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1. Ewoaywyn
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Ol GUVOTITIKES QUTES GNUELOGELS YRAMTNKAY YIdL VO €EUTTNEETAGOVV TOUS @OoLTnTés Tou wabnuotos HY112-
Duowknt I, wov wpoceépetan amd to Tunua Emictiung YmoAoyiotwv tov Ilaverigtnulov Kentng. Aegdo-
wévou 0Tl 0 Guyyeapéag Sev elvar Puatkdg (kaw dev aTtevBiveTal Ge TETOLOUGS), Ol GNUELDGELS OUTES £XOUV
o MydTeQo ovaTNEN TIEOGEYyIon, BAtoviag oe TEOTO TAGVO Tn StoncOnTiki epunvela, TS PAGIKES yeVL-
KEG yvaaoels, kai tn ueBodoloyia Acemv meofAnudtmv, xwelc va vaotepel otn padnuotiki akpifela 1 gtn
@UOIKA Peddpnon Twv TEAYLATOV.

Modnpotind Trofodpo

Y10 oUvoAS tng, n Puoikn aglotrolel e TWOA) ueydAo Babud to Mabnpoatikd, kKaODS To TedevTala TTEO-
o@épouv €va. OAOKANE®UEVO Kol akEBés TtAaiclo ueAdétng tng. Kdmolwa amd to pabnpatikd ovtd dew-
EOUVTOL GTN GUVEXELDL WS YVWATA. ‘Ouws, ol “TlalMvwdies ” Tou ekTOLSEVTIKOY GUGTARLATOS N KATOGTAGELS
EKTAKTNG avAykng (6Ttwes n gravénuio tov Covidl9 to 2020) avaykdcouv TOAAES PORES TOUS (POLTNTES Vo
TEOGEEXOVTOL GTn UeAéTn Tng VAnG tng Puolkng ye eMelstés uabnuatikd vitéfabo. Mo stpocTtdbeia
(0lPKETA TTLPAVELOKA AAAG TTOU TOVAAYLGTOV TTEOGEEREL £val eAdYLGTO TETOL0 VITORABEO0) Vo KaALEBel avtn
n éMeryn yivetor ge auTd TO ELGOYWYIKSG KEPAAOLO.

Awaviouora

Mo kot To emduevo ke@dAaio amotedel 1o Eexivnuo tng ueAétng tng KAaoikng Mnyovikig, kol Guyke-
kEwéva tng Kivntikig, elvar agtapaitnto vo kdvouue wio WKEM EL0aynyn oTny £vvold Tou StavieuaTtoc.
Yke@etelte 6Tl 6TOV KvelgTE GTO GTTLTL Gag kol FEAeTe va Teprypdwete Tnv Kivnon cgag avti dev apkel va o-
ploete tn Yéon cag GTo oT{TL OAAG KoL TO TTEOS TO IOV KATeVOUVEGTE (UEGO/EEM OTTd TV KouTiva, UECO/EED
OTTO TO UTTAAKGVL, TTEOG/AITS To VITVOSwudtio KAT). ‘Eva tétolo uéyebog mtou megiypdpetor 1660 aitd évav
aBuo 6Go kar agtd pa “katevBuvon” efvan To Slavucua. ‘Eva dudvucua dev eivar tiztote AAAo aIté €va
TTEOGAVATOALGUEVO eVOVYQAURO TUiua, SnA. €va evBvypaulLo TUNULO TTov €xel oY Kol TEAOG, Ue TO TEAOG
Tov va. GuuPoAiteTan we éva BEAOG, 6TTwe oTo Xynua 1.1, “Eva tétolo Sidvuouo OA €XEL TELOL YOQOKTNQLGTIKA:

e Mét0 |O7\| i OA, mou 8ev elvan Timrote A0 aTrd TO WAKOS TOU SLavicuatos (Trdvta JeTikdg TTEOY-
UaTkOS aLbude)
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j?

(%0, ¥0)

Yynua 1.1: Aidvououa.

e AtevBvuvon, n otrolo asrotedel Tnv evbeia (Ko OAeg TG TARAAANALS TnG) TAvw Gty oTtolo PeiokeTon
4, -
To Sidvucua OA

e dopd, n omola kabopigetar agtd To av To Sidvuoua gekvd attd To cnuelo O ko TepUOTiCEL GTO
onyeio A n to avtiBeto

IToAAéC @opég n Sievbuvon katl n @oEd ovoudgovtar ue wo. AéEn katevBuven.

‘Otav - ko avtd Ja elvar o kavévog otn guvéxela - éva Sidvuoua oxedidgetor ye aQxn to cnuelo O
€VOC GUGTARATOS GuUVTIETAYUEV®DY Oxy Kol TEQag €va onueio A ue cuvietayuéves (xg, yo), TOTE Adue OTL TO
Sidouua OA €xel GuvTETAYUEVES (X0, Y0). H TWi xo ovoudgeton teTunwévn Kol n yo TeTOyuévn, e To evyog
VO OVOUAZETOL KAQTEGLAVES GuvTeTayuéves. EUkola uirogovue va Ttepypdypouue Aotmtdv €va didvuoua
ue BAon TG KOQTEGLAVES TOU GUVTETAYUEVES GTO £TT(TTEO.

"Eva. AAAO Snpo@dég gevyog abudv Ttouv Trepypdgouv éva didvuoua elvar ov mepipnues ITOAKES
cuvTETAYUEVES! KOl Ol 0TT0lEg UITOEOUV TTOA) €UKOAO VO TTEOKVWOUV aTtd TIS KOQTEGIAVES. Aeite GTO
Yynua 1.1 to ogboydvio tplywvo OAB fToU oxnuatizeton ad To Sidvuouo OA kaL Tov 0QLLoVTIO dfova X' x.
Av ypdwouyue TOUG TELYWVOUETEIKOUS aBuols tng yoviag 6 éxovue

sin(9) = nu(6) = y7° (L1)

cos(6) = Guv(6) = XTO (1.2)

tan(6) = £q(6) = 22 13)
X0

UE ¥ TNV VITOTEIVOUGA TOV TEYWVOV avTov, r = \/(AB)2 + (OB)? = /x(z) + y(z), TéTe pwIropovye v AVGOUUE WG
TEOG X, Yo TS dVO TTEWTES GYEGELS:

rcos(6) 1.4)
r sin(6) 1.5)

X0

Yo

KO £TGL Ol KOQTEGLAVES GUVTETAYUEVES OGS YEAPOVTAL
(x0,y0) = (rcos(6), r sin(6)) 1.6)

KoL TO Sidvuouo g
OA = (x0,Y0) 1.7)

YOy €€ antiog tng Sepuokpaciog Toug i KATL TéTOLO...
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7 7 Z z . 7z 7 7 ¢ 7’
BA¢mete 6TL OUGLAGTIKA Ol GUVTETAYUEVEG UOG £E0QTOVTOL ATt To UETEO Tou Stavicuatog OA, TTov €8
ré > z 7 7 z ré ré N
ovoudoape r = |OA|, kow aTtd Tn yovio 8 Tou cynuatitel o oELgdvtiog dgovag x'x kot to Sidvucua OA.
AvTti n ggdptnon pag odnyel va ypdapouue TIG TTOMKES GUVTETAYUEVES G

< (r<0) > 1.8)

N arrAovceTeQA
(r,6) 1.9)

ue r = 4 /xg + yg. H ywvia 6 dung; 1o tn Belokovue; Ma agtd tnv teAgutaio GxEon TV TEY®VOUETOIK®Y
0ELL®V NG, dTWS TOUG TTAQOVUGLAGAUE TTAQATTAV®:

tan(6) = e@(6) = 2> —> 0 = tan"! (y—o) (1.10)

X0 X0

ue tan~!(-) va elvar n GuvdeTnon g avticTEoEns epasTToudévng (i TOL TOEOV EPOITTOUEVIG), TTOU TTOAAES
POQES yeApeTo KAl w¢ arctan(-). OTtdTe GUVOMKA

r=yxt+y%, ., 6=tan’ (y—o) (1.11)
X0

ITPoGEETE GUWS GTO TTOROKAT® TTOQASEYUO Wial ETIITAOKI TToV uItoEel va, cuufel — ko TIEETTEL Vo eAEYYETE
— oy TeRlTTTOGN VITOAOYIGUOY TG yoviag 6.

Hoedderyua 1.1:

Boeeite tnv TToMKA Loen Twv Stavuoudtmv ue cuvtetayuéves (xo, vo) = (1,1 xan (xo,yo) = (=1, -1).

Avon: T Tto Sudvuopa (xg, yo) = (1,1) da €xouvue

r=VI2+12=+v2 , #=tan!

—_] =

Ly _ T
=tan (1) = 1 1.12)

astoteAéopata wou cuppadicovv ye tn Jéon touv Sravicuatog oto emimedo. T'a to didvuoua (xg,yo) =
(-1,-1) Ya €xovue

r=AE=D2+(-1D2= V2, g=tan! :—1 = tan"!(1) = ’Zi (1 (113)

TEAYUA TTOV TTROPAVAS elval AdBog, kabws n yovia tov Stavicuatog elvor n d5r/4 (A —3r/4). To ToQaTtdved
“oEAAMLO” o@elAeTol GTO OTL TO TOLO E€QATTTOUEVNG ETTGTEEPEL TTAVTO TWES GTo didotnua (—m/2,7/2).
[pémel vo, TOGOEGETE £ GTO OITOTEAEGUOL GOG VI VO, KOTOAREETE GTN GOGTH yovia?.
]
YTtdoyel GaQig G0N TV TEOGAUMY TWV Xg, Yo KOl TOU QITOTEAéGUOTOS TG tan~!(-), KoL yio var unv
€xovue Ty avdykn eAéyxou tng ymvioag kdbe @opd, Umoeeite vo xENGWOTOLElTE TNV TOQAKAT® GXEoN.

tan~! (%), x>0
tan‘1(§)+ﬂ, x<0, y>0
6= <= tan‘l(ﬁ)—n, x<0, y<0 (114)
g, x=0, y>0
s x=0, y<0
agrpoadiopletn, x =y =0

T tovg/tig mo mathematically oriented @ottntég/toleg, urmopeite va oke@teite T Gyéon tan(d) = 1 & 6 = kn+tan™'(1), k€ Z
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1.2.1 Idwwtntee Awvuoudtewy

Acg mropafécouye TIC U0 YEAGIUES BLETNTES TV SLOVUCUET®V.

¢ Ig6tnta Sravuvcudtev: dvo Savicuato Aéyovtan (o av £€xouv To (8to puétpo ko tnv (Sta dievBuvon
Kol oQd (kartevBuvon). ‘OAa o Stovicuata Touv ynpoatog 1.2 efvor {Ga.

\
)\

Yxnua 1.2: Toa Siavicuata.

e IIpéo0son Sravucudtev: uirogovue va mpochécouue yemueTeikd Svo Stavicuata ov Towoﬁsrr’movus
v aEyn Tov evéc GTo TTEQEAS TOU a?x?xo*u OTIwS GTO any,a 1.3(a), 6rov to Srdvucua B €xel ToTobe-
Tnhel otn “wdtn” Tov SavHGUOTOC A. To a(—)gowuq A+ B eivar 10 Sudvuoua ue apyi tnv agyn Tov

A v TEQAS TO TEQAS TOU SavOGUATOS B. H {8a @llocopia Peioketarl Tiicw amd kdbe dbpoitoua
Stavuopdtwv, 6ca KL av eivor avtd Eyxnua 1.3() ).

==

-l

xiua 1.3: Abpoicua Stavuoudtov.
- AvtgetafeTikoTnTA: N SOTRTO TG AVTLETAOETIROTNTAC (oS AEel OTL
= - - =
B+A=A+B (1.15)
7 z z e 7 Z z g z 3 A 7
n ue dAAa Adya, wrtopel kavels va mtpocBécer To Sidvucua A Gto didvucua B 1 to avticTeogo.
Aev éxer onpacio SnAadn ue Ttold celpd TEoGHETeTE SUo N TEPLGGATEQO SLOWVUGUATOL.
- INpocetouQioTikGTNTA: 1 WELGTNTA TG TTEOGETALQLGTIKATNTAGC Lag Ael OTL

A+(B+C)=A+B)+C (1.16)

n ye dAAa AGyLo, 6Tt To A0QOLGUOL TELWV 1 TTEQLGGATEQWVY SLaVUGUATWV UITOREL va yivel pue GTTolo
oelpd nag foAevel. Agite To Iynuo 1.4.
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— = — —
Add B and C; Add A anE];B;
then add_t}he then add C to
result to A. the result.

—
C

2

Yynua 1.4: I6i6Tnta tng ITEOGETALPLGTIKOTNTAG.

’ ’ z ré nd z ’, g e z
e Apvntikdé Sirdvucua: to apvntikd didvucua —A evédg Stavicuatog A opltetal wg To Stdvucua TTou
z 7 z g z. 7 z
étav spoctedel gTo Srdvucua A pag Sivel To undevikd Stdvucua, SnA.

A+(-A)=0 1.17)

Me dAlo Adyla, TO OLQVWIZLKO Tov SraviouaTog A eivon t0 Sdidvuoua ue apyn to TEQOS TOu A xon
TEQAC TNV OQYN TOU A Me xenon Tou avntikov Slaviouatog pitoovue vo opicouvue ITTEAELELS
6mwe n aaipeon dovuoudtov. Aeite to Iynuo 1.5(@). Xe avtd to oxnua, JéAlouvue va Beovue To

ye would draw " Vector E‘.) = K = ﬁ is
B here if we were Y . the vecEE)r we 'must_4
. . = .
adding it to A. "' B add to B to obtain A.
Fd

e

Adding —B to A
is equivalent to
subtrai:ting B
from A.

Xxnuwo 1.5: Apaipeon Stavucudtov.

Sudvuouo A - B h aAudg o Sidvuoua A + (- B) av yvwitovue ta Sravicuata A B. Fvu)QL;ouy,s TTWG
va TeoGBEtouue ysoous*cgu«x Slaviouata, ag To ekuetallevtovue. Xyedidcovue To didvuoua B oo
TEQAS TOV SLVUGUATOS A Gav va, Béhaue va ta TCQOG@SGOUUS Tére, oyedidgouye o Sidvuouo —B mov
efvan to didvuoua ue (Sto usrgo kol avtiBetn @oed amd To B. Smn GUVEYELOL TTROGOETOVUE YEWMUETQIKA
To dvo Sravvcpato A xow —B xou Bolokovue To amotédecuo. Xto Xxnuo 1.5@), PAEmete wa dAAn
Yewpnon tng agaipeong A - B. Ectw éu ta Stavicuata A, B €xouv kown agyn (dmwe cuupaiver
ouxvd ce éva guotnua cuvietayuévov Oxy). Mmoeeite va feeite to Sidvuoua c oY CI'IZQST[SL va
Ttpoctebel oTo Sidvuoua B vyl va tdeouue To Stdvuouo A; Auté elvar to Sudvuouo = A- B! Tai;
Aelte:

=

B+C=B+A-B)=B-B+A=4 (1.18)
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e IToAAastAaciacuds Srtavicuatog ue a@lud: n WidtnTo VT UItopel va ekeacTtel padnuatikd og

B=mA, meR = |B = mlA] ka B1rA, m>0 (1.19)
B1LA m<o0

To gVufolro TT vwodnAdver 6Tt Suvo Sravdcuata elvar oudppota, dni. €xovv (dla SievBuvaen kol @od,
eve to giyforo T] Snddver 6TL duo Stavicuata eivan avripgorra, dni. €xouvv (Sia SievBuvon ko o-
viiBetn @opd. Aga 0 TOAAATIAAGLAGUOS SltavicuaTog ue aeliud LeTAfAALEL TO LETEO TOU SLAVUGUATOS
(av [m| £ 1), evéd av m < 0 té1e Tov AAMATEL KAl T @OQA. Xe Koyl TTEQITTTOON 0 TTOAAAITAAGLOGUGS
ue aeud de uetafdAder Tn StevBuvon (tnv gvbela TTAVE GTRV oTTola KelTal) Touv SLOVUGULATOG.

Avdiuon og cuvoTOoEg

Efvaw oxeddv Béfaro 611 pe Alyn pedétn de da €xete mEAPANUA VO KOTAVONGETE KOO OTTO TNG TTOQRATTAV®
1810TNTES TV SLavUGUATWV, SIOTL GTIOG TIC TIAROVGLAGAUE O TTEQLOGOTEQPES £X0UV UOVO YEMUETEIKNA eQunveia.
Oa Pélaye va urogovue va BdAovue GTo TTayviSl TS GUVTETAYUEVES TWV SLOVUGUAT®Y TTOU GUVOVTAGOUE
oty aexin. ‘Evag 1toAd BoAMkds TeOTToC vo To kGvouue autd efvar n Ttepipnun avdluon Gg€ GUVIGTHOGES
evdg Staviouatog. Me autdv Tov TéTo, OAES 0L TTEONYoUUEVES LBLOTNTES LITOEOVV val “aiBuntikotoinfoiv™.

H avdAvon ce cguvigtdaes Pacitetal oe wa amAi évvola: Tnv JTEoPoAn evog Stoviouatog emdvo
OTOUS dEOovES VS GUGTARATOS GuvTeTayuévwv Oxy. Agite to Zyxnua 1.6(a). Av @épete Tnv TTEOPOAN TOU

Yxnwo 1.6: AvdAvon e GuviGTHOGES.

Staviouotog A eméve GTOUg dvo d‘govsg (BnA. to Sidvuoua Tov opiteTal av (péQS'cs wa KABeTn TTEOS TOUg
dgoveg amd To TEEAS TOU SLOVUGUOATOS A) Téte dnwovgyovvtar dvo Sravicuata Ax, A Av upetapépete TO
Sudvuoua A TAAAANAQ €TOL OGTE N APXA TOV VO GUVAVTAGEL TO TEQEAS TOU SLOVOGULATOS A x> TOTE HIropelte
vo, Ta ﬂTQoo‘GsGSTS yewueTEkd - delte To ynua 1.6(b) - kat va roQaTneicete 4Tt

- -

>y

1l

b
=

+
-~

1.20)

"Evo. akdua Prgo Ttoog Ty agtlomoinon tng katdotacng yivetor av “egomtAicovue” kdbs d€ovo Tou Gu-
GTALATOS GUVTETAYUEVAOV [e €va povadiaio didvueua. Me avtdv Tov TRdTIo UItopelte va ekpEAceTe KAOE
Sidvuoua TTov BEloKETAL GTO GUGTNUA GUVTETAYUEVWV GUVOQTAGEL Twv wovadialwv Stavuoudtov. Ta To-
ddetyua, GTov TELSLAGTATO XWDEO TTOU COUUE, XEELALOUAGTE TELO Lovadlalo SLovUGULOTO Yol VO TTEQLYQAPOU-
ue €évo 0TolodnIToTE GnUelo Tov YWEOL (KL £TGL TO SLAVUGUA TTOU AVTIGTOLKEL G AUTS): av KEEWAGETE WOl
UItdAo agtd To TaPdv eveg pueydAov, TTopalAnAdypaunov Swuatiov, TTwg da Tepyedwete tn 9éon tng, Oa
TEETTEL VO WANGETE YloL TO OGO ATEXEL AT TO WATOUA, TTOGO ATtd ToV évav KABeTo Tolyo Ge auTo, Kol
7660 amd tov dAdo. Me dAAa Adyia Jo WwARcETE ue GROVS urKkous, TAATOUS, Uwoug, kol Tiifavitato da
XQnoLuoa'couiGS'cs n povdda tov evdég uétpou yia vo opicete tn 9éon tng prdlag. AkEB®OS avutd To EOAo

2 2

Tou “evig pétou” graltouv Ta pwovadiaio diaviouato. ‘Exouvue cule®vAcel va To ovoudiouye i, j, k kol va
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Yxnwo 1.7: Movadiaio Siavicuata GTo y®eo Kol GTo eimredo.

To avTigTolicovue GTOUS anvsg X, ¥, Z TOU TEWOLAGTATOU X®EOov, aviigtolyd, éTws gto Zynua 1.7(a). Ta
wovadioio Sravicuata A ], K €XOUV TELOL EVELOPEQOVTO YUQAKTNELGTIKA:
i

e "Exouv uétpo povada: [il = [l = k| = L.

- 2 ->

e Eivaw kdBeta petasd toug: 7L J, jL E i1k

EAGyioteg @opég Yo wag amracyoMaoeL o TQLSLO,GTOLTOQ X®EOG, 0IrdTe ag uetvouue oto Sididataro emiTiedo,
émou Ja XQno‘Luowomcovus To Stavvouata z j, 6T oto Exnua 1.7(b), dmwouv urogovue va ypdwouue To
Sudvuoua A g

A=Ad+Aj 1.21)

6mov Twea Ta Ay, Ay elval ol aQONUTIKES TWES TTOV KATAANYEL TO TEQOS TV SlOvUGUAT®Y Ax? Ko Ayf
Tdve aToug Pabuovounuévoug dgoveg x,y. Ta wopddeyua, To Sidvuouo A ue ouvtetayuéveg (3, —2) ustopel
va yeopel og

>y

= 37—27 (1.22)

. . v 2 v 2
SnA. oL cuviGTWoeS Tov glvan oL Ay = 3i kow Ay = =2

Twg SLVOLL yonown wa tétow avdAvon oe ﬂe@urc'ccoo‘ag abpoicuatog Savuoudtwv; Xxeeteite évo
Sudvuoua R o0 omolo aswotede{ton agtéd o dbpotaua A+B Ta ofrola Gag efval yYvwoTd, 6Ttws 6To Zynua 1.8.
AvaAdovtag e GuVIGTOGES Ja €xouue

- - =
R=A+B 1.23)
? I ? I
= (Axi+Ayj) + (Byi + Byj) (1.24)
7 7 7 Vé _) ré 7 z z
Ta Sravicuata sTtov oxeticovtan pe to wovadiaio Sidvucua i ovclactikd feicokoviar gtov {dto dEova - Tov
ré e _') 7z ré z z ré
X'x, eved ovTd Tov GYeTiCovTan ue To j Pelokoviar emdvm agtov dgova y'y. H mpdcbeon Siavucudiov Tou
Belokovtow otnv (o evbelo elvan TeTEUEVN YEMUETEIKA, KAOBMOS To dBpooud touvg da Peloketar TTAM
Tdve gtov (Sto dgova Tov Pelokovtol ko Ta emuépoug drtaviouata. Katalafaivete o1l yia va feeite To
dbpoloua Toug aTTAd TEETIEL VO TTROGHEGETE TOUS GUVTEAEGTES TOUG, OnA.
? ?
R=(A,+Byi+ (A, +By)j (1.25)
? ?
=Ry +Ryj (1.26)
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Yxnpo 1.8: AvdAduon Ge GuviGT@GES GTny TTRoclecn S1avuGUdTwy.

=R, +R, (1.27)

Yougrepaivouue Aowrév GTL yia va ek@doouue €va dBpolcuo SlavuoudTwy GuVaQTAGEL TV wovadiaimv
Stavuoudtov artAd TteocBétovue UETAEY TOUG OAEG TIC ETMUEQOVS GUVIGTOGES TV SLOVUGUATOV TTOU €-
ugtAékovtanr 6To dbpowcua. Aaye - kow yio vo Jupnbovue T éxouue pdbel wg TR - TTHS Jo ATOV N TOMKA
UOQEON TOV TTOQRATTAV® SLaviGUATOS R

Rl=R= R2+R2= \J(Ax+ B + (A4, + B, (1.28)
R A, +B

0=tan! 2 =tan” [ —= (1.29)
R, Ay + B,

IHoedderyua 1.2:

Boeite to dBpoloua Twv Stavuoudtmwv
A=20+2] (1.30)
- 4j (131

T0G0 GE KOQTEGLOVA OGO KOl GE TTOMKA LOQPN.

Avon: T tnv kapTeEGLAV
C=A+B=0Q+2)+@Q-4)=4i-2] (1.32)

z z nd 3 z z z 7 A z
dpa To Stdvucua A + B mrepuypdgetal agtd Tic guvietayuéves (4, —2). H TToAki Tou woeen IreptyQd@etol
06 TO WETEO TOU KO TN YOVio TTOU GYMUATITEL We ToV 0QLgdvTio dgova, SnA.

IC] = V42 + (-2)2 = V20 =25 (1.33)
_ -1 __2 _ -1 _1 ~ o
6 = tan ( 1 ) = tan ( 2) ~ —26.5 (1.34)

Yyedudote To Sidvucua 6To eT{TIES0 KOL ETPEPALOOTE GTL Ol TTARATIAV® TWES lval AOYIKEG.
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IHaedderyua 1.3:

"Eva. pouttdt agpodpouiov mpoxwed 25 m NA amd 1o onueio apetnpiogs tov. O alyéeiBuog ava-
yvoELong euttodimv tov to gTauatd kal to “‘otéAvel” 40 m ge Sievbuvon 60° BA, dmwou kou flokel
Tov JTUEYyo eAéyyou Tou (Aelte To Xxnpa 1.9).
(@) AvoAVGTE TIC GUVIGTMOGES TOV EOUTTOT Yol KABe Kivnor Tov.
B) Oplote TIC GUVIGTOGES TNG GUVOMKNAG UETATOTILGNG R Tov eouTtdt. Beelte wa €kpooacn ylo To
R ue 6Qoug uovadiaimv SlovuoudTmy.
) Ti 9o cuvéPawe v TO QOUTIOT ETTEETE VA, ETUOTEEWEL GTO onuelo agetnpiog Tov, uetd tnv
eTAPN TOv ue Tov TUEYo eAéyxov Tov; Iloleg Guvigtwaes Ja mepLéypapav tny JroQeia Tov;
ITowa Ja ntav n katevBuven tov EOUTTOT;

60. '

|

- t
_.
Obstacle B

Yxnwo 1.9: Kivnon pouitot GTo agpodpouto.

Avon:
AQ)ikd, GTO GUGTNUA GUVTETOYUEVOVY LAS Ue KEVTEO To onuelo agetnplos Tou oumdTt, n yovia tov 40°
oto Zyxnuo 1.9 efvor {on pe —45°. Mitogovue vo UeTaPEQOuUE TO didvuoua B TAEAAAMAC DGTE N 0EYN TOU
va TauTigeTton pe thy agxn Twv agévev. Ae da o kdvouue €8, ylo vo @aivovial KAAITEQO Ol GUVIGTMOGES
TovL.

(o) IpofdAAovue ta Staviouato A v B GTOoUS Vo dEoveS, TTOLEVOVTOC TIS GUVIGTHOGES Xx,Xy,ﬁx,Ey.
Ta Swovdouata tng kivnong eaivovtor oto Zyxnua 1.9(b). Twa kabéva améd avtd da €xouvue

A=A +A =Ad+A] (1.35)
ue
25V2

A, = |A] cos(8) = 25 cos(—45°) = o~ 177 m (1.36)
. 252
A, = |Alsin(9) = 25 sin(-45°) = — 2‘/_ ~ 177 m (1.37)

Ue TG TWES Vo TTEOEEXOVTAL OITé TElywvoueTeio ot ogboydvia Telywva Jtou Treprdaufdvouv Tig
yovies Tov —45° kot 60°. AvticToyya,

B=B.+B,=Bi+B,j (1.38)
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ue
B, = |§| cos(d) = 40 cos(60°) = 40% =20m 1.39)
B, = |B|sin(6) = 405sin(60°) = 40£ ~ 347 m (1.40)
2

®B) Eivar
R=R.+R, =Ri+R,] (1.41)
= (A + B)i+ (A, + B)j (1.42)
= (377 m)i + (17.0 m)j (1.43)

() H mropeio Ttov amd Tov mipyo eAEyXoU ®¢ Tn GUUPOAR TV afdvwv Teptypdetal amd to Sidbvuoua

R=_R (1.44)
oTtoTE .
R=-R=(-377m)i—(17.0 m)j (1.45)
O1ote R
IR| = V(=37.7)% + (-17.0)? ~ 41.35 m (1.46)
KO
6= tan~ [ 10) & 9490 (1.47)
- —377)] "7 ‘

JTOU TTROPAVOS SeV avTIGTOLKEl GTo Stdvucua TTov €xouue, dpa ue yonon tng Xyéong (1.14), n cwotn
amdvinon elvan 6 = —155.7° 11 6 = 204.2°.

1.2.3  Eowtepind YIWOUEVO OLOVUCUATLY

Bewencte dvo Sravicuata A, B omwg gto Xynua 1.10. To ecwTeEkd ywvouevo Toug eivonr po fabBuwti

= ABcos @

Yynua 1.10: Ecwtepiko yivouevo SLavueudtoy.

TogéTnTa (0ELBUOS) oV 0RITeToL WS
= |Al|B| cos(6) = AB cos(6) (1.48)

ue 6 tn yetafy toug yovia. AT TO Gxnua Tagatngovue 6tL Bcos(f) Sev elvan OLMm aTtd To ue’t@o ™ng
TEOROANS TOU SaviGUATOS B emévo 1o A. H TEoRoAR avtin urtogel va YQOL(pSL g B 1A = Bcos(H)A Apa
TO schSQLKo ywouevo urrogel va StatuTtwdel w¢ To uétEo Tov daviGUOTOS A exti o UETEO NG TTEOPROANG
tov B oo A. Mepikég evlLa@EQEOUaES WLOTNTES TOU EGMTEQKOV YWOUEVOU elvat:
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-

o AvtipetabeTikOTNTO! A-B=B-A

- =3 -

o EmeQioTikOTNTOL A- B+C)=A- B+A.C

AT6 TOV 0QLOUO WITOEOUVUE VO £XWEICOVUE TIC TTORAKATK ELOKES TEQLITTMOCELS:

e ATl Be A-B=—-|A|B

Iog uropovue va ekUeTalevTOVUE TRV AVAAUGN GE GUVIGTOGES OTAV £XOUUE VA, KAVOUUE UE EGOTEQIKA
ywoueva, Kat” apyds, amd 1ig akopog mponyolueveg W814TnTeg uirogovue va edyovus 4TL

7= f.f:]}’.]?:1 (1.49)
i j=jk=ik=0 (1.50)
Me Bdon avtd, av égovue Svo Sravicuata A, B ov YEAPOVTOL ®S
A=Ad+AJ+AK (1.51)
B=B.+B,j+Bk (1.52)
THTE TO €GMWTEQPIKO TOUG YIVOUEVO KATAAYEL Vo elvol TTOAD) aItAd!
A-B=AB,+AB,+AB, (1.53)

IMpopavmg yia kivnen gto emimedo, n guvictwca X, 8¢ Ja uag amacyoMael.

Haedderyua 1.4:

Boeeite 10 e0wTEEIKS yvouevo kot Tn yovio uetagd dvo Stovucudtmnv

A=2+3] (1.54)
B=-i+2] (1.55)
Avon: Oa €xovue
A - B = |Al|B| cos(6) (1.56)

aAAG 8e yvwpitovue tn yovia 8! Omdte meémel va SokAGouUe Thv €VEEGN TOV EGWTEQLKOV YIVOUEVOU UE
XONGN GUVIGTWGHOV KoL Twv GYx€cemv (1.49,1.50).

A-B=@+3) - (-i+2))=-2-1+4-0-3-0+6-1=4 (1.57)

H vovia tdea pitopel va Peebel evrkola wg

A-B 4 4
6= cos_l( ~ ﬁJ = cos_l( ) = cos™! (—) ~ 60.25° (1.58)
|A||B| V22 + 32 4/(=1)2 + 22 V65

Mtopeite va oyedidoete ta Sloviouata 6To eTt{Tedo kol va eTPBEPALOCETE TO ATTOTEAEGUAL,
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Hoapdryeyyog

AvTiA n TOEAYEAEPOS TIROGEPEQRETAL WG LITEVOVILGN TV TIOAY BACIK®OV GTOLXElwWV TG £Vvolag TNG TTOQAYDYOU,
MOTE VO TIROXWENGOVUE UETA GTnv €vvola Tou OAOKAnEoOuatog. Av f(x) elvor cuveyng cuvdpinon tov x
T6TE 0plgouye Tnv Tadywyo f’(x) n % f(x) wg

d
[ = 7/ = lim
X X—

X0 X — X0

f(x) = f(xo)

1.59)

H tropdywnyog ek@pdel wéco yeryoo uetofdAdeTor n cuvdpinon f(x) GUVOQTAGEL TOU X KOVTA GTO Xg.
Me mapdéuoto tedmo opitovue tn 2n, 3n, n-oGTi TORAYOYO KAl GUUBOALLOVUE WS

7" dz 111 d3 (n)
[ = d?f(X), = ﬁf(X), =

dm
d x(n)

)

(1.60)

H mtapdymyog f/(xg) epunveital yemUeTekd wg 0 GuvieAeaTig dievbuvong tng evbelag mwou e@dtteTol oTn
ouvdptnon f(x) ato onueio x = xp, VITO Ty TTEOUITTG0ecN PERara Tl n TAEAYWYOS €lval TTETTEQOOUEVOS
TEOYUATIKOS aBudc. H epamtouévn gto gnuelo x = xg Tng guvdptnong f(x) yedoetar og

y = f(x0) = f'(x0)(x = xo)

(L.61)

Ot TTaOKAT® TT{VOKES GUVOWICOUV YVOGTOUS KAVOVES TTAQAYDYLONG, KAOMGS KL TIS TTAQAY®MYOUS KATTOL®V
YVOGT®OV GUVORTAGE®V TToU Ja WAS XENGUEVGOUV GTI GUVEXELQL.

Kavévag Hopdywyog Kavévag Hopdywyog
Abeoioua (af(x) + bg(x))" = af’(x) + bg'(x) XovBeon (fg)))" =g () f"(g(x)
Tniixo (f (x)) - S8 ~£@f ) Stabeed ¢’ =0, VceR
) £2(0) ,
T'wéuevo (f(0g(x)" = f/(0)gx) + f(x)g'(x) | Avticteopn ( f(lx)) = _]fcz(();))
Iivakag 1.1: ITivakas Kavovwv Iapaydyiong.
O O
Yuvdptnon ITaedywyog Yuvdetnon Iopdywyog
e ae™, aeR x" Xl neR x>0
1
In(f(x)) f '(X)% sin(f(x)) f'(x) cos(f(x))
1N J (%)
cos(f(x)) —f(x) sin(f(x)) V()
2+f(0)
Iivarag 1.2: Iivakags I'vwotdv Iopaydywv.
Ohoxhfpwon

XaAaed wAdvTag, n oAokARQwon elval wia TEdEn aviiaTeoeEn Tng Jopaydyons. Ao mpocmadncovue Ge
OUTAV ThV TTAEAYEOMO va dkcouye To TTOAY Bactkd oTotyelo TnG TTEAENS TNG OAOKANQ®WGNG, KOOWDGS Yol (ol
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OVOALTIKA ueAétn do astantovviav Uyl Ko £exwElotd cUyypoauuo. Ag fexkwnoouue ue €va Ttapdderyuol.
Eépouue OTL
d 3 _

= 32 (1.62)

Av 9éhaye vo, Bpodue TTOLd GUVAQTIGN TIEETTEL VOl TTAAY®YIGOUUE Vi vaL TTdoovye Tn guvdetnon 3x2, Téte
n Tapamdve oyéon Ja wag éAeye 6TL n auTh lvon n guvdpetnon x3. TuupoMKd

f 3x%dx = x° 1.63)

ue f T0 GUUPOAO Tng oAokAripwong. Tevikdtepa, dtav J€Aovue vo VITOAOYIGOUUE TO OAOKANQMUO ULOG
guvdptnong F(x), avagntovue wo cuvvdpinon f(x) - n omola ovoudtetow Ttapdyovca - Tnv oTola av
Tapaywyloovue da Ttdoouvye tnv F(x), dnd. avagntovue wa cuvdetnon f(x) yo tnv omolio toyvel

f'(x) =F(x) (1.64)

To Tagastdve oAokArgwua ovoudietal adeleTo, yoti dev opltovue entd ce wold Sidatnua Tov X olo-
kAnpdvouye - Yo kataddfete tn Sia@oed dTav To GUYKQEIVOLUE TTOQOKAT® UE £VvO 0QLEUEVO OAOKANQMULAL.
"Evo. a6loto oAokAMQoua elval ITAvVTo Wid GUVAQETRON UG aveEAQTNTNG UeTABANTAGC (6Ttw¢ To x £86)). To
GVuBOAO dx SnA®VelL TN UETAPANTA OAOKANE®OGNG Kou Sev Ttaitel kdmolo pdAo® Gtnv dAn Stadkacia, ekTog
aTd KAITOLEG GUYKEKQULEVES TTEQLITTMOGELG.

Y10 mEonyovuevo Tapddetyua slmaue 4T

d
d—x3 = 3x* (1.65)
X
‘Ouwe toyvel Ko
d 3 2
a(x +c¢) =3x (1.66)

yua kGBe ¢ € R, a@ov n mapdywyog wag atabepds eivor undév. Aga eivar 10 6OGTO vo TTovue GTL
f3x2dx =x>+¢, YceR 1.67)

ITwo yevikd Aowmdv, av F(x) = f'(x) da meémel va woyvel

fF(x)dx =f(x)+c, YceR (1.68)
Avtifeta, éva 0QLouévo oAOKAMQOUO YRAPETAL KOG
b
f F(x)dx (1.69)
a
KOL VITOAOYITETOL WG
b b
[ Feodx= o) = o) - @ 1.70)
a

To oplouévo olorAipwuo efvar Ttdvta aiuds kar dxL guvdetnon (GTo TTAALGLL TOV WABAUATOGS), KOl JTQO-
@avag dev mepulaufdvel ToTé KAITOW GTOOEQA ¢ GTO ATOTEAEGUO. ['ewUETEIKA, €val 0QLGUEVO OAOKANQMULOL
aTto 10 a S To b urroel va gpunvevtel WS n “emipdveln” kAT aTtd TN guvdpTnon F(x), n ottola opiteTol
atéd tnv evbeia x = a, tnv gevbela x = b, kow Tov dgova X' x.

Mopakdtw PAETIETE SUO THIVOKES UE TIS TO YVOGTES WIOTNTES TWV OAOKANQMOUAT®Y KOL T IO YENOLLOL
tevyn oAoOKANQwUATOV.
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A/A ISotnta A/A I86tnTa
1 faf(x)dx =a ff(x)dx, aceR 2 ff(x) + g(x)dx = ff(x)dx + fg(x)dx
a b a
3 f f(x)dx=0 4 f f()dx = —f f(x)dx
a b

b —= b b
) ff(x)dx:f f(x)dx+f f(x)dx 6 fcdx:c(b—a)

[Mivokag 1.3: ITivaxag IStotHTwV OAokAnQwudTov.

OM\o OLTO
A/A OAokAE®UOL A/A OAokAQ®UOL
1 fa’x:x+c,c€R 2 fx”dx:n_l'_lx"+1+c,c€R,n¢—1
3 f}cdx =In|x|+¢ 4 fcos(x)dx = sin(x) + ¢
5 f sin(x)dx = — cos(x) + ¢ 6 f e'dx=e"+c¢c
7 faxdx = log:a) +c 8 fxexdx =x-De* +c

ITivakag 1.4: Iivaxkas I'voctowv OAoKANQUATWY.

Ac dovye yeikd Tagadeliyyota.

IHoaedderyua 1.35:

YmoAoyiGTe Ta OAOKANQOUATO

1
f (x2 +3x + 2)dx , f ()c2 + 3x + 2)dx 1.71)
0

Avon: Wdyvouue wa cuvdptnon f(x) tng omolag n mapdywyog da eivonr x2 + 3x + 2. Ag Sokudcouue
v x° + 3x% + 2x. Oa eivar
(3 +3x% +2x) =3x% +6x+2 (1.72)

BAémete 6L n uévn Stapopd pe tn cuvdeTnon TTou WPAaYvouue €{vol GTOUS GUVTEAEGTES TOU TTOAV®VULOV.
Oa Iéhape va Aeimel To 3 agwd to 3x? ko 1o 6 va Atav 3 (SnA. To Wod) GTov 6po Bx. Ag dokwdcouvue
AotV Tn guvdpTnon

1 3 " 3
(§x3 + 5x2 + 2x) = §3x2 + 2w +2= P +3x+2 (1.73)

Borikape Aoty tn gntovuevn GuvdpTnen TnG oTolag n ToRAymyos Log divel auTi Tov VITdEXEL LEGU GTO
oAorAQwUd wog. OTdTe

1 3 ’ 1 3
f(x2 +3x+ 2)dx = f(§x3 + §x2 + 2x) dx = §x3 + §x2 +2x+c 1.74)

SMIAGVTOG YIS AVGTIEATNTA Kol GTO TAALGLO YEAGNS TOU OAOKANQMUATOG.
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Y10 8eUTeEo OAOKAEWUO, dev 0AAdLEL oe TiToTa n okéywn T{ow aTtd Tov vItoAoyoud tov. H ropamdve
VOOUUN UETOTEETTTAL GE

1 1 ’
1 3 1
f(x2+3x+2)dx=f 3+ 2x| de= =3+ =%+ 24 =
0 o \3 2 3

1 3 32
—+-4+2=— 1.75)
2 o 3 2 6

To tedevTaio cnuaivel Tl N eMPAVELD KATO 0T TN YROPIKN TaedoTacn tng cuvdetnong x2 + 3x + 2 aié
7o onuelo x = 0 wg To onuelo x =1 elvan {on pe 23/6.

IHoaedderyua 1.6:

YmoAoyioTe To OAOKANQMOUATO

1
feaxdx, feaxdx 1.76)
0

Avon: Wayvouue wa guvdetnon f(x) tng otoiag n soapdywyos da elvar e**. Ag dokwdcouue tnv (Sia
oguvdptnon. Efvor

(eax)/ — (ax)/eax = ae™ — (leax) = % 1.77)

Apa n gntovuevn cuvdptnon eivor n f(x) = ée‘”. Omote

Y 1
fe“xdx = f(—e“x) dx=—-e"+¢ (1.78)
a a

INa to 8evtepo olokAipmuo dev aAAdier kKATL GTn EUAOGOEIO, €KTOS AITO TNV TOQATIAVKD YQAUUWR ITTou
yiveTtan
! ax ! 1 ax ' 1 ax
eMdx = —e"| dx = —¢
0 o \a a

Kdgtoleg @opéc ta olokAngouato Tov Ja cuvaviicovpe (GTov ndektoouayvntioud kueing) 8 da uiro-
péoouvue va ta Avgouue ye tn uébodo Tng TAEAYOUGAS, OTIMS TOQATAV®. X& AUTEC TIS TEQLITTMGELS,
UWITOQOUVUE VO KATAPUYOUUE TN AVoN €TOWMV TIVAK®Y 0AOKANQOUATOV AAAD TTOAAES POQRES (GMS Ul OTTAR
alAdayn yetafAntiic 6o S0GUEVO OAOKARQ®UA Vo LaS AUVEL Ta xEQLa.

11
=—(e“=1) (1.79)
0 a

Adhory?y petoBAntrc

H teyvikit avti ugtopel va cuvoyleBel wg eEng. Av

f F(g(x))g'(x)dx (1.80)

TO TnTOVUEVO OAOKANQMUO, TOTE uitopovue vo décovue u = g(x), ue du = g'(x)dx. e meQiTttnon oplouévou
OAOKANQ®OUATOC we AkQEa a, b tote u, = gla) var up = g(b). "Etal 1o odokAipwud pag do ypdeetal

f F(u)du (1.81)
N oe TeRlTTTwon JTov elval oELGUEVO
ip
f F(uw)du 1.82)
Ug

ue u = g(x), dmwe elmwaye. Ag Sovue éva TORASEYUAL.
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IHaedderyua 1.7:

YmoAoyiote T0 OAOKARQ®ULA

1
f 2x Vx2 + 1dx (1.83)
0

Avon: Aev eivar amtdd va Peel kavels tnv Tapdyovca tng cuvdptnong 2x Vx2 + 1, omdte uiopel va
KOTAPUYEL G AAAES TEXVIKES OTTwS n aAdayn uetapintig. Ac 9écouue

u=x>+1=gx) (1.84)

KOl YENGULOTIOLOVTOCS TIS SOGUEVES GYEGELS

d
U= g (x) = 2x = du = 2xdx (1.85)
X

Ta, dkEo TOU OAOKANEAOUOTOS UETARAAAOVTAL (G

up =g0) =1 (1.86)
u=g1) =2 (1.87)

To oAokAnpmud pag Toea pItoel va yoapel og

1 1 2
f 2x Vx2 + 1dx = f Vx? + 1(2xdx) = f Vudu (1.88)
0 0 1
ue To TeAevtalo oAokANE®UA Vo vItoAoyigeTon evkoAal Oa €xouvue
2
2 312 2 2
V20, = 2.5 = 2(V93 - Vi3) = 2 —
fl uPdu = Zut| 3( 23 - VB) 3(\/5 1) (1.89)
|

OéAete va SokpdoeTe T TORAKAT®, KAVOVTOS AAAOYA UETABANTAG;

IHoaedderyua 1.8:

YmoAoyiote Ta OAOKANQOUATO
o ot
f e dx=1log(e*+e ) +c, ceR (1.90)
f ey 1 o (1.91)
10 1
fo x V1= x2dx = 3 (1.92)

Avon: Aikn Gag. :)
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1.5 Aoxfoeig

Haedderyua 1.9:

"Evag €E€QEVVNTAGC YEWEQLVAV OQEWVADV TIEQLOXWV TTEPTEL GE YLovoBUEALO GTO SEOULO TNG ETLGTEOPNG
TOU TEOC Thv KaTacokivwon. Kavovikd, da €mpeme va tagldéywel 5.6 yiAouetpo Pogeta, aAAd Gtav
KOTTOGE N YlovoBveAla katdAafe Tl Tagideye 7.8 yrlduetpa vITd yovia 50° fopetoavatoikd (yovia
ue Tov dgova x'x-80cn TEoc avatoAn). IIdon asdcTacn kot Ge TTold katevBuven TIEETTEL Vo TAELEEeL
TAEOV YL VO TAGEL GTNV KOTACKAV®OGN;

Avon: Agite o Eynupa 1.11. Zntolue to didvucua BA Ge TOMKI UOQ®N, KOl TTAQATREOUUE OTL

Y
4 B
Av
50°
0] >

Yxnpo 111 Xyrua Acknong 1.9.

BA = OA — OB (1.93)
ATt6 erkpovnon gpouvue 4T |Oj4| = 5.6 kal |073| = 7.8. AvoAVoVTOC GE GUVIGTWGOES

OB = OB,i + OB, = OBcos(50°)i + OBsin(50°) = 5.0137 + 5.975] km (1.94)
OA = OA, i+ OA,j= 0l + OA,] = OA,] = 5.6] km (1.95)

A Y e z z 7,
a@oV to OA BelokeTon TAvw atov dgova y'y. Apa

BA, = OA, — OB, = OA,i — OB,i = 0i — OB cos(50°)i = —OB cos(50°)i = —5.0137 (1.96)
BA, = OA, — OB, = OA,j - OB, ] = 5.6] - 5.975] = —0.375] km (1.97)
"Etou
BA = —5.0137 — 0.375] km (1.98)
Omdte
IBA| = v(~5.013)2 + (=0.375)% = 5.027 km (1.99)
KOlL
-0.375
0 = tan™! =43° 1.100
a (—5.013) (1160)

TOVU TROPAVAS eV AVTIGTOLYE! GTN GWGTA YwVid, APAROVTLS T Sums Jtalgvovue 6 = 175.7°.
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Ioedderypa 1.10:

‘Eval pupunykt, stov €xet “teelabel” amd tnv apiokn té¢atn tov HpakAeliov, kivelton Pagiectnudva
ce éva, xy enimedo. IMpayuatomolel Té6GeQls GTAGEeLS, ue guvtetayuéves (30,40), (by, —70), (=20, c)),
(—80,-70) (6Aeg ek@paouéveg oe cm). H GUVOMKIA UETATOTION TV TEGGAQEWV GTAGE®V TOU €)EL
cuvtetayuéveg (—140, —20).
() Beeite ta by, cy.
®) Howo elvon to yéteo kau n katevBLven (yovia ge Gxéon ue oELLGvVIlo AEova) Tng GUVOMKAS TOU
UETOTOTILONG;

Avon:
Kdbe tevyog cuvietayuévov avtietowyel oe éva didvuoua petatotiong. Kdbe didvuoua puitopel va avalubel
OTIG ETUEQOVS GUVIGTHOCES Kol Yvweitovue 4Tl To 4OEOIGUO TOV X—GUVIGT®GOV TIEETIEL VO, LGOVTAL UE TN
X—GUVIGT®OGA TNS GUVOMKNAG UeTATOTTLONGS. AKQIPB®S TO {810 KAl Yo TV y—GUVIGTMOGA. AQa
(@) Xtov x—dgova
30 +b,—20-80=-140 < b, = -70.0 cm (1.101)

KOL GTOV y—dEova
40-70+¢y,—-70 = =20 <= ¢, = 80.0 cm 1.102)

B) H cvvolikii petatdmion €xer guvtetayuéves (—140.0, —-20.0) omdte

ldl = V(~140)2 + (-20)? = 141.42 cm (1.103)

H ywovia wov oxnuatitel To didvucua tng GUVOMKAS UeTATOTILIONG Ue Tov dEova x'x elvar

-20

6 =tan!| —— |~ 8.13° (1.104)
-140

TOV TTROPAVAOS SV AVTLGTOLXEl GTO GWGTO arotéAecua yatl to Sidbvuoua (—140, —20) BelokeTan GTo
30 TeTaQTnUoELo evd n ywvia stov Perikaune woéAMg to lo, omdte apapodvtac 180° Tmaipvouue

0 = 171.87° (1.105)

Ioedderyua 1.11:

Y10 yvwaTtd TTouyvidl Tov YKOA®P, €xeTe TEELS TTEOCTAOeleS Yoo va PdAete To UTtaAdkl uéca GTnv
TEUTA, XTUTTOVTOS To Sadoyikd. Mo kow Sev eiote kar o Tiger Woods, €gaviteite dAeg cag Tig
TEOGTIAOELES. LTO TEATO XTVITNUA, TO UTTAAdkL uetaxkwveitar 3.66 uétpa Pogela, oto devtego 1.83
ugTEa VOTLOOWATOMKA, Kl GTO TeAevTaio (Trov Bdcete kot To uItaldrl atnv TeUITa) 0.91 voTloduTIKA.
YmoBétovtag yovies 6 = 90°, 6y = —45°, 63 = —135°, 7old eivar To U€tEo ko n katevBuvon Tng
UETOTOTTLONG TTOV OTTOLTE{TOL DGTE TO UTTAAGKL VO KATAAMEEL GTRV TEUITOL UE TV TTRAOTN TTROCGTIA0EL,;

Adon:
Aelte To Zynuo 1.12, kou éxovtag di = 3.66, dy = 1.83, ds = 0.91, avaddovue GE GUVIGTOGES KAl £XOVUE

dy = dycos(6y) + doy cos(69) + ds cos(bs) (1.106)
= d; c0s(90°) + dy cos(—45°) + ds cos(—135°) (1.107)
=0.65m (1.108)

Ko

dy =d sin(Hl) + do sin(Qg) +ds sin(63) (1.109)
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I Yy
7450
d2
1 - /135"
d, ds
.
Sxnuo 1.12: Xtvumrngata golf.
= dy 8in(90°) + dy sin(—45°) + d3 sin(—135°) (1.110)
=172 m 11y
Omote
dl = V0.652 +1.722 = 1.83 m (1112)
TéMlog n yovia da elivar
(172 .
f=tan | ——=| =69.3 1.113)

ré 7 7 2
n owola elval 6T, RAODS To Sidvucua d Beicketon 6To 1o TETORTNUAQLO.

