−0) =

1

4π3
+

1

4π3
=

1

2π3
.
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