
HU215: LÔseic 2hc seir�c ask sewn

1. 1oc trìpoc:

EÐnai

Yk =
1

T0

∫ T0

0

y(t)e−j2πkf0tdt =
1

T0

∫ T0

0

dx(t)

dt
e−j2πkf0tdt

(kat� par�gontec olokl rwsh:
∫

f ′g = fg − ∫
fg′)

=
1

T0

x(t)e−j2πkf0t|T0
0 − 1

T0

∫ T0

0

x(t)(e−j2πkf0t)′dt

=
1

T0

x(T0)e
−j2πkf0T0 − 1

T0

x(0)e0 − 1

T0

∫ T0

0

x(t)(−j2πkf0)e
−j2πkf0tdt

(periodikìthta ⇒ x(0) = x(T0) kai xèroume ìti f0T0 = 1)

= (j2πkf0)
1

T0

∫ T0

0

x(t)e−j2πkf0tdt = j2πkf0Xk.

2oc trìpoc:

EÐnai

x(t) =
+∞∑

k=−∞
Xke

j2πkf0t ⇒ dx(t)

dt
=

+∞∑

k=−∞
Xk

d

dt
ej2πkf0t =

+∞∑

k=−∞
Xk(j2πkf0)e

j2πkf0t

=
+∞∑

k=−∞
(j2πkf0Xk)e

j2πkf0t, �ra faÐnetai ìti Yk = j2πkf0Xk.
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2. 1oc trìpoc:

To �rtio mèroc tou s matoc gr�fetai wc xe(t) = 1
2
(x(t) + x(−t)), en¸ to perittì gr�fetai

wc xo(t) = 1
2
(x(t)− x(−t)).

'Ara gia to �rtio mèroc pr¸ta, ja èqoume:

2xe(t) = x(t) + x(−t) =
+∞∑

k=−∞
Xke

j2πkf0t +
+∞∑

k=−∞
Xke

−j2πkf0t

=
+∞∑

k=−∞
Xk(e

j2πkf0t + e−j2πkf0t) =
+∞∑

k=−∞
2Xk cos(2πkf0t)

= 2(
−1∑

k=−∞
Xk cos(2πkf0t) + X0 +

+∞∑

k=1

Xk cos(2πkf0t))

= 2(
+∞∑

k=1

X−k cos(2π(−k)f0t) + X0 +
+∞∑

k=1

Xk cos(2πkf0t))

= 2(
+∞∑

k=1

X−k cos(2πkf0t) + X0 +
+∞∑

k=1

Xk cos(2πkf0t)) (giatÐ cos(θ) = cos(−θ)).

= 2(X0 +
+∞∑

k=1

(X−k + Xk) cos(2πkf0t)).

'Omwc to s ma eÐnai pragmatikì, kai isqÔei ìti X−k = X∗
k . 'Ara ja eÐnai:

2xe(t) = 2(X0 +
+∞∑

k=1

(X∗
k + Xk) cos(2πkf0t)) = 2(X0 +

+∞∑

k=1

2<{Xk} cos(2πkf0t)) ⇔

⇔ xe(t) = X0 +
+∞∑

k=1

2<{Xk} cos(2πkf0t).

Gia to perittì mèroc , ja èqoume:

2xo(t) = x(t)− x(−t) =
+∞∑

k=−∞
Xke

j2πkf0t −
+∞∑

k=−∞
Xke

−j2πkf0t

=
+∞∑

k=−∞
Xk(e

j2πkf0t − e−j2πkf0t) =
+∞∑

k=−∞
2jXk sin(2πkf0t)
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= 2j(
−1∑

k=−∞
Xk sin(2πkf0t) +

+∞∑

k=1

Xk sin(2πkf0t))

= 2j(
+∞∑

k=1

X−k sin(2π(−k)f0t) +
+∞∑

k=1

Xk sin(2πkf0t))

= 2j(−
+∞∑

k=1

X−k sin(2πkf0t) +
+∞∑

k=1

Xk sin(2πkf0t)) (giatÐ − sin(θ) = sin(−θ)).