0.65

Hoaedderyua 1.12:

"Evag tayudeduog odnyel 1o @optnyd mov maadider to déuato katd UAkog Tng Slo8Qoung wou
eaiveton gto Xynuo 1.13.

Yxhpa 1.13: Xyrua Acknong 1.12.

XENGWOTOLOVTAS ThY 0vAAVON GE GUVIGTMOGES, VTTOAOYIGTE TO UETEO KoL Ty katevbuvon (ce oyéon
ue Tov dgova x'x) Tng GUVOMKAG peTatoToNS Tou (aTtd START wg STOP).
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Avon:

Agite 1o Eynua 1.14. Oftovue Tn GUUPBOAM TWV AEOVOV GTNV OQYA TOU SLOVUGULOTOS A Avalvovtag kdbe

xnuo 1.14: Avon Acknong 1.12.

Sidvuopa oe Guviatoeg, da €xouue

+
Ayj+ Bx?+ Byf+ Cx?+ Cyf

A6 1O GYARA

Ay =0
B, =0
oTIoTE B R B B B R
Ri+Ryj=Ayj+Byi+Cyi+Cyj
Kol da
R, =B, +C,
R, =A,+C,
ue
B, = 4.0,
C; = |Ccos(45°) = 3.1% =155V2
A, =26
C, = |C|sin(45°) = 3.1% =155V2
Apa
Ry =155V2+4.0 = 6.192
Ry =2.6+155V2 = 4782
‘Etou

IRl = \JR% + RZ = V/6.1922 + 4.7822 = 7.823 m

R
0 = tan”" (1Ty) = 37.678°

X

(1.114)
(1.115)

(1.116)
(L.117)

(1.118)

1.119)
1.120)

(1.121)

(1.122)
(1.123)

(1.124)

(1.125)
(1.126)

1.127)

1.128)
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Ioedderyua 1.13:

"Eva aepoTtAdvo amoyeiovetar amd to HpdkAeio kot mtetd 170 yrduetpa vItd yovia 22°, uetd oteifet
ko TTeTd dAAa 230 ytlMduetpa v ywvio —36°, kol TEMKA eKTEAE AVAYKAGTIKA TTROGYElwaN Ge €va
wkEo vioi. ‘Otav To aepodEiulo aTeidel 0TTOGTOA Sidcwaong, Ge TTowd KatevBuvon Kol OGO LoKELA
TEETTEL AUVTS va TeTdEel daTe va @Tdoel kat evbelov 6To aegpookd@og;, ‘Oleg ol yovieg elvar ue
ovopod Tov dgova x’x.

Avon:
Aeite To Zynuo 1.15.

Yxnpo 1.15: Xyriua Acknong 1.13.

7 7 7 2 7 1 z A z
O<touvue T GUUPOAN Twv AEdvwv GTo aepodpdwo. ‘Ectw R To didvucua Tng GUVOALKNG WETATOTILGNG.
AvaA)ovTag Ge GUVIGTOGEG, da €xouue

R=A+B (1.129)
Ri+R,j=Ad+A,j+Bi+B,J (1.130)
ue

A, = |A] cos(22°) = 157.62, (1.131)
B, = |B|cos(-36°) = 186.07 (1.132)
A, = |Alsin(22°) = 63.683 (1.133)
B, = |B|sin(-36°) = —135.19 (1.134)

Apa
Ry = A, + B, = 343.69 (1.135)
R, = A, + B, = —=71.507 (1.136)

‘Etou

IRl = \JR? + R? = 351.05 km (1137)

R ~71.507
6=tan"' =X = tan! = —11.753° (1.138)

R, 343.69
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Ioedderyua 1.14:

‘Ectw Svo Sravicuata
d=4i-3jm (1.139)
h=6i+8m (1.140)
Bosite
(@) To uéteo kal Tn yovio touv Sovdcuatog d
B) To uéteo katl Tn ywvio Tov dravicuatog b
() To uéteo ki T ywvia Tov Savieuatog d + b
(&) To uéteo kar Tn yovia tov dtoavicuoatos b — d
(e) To uétpo row Th ywvia Tou Stavicuatos d — b
() n yovio petagy tov Savicuatog b —d kow Tov d — b
Avon:
() Oa eivar
ldl = VA2 +(-3)2=5m (1.141)
Kol 5
6 = tan™! _Z = —36.87° (1.142)
B) Oa eivar
ldl = V62 +8)2 =10 m (1.143)
Kol g
0 = tan™! = 53.13° (1.144)
) Oa eivan
a+b=010mi+(Gm); (1.145)
0TOTE
ld +b| = V102 +52 = 11.18 m (1.146)
Kol .
0 = tan~! — = 26.565° (1.147)
10
©) Oa eivon
b—d=@2m)i+dl m)j (1.148)
omdTe
b-al = V22 +112 = 1118 m (1.149)
Kol
411 R
6 = tan 3= 79.69 (1.150)
(€) Oa eivon
d-b=(-2mi-1 m)j (1.151)
omdTe
i@ — bl = V(=2)2 + (-11)2 = 11.18 m (1.152)
Kol u
6 = tan! _—2 —180° = —100.30° 1.153)
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() Tapatnpovue 6Tt
-b=-(b-a) (L154)

dpa ta Stavioopato eivor avtipoTtia, kol n uetagd Toug ywvio Jo eivar {on pe 180°.

Moagdderypa 1.15:

Towa Sravicuoto divovtal wg
a=31+3]-2k (1.155)
bh=-i-4j+2 (1.156)
e=2+2j+k (1.157)
Yﬂ'cohoyw'ts Ta
() d (b+a
®) a q-c
Adon:
(o) Etvar
a-b+d=a-G-2j+3k (1.158)
= (37+3)-2k) - (- 2]+ 3k) (1.159)
=3-1+3-(-2)+(-2)-3=-9 (1.160)
B) Etvar
d-b-ada-¢=a-(b-3)=@Bi+3]-2k-(-3(-6]+k (1.161)
=3-(=3)+3-(=6)+(-2) - 1= -29 (1.162)

IHaedderyua 1.16:

To SLQVUGLLOL B TEoGTiBeTON GTO 6LOWUGu0L A xon o omo*cshso‘lm elvan 61 + ] Av o B agarpedel amd
0 A 0 agtotéAeoua elval —4i+17], j. Towd efvan to puétpo tou A kou 016 TOU B

Adon:
®a sltvan
+7 (1.163)
KO
A-B=-4i+17] (1.164)

ITpogBETovtag katd uéin

2A=2+8] = A=7+4] (1.165)
Apa
1Al = V12 + 42 = V17 = 4.123 (1.166)
Apapodvtoag kotd uéin
2B=10i- 6] = B=5-3] (1.167)

Apa

1B| = /52 + (-3)2 = 5.831 (1.168)
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IHoedderypa 1.17:

? ? "¢ ? 2, , ’ ;
Yag divovton dvo Savicuata @ = 5 — 6.5 ko b = 3.5i — 7). ‘Eva Ttpito Sidvucua ¢, BeickeTon GTo
xy eqimedo. To Sidvvoua avtd eivar kABeTo 6To SLdvucoUa d KOL TO EGMTEQIKSG TOU YIVOUEVO UE TO
rd "4 7 7 . 7’
SuGvuouo b 1oovTan ue 15. Bpeite Tig GuVIGT®OGES TOU SLOVUGUATOS C.

Avon:
, > > - > 2 , > > L,
Ectw d =5i—6.5) kow b = 3.5{ — 7, evd € = cqi + ¢2j. loyvel 6T

13
3-320:)501—562:0 (1.169)

vyt kabetotnta onpaivel ecwteEkd ywvouevo undév. Emiong

> 7
b-¢=15 = 561 —Tco =15 (1.170)
Avvovtac to cguatnua Beicrouue
L 390-» 300- w171
VTRV, ‘

Hoaedderyua 1.18:

YroloyioTe TI§ TTAQAY®OYOUS TV TTAQROKAT® GUVOQTAGE®V WS TTEOS X:

(@) y(x) = In(cos(x)) V) y(x) = Bx = 2)*(5x* + 3)*/°
, _ 2 2 _ 2 2 249
®) y(x) = [In(x" + D] = In[(x" + 1)7] ©) y(x) = xztl
Avon:
(@)
d d 1
—y(x) = — ln(cos(x)) = (cos(x)) T = —sin(x )T = —tan(x) 1.172)
®)
%y(x) = % ([1n(x2 +D1? — In[(»* + 1)2]) = %[ln(xz +D)? - % In[(x? + 1)?] (1.173)
— 2 ’ 2 L _ ) , 1 _ 4x 9 _ 4x
=2(x* + 1) In(x* + 1)x2 28+ D s il In(x? +1) 7 (1.174)
2 _
_ 4x(In(’ + 1) - 1) L175)

X2 +1
W)
—y(x)——(3x 294522 + 3)%3 = (5x +3)2/3 ~[(3x - DM+ (3x - 2)4 ~[Gx 24323 (176)

=123x - 23522 + 3)¥3 + §(5x2 +3) Y310x)(3x — 2)* 1.177)
2 (10x)(3x — 2)4

=123x-2)°(5x% + 3)¥% + 3 BRI (1.178)
12(3x - 2)3(5x* +3) 2 (10x)(3x — 2)*

T G2+ 3 3 (5a2+ 33 (L175)
—_92)3 2 _o\4

_ 36(3x = 2°(54% + 3) + 2(100)(3x - 2) (L180)

3(5x2 + 3)1/3
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_ 4(3x —2)(60x* — 10x + 27)

1.181
3(5x% + 3)1/3 ( )
©)
d dx*+2 P+ -D-2-1D(x%+2)
— = — = 1.182
Y ne (2 —1)2 (1.182)
2x(x? = 1) — 2x(x% + 2) 6x
— S 1.183
(x2 —1)2 (x%2 —1)2 ( )
IHoedderypa 1.19:
YiroAoyiote Ta TTOQAKATHD OAOKANQOUATOL
0 2x+D(x-1
, 2 2 / RS A S
- 4)%d ) f dx
@ [ ey 3@2
5 1 1 1
®) f (2x3 + —4)dx ®) f[(—) + (—) -~ (—)l dx
1 X X X X
Avon.

(@)

0 0 0 0 0
f (x% = 4)%dx = f (x* = 8x% +16)dx = f xidx -8 f dx + 16 f dx (1.184)
-9 -2 -2 -2 -2

x5 x=0 x3 x=0 x=0
= -8— +16x (1.185)
5 lx==2 3 lx==2 x=—2
32 8 256
=0+—-8(0+=]+16(0+2) = — 1.186
S -sfos)r0002 = 1180
®)
2 5 2 2 5 2 2
f (2x3 + —4)dx = f 2x°dx + f —dx =2 f x*dx+5 f xtdx (1187)
1 X 1 1 X 1 1
xtp=2 —x73 =2 1 5(1 215
=9 88— _— _—_|=-— 1l = — 1.1
2ha 7073 e 2 3(8 ) 24 (1188)
W)
2x+ D(x -1
f Grr DD g f (2x + D(x - DxV2dx = f (2x32 — X% - xV2)qx (1.189)
Vx
=2 fxg/zdx - fxl/zdx - fx_l/zdx (1.190)
4 2
= 5x5/2 +cp— §x3/2 +cg—2x"% 4 ¢y (1.191)
_4 52 _2 3
=y B2 _2\x+c (1.192)
5 3
®)
1 (1\* (1 1 1 1
f [(_) ; (-) _ (-)l dx = f Ldx+ f Ldx- f Lax (1193)
X X X X X X
11 1
=——— +c1— — +cg —log(x]) + c3 (1.194)
2 x2 X
11 1
=—————loglx| +¢ (1.195)
2x2 x






2.1
2.2

2.2.1

Ewoywyt

Kivnon o Mio Awdotoon

Qg wovodudstatn N kivnen e wa dtdotacn opitovue tnv kivion evoc GOUATOS GE €vav 0ELLGVTLO T
KOTAKOQUEO dfova. Q¢ caua Jewpovue éva adldoTato couatidio, Sni. éva cwuatidio ye aTelpoatd wked
uéyeboc. To godua 6TTwS To oplcaue arroTelel vo LOVTEAD TEOYLATIKGOV GOUATOV, TTOU TO TedevuTalo €xouv
Bépara un aueAntéeg Stagtdoels. ITa” GTL AotTtdv Ta TEAYUATIKG couata Sev elvar adidotota, To LoviéAo
Tov vtoBeTovue €8 elvar WlalteQa ATToSOTIKG, BOALKS, KOl XENGWO — 0TdTe Ja To epapuotovue Ge KABE
TEORANULA TTOU Ta (oS ATTAGYOMAGEL.

H xwntki - ki 6yl wévo n povodidotatn - kabopitetar agd Alyoug ogiopovg, 1diaitepa amAovs Kot
€UKOAOUG, TTOVU QUGS XEewdcovTol TTpoGoxn. Autol elvar:

1. H 9€on eviég coduatog

2. H yetatdmon evog GoLATOC
3. H tayvinta evég oduatog
4. H egquitdyvuvon evdg GOUOTOS

Oéon

H 9éon ¥ evig oduotog emtdve aTov dgova avamopds dev elvar Tistote dALO atd éva Sidvuoua TTou 0QIgel
Tnv ToTtobecio TOV GOUATOS GE Gxéon ue To onueio avagopdg (Guyvd to 0). H 8€on astotedel Stavuouatikd
uéyebfog: n dievbBuvon tov Sravicuatos Jéong Ja efvarl vitoypewTkA TORAAANAN Tng gvbelag oV yiveTon
n kivnon. Oa Jewprcouye 6T n kivnon yivetor emdven e éva fabuovounuévo dova Kol To TTEOGRUO TOU
onueiov Tov BeiokeTon To U da pag vITodnAwvel Tn EoEA Tov drovicuatog déong. H éon tou chuatog
ugroeel va efvon eTikn 1 apvnTikA - ¢ alyefeikn Twwn. OeTiki T onyaivel 4Tl To Sidvuouo ekvd amd
éva, onuelo avo@odg Kol KATAAYEL GE KATTol0 JeTikil T Tou dfova. Avtifeta éyouv Ta TTEAYULATO Yol
Tnv agvntikin Twh. o aeddetyua, Ta Stavicuato déong

2=20 =4 @2.1)
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VTTOONADVOUV €val GO0 TT0U BEICKETOL OTIC TETIKES TIWES EVAS 0QLLOVTIOU I KATAKOQUEPOU dfova. Avtibeta,
Ta Staviouata Jéong
? ?
X=-2i, ¥=-4j 2.2)

VTTOSNADMVOUV €val GOUA TTOU BEIGKETAL GTIS OQVITIKES TWES EVOS 0QLZOVTIOU N KATAKGQUEOU dfova. Aelte
To Xxnua 2.1, dmou éva ciua (avtokivnto uev, aAld dewpeiton wg onueio de) PplokeTal Ge SLOPOQETIKES
Véoelg emdvew oe évav 0QLLOVTIO GEova, KoL €YOUUE GNUELNGEL Ta avtigtotya Staviouato déong, Ta ogrola
gekvouv Tidvta amd to onuelo 0. BAémete 6L e detikd onueia tov Babuovounuévou dgova, to Sidvuoua
Yéong €xer katevBuvon TEOC Ta SeELd evdd ae apvnTikd onuela Tov dfova n katevBuvon Tou elval TEOGS T
oplotepd. H 9éon umoeel va elvar uetafoAlduevo Sidvuouo oS TEOS TO XEOVO £, 0TTOTE OPKETES PORES Do

®

z - = —
| ] ] | ] ] | — ! HI_I x (m)
—60 —50 —40 —30 —20 —10 O 10 20 30 40 50 60

® ®

'a::_E °’ D . ~

—60 —50 —40 —30 —20 —10 O 10 20 30 40 50 60
Yxnuo 2.1: Atavicuata déong e yovodidaTatn Kivnon.
TO Yed@pouue wg X(1).

Metatémon

H petatémon AX agod tn uetafoAn 9éong evég cduatos. Ag dolue Tov 0pLouo:
AX =X - X 2.3)

ue Toug delkteg i, f (var, vitdoyer overlap cuuféAwv, pe To i va elvar €8¢ SelkTng eved TTEW To elyaue G-
VavTRoel og povadiaio Sidvuouo — kAvte Ayo vITowovi, VITAEXOUV TTERLECOTEQRA UEYEON aTt’ doo VITAEYOLVV
voduuota otnv EAAnvikd kot AyyMkn adedfnto pogl @) vo vmodnddvouv tig Aégelg initial-aykn kou fi-
nal-telkn, yia ta avtictorya Stavicuata déong. Omdte To X elvan €va Sidvucua TTov SnAdverl Thv TEMKNA
Péon evic couatidiov kar X to didvuoua apykig déong Tov couatildiov. Apa n yetatdmon astotedel tn
Stapopd 6vo BlovuoudTov - WS ek TOUTOV, aTtoTelel KL avTh éva Sidvuoua!l Q¢ tétolo, Ja €xel KL oVTO
uéto, dievbuvan, kal @opd, dTwes kdbe Sidvucua: n SievBuvon tov Ja elval avaykacTikd TTaEdAANAN ToU
dgova kivnong, To u€tEo Tov da e£aQTATOL OTTé TRV AEYIKA KoL TRV TEMKA Jéon Tou GOROTOGS, EVA N POQEG
g Jda egaptdTan amd éva mpdonuo. Ilotd medonuo; Ag kdvouue pio artin goupacn:

o Av
? ? ?
AX = xpi = xi = (xp — x;)i 2.4)
o1 AV Xp — X; > 0, TOTE TO GOWO, KIVABNKe aTtd To apLeTeRd TTEOS Ta Sekld, ko dea To didvucua
uetardTiong da “kortdiel” TEOC T SeELA.
o Av
? ? ?
AX = xpi— xii = (xf — X;)i 2.5)
TéTE av xp — x; < 0, TO GOdua Kvibnke aTtd ta Se€ld TEOS TO APLGTEQRD, KAl Ao TO Sidvucuo UeTa-
ToTTIoNnG Yo “KoLTdLEL” TEOS T AQELOTEQRG.

OL TWég x;, Xy TG TAQOVGLAGTIKAY GTA, TTAQATIAvV® dvo cnuelo dev amotedovv Savicuata aAAd Tny
Twn tov Pabuovounuévouv dgova otnv omroio PBEIGKETAL TO GOUO GTNV OQXKA KAl GTnv TeAMKA Tou Jéan.
Aeite To Xyfpa 2.2. 1o emdve oxipa, n T x; Tov couatog eivar 30 m evd n twh xr efvow 50 m. OmdTe
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The car moves to
the right between

positions ® and ®.
®
3 o .s T E e

L 1 1 1 1 1 I 1 I ! | ? I x(m)
—60 —50 —40 —30 —20 —10 O 10 20 30 40 50 60

-3
® ® © ©
o == = -
ole ‘a5
L 1 L 1 L L 1 L 1 L I I x ([]])
—60 —Hh0 —40 —30 —20 —10 0 10 20 30 40 R0 60
i\
The car moves to
the left between
positions © and ®
Xyxnuo 2.2: Aidvucua UeTaTOITIGNG.
Ax=x;—x=50-30=20m (2.6)

Tov elval JeTkn TwoGHTNTA, OTTOTE KaATAAAPaivouye OTL TO GOUO UETATOTIIGTNKE TEOG TO Oefld, SnA.
AX = (20 m)?. AvtiBeTa, 6TO KATW GYARA N TWA X; Tou Gouatog elvar 40 m evég n twn xy elvar —60 m.
Omdte

Ax = xy — x; = =60 — 40 = =100 m 2.7

TOU €{Val AEVNTIKIA JTTOGOTNTO, 0TTATE KATAAABAIVOUUE OTL TO GOUA UETATOTTIGTNKE TIROS TA AELGTEQC, SNA.
AR = (100 m)i m.

Ilpocéste o €€ng onueio: n upetatdmion AX dev eivan to 8o pe tnv amdotacn d mov Saviel éva
odua. Xke@telte 1o €gng Tapddeyuo: ag vtobécovue 6Tl €vag dpouéag Teomove{tar Ge éva GTAdlo TTOU
Srabéter u6vo évav evbiypaupo tdmnta. O abAntig meayuoatottolel TWOAG “TTdvw-kKATw” GTov TAITNTO
KoL uirogovue e¥koAa va vTtofégovue 4Tl n aTtdéeTacn Tov Staviel aviligTolxel Ge uepkd ytMduetpa. Av
Suws vItobécovpe OTL n apykin Touv déon elvor gty exkkivion Tov TdITnTo KoL n TeMKkA Touv Yéon Lavd
ekel (QPOV TEAELOVOVTOGC TNV TTEOTTOVNGN ETGTREPEL Savd oTnv ageTneia), Tédte n ueTatrdmion Tov eivol
undevikn, kabwog Ta Stovicuato oQXKIG Kol TEMKAGS Jéong elvar Ta (ol Ardua OU®S KL 0V TEAELOGEL TNV
TEOTISVNGN TOV Ge 0TtolodriIToTE evdidueco anyelo Tov evBvypauuov Tdatnta, To Sidvucua UeTatoTTioNng de
Ya etvar undevikd aldd ciyovpo o uétpo Tou Yo elvar TOAY WKEATEQRO TNG GUVOMKNAG ATTOGTAGNS TTOU
S1évuce KaTd Thv TEoTGVRGN Tov.!

Taybtnra

H gvvoia tng tayvtntag cag eivar emiong yvooti amsd tnv kabnuegvétnta. Tayvtnta cnyuaivel ouGlacTikG
TOG0 yoryopa Teéxete, Sni. T6G0 ypryopa uetafdAldete tn 9éon gag. Me dAAa Adywa, TToGo ueTafdAleTan
n 9éon cog o €va, GUYKEREWEVO XEOVIKG Stdotnua — deo. aTnv £vvola TG TaXVTNTAS VITELGEQXETOL KL 1
€vvola Tov XEOvou. Ag EEKIVAGOULUE ATTO Tn UEGN TAXVTNTA, TTOV 0QLCETAlL WG

- >
L X=X AX

= = — 2.8
Uayg -1 Ar (2.8)

ATé Tov TToRATTdve 0Qloud, kataAafaivete 6Tt n uéon toyvtnta efvor Stdvucua KL QUTA: €xel UETQo,
dievbuven, @oed. To pétpo tng astoteAel To uétpo Tov Adyouv AX/At, n SievBuven eivon TOEAAANAR TOV
dgova GTov oTtolo yivetal n kivnon, kol n @oed eival éuola Ue Th @oEd Tou SLOVUGUATOS UETATOTILONG

LATIAG, punv Telte oTé Ge évav afAnTi SeSUmV GTL GTAV TTEOTTGVNGN TOU N UETATOTIGN TOU ATOV UNSEVIKL :-)
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AX. Twti; Twotl TTeo@avds o TapovouasTig Ar elvon dvto detikdg, ottdte e uetaBdAler tn @oed Tov
Sravicuatog Tou agunth étav Stawpeitar ue avtévZ. TIapaTnEiGTe GTL ATTOLTOVVTOL SVO Gnueia Yo Tov
0QLGUS NG UEong TaxUTNTAS: €va aQYKO Kol €va TEMKO, OTTWS KoL GTOV 0QLGUd tng uetatdmiong. TéAog,
TL uItoQovue vo Tovue yo Ty ocdtnta Ar = 1y — f;; Elvonl TT00@OvaS oL XQOVIKES GTIYUES GTIS 0TToleg
uetonoaue TG Yéoeig Xy, Xj, ko Ar elvar n xeoviki “aIréGTAcN” UETALY TV §VO XEOVIKOV GTyu®dV. Ta T
uéon taxyTnto uIroQovue vo ypdwouue emiong GTL

- A)? AX—_»

Ugyg = E = El (29)

(oL Kol To Sidvuopo tng uéong tayvtnto dev ustopel va BeiokeTon kKATOU 0AAOY ekTOS Tov dEova x'x GITou
yivetar n kivnon.

Eved Aowmtdv n péon tayvtnta eivon Sidvuoua, n uéon aguntikn tayvtnta eival povouetpo uéyebog

ko opicetanl agtd To Adyo

d
Swg = (2.10)

6TT0V d n asoécTacn Tov diévuce To odpa. [pocéste tn ATt Stopopd — oke@Teite Lavd To TTORAdEYLO
ue to dpouéa: o dpoudag TTOU TEOITOVEITAL TTAVW-KATW G eVBVYEOUUO TATINTO £EKIVA KOL TEAELDOVEL TV
TEOTTOVNGN ToL OTtd Tnv agetneia. To Sidvuoua Tng uetatdmiong Tov elvar Undevikd, Kol £€TGL Kol n Léan
Tou Taxvtnta eivan undevikn. Ilpogavag n puéon aluntikin toxvtnto Tov eivol JTOAUY SLaPOQETIKA TOU
undevadc.

Acg dovue Thpa éva Trapddeyua. Acite to Tynuo 2.3. BAémete fva Sidypaupuo 9éong evog oouatog

—60 bt

EuBeieg AB kat AF: H kAlon toug Looutal Le TN HEon TaxuTnTa
Xxnuo 2.3 Aidypauua 9éeng - xpovov GaoUAToS.

GUVOQTAGEL TOV XEOVoU (Kapé kaumUAn). To couo gekvd otn déon (A), n omola eivow n x4 = 30 m, gtnv
ogtolol Kol JTaTdue To xeovoueTEo wag (t4 = 0). tnv cuvéxela to ooua kwveltor atn déon (B), (C), kAT, g
ko th éon (F). Ag mdpovue tig déoeig (A), B). H twi tng uéong tayvtntag Jo eivon

Axap 35-30

Uavg, g = A7 = 10-0 = 2.5 m/s (2.11)

? ré e ré ’
SnA. ilayg, , = (2.5 m/s)i, ue @opd (8o ue T PoEd Tov Stavicuotog AX.
Av thpa @épouye To gvBUyauRo TuAUO TIou evaver Ta onueio (A), B), ToTte auTd PelokeTon TTdvw o€
wa evbela ue kAon - pavtéyte! - A = 2.5! Ae Ya cog kdvel eviUTTOon av oke@teite 6Tl €xete Svo onuela

2@uunbeite Tov TOAATIAAGLOGUS 0oy e Stdvucua Tov Kepalaiov 1.



2.2 Kivnon oe M Awdotaon 37

ue ouvietayuéveg (A) (#1, x1), B) (f2, x2) ko oynuaticete To AGyo (xg — x1)/(t2 — t1), 7OV elval akEPOS O
cuvieleotng evbelog tng evbelog mov meEvd amd ta (A), (B). Tavtdypova, elvar Kol 0 0QLGUOS TNG UEGNG
TayvTntog!

Av emiong @épovue To gvBUyAUUO TURUA TToL evidvel Ta onueia (A), (F), tdte avtd feloketar wdvm oe
wo evbelo e kAMon A = —9/4! EmBefarcdote 6Tt wpdyuatt n uéon taxytnto UETAE) Tov Gnuelnv autov
€xel tnv Twn —9/4 m/s, ue to TEOGNUo va SnAdvel OTL TO GoUO KIvOnke aitd SeEid oS To aLaTeRd.

H yéon toyvtnta elvol TTEOKTIKA TO SLAVUGUO TG UETATOTILONG TTOAAAITTAAGLAGUEVO Ue Tov aeliud 1/At,
SnA. elvar éva didvuoua akEPBOS OTTHS N petatoTiion alld elte ueyoAdtepov eite ukedtepov unkovg. H
uéon TayVTNTO OTTWGS KoL N UEon aElOUnTIkA TaxVvTnTo €(0Uv Uto £vvola “UéGou 6Qou” KABMDS ek@EATOUV
uetafoAéc déong avd ypovikd didatnua uetagd dvo décewv, oL omoiec GUVROBWGS ATTEXOUV OQPKETA UETALY
TOUG. Xe Wlo, ueydAn petatoTion AoTdv, TTou 1o oiuo witoeel va alddel cuvexos déon katd tn Sadgoun
asd v agyki gtnv teMkn 9€on, kol n otola uItoel va exkTeAelTOl G GnUAVTIKO XEOVikKS Sidotnuad, n
uéon (oQuuntikn) tayvtnto 8¢ wog Sivel kauwd TTAnQo@opia yio To T GUVERN GTO COUN G evBLAUEDES
XQOVIKES GTIYUEG, QVAUEGO, GTV OQXIKN, f;, KOW GTAV TEMKNA, fr, XoVIKN cTiyui. Ae Ja Atav kaAn 8o va
yvopicovue tTnv ToyUTNTO TOV GOUATOS OITOLAGHITOTE XQOVIKA GTyur; AuTi tnv TtAngo@ogia uog tn divel
n otiyutaia tayvinta, n orwola opltetal wg

i(t) = lim A—f = i)?(t) 2.12)
A—0 At dt
Hopatnenate agt’ Tov opuowd 6Tt n aTiyuoio ToyvTnta oyl wévo eivor Sidvuouo aAAd @alveTon va vIToOAO-
yigeton agtd tnv TaQdywyo Tou dtovicuatog déong we meog To xedvo! ITapdywyog Staviouatog — akovyeTol
TEOWAKTIKG aAAG dev efvar. ©
Y10 (8o oynua Xyx. 2.3) éxovue oyedidoel kow wo TElTN gvbela, pe TEAGIVO YEuUa, Thy oTola agltel
va egetdoovue EexwElatd, oto Iynua 2.4. Hopatnenate 6Tl TAncldgovye to onueio (B) 6Ao kot o kKovtd

KAlon tng edamrtopévng oto
onueio A = otwyplaia taxvtnTa

‘Oco 1o onueio B mAnolalel to
onueio A, t6co n umhe guBsia
npooeyyilel TV edamtopévn
oto onueio A.

Synua 2.4: Aiaypauua 9éeng - xpovov ciuatos ueta&v (A), (B).

oto onpelo (A). Tu gnuaivel avtd; ‘0Tl uetpdue uetotomicelg AX e GAO KAl TILO UWKEES YEOVIKES UETAPBOAES
At. Mgtogovue SnAadni va VITOAOYIGOUUE Wil LETATOTIION — KoL Qo Uil UEon TaxVTnTo — TOU GOUATOS Ol
otroleg guvépnoav oe TTOAD WkQEG xEoviko Sidatnua Az, Ti Ja cuufel av to onueio (B) mAncidoer mtdeo
TOAU To onuelo (A); EZnuaiver 6L ov uetprnoels wag da elvar xeovikd ToAM) Kovid petagd touvs. Axdua
TeELoadTEQOD, TL Yo cuuPel av To onuelo (B) mAncidoel “amelpootd kovtd” ato onuelo (A); Téte TTEOQA-
V®OG Ol YQOVIKES GTIYUES TTou UeTedue Telvouv va TavTlgTovv, omdte At — 0, dnA. vToAoyitovue TTALOV
10 limpas—0 %, To oTolo elval To 6plo Tou Adyou uetaPoAMG Tng JEong Tov GWUNTOS WS TTEOS TO XEAOVO.
Me dAAa Adyla, elvar n TEOTN TORAYWYOS Tng d€ong ws Tmeog To xeovo! ‘OTtws yvweltete Non, n wedTn
TAEAYWYOS Wwag guvdptnong oe éva onuelo pog divel tnv kdion tng epamtouévns gvbelag Tov TTEQVA AT
To onueto. Tavtdyxpova, pag dlvel kot Tn cTiyutoio TaxyTnTo Tov GOLOToS GTo cnueio avtd!

Acg emtainbscouye G0 T TTOQAITTAV® G éva TTaRASeLyual.



38 Kegdharo 2. Mnyovixt

IMaedderyua 2.1:

"Ectow 411 éva aodua Kveltal gTov oplgdvtio dgova, ue tn 9éon tov va opiteton astd tn guvdetncn

x(f) = -4t + 2% (2.13)

ue x(¢) tn 9€on Tov GAOUATOS TN XEOVIKN GTYUA ¢ GE UETEA, ¢ TO YEOVO GE SeVTEQOAETITA, OTTWS GTO
Zynuo 2.5.
(@) Beelte tn petatrdiion tov gouatog gTa xeovikd dtactipata f = 0 g = 1 kot agtd ¢ = 1 wg
t=3s.
B) YsoAoyicte tn péon tayxvtnta e autd To Svo SLOGTANOTO.
() Beeite tn cmiywaio ToxyTnTo TOU GOWATOS TN XQOVIKA GTIYUR £ = 2.5 s.

x (m)
10

Slope = +4m/s

Sxnuo 2.5: Hapdbetyua kivnong ge opigovtio dgova.

Avon:
Yupnva ue To Xyxnua 2.5, ol xpovikég atyuég t = 0, t = 1, t = 3 avtigTorovv atic Yéaeg A, B, D, avtigTorya.
Apa, Yo TTaddetyua, X4 = x(f = 0)i, KO AvTIGTOL(A YLl TS VTTOAOLITEG XQOVIKES GTIYUES.
(@) T tn petatoTtion éyouvue

Axpap=xp—xa=x(t=1)—-x(t=0=-2-0=-2m (2.14)

KoL
Axpsp=xp—xp=x(t=3)-x(t=1)=-12+18-(-2) =8 m 2.15)
Omdte amd to ;mEdonuo katadapaivouue 6Tt n kivnon (A) — (B) efvor wio kivnon amd de€id TTE0G
To aELaTteRd, evd n kivnon (B) — (D) elvar wa kivnon amd ta aplatepa Teog T Sedld. Telkd,
ARap = (=2 m)i (2.16)
A¥g_p = (8 m)i 2.17)



[\

[\

2.2 Kivnon oe M Awdotaon 39

B) Avtictoya, n uéon taxvnta Siveton wg

XB — XA

Uavgss = 70 Axpp = -2 m/s (2.18)
KO
Xp—X
avgy ., = ~g— = Axpp = 4 mis 2.19)

Emiefardote amd to oxiua 6Tt TeAyLoTl ot KAMGOELS Tov evBeldv €xouv Tig TIWES TTov Tieémel. Omdte

favg, , = (=2 m/s)i (2.20)
avg, , = (4 m/s)i 2.21)

&) Tw tn otywaio tayvtnta da xecwactel va Tapaywylcovue tn cuvdptnon x(f) 1 vo Peovue Tnv
eaTttoudvn evbelo oto t = 2.5. Matogeite va emPefarddoete tn devtepn Aon — TEOGEYYLGTIKA, AITO
TO GyAua — oTtdte ag Sovue TNV ITEWTN.

d d 9
H=—x(t) = —(—4t+2t°) = -4 + 4¢ 2.22
u(t) = Zx(0) = —( ) 222)
T ¢ = 2.5, éovue u(2.5) = 6 m/s, kow dpa n Toyvnto Ja elvon Tng popeng i(2.5) = (6 m/s)?.

O¢omn und Lradepr ToydtnTa
"Exel 18aitepo eviiapépov n mepimtoon 6Itov €va ciua Kveltal vitd etafeen tayvtnta. Av n tedevtaio

efvaw gTabepnt Tdte n uéon toyvTnta TavTigeTol ue Tn gTywoala taxvtnta — katalafaivete yiati; Av Aowgtév
Uy = Ugyg = GTAOEEN, TOTE

A
Uagyg = K)tc = AX = UgygAt & X — Xj = UgygAT & X7 = X; + UgygAL (2.23)

KoL av guyporicovpe w¢ u tnv Tayvnta Ueon n otywoio, dev €xel onuacio wAéov, etvon to {510)
Xp=xi+ulty —t) & xp=Xx; +uty (2.24)

av dewprigovpe 6Tl f; = 0, SnA. OTL TATAGOUE TO YEOVOUETEO KoL dyloaue vo yeAdetdye To TTEORANUL GTn
¥éon x;. To uétpo tng tayvtntac eivor 6tabepd, 6w elTTOoue, KoL LIGOUTOL UE

u=— (2.25)

ue d To wikog tng asrdéotoong Tov davidnke. OTdTe €rouue wa £towun oxéon Twou KUPeEvA Tn wovodi-
dotatn kivnon v gtabepn tayvnTal

A/A Xxéon

1 Xy = Xx;+ut

Iivokag 2.1: ITivakag Xyécewv Kivnong ue Xtabepn Tayvtnta.

Acg dovue éva mTadderyuol.
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IHaedderyua 2.2:

Katd tn Sidpkela evég duvatol @ragvicuatog, To udtia cag pitoeel va kAeigouv yio repimtov 0.5
s. Av odnyeite éva avtokivnto ye ctabeprn Toyvtnta 90 km/h kot @Topvicteite, OGO uakold do
kivnBel To auTokivntd cag katd To @TdEvVioud;

Avon:
Oeweovye evBiypauun tnv Kivinon pag oe vontd dgova x'x, ue x; = 0 kat f; = 0 Tn oTLyUn TTou Lexvaue
TO @TAEVIGUQ, KO X7, TTOU avagntovue, kat ¢ = 0.5 s 0 xedvog Twov astouteitow aIrd Tnv €vagen wg To
otopdtnua Touv @Togvicuatos. H tayvtntd poag eivar otabepn kon ton ye u = 90 km/h, Snik. u = 25 m/s.
Apa aTtd tnv eglcmon evBiypauung kivnong pe gtabepn toyvTntao

Xp=xi+ut=0+25-05=125m (2.26)
Kol dea n Pé€on Tou AVTOKIVATOU aKELBMOS UeTd To @Tdevicua Jo elvon

X = (125 m)i (2.27)

Emutdyuvon
‘OTtg akEIPOS oploaye Tnv ToVTNTA K TO TOGO YEIRYoEO UETARAAAETAL N Yéon evog GOULATOS GTn Lovdda
TOU yEovov, 8e Pa ntov weaio va opicouye To avtioToL o Yo Thy TayUTNTa, SnA. TTGGO YEIY0QEO. UETORAA-
AETOL N TOYVTNTO GE €VO GUYKEKQWEVO YQOVIKG Stdotnua; AVTA okEB®OS elval n €vvolo Tng mMITA{VVONG.
Acg gekvnooupe aTtd Tn uéon ETMTAXVVON, AKOAOVODOVTAS AKEPADS TO (Sl0 GKRETTTIKG Ue TIG £VVOLEG TNG
Tayvtntas. H yéon emtdyvvon oplteton wg
L Ad -
Aavg = A —tf — (2.28)
gavd ue toug Selkteg i, f va SnAdvouv wa aEyikin kot wiot teAkn uétonon. H uéon emirdyvvon eivor emtiong
Sidvuoua, agov n tayxvinto (0 auntic) eivar Sidvucua. Emiong, n aAyefoikn tipwn tng diatnel to (8o
TEOCNUO e T UETABOAR TnG TayxvTntag, a@ov o 6pog 1/At eivar mdvta deTikdg, KL dpa n uéon emirdyvven
éyel Tnv (Blo oEd e To Sidvuoua Thg UETABOMG Tayvtntag, Al
Yvveylcovtag, umopolue va opiGouie Tn GTiyutaio £ILTAYVVGN S TO AGY0 UETABOANS TNG ToUTNTOS
OTAV Ol XQOVIKES GTIYUES TTOV TTALEVOUUE TIS UETENGELS pag GxedOv guuTtisttouy, dnA. dtav Ar — 0:

Ai d
a) = lim — = —il(t 2.29
® Ar—0 At dt() (2:29)
‘Ouws yvwpeigovue GTL n gtiyuaio taxVTnta 16oUToL ue Ty TEOT Taedywyo The cuvdptnong déong ¥ wg

TROG TO XQEOVO, 0TATE
2

- d =
a) = ﬁx(t) (2.30)

Acg dovue uepkd Tapadsliyyata.

Iaedderyua 2.3:

Boeeite ta tevyn taxyIntog - eMITAYUVONG GTA TOQOKAT® GYALATa Tou ZxAuatog 2.6.

Avon: Eépouvue OTL n emitdyvvon gival n TEOT TOEAY®OYOS Tng TtaxvTntag. OwdTe ylo Ty TaxUTn-
To Tov Xynuatog 2.6(a), Eépovue GTL n TAEAY®WYOS Tng elvon wio otabepd, SnA. n emitdyvvon TOU TG
avtigtoyel gaiveton oto Zynuo 2.6(e). Emiong, to Eynua 2.6(b) Seiyxver éva mbavitata Seutepofddulo
ToAv®OVLULO Tovu . H mapdywnyos tou da eivar éva mtewTofdbuto toAvdvuuo tov ¢, do wa TTAdyo evubela,
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U

a

Xxnuo 2.6: Hapddetyua ypaenudtoy TaxUTNTOC - ETITAYVVGIG.

onA. To Eynua 2.6(f). Télog, to Zxnua 2.6(c) delyver wa tayVTnto TOU TEQLYRAPETAL ATS Uid TTAGYLOL
evbelo akoAovBovuevn astd wo gtabepn guvdeTnon tovu . IoEoywylTovtag TUNUOTIKG, KATAARYOUUE GTRY
emtdyuvon Tov TeQLyedpeTal attd To Iynuo 2.6(d).

IHaedderyua 2.4:

H 9€on evdg coouatog divetar amd th gxéon
x(H) =4-27t+ 13 2.31)

ue t oe SevtepdAeTiTa KO X(¢) GE UETQAL.
(@) Beelte tn cuvdptnon TayUTnIog wg TEOS TO YEGVO.
®) Beselte tn guvdtnon emitdyvvong g TEOS To XEAOVO.
) Ytdeyer kGITolo YQOVIKA GTyun fy TTou To cwuatidio elxe u(ty) = 0;

Avon:
(@) H guvdptnon taxVtntag og Jeog To xeovo eivar n gtiywalo taxvtnta. I'vweitovue d1u

d d
u(t) = —x(t) = —(4 - 27t + 1°) = —27 + 3% 2.32
(0 7 (0 7 t( ) (2.32)
®) H cuvdptnon emitdyuveng og TEog To xeovo elivor n gtywaio emrtdyvvon. I'vopitovue Tt
d d 9
a(t) = —u(t) = —(—27+ 3t°) = 6¢ 2.33
(0 7 @) 7 t( ) (2.33)
) Mmopotvue evkoda AoV va Sovue av vTtdyel kATtolo fy dmov u(fy) = 0, av Adcouue tnv gglcmon
312-21=06=1A-9=0c1)=+3 s (2.34)
EmAéyouye tn detikn xpovikin gtiyun o = 3 s.
2.2.6 Kivnon uné Ytadepr) Emitdyuvon
Akduo ueyaAdteQo evBlopépov TTapouatdgel n ueAétn kivnong vitd grabepn emitdyvvon. ‘Omwg uirogelte
va katoAdfete atté 6ca wéMs Swafdoate GTnv TTEONYOUUEV TTORAYQEPO, GThV TEQITTOoN oTafeENS £TTL-

Tdyuvong, n griywlola Tayxvtnta do elval yeauwkn cuvdetnon tov xeovou f, eved n guvdetnon Jéong wg
TEOGS TO ¥E6vo o efvar deutepofdbuto TToAVGOVLUO Tov XEGVoU f.
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H

kivnon vIrd otabepn emitdyvvon witoel va TTEQLYEOPEL ATt AEKETES £E16MaELS, €V avTlBéceL ue Tnv

kivnon vmd ctabepnn tayvTnta, n omola elye udvo wa eglcmon TeQypapng. Ag dovue OAeg avuTéc TIC
€E1000elg GUVOTITIKG GTov ITivaka 2.2, ou oTtoleg eEl0daels elvar GAeg alyefoukés, kabws dewpovipe GTL oL
Slavucouatikég Togdtnteg Tou TeQuaufdvovtor (Béon, Tayvtnta, emitdyvvon) “Kortdouv” OAES TTEOGC TN
Yetikn opd tov dfova x’x. Ou Seikteg i, f onualvouv Tnv ok Kol TeMKA uétenan, avtiGTold.

A/A Yxéon A/A Xxéon
1 ur=u; +at 2 Ugyg = (U +uyp)/2
1
3 Xp=x+ i(ui +up)t 4 Xf = Xj + Ugyglt
) Xf=Xj+uit+ Eat2 6 u?c = u? + 2a(xy — x;)

[Mivakag 2.2: Iivakag Xyécewv Emitayvvouevng Kivnong.

Ag Tig agtodelEovye:

1.

Abdyw otabepng emitdyuvvong,
Au  uyp—u;

Qg = — = (2.35)

Ir—1t

Av dewpricovpe OTL UeTEAUE TO XEOVO wag aItd Ty apyki 9€on x;, téte t; = 0 kou av décovue tr = t,

T0TE

a= Uur—uj
t

H emitdyvvon eival atabepn, doo n otiywaia taxvtnto da elvar ypauwki cuvdgtnon tov t. Ia dvo

omowadnitote onyela gtnv gvbeia

— uy =i +ar (2.36)

u; + us
avg = —— (2.37)

A6 tnv TTonyoluevn Gyéon TTOAMATTAAGLATOVTAS UE T €Qouue

1 1 1
Uaygl = é(”i tupt &= xp—x; = é(u,- +upt &= xp=x; + Q(ui +up)t (2.38)

. AT n Xxéon (2.37) ko tn Xxéon (2.38) €xouvue eVkoAa

Xf = Xj + Ugyel (2.39)

. AT TIg dvo oyéoelg Tov €youpe MO artodeigel

ur=u; +at (2.40)
1
Xp=xi+ §(ui +up)t (2.41)
€youue
1 1
Xf=xi+ 5(2u,~ + att = x; + u;t + §at2 (2.42)
Avvovtag tn gyéon
ur = u; +at (2.43)
WG ITEOG t €ouue
uf — Ui
t= (2.44)

a
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KOL OVTIRAOLGTOVTOS GTn GYEon

1
Xf =X+ E(uf + u;)t (2.45)
Taipvouue
1 U —u;
xp=xi+ z(up +u))—— (2.46)
2 a
Wy = u} + 2a(xy — x)) (2.47)

IIpogéste dTL oL TTapaTtdve oxéoels elvar alyepoikés. Ta mpdonua da cog kabodnyncGouv 6Tn GwGTR
©od Tewv drovuoudtov. Mo TuTiikin cUufacn Ttou akolovBeitor elvar vo opigete tn Jetiki @opd auti
TEOS Ta SeELd, kaw unv Eexvdte va opigete Ta onueio avoamopds coac (GnA. amd Ttold cnueio petpdte Tn
Péon touv cwuatog — nd. Twov Jewperte 6Tt x = 0 — ko TO onUelo IOV TTATATE TO XEOVOUETEO GG KO
ueAetdte 10 erkdatote MEOPANUA — SnA. e woyver ¢ = 0). TToAAES @opés autd Ta dvo tavtitovror aAAd
OyL TTavTaL.

M 8aftepo Snuo@Mic kivnon oe po didotoon elvar n eAevBepn TTTOoN. XTnv TMEQ(TTOON TG
eAeVBEQNS TITOGNGS £Y0VUE WS GTABEEN eTLTd UVEN TNV eTITdYLVGN TS BaEUTnTag, ue uéteo g = 9.8 m/s?,
ue @oEd TEog Ta KATw. O gflowoelg elvan arQPOS (6iegc (avtikabioTdte TO X Ue TO y). Xxeddv mdvia
®¢ YeTkN @oEd 0plteTar n kATAKGQUEN TEOS To TAvw BnA. TEOS To JeTikd nwdgova Touv dgova y'y),
0TTOTE TO TEOGNUO TG eTITdyvong Tng fagutntog da elvar aQvniikd Gt 5lowaels TTov eldaye. Aglte Tov
TaeokdTe Iivaka 2.3, wov ovclooTikd eivor o TTivakog 2.2 yoouuévog ue thv vItefecn Tng KOTaKOQUENS
klvnong JTEog Ta TTAvw, VITG TV eT{SQO0N TNS BOQUTIKAGC ETLTAYXUVGNG.

A/A Yxéon A/A Yxéon
1 up=u;— gt 2 Uavg = (U +uyp)/2
3 yr=yi+ %(“i"‘uf)t 4 Yf = Vit Uaygt
5 Vf = Yi+uit = %gﬁ 6 uy = u =280 = ¥)

Hivaxag 2.3: Hivaxac Syécewv EAsvfeong Htdong ues g = 9.8 m/s>.

INa va Aoete emtuydg TTEopAMuaTa, TEéTel ge kKAbe TEAPAnUA va avapmTndeite Ta eENC:

IHpokatagktikd Biiuata Estidveng IMoofAnudtwv Movodidetatng Kivneng

e davtactelte GTo WVaAd cag tnv kKivion Tou copatog. ITotd povtédo kivnong JteQydeel Tnv
kivnon Touv GoOuatos 6To TEOPAnUa Tou puedet®; Kivnon vmd otabepn tayvtnta; Kivnon vmo
gTabepn emitdyuvon;

e IToV ¥étw T0 Voo cuvteTayuévov wov — Oxy; Me dAdo Adyia, Ttov Yo déow tn cuuPoint
Tov agdéveov O (0,0) ue Bdon tnv ottoia Yo petpw Tic doelg Tov GdUATOS KATA Thv Kivnon
TOU;

e II4éte “mat® to yeovouetEd wov”; AnA. méte Jewpw ot t = 0;

e “Bagtiote” ta evliapépovto oTyudtuIto Tng Kivnong Tou aiuatog ue yoduuota (A, B, T, A,
E, K.0.K) K0l YENGWOTIOWGTE TO 0G SEIKTES TWV TTOGOTATWV TIOU GO EVALAPEQOUV (TT.X. XA, Ur,
K.0.K).

IToAAég popéc Da amavtdue €uueca ge AVTd Ta EQWTAUATA TRV KAOe AVon, Kol N GOGTA aTTdvinen GTo
EQWTARATO OWTA SteukoAVveEL TIdQEA TTOAY Tn Aon, n oTtola TTbavév va elvarl amAd déua cooTAg TTAOYIG
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eglomong.

Acg dovue uepikd Toadelyuatol.

IHoedderyua 2.35:

Metdpe wio witdAo agtdé tnv Kopuen eviég ktnplov ue aywn tayxvtntoa 20 m/s kol kotevbuvon
KOTAKOQUEA TTROG Ta eTTAvw. To Vog Tov kTnpiov elvar 50 m. Aeite to Zyxnua 2.7.
(@) BewewvTag 6T apyitovue va petpdue dtav n UITdAa @evyel aItd o xéea wag, peelte to xedévo
JTOU OLITOULTELTAL YO VO PTAGEL GTO UEYLGTO MPOG.
B) Beelte avtd To uéyigTo Mpog.
(V) Beeite tnv tayvtnta tng UmtdAag dTav eMGTEEPEL GTO VYPOS TTOV EQUYE ATTO TO YEQLOL LOC.
(&) Beeite tnv taxvtnta ko th Yéon tng ustdlas otav ¢ = 5.

Adon:
Oeweovue YeTikA POQEA NG KIVNoNng ITEog To TWAV®, 0TTOTE To Sidvuoua Tng emTdyLVVONg tng PaUTntag
g Ba “Belyvel” mEog To kAT Ko Ja wwovton ue g€ = (9.8 m/sZ)fl Emiong dewpoviue onueio avapods tn
Péon (A) - exel TaTdue TO XEOVOUETEO UOG KAl WS TTEOS QTR Tn Jéan olfouue T UETERGELS Uag (elvon
SnAadn to onueto (0, 0) tng kivnong).
@) Tw tn Stadeount (A) — (B), €xovue

up = up — gt =20 - 9.8t (2.48)
Y10 uéyteto vwog, n tovtnta eivon undevikn, dni. ug = 0, oTdTE

0=20-98t=1~2.04s (2.49)

B) Zn dwadeoun (A) — (B) €xouvue
1
YB = YA + uat — ggt2 2.50)

I'vwpitovue 61t y4 =0, ug =20 m/fs, g = 9.8 m/s2, t ~ 2.04 s, oméTe
yg ~20.4 m = 5 = (20.4 m)j (2.51)

Aglte Tov Ttivoko e TS €5100GELS TnG kivnong pe otabepn emitdyuvon. Mgtogeite va AVGeTe TO
TLOROTTAV® €QWTNUA UE KATTOL0L GAAN OTTd OUTEG;
) Oa Sravvcouue tn dradgoun (A) — (C), omdte

u = uy —28(yc ~ ya) 2.52)

=20? - 2-9.8(0 - 0) = 207 (2.53)

uc = +20 m/s (2.54)

EmiAéyouue tn Aon uc = —20 m/s ywoti to Sidvuoua tng toyvtntag “defyvel” mwpog tnv avtifetn

@oQd atd tn Yetkn! Omdte da eivan e = (-20 m/s)f.
®) "Eotw (D) to onuelo wwou PBeioketal n uwdda ywa f = 5 s. Emidéyouue tn dadpoun (A) — (D), ki exel

€yovue
up =up —gt=20-9.8-5=-29 m/s = iip = (-29 m/s)f (2.55)
KO
1 2 9.8 2 N 2
YD = YA + Upt — Egt s 0+ 20t - 7t 5= 2259 m = yp = (225 m)j (2.56)
= 1=

BAémete 6T OL QITOVTAGELS €X0UV vonua aTté QUOIKAG dTtoyngs (CwoTd TEOCNU).
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Xxnwo 2.7 Hoapddetyua eAevBepng TTidong.

To mopamdve TEARANUA €xel UEELKES eVELAMEQEOVGES eVAANOKTIKES: AVGTE Eavd Ta epwThuata (y-8) ue
SLaoeTikéS aykés déoeic Sradpoung. Emiong, umopeite va ta Avcete vmobétoviag 6t ¢+ = 0 dtav
10 goua Peloketar gtn Yéon (B). Ta arwoteAéouata cag Teémel va eivarl ta (Sia — eite apuBuntikd eite
“vonuatikd! Go TTaQATNERCOTE £TTIONS OTL GTIC ATIAVTAGELS TTOU SOGOUE, eKEEAGAUE TO OITTOTEAEGULATO
KOL G SLVUGUOTIKA, LoEen (6IT0u aWTd uItoovce va yivel). @fon, uetatdron, ToyVTNTA, Kol eTLTAYUVGN
elvan Srovuopatikd ueyédn aldd kdstoleg @oéc da avapépovue aTtAd TIC aAyeREIKES TOUS TWES, GTAV Ol
katevfivaelg Toug we Staviouata eival TTeo@avelc.

IMaedderyua 2.6:

Towa copatidio kvovvtol Katd Unkog Tou dgova X, ue kabBéva va gexkvd ue ayikn tayvtnta uy = 10
m/s tn yeovikn atiyun fp = 0. 1o Zynua 2.8, To ypdenuo yio 1o couatidio A cuviatd éva yedenuo
Péong - xedvou, To ypdenua yio To cwuotidio B cuviatd éva ypdenua taxyTntog - xeovou, Ve To
vedonua I' cuviatd éva ypdenua emitdyvvaong - xedévou. Bpelte tnv tayvtnta kabevos couatidiou
TN YEOVIKA GTyun ¢ = 7 s. Mn yenoWoItonceTe €E100GELS Kivnong, TToed WGvo Th YEMUETEIO TV
VOOPNUAT®V.

Avon:
Avdypaupo A: Eépouue 6Tt n gTiyptalo ToxUTNTa 16oUTOL UE TV TTEOTN TTapdywyo Tng cuvdetnong déong
WS TEOS To xedvo. To Sudypoaupa déong Touv copatidiov A elvar wo TAGYL0 evbeio aTtd t = 2 wg t = 8 s.
H kAion tng eivar —10 m/s, wov elvar n ToyUTNTA TOU GEUATIOWL Yo £ = 7 s (KoL yio KABe ¢t atd 2 we 8).
To apvntikd TTEGCoNUO SnA®vel Kivnon TR0 YOUNAGTEQES TWES TOL dLova X.
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X (m) Iwpatiso A v, (m/s) Swpatidio B a, (m/s?) Twpatidio I

30+ 30+ 304

20+ 20 - 204

10+ 104 104

0 I T 1(s) 0 T T 0 T T —r———1(S)

—101 2 4 10 2 4 —~104 2 4 6 8
—20+ —20+ —20+
—=30+ =30+ —304

Xxnuo 2.8 Ataypduuata 9éong, TayUTnTag, EMITAYVVGNGS VS XEOVOU.

Avdypoupo B: H tayxvtnta tov copatidiov B yio ¢ = 7 s uiroeel va Beedel katevbelov amd to Sidyeauuo,
wa ko avtd elvan Sidypauua Tayvtntag - xedvou, dni. otiywaiag toyvtntas. H tayvtnta ywa £ =7 s elvan
—20 m/s.

Avdyoaupa I': E€gouvue 1L n tayvnta yia to couatidio I' Ja divetar agtd to oAokAMQOUA TG GUVAQRTNGNG
emitdyvvong - ye6vovu, n oftola cuvdptnon pog eivar Stabéown oto ypdenuo I'. ‘Oung n olokAMipwon
oNUOLVEL TTROKTIKA TNV eTML@AvELD KAT® ATt Th GUVAQETRGN Tng emrtdyvvons. Me dAAa Adyla, n toyvnto
yia t =7 s umopel va PBeedel amd tn oxéon

up = ui+ euPadov TNG KAUTTOANG ETIITAXVVGNG UETAED #; KL If.

Avtd To euPaddv uropsl va vitodoyictel wg €Eng: to euPado uetagy r = 0 ko f = 2 s gfvon 40 m/s, To
eupads petagy ¢ = 2 kol t = 5 s elvan 45 m/s ko To avticToyo uetagy f = 5 ko t = 7 elvar —20 m/s.
Zuvolkd, yia t; = 0 kow £y =7 s, n toxvtnta eivon 10 + 40 + 45 — 20 =75 m/s.

Ioedderyua 2.7:

Mo Porsche ttpokalel éva Honda ce évav aydva taxvtntoag oe 400 uétpo. Emedin n emitdyvvon
tng Porsche eivan 3.5 m/s?, evéd avth tov Honda eivon 3.0 m/s?, to Honda mraipvel mopopddicua Gtny
apetneia katd 1.0 s. ITowd avtokivnto da kepdicel Tov aywva;

Avon: Bewpovue wg xeovikd onueio ava@odg, t = 0, tn oTiyun Tov gekwvd n Porsche. Téte, To Honda
€xel Ndn gerkwnoel — éva devtepddemtto vopltepa. Kot ta duo oxinato LovteAOTTOLOUVTOL WS GAOWLOTO TTOU
ekTEAOVUV evBiypauun ouwadd eritayvuvopevn kivnon pe gtobepn emitdyvvon. O deikteg i, f vITOSEIKVUOUY
aQYKN Ko TeEMKNA uétenon, avtictorya. O xpdévog srou agtautelton yia tnv Porsche Boloketon amd tn cxéon

Xp, = Xp, +upt+ éapzz (2.57)
400 =0+ 0 + %3.5:2 (2.58)
r=15.1s (2.59)
I'o to Honda, eivar avtictoya
XH, = X, + upt + %aH(t +1)* (2.60)
400 =0+ 0 + %30 + 1) (2.61)
t=153s (2.62)

Ao n Porsche kepditel. IIpoaégte 6Tl av JewENRoovUE OGS XEOVIKIA avamod To xe6vo ekkivnong touv Honda,
8¢ YJa propovcaye va e@aQuOGouUE TIS €E16waels v tny Porsche, oot yia 1o TeoTo devtedAeTto, To
opdgl da ntav akivito, ko puetd Ja ékave owald emitoyvvéuevn kivnon. Xuvolikd, n kivnon avti AEN
TEQLYQAPETOL OTTS TIG TAQRATIAV®W EEL10MCELS!
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Iaedderyua 2.8:

OswENGTE OTL GAC TIEOKAAOUV GTO TaQOKAT® Jtaryvidl. "Evag ¢idog Gag keatd €va XapTOVOULGLO
Tov 50 gVE® aItd Thv drEn Tov, Ve £oeic ToTtobeTElTE TOV AVTiyela Kal To delkTn TOu £vig xeELOV
GO OTO KEVTEO TOU XOQTOVOUIGUOTOGS, XWEIS Vo To akOUVUTIATE dUmg, 0Ttwg oto XZyxnua 2.9. Xwelg
VO GOG TTEOELSOTTONGEL, 0 PIAOG GAC QPNRVEL TO YOQRTOVOULGUO VO TTEGEL TIROS TO £8aupocs. Ta va
KEQESIGETE TO XAQTOVOULOUA, TTRETIEL VO TO TLACETE GTOV 0éQA XwEIS Vo KIVAGETE KABGAOV TOV KOQITO
N To ¥€pL gag, TaEd uévo va kielgete Ta Svo SaxTuld cag (avtiyelpa kau delktn). YmwobBéote ot n
avtidpaon cag eivan n uéon avtidpacn evdg avBpwitov, SnAadn 0.2 s, To UNKOS TOV XOQTOVOUIGUATOS
Tov 50 gvpd elvon 14 cm, n avtictoon Touv aépa elvor aueAntéa, Kol n emiTdyvvon tng PouTntag
otn Tn elvol gearn = 9.8 m/s2.
(@) ITotevte 6t urropeite va kepdlcete €va Tétolo TaLyvidl VITd AVTES TIC GUVONKEG;
B) II6co da €mpeme va NTOV TO UWAKOGS EVOS YORTOVOUIGUATOS Yo VO UTTOROVGATE va €xeTe eATTISES
VIO OWTEC TIC GUVONKECG;
) Av gtaitate to (8to TauyvidL atnv emiupdvela tov TTAAVATR Aen, 6IToV n PoguTnia €xel UETEO
Gmars = 0.37gearh m/s2, motevete 6Tl da kepdicarte;

ynua 2.9: Hayvidt ue yaptovouicua.

Avon:

(o) To yoprovduiouo gexkivd amd npeula, u; = 0, kow TEPTEL Ue eTidpaon PaQuTKAG emitdyvvons. Mag
evdla@épel n dvo dken Tovu, kot dewpovue 4Tl £va couatidlo Beloketan ekel, TTov povtedoTolel GAo TO
yoptovéuoua. Oewpeovue y; = 0 otn 9éon ovuti, kow deTiki @od Tng kivnong opitouue AVTAV TTEOG
Ta TAvw, ue To Sidvucua TS PAQUTIKAG eTtiTdyuveng vo “Belyvel” Tog Ta KATw, g = (—9.8m/s2)f
m/s?. A6 ek@OVNGON, 0 XEGVOS TTOV ATTaLTE(TAL Yiol Ty KAAUpn Tng SLaSEOoUng aIrd Thv aexki og
v teMkn Yéon etvon 0.2 s.

Io wa uéon avtidpacn 0.2 s, wropovue va Peovue tnv ardstacn Tov Ja dravicel To Gouatidio
(BnA. n dve dren Tov XAETOVOUIGUATOC) TEMTOVTAC:

1
Y =yituit— igtz (2.63)
1
Ay = u;t — 5gtz (2.64)
1
Ay=0-298- 0.22 m (2.65)
Ay=-02m (2.66)
f

AV = (=02 m)j (2.67)

To yaptovéwoua, Té@Tovtag, Staviel amosTacn on ue 20 cm, uéyol va kAeigovue ta ddyTUAL pag.
H agdédctacn yetagd tou SaxTtOAOU GAC KOl TNG KOQUONGS Tou yoptovouicuatog eivar 7 cm. Apa
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Sev umopovue va kepdicovue To TTanyvidt, KAODS n dvw dken Tou yagtovouicuatog da Peioketon 13
€KOTOGTA To KAT® aIrd to SdyTUAd wog dTov To KAelGouue.

B) Me Bdon ta TapaTtdve, Yo £meeme va eival To Aydtepo 40 cm, date o 0.2 s va Stavicel TTEQTOVTOG
20 cm, Kal va UITOREGOUUE VO TO TLAGOUUE OQLAKAL.

) Tw tnv emipdvelo Touv Agn, to (8o JTaLyvidt da €8wve

1
Vi =i+ it — égﬂ (2.68)
1 2
Ay = u;t - igmarst (2.69)
1
Ay = 0= 0.37gearn 0.22 m (2.70)
1
Ay=0-:0.37-9.8- 0.22 m @.71)
Ay = —0.07252 m 2.72)
f
AV = (=0.07252 m)j 2.73)

Zavd, 8¢ Ya umwopovoaue va to Tiidoovue, 1 Yo To midvaue oplakd av eiyoue eAdaTa yenyopdtepn
avtidpaon amd 0.2 s.

Iaedderyua 2.9:

To eidog evtéuov Philaenus spumarius (Eynua 2.10) demeeitor o kaAitepog AATNG Tov Lwikov Pa-
alefov. T va extedéoel éva dAua, To évtouo autd umopel vo emrtoyvver ota 4 km/s? () uéca
GE WA OITOGTAGN 2 mm, VLo Vo, Suvaudcel To eldikd Slanopeouévo édia Tov ¢. OswencTe 6Tl n
eTMTAYXVVON TOU elval GTOOEQN.
(@) Beeite tnv tayvtnta pe tnv ottoia To €viouo “agtoyetdvetol’. Ayvoncte Tn BOQUTIKN €TTL-
Tdyuvon.
B) Méoa oe OGO XEOVIKG SLACTNUA KOTOPEQEVEL VO MTACEL AUTAV Tnv TayxvTnta, Ayvoncte tn
BOQUTIKIA eTTLTAYLVON.
) IIéco WnAd Jo ugtopovce va, @TACEL €va TETOLO EVTOUO;

“Mn @oBdcTe, TEEPETAL Le XLWOUS ATté Ta PUTA, evd Jewpelton kar aEKreTd SladeSouévo £i8og GTov KOGUO...

Yxnuo 2.10: To eidog evrouov Philaenus spumarius.

Avon: H kivnon tov eviduov yovieAdToleltol wg gubilypauun ogoAd emrtoyvvouevn e gtabepn eImL-
Tdyuvon ce €vav KATOKOEUEO vontd dfova y'y. Bcwpovue JeTikii @od Tng kivnong JtEog To TTdve, e
10 S1dvucuo TNG POQUTIKAG eTITdYLVGNS va, “Seiyvel” TEog Ta Kdtw, § = —9.8 m/s?. H emtdyvvon mov
VTIOKELTOL TO €VTOUO KOTA Tnv ekTivagn €xel @oed TTeog Ta TTdvw, duota ue tn JdeTiki @oed Tng kivnong
oV VTToBEGaue. Ao

(@) Ozwewvtag aykn Jéon y; = 0 tn J€on cuuttieong twv oSOV TOL (ag Tnv Tovue A) kar yr Tn Yéon
éktacng Toug (ag tn cuuporicouue pe B), atn Sradgoun A — B, amd tn oyéon

u% = ui + 2aly (2.74)
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n TaxvTNTo Tou €VIOUOL APOV TEVIWGEL TA TTOSLa Tov Ja elvon

up = Jul +2ahy = V02 +2-4000-2-1073 = 4 m/s (2.75)

ilg = (4 mfs)j (2.76)

=N

B) Oewpwdvtag Lovd Tic (dleg apykés ko TeMkég déaels, KAl FewE®VTAS UNdeVIKN aEyKA ToxvTntd, O
XQGVOG JTOV OTTOLTELTOL YLOL VO TILAGEL TV TTOQAITAV® ToYUTNTA lval

up — ua _ 4
a  4-103
) "Eotw n dwdpoun B — C, ue B tn 9on eykatdierpng eddpous ko C n déon avwtdtou Mpoug.

H yetatdmion teog to Tdve (to dAua SnAadn) tou evtéuov aztd to cnuelo B wg to C, dmou £xel
atywaio undevikn tayvtnta (up = 0), elvon

Up = s +at =t = =10-10%s=1ms 2.77)

2 _ .2 2 2
2 2 uc—up 0°-4
=ujh —2gAy < Ay = = = 0.816 2.78
te = Up — 288y YT T e T 298 m ©78)
n
AV = (0.816 m)j (2.79)

YTnv TayuoTikdTT, OTAvVEL Teplmov ota 0.7 m.

Kivnon oe Avo Alactdoeic

Mgropotvue TTAéov va Ttepdoovpe GTnv kivinon e dvo Stactdoelg, 1 aAM®G, Tnv kivhon ce éva emimedo. O
S8LdoTaToc YwEog kavel Wialtepn yprnon Stavuoudtov aAAd Kol OVAAUGNGS GE GUVIGTMOGES, OTTWS Ya dovue.
OmwodnItote n yvoon tng povodidotatng kivnong da eivor vIteQ-mwoAvTiun!

Ocon
Oa axkolovbnoouyue Tnv (Blo Eon we Tn wovodidaTatn kivnon, yorti UEGm TwV OUOLOTAT®V KAl TV SLopo®V
Ya katavorigovue kaAUTEQA T @Von tng diddatatng kivnong. Xtn wia Stdotacn, Log agrouce éva wovoue-
70 U€yebog (aby. tTwn) ywa va opicovue tn 9éon evéc copatidiov, KaBDS To TEAGNUO avTol KABOELEE Kol
™ @oEd Tou SLavioUaTog TTov Ty TEQLyedpet. XTic duo draotdoels xeeladuacte to dStdvucua déong 7,
TTov efvon €va didvucpa JTov gekvd astd to O (0,0) ko kataliyer otn Jéon Touv coyatdiov Gto emimedo
xy. Xto Eynpo 2.11 pAémete Svo Sravvouata Yéong 7, 7r. ‘Eva Sidvucua 9éong urropel va Treptypapel ue
yonon uovadiaiowv Stavuoudtmv, 6TTHg

P=xi+y] (2.80)

IMpopavog, To didvuoua Jéong ugtogel va ypapel g GuvdETnen Tov xEOvov £, KBNS avauévetol autd va
ueTafdAAeTOL 6GO TO GAOWUO KVEITOL GTO €TITESO KO TEOIGVTOS TOU XEOVOU:

A(t) = x(1)i + y(1)] (2.81)

MeTatémon

‘Omwg kAt oTn povodidoTatn kivnon, wirogovue va opicovue Tn uetatdmon A7, Tov opIigeTar og
AP =7Fr -7 (2.82)

SdnA. elvar n Sovuouatiki SlopoEd HeTOLY TG TEMKAC KoL Tng oEykNg Jéong. BAémete 1o Sidvuoua
uetatomong A7 oto Iynua 2.11. IMapatneiote 6T dev efaptdton agtd tn Sadpoun Tov GOUATOS aTté Tn
9éon (A) wg tn Yéon (B).
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</
>
=1

Yynua 2.11: Atavicuarta 9éong.
Taybtnra
Opltovue Tn uéon ToxdTRTA GE €va XEOVIKO Stdatnua Ar og

A7 7f—’7i
Haoe = AT T T AL

(2.83)

‘OTtog elvon eueaveg — ko TTEETTEL Vo, éxete wdbel Topa TTAfov @ — n uéon toyvtnta eivor didvucua ue (S
Sievbuvon ko @oed pe to A7 TlaatneRoeTte Thy ogoldTRTO TOU 0ELGWoU ue tn wovodidotatn kivnon. Qg
Sudvuouo ou eg0pTdTalL ATTd T ueTaTTIIGN AP, glvol KL auTd aveEdTnTo Tng SladQoung.

Av 9éhaue va ustopovue va yvoitovue tnv Tay¥TnTo VoS COUATOS oV KvelTon 6To xy eTtimiedo kdbe
YXQOVIKI GTyUn ¢, ToTe To uéyebog tng otiymaiog tayvtntac da yoac elvor egalpetikd xenowo. ‘Ouota e
Tn povodidotatn kivnon, usropovue va To e€dyovue g €ng. Ag dewpncovue éva couatidio TTou Kweltal
avdaueca ce dvo onuela, A ka B, 6mtwg oto Exiua 2.12. Av apylcovue va ueAetdue tnv kivnon tou Ge

VY

TpoxLa cd)uatoq:l\

KAion edparmrtopévng oto onueio A \ '
= oTypLaia taxvTnTa

Xxnuo 2.12: Xuiywaio tayvtnta.

6AO KOL TILO KOVTWVEG 0TO onuelo A agtoctdoelg, SnA. UETOKIVOVTOS TO ohuelo B 6Ao kal IT10 KOVTA GTO
A, 161e oL avticToyes uetatoricels da elvow AR, Are, AFs kAT, 6Ttwg oto Iyxnpa 2.12. TIpocégte 4Tl 660
TAncudgovue kovtd oto onuelo A, SnA. 6co n uetotdTiion yivetalr 6Ao kol ukedTeEn, n katevbuvon Tou
Sravvouotog Tng, A7, TARGLATEL GA0 Kl TTEELGGATEQO Thy KATEVOUVGN TNG £QAITTTOUEVNG GTO onuelo A. Av
7o onuelo B mAnGldcel amelpootd Kovtd, ToTe uetedue tn wéon TaxVTNTo GE OIIELROCTA KOVTIVES YQOVIKES
otyués, 1ol wate At — 0. Auti akog eivar n otywlaio toyvTnTo:

-

5 . AF d
l/t(t) = A1t1£>n0 E = Er(t) (284)
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ue A1) va elvar woo guvdeTnon g 9€6ng Tou GOUOTOS WS TTEOS To Xe6vo. H katebuven Tou Sloavicuatog
g oTywaiag TayvTnTas eQATTETOL GTO onyuelo GTo omolo Tn uetedue. Zovd, TEOGEETE TNV OULOLOTNTA ULE
Tn pwovodidctatn kivnon.

Oéomn und Ltadepr] ToybtnTa

"Exel 18iaitepo evdlapépov n mepimttoon 6Itov éva coua Kiveltal vTté etafeen taxvtnta. Av n tedevtolia
elvar gtabepn téte n péon toyvInta TovtigeTow ue Tn oTiywaio ToyxvTnta - TEETEL va Gag elval TAEov
TEOPAVES OWTO. AV AOWTTOV U = Ugye = GTAOEEN, TOTE

_A?
At

-

Uavg & AV = Uyt & Ty — 7 = lgygAt & Ty = T + lgygAt (2.85)

ko av Guufolicovue wg i TNV TayxUTRTO

-

ff=ﬁ+ﬁ([f—t[)(=)?f=ﬁ+ﬁ[f (2.86)
av dewencovue 6Tl £; = 0, SnA. GTL TOTAGOUE TO XEOVAUETEO GTh déan 7.

Emtdyuvon

‘OTtg akEIPOS oploaue Tny ToVTNTO K TO OGO YENY0QEO UETARAAAETAL N Déon evig GOUOTOS GTn wovdda
Tou ¥Eovou, 8e Ya ntav evdiamépov va opicovue To aviicToryo ywa Tnv toxvtnta, dnA. TOGO yEryo-
0 UETAPRAAAETAL N TOYXVTNTA GE €VO. GUYKEKQUWEVO XEOVIKO Stdotnuo; Autin akePog elivar n évvola tng
ETMTAYVVONG.

Acg gekvnooupe aTtd Tn péon ETMTAXVVON, AKOAOVODOVTAS AKEIPADS TO (S10 GRETTTIKG Ue TIG £VVOLEG TNG
Toyvtntas. H yéon emtdyvvon oplteton wg

> - 3
- AM _ l/lf—l/ll

davg =+ = (2.87)

Ir—1

H uéon emtdyvvon eival emiong didvuoua, ool n toxvtntoa eivor didvuoua. Emiong, n alyefeikin Tiun
ng Swatneel to (8o TEdoNUo e Tn UeTAPoAn Tng ToxvTnTaS, A@ol 0 6pog 1/Af eivan Twdvta JeTikdg, Ki
doa el tnv (Bl oed ue To didvucua e Aid.

Yvuveyltovtag, wiropovue va 0QIGOVUE TN GTIyMAio £ITLTAYVVGN ®S TO AOYO UETAPBOANGS TNG TAYVTNTUS
OTAV Ol XQOVIKES GTIYUES TTOV TTOLEVOUUE TIS UETENGELS pag Gxedov guuTtisttouy, dnA. dtav Ar — 0:

i

Aid d
d(t) = lim — = —u(¢ 2.88
a) Azlino At dtu( ) ( )

‘Ouwg yvweitovye 6T n otywaio Toy¥TnTa 16o0TAL Ue TV TEAOTN TTARdYnyo Thg cuvdetnong déong ¥ wg
TQOG TO YQEOVO, 0TATE

d2
aw) = ﬁ?(t) (2.89)

Kivnon uné Ytadepr Enitdyuvon

ISwaitepo evdlopépov TTagovcidcel n uedétn kivnong oto emimedo vItd orabepn emitdyvvon, Guold Ue tn
uwovodidotatn kivnon. ESd aiyd oiyd agyltouv va €pyovtol GTo TTROGKAVIO T TTAEOVEKTAUATO TNG YVOGNG
Tng wovodidotatng kivnong.

Oa oke@TOpacTE Uue Pdon Ty TTAQEOKAT® “aQyn’
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Awaipel ko Bagidleve - AvdAduon 6€ TUVIGTOGES

H xivnon ce dvo Sractdoeis pumopel va povtedomonfei wc dvo avegdotnteg gvBvyQauues
KIVNGELS GE SV0 KABETOVS AEOVES: TOV 0QLIOVTIO GEova X' X KAl TOV KATAKGQU@O dEova Y'y.

"Etat, n kivnon mwov guufaivel gtov évav dgova dev emtngedgel tov dAlo!

Acg Treprypdapouye TIS €ELGMGELS TTOU KUPBEEVOUV Tn SiStdeTaTh Kivion, LEKIVOVTAS AId TOUS 0QLGULOVS
7oV ddcaue vopitepa. Ilpoeavas avtéc ol eglencels da elvar Stavucuatikég — dev witopovue TTALOV va
KkGvouue “kKOATIO” pe TEdonuo Gtn SididoTatn kivnon, aAld unv astoyontevecte ©— ko da meQLypdpouv
dvo medyuata: tn Yéon kol Ty TAXVTNTA TOU GOWOTOS (Unv gexvdte, n emttdyvvon eivon gtabepn). T'vo-
pltovue to Sidvuoua Péong, To oTtolo wiroeel va yoapel ue Pdon ta wovadiaia droviouato Tou emMITEdoV,
i, J:

A1) = x(@)i + y(0)j (2.90)
EiSaue uomg v 6T
. d, d - . - -
u(t) = Er(t) = E(x(t)l + y(t)j; = ux(D)i + uy(1)j 2.91)

BAémtovue 611 n otiypaio taxvTnto aItoTeAElTOL OITO TIS GTIYULOLES TAXUTNTES GTOVS ETUEQOVS GAEOVEG, Yol
TG oTroieg E€povue 6T

Uy = Uy, + axl (2.92)
Uy = Uy, + ayt (2.93)
AvtikoOieTdvTog
i(t) = uyd + uy]_'): (uy, + a )i + (uy, + ayt)f (2.94)
= (Ul + ty, ) + (ayl + ay it (2.95)
= i; +dt (2.96)

AvTti elvan n TEATN GYéon TToV TEPLYRAEPEL Tn GTiyuaio ToxUTnTo 6To eTt{Tiedo. Eekivdvtag ovd oo To
Sidvuopa déong

A1) = x(1)i + y(1)] (2.97)

WITOQOUVUE VO OVTIKOTAGTAGOUUE TS GUVOQTAGELS X(1), Y(¢) ATl TIC YVWOTES WAS OYEGELS TG LWOVOSLAGTATNG
kivnong, da mdoouye

1 - 1 .
At = (x,- + Uyt + antz) i+ (yi + uy,t + iath)j (2.98)
> - 2 1 - 2
= (O + yi)) + (il + 1y, )t + g +ay He (2.99)
- - 1 - 2
= 7k it + S (2100)

Tov elvar n Sevtegn evBLOPEQOVGO GYEoN TTOU TTEQLYRAMEL Thv Kivnon evig GOUATOS GTo eT{TTedo vIo
otabepn emitdyuvon.
Ac 115 ypdwouue nagl otov Iivaka 2.4.

A/A Xxéon A/A Xxéon

1
1 if) = i; + ar 2 Al =7 + iyt + Ezizz

Mivokag 2.4: I[Tivaxkac Atavvcuatikav Xyécewv Emtayvvouevng Kivnong ae Avo Aiactdaoers.
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I TmEéTEL VO TTROGEYYITOUUE TO TIEOPRARUATA TTOV agopovv Sididotatn kivnon,

IIookatagktikd Briipata Estidveng IHoofAnudtov Awdtdctatng Kivnong

o dovtacteite 6To WUAAS Gag Ty Kivion Tov copatog. “Xmdote” tnv kivnon Tov e Suo dgoveg,
TTEoPdAAOVTAG TNV Kivnon Ge ouTovg Kol avap®Tndeite: TTold povtélo kivnong Trepydpel
Tnv kivnon Tou oouatog otov x'x dfova 6To TEOPAnUA TTov ueletw; Kivnon umd ctabepn
Toyvtnta; Kivnon vt otabepn emitdyvvon; wold poviélo kivnong meplyedpel tnv kivnon
TOU OOEATOS GTov Yy dfova ato TEoPAnuo Ttov ueletdd; Kivnon vmd otabeprn toyvtnto;
Kivnon vmé otabepn emtdyvvon;

e TToV 9étw T0 cVvoTNUO cuvTeTayuévov wou — Oxy; Me dAAo Adyia, Ttov Yo déow tn cuuPoint
Towv agévev O (0,0) pe Bdon tnv omoio Ja peted TiIc YE€CELS TOU GOUATOS KATA Thv Kivnon
TOU;

o [I6te “matd to yeovouetEd wov”; AnA. méte Jewpw ot t = 0;

e “Bagtiote” ta evliapépovto oTyudtuTto Tng Kivnong tou aouatog ue yoduuota (A, B, T, A,
E, K.0.K) KOl XQNOWOTIONOTE TO OG SEIKTES TWV TTOGOTATWV TTOV GO EVOLAPEQOLV (TT.)Y. XA, Ur,
K.0.K).

. J

‘Qoa yia ueekd moadelynota ©!

Ioedderyua 2.10:

‘Eva gopatidio kwveltow 6to xy emimedo, gerwvavtog agtd to (0,0) ko ue agykin tayxvtnta 20 m/s
oTov x-dgova, kar —15 m/s otov y-dfova. To cwpatidio veiotatoun emitdyvvon wévo Gtov x-dgovo
ue Uétpo a, = 4 m/s?, 6Twg ato Lynua 2.13.
(@) Beelte to Sidvuouo tng taxvTntog KABE ypOoVIKA GTiyun.
B) Beelte v tayvtntace uétpo kal katevBuven dtav £ = 5, SnA. Tn yovio Tou SlovicGuatog Tng
TaVUINTOS UE TOV dEova TV X.
() Beelte Tic x,y guvietayuéves tou couatidiov yio kdBe xpovikn otiyun ¢, kol to Sidvucua
Yéong r(t).

Xxnuo 2.13: Hapddetyua kivnong 6to emigtedo.

Avon:
To oodua exktelel evBUypouun kivnon pe otabepn eTmitdyvvon ctov dfovo x'x kal gvBlvygauun kivnon ue
otabepn toyvTnta (Undevikn emrtdyvvon) gtov y'y dgova. EmAéyouue Tic cuuPatikés deTikés oES yio
Toug Svo dfoveg (BeEld koL eTAV®), Ev®d cnuelo ava@oEds Tou GUGTALATOS GuvieTayuévmv eivar to (0, 0).
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(@) Xeewagduaote To Sidvuouo Tng TaxvTntog Yoo kGbe £, ue dAAa Adylo délovue tn otiywoio toyvtnto
(). Two wow oTroladAITOTE Stadpour aItd Tn GLUUBOAL TV ALGVEV kg wa Tuxaio TeAki déon, n oyéon
iy =il +at (2.101H
= (U + ty, ) + (ayd + ay )t (2.102)
= (20 —15)) + (4i + 0 )¢ (2.103)
= (20 + 41 m/s)i + (=15 m/s) ] (2.104)
SnA. R R
i(t) = ((20 + 4r) m/s)i — (15 m/s)j (2.105)
EvaAlokTikd, g€épouye 6Tl gTov dfova X'x To couo Kvelton ue atabepn emitdyvvon, dea n ToxVTnTd
Tou e o Stadgoun aItd T GUUBOAR TwV ALovev K¢ wa Tuyaia déon TeQypdeeTal wg
Uy, = Uy, + axt = (20 + 4f) m/s => iy, = (20 + 46) m/s)i (2.106)
Avtictowa, otov dfova y'y To oouo Kwvelton ue otabepnt taxvTnta, dea TToAD aITAd
Uy, =y, + ayt = =15 + 0t = —15 m/s => &, = (-15 m/s); (2.107)
"Exouye IS SU0 GUVIGTOGES TG TaXVTNTOS Yo KAOe ¢, umwopovue va Tig TTeocBécouue yio vo Beovue
TO GUVOMKG Stdvuoua TG TaXVTNTOS WG
iy = iy, + iy, = (20 + 40) m/s)i + (=15 m/s); = i(r) (2.108)
B) Amd TO TEONYOUUEVO EQATNUA, VIO F = D S €Qouue

W)

i#(5) = (40 m/s)i — (15 m/s)] (2.109)

0TOTE TO UETQEO TNG ToyvTNITaS elvan

[id(5) = V402 + (-15)? ~ 42.7 m/s (2.110)

Ac peleticovpe gavd tnv kivion katd dgoveg, yio po tTuxaio dtadpoun amd tn GuufoAl Twv agévmv
g o ogrotadnItote Jéon tng kivnong:

e YTov y—dgova, n kivnon eivar evBiypouun pe otobepn toayvtnta, omdte oxvel n udvn oxéon
TT0U yvweitouue

yr=yitut=-15t m (2.112)
e YTov x—dgova, n kivnon elvar evBUypauun ue otaben emitdyvvon, omote
1
Xp = X+ Uyt + Eaxtz =20t + 2* m (2.113)
OuGLOGTIKG AOLTTOV Berkaue
x(r) = 201 + 262 m = (1) = (201 + 26%) m)i 2.114)
y(t) = =15t m = (1) = (-15t m)j 2.115)

ko €16l To didvuoua déong ypdeeto

A(t) = (1) + ¥{&) = (201 + 26%) m)i — (15¢ m) ] (2.116)



2.3 Kivnon oe Avo Awctdoeic 55

IHoedderyua 2.11:

"Eva aepomtAdvo tng NASA Déder vo piger éva Ttakéto ue Tteoundeleg (payntd, egyadeia) ce e-
TGTAROVES TTOU dovAevouv e €va Ttaydpouvo otn Tpotdavdia. To aepostAdvo ektelel oQLidvTia
Tition, 100 pétea wdve kor TTaedAAnAo astd to wayépfouvo, pe tayvtnta 150 m/s. Ou €TOTAROVES
KOTAGKEVOGAV €va WKQEO GTOX0 GTO £€dapog yio vo Selgouv GTov TAGTO TTou TTEETel va pl&el To
Tokéto. IIdca pétpa Ty To GTéX0 TrEETtel va Yivel n plyn ®oTe vo TEGEL TO TTAKETO GTO GOGTO
onueio;

\. J

Avon: Aeite to Iynpa 2.14. Oétovue To GUGTRUO OEGVOV OTTWS GTO GYAUO, Ue Tov dgova x'x arQPBOS

Vags Vay 8

B

Xg: ¥g-
VB ‘.B_\-

Yynua 2.14: Agpostddvo gTov piyvel pounbeleg.

Tdve 0To €8apog (kow dpa Tov dgova y'y kdbeto oe awtd). H kivnon umoel va avalubel ge Suvo dgoveg,
0QLOVTIO KoL KOTAKOEUEO. TTpoeavdg emiAéyouue deTikit @od Kivnong TTEOg T TTAvm Kol TTEOS Ta SeELd
yio Toug dvo dgoveg aviiotoya. ‘Eotw n dtadpoun A — B, aitd To onuelo ToU TO TOKETO aTteAevOepdvTOL
atd 1o agpoTAdvVo wg To onuelo Teocoyelwong. “Tlatdue” To ypovouetpd uag ato onueio A. To cgnuelo
olyng Ya €yer petapintéc ye deiktn A eved to onueio spoayeiwong da €xer uetapintéc ue deiktn B. To
TAKETO eRTEAEL eTTLTA)YLVOUEVN Kivnon GTo emimedo, pe atabepn emtdyvvon. To Sidvucua tng emttdyvvong
™me PapuTnTag Selyvel KATaRGELEA TTEOS TO £8apog KoL yedeetar ws & = (—9.8 m/sz)f.

Ag avaAvcouue tnv kivnon. Twa thv kivion gtov oQigdvtio dgova, GOV TO GO ekTeAel Kivnon ue
otafepn TayvTnta, £X0UUE

X = x4 + uyt = 0+ 1507 = 150¢ .17

AT6 T kivnon GTov KATOKGQUEO dEova, GTToV TO GHOUO eRTEAEl GTaBeQd emiTayuvouevn kivnon ue gtabepn
ETLTAYLVON KAl XWEIS 0K TovTNTO, £X0UUE

1, 1, 200
YB =ya tual+ ant — 0=100+0 - E9.8t =t = 98 =4.518 s (2.118)
Agté tn Zyéon (2.117), avTIKAOGTOVTAG, £XOVUE
xg = 677.7 m = # = (677.7 m)i (2.119)

Apa meémel va apebel To TakéTo 677.7 uétpa TELY To gnueio B.
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Boly

Mo 7ToAU KAAGKA Kivion oto Sildtdatato xweo €ivar n BoAn — n kivnon wag Ttéteag dtov Tnv TETATE
otn ddAacca, evog BAALATOS TToU @evyel aItd GTTA0 GTEOUUEVO GTov agpa, KAT. H ueAétn tng dev elvan
SLopoeTki aTtd 6ca éxouye del W TOEA GTnv Kivion 6e duo dlactdaoelg, aAld Adym Tng @UGNG Tng €xel
UEQIKA 1BLOITEQOL XARAKTNELGTIKG TTOU £lvol KAAS v yvwEITouUE €K TV TEOTEQWV, KADMS LWOS AITAOTIOLOUV
wWaf{tepa o xerpoud tng. Ta Pacikd Tng xoRAKTNELGTIKA elvar Ta €EAG:

e Av ayVORGouue TS OVTIGTAGELS TOU aépa (TTedyua TTov cVVABWS Kdvouue), n eTmiTdyuvon Tng kivnong
oTov x dgova eivar undeviki. Oswpovue JeTikA @oed TTEo¢ Ta SeELd yio Tov dfova auTo.

Vé z Ve z 7 ré 7 ?
e H emtdyvvon tng kivnong otov y dgova elvar ion ue tnv emitdyvvon tng fapvtntag, £ = (-9.8 m/s?);.
Oewovue etk @oEd Tng Kivnong TEOS Ta TTAV® Yo Tov dEovo, ouTO.

o H yovia 6 stov ektedeitor n BoAn kavoTtolel th oyxéon 0 < 6 < /2.

Mitopotue va Sovue to Zyxnuo 2.15 yio va kotaldfouue TeQLGGATEQO avaAVOVTOS TNV TEOoYLd Thg Kivnaong.
Av vrofgécouge OTL To GO0, TTOV BAMETOL EKTOLEVETAL Ue OQYKA TaxVTnTa if; VIO yovia 8;, éTTws GTn

H y-ouviotwoa tg

Taxutntac sival pnde- :
gl A H x-cuviotwoa tng
y v oty Kopudr TNE

TPOYLAC. Taxvtntag

N napopével otabepn,
= =2 1] r
%, =0 Vg g ylati Sev umtdpyel
'W\\ ® v ETULTAXUVON OTN
S/ |8levBuvon x.
6
U\‘ ?
@
\\
\@ Ui
— X
BJ
To cwpatiblo ektofevetal 5
?3'1, V@

HE OPXLKA TaxuTnTa V,
Yxnuo 2.15: BoAR.
9éon (A), 16Te avaAvovTog To Stdvucua TG TaVTNTAS GE GUVIGTOCES, EXOVUE

Uyl = u; cos(6))i (2.120)
ity, = uy,J = u;sin(6;) (2.121)

i
Xi

EmmAéov, mopatngovue 0Tl N X—GUVIGTOGO TNG TaXVTNTAS ToQouével 6Tafepn kad” dAn tn Sidpkela Tng
TEOYLdS. AuTd cuufaivel yiati, 6TTwg elmaye, dev VITAQEXEL ETLTAYVVGN GTRV KIvnon GTo x—dgova OGTe va
uetafdAder tnv taxvtnto. Me dAAa AGylo, 66OV a@oQEd Tov 0QLLOVTIO dEova To Goua exktedel kivnon ue
grabepn tayvtnta iy, H povadiki eglcmon mou Tepypdpet tnv kivnon ye otabepn toyvtnta eivor n

Xf = X+ uyt (2.122)
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[Mopatnenote 6t gta cTywotura (A), (B), (C) n y—GuvigTdGO TG ToUTNTAS UELOVETAL SLAEKMS OS GTOU
undevigtel otn 9éon (C). e 6Ao 10 Kouwdtl avtd Tng kivnong, n tayvTnta UeTABAAAETAL GUULE®VA UE TN
gxéon

Uy = Uy, + gt (2.123)

ue g = —9.8 m/s%. 210 VITGAOWTTO TN TeoYLdg tng kivnong — agtyudtvma (C), (D), (E) - n y—cuvigtodca
TG TAXVTNTOC UEYOADVEL KATA UETEO KoL £xEL OQRA TTEOS T KAT®, uéypl o cnuelo emotpoeng (E) dmou
n yovio rtoong eivon (dio we tnv agykn yovio 6;, kar dedouévou 6Tl n x—ouVIGTOCO dev aAldteL, Sev
ugtopel va. aAAGTeL ko n y—guvigTdod. OTtéte n gtiywalia taxvtnta e avti tn 9éon elvar (St oe uétpo
ue v aEykin toyvtnta. TEAOG, n y—ouVIGT®OGA TG Kiviong Tepyed@eTal aTtd TS YVWOTEG OGS OXEO0ELS
NG eTmLTayUVOUeEVNG kivnong ue gtafepn emtdyvvon:

Uy, = Uy, — gt (2.124)
1
Ugvg = 5(”}*,— + uyf) (2.125)
1
yr=yi+ E(uy,- + Uy )t (2.126)
yr=yit+ uavgt (2.127)
1
Vf = Vit = gt (2.128)
uj, = uy —28(vs = vi) (2.129)

Ac ypdwouue Tic Suvo SravuouaTikég oxéoels tng ddidaTatng kivnong, TEOCAQUOGUEVES GTn BoAL. Aelte
Tov ITivaka 2.5.

Avro 0 Bo

A/A Yxéon A/A Yxéon

1
1 Aty = i + gt 2 A1) =7 + it + égﬁ

IMivokag 2.5: Atavuouatikés e§lowaels BoAng.

BAémete 6L Sev éyxouv kaula Siapopd pe avTég TToU eldoue gTnv JTEONyovuevn TTAQAYQEAEO, WOVO TTOU
mAfov Eépovue €€ apyng TV TARQogopia Tng emrtdyvvong®.

Ebpoc Bohvc

To ev¥pog PoAng dewpeitaw n oElgévtio astéctacn R uetagd Touv onuelov ektdfevong kol Tov cnueiov
TTOoNG, 6MwS 6to Xynua 2.16, vird tnv reovmddeon 6t Belokovton GTo (Sto vontd oplgdvtio emimtedo —
e SLOLPOQRETIKI TERITTTWON, dev UITOEOVUE VA WANRGOUUE Yo €VQOS OAAG yia KATTOW 0QLLOVTLOL AITOGTAGH
d amd To onyelo exktogevong. OewEovue TNV OPXN TOU GUGTAUATOS GUVTETOYUEVWV WAS GTO chuelo Tou
gekvd n BoAn kou pedetovue th Stadpoun O — B. Etov x—dgova, n kivnon Tou couatog eivar evfuypouun
ue gtabepn tayvnta, omdTe

XB = X0 + Uyt & Xg — X0 = Uyt & R = u,t = u; cos(6;)t (2.130)

Ytov y—dgova n kivnon eivor evblypauun emttoyuvouevn e GTabfepn emitdyuvon, omtoTe

1
YB = Yo + iyt — ggtz 2.131)

3To ugtpo tng omolag urropsl duwg va aAldtel, eite Ge BlouPoEeTkéS TeQELOXES Tns I'ng elte Ge edikés kKoTaGTAGES — uels
mévTa Sung do Jewpovue 611 1GovTaL ue 9.8 m/s?.
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)?
TG)
U@ = 0
®,
71 ///_ \\\\
7
/// T \\\
7% h N
7
7\ 0. Y
: ®
0 —_— X
- R =!

xnua 2.16: Evgog kat Méyigto "'Yyoc Bolric.

1
0=0+uy,t— 5gzz (2.132)
1 2
8L = Uy (2.133)
1
égt = u; sin(6;) (2.134)
2u; sin(6;
t= M (2.135)
g

AvTikaOLGTOVTOS Erouue
2u; sin(6;) u? sin(26;)
8

R = u; cos(6;)

(2.136)

"Etol
2 .
u? sin(26;)
R=-‘1—— (2.137)
8
Mmogeite va attodeliete OTL GUUITANQEWUATIKES TWES TNG AEXIKNIS Ywviag §; odnyovv Ge (Sia T Tov eVEOUG
BoAng;

Méyioto "Yhoc Borrc

To uéyioto Vyog BoAic dewpeitor To UEYIGTO KATOKOQEUEPO VWOS TTOU PTAvEL éva GO TTou BAAAETOL.
Me dAla Adya, To Dypog h émwov iy, = 0, 6Ttwg oto Xyhua 2.16. Oewovue TV OQXR TOU GUGTAUNTOS
GUVTETAYUEVOV LaS GTO onuelo Tov gekvd n BoAn. Ag SovAéwouue atn Swadgoun O — A. T'vwplitovue GTL
Yo TNV y—GUVIGTOGA TN kivnong gtn BoAn astd thv agyikn déon (0,0) wc tn déon uéyietov vywoug (A)
LoyveL

1
Vi =i+ iyt — égtz (2.138)
1 2
h=y;+uyt— §gt (2.139)
1
=0 + u; sin(6)r — 5 gt (2.140)

Emiong yetagd tov (Siwv déoewv 1oyvel

Uy, = Uy — 81 &1 = el (2.141)
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AvtikoOieTdVTOg
: Uy, 1 Uy, 2
h=usin(@)| — |- -gl— (2.142)
g/ 2°\¢
KO QOGOV Uy, = u; sin(f;), kataliyovue 6T
2 2
u? sin”(6;
h= ’—(1) (2.143)
28

YUvoMKd AOLTIOV Yo, TO €0Q0C KoL TO WEYLGTO Uywogs Bolig da éxovue Tig oxfoels tou Ilivaka 2.6.

Iogétnta Yxéaon [Hogdtnta Yxéaon
u? sin”(6)) u? sin(26;)
MéyigTo "Yyog h= B — Evpog R=——"—
g 8

ITivakag 2.6: MéyicTo vywog Kal €0pos LOARG.

Acg dovue éva Trpdderyua

IMaedderyua 2.12:

O Tdvvng Avtetokovvuro goutdeel Thv witdia vitd yovia 40 gopdv ye to oplgdviio emimedo, oe
astéetoon 10 yétpwv amd to kaddbr. To vwog tov elvar 2.0 uétpa KoL To MPOS TNG UITAGKETAS ELvaL
3.0 uétoa®.

Yyxnuo 2.17: O Idvvng.

(@) Howd eivar n emtdyvvon tng UTTAANS 6To WYnAdTEQO cnuelo Tng TEOXLAS Tng;

B) Me rold Toy¥TNTO TTEETIEL VAL GOUTAQEL TV UTTAAO (OGTE VO, GROQRAQEL WIS TOUTTA® (LTToBEGTE
6Tt agkel n uwdAa va @Tdoel th gTeEdvn);

) ITowd efvar To uéylato Mpog Twou @TdveL n uItdia;

®) Tuv vwobéaeig TEETEL VO KAVETE MGTE VA XENGUWOTIOGETE TOV TUTIO TOU €UOoug BOAMCS R yio
va Peelte Tnv agykn Tayxvtnta;

“Tnv TeayuoTikdTRTA, To avticTola typn elvon 2.11 kow 3.05 uétoa.

Avon:
(@) H emtdyvvon tng umdlag eivow ctabepn kar ion ue § = (9.8 m/sz)f oge OAn Tn Sidereln TG
TEOXWGS tng, av Jdewpricovue apeAntéa tnv aviigtacn tov aépa. H emtdyuvvon Sev aAldter oe
SrapopeTikd onuela Tng TEOXLAS — N €QWTNON glval OROTIWA TTOQATAAVITIKA. ©



60 Kegdharo 2. Mnyovixt

B) Oeweovue onueio avapoeds tn Jéon O, dni. tn Jéon Tov n uTtdAa Eevyel amd ta xéera tov Tdvvn.
H umdAa kotodriyer 6to koAdOr otn 9éon A. Etov dfova x'x tng kivnong tng umdiog, n uitdia
exteAel kivnon ue otabepn tayvtnta, deo

10
XA = X0 + Uyl & 10=0+upcos(p)t —=t= —— (2.144)
uop cos(40)
Ytov Yy dfova, n uidAo exktelel emitayvvouevn kivnon ue otabepn emitdyvvon (tn Bagutkn). Tote,
n 9éon tng uirdiag uetafdAletal GUuE®VO Ue T gxéon

1
YA = Yo + Uyt — 5th (2.145)
1
1= 0+ up sin(fp)t — EgIZ (2.146)
1
1 = up sin(40)t — 3 gt (2.147)
— = ,,”7————'_"-"“‘-\
u.ju u",’, \\A,
im : b

Yynua 2.18: O I'dvvng covtdpel.

KO OVTIRAOLGTOVTOS TO XEOVO ¢, €xouue

1 100
1=10tan(40) — -g

———— = up = 10.7 m/s 2.148
2 u?) cos2(40) o ( )
) To uéyioto Vwog Tov @TAVEL N UITAA fval
2 (32
us, sin“(6p)
h="0"_""% _94m (2.149)

2g

IIpooégte, n uétpnon oVt yivetar ue onuelo ava@oeds to Mpog tov Tdvvn. Xuvolikd, UETE®OVTOS
agtd To €38apog, To Uéylgto VYos efvan h =2+ 2.4 =4.4 m.

©) To va xpnowoitotigouge TOv TUTTO TOU £UQOUS BOANG, TEETEL va vTtoBécovue Tl To VYOS TG
ote@advng elvar kL avTo 2.0 m i é1 o INdvvng Govtdeel amd vpog 3.0 m, wote n Yéon O ko n Jon
A vo Beiokoviar gto (8o emimedo wopdAAnNA0 ye To £8a@og. Av vitofécouue, 0 EEAMOTIKA, OTL O
INdvvng gouvtdper tnv umtdda amd vwog 3.0 uétpwv, téte n 9éon O kat n déon A guvdéovtan ue po
evbela TTaEdAANANn oto €8apog. Tdte To evpog PoArg Do uag diver

u? sin(2600) u? sin(80) 98
R=-"2 7 e 510=-2 " —y,= =997 2.150
< 9.8 "0 =\ 5in(80) ms (2150)

KataAaBaivete yiati To agrotédecua efvar Stapoetikd ue to gpaytnua (B);
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Kuxhua Kivnon
H kuxkkn kivnon eivon pa 8iaitegn mepimttwon Sididototng kivnong 6Ttou 10 GO0 Kweltal ge KOKAO A
G€ KURAMKO TOEO TTou aTtéyel 7 amd to KEVIEO Tng kivnong, émwg ¢to Xynua 2.19.

To dudvoapa g emTdyuveng
defyvel mAvTa TPOG TO KEVIPO
TOV KUKAOU.

[

To dudvoopa ™g Tayd- \
Tug sival TavTa spu-
WTOLEVO GTNV Kivi|OT].

Yxnuo 2.19: Xoua ce kukMiki kivaion.

Mag evBio@épel n oudAn KukAKNR kivion, 6TTov n aEBUNTKA Ta¥TnTad Touv GOUOTOS eival GTtabepn.
"Ontwg katadafaivete amwd to Iyxnuo 2.19, n tayxvtnta — wg didvucua — dev efvar oTabepn ko LMot
efvaw TtdvTo e@agtTéyuevn GTny KOUTTUAN TnG kivhong ue @oed Tteog tnv katevbuvon tng kivhong. Aot
n tayxvtnto Aowmdv dev elvar gtabepn, 1o coua ertitayvvetal Ouunbeite: n emitdyvvon eivar o QuBndg
UeTafoMC Tng ToyvTNTOGS, Kol n Tedevtalo Sev efvor wovouetpo uéyebog alld Swovuvcouotikd! MetofoAn
oty katevbuvon touv Savdouatog Tng ToyUTnTag cnuaiver Ttagovcia emitdyvvong! H emitdyvvon tou
ovti efvor oTafepn katd uétEo kau €xel Tnv KatevBuvon Tov ealveton oto Tynuo 2.19, n otoio eivon
OKTWIKG “TTQOS Ta WEGA”, TTEOS TO KEVTEO TOU KUKAOL Ttou Sayedeel To Kivoluevo cipa. I1Ipo@oavdg ki
€d®, n emitdyvvon wg dovuouatikd péyedog dev eivar otabepd. H té6co onyovtiki autn emitdyvvon 8 da
uIToEoVGE Vo Uunv €xel dvoua: KEVTEOUWOAOG eTtitdyvven. Mitogel kavels va Seigel — oL evrkoAa — OTL TO
U€TEO TNg elvon

a=— (2.131)
r

Ue u To UETEO TNG TAYVTNTAS KOL ¥ TNV AKTIVO TOU KUKAOU.

I1600 }EG6vo dpoye XEEWGLETOL €VvOl COWO VO SLOTEEEEL TNV TTEQLPERELD, TOV KUKAOU Wio. @opd; To unkog
TOu KUKAOUL glvan 277, ko 1 TaxvTRTA Kiviong €xel uétpo u, dpa eUkoAo cuustepaivouye 4Tl 0 xEOVOg TToU
agtarteiton elvon

T=— (2.152)

H 1660 onyovtikin auth xoviki to6édtnto ovoudceTol TeEQiodog.

TéAog, katalafaivete amwd TIC TOEATAV®D GYEGeElS Tl avdAoyo TNy AItOGTAGNn 7 AItd TO KEVIQO TOU

KUKAOU, N TaVUTNTO VOGS GOUATOG

2nr 2.153)
u=—- .
T

TEéTrel va, 0AAGTeEL av déhouue va Slatpéyouue Tov KUKAO g (810 xpovikd didotnua ((6wa mepiodo) T. Me
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Bdon avti Tn Gxéon WITOEOUVUE Vo Sovoyedwpouue Ty KEVTEOWOAO eTiTdyuvon wg

An’r  2ru
= =" 2.154
a=—3 T ( )

"Ouwe exTOC TG TayVTNTOS LITARXEL Eva akoua uéyeBog TTov wag ITTAnNQo@oEel yioo To QUOUS ue Tov oToio
n okTiva Tng KUKMKAG kivnong Siayedpel yovies kot To oroio péyebog eivar aveEdetnto Tng oItdécToong
aTtd To KEVTEO TOU KUKAOL. Ag Eekivigouue opicovtag tnv sepipnun yoviakn J€on tov couatos: ovti
YW TS YVOGOTEG Gag (X, y) GUVTETAYUEVEGS, ek@EATouue KaAUTEQO Tn déon Tou copatidiov GuvaQTAGEL TN
aTéGTOONG F AItd TO KEVTEO TOU KUKAOUL, Kol TS ywviag 6 tou auti Stoyedeel wg Tpog tov dgova x'x.
AvTti n ovostapdoTacn QoldLer OEKETA Ue TRV JTOMKA WoEEr JTov yvweltovue non. Acite to Zyxnua 2.20.

Y

Sxnuo 2.20: T'oviakd 9d€on.

ATt6 n Tewuetpla E€pouye OTL

B0 = > 2.155)
r
AvticTolya ue 6ca €xouvye del, N1 YOVIOKN UETATOTIIGN 0QILETAL G
A =6;—6; (2.156)
ue i, f Toug GUVNBELS BelKTEG KATTOLAS AQXIKAG KOl TEMKNAG yovioknig d€ong, aviictorya. O Adyog
A  2r
Wavg = E = ? (2.157)

OVOUAZETOL UEGN YWVIOKIL TAXVTNTO, KOl — 0TS @avtdieate — av Ar — 0, Té1e Taipvouvue Tn oTryytaio
YOVIOKR Tayvtnta, Sna.

d
=i = — 2.1
@ = fit s = 500 2159

H yoviaki toyvtnto ileovtol ue to euiud wetafolMc tng yoviakng déong katd tnv kKukAikn kivnon. Xtnv
ouaAll KUKAIKI Kivien, n Wéon Kal n Tywaio yoviaki toxdtnta Tautigovtal. AQa w = Way,, Kol Avovtag
wn Xyéon (2.157) wg TTe0og ToV apbunti Taigvouye

A0 = WAL & 67 — 6; = w(tf — 1;) 2.159)
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Av vTtoBécouue 611 6; = 0 ko GTL TTATAUE TO XEOVOUETES WOS dTov To couo Peioketal otn déon 6;, Téte
0; = 6+ wr (2.160)

Aeite o Zynuo 2.21.

©£an TOV TN XPOVIKA

\

w
To owpoTiio et
YWVIAKI) HETOTOTIOT)
A8 ",
¥ - ©fon
O A6 otypd 7,

Yynua 2.21: T'oviakn 9éon katd Tnv ouain KukMKH Kivnon.

TéAog, umogeite evkola va Selsete (kKAvte Tol) GTL

U=rw (2.161)
a=rw (2.162)

Iapedderyua 2.13:

Ot 8oQuEHGEOL TTOV EKTOEEVOVTAL GTO SLAGTNUO TOTTOOETOUVTOL GE KUKAMKNA TeoXld Ue TETOL0 TEOTO
WOTE VO UEVOUV GUVEXNDS TTAvm aTtd €va oTabepd onuelo tng I'ng 660 avti yupltel. AuTtég oL TROXIES
ovoudcoviol yewauyypoves Tooxiéc. H axtiva tng I'ng eivar 6.37x10° m kot To vpog Tou Sopupdpou
oe yewavyyeovn teoxld etvar 3.58 x 107 m. Bpeite Tnv ToyUTNTO KO TO UETQEO TNG ETLTEYVVGNGS £VOG
dopuedpov e wa tétolo TEoXLd. OewENaTe GTL £vag oEUEHGEOS ERTEAEL (oL TTAREN TTEQLGTEOPN UEGO
e 24 es.

Avon:
O dopupdpog ektedel o TANEN TeELGTEOEN Ge 24 weeg, dnA. e T = 24 - 60 - 60 = 86400 s. H aktiva tng
kivnong touv Sopuedpov ue Bdon to kévigo tng I'ng eivan r = 6.37 - 10% + 3.58 - 107 = 4.22 - 10’ m. "Eto1, n
TaUTNTO TOU S0QUEHOEOL £€XEL UETQO

AX _ 2T _ 3 07.10° m/ (2.163)
u=—=——=3.07- m/s .
AT

ko Stevbuvon TTov ePATTTETOL GTNV KOUTTUAN TnS Kivnong katl @od TTog Tn (oed kivnong tou §oQuedovu.

H emtdyvvon da €xer uétpo
2

a="2 0223 mss? (2.164)
r

ue kotevbuvon OKTWIKG TEOS TO KEVTEO Tng I'ng.
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Ioedderyua 2.14:

H dkpn tov eAaaTikoV TOU QUTOKIVIATOU GAG, akTivag » = 0.3 m, TTEQLGTEEPETAL LE YWVLOKA ToYVTNTO
W, ERTEADVTAC ouaAn KUKAMKN kivnon. IIoon elvor n yoviaki taydtnta dtav To avtokivito Teéxel
ue tayvtnto u = 54 km/h;

Avon:
Kat’ aydg Teémel va uetateéyouue tny ToyUTNTA 6 UéTea avd 8evtepoAeTTTo, SN,

54000
=54 k =—=15 2.165
u mh = u 3600 m/s (2.165)
I'vweitouue 6Tt
u 15
Uu=rw=—w=—-=— =230 rad/s (2.166)
r 0.3

IHoedderyua 2.15:

Ot TTAGTOL WOYNTIK®OV AEQOGKAPOV TIEOPANUATIZOVTAL GTAV €X0UV VO, TTAQEOUV TTOA) KAELGTES GTEOPES
AOY® Tng kevtpoudiov emtdyvvong. Kabwoc avtin avgdvetor umopel va cuvuPel wo kotdotacn
yvwotih ws g-LOC, dmouv o mAdTog xdver Tic auwgbnoels tov Adyw Tng rpowdnong tou afuwatog
atd Tov eYyKEPAAO GTA TTOSLA, TEAYUO TTOU TTEOKAAEl eyke@alkn vitogla. Ilowd elvor to uétpo
Tng emtdyvvong (oe Uovadeg g) evig aeQOGKAPOUS TTOU UTTAIVEL GE 0QLLOVTIOL KUKMKA GTQOEN UE
ToyvTnTa i; = 4007 + 500f m/s ylwa yeoévo t = 24 s kow Pyaivel aIrd Tn GTEOEN (IO KAelcel TTANEN
KUKAO) Ue Tayvtnta iy = —4007 — 5007 m/s;

Avon:
Iopatnovue 6TL To Sidvuoua e1668ou elvar ovtipoTo e To Sidvuoua €£68ov. Autéd uiroeel va cuupel av
TO GKAQPOG eRTEAEGEL TN WO SLASQOUN TNG TTEQLPERELAS TOU KUKAOU, AITO TN GTILYUR TTOU N EKPAOVIGN LIS
TIANQO@OoQEEel OTL To GRAEPOS dev exteel kKavéva TTAREN KUKAO KaTd tnv kivnon tov. Aeite to Iynua 2.22.
AT to Sedopéva, €xovue OTL 0 xEGVOCS TTou aTtarteiton yia tn Stadgoun eivon ¢t = T/2 = 24 s. Emiong, n

xnuo 2.22: AepoGKAPOC GE KUKALKIL Kivnan.

Tayvtnta £166d8ov (M €€680V) €xel UETEo

lid] = u = V400?% + 500% ~ 640.31 m/s (2.167)
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H aktiva tng kivnong diveton agd tn gxéon
T
u="2 — = ;’— = 4891.6 m (2.168)

O1tdte T0 UETEO TNG KEVTEOUOAoL emtitdyvvong Jo eivar
u2
a=— = 83.81 m/s? (2.169)
r

TOU avTigTolel e Trepimov a/g = 8.5 — 8.5 g.

O Noépor tne Kivnone

Q¢ Toea ueAeTnooUE KIVAGELS coudTowv: opicaue déoelg, TaxvTnteg, emitayvvoels, aAld 8 pag evBiépepe
kaBdéAov to aitio tng kivnong. "Hpebe n wea va uedetncovye ki avtd! @ Mitogovue va Peovue kivntpo
Yl Thv evaoyOAncn wog pe tnv outio tng kivnong av 9écovue KATTOWO0 EQWTARATOL

e Totl adddcel n kivnon evég OvVTIKEWEVOU;

e Ti grpokaAel Tnv kivnon i tnv akwnaio Tov;

o Totl elval GuVRBWGS TTL0 EUKOAO VO KIVAGOUUE €va UikEd agtd éva ueydAo avtikelpwevo;
KAe81d yio Ti¢ astavIneelg 6e 6A0 to eQwTRpaTa eivan dvo évvolec:

e AvVvaun - Force - F mtov ackeltow Gto avtikeipevo srou Kiveltal

e Mdta — Mass - m TOU OVTIKEWEVOU
Ag Tig dovue Wo-Wo Ko o6 TIG avoAVGOUUE.

Alvoun

H évvouwa tng dvvoung uag eivor ywvooth amd tny kabnuepvdtntd wag. ‘Otav metdue pwo WItdAa, 6Irwyvou-
ue po vIouAddta, i avolyovue éva cueTdL 0VGLAGTIKA OAANAETILEEOVUE Ue avTkelueva LEGw HULKNG Spdang,
SnA. Toug aokovue KATIOWO SUVAUN, UE AITTOTEAEGUO VO AAAAZOUUE TNV KIVRTIKA TOUG KATdoTocn: aAMETouUE
v TaxvTnTd touvd Aga €va TEMOTO GuuTtépacua elvar Tl o Svvaun TTov ackeltal e £va oo aAAdgeEL
Tdvta Ty Tayvtntd tov; Oyl Twtl oto seonyovueva rogadeiyuota n ustdAo wirtoeel va elvan wdea
TOAU Bogld, n VIOVAdITTA peydAn kol yeudtn gouxd, evd To GuQTAEL uttopel va eivar kAewdwuévo. ‘Oung
UITOQOVUE UE OGQPAAELD VO GUUTIEQAVOUUE OTL AV KATL TTEOKAAEL TNV AAAAYI GTNY KIVITIKIL KATAGTAGT
EVOC AVTIKEWUEVOV, AVTO £ival N TTAQOVGILA FVVAUEDV.

Youewva pe Ty kAaown dedgnon tng Puakng virdeyouvv dvo katnyoeies duvduewv: Suvduels ema-
@nc ko dvvduels mediov. H pwtoypapio touv Xxnuatog 2.23 eivor bialtepo emeEnynuatikii yio To €idog
TV KATRYoELOV ovTv. TIpétmer dumg va onueiwbel 6Tt n katnyoglotoinon tng Ewkdvag 2.23 elvor kAItmg
TaEYNUEVN. TAUEQQ, Ol ETIIOTAROVES £YOUV TASvoUncel T SuvAuels e T€00eQLg TeueMddelg katnyopieg:

(@) PapuTKEG,

(B) nAekTEOWAYVNTIKEG,
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Avvdpeig Emadrg

|
e M
|

Sxnuo 2.23: Avvduers emaeric kat duvduels sediov.

V) agcBevelg TLENVIKES, KL
©") wxvEES TLENVIKEG.

Hopatnenate Tt TTOAES KOWES amrd tnv kabnuepvdtntd cag duvdauels 6Tws n ®inon (GITEOELLO) KoL n
ENEn (TedPnyua), duvduels tdong vnudtwv kol edatneiov, kar uvduels TEIPRG 8¢ @alveTal va, AvAKOUY GTIG
TaEATIAve Kkatnyopies. Autd onualver 6Tt kdBe ulo attd avtés Tig duvduels eivar GTNV TEAYULATIKOTNTO
(o ekSNAWON KATIOLOS 11 KATTOWWVY aItd TIC TTaATdve depeMddelg duvduels.

lNo Topddeyua, ore@TelTe Wia UITAAQ TTOU GTEKETAL aKivRTR GE €va 0QLLOVTLO TEATIECL. Oa Sovue GgTnv
GLVEXELDL OTL oTnv UTtdAa aokovvton dvo duvduels: n dvvoaun Tou BAEous Tng kot n kABetn dvvaun oL
aokel To Teamén oe avti. ‘Exel detybel 411 n kdBetn avti SYvaun — GTo atowkd eTiTtedo — TEPLYQAPETAL KOG
eRONA®ON TNG NAEKTEIKAG SUVOUNG UETOEY POQTICUEVOY GOUOTISIOV Uéca GTo dTopo Tov dV0 ETTLPAVELDY
oe ewaen (UItdAa - teamécy). Emedn to fdog Tng UmwdAag “miétel” Thv eTLQAVELD TEOITECIOV GTNV oItola
oTnElteETAL, T ATOUO OTNV ETTLPAVELDL TOU TQEOIECOV GUUTILECOVTOL KOL OJTOUOKQUVOVTAL aTtd TS déoelg
160QEOoT{0S Toug. O NAEKTEIKEG SUVAUELS UETOEY TWV VITOOTOUIK®OV GoOUATSimv Snutovgyoiv duvduelg
“eTTOVAPOQRAS 7 TToU “TIETOUV” TTEOC TO TWAV® TNV UTTAAQ GE U0l TTROGTTAOELD. VO AITOKOTOGTAGOUV TV
1G0QEQEOTTLOL GTNV ATOULKA KALLOKOL.

Emiong, da wAncouue cuvtoua yio duvduels tdong ae vigota (oyowid) kol duvduels edatngiov emtdvo
0e GOUATO. XTNV TTQAYUATIKOTNTA, QUTES €lvol TO OQTTOTEAEGUO TTAQOULOL®WY TTAQAUOQPOGEMY GTIG VITOO-
ToUkES dratdgels wooppoTtias. ‘Otav e@apudteTal Tdon Ge éva GYOWl, Ol GUVEKTIKEG NAEKTOKES Suvdelg
UETOEY TV ATOUWV GTO GYOW( TIEOKAAOUV Tn uetddoon tng Svvaung, attd cwuatidio oe couotidio, 6To
AANO GKQO TOU GXOWLOU Kol GE OTToLodNITOTE avTikeluevo efvar depévo to ayowl. Ouolwe, dtav Ta eAaThELO
TEVTOVOVTAL N GUUTTLETOVTAL, TO VTTOOTOUIKA GOUATISI0L 0lOKOUV AVOUOLOUOQEES NAEKTEIKES SuvAueLS TO €va
GTO GAAO YO VO ETTAVAPEQOUVV TO EACTAQLO GTNV KATAGTAGN 1GOREOTIIAS TOoV (KATAGTAGN @UGIKOU UNKOUG
Tov). H T elvan emiong éva moapddetypo nAekTEIKAG dUvoaung ato 4T, kKabhg dvo emupdveles Bpiokovtal
GE GTEVIL €TAPN UETAEY TOUG, VTTAQXOUV NAEKTOEIKES EAEELS UETOLY T®V VITOOTOWK®OV GOUATISIOV GE av-
Tég. Ipémel va epapuocTovv dAAes duvduels yia vo “GTTAGouV” 0UTOUS TOUS TTROGWELWOUS SEGULOUS KaL Vo
TEOKRAAEGOUV OAlGONnoN — ko deo kivnon — UeTOEY Twv eTmipoveldv. DUGIKA TETOLES TTEQLYEAPES duvdiuemv
elvol TTOA) GNUOVTIKES KAl O YVOGN KAl 0OG EQPOQULOYN, 0V LEAETOUUE TIC SUVAUELS GE WKQOKOGULKI KA{LoL-
ko. T Tig Sikég wog avdaykes, TETOEG TIEQLYQAPES Sev elvan xeAoUES — TEQAOUBAVOUV QEKETA TTEQLTTA
TAnQo@oQia.

Emiotpépovtag atnv évvolo tng duvaung, n Tumikin wovdda pétonong tng dvvaung tov Aebvoivg Xv-
otnyatog (S.I.) eivar 1o 1 Newton, avegdptnta agtd to €ldog tng dvvoung TTov UETEATO, KOl GUVABWG
vedoouvue 1 N. TIoAv cvvtouo da Sovue ue T 1oovTal OUTA n wovddo uétenong. Xnueidote Tl GTnv
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TeE{TTOoN TTOAY YVOoTdVv cog Suvduewv TTws n TEIPA, oTroladnItote uétpnon duvaung lvar Gtnv TIQoy-
LOATIKOTNTA N UETENON TOV GUGGMEEVTIKMOV ETITTOCEMV EKATOUUVQEIOV NAEKTEIK®OV Suvduewv TToU SouV
Tavutoéyeova. ITap dAa Ta ToATdve, euels da uedeticouvue SUVAUELS GTO “UWOKQEOGKOTIKG” Toug eTtiTedo,
xwElg va pog agtacyolel Waitepa TL guupaivel GTo “UkEOGKOTIKG” ertimtedo. H Svvaun Aotmdv efvan n ou-
Tla ueTaPoAng Tng KnTkNg katdotaong evég copatos. Eivar n dUvaun povdéuetpo uéyebog; Mitogovue va
To eAéygouue melpauatikd. Agite To Zynua 2.24. Av tpofngovue £va eAATAELO TTEOS TA KATM Ue pia dvvaun

Otav o1 Suo
Suvaperg edap-
poélovral TauTo-

Mia Svapn mpog
TeL KETW
EMIPNKOVEL TO

cAariplo koredt 1 k.

Mua peyalditepou
pérpou Sovapun
EMPUNKUVEL TO gAa-
mipLo werrd 2 £x.

Xpova otnv ibua
katevBuvon, to
eAaTiplo emi-

unkivetal kod 3

Otav oL Suo Suvapeg eival
kaBeteg petadl Toug onwg ote
oxrjua (d), o ouvbuacuég toug (n
CUVLIOTQUEVN TOUG) EMUNKUVEL TO

€K, ehatriplo katda 2.24 ex.

l_n 0 0 D

1 -1 1 g .

__2 jf-, j? Ay 9

3 _3 '-a |
m—-:l- _-|_4 :—-l- ?] _____ _.|

F
0=>?
b, !
\ i

Yynua 2.24: H Siavvcuatiki uen tng duvoung.

uétpov Fy, 1é1e avto Ja emmunkuviel, €6tw, katd 0.01 m. Av 1o tpofngouvue ue ueyadvtepn dvvaun Fo,
T6Te WT6 da emmunkuviel £otw katd 0.02 m. Topa av epapudcovue Tig S0 oVTEG Suvduelg TavTdyEoVa,
7o ehdatrigro Ja ertunkuvOel katd 0.03 m. Téhog, av ot Svo duvduels eivar KABETEC UETAEY TOUG, N GUVOMKI
M ovvigtauévn dVvaun emunkivel To ehatiglo kotd 0.024 m. To uétpo auTng tng dvvoaung e£aQTdTol aITd
Tn yovia 6 avdueca atis dvo duvduels. Mmrogovue va feovue Tt

-F
0 = tan! (—1)
Fy

kot av dewproovye 6Tt n duvaun elvar avdloyn Tng UETATOTTIONS Tov gAaTtnEiov asd tn Jéon 160EEOTIAS
— KATL TTOV TEAYUATL LoYVEL, OTtwe da dovue agydtepa — TdTE

—kx1 X1 0.01 1
=tan”![—|=—tan'|=|=—tan}|{—=] = —tan"![= | » —26.6°
( ka ) (XQ) 0.02 2
Efvar epgpavég Aotgtév agtd to astdd avtd meipana 6T n dUvaun eivat Stavueuatiké uéyefog: £xel uéteo,
S1evBuven, ko @oQA.

(2.170)

@2.170)

YatevOuvog yia 6An tn Jewpla alindemidpdocnv uéocw duvaung eivor o Isaac Newton, Ayylog @UGIKES
kol pofnuatikés. Oewpeltor o Tatépag tng KAacikig Puokng kabwg SatiTtwce Ta gpyaleia Ko TiC
€vvoleg ylo Tn UeAétn Tou UGIKOU KOGUOV, Paclouévos aTig Jtagatnoncels tov Galileo kar Ttov Kepler.
Metagd dAwv, elvon Sidonuog yia tn StatiTtoon Tov sepionuwv 7otdv Nouwv tne Kivnong. Agltel
(OUGLKA VA TOUG YVWEIGOULE.
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[Tpwtoc Népog tou Newton

davracteite Wa 0eQOTEATEA (Eva TEAITETL TTOV PUGA AEEA KABETO GTNV ETTLPEAVELO TOU KOl TTROS TA TTAV®,
cov avtd TTou €xete del oe TTaEKA Saokédacng) kol évo 8ioko, 6Ttwg oto Lynuo 2.25. H agpotpditeto

=2l= i alaie
Air flow

Electric blower

Aepotpanela kat Slokog
Yynua 2.25: Aggotpdmesa kol 6iGKOG.

TIQOGOUOLWVEL ULOL ETILPAVELD XWELS TEWPES, SnA. kEATA To dioko Ge eAdyLoTn AITOGTAGN OO TNV ETILPAVELQL
TNG WGTE va Unv ackeltal kdgtolo duvaun 6to 6{oko kol avTdc va ugtogel va kveltal ayedov eAevbepa. Av
Torrofethcouue aTtald To 8loko otnv agpoTEediteta, autdg da Tapaueivel akivntos. Euelg, og mapatnen-
€ Tng dAng katdotacng, eipacte axivntor SimtAa atnv aepotedateta: Sev Telpdcovue TV 0eQOTEAITETN
n 1o 8loko, ovte aAAnAeTiidpovue ue Grolov dAAo TedTo wati tous. H aepotpditeta, o dlokog, Ki guelg
guvigtovue éva Aeyduevo ciotnua ava@oeds. ‘Eva giotnua ava@oeds gto otolo €va aviikeiuevo Sev
OAANAETILOQA pe AAAQ avTikelLEVO KoL €xel UNSEVIKA ETTLTAYXUVGN OVOUATETOL ASQAVELAKO GVGTNUO OVaL-

@O0QacC.

Av tdpa avéBouue oe éva TEEVO wolLl ue tnv aeoTedIreto kot To S{oKO0, KoL TTaATnERCGoVUE Thv (Slo
SldTagn evd To TEéVO Kiveital ue atabepn Taxvtnta, luacte Eavd ce éva adpavelakd GUGTRUA AVAEOQAC.
Eavd, dev vrtdeyel oAnAeTdpaon uetafy wog Kol n emrtdyvvon tov 6{okou elvar undevikn. Aga, oTtolo-
dnmote ovaTNUO avaEoEds Kveltol ue oTabepn TaxvTnto ge gyxéon ue £va adeavelokd GUGTRULA avapoQdc,
elvarl kL avTd adeaveloko.

Yre@TelTE QUOGS TNV TIAQOKAT® KATAGTOON: TO TEEVO aQyitel Lopvikd va emitayvvel. Emitayvver udi-
OTO S TLEOS TO AdEAVELKG CUGTNUA AvaEOQRds Tng emipdvelos tng I'ng. “Etal, évag Tapotnpnting ¢to
€dapog, ekTOC TOL TEEVOL, Ja GAS Tiel OTL — TTaR” OAO TTOU Yo GOS UWEGA GTO TEEVO 0 Siorog alvetal va
eTTLTAYUVEL, KOOMOS oMacBalvel TTdvw aItd Tnv aepoTEdIeta we Tov (8o TedéIro Tou oMcBaivouv Ta xoQTLG
ToV PACETE GTO TOUTTAWD TOU QUTOKIWVATOU OTAV SEKVATE AITOTOUN GTALATNUEVOL/ES GE €val @avdL — o (Blog
BAéTter uev to S8ioko va oMcBaivel WS TTEOS TO TEATET, OAAG ®WS TEOS TO £8a@og Kweltar ue tnv (S
Toyvntal ‘ETot, woQ'6Ao TTou yla Wog o¢ eMPATES TOV TEEVOU, TO TEEVO ETLTUYVVEL WS TTROS TO ASQAVELM-
KO gUoTnUO ava@oEds Tng I'ng — Ki €101 gUelS TOQOTNEOVUE (0L POLVOUEVIKA, ETILTAYUVON TOU 8{GKOV WS
TEOG UG — KAOLGTOVTOGS £TGL TO GUGTRUA AVAPOQEAS UaS WS un adpavelako, vtdyel éva dAlo guaTnua
ovopods Tov vo eivar adgavelakd. Me tnv geukoupia, ag avag@égovue GTL n Tdon evog AVTIKEWEVOU VO
avTI8pd e 0TTOLAdNTTOTE UETABOAR TNG KIVITIKAG TOU KATAGTAGNS ovoudcetalr adpdvela.

Mgtopovue Aowtdv va, SatuTidcovue Tov IIep@dto Néuo tov Newton: astoucio eEmteik®dv duvduemv
KOl TTOQOUGTA AdQOVELAKOU GUGTALATOS Ova@OQEAs, €va aviikeluevo Ge npeula TToQAUEVEL G nEewlo Kol
éva avrikelyevo oe kivnon ye otabepn toyvtnta Ttagoauével oe kivnon ye otabepn tayvtnta. Me dAAo
A6y, dtov dev emdpd kautd dvvaun ce éva avtkelpevo (W To GUVOAD TV SUVAUE®DY TTOU €TLOEOVV €xel
Sravuouatikd dbpotopa undév — Juunbeite, or duvduels efvar SlovioUATO, KAl KOS TETOLNL UTTOROVV va £xoUV
dbpotoua undév!), n emitdyuvon Tov aviikelévou etvar undeviki. H pobnyatikii Statdmtoon Tou ToQaItdve
Noéuov efvon n €gng:

Z F=0 (2.172)
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Q¢ T AoTdv €youue TA EENG GUUITEQUOUATOL

e 'Eva gouo JTou eTmiTaydvel TTRETEL Vo VTTOKELTOL Ge KATTolo dvvoun, elddAAmg Kivelton ue ctabepn
ToyxvTnta N etvol akivnto

e H &Uvaun elvon 1o altio tTng LeTOPOAMGS TG KIVNGNG £VOG GOUOTOS

Kpatnote emiong 61l og Stavuouotiki e€lomon, umwoeel va avalvbel e cuviGTOGES KATA GEOVES, OTTOS
KdBe Siavuoua, SnA.

Y F.=0 2.173)
Z =0 (2.174)
Z 7 =0 2.175)

Aceltepoc Népoc tou Newton

Yag elval TEoEAvES aTtd Tnv KABnUeEn euTtelpiol Gog 4Tl SloPoEETIKA avTikelineva xeeldovtol Siapoge-
TIKO W€TEo SVvaung yia va petofdAdlovv tnv katdotacn kivnong toug: 8ev witoeite va KOUVAGETE Wol
VIOUAdTTO KL éval TTOTAQL eaUéiovTag To (Blo puétpo dvvaung. Me dAAa AGyLa, AVTIGTEKOVTAL TTEQLGGOTEQO
n Aydtepo atn uetafoAn tng kivnong toug. ‘Exete avapwtnBel to ywati; Av var, clyovpa yvweitete tnv
astdvinon: yiatl éxouv StapopeTiki waca. H udca elvar i8idtnta evos goduatos Tov 0igel “mdon” aviiagta-
on TOQEOVGLATEL TNV TTROCTIA0E0 weTaBOANS Tng Tayvtntag tov. H povdda uétpnong tng udgog ato S.I.
elvan to yrlidypauuo 1 kiAo - kg. H évvola tng udgog Aotmdv saitel kaboiatikd eéAo Gtn SiatiTtmen Tou
AgVteQov Nouov tov Newton. MoAc Alyes yoauuég o, o log Néuog tou Newton pag e£nynce T Guu-
Baiver o éva coua étov to dbpolcua Twv duvduewy (1 n cuvictauévn ddvaun) TTOU AGKOUVTOL ETTGV® TOU
GoUton pe undév. Auécme Tiea da Statvmtdcouue To 20 Ndopo, 6IT0v Ko Ja dovue 1 gupPaliver dtav wa i
TEPLOGATERES BUVAUELS AGKROVVTOL ETTAVM GTO COW, UE TN GUVIGTAREVN TOUg va eival Stdpopn Tou undevic!

Ye éva adpavelard cUaTnUa avaeoEds, n emttdyvvon evog coUoTos efvor
z ré 7 ’ = 7 .

e cUBéwe avdloyn Tng GuvoAlkng dvvaung >, F TToU AGKEITOL GTO GOUO

® OVTIGTEOP®WS avdAoyn Tng WAcos Tov, m

Me pafnuatikd, ol ToQAITAV® TAQOTILEAGELS SLATUTTOVOVTOL MG

F
a= LF (2.176)
m
TIOU YRA@ETAL GTNV TTLO YVOQLN GO LWORPN
Z F=ma 2.177)

ATI6 TNy TOQATIEVe GYEGN WIToEOUUE VO, Beovue Kot Th wovdda uétonong tng dUvaung: eivoan kg - m/s?, mov
vy Ttpogoveic Adyoug ovopdotnke Newton kot cguufoligetor pe to yeduua N. Ki €80, og Stavuouatiki
eglomon Tovu elvar n TapaTtdve, witoeel va avalvbel ge GuVIGTOGES KATd dgoveg, OTTwS kABe didvuoua,
OnA.

> Fo=ma, (2.178)
> Fy = ma, (2.179)
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D F:=ma. (2.180)

Ac dovue éva Ttapdderyuol.

Iaedderyua 2.16:

"Evag 8iokog touv hockey ctov mdyo, udcog 0.3 kg, oAcgBaiver elevBepa Ge oQidvtio emmipdvela
Tdyov. Avo umacTovvia TOV YTUTIOUV TauTdyeova, ue Suvduels kal vTd ywvieg 6Ttwg otnv Ei-
Kk6va 2.26. Beeite to uétpo kot tnv kotevbuvon tng emitdyuvong Tov §iokov.

Yyaua 2.26: Iapddeyua 2ov Nopov Newton.

Avon:

O mdyog mpocouoldvel emipdveia xweis TEpés. H emitdyvvon da elvar spog tnv {Sia katevBuvon ue
Tn cuvicTopévn Tov duvduewv, Adyw tov 20u Nduouv touv Newton. H yovio twv 20° tou oxiuotog eivar
otnv meayuatikotnta —20°, €tol dmwg poag divetal. Oswoovue to Sioko va Peioketal gtn GuUBOAt £vdg
GUGTALOTOS OEGVMY KoL Do xenolwoTtotigovue avdluon ge GuUVIGTOGES. ATt To 20 Ndouo touv Newton GTto
emimedo Ya €xovue

SF
m

? ?
a= =dy +dy = ayl +ay) (2.181)
oTtoTEe aEKel va PEoUvUE TIC ETUEQOVS GUVIGTWGES TG ETLTAXVVONG. LTnv TTEocTdleia uag avti da meéel
va SovAéwouue katd dgoves kot vo epaguécovue To 20 Néuo tov Newton e avtovg. Ag avaldcouue Tig
duvduels oe dgoveg, dTTWS GTo Tyxnuo 2.27, Kol OS YENGWOTIONGOUUE Kal To. wovadiaia Stavicuata. Xtov
dgova x, da €xouvue

D Fo=mi, & Fy, + Fy, = ma, (2.182)
Fiod + Foud = mayi (2.183)
5 Fid+ Foxd
af= Tt (2.184)
m

L Fycos(—=20)i + Fycos(60)i
xl =

— 2\7
03 = (29 m/s%)i (2.185)

a
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Yynua 2.27: Hapddeiyua 2o0v Nouov Newton - avdAvon Ge GUVIGTOGES.

‘Oyota, gTov dgova y, xouue

> Fy=mdy = Fiy+ Fyy = md, (2.186)
Foyj + F1yj = mayj (2.187)
o Foj+Fyj
ayj= 270 (2.188)
m

L, Fysin(60)] + Fysin(=20)] 2

4,7 = F25E0) = SNC20T _ (17 mys?) (2.189)
Omdte

@ =a.d+ayj=(29 m/s?i+ (17 m/s?)j (2.190)

Mgtopotue va Beovue av Pélovue To UETEO KAl Ty KatevBuvan Tou SLavUGUATOS TG ETLTAYVVGNG MG

@l = V292 + 172 ~ 33.6 m/s> (2.191)

(17 R
6 =tan |—| =~ 30.3 (2.192)
29

Miropotue dumwg va dovue kow Wit evoAAaRTIkIL Avon, wou BaciteTol Gtny emAoyn JETIKNG @OQEAS Tou
GUOTAUOTOS OEGVMV, KOL GTRV €VQECN TWV TIQOCAUL®Y T®V AVAITOQACTAGE®Y, OTIOS YIVOTOV GTIS EEL0WCELS
Tng KnTkng! Ag dovue avti tn Adon, opltovtoag JeTikés POEES TV KIVAGEMV TIS GUUBATIKES (TTAV® Ko
degud). Ta Swaviouota TTov “KOLTAZOUV” TIEOG TIg FeTIKES POEES Ja éxouv JeTkd TTEOONUO GTIS EELGWCELS
HoG eV 600 “KOLTATOUV” TTROC TIG ORVITIKES POEES Ja £x0Uv aQVNTIKG TTEOGNUO.

Eekvovtag TdA ue Ttov x'x dgova,
- = -
Z F.=md, &= Fi, + Foy = md, (2.193)

Qc e8¢d n Aon pag etvan (o ue mow. Todpa, ue tnv emmdoyn JeTkng @odg, uitogovue va “metdgovue” To
Srovuouatiké cuyfoMoud Kot va Tdue e KoBaEd alyefIKES eE16MaELS tue PAon Ta ULETEA TOV SLWUGUATOV:
’ =1 =1 z Ié z ré Ié z z z
o Stovvouata Fiy kot Fa, €x0uv @opd 1tpog To Jetikd npdsova tou x’'x, dpa da éxouvv Jetikd mpdonyo.
"Etot,
F xt F 2x

Fiy+ Foy =may & ay = ——— (2.194)
m
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_ F1c0s(20) + F5 cos(60)
- 0.3

= 29 m/s? (2.195)

Ay
O6TTOV €8 YENGWOTIONGOUE TIC Ywvieg ue Tnv astdélutn Twi tous. ‘Oyola, gTov dEova y, §xouue
D Fy=mi, & Fyy + Fay = md, (2.196)

7’ z e 7’ VA 7 ré = . ré EEl e Ié
Ki €8 €yovue ta {8 akpipaodg prnato. ‘Oumg, 1o Stdvucuo Fiy “KOLTACEL” TTEOS TOV OQVRTIKO NULAEOVO TOU
y
Yy, dpa pstopovue va “metdgovye” T Stoviouato amd tny €£{0won wag Kol vo BAAOUULE OQVITIKG TTEOGNUO
610 Fiy (kou deTkd medcnuo cto Fay). ‘Etat,

Fo, - F
Fay = Fiy = may — ay = T @150
m
F3sin(60) — F9 sin(20
a, = 28in(60) - Fysin0) _ . (2.198)
Y 0.3

gova ue Ty amwéluTn TR TV YOVIOV.

ITpoGégte Aowmdv Ta PAnATa: Ue TNV TOTOBETNGN TOV GWOTMOV TEOGNU®Y GTIS duvduels ue Bdon toug
dEOVES LOG KOL TN POQE4 TOUG, VTTOAOYIGAUE GTN GUVEXELD TO UETEA TV SUVAUE®V, TTAIEVOVTOCS TIS Ywvieg
KT agtoAvTn TWh (€161 dGTe vo uh wag aAAdgouv To Ttedonuo, mou €xovue non kabopice “manually”). Ev
TéAel kaTaAMEoue TTAAM oTo (Slo agrotéleoual,

d=a.d+ayj = (29 m/s?)i + (17 m/s?)j (2.199)
KOl
@l = V292 + 172 ~ 33.6 m/s’ (2.200)
0=rtan!(21) ~ 30.3° (2.201)
- 29) " 7 '
||

Ieg TEéTieL AOLTTOV Vo, TTROGEYYITOUUE TO TIEOPAAUATO TTOU OlpoEOUV duvduels 6To eTtimedo;

IHpokatagktikd Briipata Estidveng IHoofAnudtov Avvduewv éto Estimtedo

e OfoTe To cVaTNU cuvteTayuévav cag Oxy ce kdatowa Bolki Jéon. Paviactelte 6To WVald
goc Tig duvduels wov dpovv 6To TTEAPAnUA. “ETTAcTE” TS SUVAUELS TTOU AGKOVVTOL GTO GO
OV GOg evBlapépel oe duo dfoveg, TTROPAANOVTAS TEG GE OWTOUS KoL ovapmTnle(Te: TIOLEG
Suvduels ackovvtolr 6To copa otov dfova x'x; Ilotég Suvduels ackoUVTOL GTO GOWN GTOV
dsova y'y;

e “Bagtiote” tig Suvduelg Touv ackoUvTol GTO Gouo ue Selkteg (ﬁ Lo F)zy, K.0.K).

e AvopwtnBeite ool véyor touv Newton e@apuotovion oe kKdBe dfovo: To coua Kveltor e
otabepn tayvtnta N Peloketon akivnto; Ilpdtog véuog touv Newton! To coua emirtoyiveTon;
Agvtepog vouog tou Newton!

e Tpdyte TIg SLAVUGUATIKES EELGMTELS KATA aoves we PAon OGO ETAELATE TIQLV.

e “Tletdgte” ta Staviouota kol TEQAOTE Ge AAYEPQELKES €E100GELS BALOVTAS aEVNTIKA TTEOCNUA
og SLoviouaTo TToV “KOLITAZoOUV” ITROS TOV ORVITIKG NULEEOVa TOv eKAGTOTE dEova KoLl UTTOAO-
yitovtag 1o uéteo SAwv TV SIOVUGUAT®OV TTOU EULTTAEKOVTOL.

Teitoc Néopoc tou Newton

O Tpitog Néuog tov Newton efvar {Gog o Tilo yvwaTtds agt’ dAoug, kabwS arodidetan ekAaikevuéva ue tn
z 113 z 7 kL] z 7 7 ’ = 7 7
@edon “8pdon - avtidoacn”. ITo TuTikd, av dvo couata AAANAETILIEEOVY, n dVvaun Fig Tov ackeltal aTtod
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Synua 2.28: Tpitoc Nouog tov Newton.

2 2, z. e z e ’ z ’ = 7
70 cwua 1 6to copa 2 etvon ton ce uétpo kar avtibetn ce katevBuvon agtd tn dvvoun Fg TOU acKelTOL
aTtd To oo 2 6To coua 1, SnA.
- -
Fig = —-F9 (2.202)

Aeite o Eynua 2.28. TIpocéEte 6L o1 duo Juvduels ToU ava@éEel 0 306 VOULOS AGKOVVTAL GE SLAPOPETIKA
cgopata — OXI gto {do!

Iowg TO IO YOEAKTNELGTIKG Cevyog Suvduewv TTov KavoTolovy Tov 30 véuo tou Newton eival n
SVvvaun oV ackel n I'n 6 6A0 TO GAOUATA TTAV® TNG KOl N FUvaun JTtov AVUTA TO GAOUATO LGKOUV
emdve otn I'n. MdMota, n ddvaun sov ackel n I'n ge 6Aa T cdpaTa TAVE TNG ovoudgetal faQuTiki
Svvaun, cuufoliiceTon wg F,, kot €xel @oEd 1RO To KévTEo Tng I'ng. IpakTtikdTepa, elval mwdvia kdbetn
oTo eTi{medo Tov £8d@oug ue PoEd TEOS Ta KATw. Auth eivor wa dYvaun Ttov Jo cuvavtdue SlaEKOS GE
OAa Ta TTEOPARUATAL.

H 80%voun tou Bdpoug

M ko Thv avaeépape LM, n faQutikin dvvaun 1 n dVvaun Tov BAEoOuc TTov ackeltal Ge £vo GOUA
elvaw n §Yvaun mov TEARd €va i TTEOS To KEVTEOo Tng I'ng — 6nA. ue SievBuvon kdbetn 6To €5apog KoL
@04 TTRO¢ To KAT®. ITpo@avag vitoBétoupe 6Tl To £8a@og elvar adavelarkd GUGTNUO AVaEORAS. Q¢ ek
ToUtov urropel va Seiybel evkoAa amd to 20 véuo tov Newton Ge €va Goua TToU TEQPTEL eAeVBepa OTL n
BauTiki dUvaun JTov ookelTol TAVE Tov LWGOUTUL UE

Fy=mg=m(~g)j = —mgj (2.203)

AvuTé gnuaivel 6Tt To LETEO TNS PAQUTIKAG dUvaung 1GoUTol e TO YOUeVO TnG UWALAS TOU GOUATOS €T TNV
emitdyvvon tng fagvtntac. H {Sia dUvaun ackeltol kot 6e €vo GOUO TToU PEICKETOL REEWO GE OTIOLOSNITOTE
onpeio otn I'n.

H »ddetn 60vopun

AoV Aotmtdv uoMg elmraye 4t n PapuTiki dUvoun ackeltor 6e éva coua Ge neepla omtovdrimote gtn I'n,
yiatl avtd Sev emitayvvetar;, O Adyog @uokd efvor 6Tt kAgTola dAAn Svvaun egouvdetepadvel Tn Spdon Tng
BOQUTIKAG SUVOUNG, KEOTWOVTOS TO COUO GE LG0EEOTIo. Akdua Ko £oelg, ToU KABeoTE — eATTCW — KoL
SLopdete AUTEG TIC CNUELWOELS, 160QQEOTIEITE, KAODS n dYvaun tov Bdeovg €€ artiag tng I'ng cog TEafd
TEOC TO KEVTEO TnS alld n dUvaun sov ackel n KaEERAA/KAVATTEG/KEERATL eTdvw Gag elvar {on Ge UETEO
0AAG aviiBetng @oedg pe tnv mpoavagepdeica dvvaun. H kdaBetn dVvaun eivor n ddvaun stov ackeiton
oe éva oopo amd wo emipdvela Tdve otnv ool Peloketar. H SievBuvon tng elvar tdvta kdBetn gtnv
ETTLPAVELD KL N QOEA TNS TAVTA “UoKELE” aItd Thv ETTLPEAEVELQL.
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Av e@apuécouvue Tov 1o véuo tou Newton cg €va GOWO TIOU LGOEEOTIEl GE WOl ETLPAVELD, OTIOS GTO
yxnuo 2.29, téte gtov dova y'y da 1oxvel

-

Y F=0ei+F=0ei=-F, (2.204)

KOODOG oL wéveg duvduels TTov Touv ackovvtal eivor n BoQuTkA SVvaun kor n kdBetn dvvoun amd Tnv
emEdvela. Oswpavtog JeTikin PoEd TEOS T TAvV®, £xouUe

-
n

Yynua 2.29: Avvaun Bdpoug kal kabetn Suvaun.

n-F, =0 n=F, =mg (2.205)
Apa n kdBetn dYvaun amd wo emipdvelo TTAve Ge éva coua €xel WEteo (o ue mg — (dlo pe tn PaQUTIKI

Suvvaun — kow kartevBuven avtifetn (GTnv TALLOVOTNTA TV TEQLITTWGEMV) TNG PAQUTIKAGS dUvounc.

Emioyr Auvvdpewy oe €va IIpoBrnuo

Aette to Tynuo 2.30(a). BAémete wio witdAa Ttov 1eopeoTiel (Bev kiveiton) emdvw oe éva xéol. IIdoeg kan

(o) Frana-to-pan (B) . W
Frana—to—pau AT

. Awaypoppo

. ® £AevBgpou

CWHATOG

Fearth—to—ball
v

o o ﬁearth—to—bau ﬁ
Fpau-to—nana Fearth—to—nand g

Yynua 2.30: Avvdueis ce éva pofinua.
TOLES SuvAuelS AoKOVVTOL GTO. GOUATO ToV oyxnuatog, H asdvinon elvar 1é66eQ1c:

7 e ré z =
e H SvYvaun sov ackel n umwdAa 6To €L, Fpaii—to—hand-
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’ 7 Vé = 7 7
e H &VYvaun stov ackel n I'n gtn wiwdAa, Fegrh—ro—bar (M POQUTIKA SUvaun).
e H &vvaun stov ackel 1o €L otnv uItdia, F, hand—to—ball (M KABETN SUvoun TTOUV WOMG TRV UdBoue).
e H 3vvaun stov ackel n I'm Gto yéet, F, earth—to—hand-

Ymdpyouv diddeg Suvo Suvduelg, Ttov aokel n ustdAa kot To xéel otn I'n, Tnv ogtola dev €xouvue twypopicel
GTO GYAUa kol dpa dev €xovue guumeQuAdfel Tig duvduels avtés. Efvar mpo@avég 6Tl kdgtoleg amd autég
Tov €xovue oyedidoel de pag eviagpépovv. To mbBavoTepo eivar GTL To GOUA TTOU Uag evBlopEpel elvar n
witdAa. Ao, 6mws oto Iyxnuo 2.30(B), oxedidgovye UWGvo QUTEG TTOU OLOKOVVTOL TTEvV® Tou. Mia AydteQo
KOAMTEXVIKI 0ANG agteipmg xeriown avastapdotacn lval avti Tov drayeduuatog eAevBéQov cauaToc,
TIOU OVGLOOTIKA LovTeAoTTolel TV UTTAAQ WS Wiot KOUKKISA (adldoTato cmuatidio) TTov agid ouTtin exkvolv
6M\eg oL duvduels TOU AGKOVVTAL TTAVKD GTO TTEAYUATIKG coud (WItdAa). Oa yencuottolovye TToAY auToy
Tou £ldoug Tnv avastapdotacn, Ty omoia PALTETE aTo Xxnuo 2.30(y).

Avduon pe Bdon toug Teeg Nopoug
To “omA0GTAGTIO” TV TELOV VoUWV glval Wialtepa TTOAVTIWO GTnv avdAvon Tdeo TTOAA®Y TTEOPANUAT®YV.
Av duunBovue tnv Kwntwn, elyape mwoagovotdoel duo yovtéa

e kivnon vTé GTabepn TayxvTnTA

e kivnon vTo gtabepn emitdyuvvon

Mgtogotue Ge avtd Ta dvo va TTeocbécovue dAA Svo Loviéla, ta oTola facitovtol e dco €xovue Gugn-
TAGEL G€ OQUTAV TNV TTOEAYQOLPO:

e GOUO GE LG0QEEOTTla: undeviki eTtitdyvvon, SnA. kivnon ue ctabepn tayvtnta i akwnoia (d = 0)
e Ghua Ge eTTdyvvon Adym eEmTEQIROV duvduewv: otabepn emitdyvvon (d # 0)

YTnv AR TEQ{TITOAON, N GUVIGTOUEVR TV Suvduewy TTEETTEL Vo elval undevikni
= -
> F=0 (2.206)
Y1n Sevtegn TepimTwon, n emrtdyuvon TEETEL va elval un undevikn, omdte

Z F =ma (2.207)

Hoedderyua 2.17:

"Evag veadg Tafd éva kifdTio 6Ttwg oto Tynuwo 2.31(w).
(@) Beelte tnv emitdyvvon mtov aokeltol GTO KIBOTLO.
B) Beelte tn dYvaun Tov ackel to 8ditedo emtdvem 0o KIPOTLO.

Avon:
Me Bdon 6ca €xouue TreL, LIToEovue va kAvouue To Sidypauua eAeVO£QoV GAUATOS TOU TIEOPAAUATOS Yo VO
OITTAOTTOINGOVUE ThV KATAGTOGN Kal va StevkoluvBovue atn Aon. Agite To Sidypauua eAevB£pov COUATOS
oto Xynua 2.31(B). Zto kipwTio ackeital n dUvoun astd To vead, oS Thv TovUE T, wwov 10 TeaPd TEOS T
deg1d. Emiong, ackeiton n dUvaun # n otroia elvon n kdBetn SYvaun mtov ackel 1o £80pog GTO KIPDTIO W¢
avtidpacn otn dvvoun F, ¢ TTOL AoKel TO KIPOTIO GTO €80upog €€ autiag Tov Pdpoug Tov. ‘ETat, To Sidypauua
elevBépou couaTog TeQuAoupdver Teels duvduels. MItogovue TOEM VL AITOVTAGOUUE GTIS EQWTACELS.
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= +
y
- +
x X
F&'

(@) (B)

Sxnwo 2.31: Xyripa Hapadeiyuatos 2.17.

(@) To kipoTIO eTmTOYVVETAL UGVO GTOV OQLLOVTIO GEova, Adyw Tng SUvoung TTOU TOU ACKel O veapd.

®)

"Etal, gtov x—dgova, éxovue

— N - N T
ZF =md, =T =md, = a, = — (2.208)
ue 1o ;edonuo tou T va €xel kabogiotel wg JeTikd, oot “kortdgel” TEOg To JeTkd nutdgova Tou
dgova x'x. Xtov y—dgova, To KIPDTIO 160EEOTE!, 0TTdTE Sev eTniTayvveTUL, doa a, = 0.

Ytov y—dgova, o KIPOTI0 1GoeeoTel, 0TTdTE

Y Fy=midy i+ Fi=0=n-F,=0=n=F, (2.209)

"Etal n §Yvaun sov ackel To 8dmedo 6to KIP®OTIO 1IgovTal KATd uétpo ue tn dvvoaun tov fAeoug Tou
KIPwTlOL.

TTolamAd Movtéha

To grponyovuevo Topddetyua efvor agretd oTtAd aAld Selyver Eekdbaa wepikd TTOAY Bacikd cnuela TTOU
epapuotovtarl ge TAeldda TeoPAnudtov. Ta onuela avtd eivon Ta €Enc:

Avayvogien IToAAastAodv Movtédwv avd Agova

Ye éva TEoPAnua, elval astoAVTws Suvatdv va €xete Sla@oeTikd WOVTEAN avdAluconas Ge Slapoge-
TIKOUGS dEoveS. XTO TTEONYOUUEVO TTROPANLOL

Ye éva TeoPAnua, eivorl artoAUTwg duvatd (kow eTBuuntd TTOAAES POQEES) vo TrepuyQapel n kivnon
€VOG GOUATOC aTrd TTOAAATTAG wovtéAa avdivong — tnv {Sia gtiyui! Xto Trponyoluevo TTEOPANLO

¢ IcoppoTtio oTov dfova y

e Egutdyuvon gtov dgova x

e Youa vItd emidpacn dvvaung gtov dgova x

e Youa vItd emidpacn gTafeQng emiTdyuvong Gtov dgova x

J

Ipémer va elote e Jéon va avayvmeitete 1060 To Sla@OQETIKE Hoviéla KaTd dgoves 6GO koL Ta
TOAMATIAG wovtéda aTov (6o dgova.



2.4.10

2.4 Ou Nopou tne Kivnone 7

Teoyohiec xow Nfporto
Ye ToAAd TpofAiuato TTov Ja cuvavticouue, da dovue vo GUUUETEYOUV GTNV Kivnon evog Gouatog Si-

dpopa vAapata (to JemEnTikd WOVTEAD TV KOAWSIwV, T®V 0AUGLEMV, KOl TOV GYOWLHOV) Kol TROXOAES
(RUAMVEQIKG Wépn TToU TEQLOTEEPOVTIL YUR® AITd évav dEova).

"Eotw éva tevimuévo vipo (1 kadodio i gyowi 1 dAAo TTapduolo) Ttou dévetal e £va Gaud, OIS GTO
Yynua 2.32. Oemeovue To VALA S aPaES (e aueAnTéo WA G GYECN e TO VITOAOLTIOL GOUOTO) KOL OVEAQL-
oTIKO (Bev “tevidveTal” kol de “GUUITIECETAL”, EKTOS OV TO TTEOPANUA ava@Epel ENTA KATL SLoPoEETIKG). Av

Yynua 2.32: Youoa kar viua.

TEAPMEOVUE TO GOUN UEG® TOVU VALATOS UE TO X£QL UaG, TOo vAuo Teafd To couo ue dvvoun T ue katevbuven
UWaKEW aIto TO GO0 KoL KOTA UNKOS Tou vAuotos. AvtioTola, wo dvvaun (dtov uétpouv aAld avtifetng
ratevBuvong ackeltal Téve 6To ¥éeL pwag. H Svvaun avtin cuyxvd avagépetol oS Tdon ToU VHEUATOS Kol
GuupoAiteTon e T, KOTaENOTIKA we To {610 guuPfolro Savicuotog ue Ty spoavageedeico duvaun. Xyedov
Tdvta, uag evdiagépel n duvaun Tov To vAua TEORd To Goua kot Gyl n dUvoaun Tov To vaua Teafd To xEoL
uag @, omwdte AV n acuvéTeln oto cugfoloud de da pag astacyodel. Efaipeon astotedel wa kotdotacn
6TToV VO CAOUATA EVOVOVTAL Ue VALO Kol TO €va Kvel To dALo, 6Ttwes oto ITapddeyua 2.21. Aviictoua,
Selte tnv TEOYAMO TOV Xxnuatog 2.33. Ocwpovue emiong Tig TEoXaMeS w¢ afapelic kat Aeteg (xweic TEUPEC)

Yxnuo 2.33: Teoxaldia, coua, kar viiua.

KOTA Ty KOUMON Toug. ‘OTtwe Trapatneelite, 1oxvouv Ta (Slo @avéueva GTTwS KoL Ue TO 0QLLOVTIO VARLD TOU
Yynuatog 2.32 aAAd auTh T @oed ot duo Tdoels dev elvan Guvevbelakés — ed® gerdbopa @aivetar 4Tl Sev
ugroeel avtég ol Suo duvduelg va €xouv To (8to Stavuouatikd “évoua”, dunmg KL €8 wévo wa dvvoun da wog
OITTAGYOAEL, AUTA TOU VAULOTOSC TTAV® GTO GOUd, Ue Tnv e€alpeon TOAMWOV coUdTOV Tov glval guvdedeusdva
UETOEY Toug we via. EfakolouvBovv dums autég ot duo duvduels va éxouv to (8o uétpo.

IHoedderyua 2.18:

"Eva pavdg pe Bdeog 122 N keéuetal attd éva kalmdio, wou keéuetal agtd dAla Svo KaA®SLa, GTTHS
oto Zxnuo 2.34 Ou ywvieg 6y, 02 eivon {oeg ue 37 ko 53 poipes aviiotoya. Ta wdve koAdSio oTTdve
av dexBovv duvaun yeyorvtepn amd 100 N (to kabBéva). Miropel vo cuufel avtd; Xag Sivetar dt
cos(37°) = sin(53°) = 0.8, cos(53°) = sin(37°) = 0.6.

Avon:
To cuvohikd Exnua 2.34(a) elvar dpoppo aAAd 8e uog Pondd iaitepa atn Adon. Ag to yweicouue Ge dvo
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Yynua 2.34: @avdpr kal kalodsia.

vTtooyAwaTo, 6to Xxnuo 2.34(B) katr gto Ixnuo 2.34(y), SnA. €MKEVIQWVOULAGTE GTO @AVAQL KOL GTn {evEn
Tov Kalwdimwv. Ac vmoAoyicovue ta uétpa twv tdeewv 71, T2 TTOL AGKOUV Ta KAADSIA GTO @avdl. Av
€atm wo atd avtéc efvor peyoditepn agtd 100 N tote 1o avtigtoryo kaAodio Jo omwdoel. Ymwobétovue 4L
T0 6A0 GUGTNUA LG0QEEOTIEL GTiywaio, We TO TIOU KEEWATAL TO (pOWOLQL otn ZevEn Tov KaAwdiov. Ag dovue
7o Zyxnua 2.34B). 1o @avder ackeitow n dvvaun tov Bdooug, F = mg ko n Tdon Ts AOYwV Tov KOAWSIoU
TOV TO KEATA. Emeldn vmdeyel 160eeoTtio. 6Tov KATAKGQUEO auTd dfova Exouue

D F=0e=Ts+F=0=Ts-F,=0=T3=F,=mg=122N (2.210)

Ue T TEOCNUA VO TTROKVTITOUV Jewpdviag JeTikn oed TOU GUGTAUATOS GUVTETAYUEV®OV TTROS TA TTAVE®
(omdte TO F ¢ Ja €xel apvnTikd TEECNUO KATA T UETATEOTIA TOv Ge alyePoiki Twn). Avth elval n TEMTN
oxéon pag. Metapepduacte ato Zxnua 2.34(y) toea. Edd €youvue tpels duvduels mov ackovvTol TAvm
oTn CeVEN Tewv KAAWSIwV: TIg TdoEl fI, fg, fg, ue tnv tedevtaio vo oelletor otn dUvoun Tov Baeoug
Tou @avalov. Emedn o1 duvduels Sev elvan petagd toug kdbeteg, elvan diaitepa yenaowo va avalicouue
KATA dfoveg TG TAGELS Ty, To. Acite t0 Yynua 2.35, wov asrotedel To Sidypauuo eAevBEQOV GOUATOS TOU
TEOPAMPATOS uag. Xtov dgova x'x, vrobétovtag detikn @opd Ttouv dfova TIEog Ta SeLLd, 1oyvEeL

_)
v TS
Synua 2.35: Pavdgr kot kadddia: didypauuc eAcv0£Qov GOUATOC.

Z F.o=0 = T+ To, =0 = Ty, + Toy = 0= Ty, = Ty, 2.211)
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KOl 0poU
T1x = T1cos(6y) (2.212)
Tox = T9cos(6r) (2.213)
€YOUUE — AVTIKABLGTOVTOC TIG TWES
3
T COS(Ql) =Ty COS(Qz) =T = Z_sz (2.214)
Ytov y'y dgova, vrofétovtag deTikin @opd Tou dova TEOS To TAv®, Exouue
ZF—; 26:> f1y+f2y+f3 26:> T1y+T2y—T3 =0= T3 = T1y+T2y (2215)
KOl 0oV
Ty, = Ty sin(6y) (2.216)
Ty, = Ty sin(fo) (2.217)
Exouue
122 = Ty sin(6y) + T9 sin(fy) = 0.671 + 0.8T2 (2.218)

A6 T1c Suo Gxéaelg TTovu KaTOANEaUE LEAETOVTAS TOVS Svo dfoveg, Mivouue wg Ttog T, To Ko TOlEVOUULE

T1 =734 Nxku T9 =974 N

Ao teMKA kavéva ayowl e da omdoel.

(2.219)

[Ioc Yo AMdvape To TEOPANUA AVTS XENGWOTIOLWVTACS Ta wovadiaio Stovicuato Kol LETEOVTAS TIS YWwVieg

WG by = By ko O = m — 6;; Tov dEova x'x da eiyoue

Zﬁx:6<=>flx+f2x:6
Tyi+Toi=00
Ty cos(6))i + Ta cos(@a)i = 07
(T1cos(m — 61) + T cos(62)) i=0i
(=T cos(6y) + Ty cos(62)) 7 = OF
75 cos(62)?= T: cos(el)?

KoL GTOV dgova y'y
Zﬁy:6:>fl),+f2y+f3:6
Ty sin(@))] + To sin(fy)] — T3] = 0]

Tysin(r — 61) + Tosin(@2)j— Ts] = 0]
(Ty sin(6) + Tosin(62)) j = Ts)

TOU 08NYyoUV TTRAKTIKG GTIS (BleC EEL0NGELS TTOU KATOANEOUE KOL TIQLV.

(2.220)
(2.221)
(2.222)
(2.223)
(2.224)
(2.225)

(2.226)
(2.227)
(2.228)
(2.229)
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Ioedderyua 2.19:

"Eva avtokivnto udgag m aenvetal va kvnbel ywpic toéc oe kekMuévo emimedo yoviag 6.
(@) Beelte tnv emitdyvvon Tov AUTOKIVATOV.
B) Av Tto ovtokivnto apebel aITG TNV KORUEM TOV KEKAMUEVOU TTOU OTIEXEL ATTOGTAGN d aTtd TO
TéQUa TOU, TIOGO XEOVO YEELGCETAL Yid Vo @TAGEL GTO TEQUA Kai TTéon Taxvtnta Ja €xel dtav
@Tdoel exel;

Avon:
Aglte To Zyxnpa 2.36 apuotepd. Mitogovue va kdvouue To Sidyauua eAevBEQOU GOUOTOS TOU TTROPAAULOTOC,

Yxnpa 2.36: Avutokivnto e kekKAMUEVO.

Omws To PAEmete oto Lynuo 2.36 Sefid. 1o auTokivnTo ackoUvial ov e€€ng duvduelg: n dUvaun Ttou
Bdepovug, F, ¢ = mg, kar n dVvaun tov daTédov emdvem GTo avtokivnto, . H tedevtala elvon mwdvta kdbetn
oto emimedo mwou BelokeTan To coua (avtokivnto). o va avadvcouue to TEORAnUO, eivor BoAkd va
dovAéwouue katd dgoveg. EmiAéyouue wg 0QLedviio dgovo Tov dEova TTAQAAANAO GTO KEKAMUEVO, KOl MG
KOTAKOQUEO dgova €vav dEova KABETO GToV TTEoNnyoVUeEVo, Ue Th GUUPBOAR TV AEGV®Y va BEIGKETAL OKEIPDS
eTMAve 6To coua. H dUvaun 7 eivar Adn mwapdAAnin pe Tov RATOKOEUEO dfova evd n dvvaun tov Béooug
F, ¢ Oyt omdTe Ya avaldcovue thv Tedevtalo kotd dEoveg oe F g0 KOL F ¢,- Llagatnenote 6t n dobeica
yovia 6 Tavticetar e tn yovia 8 getagd tov Staviceratog F, ¢ KO F, 4 OC YWVIES We avTiGTOoLES TTALVQEES
KkdBeTec.

(@) H xivnon gmeoayuatosoe{tar gtov x—dgova. Mdévo wa SYvaun ackeitor katd unkog tov x—dgova,
nF ¢~ AT TV TEywvoueTeia Tou GYANaToS, Ko apol To Sidvucua F ¢ €XEL @OoQEd TTEOS TO JeTIKS
nwdgova, éxovue

Fg, = mgsin(6) (2.230)

To avtokivnto emitayvveTonl GToV AEova X, OTOTE LoYVEL
e d g . .
Z Fy=midy & Fg, = md, = Fgr = ma, & mgsin(0) = ma, < a, = gsin(h) (2.231)
ITpoavag Sev LITAEYEL KIVIGN GTOV KATAKRGEUEPO dEova, oTtéte dy = 0. ZUVOAKE AOLTTGV
N 5 - . ? 2? . ?
d=dy+ad,=gsin(@)i+0j= gsin(6)i (2.232)

®) To mEoPAnua gntder xpdvo ¢, otmdte emiPdiretor vo Juunbovue TIC EEL0MDGELS TNG KIVATIKAC XTOoV
dgova x, to ooua exktelel evBiypouun owoAd eTtiTayuvouevn kivnon, omdte Oo¢ vIToBEcouue wo
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Swadooun A — B, unikoug d, amd tnv kouen wg tn fdon Tov kekAwévou. @ftouue To GUGTIUO

0EOVWV GTNV KOUE@N Tou KekMUEVOU Kow dewpovue f4 = 0. Agnvovtag (i,
KOQUOEN TOU KERMUEVOU, €XOoUUE

= 0) To couo aItd TNV

Xp = Xi+ Uyt + EaXIZ (2.233)
1

XB = XA + Uyt + éaxﬂ (2.234)

1
d=0+0r+g sin(0)¢> (2.235)

2d
= — (2.236)
gsin(0)
2d

t= : (2.237)

g sin(0)

TNo v ToyvTnta 6To Téua Tov KekAMUEvoL da €xouue
up = u; + axt (2.238)
UR = Up + ayt (2.239)
ug = 0 + gsin(O)t (2.240)
in(6) 2d (2.241)
= gsin .
§ g sin(0)
= \/2dg sin(6) (2.242)
OnA.

iip = (/2dgsin(6))7 (2.243)

Ioaedderyua 2.20:

Ou Tdveg ao@alelag KoL Ol 0EROGOKOL GMOTOUV TIS TWES WAS UELOVOVTOS TIG SUVAUELS TTOU AGKOUVTOL
ETTAV® GTOV 08Ny Kol 6Toug emPdreg katd tn Sidpkela wog cuykpovang. Ta poviégva avtokivnto
oxedLALoOVTaL DGTE va £X0UV GTO UITROGTIVO UEQOS Tnv Jrepienun “todvn dpduond’, n otola eivor
n JEQLOYN TOU OUTOKIVATOU TTOU KATOGTEEMPETAL EUKOAO KOl AITOEQEOMA £TGL TO UEYOAUTEQO UEQOS
Tng woyvog tng ovykeovons. Katd tn giykpoucn, n kausiiva tov emBdtn emPeadivetan Ge wia
agréctacn TeQittov 1 uétpov, 6Go TO UITEOGTVG UEPOS Tou avuTtokvitov Jouuuatitetal. "Evag edi-
Bdtng Tov @oEd thvn acpaleiog emPeadvvetan pagl e To avtokivnto. Aviibeta, évag empding
7oV 8€ PoEd thvn Ja cuveyioel va kvelTal TTEOGS T eUTIEOS KATA Tn GUYKEOLGON, Kol UAMGTO XweiS
astdiela tayvtntag (log Nopoc tov Newton), uéxer va XTUITAGEL GTO TCAW N GTO TOUTIA® TOU dU-
TOKWATOU. AUTEC O eTiLpdveleg €xouv oxedlooTtel va elivor droumteg, KL €Tol 0 SUGTUYOG eTPATNG
emPoadvvetar wohg yia 5 ythoatd ().

(@) "Evag emmipding pdgog 60 kAdV rpdkertor va vTtootel oiykpovon. H toydtnto Tou oUTOKL-
VATOU Tn GTWYUR Tng giykpovcng eivon 15 m/s (GnA. 54 yAduetpa tnv o). Exktuncte tn
ouvigTopévn duvaun Ttou aoke{tar GTov eTBdTn av @opdel Thvn.

®) Extwnote tn cuvigtagévn dvvaun mwov teMkd oTagatd tov emidTn av avtdg 8 @oed tovn.

) IIdc cuykpivovtal avtés ol TaRATTAve TWES we To BAQOg Tou eTtpdn;

©) IHows To nBikd didayua tov TEOPANLATOG, ©

Avon:

Oeweovye 6Tl 0 emPdng Kweltar TTEOS To defid ko evBUyEouua, elte Adyw Tng emiPedduvong Ttou dn-
wovEyelTal aId Tn govn Kol Tov depdécako eite Adyw tng emiPpdduvong sov Snutovgyeital agtd To Tauw

N TO TOUITA® TOU CQUTOKIVATOU.
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(@) T va epagudcouye to 20 Néuo tou Newton, xeeldcetor vo vtoAoyicouue tnv emitdyvvon. Movtelo-
Jrolovue Tov emPATn w¢ copatidio Tov gekvd wo Stadpoun A — B artd tnv TAGTh Tou kaBicuatog
o6 éva U€teo Segidtepa, uetd tn AMEn tng ovykpouvong. A6 TS €flowaoelg kivnong otn Stadpoun

avtn
2 _ .2
up = u; + 2a,Ax (2.244)
up = uj + 2a,Ax (2.245)
2 2
Up — Uy
- B A 2.246
G 2Ax ( )
0 - 15? 5
=— = —112.5 m/s (2.247)
OnA.
a, = (-112.5 m/s®)i (2.248)
oTdTe
Z F =md = F = ma =m(-112.5) = 60 - (-112.5) = —-6750 N (2.249)

Apa n guvigTayévn dvvaun, Y, F= (6750 N)?, Yo elvan uétpov 6750 N, pe o4 TTEOS T 0ELGTEQA.
B) Xencwomolwvtag Tny (dia TEOGEYYIGN GTTWS TTELY

0 — 152
F =ma=60- ———— = —1350000 N (2.250)
2.0.005

Apa n dvvaun, Y, F = (1350000 N)i, 9a eivan Toea uéteov 1350000 N, ue @od TEO¢ Ta aQLGTEQd.
Toeig tdgeig ueyéboug peyodvtepn!!

) To Bdpog Tov emPdtn eivaw B = 60 - 9.8 = 588 N. O1 duvduels gta ToATdve gpwtigata eivar 11.5
kot 2300 @opéc to Pdeog Tou emBdtn, aviiotorya!

) Mnv geyvdte va @opdte tohvn!

Avvaueg ToBrc

Q¢ tdpa €xouue del 0EKETA TTEAYULATO Yo Thv Kivnon Kol TIG SUVAUELS TTOU OLGKOUVTOL £TTAVK GE GAOUATO.
Ac @épovue TG YvodGelg wag Afyo TTi0 Kovtd Gty JrpayuatikdTnto, PAcoviog oto Tayvidt Tig dvvdauers
TEIPIS — TS oTtoleg ayvonoaue wg Toed. Elvar diaitepa onpuaviikés ylati, uetagd moAldv dAA®VY, aTtoTe-
AOUV TO AGYO TTOU WITOQOUVUE KO TLEQTIATAUE, TTOU YRAPOUUE Ue TO WOAUPL L To GTUAG o €va yoQTi, TTov Ta
KOQESOVIO TV TTATTOVTGLOV LaS TTaQauévouv deuéva dtav ta dévouue, KAT. Mitogovue Aotmdv va stovue 4Tl
n dVvaun TEPnic eivon wa dVvaun ITOV AVTIGTEKETOL GTNV KIVAGN £VOC GOUOATOS TTOU EQPAITTETAL GE
uo eITLPAveLa. Aga elval po dUvoaun Tov eyelpeTol Ge £va GOUA AGY® TNG ETTAPHS TOU UE L0 ETTLPOAVELQL.

Ymdpyouv Sudpoga idn Tong, 6Ttmg n gtk TEP, n TEIPA oAlcgBnong, n TEPR eevatav, kKAT. Eueic
Ya acyoAnBovue pe Tic Suo TEWTES: TN GTATIKN TEPN Kol Thv TEPN oMcONGE®G.

Aelte 1o Eynua 2.37(a). 'Egto 611 TeocTtabovie va KIVAGOUUE 0QLEOVTLAL €va Bal KAdo, GILR®YVOVTAS
Tov. Ac yoncwoditoticouye Tn SaicOncr pag: ackouvue W oQuedvTia duvaun F a4 éoTtw 6T auti n
dvvaun dev efvar tkavA vo KIVAGEL TOV KASO, KaB®S 0 Tedevtalog elval yeudtog kar “Bopuc’. Katalapa-
{vouue AOWTTGV OTL AGYy® NG 160EQEOTIIOS Tou KASov (ool elvar akivntog), TEETel va 1oxvel o log Nduog
Tou Newton gtov dfova x'x. Xtov dgovo auvtd, Jo €xouvue tn &)vaun TOU ackovue euelc aTov Kddo, Tnv
F KOL OVOYKAGTIKA TIRETTEL Vo VITAQXEL Kol AAAn wia Svvaun, £€6Tw fs, n otroia €xel (6o uétpo K avtifetn
katevBuvon pe tn dvvaun F, é1o1 dote o KA80¢ va woopeoTtel — ot Suo duvduelg “cfouvdeTepwdvouv” n yio
Tnv dAAn. Av BdAovue Ttagattdve duvaun, Snd. avgncouue to UETEO Tng dvvaung F al\d wél Sev wito-
povue va, Kwagouue Tov Kddo, tédte katodafaivouue 4Tl TTEETEL VoL AUERBNKE KoL TO WETEO Tng dvvaung ﬁ
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Otav 1o pétpo g
MNa pa pkpn ovapn mou sdhappolopsvng Stvapng

sdappoletal otov kAso, urnepPel To pétpo g
o péTpo g Suvapng g péyiomg Suvapng mg
otatknig TpIprig woutal otatiknig pifrig, o kadog
1€ TO PHETPO NG anteAsuBepwveTal Kat
£dappoldopevng Suvopung. ETTAUVETOL TTPOG Ta SefLdL. -
[£]
|
|
.f.;.ﬂ'lﬂ_\' _____________
i §

S = pn

)

¥

o |-¢— ZTOTIKT) TIEPLOYT —;-—|-<— Kwntikr) meploxry —

ynuo 2.37: Avvaun tifnc.

€101 OoTE va oYVl ovd n 160pEoTla aTov Xx'x dfova. Avti n dvvaun f_; ovoudeTor dvvaun GTATIKIG
TEIPNG. Apa n GTatiki TEPN agtotedel wo dVvaun ﬁ JTOU AVTIGTEKETOL GTnV Kivnon kol gtn SUvaun tov
TEoGTTO0El VoL TNV TTROKOAEGEL, KOl O.0KeE(TOL GTOV KAS0 660 avtds dev kwveltar. Me dAAo Adyla, TTEOGTIA-
Yovue va kwrigovue Tov KAS0 XwEIC Vo TA KATOPEQVOUUE £QAEUOTOVTAS Wa dvvaun F oe avtév. Avti
n dYvaun F wovtan kotd, uétEo ue tn duvoun GTATIKAG TEUPNG fz Ipopavds n @oed tng kabeulds elvar
ovtifetn tng dAAnG, 6Twg avagépaue. ‘Oco AowTtdv wyvel F = f;, 0 kGdog dev kveitar, woQ’ 6Aa auvtd
UTTEEYEL N GTOTIKA TEWPH TTOU EUTTOSICEL AKEPOS Thv Kivnon avth?. ‘Otav To UETEO TNG £QAQUOIOUEVNG
dvvaung F £eTreQAoEL £VO. KATWPAL, TOTE 0 KASOS aITeAevBeQOVETAL KAl ETILTOYVVETAL TTEOS TO OEELd, OTIWG
oto Xynua 2.37(b). Amé ekelvn tn GTyun Kol UETA, N GTATIKA TEPA ﬁ UETATEETIETOL GTN Agyduevn TN
oAeOnGemg, ﬁ H tedevtaia oxetiteton mtdvto ue éva oopo o kivnon kow witopel va agtoderybel 411 To
uéto tng divetan wg

S = pun (2.251)

Ue Ur TO AeyOuevo GUVTEAEGTIL TEIPNG OMGONGEWS Ko 1 TO péTEo Tng KABeTng Svvaung amd to €6apog
gtov kddo. ITpoeavdg, 660 0 kASog dev kveltar, Yo TEETTEL va LoYVEL

fs < pn (2.252)

Ue Us TO AEYOUEVO GUVTEAEGTI GTATIKRG TEPNG. H igdtnta woyvel wévo Gtnv mepiTttoon Tov To0 GHua
elvaw €towo vo oMabngel, kou téte Adue OTL n gratiki TEIBH Tapovacidiel th uéyigtn Tiwn tng. Ilo-
GE€ETE, 0L OYEaels auTég elval aAyeBikég ko Oxt Stovuouatikés. Ol TWES TV GUVTEAEGTOV TEWPNAS U, Uk
EE0QTAOVTOL AT TO €(80C TV eTMPAVELOV TIOU e@dITTOVTAL T TTaEddeyua, GTOV KAOUTGOUK KoL Eneh
AGPAATOC ePATTTOVTOL (TTEQITTTOGN EAAGTIKOU Kl 080G TEOUATOS), O GUVTEAEGTAC GTATIKAG TOPNG €xel TR
Us = 0.9 — 1.0 evdd 0 guvtedeaTng TEIPG oAMcobnong ektwdtor ws wy = 0.7 — 0.8. Q¢ dALo Taddeyua, GTav
KOOUTGOUK KOL YLOVL £@AITTOVTAL, Ol GUVTEAEGTEG €X0UV TOAD WikEég Twég, 0.10 — 0.35 kar 0.08 — 0.25°,
ovtioToa, avddoya pe To €{bog yroviov, tn Jepuokpacio, kol To £ldog Tov koovtcoUk. H SevbBuvon
g dvvaung TEPNAGS (oTtolaadriatote ek Twv Vo) elval TAVTA TTAEAAANAN UE TNV €TLEAVELO. GTNV OTOl0
EQATITETOL TO CAOUO KoL N o4 Tng elvor Ttdvto aviibetn otny kivnon (1 otnv TEooTidbelo kivnong) e
oxéon ue tnv empAaveld.

4Ev avtibécel ue tn StaicOnoi wog 6Tl Suvduels TEPEls avaTtTUGGOVTOL WOVO GE TEQUITTMGELS KIVIGNG Kol GXL AKIVRGLOG.
SBydicouv vénua ot apBuol avtol ue Bdon tn SiaicOnon cag; Oyl wg TwéS AAAG wg ueyéon...
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H spocéyyion mwou Ttepuypdpoue agtotedel évo amtdd oAAd AelTouyikd wovtédo TEPNS. XTnv TIQoy-
uatikétnTo n SYvaun TEPNS attoteAel To Stavuouatikd dfgolgua TOADY duvduemv TTov cuufaivouv Ge
OTOUKG €TTITTESO UETAEY TWV ETUPOVELDV TOU EQATTTOVTAL ‘OUws (o T6G0 AETTTOUEQNS TTEQLYQOAMN O Wag
elvon TEAKTIKA yenown.

Ag Sovue téocepa TTapadelynata.

Iapedderypa 2.21:

Tola cohuata elvor guvdedeuéva ue aBaEES KAl OVEAAGTIKG GYowl emtdvw Ge €va un Aelo TEOTETL,
6Ttwg oto Xyxnuo 2.38. O cuvtedeotng TEPNS oMaobnong avdueco GTo oopo UAgos mg KOL GTO
TeaTtéq woovton e i = 0.35. Ta codpata €xovv wdceg my = 4 kg, mg = 1 kg, kaw mg = 2 kg, evd ot
Teoyalleg etvon afaeic kal xweic TEREC.

(@) Zxedudote Tic duvduels OV ACKOVVTOL GE KAOE GOUaL.

B) Beselte to uétpo kol Tnv katevBuvon tng emitdyvvong kdbe GoOUOTOC.

) Beeite 11§ tdoeig Tz, T2 TV GOWIOV GTO U0 COUATO TIOU KEEWOVTOL.

my ms

xiua 2.38: Toia couata Seuéva e Gyovi.

Avon:
(@) ExeSudgouye Tic duvduels Tov AGKOVVTAL G KABe adua. Agite To Zyxnua 2.39. Avtidaufavouacte GTL

f=un

mg mag

mng
Yxnuo 2.39: Toia couata deuéva ue ayowvi - Avvduerg.

To oopo wacag my Jo Teafrigel Ta dAAa dvo cduaTo TTEOS To UEEOos Tou. Apa Jo emitayuvOel TTEOG
TO KAT®, evd Ta dAAQ dvo couata mg, ms, Yo emToyuvOoVV TTEOS Ta APLGTEQRA KAl TOS T TAvV®,
avtiagToryo. Oewpovue YeTikn EoEA Tng oELgévTiag Ko kdbetng kivnong tn cuufatiki: JTEO¢ To el
KO TTROG Ta, TTAV®, OVTIGTOLYO.

B) Ed®d 9a kdvouue wa Afyo Siagopetiki Avon. Ag cguufolicovue ue a 1o U€TEO TG eMLTAYLVONG
a, = —af TOV GOUOTOS My, TNG ETUTAYVVGNG dy = —ai tov GOUOITOG My, KAl TNG ETLTAYVUVGNG dg = +af
Tou ms. I1poGéETe 4Tl Ta TEAGNUA GYeTICOVTAL UE TN POEA TOU eKAGTOTE SLAVUGUOTOC ETTLTAXVVGNG.
Emiong, éotw fm n Tdon Tou aQLETEQOV VAUOTOG, KOl fgg n tdon tov de€lov viyartog. T To coua
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W)

udicag my, éxovue emTdyuvon atov y—adgova, omote eivor

D Fy = ma, (2.253)
Tio + m@ = ma (2.254)
T12 —mg = —ma (2255)

AOY® Tng oUUBACTS wag yia Th JeTikn @od Tng katakdeueng kivhong. I'a to coua wdcog ma, amov
KWelTal eTtiTayuvouevo gtov x—dgova ue tny emitdyvvon va “delyvel” weog ta aplotepd, eival

> Fo=ma, (2.256)
Tio + fi + Tos = mad, (2.257)
—T9 + fk + T93 = —maa (2258)
—T19 + M + To3 = —moa (2.259)
Kol ooV 1oopeoTtel GTov y—dgova,
F,=0 (2.260)
i+ myg =0 (2.261)
n—myg =0 (2.262)
n=msg (2.263)

Me duota Sradikacio, ylio To GOWo WATOS M3 TTOV ETTLTOYVVETOL GTOV KOATOKOQUEO dfova ue @opd
SLavioUaTog ETLTAYXVUVONG TTEOS Ta TTAV®, EXOUULE

D Fy =msd, (2.264)
T23 —mgg = msa (2.265)
"Exouue AOLTTOV TEELS EELGADGELS
T12 —mg = —ma (2.266)
—T12 + uiman + T23 = —moa (2267)
T23 —ms3g = msa (2268)

oL oToles ypdgovtal, fdtovtag Ty eTitdyvvon @ uévn tng pe Jetikd mpdonuo, wg

-T2 +39.2 =4a (2.269)
T2 —0.35(9.8) — Tes = a (2.270)
T93 —19.6 = 2a (2.271)
Avvovtag to giaTnyo, Jraipvouue
a = 2.31 m/s? (2.272)

ue katevBuvon TEOGS TA KATM Yo TO GOUA WATAS 71y, AQLETEQRA YO TO GAOUA WATAS M2, ETTAV® YO, TO
ooua wacag ms.
AvTIROOLGTOVTOC GTIS TTAQATIAV® GYXEGELS £XOUUE

T2 =29.99 N (2.273)
Toz =24.24 N (2.274)

ue kotevbuvon Twv ovtioTolywv Stovuoudtwy 6TTws ato Zyxnua 2.39.
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Ioedderyua 2.22:

Osweovue akivnto coua udgag m tomobetnuévo ce emipdvela ue TEWPES v ywvia 6. AvEdvouue
™ yovia 6 uéyol to copa va oMcncel. Astgte T urrogeite va Peelte T0 GUVTEAEGTN Uy UETEMOVTOC
Thv kelown yovia 6, gtnv ool To couo WOMs axitel vo oAlgBaivel.

Advon:
Agite 10 Zynpo 2.40. EmiAéyovue gvatnua agdvmv 6To oTtolo o x—dagovag elval TToQAAANAOS GTO KEKAYWEVO

7
AyE

yxnua 2.40: Hapddeiyua ue TpIBES Ge KEKALUEVO.

emiziedo. Ov detikég @opég eivar or cuupatikés. To cduo 160QEOTEl KoL GTOUS dUO GLoveS, 0QLOKA GUMS
otov x'x. To Sudypouuo eAevBépov chpatog elvor Nén Gxediacuévo GTo Gynpa, 6TTov €xel avalvbel kdAbe
duvaun ctoug dgoveg wag. Eépouvue 4Tl oQLakd LoYVEL

Js = pusn (2.275)

0TTOTE TEETIEL VO, ERPEACOVUE T GXECN OWTA UE YVOGTES UETAPANTES TOV TTROPANUATOS. XToV Xx—dEova, TO
oOUa 1G0EEOTTEl 0QLOKA OTTOTE

D F=0e fi+ Fopu=0= —fi+ Fye = 0= Fyy = f, = pyn = mgsin(6) = yn (2.276)
Y1ov y—dgova, T0 Goua eTIGNG 1GOEEOTITEL, 0TTOTE
D Py =0e=ii+Fy=0=n-Fy=0= n=Fy =mgcos(t) (2.277)
ATtd 116 SVo GYEGELS TTOV KATAAREQUE, EXOoUUE
usmg cos(0) = mg sin(f) & u, cos(d) = sin(h) < u; = tan(6) (2.278)

ue tnv teAevtalo oxéon va wexvel apol uiropovue va diawpécovue ue cos(f), ywoti 6 € (0,7/2) dmov to
ouvvnuitovo eival un undevikd. KatoaAngoue Aowmrdv atn gyéon

U = tan(6) (2.279)

‘Otav 6 = 6., SnA. TOo cOua WOMS eTOWATeETOL Vo OMGONGEL, UTTOEOVUE VO VTIOAOYIGOUUE TO GUVTEAEGTI
GTOTIKAG TEWPNGS Ls.
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Ioedderyua 2.23:

Youa udcag mg Ge opLedvTio emiziedo pe TEIPES cuviéeTan ue o wtdia udacag my uécm apagouvg/ove-
AGTIKOU GYowiov kAl afaoug, Aetov TRox0V, 6Ttws GTo Xynua 2.41(a). Mo dvvaun F ackeiton vitd
ywvio 6 ue to 0QLg6vTlo emiITedo eTAV® GTO GOUA KoL VTS oAlgBaiver Tpog To Se€ld. O GUVTEAEGTAS

TEPNRS oAlgOnang efvar . Bpelte To UETEO TNG ETMITAYVVONGS TWV SVO AVTIKEWEV®V.

my

— —
;f my * m g Y mog

Yynua 2.41: IHapddetyua ue TpIPES G 0PLEOVTLIO ETTLTTESO.

Avon:

Yyedudcouye TEATO TO Sidypouuo eAcUBEQEOU CAOUATOS KAl CNUELOVOUUE TIS duvduels, KoBdS Kol Tnv avaAv-
O TOUG Gg GUVIGT®GES. Ol ETUTAXVVGELS TV dVO GOUATOV lval SLAPORETIKES (W Staviouata) aAld éxouv
7o {810 U€tpo, Adyw Tng TaQoucios afaEwv Kol OVEAAGTIK®Y GXOWLOV Kol Aclog kow afaQovs Teoxaiiag.
Me dAAa Adyla, To cduata my, me kvovvtor “woct”. To {610 woyxver kal yio g Tdoelg vipdtwy yia To dvo
COUATO: SLOPORETIKES WG draviouato aAld ye to (6o uéteo. Ou duvduels galvovtar ata Zynuata 2.41(6-v).
Osweovue ®G VeTIKES POQEES KIvNong Tig GuUPATIKES. AC EEKIVAGOUUE UE TO GOUA TTOU KEEUETOL, LATOC M.

To Goua avTd emiTayVveTUL TTEOS T TTdvw, Ao
= - = o5 P _ _ _
Fy=mady—T+mg=mdy, =T -mg=may,=ma=T =m(a+g)
Ytov x—3dEova, TO GOWA MMy ETILTOAYXVVETAL, ONA.
ﬁ N =2 p=d - -
Z =mgdy =T + fy + Fy = mgd, = Fcos(0) — T — ygn = mga, = maa
Avtikabiotdvtag Ty tdon T Tov VAROTOG, €Xouue

F cos() — -
F cos(8) — mi(a + g) — pn = moa &= a = cos(f) — mig — pyn

myq + mo
Y1ov y—dgova, T0 GOUO M2 LGOREOTIEL, 0TTGTE
Zﬁy=6(=>ﬁ+ﬁy+m2g=6=n+Fsin(6)—ng:O=n:m2g—Fsin(6)
AvTIKOOIGTOVTAS GTn GYEGN TG ETLTAYVVGONG

F cos(f) — mig — u(mag — Fsin(6))
a=
myq + mo

TT0U €lval KoL TO ¢nTovUevo.

(2.280)

(2.281)

(2.282)

(2.283)

(2.284)
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Ioedderyua 2.24:

O IIdvog, mov €xel udco 75 kg, oMabalvel amd axkvncio ye To eviGyLUEVA TEET-GKL TOU OItd Thv
KOQUEN (oG yroviouévng TTAayLds yoviag 10 wowpav, pe twpog 50 m, 6Ttwg ato Zxnua 2.42(a). Ta tget-
OKL TOU TTaREXoUV wa gtafepn owdnon srou povteAomoleiton wg duvaun puétpov 200 N. H tayvtnta
Tou IIdvou Gto Téhog tng mAaywdg etvan 40 m/s. Aelgte dTL o guvteleatng TEIPAS oAigOnong petagy
TOU YLOVIOU KOl TV TCET-OKL elvon py = 0.165.

Avon:
Aelte 0 Zxnua 2.42(a). Emdéyovue To gvaTnio agdvev wag va eivar e tov x’x TTopdAANA0 GTo KERMUEVO
(@Aayud) kow Tov y'y kdbeto oe avtd, ue to onueio 0(0,0) gtnv koueEn Tng TTAayds. "Ectw n Siadpoun
A — B, a7 Thv KopUEN ®g Tn Bdon tng TTAAyds. AT6 1o »pog KAl Th ywvio Tou pog divetor, Kol agto
TNV TELYWVOUETEIOL TOU GYAUATOC, £XouUe OTL TO WAKOS TOU KEKMUEVOU elvan
h h

AXa_B s YA-B sin @ ( )

Osweovue Petikés @oEES tng kivnong T cuuPatikés. IMatdue to xeoviueted uag yia f4 = 0. 'Ecte wo
Tuxata déon Tic Sabpoung: deite to Iynua 2.42B), dmwov €xouue oxedidoel TG SUVAUELS TTOU AGKOVVTAL
gtov Ildvo, dewpadvtac detiki @opd eog tn Bdon tng mAayids. O Ildvog Sev emitayvvel gTov dgova

e A

h

yxnua 2.42: OAigOnon ue T¢eT-GKL.

¥, dpa UIToQoUvUE VO XENGWOITOINGOUUE TOV TIE®OTO vouo tou Newton yio va Beovue tn dvvoun ad To
kekMuévo atov IIdvo.

= > =

Y F=0e=F,

Y

+7=0=>n-Fycos(6) =0 = n = Fycos(f) = mgcos(d) =724 N (2.286)

AT TIS YVGTES €E100GELS eTTLITALVOUEVNG Kiviong atov dgova x’x, éxovue 6Tt o TTdvog da €xel emitdyvvon
TLOV TCEOKVTTTEL ATTO Tn GYEoNn

2 2 2 uf = 0 2
= uy. + 2a,Ax = Up = Uy + 20, Axpp = ay, = ———— = 2.78 m/s (2.287)

2
u
* 2Axs-B

!

A6 10 20 vépo tov Newton gtov d€ova x kKo agtd Tn gyéon ng TEPNAS oMGONGENS fi = upn §xovue

> Fo=ma, (2.288)

Fo + F+ fi = md, (2.289)

F,sin(0) + F - f, = ma, (2.290)
in(@) + F —

sy = 8sn© M4 _ 0.165 (2.291)

n
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Evépyeia

Me 6aa éxovue del ¢ ToEA yia Ty Mnyaviki, To oTTAOGTAGLO Wag agtoTeAeltanl ard évvoleg dTwg n déaon,
n toyvInta, n emwitdyvvon, kot n dvvoun. XENOWOTOIWVTOS TTOQAAANAN TIC €516MGES TG Kivnong Kol
Tou TEELS véuoug Tou Newton, uitogovue va AVcouvue Ttdea TToAAL TteofAnuata... dewpntikd. Xtnv medén,
OVTWETOTTITOVUE TTOALES POEES BuGKOALES KABWS N TTOAVTTAOKSTRTA SlaPdEwv TTEoPANUdTOV avefaiver on-
uavtikd. Xeewagduaate wo SLpoRETIKI TTROGEYYLGN, TTov Ja kKdvel Tn AUon Tov TEOPANUATOV AUTOV Lo
QTTAN.

O évvoleg wov Yo cvgnticovue da cag @avovv oikeleg, aAMd Do Tig TTEOcEYYicOLUE Ue Alyo Tre-
oLecoTeEn okifela. Ag Eekivigouue ue Wl aItd autég, tnv €vvola Tng evépyelas. I'vwpltete amd tnv
koOnueEwdTnTd Gag Tn xernon tng AEEng avtig: To eayntd pag divel evépyelo yio va BydAovue pio SUoKo-
An yépa, n Bevgivn diver evégyela GTN WOV TOU OGUTOKIVATOU Yld Vo Lag Ttdel Uio BOATA, 0 NAERTELOUOS
TIOEEXEL EVEQYELDL GTIC GUOKEVES LaG yid vo. SovAépouv, k.a. Ymdyxouv Ttdea ToANd €i6n evépyelag aAAd
EVTUYWS Ja LG aTtacyoAnGouv uévo Tola asd avtd:

® N KIWVNTIKN eVEQYELD, TTOU GYETITeTAL Ue Tnv Kivnon evog GwUoTog
e n Suvaukn evépyela, Tov oxetiteTor ue tn didtagn A Tn oxeTikin déon evoc GuvoAoL GoUATWV

e n Pepuikn evégyela, TTOU GXETICeTOL pe Tn TeQUIkN KATAGTOON VOGS COUATOS

Agite To Zynua 2.43 yia pepikd mopadelyuata tétolnv evepyeldv. ‘Exovue ndn mel TG medyuato ylo tny

H rwmmier] evépysux sivan n evépyela mg H Suvapuer] evipyela elval amoBnEEUpEn H Beppuer evepysia sivan To A8 powspa Shuw
xivrong. Dha ta mvospeva awmkelpsva EVEPYELA TIOU CYRETILETAL HE Tr) BEoT) Svig TWY LUK OOKOTILKIIY KIVITLEWY KoL Suvapieon
Exyouv kT evipysia. Doo avTEEvoy. To TpEvaxL TG Eldvas EXEL EVEDYELLV TUA OTHLWY Ko SECUWY TIoU
psyakiTepn pdta f doo mo ypriyopa Bapumien Suvapnsn evEpysua mow ouvioTouy Eva cwpa. Eva cupa EyEL
KWEITOL £va avTEIpEVD, TéTD efoprara and m Bson tow (Uibog) mavw peyaAUTEDN BEpULKD EVEpYELA OTOV ElvOL
UEYXALUTEDN I KIVNTLET TOU EVEDYELL and o ehapog. {EoTd Mapd dTav Slvan Kpoo.

Xxnuo 2.43: Tela €idn evégyelag.

evégyela kot akoua dev €xovue dwacel vav opioud! H ainbeia etvon g n evégyela €xel T0Geg TTOAAES LoQ-
@ég Tov elvanl dUGKOAO Vo 0pLaTEl Ue Gaprvela kol akpifela. Attotedel SnAadn wia KATTKGC... “agnenuévn”
évvola. Oa umopovaoaye BéRaro va TTovUe OTL aTtotedel évav aQlOud TTou GxeTiCeTol ue Tnv KATdGTAGNR
eVOg ovoTRUATOS. Av udBouue va XERLTOUOOTE OUTOVE TOUS 0QLOLOVGS, UIToQoUUe Vo, TTRORAEWoUUE @aL-
voueva Kol va katagkevdoouue unyoavég! Emiong, oAy eviiapégov elvar 6Tt kdBe Siadikacio otn @ucn
0POQEA EVEQYELDL KOL UETAPOQRES/UETACKNUATIOULOVS OUTAC! Oa ATV €L0UEETIKA YENOLWO VO UTTOQOVUE VO
TepLyedpouye TTEoPARULOTA (Ko va To AVvouue!) ye evepyelakd TeOTTo!
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Yootnua

Ag gexvnoouye Tn gugnnon pag asd tnv €vvola Tov cueTnuatos. Tu etvanr éva cvctnua; ‘Eva cuctnua
efvar éva, ammAd ooua i éva eUvolo amd couato. Estiong, witopel vo eivar wa mrepoyxn evog xoeov i kATl
Tov aldgel oynua kot uéyebog. Miropel, Téhog, va elvarl ki évag cuviuacuds Twv TTaamdve. BAémete
6Tl ou apnenuéveg évvoleg ouveyxitoviaw @ . Ouolactikd To Ttdvta umoeesl va eivar éva cvoTtnuo: aItd
70 {610 TO GUuUTTAV, O W KOEEITGA, N KATL akdua ([woA)) ukedtepo. ‘Eva mpdTo frua Aotmdv gtnv
EVEQYELOKN UEAETN €VAC @auvouévou elval n avayvoelen Tou GuaTRuatos. Autd elvar Wiaitepo onuovtikd
KOOWS TTOAAES oEES ayvoouue TL cuufaivel eKTOC TOU GUGTAUATOS 1, AV Oxl, TTEETTEL VO YVwEiTouue TTwg
€TTNQEEALETOL EEMTEQIKA TO GUGTNUOL.

‘Otav gugntdue Aowtév yua éva giatnua, elte ayvoolue eite eviLAPEQOUAGTE IO TIS EVEQYELAKES OA-
AnAeTtdodosig ue to TEQPAALOV Tou. ETnv TEAOTN TEQ(TITOOoN, TO GUGTNUO OVOUAIETUL OLITOUOVOUEVO
eV atn Sevtepn, un astouoveuévo. Kal 6Tic duo TeQUITTMOGELS, TO GUGTNULO €XEL EVOLAMEQOV AV TTAQOVGL-
4cel UETOPOANL GTNV EVEQYELOKN TOU KATAGTOCN, (e KATOW0 TEOTT0. Xto Sikd uog mAaicia, Ja vitobétouue
6Tl kdaroleg Suvduels dEovv GTo GTo GUGTRUA KA Tov UeTafdAlovv tnv evegyelakn katdatacn. Emiong
WITOQOUVUE VO SLaKkQ{VOUUE TO GUGTALOTO GE TTOAVUEAN KoL povouegit: n gpunvelo kKdBe dpov elvan TTEOE-
VAG.AVEEORTAT®WS TOV GUGTARATOS Tov Yo emAELovue, TTAvta ge avtd Ja vTdyel To 6UvVoQEo N To GQELO
TOU GUGTAQATOC: 0L QAVTAGTIKA ETUPAVELD TTOU Slayweitel To guaTNU AItd To TERPLBAAAOV TOL.

Yke@telte yio woeddetyua €va GTtdyyo TTOoU GTEKETAL GE €val TEATES, OTTwe oto Xynua 2.44. Acg De-
wenoovye To gVeTnUa wag va efvar o 6mtdyyos. To cUGThuo AVTS elval govouedés Kal un aITouovwuUévo,
KOOGS N eEwTeQIKA dUvaun TTov Tov Kivel, KABDS Kot n duvaun TEPIS aIrd Tnv emipdveld Tov oAagbalvel,
ATTOTEAOVV EEMTEQPIKES DUVAUELS GTO GUGTNUA TTOU E£TMLEQOVV EVEQYELOKA GTO GUGTNUA - GITOYYO: N
dvvaun amd to x€or OAAMACEL TNV KIVATIKA EVEQYELX TOU GUGTAULATOS evd n SYvaun TEPig oAlgOnong av-
gdver tny Jepuikh eVEQYELQ TOU GUGTAUOTOS — KOl TNG ETLPAVELNS. B0 UeAETAGOUUE AUTES TIC UETABOAES
ue Aemrouépeia apydtepa. IIpogéete: n aroudvocn i un evog GUGTAUATOC €E0.QTATAL Oyl ATTAd QIO TRV
Jrapovacia 1 un eEMTEQIRMOV duvduenv aAld aTtd To katd TTOG0 AUTES alAnAeTISEOUY evepyelakd TO GUGTN-
ua. o waeddeyua, n kdbetn dUvaun oItd TNV ILPEAVELN TTOU GTEKETOL O GITOYYOS €lval U0 EEMTEQLKN
duvaun oto cuoTnuo aAAG dev AAANAETILOEA evepyelakd wagl Touv — da to deifouvue pntd apydtepa. To (Sro
kol 1 dYvaun tou Pdeoug Tou GITéyyou, elval efwTepikin dUvoun oto cuoTthpa (oeeidetal otn I'n) aAAd
dev aAAnldemtidpd evepyelakd ue to cvotnua. Télog, n empdvela Tov GTdyyou agtotelel TO GUVOQEO TOU
GUGTAUOTOS. AV KATTOL0G PIAOS GaG OOKAGEL dUvaun eTTGV® GTO GTTOYYo we To SdyTuAS Tov, TOTE n dUvoun
TOu elval WO €ITEQEON GTO GUGTRUA AItd To TePPAAAOV Tov, n oTolo ackelTal €TV GTO GUVOQO TOU
GUGTAUOTOG.

Yynua 2.44: Xmoyyos w¢ cUGTRUA.

A6 tnv dAAn, patopel kavelg va oploel wg cvotnua to {oItéyyog, Teamét)! To cuaThua TMEO eivor
TIOAVUEAEG, KOL U AITOULOVOUEVO Eavd, KaO®OS n dUvaun astd to xéer amotelel Eavd eEwTepkil “evegyelakn”
Taeéupacn 6To GUOTNUN, TTOU OAAGTEL TNV KIVATIKA evégyelo evog aTtd ta uéin tou. IIAfov Suwg n
dvvaun tng TEPng oAMaBnong asotelel ecwTeEikr dYvaun Touv GUGTALATOS, KABDS Spd aTtd éva ahua Tou

GUGTARATOS TIAvVw og £va GAAO!
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"Eva dALo Tropddetyuo BAETIETE 0TO Xynupo 2.45. Mitogovue €80 vo dempricovue TO GUGTUO (OGS VO

o

;ff my '
0

Xxnuo 2.45: Afyo o guvOeto guGTnua.

efvar ta {odpato pdgog my, mo koL TO GYOwi} TTov Ta evovel. AUTd To claTnua elval TToAVUEAES Kal un
AITOUOVOUEVO, YIATL GTRV TERIITTOGN AVTA ol uvAuels Tou BAEOUS TWV CUATWYV, WS EEWTEQLKES SUVAUELS
TIAéov OUwG, uetafdAlovv evepyelard to cuotnpo Adyw Twv Suvduewv BAEOUS, TO COUATO KIVOUVTOL),
OTtwg emiong kar dvvaun TEPAS TOU OCKE(TOL GTO GOUO UALAg mg ATl Tnv kekMuévn emiedvela. Ou
duvduels agtd To oxowi eTTAVED GTA COUATO EIVOL EGUTEPIKES TOU GUGTARATOC, KoL SEV AVAKOUV GTO TIEQL-
BaAAov Tou. Aftlcel va Tovigtel €8 Eavd OTL N TTAROVGIO ECWTEQIKAOV 1 EEMTEQIKWV Suvduewv Ge gnualvel
TOG VTTAQYEL OTIWGONITOTE £VEQYELOKO “TTAQE-OMGE” UETAEY TOU GUGTARATOS KOl TOU TERLRAAAOVTSS Tou 1
UETOEY TV UEA®V TOU GUGTARATOC. AuTO elvon kKATL oV Ja ueAethicovue otn cuveéxela, otav Ja €xouue
KO To KOTAAMANAQ “6TtAa”. ES® astAdg agtapiigovye Tig 18dTntes kKGbe GUGTARLATOS TTOV ULITOQOVUE VOl ETTL-
Aégouye. XTo TTaRAdEYUA AUTO, TO GUVOQEO TOU GUGTAULOTOS dev elval T6Go Ga@és oA oTtny TTAclovdTNTA
TOV TEQLITTOGEWY de Ja 0GYOAOVLAGTE Ue AUTO.

Kaveic 8¢ uoc amayopever BéRara va dewpncovue wg gigtnua to {couata, oxowl, kot I'n}! Xtnv ge-
ElITTOON VTR To GUGTNUA elval TTOAVUEAES KAl un asrogovwuévo, Aoym tng duvaung TEBAG, TTou astoTedel
EEMTEQIKN EVEQYELOKN TTOREUPOON GTo guaTnua. AviiBeta, a@ov cvutepAdfaue th I'n, ov duvduels Tou
Bdpoug elvar ecwTePiKES TTAEOV GTO GUGTNUO. XThV TEQ(TTT®ON TTOU TO kKekMuEvo ntav Aelo, kauia aItd
TG VITAEXoVGES duvduels Sev aviikel GTo TEQPAAAOV Tov GuaTAuatos. ‘OTtoleg eveQyelakés uetaforés da
cuvéfaivav gto cuatnua o o@elAovtay Ge GTOLES ATTE TIC ECWTEQLKES TOU duvAuels uetadAlouvv evep-
velakd To guGTRUd.

duowkd kol To oke@Tikate! Mitogovue va dempricovue wg cvgtnua Ta Tdvia oto aynpa; Dduvokd!
To cvotnua {ocouata, I'n, kekMuévo (Aeto i un), eyowt} etvon emiong sTodvuedés kat TAEOV AITOUOVOUEVO.
‘OAeg o1 SuvAuelg TTOV AGKOVVTOL GTO UEAN TOV (VAL EGWTEQIKES GTO GUGTNUA, KOl av Guupalvouv evegyelo-
KEG UETAPOAES GE AUTO, AUTEC OPEIMOVTOL GTIC E0WTEQIKES AUVTES dUVAUELS, Wia Kol To giatnua de “wider”
EVEQYELOKA Ue TO TTEQRAALOV TOU UEGW KATIOLWY GAA®V Suvduewv.

Eivar tAéov kAT TTI0 Gapés o€ elval ol TTOOVES €TTLAOYES TTOU €YXOVUE YO TOV OQLGUO €VOS GU-
OTALOTOS — KAl OUTES elvan TTOAAEC! — kau TToLEC duvduels elval eGWTEQIKES A €EMTEQIKES GTO GUGTNUAL,
kaB®Og ko To av éva guatnua elvar stolvueAés - povoueAés. To wdvo “grotewvd” onuelo elvon to TTOTE
éva ovatnua elval astopoveuévo A un, kabmg 8¢ pag eivarl gexkdbapo TTolég duvduels, kol ue oL TEATO,
OAANAETIOE0VV evepyelokd ue €va gvotnua. ‘Exouue cuvovticel TTOAES SUVALEIS OC TOQEN: EEWTEQIKES
duvdyelg F, m duvaun tov Pdoug F,, tw kdfetn dvvaun amd wa empdvelo 6e évo Gopa 7, Th dvvaun
OTOTIKNG TEPNGS Ko TEPNS oMGONGE®WS f_: f; TS duvduels aTtd vAapoTo T, kon Sa YVwEIGOUUE KOl UWEQLKEG
okouo. Mitogolue ek TV TTEOTEQEWVY Vo TTOVUE TTOLA/EC ATTd QUTES OAANAETILOEOVUV eveQyelakd ue N uéoa
oe éva gvotnua; Av €xete apKkeTh eustelpia, val, 0AAG oTnv TTaEovco @dcn KAAUTEQO Oxl, KAODS o0 unyo-
VIGUOG evepyelakng alindemidpaong mtov da Sovue oe Alyeg ypauués mapakdtn da yog amavid e autd
TO gpTNUO 0 KAOE TTEORANUA TTOV P GUVOVTAGOUUE.
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Tagvounon Avvaue®v Kol ZUGTNUATOV

"Eva gvetnpa ustoel va avikel 6e wa agtd Vo KATNYolES:

79 z

e ATtopoveuévo: dtav To guoTnud 8ev “eTtikowmvel” evepyelokd we To TeQLBAALOV TOov.

e Mn astouoveuévo: 4Tov 10 GUGTIUO “ETIIKOW®OVEL” EVEQYELOKE Ue TO TTEQRGALOV TOU.
Ou Suvduelg TTov AGKOVVTOL GE éva GUGTNUA SlakEivovTal Ge Wa aItd duo Kotnyopleg:

e ESmteQikéc: dtav Spovv Ttdvew Ge €va N TTeQLOTOTEQO UWEAN EVOS GUGTAUATOS KOL N TTROEAELGN
Tng SYvaung avikel 6to TEQUBAAMOV TOU GUGTARATOG.

o Ecwteikég: dtav Spouv Uetagd twv uedwv Tou GUGTALATOS, SnA. agtd €va LEAOS Tou Ge éva
GAMo.

Emiong, to cuothpoata umoeel va eivol wovoueAn n stoAvpen, av 6to gvotnuo vItdyel éva A
TEELGGOTEQA UEAN, avTiGTOLY .

AtoncOntikd, kotoAafaivete TOAY KOADTEQA TA U OTTOUOVOUEVA ATt 6,TL TA AITOLOVOUEVO GUGTALATA:
éva oua, TToU To FewEovue S GUGTNUA, ETTIKOVOVEL EVEQYELOKA UE TO TTEQIRAALOV TOU av, Yo TToEddeyua,
Kkdgtola dvvoaun F o OTEMEEL, KAl £TGL AVTSO AITOKTAGEL KIVATIKI VEQYELA, L av £€pBel KIVOUUEVO GE ETTOPN
ue KAITOLAL TEOYLA ETTLPAVELD, QVEAVOVTAS £TAL Tn Jepuiki TOU evégyetla, N av alddgel n 9éon Tou oe Gyéon
ue wo Féon avapopdg, omdTe aATToKTA Suvauikn evépyela. Apaye, TTOGOL TEOTIOL “eVEQYELOKNGS eTikovviog
VTTAQEYOUV UETAEY EVOS GUGTAULATOS KOL TOU TIEQRAALOVTOC Tov; Aglte To Exnua 2.46 n oJtola oTtelkoviel
TOUG TUBAVOUS TEOTTOVGC:

; " Evépyeiue NETapEpeTal Evipyeia HETOKPE pE-
EVEF’YE,W'- HETCLPEPETOL EKTAOG TOU podLog mvou Tan oTn AP Tow
OTO Clapa péow QIO TO PEY APV g KOUTHALOD HETW
EpyouL. EM vk S WO o o BepudTnTod,
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xnua 2.46: Tpogrol ueta@opdcs eVEQYELOC QITO KOl JTQOS VO UN GITOUOVOUEVO GUGTRUA.
e MeTa@od evépyelag uécw £pyou
e MeTa@od evépyelag UEGH UWNXAVIKOV KULATOV

o MeTa@od evépyelag uéow depudtnrag
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e Meta@od evégyelag UEGm VANG
e Meta@oed evépyelag UEGm NAEKTELGULOU
e Meta@poed evépyelag UEGm NAEKTQOUCYVITIKIAG AKTIVOBOALOS

Kd0e sropddetyua oto ynua 2.46 meprypd@el Tov TROTO UETAPOQRAS EVEQYELAS ATTO KOl TTROS TO GUGTN-
woL, Ko JTEETEL VO, GOS elval 0EKETA YLOL VO KOTOVONGETE — XOVOEIKA — TIG SLaPOoEES UETALY QUTOV TV
TEOTIWV. ‘'OUws, GTIS GUINTAGELS Hag UEYEL TO TEA0S avtol Tou Kepalaiov, Ja wag amacyoAMacel uévo €vag
TEOTIOC UETOPOQRAS EVEQYELNS OITO KOL TIQOS £Vo. (U OTTOUOVEUEVO GUGTUO N VTGS €VOS OTTOUOVOUEVOU
GUGTAUOTOC: N UETAPOQRA EVEQYELOS UEGWH TOU £QYOU.

‘Eeyo Etadeprc Advoung

Acg gexwnoouye agtd ta awAd cuotiyato, To wovoueAn. ‘Eva yovoueAés ciatnua éxel evilapépov av eivor
un astouoveuéve®. Emcteépoviag 6to amld Tapddelyua Tov GTréyyov, ag dovue to Iyhua 2.47. Mito-

Yynua 2.47: AmotedecuatikoTnta SUVAUnG.

povue va avoapmtndovue OGO ATTOTEAEGUATIKOL eipacTe pue Tn dVvaun Tmov Pdgovue Ectw duota ce
U£TEO G€ OAEG TIG TEQLITTMOGELS TOU GYNUATOC) GTO VO KIVAGOLUE TO GIAYyo; Me dAAa Adyla, Ge gTold
TERITTTOoN KATAPEQVOUUE “KAAUTEQA™ VO KIYILGOUUE TO GTTOYYo; Axltouue Kol GKEPTOLAGTE TIS €VVOLEG:
duvvaun, uéto, katevbBuvon, UETATOTIIGN GITOYYOU...

Eivar eupavég 6T gtnv tedevtala repimtmon (c) o GIdyyog Sev Kiveltal, TTOQOA0 TTOU e@aQudovue
dvvaun emtdve Tov (KATTOLOC UIToEEl va TTEL GTL TTAQOULORPOVETOL Adyw Tng SUvaung, KoL LITAQYEL UETO-
TéTmIGN TOu onuelov e@AEUOYRS Tng Svvaung — elval GOGTO avtd aldd dewpovdue atn uedétn wog OAa
To ovTikelpeva g adidotato oouata ki £Tol 8ev 1oxvel — ylo wos — avuth n dedenon). Omdte olyovpa
Ya Aéyaue 6L dev eluacte Wiaitepa agroTeAecuatikol GTnv TTEOGTAOELd Hag va Tov KvAGouue, TTapd Th
duvaun rov Bdgovue. Katarapaivoupe AoTtdv 4Tl 1o uérpo tne duvauns Tou e@apuotovue dev apkrel yio
VO TTEQLYRAWOUUE TNV OTTOTEAEGUATIKOTRTA (LOG — GNMUAVTIKG QOAO TTallel n UETATOTIGN TOU GAOULATOS. XTLG
TEQLITTOGELS (a,b) elval eu@avég GTL LITOEOVUE VO UETATOTTIGOVUE TO GTTOYYO AAAG 600 owEdvouue Tn yovia
e@OEUOYNG tng duvaung, T6Go autn n UetatdTion duskoievel. Ao GTnv TepinUn ATTOTEAEGUATIKOTNTO
uag rolger EOA0 kAl n yovia eQAQUOYAG, i we dAAQ Adyia, n ywvia getagy Tov Siavicuatos tng Svvaung
KOl TOU S1avUGUATOS TG UETATOTTIGNG.

Ac ta BdAovue oe wa celpd. Aelte to Zxnua 2.48. "Eva gugtnpa stov artoteAdeltal pévo amd 1o goua
TOU GYAUOTOC UeTATOTIICETOL GE gubelol ypauun agtd wo gtabfepn dvvaun ackovuevn vIté yovia 8 ue to
Sidvuoua Tng LETATATILONG, TTEORAAWVTAS ueTatdmion AX, attd éva cnueio (A) wg éva onueio (B). Opitovue

6Av elval aITouovouévo, To aAVOUUE GTNV Nouxlo TOL Kol Tdue Yo évav Koé 6To kévipo Tou Heakdelov, PAéTTovue wia
Touvio, 1 Stofdcovye To LabALATE HLog — TILo evOLOPEQEOVTA TTEAYLOTO AIT” TO VA KOLTAUE €Vo. LOVOUEAES AITOUOVOUEVO GUGTNUAL...
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>

Yynua 2.48: Iapddetyua yia oplouo €gyov duvaung.

170 £gyo W 1ou maedyetor 6To cUoTnua (TTpocesete tn Statimwon) amd tn dvvaun F srov ackelton
EEWTEQPIKG GTO GUGTNUA WS TO YIVOUEVO TOU UETEOV TNG dUvaung, Tov UETEOV TNG UETATOTIONG, KoL
TOV cUVNUITGVOV TG ywviag avdueca 6ta Svo tedevtaia. Me pabnpatikd

= |F||A# cos(§) = FAxcos(6) (2.292)

To potifo “apbudg el abudg el to cuvnuitovo wag yoviog ” weETel va gag elvol yvwaotd. Xag Juuiget
TO £0WTEQIKO Yvouevo duvo davuoudtov, Ko TCQowuom uttopovue va yedwouue TO €QY0 OG £GWTEQLKS
ywéuevo dvo Sravuoudtov, ye autd va glvar n §hvaun F xon uetatémon Axl "Etou

= |F||A® cos() = F - AR (2.293)

‘OAeg TS BLOTNTES EGMTEQLKOY YIVOUEVOU UITOQOVV val xenatpoitoinfovv kot yia thy €keeacn tov £pyov. H
uovddo uétpnong tov €gyou eivor N - m, 1o ottoio govtal ye éva TgdouvA (Joule - J).

Iaedderyua 2.25:

, . . . r 2 . ,
"Evo. couatidlo oto xy emimedo vidkertan ce uetatdmiion AX = 2.0i + 3.0 m Adyw wiog Gtabeng
7 2 2 . . . . ( .
dvvaung F = 5.0i + 2.0j N mov ackeltow 6to couatidio. Beeite to épyo W gtov mapdyer n dUvaun
€MAvVH GTO GoUOTIO0.

Avon:
Epapuécovtag Tov 0Qloud Kol XENGLLOTTOLWVTAS TS WOOTNTAS TOU EGWTERIKOV Yvouévou puovadioiwy Sto-
VUGUATOV, €xouue

W=F-A%=(5.0{ + 2.0)) - (2.0{ + 3.0)) (2.294)

=5{-20+5-3/+2]-2{+2]-3] (2.295)

=10{-i+0+0+6/- (2.296)

=10+6=167 (2.297)

apov

7 7= il cos(0) = i =1 (2.298)

7+ 7=1liil cos(0) = |;|2 =1 (2.299)

i+ j=lilljlcos(n/2) = (2.300)

77 = 1]l cos(r/2) = (2.301)
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AMBela, Suakpivete tn Stagoed ue tnv kown cag aicOnon yio to €pyo; Av Oxl, Oke@Te(TE TO €ENG:
KQATAGTE Wa Bald UTTAAO GTO VPOS TwV dUmV Yo 2. 10 TEA0C TV Suo AeTTV, da £xeTe KOVEAGTEL KoL
Ya ToTevete 6Tl “Todiate apketd £pyo” TAvem otnv witdAa. H oAnbela Suwe eivar dTL av epopuicete
Tov oplaud Tov €pyov da Pydiete atmotéAecua undévl O Adyog elvan Tl artAd vrootneitate tnv Umdia,
Sev Tn petakwncote’ .

Ioaedderyua 2.26:

ré Vé ’, 7 7 7 7 ’ = 7
Katatdete Ti¢ TaakdTo TTEQUITTOGELS Tov Xxnuatog 2.49 ce avgovca tun €pyov. H dvvaun F elvar
oe kdBe TeplmTwon (Blov UéTEoV, dTTWES KoL N UETATATIIGN AF.

Yynuo 2.49: IapdSeryua weQLITTOGEWY EQYOU.

Avon:
Towg ore@TelTe GTL TO Undevikd €yo efvar n yaunAdtepn Twn, ardd yio deite to Tynuo 2.49(b). Ba éyxovue

Wy = FAxcos(n) = —FAx (2.302)

kol PAETTouue GTL To €pyo umopsl va Tdeel apvnTikés Twég! Oa emavéABouue oe avtd apydtepa. To (Sto
Loyvel ko yio to Xxnuo 2.49(d), émtov
W4 = FAxcos(6) (2.303)

ue m < 0 <n/2, omdte kL £dd Wy < 0. To Exnua 2.49(a) pag divel €pyo (o pe undév apov
W, = FAx cos(g) =0 2.304)

Edd €xovue wio dvvoaun n otroio efvon kdbfetn Gtn petatdIicn koi groQatnovue OtL Sev sapdyet €oyol
TéMog, n meplmtoon Tov Zynuatogs 2.49(c) diver

W, = FAxcos(0) = FAx (2.305)

]
E@” 600v péow tng dvvaung Ttov ackovue Ge €vo GUGTNUO UITOQOVUE Vo OAAGEOUUE TNV KIVATIKA TOU
KOTAGTAGN, WITOEOVUE VO TTOUUE OTL UETAPEQROVUE EVEQYELD GTO GUGTNUA UEG® TOU £Qyou. Aa

TOQAYOYN £QYOV == UETUPOQA EVEQYELOS

EiSaue d1L To épyo umopel va €xer agvniikd n detikd spdonuo. Evepyelaxd, Tt onuaiver avtd; ‘Iowg
vToWldceate Non (cwotd) 6t av W elvor to €oyo TTouv Trapdyetar oe €va cuoTnuo, Tote JeTikd €pyo
onualver 0Tl VTTAEYEL UETAMOQRA EVEQYELOS ITEOC TO GUGTNUA, €V AEVNTIKG €oyo cnuaivel 1L vITdoxel
UETOPOQEA EVEQYELOS AITG TO GUOTNUO. XKEQPTE(TE TO €ENG TTOEABEYUO: OCITEMOYVOUUE KOl ETTLTOYVUVOUUE
éva BipAio uéom doknong oplgovtiag dvvaunc. To €pyo mou Tmapdyovue Tdvem oto PifAio elvor detikd
yiatl n dUvoun Tov ackovye elval oudEEOTN we Tn uetatémion. Aviifeta, ore@Telte TO €EAC TTARASEYLOL
TeocTadovue — udtalo — vo GUYKQEATAGOoUUE €va dyplo dAoyo pe éva AdGo, TeAf®viag To Adco avtibeta
oty kivnon Tov aAdyou, evid autd cuvexitel va kiveltal oplgévtia. To €pyo TTou TTapdyovue elval aQVNTIKG
yiati n §Uvaun srov ackovue efvor avtipEoTn ue Tn UETATOTILGN TOU GOWATOS (AAGYOU).

Tduckd, £08eveTe EvEQYELD, YLOL VO, TNV KEATAGETE WnAG — kaula ovtigenon e’ avtov. ‘Ouws n evépyeld Gag eykoaTalelTtel To
OO GO UE TN WoRON JepudTnTag Kol Gl @YoV TTAV® GTNV WITAACL.
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‘Eeyo Abvaune Bdpoug

Mo oA Snpo@dig dvvaun efval n dYvaun tov Pdeovs. Agaye TOS UIToEoOVUE va BEovue TO £QY0 TTOU
Taedyel TAvw o éva owud; Ag gexmeloovue TG KWVAGELS TToU urtoel va kdvel To coua. Aegite To
xnua 2.50.

Fa O %
@f 1 o
Ey v
.r!, O r."‘
!q !
"
a}
T P,TB
f-.;'v

ynua 2.50: Avodog kat kaBoboc cauatos kKat duvaun Tov fdeoug.

e AV TO 0OUO OVEQXETAL KATOKOQUPO TIEOS TO Ttdvw (Zynua 2.50(w), tdte
W, = Fy-d = Fedcos(n) = —Fyd = —mgd (2.306)

e AV TO GOUO KATEEXETOL KOTAKGQUEA TTOS Ta KATw (Txnua 2.50(B), téte
Wr, = Fy-d = Fedcos(0) = Fod = mgd (2.307)

e Av TO oidpa KvelTol 0QLgovIla, To £pyo Tng dvvaung tov Pdeoug woovtal e undév, kabwhg n dvvaun
Tou Bdeoug kat To Sidvucua Tng yetatdmiong elval kdbeta yetagy Toug!

e Y& Kkdbe dAAN TrepimTwon, TEETEL va AvAAUGOUUE GE GUVIGTHOGES KL Vo, eAEYEoUUE TO €QYyo TTOU
TTaEdyel kabewd Lexmwolotd.

IMogatnenaote to TEOGNUO GTA TTAEATTAV® £Qya Tou Bdpous. Bydiouv “vénua’;

‘Eeyo Kddetng Abvaune and Emgpdvela

Mo okdun cuvibng dvvoun eivar avti Tov aokel Yol eTTLOAVELDL GE €vol GO0 TTOU PE{oKeETAL GE TTOPA
wacl tng, n yvwoth wag duvaun A. H 8vvoaun avth eivar mdvta kdbetn 6to emimedo mov oMcBaivel éva
GOUM, OTTOTE YO L0l AITELROGTA WIKQEM UETATOTILON TOU GOUATOC, dX, €TTGV®D GTV ETPAVELL, TO £QYO TTOV
TTaEdyel oto owua Jo efvoar

W, = it - d¥ = ndxcos (g) ~0 2.308)

Na Aowgtév gtou To £pyo tng kdbetng Svvaung 77 elvar ion pe undév!

‘Eeyo Metafarhouevne Advoung

H cugitnon pog TepleTeeé@eTal TGN oo yuem aItd tnv £vvola Tov £pyov. Iowg mocéiate 6Tl e OAn tn
Yewela kot ta wagadeiyuata, n Suvoaun JTov TTAERYAYE To QYo NTav étabepen. Ti yivetar otnv Tepimtoon
Tov n dYvapn eivar petafaiiduevou uéteov; Ipopavadg n gxéon tov £€Qyou TTov €xovue elodyel Sev UItoel
va yenowodttondel. Ti umrogovue va kdvouue toTe; Ag dovue €va yevikd TToQddelyuo yio Vo KOTOVONGOUULE
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F, (x) F.(x) Eppasév= I, Ax
7] \"-..___
o
X X, " x
oy f xz X
(@) a— !

Xxnuo 2.51: ‘Egyo uetafaiiouevng Suvaung.

wn Swadkacia. Asgite To Zynua 2.51(a). Xto oynuo avtd PALITOVUE TN X—GUVIGTOGO ULOG dUvaung Tov
uetafdideton katd uétpo ard éva onueio x; wg éva onuelo xr. ‘Ectw 6t délovue va violoyicovue To
€0Y0 OQWTAG TNG GUVIGTOGAS. MTopouvue va dempncovue 6Tl n dvvaun eivor tunuatikd ctabepn, dni. yua
TOAY WikEES uetatoTioels Ax, n dvvaun F(x) eivar otobepn. Tunuatottoovue tov dfova x AoV Ge
wiked tunpata Ax kow vitofétovue 4Tl n WA Tng F(x) ce kdBe tétolo Sidotnua elvor gtabepn, 6TTOS GTO
xnpa 2.51B). Tote ustogovue va movue 6Tl 10 GUVOMKS €pyo W natopel va TpoGeyylGTel aItd Ta eTUEQOUS
goya W; mov maprydncav amd wo ctabeen duvaun. ‘Etcl

Wy W, (2.309)
J

ue
W) = FyAx (2.310)

ov vTtofécovue GTL n TpnuatoToinon Tou dgova x efval opotduoeen. MTtopeite vo avayvwicete 0Tl TO
¢oyo W; avtistorel oo eufads tov erdoTote TaQAMNAOYQAUIOL te TALVEES Fy; kar Ax. Me dAda Adyia,

TO GUVOAMKS €pyo Tng dvvoung F x(x) uropel va Peebel av abpoicovue ta eufadd Twv TARAAANAOYRAULWY
TOU KOTACKEVATOVUE KAT® awd tn guvdetnon Fy(x). Av agxlcovue va wikpaivouue JToAY Ta SloGgTARATL
Ax - rkpot®vtag opowdpopen diaugpon — aylcovue va Ttoceyyitovpe 6A0 Kol KOAUTEQO TO GUVOMKO £QYoO.
Av Ax — 0, t6te T0 dbgowoua W = 3 ; W; uetatémeton 68 OAORMIQOUO

W:ff Fy(x)dx (2.311)

YUVOMKA

aii Xf X
W = lim Z Fy(x)Ax = f Fi(x)dx = f F.-dx (2.312)
Ax—0 Xi Xi Xi

Hoaedderyua 2.27:

Mo opaipa udgas m = 0.1 kg extofevetal amd évo Tou@ékl ue kdvvn uikoug 0.6 m. H 8vvaun ttou
ackeltal gtn ceaipa atd Ta aépla Tov GTTAoU elvan

F(x) = 15000 + 10000x — 25000x? (2.313)

ue x va petpléton oe uétpa kot th duvaun F(x) ce Newton. Boeite o €pyo wou mtopdyeton aItd ta
£l 0T oPaipa 660 aVTH Tafldevel KATd UnKkog tng kdvvng. OeweEnate tn dtadpoun cvbiypoauun.

Avon:
Oeweovye OTL To adpla Eekvouv vo Ttapdyouv £0yo otn o@aipa Gtav avti gexkwvd va kwveltor (x = 0) eng
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6Tov avth Byel agtd tnv kdvvn (x = 0.6). H kivnon dewpeltanr evbiypauun, deo n dvvaun kot n getatoIion
efvar oudppoTtes. ATd tn Jewpla yvwplicovue 6TL

xXf
w= | F.az 2.314)
Xi
0.6
= | (15000 + 10000x — 25000x2)dx 2.315)
0
10000 , 25000 .)[06
= (15000x + 2 8 | 2.316)
2 3 0
= 9000 + 18000 — 18000 = 9000 J 2.317)

H 60vopun tou ehatnplou

Mo agtd i 7o Snpo@ideic duvduels otn wnyovikn, kot wdAoto uetafaliduevou uétpov, eivol n duvoun
Tov aokel va ehatiglo oe éva ooua. Tuttikd, éva eAatriplo €xel eMKoeWES oy, 0TS GTo Xyxnua 2.52,
KOl GUVABWG KOTAoKEVATETOL ATtd XdAVBa. To eAATAQLO KATACKEVALETOL £TGL MOTE Vo WItoQel va agtobnke-
Voel evégyela (GUvtopa da dovue Tl eldoug evépyela efvar avti). ‘Otoav €va eAatnlo PEIGKETAL GTN QUGIKA

fETTI N

Yynua 2.52: EAdikoglbéc eAathplo.

TOU KatdoTaon (AGVUT{eaTo KoL Un ekTeTauévo) tote Adue 6Tt Boloketow atn déon 6oeomiag tov. Ag
Yewpnoovpe wg cvotnua éva coua Seuévo mdve ce éva edatigo. MetatoTtitovue to odpa kotd x > 0
a1t tn Yéon wopeottiag tov ehatngiov, Yewpdvtog ws onuelo avagods x = 0 tn déon 1woeEoTiog Tou
elatnelov ko Jetikn @oed tov dgova TEog Ta Setld, 6TTwes oto Exnua 2.53. IMapatngovue 4Tl kOTd TRV

x=0 F
5
|

L 1" | ! d
FY Y YW R WYY RYINY YD ‘

|
|
I
!
|
|
|
|

x—

Yynua 2.53: Xoua ge eAatriglo.

éktacn Tou edatngiov eysipeTon dUvaun F, a1t6 to elaTiELo eTdvw GTo cgoua. H Svvaun avti uetafdi-
AETOL OVAAOYQL UE TRV QITOUGKQUVGN TOU COUATOS aItd Tn déon 1oopeottiag Tou ehatngiov (ue dAlo Adylo,
660 Teviovouue To eAaTAQLO, TOGO avEdveTal To UETEo tng Svvaung Fy). "Exer SerxBel 4tL n dvvoun avtn
TEQLYRAPETAL (G

Fy=—-kx (2.318)

kol n gyxéon avtin ovoudcetow Nouog tov Hooke. H gtabepd k €xer twii avdloyn tng okAnNQOTNTAS TOU
elatnplov: ueydAn Twn k onpafvel okAnEG €AATAQELO, €V WIKEA TWA k VITOSNADVEL LOAOKS €AATAQLO.
Ipopavdg ol wovddes tng atabepdg k elvar N/m, €161 dGTE Ol LOVASES TOU AQLGTEQOV UEAOUG Va LGOUVTOL
ue avtég Tov deglov. H dravuouatiki woeen tov véuov tov Hooke eivar

-

F, = —kit = —kxi (2.319)
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4Tav n kivnon Tov GOUOTOS YiveTol 6€ vontd 0QLgévTio dEova, Ue To TTEOGNUO VO VTTOSNADVEL GTL N POQEJ TG
elvon Ttdvta avtiBetn tng uetatrdmiong amd tn Jéon 160EoTTias Tou eAaTnEloL Kol FewEOVTAS 0QLLGVTLOL
kivnon.

‘Eeyo dUvoung ehatnpelou

Ag peletnoouye tnv kivnon evdg coUatos deuévou Ge eAATAQLO, ATTO Wo €KTacNn X GE oyéon e tn déon
160QQEOTIlOGC, WS Uia guugtieon katd tnv (G Tocgdtnta. Aeite to Zynuoa 2.54. No Juudote mtdvta 6Tl n

<o

F, Otav 1o x elvol Betikd
< (tevtwpevo ehatnpLo), n
‘ Suvapn Tou ehatnpiou

exel dbopd Tpoc Ta apl-
oTEPO.

X

—— e e —— ”

]
1

Otav to x elvat undev (oto
$UOLKO U KOG Tou

| ehatnpiou), n 80vapun Tou
ehatnpiou elval pnbdév.

X

=

: Otav o X EIVOL apVNTIKO
I (ocuprueopévo ehatnplo),

| | n Suvapn tou ehatnpiou
i exeL dopa npog ta SeLd.
|

To £pyo nou mapdyetal

amnd tr) Suvapn Tou
EAQTNpLlOV EMAVW OTO

kX pax CWHA, 660 AUTO KLveltal

x amd —x, . oto 0, elvaito

max

A E y eUBASOV TNG YPAHOTKL-
— = —hx : e
¥ max 3 QOTHEVNG TIEPLOXNG: - "(‘xma_x

Yxnuo 2.54: Kivnon couatos e edatriglo.

Svvaun tov elatnEiov eivon petafarlogevoy UETEOV, 0TToOTE av J€Aovue va vIToAoylGouvue To €Qyo TnG, O
KAQGIKOS 0pLGUOg Tou €pyou de Ja pag @avel xonowos. AvtiBeta, Ja pag yeewactel n Xxéon (2.311). Acg
dovue €va-£va Ta GTIYWOTUTIO TNG Kivnong Tou Xynuotog 2.54.

7 7’ Ié 7 z ’ e =
(@) ‘Otav uetatoticovue To GOUO TTEOGS Ta degld, To eAatiglo ektelvetan, n §Uvaun tov edatnpiov Fy
€xel @oed avtiBetn Tng kivnong, dnA. TEOS T 0PLGTEQRA. APARVOUUE TO GAOWO Vo KivnOel.

B) To cwua emotEépel gtn Yéon 1Gopottiac Tou (x = 0), SnA. To eAdTAQLO €XEL TO PUGIKO TOU UNKOC.
Téte n dvaun tov edatneiov Tavel, cTyuoio, va veicTatal.

() ‘Otov UeTOTOTTITOUUE TO COUN TTROS TA AQLOTERA, TO EAOTAQLO GUWITIECETAL, n dUvaun Tov elatnEiov
=1 z e z. z 7 2, 7 z
Fs éyer @opd avtiBetn tng kivnong, dni. meog ta defid. Av apricouvye To couo vo kwnbel, avtd da
emoTEéwel gtn déon (b) Tov GyRuaTog.
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(&) Mirogovue va vItoAoylgouue To £pyo TOU TORAYETAL OTTd T SUvaun Tov eAatnEiov ETAV® GTO GOUO,
Mgtopovue €0KOAM Vo TO KAvouue. Av €xouue Tn YROQKA TToRdcTacn SUvaung GUVOQTAGEL TNG UETOL-
TéTmIong, Tote 10 £pyo W amrotedel tnv emiupdvela wov oxnuatitetan armd th guvdetnon Fg(x) kot tov
dgova x. H §Vvaun elvar yoouuikn cuvdptnon tov x. T'a wopddeyya, 6Ttog @aivetor GTo GYAL, To
€0yo Tov Tapdyetol aIrd T duvaun Tov eAatnElov TAV® GTO GOUA OGO AUTS KIVEITAL ATTO —Xpay (TR
UEYLOTN UETOTOTILON TIROS TO AELoTERA aIrd To cnuelo 1GoEEoTtiag) wg x = 0 (To onuelo 1GOEEOTIIOC)
elvar To eyuPfadov TG YROULOGKLAGUEVNG TLEQLOYNG, TTOV aItoTeAel TTeQLOXN EVTOS 0QBoYWVIOU TELY®VOU.
Evkola PBeloketar amd yewyetpia Tl To €Qyo avTo 1GoUToL Ue %kxfnax.

To épyo tng duvvoung Fy tov elatnpiov Jo pog attacyoAncer apketd, oTtdte ag PdAovue Alyo To
nabnuatikd va SovAéypouv yia vo kataddfouue T gupfaivel yevikdtepa. Ag dewpncovue dTL To AaTRQLO
GUUTTLECETOL GE (oL LWEYLGTN TWN (QQYKNA J€on X; = —Xpqy) KOl a@riveton eAeBepo. H dvvoaun tov eAdatngiov
€xel @oEd avtiBetn tng kivnong, dnd. TEOCS Ta Segld (Opov GuuIELouue TTEOC T AQELOTEQ]), OTTWS GTO
Iytua 2.55. Ag ettdégovue teMkn déon tng kivnong xy = 0, 6nA. tn 9€on wwoeoTtiag K ag vitoloyicovue

¥,

‘Otav o x elval apvnTIKO
(oupmieopevo shatnpo),
n 8Uvapn Tou eAatnpiou
&yeL bopd mpog Ta SefLa.

B

E

N 0 F: ‘Otav 1o x eival BeTiko
| = (tevtwpévo eratriplo), n
: SUvapn tou ehatnpiou
I | £XEL popa Mpog T aplL-
| oTEpQ.
|
:-

T Kmax —®

Yynua 2.55: Xvumieon ki éktacn slatnpiov.

70 €Yo Tng Svvaung Ttov eAatnEiov €TV GTO COWO KATE Tn UETATOTION TOU TEAEVTOIOU UETAEY QUTOV
z z z z z ’ 7 = z z

Tov duvo Jéoewv. Aedouévou GTL n kivnon eivar evBiypauun kot ta Stavvouata Fy, ¥ elvar oudppota, do

elvan

. xf . . 0 1
W, = f Fy-di = f (—kxi) - (dxi) = f (—kx)a’xzikx,iax (2.320)

Mogatnenate étL To épyo Tng duvaung Tov eAatneiov elval detikd: n Svvaun auvth elGnyaye 6GTo GUGTNUA
{odua} evégyela date va to @épel gtn Jéon 1ooepomiag. Ac dovue T Ty AAAn dyn.

‘Ectw 6Tt T0 ghatiguo cuveyiger tnv Ttopeia Tov amd tn Jéon weoeoTias ws wa JEon xp = Xy
Oeweovue aykn Jéon tn Yéon wooppottiag avti T @oed. H dUvaun tov edatngiov €xel o @od TTog
To opuotepd. IMowd efvar to €pyo tng Svvoung tov elatneiov Twea; Kdiowog/a uiroeel va grer “wo Eavd
elvan to (81o”. Efvau;

- xf 2 2 Fmax 1
W, = f Fy-di = f (—kxi) - (dxi) = f (—kx)dx = —Ekxfmx (2.321)
Xi 0

To £pyo tng SVvaung touv elatnpiov e avtn tn dtadpoun elvon agvntikd! H Svvaun tov glatnpiov
avttibeton gty kivnon tov couatog Tov TTEocTadel va amopaxkeuvlel attd tn d€on GopeoTtiag, SnA.
n dvvaun tou elatnEiov KAl n YeTATémion Tov cwuotos efivar avtippota Stovicuata. Katd cuvémela,
agatpeitan evégyela amd to guatnpa {coual. Emiong, katadafaivete 6Tl To GUVOMKS €pyo Tng Svvaung
F s EMAVW GTO GOUO aTtd Tn Féon X; = —Xpex WG TN Jéon Xp = Xpay elvonl undévl Avuté oy Vel yia ke
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TeUyog QEYIKNG - TeEMKNG J€ong TTou elvol GUUUETEIKES YURw aTtd To onuelo 1GoEeoTiag. ‘Oumg, yio wio
OTTOLOBNTTOTE UeTATOTIGN aTTd wa Tuyaia déon x; og wa dAAn tuyaio déon xr woyvel

_ (Y L, 1,
W, = (—kx)dx = Ekxl. - ékxf (2.322)
X;

Tov katalafaivete 6Tl Sev elvon amapaltnta (6o pue undév.

‘Epyo e€wtepiniic 80voung oe ehatrpto

‘EGctw wo eEwTtepkn duvaun F, app TOV €QAQUOTETOL GTO GUaTNRO {GOUa}, 6TTwg 6To Zxnua 2.56. Yobéate

Av n dLadikacio TnG Kivnang Tou

o@’uatoq yivetal MOAY apyd, TOTE n
Fapp eival lon oe HETPO Kal avTi-

Betng dopagpe v F, , yia kaBe

XPOVLKN OTLy L.

heet
el

lpp &

i 1H1Aax

xr=—x X = 0

ynua 2.56: ‘Epyo eEwtepikic SUvaung ce aiua Seuévo oe AaTiLo.

6T n kivnon tov elatnpiov yiveton amd tn Jéon UeTATOTONG X; = —Xpax ©C Tn J€on xp = 0 (Féon
1oeoTtiag). Kab” 6An tn Sidpkela tng kivnong, To ooud Kveltor TToAY agyd (xwelg emitdyvvon), 1ol
®oTe g KAOe GTIyUn va 1oyVeEL OTL LGOQEQEOTIEL:

Y Fi=0e F+Fy,,=0 (2.323)
N oAM®OS
Fy=-F,, (2.324)

Ac vmroAoyiGoupe To QY0 QUTAG TNG £EWTEQPRNG SUvaung.

= oo 0 1
Wapp = fFapp -dX = f (kxi) - (dxi) = f kxdx = —ékx,znax (2.325)
Xi —Xmax
Me dAlo AGyLo
Wapp =-W; (2.326)

Ievikevovtag, ylo OTTOLASAITOTE UETOTOTILGN ATTO (Lo OQYKNA GE Ulor TeMKA d€on,

Wy = fxf kxdx = 1kxz - 1kxz =-W (2.327)
app — o - 2 f 2 i s :
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Kontoo) Evépyewa

BAémoupe AotV guvex®ds OTL TTEAYULOTL TO QY0 ATTOTEAE] EVOL UNYAVIGUO UETOPOQEAS £VEQYELAC — £GTW
uévo e autd To aTAd cuoTApato TTov cvintdue. ‘Eva kald gpdtnuo eivar “tu cupPaivel e avtiv tnv
evépyela”; ATo ta Alya Ttou €xovue cugnticel — aldd kuplwg ue Bdon tnv kabnuepwin guelpia cag —
kotadapaivete 6T éva evdexduevo eivar vo ueTodAAEL TV ToyvTnTo £vOS odpatog. ES® Aotmtdv épxetan o
TEOTOG TYITOG EVEQYELAGS TTOU T GUVAVTAGOUUE, N OTIOl0. OVOUALETOL KIVRTIKN EVEQYELQL. AG Tnv elgdyouue
ue éva roddetyua.

Aglte To Zxnpa 2.57. Oewovue GTL TO GOUO TOU GYRUATOS OITOTEAE! KOL TO GUGTNUO TTOU UEAETAUE, KO

< Ax -
A B
SF
e
m
e —
v

Y

.~

Yxaua 2.57: Xoua oe kivnon vio emidpacn SUVaUng.

7o oTtoio kwveitan agté tn Féon (A) otn on (B), ue uetardion Ax, €xovrog aQykd wio TayxUTnTa i; = iy
KOl KOTOAYOVTOG Ge wal TayUtnta il = ilg, Moyw emi{Spacng guvictauévng duvduenv ), F. ‘Ectw 6T auth
n cuvigTaugvn etval gtabepn. Avayvwmpitete Tl n kivnon umopel va povtedomondel we emitayuvéuevn ue
otabepn emitdyvvon. ‘Etol amd Tic eflowaoelg tng kivnong da eivor

uz - uz
2 2 foi
I/lf =u; + 20Ax = a = W (2.328)

Toavtdypova, n kivnon umopel va poviedomownbel wg kivnon couatog vItd emidpacn cGtabeprg Svvaung.
A1t to 20 véuo tov Newton, Ja €xouvue

§ F=ma (2.329)
kol dewpwvtag detiki poed TT0g Ta SeLLd, Exouue
2 _ 2
us — us
Z Z f i z : 1Ly 1 4
F=mi— F = MW — FAx = émuf - Emui (2.330)

Avayvweltete o mpwto uéAog; Elvar o opioudg tou €pyov cgtabepng duvvaung. H Svvoaun avti efvan
EEWTEQLKN TOVU GUGTALATOG, OTTOTE TO £QY0 Witopel va Pa@Tiotel wc Wey. 'ETol

1 1
Wy = —mu§ — —mu? (2.331)

H mocdtnta %muz Ya ok el TTAEA TTOAMES POEES GTN GUVEKELD, OTIOTE A TG dwoouue €va KOAG Gvoua:
Ya tnv ovoudoouue KIVRTIKIL £VEQYELDL TOV GUGTAULOTOS (GoUuaTog) kot Ja tn guuPoiicovue ue K. Omdte
TeEMKA

Were = Ky — K; = AK (2.332)

H rwntikn evégyeta ovostagletd o {506 Tng evéQYelag TOU GYeTICeTaL Ue Ty Kivion Tov GiRatog (i Tmv
ueAdv evég guothuotog). Movdda uétpnong tng eival wEo@avag To J, 6Ttws oe kGbe €ldog evépyelag Twou
Ya cuvavtincovue. H tedevtalo oxéon amotedel to mepipnuo Oemenua Metafoing Kivntiking Evépyelac
- ‘Egyov - OMKEE kot umogel va Statumtwdel wg €Eng:
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Oewpnua Metafoiing Kiwvntikng Evégyeiag - ‘Egyov

‘Otav ge éva GUGTNUO TTAQAYETOL £QY0 AITO Ul GUVIGTAUEVR duvAuenmv Kol n uévn aAdayn Ge ouTto
TO GUGTNUA QPO TO WETQEO TNG TAXVTNTAS TOU (i TwV UEADV TOV), TO GUVOMKG €pyo 1GOUTOL UE TN
UETABOAL GTNV KIVILTIKA EVEQYELQL TOU GUGTAUOTOG:

AK = Z W, (2.333)

\.

Acg dovue uepkd Tapadsliyyata.

Iaedderyua 2.28:

Aegto kekMuévo emimedo yovias 6 €xel ehatnpio otabepds k otepewuévo Gto KATw wépog touv. ‘Eva
KOUT{ udcag m toTobeteiton WAV GTo KekMuévo Ge aTtocTtocn d oTtd 1o €AATAQLO, OTIWS GTO
Tynua 2.58. Até tn 9éon auti, To Kouti BAAAETOL TIQOS TO EAATAQLO Ue TovTNTO Uo. MIToQElTE VOu
TEOPAEWeTe OGO Do €xel guuTtieatel To EAATAQELO dTOV TO KOUTL TAVEL GTiywaio Ge neewia;

Xxnuo 2.58: Xdua ge kekAuévo ue glatrigio otn fdon.

Avon:

"Ectw 41t To ghatiglo gekvd attd tnh déon (A) kor otopard atyptatla otn 9éon (B), apov éxel Siavioet
astéctoon Ax = d+x, pe x tTn guuTiieon tov ehatneiov. Oétouye Toug AEoveES KIVIONg TTAV® GTO KEKAUEVO,
SdnA. o dtovag x'x Peloketar WAV 0TO KeEKMUEVO Ko 0 Y'Yy kAOeTOg 0 auTd. Oewovye DeTIKES POQEES
16 guupatikés. Oswpovue wg cuoTnua To {cwua}, Tou elvon pwovoueAés kow un oagtopoveuévo. ‘OAeg ot
duvduels Tou Tov ackovvTol lval eEwTEQIKES, Kaw elvar n §Uvoun tov Pdeoug, n kdBetn dvvaun ard To
KeRAEVO, ko n SYvaun tou gdatngiov (Gtav To coua ETdcel kovid tov). Aeite Tic duvduels TTov Souv
oto oynpa. H dvvaun tov Bdpoug avalvetar ge U0 GUVIGTHOGEG,

Fy, = Fg sin(0)i, Fy = Fy cos(d)] (2.334)
Ba SovAéwouue gtn dadpoun A — B. Ioyver to OMKEE e auti tn Stadpoun kKol SLOTLITOVETAL 06
AKpop = ) Wex = W+ Wr, + Wr, + W, (2.335)

ue 6Aa ta €pya va vitoAoyicovta gtn dtadgoun A — B. Apa
1
Kp— Ka =0+ Fysin(0)Ax + 0 + (o - 5kxz) (2.336)

Ta 8vo €oya, Wy, Wi, 1000vtan pe undév Adyw kabetdtntas tov Suvauemv 6Tn LeTATOTIGN TOU GOUATOS,
eve To €Qyo Tng duvaung Tou eAatngiov Slveton wg

L o
—kxp=0-

1
5 —kx% = —Ekxz (2.337)

1, 1
Ws=§kxA— 2
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Yvuveyitovtog
1 2 . 1 2
0- émuO = mg sin(0)(d + x) — ékx (2.338)
1 1
5’“2 — mg sin(f)x — (imu% +mg sin(e)d) =0 (2.339)

"Exovue Aowmtdv éva stoAvdvuuo devtépov Babuol g TTEog X, To oTtolo €xel piteg

mg sin(6) + \/ (mg sin(6)? + 2k (% + mg sin(G)d)
k

X9 = (2.340)
A6 116 Svo plteg Jo emAégovue Tn ek, yatl n guusiieon tov elatniov yivetor wog T JeTIKN POEAG
Tou dgova x'x.

Haedderyua 2.29:

O @iAoc cag Téher va avePfdoer To Puyelo Tov e €va @oETNyd TTou Peioketal ge Vyog h, xEnoL-
UOTTOLOVTOG (ol ARITa VITé ywvia 6, éTtwg 6To Iynua 2.59(a). Av 1o kdvel ye gtabepn tayvTnta,
woxveitetar 6Tt Ja astoutndel AydteQo €pyo amd uéEoug Tou av To UnKkog tng edustag L avEnBSL
"Exet 8ikio; Oemnaote ®g GUGTNUO TO WPuYelo Ue TO KAEGTOL UeTAPOoEAs kol 6Tl n dvvaun F mov
aokel ato Youyelo elvar gtabepn.

Xxnwo 2.59: AvéBacua puyeiov Ge poETRyo.

Avon:

Ac oyedudoovue 1§ duvduels eTtdve GTo Yuyelo, OTTwg ato Xxnua 2.59). "Exouue tn Svvaun F mou aokel
o @iloc Gag Gto WYuyelo, n dVvaun F, ¢ = B tov Bdpoug Tou Wuyeiov (n SYvaun TTov ackel n I'n gto Yuyelo),
kow n kGOetn Svvaun 77 arrd th edusta 6to Wuyeio. ‘Ectw 4L 0pltovue éva GUGTRUO GUVTETAYUEVOV UE TOV
dgova x’x va givar TTapdAAnAog otn edutta ko availvovue 6ceg duvduelg dev eivar cuvevBelarés ue Toug
dgoveg, 6Ttwg n Svvaun tov Bdeous. Oewpovue VTR POEA TTEOS TO AELETERS UEQPOS TOL dEova (TTEOS TO
@oQTNnyd) KAl £€6Tw OTL n kivnon yivetow amd to onueio (A) wg to onuelo (B). To gvetnua wog eivor to
{wuyelo + kadtol} (M éva wuyelo pe pddec @), uwovouerés (GTnv ovcia) ko Un asropoveuévo. Asdouévou
6L Kwveltow pe otabepn (Gyvwotn) toyvtnto, katalapaivouye 6t n tedevtaio do elvar (Sio 1660 GTO
onueio (A) otn Bdon tng pdutag, 6o kal 6To gnuelo (B) dtav @optwdel to PoETnyd. OTATE Ol KIVILTIKES
EVEQYELES TOV GUGTAUOTOS GTa dvo cnueia Yo etvan {Seg! Agau:

AKap=Kp—K4=0 (2.341)
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Agté to OMKEE amd 1o onuelo (A) oto onueio (B) €xovue

AKA_)B = WF + WBX + Wn + WB_V (2342)
0=Wrp+Wp +W,+Wp, (2.343)

Magatnencte 61t W, = Wp = 0 apol ol avticTtotxes Suvduelg eivan kdBeteg aTn UeTATOTIGN TOV Puyelov,
0TtdTE TO €QYy0 TOUC elvan undevikd. ‘Etal

0=Wr+Wp +0+0 (2.344)
0=Wr+ Wp, (2.345)
Wr = B, - AX (2.346)
= —B,Axcos(m) (2.347)

= —mg sin(f)L cos(r) (2.348)

= mg sin(0)L (2.349)

KOL OTTO TNV TELYOVOUETELO TOU GYAUATOS €X0UUE
Wi = mgh (2.350)

[Mapatneovye 6Tl To €pyo Thg dvvoung F 8ev egapTdTol aIrd To unkog tng edutag L. Apa o @idog wog dev
éxel Sikuo.

Ioaedderyua 2.30:

Avo gtabepéc duvduels ackovvTol Ge éva goua wdcag m = 5 kg Tov Kveltdl GTo xy €TiTiedo, OIS
oto Xynuo 2.60. H dvvaun F éxer uéteo 25 N ko ackeltan vITd yovia 35°, kol n dYvoun Fy €xel
ugétpo 42 N kot ackeitar VIO ywvia 150°. Tn xeovikhi ctyun ¢ = 0, 1o goua Beioketar Gto gnueio
(0,0) ko €xer ToyvTnTo (4 m/s)?+ (2.5 m/s)f.
i. Ekppdote Tig Suo Suvduelg ue yorion uovadialov Stavuoudtmy.
il. Bpelte tn cuvigTauévn Twv Suvduemv TTOL OOKE(TAL GTO GHOUA.
iii. Aelgte 611 n emTdyUVON TOL GOUATOS LGOVTOL UE

-

a= % = (=3.18 m/s?)i + (7.07 m/s%)] (2.351)

iv. @ewENGTe T XEOVIKA GTyun t = 3 s. Beelte
(@) Tnv TaxvTNTo TOU GOUOTOS
B) tn Y€on ToL CWUOTOC
(V) TNV KWNTIKA TOU €VEQYELD, UE TN GYEaN %mulz:3
©) Tnv KnTKA TOv eVEQYeLa, UE TN GYEan %mulzzo + Z(ﬁ - AP)
€) Tv cvumépacuo urtopeite va BydAete amd TIC ATAVTAGELS GAS GTA VO TTOQATIAV® EQW-
TAUOTAL,

Adon:
i. Ou vo Suvduelg ypdpovtor wg
Fy = 25(cos 35°7 + sin 35° }) = (20.5 N)i + (14.3 N)} (2.352)
Fy = 42(cos 150°7 + sin 150° }) = (-36.4 N)i + (21.0 N)7 (2.353)
ii. ®a elvar
Z F=F +Fy=(-159 N)i +(35.3 N)J (2.354)
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35.0°

xnuo 2.60: Epapuoyn OMKEE kal n Gyéon Tov ue TV KIVATIKH.

iii. H emtdyuvvon 1ou 6OUATOS LIGOVTOL Ue

-

3 F

d==" = (=318 m/sH)i + (1.07 m/s?)] (2.355)
m
iv. Tn yxeovikii gTiyun ¢t = 3 s,
(@) Ya eltvan
ily = il +dr = (=5.54 m/s)i + (23.7 m/s)] (2.356)
®B) Ya evar
1 S S
Pp= 7+ ilit + 5&72 = (-2.30 m)i +(39.3 m);j (2.357)

) ue n oxéon %mu?zg ~ 1.48 kJ
©) ue tn oxéon %mu?zo + Z(ﬁ- AP) = 55.6 + 1426 ~ 1480 J, SnA. 1.48 kJ
€) To Yewonua ueTafoAg KIVRTIKAG evéQyelag - €Qyou elval guveTtés pue to 20 véuo touv Newton.

Hoaedderyua 2.31:

‘Otav évag odnydg Tatdel To yrdAQ oe €va akivnto ouTokivnto, To ovtokivnto emitayvvel. o ta
TEOTA Alya SevTepdAeTiTa TNG KIVIGAG TOU, N €TITAYYVVGN TOU QUVEAVETAL UE TO XEOVO GUUE®VO UE
v €REEacn

a() = 116t — 0.21¢* + 0.24¢° (2.358)

Ue ¢ To XP6VO Ge SEVTEROAETITOL KO Thv emitdyuven a(f) oe m/s?. AelEte 611 — agrovcio TEPGV i
GAMG OTTOAELOS EVEQYELOS — N UETABOAA GTNV KIWWNTIKA EVEQYELOL TOV OWTOKRWVATOL pdgog m = 1160 kg
Katd To Stdotnua £ =0 wg t = 2.5 s eivon 1.38 - 104 J.

Avon:
I'vwpltovpe 611 n emtdyvvon amoteAel Ty TEAOTN TORAYOYO Tng ToyvTntag, doa da meétmel va oAoKAN-
E®WGOVUE TN GUVAQRTNON ETITAYVVONS WS TTEOGC .

t f
u(t) = f a(u)du = f (1.16u — 0.21u* + 0.241)du (2.359)
0 0
M2 I/t3 Lt4 t
=116— — 0.21— + 0.24—] (2.360)
2 3 4 1o
= 0.582 - 0.07* + 0.061* (2.361)
INo t =0, u; = 0 amd erkewvnon. Xe t = 2.5 s, Ja €xouvye
up = 0.58 - 2.5 — 0.07- 2.5° + 0.06 - 2.5* = 4.88 m/s (2.362)

Apa n ueTafoAn gTnv KIWVRTIKA evéQyela, dedouévou 6Tl apykd To avtokivnto ntav akivnto, da elval

1
AK=K;—Ki=K;-0= 5mu§ =1.38-10*J (2.363)
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Ioedderyua 2.32:

M dvvaun ackeltar ce éva gopo 3.0 kg kL ovtd Kveltow pue Pdon tn oxéon

x(f) = 3.0t — 4.0¢ + .07 (2.364)

ue x oe U€tpo Kol ¢ Ge SeuteoieTita. AglEte Tl TO €0yo Tng dVvaung amd f = 0 wg ¢ = 4 sec elvan
Wg = 528 J. Oewpncte wg GgUGTNUO TO GOUOL.

Avon:
I'vwpitovpe amd T efiodoels tng Kvntikic 4t n gtiywalio toxvtnto eival n wedtn JTaQdywyog Tng
cuvdptnong déong x(t), Sn.

d
u(t) = —-x(t) = 3.0 = 8.0 + 3.0 (2.365)
koL avikabieTdvtog yia £ = 0 ko £ = 4 s, waipvouue
u(0) = 3.0 m/s kow u(4) =19 m/s (2.366)

Amé 1o OMKEE emtdveo 6T0 cvothuo {GOua}, Lovoueddés Kol un agtouovaousvo, otn diadpoun (A) wg (B),
éxouue

1 1
AK = Wp & Wg = §mu(4)2 - Emu(O)Z =528J (2.367)

Hoedderyua 2.33:

Katafétete og el8ikdg/n wdotueos G wia TeRITTOon aTuXARATog, dtav éva autokivnto A xtiTnce
GT0 T{CW UEEOS €vOC AUTOKWVATOU B, TTOU ATOV GTALATAUEVO GTO @avdgL oe €va dpduo ue kAion
6 = 12° spo¢ Ta KATw, 6T oto Xynua 2.61. To audgia elyav astéctaon d = 24.0 m dtav o
odnydg tov aupaglov A mdtnoe @EEvo kol To audgl Tou deyloe vo oAgBaivel. Bpnkate emiong ot n
ToyUTNTO TOU ooy A Tn GTIyUl JToV TTaTAOnkov To eEEva ntav uy = 18 m/s. Me gtold Tayvtnia
To avtokivnto A xTUTNnGe 10 B av o guvteAeaTng TOIPNG oAicOnong ntav

(@) 0.60, e GTeyvod Spduo

®B) 0.10, oe dpduo katvuuévo ue vyed EUAAG 8EvEpwv

g 9y

Yynua 2.61: Xyrnua Acknong 2.33.

Avon:
TogtoBeToVUE TOUG GAEOVES LOG TTAV® GTO KERAWUEVO, Ue Tov dgova x'x ToQAAANAO ue To kekMUévo. Bewo-
vue w¢ TeTkES POoEES TTEOG TN BAGN TOU KEKAMUEVOU KO TROS TO. TtV yia Toug dfoveg x'x, y'y avticTouya.
‘EGto 0 gUgThua {avtokivnto A}, LOVOUEAES KOl Un OTTOLOVWUEVO, GTO OTTOL0 OLGKOUVTAL Ol EEMTEQIKES
duvduels tng TEPNG, Tou Pdpoug, kot Tng kabetng SYvaung agtd to kekAMuévo. To autokivnio A extelel
evBvypauun ouald emitayvvéuevn kivnon atov dgova x'x pe emmtdyuvon dy. Oa Selfovue tn Aon 660 ue
Néuovg touv Newton 6Go kat ue 1o O@MKEE.
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(@) Egoapudtouue to 20 véuo touv Newton Katd Tnv KATABACGN TOU QUTOKIVATOU Kol €XOUUE
> Fy=mi, & Fy + fi = mid, = Fy, - fi = ma, (2.368)
To c®uo 160eEoTel oTov dfova y'y, oTtdte amd tov 1lo véuo Newton €youvue
Z ﬁy =0 =i+ mg cos(f) = 0=n- mg cos(8)0 < n = mg cos(6) (2.369)
omoTe n duvaun tEPrc oAMcOnong Ja eivan ion ye
Jie = pn = pemg cos(6) (2.370)
Me ui = 0.6, Tapvouyue
mg sin(f) — ugmg cos(6) = ma, < a, = gsin(f) — uig cos(d) = —3.72 m/s? (2.371)

ue To aEVNTIKG TIEOGNUOo vo onuaivel 6Tl To oudgl emiBpadvvetor (OTTwes avapevétav). Me aQyiki
ToyvTnto u; = ug = 18 m/s kow aswécgtocn d = 24.0 m getTagd Tov oxnudtwov, oo Th yvootn eglcnon
Tng eqtoyuvouevng kivnong otov x’'x

W5 = uf +2a,Ax & uy = \Ju? + 2a,d = 12.07 m/s (2.372)

EvaAlokTtikd, epoudétovue 1o GMKEE gtn Sadpounn A — B:
AKs g = Wfk + Wng + W, = Wfk + Wng +0= Wfk + WFgX (2.373)

Ve ~ = z 7z ré 7 z z 7,
ue g duvduels fi, Fg , va elvar ov uéves oL TORAYOVV £QY0 ETTAV®D GTO dxnuo. Ao

AKs_p = —frd + mg sin(0)d (2.374)
Kp — K4 = —ugmg cos(6)d + mg sin(6)d (2.375)

1 1
ému% - émui = —upmg cos(6)d + mg sin(6)d (2.376)
ug = \/uf‘ — 2uig cos(0)d + 2g sin(0)d = 12.072 m/s (2.377)

epopuotovtag Savd tnv 16oeeoTtio kar Tov 1o véuo Newton ctov dgova y'y.
@) Esmavalaupdvovtag ta Trapamdve Priuata, Pelokovue agyikd 6t a, = —1.1 m/s?, kow n teMkh Ta-
xvtnto elvan up = up = 19.385 m/s.

Avvauiny|) Evépyela

Q¢ TOEA GUINTAGOUE YL TNV TIEAON EEWTEQIKOV Suvduewv G éva GUGTRUA EVOS UOVO GOUATOS. L€ QUTAV
Tnv ToEdyea@o Ja wAncovue yio Vo N TEPLEGATEQO COUATO KOG UEAN EVOS GUGTARATOS KL TIS EGOTEQL-
K€ Suvauelg Tov ackoUvTol UETOEY Tous. Me dAAa Adyia, da fdAovue GTnv KOUBEVTO KAl QITOUOVOUEVA
cvotiyota. Tiu evepyelaxkd véo €xouv va (OGS TTOUV GUGTAUATO TTOU eV AAANAETIOQOUV eveQyelard Ue To
TEQRAAAOV;;;

Oewpnate wg cuatnua to {fifAlo, T'n}, dmwg oo Zynua 2.62. MetatoTtitouye KATAROQUEO KAl TTOAD
oevd (ol hote D, F y = 6) 70 B0 aTtd wa Yéon (A), 6e agykd vwog y; = y4 6e wa FEon (B) ce vwog
Yf = yB, UWECW €EOTEQIRNAG Svvaung F app- Katadafaivete 6TL n evépyelo Tov GUGTAUATOS OWEAvVETUL AdYw
TOU €QYOV TNng ﬁapp, Tov efval Jetikd (BUvaun kol pUetatomion oudEEoTeS), SnA. ueTa@éQovue evépyela
GTO GUGTNUO AvuPOVovTag To PPALo. Ot udveg duvduels TTov AGKOUVTOL GTO GUGTUO lval n dUvaun Tou
Bdpoug (eowTepikli GTO GUGTNUO, UETALY TwV UEADV TOU) Kol n dUvoaun aviypwong Tov PiMov (eEwTepikn
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I'H

ynua 2.62: Yvotnua PifAiov kot I'ng.

010 oUoTNUA). AvAueco GTnv aEykil kKol gtnv TteMkn déon dev virdeyel kauld UETAPOAL GTNV KIVRTIKA
EVEQYELOL TOU GUGTALATOG, a@oV kol 6Ttn Jéon (A) kaw gtn (B) to PipAlo €xer tnv (o TayUTnto (kvnbnke
xwelc emtdyvvon). H evépyela sou eigdyaye GTo gUGTnUa Sev UETATEATINKE GE UETABOAN TNG KIVITIKAG
eVEQYELOGS, AQO TIRETEL va, €xel aItodnkevTel 6g SLa@oEETIKI HoQEn!

Ag okepTovue 6Tl o PBiPAlo Yo TEcEL 6TO VYOG y; = Y4 av TO apncoovue attd tn déon (B) Trov To
avepdoape. OTtdTe TO PPALO (KO TO GUGTNUO, KAT ETTERTACN) TTAEOV UETAPAAAEL TNV KIWWNTIKA TOU EVEQYELOL
TEPTOVTAGS, Aoy emitayvvetaw LG Tnv emidpacn tng dvvaung tov Pdeovg tov. Ildg améktnce Tnv
evépyela Tov odnynce otn UeTABOA TG KIVRTIKAS TOU evéQyelag; I1popavaig TTRoépyeTal aItd To £€QYo Tng
dvvaung F app KOTA TV avdypwacn tov BifAlov vweitepal H evépyeia mov Atav asrobnkevuévn GTo cucTnua
TEW TO UéAog Tou (BAlo) apebel va Ttégel ovoudieTon Suvauki evépysta. Ag dokydoouye Ty svvowt
TOU SQYO‘U yloL Ty €£mTEQIRN dUvoun Tou ovupdvel 6Tafepd (ToAY apyd) To PBAlo, €Tl doTe F app = =—F o
ue F, ¢ Tn 8vvaun tov Bdeoug Tov ackel n I'n gto PiAlo. Oa eivan

Wapp = F, app - AV (2.378)

= Fapp) - O0p = 0] (2.379)

= Fapp) - 8 = ya)] (2.380)

= mgyp — mgya (2.381)

= Ugy — Uy, (2.382)

= AU, (2.383)

ue

Ug = mgy (2.384)

v grepipnun BauTikn dvvamwkn evégyeta. OTOTE TO €QY0 TNG £LWTEQIKNAG dUvaung F, app KOTA TNV o-
voywon tov BAMov wovTan ue th ueTafoAn 6Tn BAQUTIKA JUVAUIKN £VEQEYELD TOV GUGTARATOC.

Apaye T Ja Beovue ov vitodoyicouue To £pyo Tng duvaung tov Bdeoug otnv (S Stadpourt;

Wr, = Fy - AV (2.385)
= ~Fof vy =] (2.386)
=—Fgj (g —ya)J] (2.387)
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= mgya — mgyg (2.388)
= Uy, — Uy, (2.389)
= —AU, (2.390)

z A Vé = Z 7 7 7 ’
Omdte t0 €oyo Tng dvvaung tov Pdeovs Fg katd tnv aviypwon tov BifAlov GovTal ue Ty aQVRTIKA
uetapoAn otn BaQUTIKN SJUVOUIKN £VEQYELOL TOV GUGTAUATOG.

Ye monyovueva Jropadelyuata eidaye 6Tl To €Qyo TTov TTaRdyeETAl G €va GUGTRIA UTToQEl va 1Goduval-
uel pe YeTABOAM GTRV KIVITIKNA EVEQYELDL TOV, TTOU UETOPQRATETAL GE KIvnon TV UEADV TOv. XTO JToRddelyuo
TIoV ougntdue eldope 6Tl To £QY0 TTOU TTORAYETAL ELPOVITETOL WS PAQUTIKA SUVOUWKA EVEQYELD GTO GUGTNUO,
TOU avaItoQleTd wa aldayn atn drdtagn/Siaudée@waen/civieon Tov UeEA®@V ToU GueTRLATOS. Me AL
Aoy, Suvauikn evépyela uITopel va viGTaTal uoévo Ge GUGTRUA TOVAdXLGTOV V0 GoudTtwve. Ttnv Tedsn,
TEETTEL TTAVTO va TAEYoUUE (ol SLATOEN TV UEADY TOV GUGTALATOS (BldTaEn avamoeds) 6ITov n faQUTLKA
duvaukn evépyela elvar undeviki — 6TTw¢ n emipdvelo tng I'ng, yio mtapddetyua, émov dewpovue 61l y = 0.
Omoladnimote petafoAin otn déon kATTolOV UEAOUS TOU GUGTALOTOS GE GYEGN Ue Ty eTtipdvela Tng I'ng da
odnyncel ge UeTafoA Tng POQUTIKAG SUVAUIKAG €VEQYELOS TOU GUGTAUOTOS. ITOAAEC @oEéc To TTEOPANnUA
uag “kabodnyel” oyetikd ue tn BoAkdteEn eTAOYR Yo Th SLATAEN avaPOoEds.

Apaye n uévn SUVAULKA eVEQYELA TTOU VITAQXEL GTn @Uon elvar n faputiki; H astdvincn eivol — evtuxdg
n duotuxds — ol © BOa dovue aUEomS TOEA Wo dAAN LoEEN SUVAULKAG evEQyelas TTou uItoel va €xel
éva, ovoTnua. AG ETOTEEWYOVUE GTO GOWO deudévo oe eAATAELO Ko O¢ dewprncovue avth T @oed 6Tl To
ovoTnua wag efval To GOUO Kot To EAATAQLO (KOl d)L WGVO TO GHOUA, OTTwG elyaue JemENGEL GE TTEONYOUUEVES
Tapayedeoug)! H §vvaun tou gdatngiov eival TMEO €0WTEQPIKA GTO GUGTNUO — OTTWS NTov n dYvaun Tou
Bdpovc gto cuotnua {BpAio, I'n} sow. “Exouvue non Sel€er 4Tl yio wio €EmTEQIKA dUvaun JTou ackelTol
ETTAV® GTO COUO-UWEAOS TOU GUOTALOTOS LoYVEL GTL

Wapp = ij kxdx = 1kx2 - lkxz (2.391)
app = =9y T :
X;

BAémete GTL TO €Qy0 TTOL TWOQRAYETAL GTO GUGTRUA ATTO Widl EEMTEQIKA SUvaun e£0QTATOL AITO TRV OQXKA KoL
Thv TeMKA J€on Twv UeAd®v Tou GUGTAULATOC, Ge GxEéon e tn Jdéon @uGkoy unkouvg tou eAatngiov! Eivow
KL aUTS AOLTTOV pia uetafolni atn Sidtagn/cuvleon/Siaudoppwon Twv ueAdv Tov cuatrigatog! Aovievovitag
duota ue To Toeddetypa ue to Bipiio, €xouvue

X 1 1
Wapp = f kxdx = —kx?% — —kx* (2.392)
app . 2 f 2 i
=Us;, - Uy = AU, (2.393)
ue
1
Us = 5kxz (2.394)

TNV EAAGTIKN SUVOUIKN EVEQYELOL TTOU GYETiCeTal Ue To GUaTnua {oopa, elatnglo}. Ilopatnprncte 4T
KoL €M, TO €QY0 TNG €EMTEQIKNAG SUvoung tGovtal pe Tn UETOPOARL GTNV eAAGTIKA SUVOUKA EVEQYELOL TOU
GLGTALATOG. Ag voulTm vo cag ekTTANEEL OTL eTtedn €xovue SelEel dTL ya To €Qyo Tng dvvoung Tou eAatngiov
LGYVEL

1 1
W, = 5kx? - §kx§ (2.395)
TOTE WITOEOUVUE VA yedwouue
Wy = =AU, (2.396)

8H coudtov kol TeQLoyig evég x®eov, 6Twg Ja §olue apydTeQo GTOV NAEKTOLGUS.
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Ag cuvoypicouue ta dvo Tragadelyuata yia vo evtoTticouue ouoldTNTES Kol SLopPOQREGS:
e Xvotnuo {chpa, I'n}
- IMoAvuelég
- Baputikn duvoukn evépyeio: U, = mgy
- Aldtogn avagopds: cuviBwe n eTti@dvela g I'ng (y = 0)
e YVotnuo {cwua, eAaTiELo}
- IToAvuelég
- EAactikn duvaukn evépyeia: U = %kx2
- Adtagn avagopdg: n déon 1oopomiag Tou gdatngiov (@éon @uaokol puikouvs — x = 0)

o Kail 6Tic §uo TeQUITTOGELS, 0L Sra@oEEg Suvalllkig evépyelag elyov onuacia, KL oyl oL TWES OUTES
ko® avtéc e kATOW StdTatn TV UEADV TOU GUGTALATOG!

KataAtyouvye Aowgtdv va €xovue S0 LoREES SUVAUKNG eVEQYELAS (WS TOE):
e Baoputknn Avvauikn Evépyeia
o EAactikin Avvauikn Evégyeia

Ocpuuxr Evépyeia
Ag dolue wo teAevtalo poeen evépyelag Jtov uItoel va éyel éva guatnyo. Agite 1o Zynua 2.63. OewEnaote

— Ax —>
—a ' v | _»”*
f, A | —Y > Y

"

xnuo 2.63: Bifiio Ge Tpayid emipdvela.

0Tl To guaTnpa uog etvon to {BipAio}. "Ectw étL wa otabepri ogigdvtia Svvaun F OTRWYVEL TO AdN KIVOUUEVO
ue aEykn Toyvtnta u; = us PpAlo emmirayvovids to agd wo Jdéon (A) oe wa Yéon (B), uetatoTtitoviag to
KOTd Ax TIQ0G To SeEId TTdve oe “TEod” eTLPAVELD, TIOU VITOSNA®VEL TTOEOVGT0. TEIPAS oAlcBnong f; To
BipAlo poviedoToteital ws coua vId emidpacn ctabepng dvvaung, omdte o 2o¢ Néuog Newton pag diver

Y. Fi=mi, = F+fi=ma, = F - f =ma, = F = ma, + fi 2.397)

To BPAlo povtedoToleiTor TOVTOXEOVA WG GO0 VTG oTabepn eritdyuvon, oTrdTe aTtd Thv flcwon Tng
KIVNTIKAG €0UUE

u% — u?
4
W = uf + 2a,Ax = a, = A (2.398)
KoL 4o
uz. - uz
F=fi+mLt—' & FAx = fihx+ AK & W = -Wj, + AK 2.399)
X

av avayvwpicovue 4t
—fiAx = fyAxcos(n) = fi - AX = Wy, (2.400)
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WG TO €Qyo Tng Suvaung TEPNRS TTov TtapdyeTol TTAve oTo PiAlo. OToTe av déoel kavels To ep@dTNUA “TTOU
TIAYE N EVEQYELQL TTOV UEeTAPEEONKE GTO GUGTNUA UWEGK TOV £QYOV TNG F.", n azmdvnon eivar 6w UETATEATINKE
KOTA KATIOL0 TT0GOGTO 08 AENGN TNG KIWWNTIKNG £VvEQYELOS TOV BAiov Kol KATA KAITOLO TTOGOGTO GE
avenon tng depuokQaciog Tng emi@Avelag kow Tov BifAdiov, Snid. tov cuatiuatog {fipAio, emipdveial!
H Ttogdtnta evéQyelog TTou UeTATRATINKE Ge avEnon JeQUOKQOGIOC TV ETILPAVELOV LGOVTOL UE TN UETAPOAR
GTn GUVOMKNA JepUoKPAGia TOV GUGTALATOGS, KAOMDS N EVEQYELDL VT UETATQATINKE GTNY TeRipnun deouikn
EVEQYELOL TOU GUGTAUATOC: n eTTLPAveld Ko To PifAlo JepudvOnkav! Xto e€ng, da ovopdgouue tnv evépyeia
Tov gyetitetan ue tn deguokpacia evdg cuaTnuatog wg Yeuikn evégyeta kail da tn cuufolitovue ue Ey.

Me 1o cuupoAioud avtd, ato TaEddetyua ToU cugntdue Ja £xouvue
AEy, = =Wy = filx (2.401)
Drdoaue AOWTTGV GTO GnUelo TTOU UITOEOVUE VO GUVOWPICOUVUE TO (8N EVEQYELOS TTOU GUVOVTAGOUE:

Evépyeia Moabnuatiki uoeen
1
Kwntikn K = imuz
EAacTikii Auvaukn U, = ékx2
Boaputikin Auvaukn Ug = mgy
Begpuirn E; = fildx

ivakag 2.7: ITivaxkac Xxécwv Evégyelag.

2512 Awypdupota Evépyetac

"Evog €£aupeTkd XENOIWOS, GUVOTITIKOS, GUUTTAYAGS, Kol EVANITTOS TEOTIOC VA, TTOQOUGLAGEL KAVEIS TIC EVEQ-
velakég petafoléc Tov cuufaivouv ce éva gietnua eivol LEGw Twv Tepipnumv dtoyeauudtonv evEQYELag.
Ta Sroypdupato evégyelag eivar QOPSOYQRAULATIKES OVATTOQOOTAGELS l860UC EVEQYELOS - TTOGOGTOU QUTAG,
ToU umoeel kavelg va oxedidoer 0 KATAAMNAL GTiywldTuTia, €vég cuotiuotos. Ag dovue to Sidypoy-
ua evégyelas ya éva cuatnpa eAatngiov - copatog. Aegite 1o ZxAuo 2.64 kot dtafdote TEOGEKTIKA Ta
eqregnynuaTikG oxéMa ota TtAaiow kdbe oynpatog.

Yuvolikéc Iagatnencelg

1. Two va, WARGOUUE Yo SUVAUIKES EVEQYELES (KAOE LOQEPNG) YEELOCOULOGTE TTOAVUEAR GUGTARATO
(BueM ToUAGYLGTOV).
e H §vvoun mou gyetigeton ue tn Suvakin evégyela TTRETEL va e{val EGOTEQELKN GTO GUGTN-
uo. Guunbeite:
- 8vvaun tov Bdpous oto cvatnua {odua, I'n}: oyetitetar ue tn BoQUTIKA SuvoUKki
evépyela
- 8VYvaun touv edatnpiov GTo gvctnua {eAatnlo, coual: Gxetitetal pue Tnv eA0GTIKA
Suvaulkn evégyela
2. T va wAncouue yioo deQUIKN €VEQYELDL XEEL0COUAaTe Eavd JToAVueA cuoThpata (StueAn
TOUVAGYLGTOV), ue To €vo. u€Aog va elvar kdgtolo pun Aelo emipdvelo wouv oMcBaiver éva dAAo
WéAOG TOU GUGTAUATOC.
e H 3vvaun gtov oyetitetan ye tn depuiki evégyela eivol EGOTEQIKN TOU GUGTALATOS. Ou-
unBeite: dvvoun TP oAlginong gto cuoTnuo {ooua, TEAXLA eTTLEAVELOL}
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[Ty To EADTIPLO GUPTILE-
otEl, fev unikpye evipyEa
070 GUOTT|R EARTTPLOU-
O PO ToE.

| Draw o EAQTIPLO CURTTIELE-
| TOL PEPLKLE, 1] OALKT) EVEQYELR |
" tou cUOTHpPATOS Eivan sAa-
OTLKY) SUVEILET EVEpYELL.

To sAaTHPLO CURTMIELETOL OTO
peyioto Babud, wal To cropx
_ kpatziton otabepd. Ymaprst
" ZloorTng] Svvapndd svipyeia
oto ovotTpa ko kel ddou
KAVT| TLKT) EVEPYELL
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SVEPYELE LSIGIVETHL KEL 1)
KIVHTLKY SvEpysLla oufdvsTol.
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UE To SEAaTiplo, 1 ouveAik
SudpyELE TOU GUGTHRATOC
slveee wivr Tk evépysio.
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Yynua 2.64: Ataypduuata EvEQyelas GuaTRUATOS EAATREIOV - GOUATOG.

Moot Egopuoyfic Auvouixey xou Ogpuixav Evepyelody

Xpetagduaate €va “eve@yelako TAALGLO” LEGO GTO OTTO{0 UITOEOVUE VO EPAQUATOVUE TIS VEES QUTES EVEQYELAL-
kég uetafolréc. Twatl; Aev €xovue nén 1o OMKEE; Avatuydg, 1o OMKEE a@popd pwovouegAn (i woAvuein
GUGTAUATA UE GAOUATO TTOU KWWVOUVTAL OGS €va) GUGTALATO, OTTOU Ol EVEQYELOKES UETOPOAES TTOU TTAQOVGL-
dooaue ek@EALOVTOL UEGOU TOU €@yov Twv aviicTtoywv duvduewv. Ta wapddetyua, yia éva uwovouedég
GUGTNUO. GTO OTTOL0 TTARAYOUV €pyo GAeg oL mBavés duvduels Ttou €xovue guvavinael, 1o @MKEE da pag
Siver

AK = Wrp + Wy + Wg, + W, (2.402)
EiSaue gty 6T
Wy = -AEy, (2.403)
W, = Uy, — Uy, = —AU; (2.404)
Wi, = Uy, — U, = —AU; (2.405)

AEN umogovue va e@apuocovue ovtég Tic aviikatagtdaels ato OMKEE, kabwng ev opitovtan yia wovouenn
GUGTAUOTA — YENGLWOTIONGOUE TTOAVUEAELD Yia Ty eloaywyn Toug! DPuokd kaveic 8e wog agtayoevel vo
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vedwovue
Wy, = —fildx (2.406)
Wg, = mgy; —mgyy (2.407)
1 1
Wr, = 5kx? - Qkx§ (2.408)

KoL vo. AVoouue to dmola TteoPAipato, aAld Sev ustopovue va ovogepbolue e ueTaPoAég evéQyelag
Jéeav ng Kwwntikng ¢to @MKEE!

Apaye TTOL0/0 EVEQYELAKO/A FE@ENUA/TO UITOQEL VO LG ETILTEEWPEL/OVV VA YENGLULOTTOULGOVUE KOAT
evleiov TIc SuvaUIKEC KAl DEQUIKES EVEQYELES TTOV YV®OEIGAUE;;

LuvTnenTixéc xol Un cuVTNENTIXES BUVAUELS

IIpog tnv katevBuvon TOU TTEONYOUUEVOU EQMTALOTOS, 05 GUINTAGOUUE TIEWTO UeQIKA Tdyuato. Ocw-
onote 1o Zynuo 2.65. ‘Eotw 6Tl To gvotnua uag elvon {n ymdia, to emikAvég, kow n I'n}, srolvueAéc.

u=0

Yxnwo 2.65: Xvetnua prwrdiag, ewrikAivoug, kat I'ng.

Aopnvouue tnv urtdAa ogtn 9éon (A) va oAcBncel — ue TEREC — TEOCS Tn Pdon Tou eTkAvOUg, Gtn Jéan
(B). H asmtéctaon mwov oMcBaivel n witdAa GTo eTKAVES TTaQouGia TEPNS oAlaOnang €xel ueydin cnuacio
VlOL TO JTOGNn SUVAULKH EVEQYELD TOU GUGTHUATOS aTn Jéon (A) uetatpémetal ae depuikii otn déan (B). Ka-
TaAafaivete 6Tl 6o peyoAitepn astéaTacn Staviel n UItdAa, 1660 LeYAAITEQO TO TOGOGTS TNG POQUTIKAG
SUVOWLKNG €VEQYELOS TOU GUGTAULOTOS TIOU UETOTEETETAL GE Jeuiki Adyw Tov €pyou Tng SUvoung TEPNG
Tov TTaEdyeTOL 6TO GUGTUA. AQa G QUTO TO GUGTNUA VITAEXOUV SUVAUELS — N TEPN — TTOV TO €QY0 TOVG
££00TATAL AITO TO “UOVOTTATL” TTOV SLATEEXOVV:

Wy = fi- A¥ = —fibx = —fiL (2.409)
Avtibeta, opatnenate tn dvvaun tov Bdeous. To €pyo TTOL TTORAYEL GTO GUGTRUA Efvall
W, = =mgj- (vy = y)j = 0 — mgy; = —mgy; (2.410)

Edd, to £gyo €€oQTdton povo asté tnv aQ)kn Kot tTnv teMkn déon tng uitdiag, yweic va £yet
onuocio To “uovoTtdTtl” TTov Staviel n UItdAo yuo va petafel agtd th wa 9éon otnv dAAn. BAémouue e8¢
AOLTTOV GTL G éva GUGTNUO UTTOEOVV va §Rouv SuVAUELS U0 KATRYOQLOV:

e Yyvtnentikég (conservative): duvduels wouv To €pyo Toug dev egapTdTor amd tn Stadpount Tou Sia-

TEEYEL TO GOUO GTO OITOL0 AGKOUVTOL

e Mn cvvingnrtikég (nonconservative): duvdauels TTov To €pyo Toug €g0pTdTan aTtd Tn SradQourt Tou
SlaTEEXEL TO GWUO GTO 0ITOL0 AGKOVVTAL



2.5.15

2.5 Evépyela 115

OL 6UVTNENTIKEG SUVALELS £XOUV LEQLKES EVOLAPEQOVGES BLOTNTEC:

1. To égyo Twov TAEAYETOL AITO Uta TETOLA SVvaun G €V GOUA TTOU KIVEITAL AVAUEGO GE OTTOLOL-
dnmote dvo onueia eival AveEAETNTO TNG HLadQoung avaueca e AVTd.

2. To £Qyo TToV TTOEAYETAL AITTO uia TETOLA JVvaun G £va GOUO TTOU KIVEITAL GE KAELGTN dradooun
givar undév. Khewoth opiteton n Swadgount wou axoAovbel éva codpa 6tav gexkvd amd wo déon (A)
KO ETOTEEPEL TTAM TH{Cw GE AUTA.

To Zynua 2.66 ggnyel avtéc akEPOS TIS WOOTNTES TWV GUVTNENTIK®OV SUVAUE®Y, Ue Tnv TTEovTéfeon 4Tl n
kivnon Tov coudtov 6To oxAuo o@elletor oe wo cuvtnEnikin dvvapn. Ilpoeavog wia dUvoaun Ttou Sev

B To €pyo TTOU TTAPAYETAl OTN
Sladpopr atmd 1o A aTo B gival 1o
72 i010 yic KABE pia Ao TIG SIABPONES.
A
> Quoia kai yia 1ig d1adpopEg aTro To
C agro D.
C C
| O I
h N h
l \ 5 \_l b
B : R
To £pyo pIag ouvTnenTIKrG duvaung
//X)‘/“ aTro 1o A gTo B kal {ava perd ato A
Ak_ / elval UNdev (KAEIOT Bladpopn)
\\__/_‘/I

Yynua 2.66: I616Tntes GUVINERTIKOV SUVAUEDV.

kovoTtolel £0T® wo aTrd TS TaRATIdve Svo 8dTnteg ovoudieTon wn cuvtnEntiki. ‘Eva tétolo stapddetyua
duvaung efvar n TEIPR oMcOricemg wov pwéig eldayLe.

Mnyovixr) Evépyeia Xuotruatog

Ye éva roduuedéc GUGTNIA UITOROVUE VO 0QIGOVUE UEQLKES EVOLAPEQOVGES TTOGOTNTES OL 0TToleS elvan TTOAY
xonowes atn ueAétn spofAnudtwv. Opltouue To dBpowcua tng Kwntikng, K, kol Tng (0ITOlGdNITOTE)
duvawkng, U, evépyelags og tn Mnyavikn Evégyeia Tov GUGTARATOG:

Epeen =K+ U (2.411)

ITpoGEETe GTL N Unyovikin evépyelo. UIToEel vo. oQLoTel wovdya oe €vo oUCTNUO UE TIEQLOGATEQN It vl
couata, KBNS n duvaukn evépyela dev puaropel va TEokVYel Ge GUGTNULO £vdS copatos. Oa dovue (apke-
Td) apydTepa OTL éva. gUaTnUa Sev elvol aTtaEAiTnTo Vo aItoTeAelTal ATtd “Cduato” yio va €xel Suvauki

JEt)

(kaw dpa unyavikn) evépyela, dumg da mapaueivel “TToAVLeAES” (ATTAG kdTTola WEAR TOoL e Da elval cidpata).

A6 tnv Jreonyovuevn GUTATNON TIEETTEL VA KATAAGBATE — OV KOl OITOSEIKVOETOL KO JTELQOUATIKG —
OTL OL Un GUVTNENTIKES Suvduelg TTov dpouv Ge £vo, TTOAVUEAES GUGTRUA, AAAGEOUV T UNYOVIKIA EVEQYELOL
TOU GUGTARATOG, Ve aviiBeta ol guvinentikés duvduelg tn Siatngovv! Auto eivar €éva Wbialtea xeNowo
YOQOKTNELOTIKG TV SUVAUENV KAl TV AVTIGTO®V GUGTRUATWV — TOGO XENOWO KOl GNUOVTIKG TTOU UITOQET
va StatuTtwlel wg evepyelard dedpnua: elvar n mepipnun Agyn Atatingnoeng tng Mnyavikng Evépyelac
- AAME!
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Apxn Awatriipnong tng Mnyavikng Evépyeiag

H petafoAi tng unyovikng evégyelag evog astouovouévou () moAvueAoVs GUGTARATOS GE Ul Sia-
Spount elvan undeviki uévov av GTo GUGTUO TTORAYOUV £0Y0 OTTOKAELGTIKA GUVTNENTIKES duvduers:

AEecn =AK+AU =0 K+ Uy =K; + U, (2.412)

Aot o1 guvtngntikég duvduels eivor AoTTGV TOGo eviLAPEQOVGES, OC Sovue TTOLEC ATTG OVTES Exouue
yvoeicel wg Twe

(@) Avvaun tov Bdeoug
o Wy =Fg- Ay =-mg(ys — )
e Efdptnon uévo agtd tnv agykn ko teMkin déon
e W, =0 oe kAewoth dradeoun (yr = y;)
B) Advoun touv edatneiov
o Wy=F,-A¥=jka? - ko’
e Efdptnon uévo agtd tnv agykin ko teMkin déon

e W; =0 ot klewoti Sradoun (xy = x;)

Acg dovue uepkd moaadelywato Tov n Agyn Avatinpnong tng Mnyavikig Evépyelag witopel vo e@ouocTel.

Iaedderyua 2.34:

"Evo. toudi udcog m ohcBaiver ard akivnin déonoe wa vepotoovAnbpo (xwels teiés) vwoug h = 8.5
m. YmoB€ate 4Tl n veoTtGoLARBeA TrepLypdpel wial eTLPAveLn XwEiS TEWRES kot Pelte Tnv ToyvTnTo
Tov TTaudtov) gTo Tépua Tng. To Xynua 2.67 asekovicel To TEOPANUAL.

I
J
5

N 4

2K
Yxnuo 2.67: ITaibi ge vepotaovirifpoa.

(]

Avon:
Oewpovue w¢ gvotnua to {mwandl, I'n, kow T6ovANBea}, TTou eivor TToAvueAés. Xto TTod! ackovvTaw vo
duvduers. H dvvaun touv Bdooug (agtd tn I'n) F, ¢ KO . 8Uvoun tTng empdvelas Tng veQOTGOLAOQIS 7 eTTAVW
oto Jwoudi, n ogola elvor FTAvVTO KABeTN G GTTOLOL WKEN UeTATOTIGN TOV Ttadlov. Avtibeta n Svvaun tng
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Baputntog elvar Ttdvta KABeTN TEOS TO €8aPOg, OVEEAQRTNTA TNG UETATOTILONG/KAIGNGS TNG VEQOTGOVANDQAC.
H &dvaun tov PBdooug elval GUVINENTIKA KOl EGWTEQKA TOU GUGTAROTOS, KOl TAUTOXQOVA N udvn JTou
Topdyet épyo, kabdg n Suvaun 7 elvon TAVTA KAOETN GTN UETATOTILIGN TOV TTaLSLoV £TTGV® GTNY TGoVAOQA,
oTtoTe TO €pyo Tng elvar undevikd. Apa to gvaTnud wog eivor astouovouévo. Egeapudtouue thv AAME
uetagy twv Yécewv (A), dmov to TSl PeiokeTol GTNV KOQEUEN TNG veROTGOVANBag, kar (B) 6Itouv To
Tawdi @Tdver gtn fdon tng. Oswovue, TEAOS Tl GTh PAon Tng TGOVANBEAS N BAQUTIKA duvaKA EVEQYELa
Govton ue undév. Apa

1
Ka+ Uy, =Kp+ Uy, & 0+mgh= ému% +0 (2.413)
L,
mgh = Em”B (2.414)
uy = 2gh (2.415)
ug = 2gh =13 m/s (2.416)

Haedderyua 2.35:

Borikate dovleid ce éva circus water park yio vo fydAete To €£080 Twv SLOKOTTOV GAS YO TO
KoAoKAlEL OV €pyeTan. Xe €va emkiviuvo akoPatikd, évag arpoPding TEETel va oAMcncel wdvm
oE Wa QAuITa XwEls TEWES, o Mpog 2 UETEWV aTtd TO €8a@POoS, MGTE va TEQACEL Ue TOYVTNTO
TAve aTtd Wio Teivo, Unkoug 5 uéETemv, yeudtn asd TEWVACUEVOUS KOQXAQRIES, KOl VO TTQOGYEIwOel
ue ag@edielo gtnv dken tng Tucivag, 6Twe oto Xynua 2.68. Mia kot ot vITEVBUVOL TOU TTAEKOU
yvweitouv 611 Ttaipvete to udbnua tng Puokng (kat 6TL elote pueAeTnol/es @OITNTEG/TELES), GO
EWTOUV Ue TTOoN €Ad)GTN OEYIKA TOYXUTNTO Uy TEETEL va SEKWVAGEL 0 akQofdtng gtn Pfdon tng
duTtag, TTEW KAveL To AALO, OGTE Vo unv TIécel atny mieiva ue Toug koyaeies. Tu amavtdre;

. S

§§% 2.0m 5.0m

=7

xnuo 2.68: Axpofatikd diua.

Avon:
Oeweovye wg cvatnua To {akpofding, eduma, I'n}. Efvar PoAikd va toTmtobeticovue To GUGTMUA GU-
vieTaywévmv uog otnv Bdon tng edutiag. Ozweovue s JeTikés @oEg Tng kivnong Tig cuupatikés. Oa
YXONGUWOTIOGOUUE TELO. GTLYULOTUTIA Tng Kivhong, ta A, B, T, 6Ttwg gto Zxnua 2.69. Ac Beovue apxikd tn
wWKEOTEEN TAXVTNTO Ug TTOU TIEETIEL VA, €€l O OKQEOPATNG GTnV KOoEUEN TS EduTttag (B) date vo mrepdoet
Thve agtd Toug KoE)AEles. ATE Tnv katardeuen kivion tov diuatos armd tn Jéon (B) wg tn 9on (1),
KOl GUULO®VO UE TIC EEIGMGELS TNG ETTLTOYVUVOUEVIG KIvnong, £xouue

1
Yr = YB + iyl + antz A17)

1
0=2+0+ 59.8t2 (2.418)
t=0.639 s (2.419)
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X Ve 1y
e o (B)
- ——
q‘s \“\?’.' 'tr'l‘.r' rr
2. .
Xas Yar La ﬁ
" @) e

xipa 2.69: Extédeon dAuatog.

ATS v opugévTia kivnon katd To dApa, o akpofding extedel evBiypauun kivnon pe gtabepn taxvnta,
KL €xOUUe

XT = XB + Uyt (2.420)
XB+ O = Xp+ Uyt (2.421)
ug = 7.825 m/s (2.422)

A@ov Berkaue TV TaXVTNTO Ug TTOV OITOLTEITOL YIoL VO TTEQRACEL 0 OKEOPATNG TOUG KAQEYAQIES, UTToQOVUE Vi
yenawogomigouye tnv Agyn Awatnpnong tng Mnyavikig Evégyelog yio va Boovue tnv eAdylotn taxvtnto
Uy = ug, POV oL WOVES SUVAUELS TTOV AGKOVVTAL TTAV® Tov g{val AVTA TOU BAROVS KoL AUTA TOV e8APOUG, UE
Tnv teAevtalo vo unv TaQdyel £pyo AGy®w KABeTdTNTAS Ue TN UeTATOTILION TOu akEofdtn. Aga To gucTnua
efval amopwovouévo, Uue Wo GUVINERTIKN dUvaun vo §a UeTagl Tov peAdv tov. Xtn Swadpoun A — B
éxouue

AEpmech = 0 (2.423)

Kp+ Uy, = Ko + Uy, (2.424)

1mu2 +mgyp = lmu2 + mgya (2.425)
2 B 2 A

Ug = \/u§ +2g(yp — ya) (2.426)

us =10 m/s (2.427)

Iaedderyua 2.36:

Ytnv teuloyla Ttovidv “O Apxovtoas Twv AdyTuAMSidv”, TTOAAES (POQEES XEELAGTNKE N XENGN KATO-
TEATOV Yo Tnv JTeoctacia (L tnv ToAlogkia) evic kdoteov. Ymobéate 6t elote o Aragorn (Ei-
Kkévo 2.700’) kou TEoaTateveTe TOo KAGTEO Thg Gondor. ‘Exete otn Sidbecn Gag vav kATaTtéATn ue
TOV 0TT0{0 UTTOQElTE VO eKTOLEVETE PEAXOVS Ue aQYIKA ToxvTnTa Uy = 14.2 m/s emdvw amd ta telyn
tng Gondor, ol omoiol da ytuTtAGouv Tn GTeaTid Twv Orcs Tov BelokeTal 6TV AVAL TOU KAGTEOV,
h =72 m younAdtepa agtd to eT{medo TOU KOATATEATN, OTTWS 6To Xynua 2.70f".Me mold TayvTtnia
Ya yrumnoeovv tn otEATId Twv Orcs oL PEAYOL TTOV EKTOLEVETE;

Avon:
Oeweovye wg cvatnua to {Bedxos, I'm}. Ov duvduels Tov ackovvtow GTo Pedxo efvor wévo avtn Tou
Bdpovs Bempovue tnv aviictaon Tov aépa aueAntéa) kol elvol GuvTnENTKn, dpa To cVGTnUd wag eivol
ToALUEAES KL agtopovauévo. At tnv AAME petagl wog agyikng déong (Béon ektdgevong tov Bedywv)
Ko wag teMkng (Jéon mpdokpovong ue ta Orces), €xovue 4TL

AEeen = 0 (2.428)
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(o) Aragorn B) Xorion kataméAtn

ynua 2.70: KataméAteg atnv I'kévtoQ.

Ki+Ur=K;+U; (2.429)
KoL 4o
L o L o
Emuf +mgyr = émui + mgy; (2.430)
1 1,
s +8yr = Ui + 8Yi (2.431)
up = ,/ul? +2¢(yi = yf) (2.432)
No y; —yr =72 m kow u; = 14.2 m/s, elvon
up =18.5 m/s (2.433)

Haedderyua 2.37:

"Eva. aopa udgag my = 20 kg elvan deuévo ye éva dAlo coyo udgos mo = 30 kg uéom evdg ayowiov
Tov Slarrepvd wa afon kol xweic Tepés tepoxalia. To coua udtag mg elvar guvdedeuévo ue €va
ehatnplo aueAntéas udgag ko gTabepds k = 250 N/m, 6mtwg oto Eynua 2.71. To ghatnplo elvan Ge
Yéon 1eoppoTtiog (0UTe TevimUévo, oUTe GUUITLEGUEVO) OTAV N SLATOEN TOU GUGTAULATOS elval OTTWS
GTO GYAUA, eV TO KeEkMUEVO eTtiTiedo elval xwels TS, Apyikd, To coua pdgog my katefaiver 20
cm TEOG TN PBdon Tou KeERAMUEVOU (€TOL OGTE TO COUa Udgag my vo Peioketon 40 cm emwdve atd
T0 €8apog), koL apnvetol eAevbego. Bpelte tnv toyvinta kdbe cOULATOS GTAV TO GO WAL My
Beloketon oe amdéotaon 20 cm endve amd To £€8apog (GnA. dtav To elatriglo dev elvar Tevtouévo A
GUUTILEGUEVO, OTIOS GTO GYAUO).

Avon:
EmAéyouue wg gvatnua to {aduata, eAatiglo, ko I'n}, wov elvar toAvuedéc. Ou Suvdpelg Tov acroUVTOL
oto ovatnuo eivon duvduels Bdpoug kot duvduels edatngiov, dAlec cuvTnEnTikég. Mitopovue AowTdv vo
epapuocovue tny AAME. EmAéyovue wg StdTagn undeviking SUVAUIKG evEQyeLag yia To gUGTRUA Th Sidtagn
6TTOV TO GOUO WATAGS My €xEL TO €AATAQLO GTO QUGIKG UWAKOC TOU, KOL TO Gouo Wdtag my Peloketol otn
xounAdtepn 9€on Touv GTo eTKMVES eTtiTred0, aKEPAOC TTEW TO cUGTU apedel eAeBepo. Av cuufolicouye
™ faQuriki duvopukn evépyela ue Uy kan tnv edacTiki Suvaukn evégyeia ue Uy, €xovue

AEpeen = 0 (2.434)
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20.0 kg @y
m,|30.0 kg

A
\40.00 "20.0 cm

Sxnuo 2.71: Xduata, eAatriplo, e GUvEecn Ge eTTIKAVEG.

E;nech _ E}nech
Ki+ Uy + U, = Kp + Uy, + Us,
0+ mogh + %kx2 = %mm,ufc + myghsin(40°) + 0
58.8+5 = 25u7 + 25.2
ur =124 m/s

Ioedderyua 2.38:

(2.435)
(2.436)

(2.437)

(2.438)
(2.439)

Agto kekMpévo emizedo yoviag 6 €xel ehatnpo otabepds k oTepewuévo 6To kAT wépog tov. ‘Eva
KkouTl wdcag m tomobetelton TAvw GTO KekMuévo ce amdéctacn d agtd To eAdThElo, OT®WS GTO
Yynua 2.72. Azt6 tn 9€on auTn, 1o KouTl PAAAETOL TTEOS TO AOTAQLO Ue TaxvTnto uy. MItopelite va
TEoPAEweTe TTEGOo Do €xel guutieaTel TOo EAATRQELO dTAV TO KOUTL @TAvVeEL GTiywaio Ge neeuia;

Sxnuo 2.72: Youo ce kekMuévo ue edatriplo atn Bdon.

Avon:

Ma éyouvue Aicel avtd To TEoPAnua ndn! Eivar akeog (dto topddeyua ue to 2.28! Oéhouue SUmS THEO
va to Adcouue ue to véo evepyelakd dedpnua, tny AAME! Ipémel va emAé€ovue €va gUGTNUO TTOAVUEAES
koL asropoveuévo. ‘Eva tétoto elval to {ooua, edatiglo, I'n}, kabdg ol uéves Suvauels Touv AGKOVVTAL GTO
oORa KoL TTaRdyouv €pyo elvar n Svvaun tov BAEous (N X—GUVIGTOGO TG, Yo Thv akeifela) kou n dUvoun
TOV EAATNEIOV, EGMTEQIKES KOl GUVTNENTIKES KAl oL dvo (ou dAleg Suvduelg, 7, F ¢,» TTadyouv £pyo (co ue
T0 undév). Apa urogovue va epapuécovue tnv AAME otn Sadpoun A — B. ®803Q013u8 6Tl 0 dovag x'x
elvar TTaEAAANAOG GTO KekAWEVO KAl 0 V'y kABeTog Ge autd. Ag vTtoBégouue GTL To VYPog TTov PEIGKETOL
T0 oo otn déon (A) weovtan ue h kol Tl StdTagn avomoEds yio Tn PaQUTIKA SuVOUIKA eVEQYELL elval n
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Jéon movu 1o copa axkwntogroleital gTyutaio otn Yéon (B).

AEech =0 (2.440)
A
Emech = Ertrglech (2441)
Ky+Ug, +Us, =Kp+ Uy, + Uy, (2.442)
1 1
Emui +mgh+0=0+0+ ékx2 (2.443)
ATté tn yewueTplao TOU GYALATOG
h = (d + x) sin(0) (2.444)
0TOTE
EmuA +mg(d+ x)sin(@) +0=0+0+ Ekx Ekx — mg sin(f)x — 5’””0 + mg sin(6)d =0 (2.445)

"Exouvue Aowmtdv — gavd, 6mwe kar gto [Hopddetyua 2.28 — €va wolvdvuno Seutépov fabuol wg TEOS X, TO
ottoio €xet plteg

mg sin(6) + \/(mg sin(6)2 + 2k (Amu? + mg sin(6)d)
k

A6 16 duo pites da emtiAéEovue Tn JeTkNA, ylotl n guuatieon Tov gdatnEiov yiveTtal TTEOg Tn YTk @oed
Tou dgova x'x.

X2 = (2.446)

Yuvtnentixée Auvdpeic xon Avvouxr Evépyela

I[Mopatnenate To €ENC:

e Avvoun Bdpoug — cuvinentiki dvvaun — BOQUTIKA SUVOUKA EVEQYELOL
o Avvoun edatnpiov — cuvtnEniiki dUvaun — eAAGTIKA SUVOULKA EVEQYELQL

e (peek into the future ®) HAektoikn SUvoun — cguvtnniikn dvvaun — nAeKTEKA Suvapkn evépyela
(wovu oyetitetanl pue To nAekTEIkd Suvaulko)

Hopatnpeite kdmolo potifo; Mo cuvtnenTikn dUvoun cxetitetor e Th UETABOANR ULAS FUVAUIKNG EVEQ-
vewag! Ag gugnticgouye Alyo yia auTo.

"EoTw éva stodvuedés cvoTnua Ttov oAMGGEL amrd wo Sidtagn Tov weddv tov oe wo dAAn Adyw pyou
WaS e0wTeEIkNG guvtnntikic dvvaung, Wriy, xwelc emidoaon kol magaynyn €oyov ddlwv Suvduewv —
dea wAdue yioo €vo agtopoveusvo cuotnuo. Adyw autig tng dUvoung Kol Tov €Qyou Tng, €vo GOuo aIto
Ta uWéAn tov cuatiyatog Kwveltal amd wa déon (A) e wa Jéon (B). E@dcov kiviBnke, n Kvntikin evégyela
TOU GUGTAOTOC AVENONKe: SUmS TIEETIEL 1GOTToGa va uetwbel n duvaukin tov evépyeta, Adyw the AAME
TOU 1oYVEL GE €va, OTTOUOVOUEVO GUGTRUO TTOU 5QOUV WOVO GUVTNENTIKES duvduelg!

Wrjine = AK = =AU = —(Up — Ua) = Uy — Up (2.447)

To €oyo WE iy TTOU TTOQAYETOL OITO WO ECWTEQIKN GUVTNENTIKA SUvaun Ge €va GOU-UEAOS TOU GUGTALA-
T0G¢ WGoUTOL Ue Ty agvntiki uetafolii gtn Suvaulkn evépyeia tov cuctiuatos. Ilpocégte! To €pyo avtd
TTaedyetor amd wa dvvoun evog UEAOVE TOU GUOTAUOTOS eTTdve o éva AAAo uéhog. “Exouvue deu tétowa
Tapadelypata; Béparal
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e ‘Otov éva ooua petakveltal vt Ty emidpacn tng Svvaung tov fdeous: oto cvatnua {I'n, coua},
n §Yvaun tou Bdoovug elvan ecwTeQikn Kol cuvTnEnTiki dUvaun Gto GUGTILA.

e ‘Otav éva coua petorveltal amd wa dvvaun edatneiov meog tn dé€on 1Gopeotiag Tov: 6To GiGTnua
{eAatriplo, codual}, n dvvaun Tov ehatngiov eival ecwTeEIKA Kal GuvTnEnTiki dUvaun GTo GUGTRUA

Emavageépouue to TEAPANUN: £€0Tw AOWTTOV €va GUGTNUO OIT0 GOUATO GTO OTolo 80 L0 EGWTEQLKN
GUVTNENTIKA SUvaun F int» N oTrola TTEOKAAEl addayr oTn Sidta&n Tov GUGTALOTOS Adyw TT.X. Kivnong evog
OTTo TO CWOUOTO TV e évav dgova x'x. "Eatw oTL n dvvaun ackelton aird éva cduo oe AAAO couo vItd
yovia 6 ue tov dova avtd. Bdoel Tou oguouov, To £gyo tng duvoung auvtng da eival

Wi = F - AR = FAxcos(6)

FyAx = FxAx = -AU (2.448)

OnA.
AU = —Wg i = —FAx (2.449)

Ag Sovue Tig TBAVES TTEQLITTMOGELS Yo Ty TTogdTnta FLAx:
e Av F \Ax>0= -F,Ax <0, 1616 AU <0
e Av FAx< 0= —-F,Ax >0, t6te AU >0

Me Adyia, av SUvoun kol LeTATOTIGN £(vol OUOQQEOITES, N SUVOAULKA EVEQYELQL TOU GUGTAUOTOS UELWVETOL.
Av dUvaun kot uetatdmicon eivor avtipEoItes, TOTE N SUVOUKA EVEQYELO TOU GUGTAULATOS AVEAvVETOL!

MgtoQoUue va GUVEEGOUUE OWTA T YEVIKA SLATUTI®ON UE GUOTAROTO ToL £xouvue Non 8ei; Mo @UGIKA!
Ykeptelte 10 ovoTnua {oouo, I'n}: n ecwtepkin kol cuvtnEntkn dvvaun €8¢ elvar avtn tov Pdeoug,
F, ¢- YToOéoTe OTL éva GOWOL QPAVETOL Vo TEGEL aTtd Yyog y; 6e Yypog yr < y;. H &vaun tov Bdeovg
KoL n yetatorion eival oudpeomes kabws To coua ratépxetal. KataAaBaivete 6t n Bagutiki) duvautki
EVEQYELOL TOU GUGTARATOC uetdvetar, @ Aelte:

AUy = mgyy —mgy; = mg(yr — yi) < 0 = U,, - U, <0 = Uy, < U, (2.450)

Ymdpyer dAAo giaTnua TTov yvmeitouue TToU emMIPBEPBALOVEL TA TTAQATTAV®W; XKePTE(TE TO gUGTNUA {GHU,
EMATAQLO}: N ECWTEQKA KO GUVTRENTIKA dUvaun €8 elvar avti Touv gedatniov, F,. Ymobéote 6t 1o agoua
uetatomiceTan amd tn déon 1Gopomiac Touv Adyw Tng dVvaung tov eAatneiov, ard tn Yéon x; < 0 Gtn
9éon xy > x;. H 8vvoun tou edatneiov kar n uetatémon tov edatnpiov amd tn déon 16opeoTtias tov elvon
avtippomeg. Katalafaivete 6T n (EAAGTIKA) SUVAULKIL EVEQYELQL TOU GUGTALOTOS avgdvetal, @ Aeite:

1
AU, = Ekx;é

1
2
- Ekxi >0e= Uy, Uy >0 = Uy, > Uy (2.451)
H mapastdve yetatémion Ax pgtopel va elval 6co wiken délovue, wiropel va eivor kKol wio aItelpoctd
wken petatomion dx. Tote n petafolt tng SUVOKAG evégyelas Tou Guathuatog, AU, da elvon kL avti
oTtelRo0Td wken, dU, dnA.

X

dU
dU = ~Fdx = Fy = ~— = U(x) = - f Fudu + U; (2.452)
X

—00
H mapastdve oyéon uitopel va oyvel yio oTtolodnmote dgova, Sna.

au au dUu
Fr=—— Fy=—-—, F,=—— 2.453
x y dy e ( )
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H cuvdgtnon U(x) Aéyetal cuvdQTnon SUVOUIKRG EVEQYELOS TOV GUGTAUATOS Kol €lval cuvdptnon Tng
Péong Touv cOUATOS TTOU KVABNKE €€ ALTiaC TNG GUVTNENTIKAG £GMTEQLKAG SUvaung F . H ¥éon x émov
Fy = 0 (1, kadvtega, 6mov U'(x) = 0) Aéyetow d€éon eogeottiag. Me PBdon avti tn cuvdginon, évo
cvoTnua pgtoel va xapartnEletel wg

e £06TOB0VGC 1600QO0TiaC: €va GUGTNUO OVOUALETAL EVGTABOUS LGOQEEOTTIAS GTAV OITOLASAITOTE UETA-
BoA uekELd aItd tn Yéon 160QEOTIAC TOV £xEl WG GUVETELD Thv £yepan wiag dUvoung Ttou tefvel va
eTmavaEéEel To guoTnua gtn Jéon 16oeEoTtiag Tov.

- XUoThuo 6ouaTtog - eAatngiov
- XVotnuo uridog - kuetov witwA - I'ng

e a6T0B0UG 160QEOTTIAC: £va GUGTNUA OVOULATETOL 0.GTABOVE 1GOEEOTTIOS dTAV OTToLadNITOTE UETABOA
uekEld agtd tn déon 100QEOTIAC TOU €Yel WS GUVETIEWD Ty €yepon Wiag dvvaung Tov Telvel vo
OITOLOKRQUVEL TTEPLGGOTEQO TO GUGTRUO OTTO Tn J€on 1GoeoTtiag Tov.

- Xvotnyo poAuplot - Tng wov 160QEOTE! GTn WUTN TOU £TAV® GE (Lol ETTLPAVELQL
- XVYotnpo witdAag - I'ng atnv kopuen evog Adpou

e 'Eva gvotnuo Aéyeton ovdétepng 1eoQeottiog av n 9éon 1goppoTiiag Tou Sev efaptdtol ot ue-
TatoTticel aIrd tnv agxikn Tou déon, dnA. dtav Tapauével otn véa Tou déon petd armd kditolo
UETATOTIION XWEIS VA EMIGTEEPEL TIGw GTnNV aEXKNA Tov Jéon

- XUoThuo WITAAOS - 0QLEOVTLOU ETLITESOU
- Xootnuo BAlov TTAEVEIKA TOTTOBETNUEVOL - 0QLLOVTIOU ETTLTTESOV

TNatl efvar 1660 onpavtikin n guvdeTnon SUVOULKNAG evépyelag; AldTL n KAIGn Tng £@aIttouévng Tng
GUVAQTNGNG JUVAUIKNING EVEQYELOS GE £val OTTOLOONITOTE onueio — ue GAAa Adyia, n TOQEAYOYOS TNG
GUVAQTNGNG SUVAUWKNG EVEQYELOS GTO onueio, %U(x) ., o JTANQEO@oQEl yia TtTnv gustdbeia n
0GTAOEL0 TOU GUGTAUATOS GTNV JEQLOYX YUE® AITO TO ())c()! Ouunbeite OTL N €GMTEQPIKN GUVTNENTIKA
duvaun TToL gyelpeTal GTO GUGTNUA GXETICETAL e TN SUVAUKA EVEQYELO UE TN GYEon

F,= —iU(x) (2.454)
dx

AQa n TWA TNG TTOQAYDOYOU TNS GUVAQRTNONGS SUVAKIAG EVEQYELAS GE €va gnuelo xo LS TTANQOQOQEL Yo Tn
@od tng duvaung, Fy,, ae oxéon ue tn Yéon xo. Aeite to Zyina 2.73. Auotepd, TTapatnoolye £va GUGTRUO
eveTabovc sogeoTiag. Ia yetatomicels x > 0, n kKAGn Tng e@aITOUévng Ge oTtolodniote gnuelo efvon
Yetkn, omdte n wogotnta dU/dx etvan detwki. Ilgopavag n wogdtnta —dU/dx = Fy elvon agvntiki, Sna.
Fy < 0. Me dAla Adyta, n dUvoun Kol n LETOTOTILON AItd TO gnuelo 1GoQeoTtiag elval avtipeoTtes yia x > 0.
Apa n dVvaun tetvel va erava@épel To gugTnua 6tn J€on 16oeEeoItias Tou 66O AUTSO AITOUAKQUVETAL ATTO
avtd. T'a yetatomicels x < 0, n kAlon tng epamtouévng Ge ogtolodnsrote cnueio elvor agvntkn, omdte
n grogotnta dU/dx eivon apvntiki. Ilpogavas n wogétnta —dU/dx = F, elvan Jetikii, Snh. F, > 0. Me
dAla Adyia, n SYvaun kol n petTatoTon amd to cnuelo 1Gopeottiag elval avtigeodtteg yio x < 0. Apga n
duvaun telver gavd va etava@éeel To cVGTNUA 6Tn YE6N 1G0QEEOTIAS TOV OG0 AVTO AITOUAKQUVETIL
amtd avto. ‘Etol, 6e kdbe mepimtoon, eyelpetol 6To guoTRUO Wa dUvaun Jtou Telvel vo eTTAVAPEQEL TO
cvotnua gtn dé€on 6opeoTias tov. ‘Eva tétolo gictnua da pirogovce va givor to gotnpa {eAatrigro,
ooua}. Miropeite va kdveTe wo TTaEOWOLN TTEQLYOPNR Yo To yedoenua U(x) &84 oto Iynua 2.73 - da
TIEETTEL VAL TTEOKVITTOUV OUOQQOITES SUVAUELS KOl LETATOTI{GELS, TTOU onuaivel Tl To gvaTnuo eival acTa-
YoV¢ 1Goppomiag.

AElter va onpelwBel 6Tl €va TTEayLaTIKO cUaTnuo witopel va €xel TeELoyes evatabois, actabois, ral
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dU>U E. <0 dU<0 E. >0
— = —_ =
dx * dx *

EFM%

Positive slope egative slope

x>0

0

Yxnua 2.73: Yvvagprtrices U(x) kat evardbeia.

oudéTeEng 1GoEEOTTIaC.

Iaedderyua 2.39:

"Eva codua €xel guvdptnon duvokig evépyetas U(x) = x + sin(dx) ue 4 = 2 rad/m ko x e pétpa
oTo dudotnua 0 < x < 7.

(@) Beelite Tic Yéaeig wooppomias ato Sidatnua [0, 7).

B) To kabewd agtd avtés eAéyEte To €ibog Tng Yéong tooepoTtiog.

Avdon:
(@) Tvoeltovue 6t gTic Yéoerg 1ooppoTtiag woyvel F, = 0. Emiong, g€povue 6T
d d .

F,.=—-——U(x)=—-——(x+sin(2x)) = —2cos(2x) — 1 (2.455)

dx dx

Egiodvovtag kar Advovtag €xovue
1

F, =0 cos(2x) = ~3 = cos(2r/3) (2.456)

‘Etau 9
2x=2k7ti§ <:>x:k7ri7§r (2.457)

ue k € Z. 1o didotnua [0, 1] €xovue dvo Aoews: x1 = /3, xo = 21/3.
®) YmoAoyitovtag tn Sevtepn TTaQdywyo

d? d?
WU (x) = ﬁ(x + sin(2x)) = —4 sin(2x) (2.458)
KO EAEYXOVTAC TNV TWH GTO Gnuelol 1GoeeoTiag
d2
—U(r/3) = —4sin(2n/3) < 0 (2.459)
dx?
d2
ﬁU(Zﬂ'/B) = —45sin(4n/3) > 0 (2.460)
X

To onuelo x; avtioTolel 6€ TOTIKG UEYIGTO TG cuvdETnong kol dpa onueio (Kol yop®w Tov, TIEQELOXIL)
acTafoUc 160QEoTlag, evd To onuelo Xz AVTIIGTOLXEl GE TOTIKG €AdXIGTO Tng GuvdQTnong kol Ao
onueio (katl yOpw Tov, TreQLoyn) evaTabols 1GoEEOITIaG.
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Ioedderyua 2.40:

H cuvdgtnon duvaulking evépyelog yio €vo gUGTRUO GORLTLSimV SiveTal wg

13 15,
U(x)z—gx —Ex + 2x (2.461)

6TtoV X glvan n Yéon GTov oQLdvTo dgova evig GOUATISoV GTO GUGTNUAL.
(o) Ipoadwopicte Tn dUvaun Fy Ttov ackeltal 6To GoUATidlo GUVAQTAGEL TOV X.
B) To wolés Tiwég tov x etvon n dVvaun {on ye undév;
) Zyedudote to ypapnuato U(x) kot Fy o¢ TT00g x ko vTtodelEte onueio acgtafovgs kal evaTafois
1G0QEQEOTIlOG, av VTTAQYOUV.

Avon.
(o) Oa eivar

—

F. = _diu(x);= x4 = (P4 x— 27 (2.462)
X

B) H F, etvan {on ye undév dtav Ptx-2=0=x1=-2, x9=1.
) Toa yeapnuata eaivovton 6to XZynua 2.74. Xnueio evstaboic 1GoppoTtiag arotelel To onuelo x = =2,

10 T T T T T

Sxnua 2.74: Kousrvdes cuvdptnoewv duvaung - déang kat SUVaUIKIG evégyelag - dang.

kot onuefo actabovg 1eoppoTtiag astotelel To onueio x = 1, dTTwS @alveTon agtd To yed@nua Tng
U(x).

2.6 Apyh Awtienong tne Evépyetacg

XTI TTEONYOVUEVES TTOQAYEAPOVS GUTNTAGALE YO TOUS TEOTTOUGS UETAPOQRAS KAl AITTOBNKEVGNG EVEQYELAS GE
éva gvotnuo kot e€dyaue dvo TTOAU yenowo “Bewerupata”’, To @ewenua MetapoAng Kivntikng Evégyeiag
- ‘Egyov kat tnv Agxn Awatngnong tng Mnyavikng Evégyeiag. Ta kabBéva amd avtd ypeelactikoue
SLopoEETIKES VTTOBEGELS, TOGO GTO eT(TMESO ETAOYAS GUGTARATOS GGO KAl GTO £T{TESO TV Suvduewv TTOU
Tapdyouv £pyo. ‘Oumg kot Ta dvo Jempenuato Jemeovvol i¢ “VITOTEQLITTMOGELS ™ ULAG TTOAD YEVIKOTEQNS KoL
KOBOMKOATEQNS QPXNAS, QIO TO WKQEOKOGUO ®S TO GUuTtav To (8o, tng Agyng Avatngnong tng Evégyeiag
- AAE.

To va katoAdBovue kaAUTepa Ty AAE Kal TOV TROTIO EQAQUOYNS TNS G SLd@OoQEo GUGTALOTA, TIEETTEL
va duunbovue To SlowELGUS GUGTNUATKOV GE ATTOUOVEOUEVO KOl UN ITOUOVROUEVO GUGTALOTA:
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¢ ‘Eva un astopoveuévo cvctnua Peioketon oe “emikovaovia” ue To TEQIRGALOV TOU UEGH UETAPOQRAS
evépyelog

e 'Eva asopoveuévo cOGTnua dev (LITOQED VA ETIIKOWVOVAGEL EVEQYELAKA UE TO TEELBAAAOV TOU

Mn Arnopovwpéva Yuothuato
Ye éval un oItopovoUévo GUGTIUA, 0V L GUVOMKNA evEQyela 0ANGTEL TATE 0TS cuufaivel wdvov av n evépyelo

€xel uetapepdel aTd N TTEOS To TEPBAAAOV TOU GUGTARATOG, e KdAItolov unyovioud. OuclacTikd, n
TaEATIAve TEdTach astotelel Tnv Apxi Awatipnong tng Evégyelag ylo éva un agtoloveouévo cUGTUA.

Apxn Awatngnong tng Evégyeiag (AAE) - Mn Amopoveuévo XvctTnuo

Xe €va Wi oIToUovOUEVO GUGTNUAL,
AEqysiem = ) Ti (2.463)
i

O6TOV Egygem €VOL N GUVOMKIL £VEQYELQL TOV GUGTAROTOS (KAOE woEENG), ko ; T; elvar To T0G6 Tng
EVEQYELOG TIOU UETOPEQRETOL OTTO 1 TTROS TO TEQUBAAAOV Ue KATIOLOV TEOTTO.

To vo, JuunBovue Toug TOOVOUS TEATIOUS UETAPOQRAS EVEQYELAS OTTO N TTROS €val GUGTNUOL
e MeTa@pod evépyelag uécw £pyou
o MeTapod evEQYELAS UEGW UNXAVIKOV KUUAT®V

e MeTa@pod evépyelag uéow depudtntag

MeTagopd evépyelos Hécw YAng

MetagpoQd evégyelag UEGH NAEKTELGULOU
e Meta@pod evépyelag UEGm NAEKTQOUAYVITIKAG AKTVOBOALOS

Av cuupoiicovue KAOE unyavioud UeTa@ods aItd ToUg TTAQATIAV®, TOTE UItopovue va yedypouue thy AAE
g
AK + AU + AEth =W+ Tinermai + Timechwave + Tmaterial + Telectricity + Tradiation (2464)

Av TT0QATNEACGETE TNV TTOQAITAV® GYEéan ue Tteocgoyn, tote da deite d1 to OMKEE elvan akpipog n AAE
yio

AU = AEy, = Tinermal = Tmechwave = Tmaterial = Telectricity = Tradiation = 0 (2.465)

lNo wa ortikoTtonuévn €kdoon tng AAE e un astopovouévo cuoTigata, witopeite va deite to Xyxripa 2.75.
Miropotue Tt va Guykekgluevostomigovue tnv AAE yia ta €idn evégyelag stov €xouye GUVAVTAGEL. XTn
yevikdtepn Loeen Tng,

AK + AU + AEgy = " West forces (2.466)
yvia éva gUGTUO TTOAVUEAEC GTO 0TTOL0 VTTAEYXOUV UETABOAEC SUVOUIKNG Kol JEQUIKNG £vEQyelac,
EKTOGC aIT6 UETAPOAES KIVNTIKNAG evEQyelag. T1aatneincte 0Tl GTNV MEQRIMTOGN UOVOUEAOVS GUGTAUA-

T0G, 0TrolEG AAANAETISQAGELS Ue TO TMEQPAAAOV TQEETEL VAL TTAQOVGLATOVTAL O QY0 EEMTEQLKAOV
Suvduewv. Xnv mepiTmtoon avti exvel o Oswonua Metafoinc Kiwvntikng Evépyeiag - "Egyou, SnA.

AK =" Weu forces (2.467)
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% 4 )
‘Epyo QesppdétnTra  Mnyav. Kopata
‘Oplo CUGTHUATOSG ; @ i

\ Kwntikn Evépyela

H cdayn ot cuvoikn
EYERY SN, O S Oepukn Evépyela

TOG LooUTAL UE TO CUVO-

ALKO TTOG O TNG EVEPYELXG * f i

oy SpedyeL anod o Mstagopd Hiswktpwer)  HAskrp/yvntua
GUOTNHA OTO TEPBAA- YAng Metéd8oon AxtwoBoAia

Avvapikn Evépyela

Yxnuo 2.75: AAE oe un asmouovwuévo cUuGTnud.

a@ol w¢ povoueAég guaTnua, dev pitoovue va opicouue JeQUIKES KAl SUVOULKES eVEQYELES (ATTOLTOUVTOL
ToVAdyLeTOV Suo uéin gto gvotnua). Télog, av n Jeouikn evépyela uoviedomondel wg £gyo dvvaung
TIPS M av dev vIAEovVv Kav TEPEC), Tdte n yevikn oxéon tng AAE umopsl va ypapel og

AK + AU = " We forces (2.468)

Anopovouéva Yuotiyato

Ta asrogovouéva GUGTALOTA TTAROVGLAZOUV TO TTOAD EAKUGTIKG XOQAKTNELOTIKG Tng “KaTakedtnong Tng
GUVOMKNAG TOUg evépyelag: pe dAAa Adyla, dev uTtdyel Sta@uyn evépyelag pe Kovéva TEOTO eKTOS TOU
GUGTARATOG, oUTe uttoQel kaveic va “plgel” evépyela uécga Ggto giotnpa. H cuvoMkn evégyelo stopauével
otabepn, Oe uetafdlletar. H Agyn Awatrignong tng Evégyelag oTa amouovouévo GuaTALaTa LITtoeel vo
TIEQLYQOLPEL WG

Aoyt Auatiignong tng Evégyeiag (AAE) - Astouoveuévo Xvetnua

Ye €vo aIrouoveouévo giGTnua,
AEsyxtem =0 (2.469)

070V Egygrem €lval N GUVOMKN EVEQYELOL TOU GUGTAULATOG.

Me dAAo Adyua, o€ éva astouoveuivo ciGTnUa n £végyela UItoeel va alldler poe@Es (kar ot
GYETIKEG TTOGOTNTES VO AAAGTOUV) aAAd N GUVOMKN eviéQyela elvar Ttavta ctafen. Me fdon Ta €idn
EVEQYELOG TTOU €xouue del ¢S TMOEO, N TTARATIAV® GxEon Witoel vo yea@el o avalvuTikd K¢

AK+AU +AE; =0 (2.470)

Ytnv mwep{Ttton JTov 6To GUGTNUO TTAQAYOUV £Qy0 uévo cuvinentikéc dvvduelg, n AAE ekmtimtel gtny
AAME:

AEpeen = AK + AU = 0 (2.471)

Mgropel kavels va Guvopicel Tn GTEATNYIKRN ETTAOYAS evepyelokoy Jewenuatog, ko yevikdTepa emtiAvong
TeopfAnudtwv, oto Ixnuo 2.76

"Eva TTOAD XOQOKTNEIGTIKG Ttaddetyua tng epauoyng tng AAE ce astopovouévo i pun gvotnua (ko
TOG0 EOAO TTALTEL N ETTLAOYAL GUGTAUATOS GTOV TEOTIO TTROGEYYLONG VOGS TROPAUATOC) SiveTal TTOQAKATO.
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Yy

Mn QmopOVWUEVO

AEqy,

= IWert

= ©n

y

Mn cmopovVWHEVO

MOVO CUVTNPNTLKES

AK = ZW,,;

ATIOLOVWIEVO

SUVAELC

AK+AU=0
Apxn Oswpnpa Apxni Awatripnong
Awatrjpnong Metafolrg Kwnrikrg Mnyavikng
Evépyerag Evépyelag —Epyou EvépyeLag
AESJ,S =0

Yynua 2.76: Xrpatnyikii emIAOYIGC eVEQYELAKOU JewERUATOC.

Hoedderyua 2.41:

Mo umwdAo pdgos m E@TEL agtd Mpog h, 6TTwg aTo Xynua 2.77.
(@) Beelte tnv Toyvtnta tng urtdiog e U\wog y ard to €8apos. EmAéEte we guatnua thy ustdio
kot Tn I'n.
®) Emavaldpete To mrponyoluevo £pdTnid Jempdviag wg cUaTnUo Lovo Tnv UWITdAL.

® * }l =h
ik
—= . l U g?-_ Omgh
FoUs “
C Y=y
l { rgf =1mg'y
L — Kf = E'mryz
B ? .
/

{5
Ug=0

yxnua 2.77: MatdAo ce edevBepn mTdonN.
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Avon:

(@) OewEovTag ®g cuaTnua Ty WitdAa kat tn I'n, To gdotnuo ovtd eivar agtoovouévo, kKabng n uévn
Svvaun JTov ooKelTAl GTNV UITAAO KoL TTAQAYeL €Qyo TTAvw Tng eivar n SYvoun tov Pdooug, n omola
elval GUVTNENTIKNA KOl ECWTEQLKN GTO gUaTnua. Av dewencoouue JeTikin @oed TTEOGS Ta TTdve, eiTiedo
UNSEVIKAG BOQUTIKAG SUVOUKAG EVEQYELOS TV €TTLpdvelo, Tng I'ng, kot ovoudoouue Tig Yécelg Vwoug
h xor vYywoug y ue (A) kaw (C) avtictoya, toTe umogovue va epapuécovue tnv AAME ctn dadgoun

A—>C:
AE e =0 (2.472)
Ky +Us=Kc+Uc (2473)
1
0+mgh= §mu§ + mgy (2.474)
u? = 2g(h—y) (2.475)

u. = —+2g(h—y) (2.476)

Ue To TTEAGNUO VAL VITOSNAGVEL GTL N POEA TOU SLOVUGLOTOS TnS TayvTnTag efvor avtifetn tng deTikig

@opdg Tov opicaue, SnA.
. = (—28(h =) ] (2.477)

B) BOewewvTag wg cUGTUA TV UTTAAN, TO GUGTRUA OUVTO SV elval OTTOLOVEOUEVO, KOODS TOU aoke{Tol n
Svvaun tov PBdpous (n eAdktiki dYvaun tng I'ng), n omola eival €£0TEQPIKA GTO GUOTNUO KoL TTOQRAYEL
éoyo otnv uitdia. Av dewprncovue JeTiki @oed 1To¢ Ta TTdvm, kol ovopdcovue T Jéaeic vpoug h
ko Uyoug y ue (A) kat (C) avtiotorya, Téte uitopovue va epagudcovue tv AAE (n oTtola, 0uGLOGTIKG
uetateémeton e O@MKEE).

AKpoc = Wr, (2.478)
Kc— Ka = Fy - AY (2.479)
1 S 5
5m?—oz—mgj-(y—h)j (2.480)
1
5muf = —mg(y — h) (2.481)
u* = 2g(h—y) (2.482)

U = —+2g(h—y) (2.483)

OTTOTEAEGUA TTOU GUUPWVEL UE TO TTEONYOUUEVO £QWTNUOL.

Ac dovue uepikd axkdoua TTaQASElYLATA.

Ioedderyua 2.42:

"Eva goua udcas m = 6 kg e apyikn npepla kveltal eog Ta Seld emdvm Ge wia 0pltdvTio eTtipaveLla
ue TEPES, AMdyw GTabepng oplgovtiog duvaung 12 N, émwg 6To Zyxnua 2.78.
(@) Beelte tnv To¥TRTO TOU COUATOS dTOV AUTO UETOTOTILGTE! KOTA 3 M, av n eTLPAVELDL ETTOPNG
€xel guvteleatn TEPrg oAigOnang 0.15.
®B) Av n &dvoun ackeltonr VIS yovia 8, wold Ja elval avTh n yovia OoTe n TaXUTRTO TOU COWNTOS
uetd amd 3 m va elivar n uéyiotn;

Avon.
(@) "Eotw (A) kar (B) ov déoeig npeplag kai uetatoémong katd 3 uétoa, aviigtorya. "E6tm 611 10 gveTnua
uag efvar to {ooua wdcag m, un Asio emipdvelo}, To 0Irolo KoL elval un ATTOLOVEOUEVO KOODS VITAQXEL
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A
“f — “Jr'_."‘
[ ¥
——— Ay J
Ymg |
Zynua 2.78: Xoua ge kivngn vio emipacn duvaung.
eEmTeQkN dvvaun F mov TTaEdyel €pyo Gto guoTnua. Oemeovue GiaTnUo 0E6veV Ue Tov dgova x'x
TARAAANAO GTO 0QLIOVTIO £T{TTEd0. XTO GOUO ACKOUVTOL TE00EQRLS duvduels: n ddvaun tov Bdoug,
n dvvaun tng TEPRS oAigbnong, n kdbetn SYvaun amd tnv emedvela, ko n dvvaun pe puétpo F =12
N. Ot dvo mpwTeg elvar kdbeteg Suvduels otn UETATOTION KAl £TOL TO €QY0 TOUGS £lvol Undeviko.
Mmogotue va epapuécovue tnv AAE avdueca otig Yéoeis (A) ko (B):
AEATE = Wey (2.484)
AKa_p + AEth = Wp (2485)
Kg—Ka+ fibx = F - AR (2.486)
1
ému% +0+ fiAx = FAx (2.487)
To couo 16oEEoTel GToV y-dEova, oTtdTe oYVEL
Zﬁy=6<=>ﬁ+mg’:6:>n—mg:0'=>n:mg (2.488)
Ivwpitovue 6T fi = wrn, 4o fi = wpmg. AvTROOIGTOVTOS GTNV EVEQYELAKRN GYEon, €XoUuE
1
Emu% + upmgAx = FAx (2.489)
2FAx -2 A
i (2.490)
m
2FAx -2 A
_ \/ X T SHkmEAx (2.491)
m
~ 1.8 m/s (2.492)
B) Me wa e tn oréyn Ya pirogovcaye vo rovue 0Tl TTEETEL 8 = 0, waTe 6An n dvvaun va “avaioveton”

oTny K{vion Tov GOUATOS TT0¢ Ta de&Ld, apov av 6 # 0, n avdAucn ge GUVIGTHOGES da wag SdaeL po
X—GUVIGTOWGA WKEOTEQOV UETEOV aITTé avTd Tng dvvoaung F. Tw va dovue av glval GwoTn n Gréyn
Uag.
Y1ov dfova y, To GOUa 1GoEEoTTel, Kot LoYVEL
Y Fy=0eii+Fy+mg=0=n=mg-Fsin®) (2.493)
I'vwpltovue 6T fi = ugn, omote
Jfi = u(mg — F sin(6)) (2.494)

OewEwVvTag To guaTnua {ooua, eripdvelal, Jo €xouvue Tn dvvaun F og EEMTEQKN, N OTTOlaL TTORAYEL
éoyo. Epapuocovtag tnv AAE ueta&d towv 9écewv A — B, €rovue

AESTE = Wey (2.495)
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AKp_p+ AEy = Wp (2.496)
Kp—Ka+ fillx = Fy- AR (2.497)
Kp — 0 = FyAxcos(0) — fiAx (2.498)

Kp = F cos(0)Ax — u(mg — F sin(6))Ax (2.499)

Hopatnenate 6TL n kvntikn evépyela atn déon (B) elvar cuvdptnon tng yoviag 6! Mitogovue Aolgtdv
va feovue To WEylGTo TG GuvdQTnong

Kp(0) = F cos(0)Ax — up(mg — F sin(6))Ax (2.500)
Avvouue tnv g€lcmon
d Kg(0) = (2.501)
do" ‘
wiF cos(@)Ax — F sin(0)Ax = 0 (2.502)
. = tan(6) (2.503)
KL £€TGL
0 = tan~! 1 (2.504)
= tan"(0.15) ~ 8.5° (2.505)

Aoyl Ty TTaEATTAVe TWA TG yoviag 6, n Kivntiki evépyela (kar dea n tayvtnta) gtn déon (B)
Ya elvan péyrotn. Bpeite avtiv tnv tayvtntal

Haedderyua 2.43:

OewEnote éva aoua eTtdve Ge éva KaekAdKL SiTtAa oe €vav tolxo. To oo GIE®YveTUL ATTO éva
elatriplo mov elvan Seuévo gTov Toixo, oAgbalvel KATA UAKOG TG KOREKAS, Kol TTEPTEL GTO £504POC,
6Ttw¢ otnv akolovdia ewkdvov Touv Iynuatog 2.79. To coua €xer udca m = 1.35 kg. H otabepd tou
elatnpiov eivar k = 560 N/m kar a@ykd to elatrigro elvar cuutiieouévo katd 0.11 m. To cduo
oMagBaiver wa aréagtacn d = 0.65 m emdvo gtnv koEékAa, n omoia éxer vYwoc h = 0.75 m. O
GUVTEAEGTAGS TEIPNG oMGONONG AVAUECH GTO COUN KOL GTRV ETTLQAVELD, TNS KaErAag elvar uyx = 0.16.

(@) Me mold tayvnta da @Tdoel 10 GOUo GTo £80.pog;

B) Me T70ld TOYVTNTO TO GOWO OPAVEL TRV KOQERAQL,

Avon:

(@) Osweovue 10 guaTnua {coua, edatigo, I'n}, wou elvar TTOALUEAES KAl Un AITOUOVOUEVO, @OV n
€EMTEQIKN dUvaun tng TEWPNS Tapdyel €pyo GTo guatnua. BOewpovie GUGTNUO AE6VEOV ETTAV®O GTO
KOQERAGKL, pe TeTikés @oés Tig cuupatikés. Egapuotovtag tnv AAE asté 1o onueio (A) wg To
onueto ('), €xouue

AESTT =" We (2.506)
AKAT 4+ AUA_’F + AUAT = W/Hr (2.507)
Kr — Ko+ Ug. — Ug, + Uy — Uy, = —fid = —pynd (2.508)

Abyw 16000TIlag TOV cORATOg GTov dfova y'y, o log véuog touv Newton pag divel
D F=0e=i+F=0=n=mg (2.509)

KL da

1
Emur 0+0-mgh+0-— —kx = —mgd (2.510)
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n
(a)
A =
mg
Zto TpamédL
r
m ®
mg
ZE TITWON
Yynua 2.79: KapekAdkl Ge T0ix0.
kx 2
ub = —— +2gh — 2gduy (2.511)
ut = 17 64 (2.512)
ur = 4.2 m/s (2.513)

B) Oewpovue To gUGTNUO {CWOUO, EAATAQLO}, TTOV €lval TTOAVUEAES KOL Un OITOLOV®UEVO, OpoV h £EmTE-
QWA SYvaun tng TEIPS TTaedyel £pyo aTo cuotnua. E@apudtovias AAE 6Tto cuetnuo astd 1o gnueio
A w¢ to onueio B:

AESTE =" Wey (2.514)
AKA7E + AU = WP (2.515)
1
émuzB -0+0- Ekx = —umgd (2.516)
k 2
Wl = % . 2.517)
uf =2.98 (2.518)
ug = 172 m/s (2.519)

Mgtopovcaye va, eQaUOGOUUE TO (810 evepyelard Jedpnuo GTo cUGTNUO {COUN, EAATAQLO, ETTLPAVELD},
uévo TToU TOEO TO GuoTnUa da ATV TTOAVUEAES KOl ATTOUOVOUEVO, KABMGS dev VTTAQXEL £EMTEQIKA
Svvaun rou va TTaedyel £pyo oto guatnpa. Omdte o ntov

AESP =0 (2.520)
AKA7B 4+ AUA™B + AE;, =0 (2.521)
1

QmuB 0+0- —kx + ftd=0 (2.522)

1
EmLﬂB - 5kx + mgd = 0 (2.523)

kx®

Ui = — = 2gdu (2.524)
ui = 2.98 (2.525)

ug = 1.72 m/s (2.526)
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6mwg kow JTEwv. Epapudate eceic to OMKEE 610 gUothpa {odua} kol KaTaAigte to {610 amotéde-
cual

Ioedderyua 2.44:

"Eva odpa nudcas 0.8 kg 8éxetan apykn tayvtnta us = 1.2 m/s meog ta Seld Kol GUYKQOVETOL UE
elatrigro auelntéag udgag kow atabepds k = 50 N/m, émtws oto Zxnuo 2.80
(@) YmoBétovtag emipdvela xwelic TERES, vtodoyicTe Tn UéylgTn guutiieon Ttov gAatngiov.
B) Ysobétovtag graben Tort oMGOniGems ue wy = 0.5, av n ToxUTNTO TOV GOWATOS TN GTYUN TNG
ETTAPNG Ue TO eAatnolo elvan uy = 1.2 m/s, old elvon TdEA n U€ylotn guumieon Tov eAatnlov;

-
7

T
v |
#®
@ ;.i.v ..8 v
v,

|
| . 'YYYY:
| LAAAAARAAL)

vo=0

|
| ' '
[ © | MW

Sxnpo 2.80: Xdua cuykpovetal ue eAatriglo.

Avon:
EmiAéyouue detikn @opd mpoc ta Segld.

(@) "Eotw 6Tt To gugtnuo pag etvar to {eAatriglo, copal. To cdotnua avtd elvar sToAvueAés Kol Agto-
uovwuévo. Ou duvduels Tov ackoUvTol GTo elatrnglo elvarl n dvvaun Tov elatnpiov, n dvvaun Tou
Bdpoug, kot n kdbetn dVvaun Tov emiTtédov gto eAatiglo. O dvo Tedeutaleg dev TTapdyouv £pyo, g
kGBeteg oTn uetatTémion Touv couotog. H §Uvaun mov asouével, Tou eAatngiov, elval GuvTNENTIKI,
dpa uitopovue va yenowotoicovue tny AAME otn Swadgoun A — C.

A—C _

AEmech =0 (2.927)
Ko+