= 2j(
+∞∑

k=1

(Xk −X−k) sin(2πkf0t)).

'Omwc to s ma eÐnai pragmatikì, kai isqÔei ìti X−k = X∗
k . 'Ara ja eÐnai:

2xo(t) = 2j(
+∞∑

k=1

(Xk −X∗
k) sin(2πkf0t)) = 2j(

+∞∑

k=1

2j={Xk} sin(2πkf0t))

= −4(
+∞∑

k=1

={Xk} sin(2πkf0t)) ⇔ xe(t) = −
+∞∑

k=1

2={Xk} sin(2πkf0t).

2oc trìpoc:

Ja mporoÔsame na doulèyoume me to monìpleuro an�ptugma Fourier. Gia to �rtio mèroc, ja

eÐqame:

2xe(t) = x(t) + x(−t) = 2A0 +
+∞∑

k=1

Ak cos(2πkf0t + φk) +
+∞∑

k=1

Ak cos(−2πkf0t + φk)

= 2A0 +
+∞∑

k=1

Ak(cos(2πkf0t + φk) + cos(−2πkf0t + φk)).

Qr simh eÐnai h tautìthta cos(θ) + cos(φ) = 2 cos( θ+φ
2

) cos( θ−φ
2

).

2xe(t) = 2A0 +
+∞∑

k=1

Ak2 cos(φk) cos(2πkf0t) = 2A0 + 2
+∞∑

k=1

2|Xk| cos(φk) cos(2πkf0t)

= 2(A0 +
+∞∑

k=1

2|Xk| cos(φk) cos(2πkf0t)) = 2(A0 +
+∞∑

k=1

2<{Xk} cos(2πkf0t)) ⇔

⇔ xe(t) = A0 +
+∞∑

k=1

2<{Xk} cos(2πkf0t).
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Gia to perittì mèroc, ja eÐqame:

2xo(t) = x(t)− x(−t) =
+∞∑

k=1

Ak cos(2πkf0t + φk)−
+∞∑

k=1

Ak cos(−2πkf0t + φk)

=
+∞∑

k=1

Ak(cos(2πkf0t + φk)− cos(−2πkf0t + φk)).

Qr simh eÐnai h tautìthta cos(θ)− cos(φ) = −2 sin( θ+φ
2

) sin( θ−φ
2

).

2xo(t) = −
+∞∑

k=1

Ak2 sin(φk) sin(2πkf0t) = −2
+∞∑

k=1

2|Xk| sin(φk) sin(2πkf0t)

= −2
+∞∑

k=1

2={Xk} sin(2πkf0t)) ⇔ xo(t) = −
+∞∑

k=1

2={Xk} sin(2πkf0t).

3. a) To s ma y(t) eÐnai to:

y(t) =





1, 0 ≤ t < 1

−1, 1 ≤ t < 2

tou opoÐou gnwrÐzoume apì ìmoio s ma thc jewrÐac touc suntelestèc Fourier, kai autoÐ eÐnai:

Yk =





2
jπk

, k odd

0, k even

b) EÐnai:

Yk = j2πkf0Xk ⇔ Xk =
Yk

j2πkf0

Xk =





2
jπk

j2πkf0
= − 1

π2k2f0
= 1

π2k2f0
ejπ, k odd

0, k even

en¸ eÔkola deÐqnoume ìti X0 = 1
2
.
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4. Xèroume thn idiìthta thc metatìpishc gia th seir� Fourier, h opoÐa eÐnai:

x(t− t0) =
+∞∑

k=−∞
Xke

j2πkf0(t−t0) =
+∞∑

k=−∞
Xke

−j2πkf0t0ej2πkf0t,

dhl. oi suntelestèc Fourier tou metatopismènou s matoc kat� t0 dexi�, x(t − t0), eÐnai

Yk = Xke
−j2πkf0t0 .

MporoÔme na deÐxoume ìti:

x(at) =
+∞∑

k=−∞
Xke

j2πkf0at =
+∞∑

k=−∞
Xke

j2πk(af0)t,

pou shmaÐnei ìti to s ma x(at) èqei touc Ðdiouc suntelestèc Fourier all� eÐnai periodikì

me perÐodo T0

a
, kai ìpwc faÐnetai kai sto an�ptugma, èqei jemeli¸dh suqnìthta af0.

O sunduasmìc twn parap�nw mac dÐnei:

x(at− 1) =
+∞∑

k=−∞
Xke

−j2πkf0ej2πkaf0t =
∑

k odd

2A

jπk
e−j2πkf0ej2πkaf0t

=
+∞∑

k=−∞

2A

jπ(2k + 1)
e−j2π(2k+1)f0ej2π(2k+1)af0t =

+∞∑

k=−∞

2A

π(2k + 1)
e−j(2π(2k+1)f0+π

2
)ej2π(2k+1)af0t

'Enac pio aplìc trìpoc ja  tan o ex c:

EÐnai x(at− 1) =
+∞∑

k=−∞
Xke

j2πkf0(at−1) =
+∞∑

k=−∞
Xke

−j2πkf0ej2πkaf0t.

Me tic antÐstoiqec allagèc gia ta peritt� k, èqoume to Ðdio apotèlesma.

ShmeÐwsh:

'Estw to s ma y(t) = x( t−b
h

), me Xk oi suntelestèc Fourier tou x(t). To y(t) anaptÔssetai

se seir� Fourier wc:

y(t) = x(
t− b

h
) =

+∞∑

k=−∞
Xke

j2πkf0
t−b
h =

+∞∑

k=−∞
Xke

−j2πk b
h

f0ej2πk
f0
h

t,
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kai faÐnetai ìti gia h = b = 1
a
, èqoume ìti oi suntelestèc Fourier eÐnai oi:

Yk = Xke
−j2πk b

h
f0 ,

me nèa jemeli¸dh suqnìthta thn f0

h
.

5. a)

T0 = 2; % what is the period (in sec)? I choose whatever I like, for

% example, 2 secs.

d = T0/600; % how many samples per period do I want?

D = 3; % how many periods do I want to see?

N = 10; % how many components of the Fourier Series will I use?

A0 = 1/2; % the first component, A0, is equal to 1/2.

k = 0:N-1;

f0 = 1/T0;

Ak = 2./((pi^2).*((2*k + 1).^2).*f0); % the 10 Fourier components

t = 0:d:D*T0; % time t

w0 = 2*pi/T0; % angular frequency

x = A0 + Ak * cos( ((2*k’+1)*w0) * t + pi); plot(t,x); xlabel(’Time in

sec’); ylabel(’Amplitude’); title(’Exercise 3!!!’);

b)

T0 = 2; % what is the period (in sec)? I choose whatever I like, for

% example, 2 secs.

d = T0/600; % how many samples per period do I want?
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D = 3; % how many periods do I want to see?

alpha = 3; % alpha parameter

A = 2; % amplitude parameter

N = 10; % how many components of the Fourier Series will I use?

A0 = 0; % the first component, A0, is equal to 0.

k = 0:N-1;

f0 = 1/T0;

Ak = 2*A./(pi.*(2*k + 1)); % the 10 Fourier components

t = 0:d:D*T0; % time t

w0 = 2*pi/T0; % angular frequency

x = A0 + Ak * cos(2*pi*f0*(2*k’ + 1)*(1 + alpha*t) - pi/2); plot(t,x); xlabel(’Time in sec’); ylabel(’Amplitude’); title(’Exercise 4, alpha = 3!!!’);

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Seconds

A
m

pl
itu

de

Exercise 3

7



0 1 2 3 4 5 6
−1.5

−1

−0.5

0

0.5

1

1.5

Seconds

A
m

pl
itu

de

Exercise 4, alpha = 3

8


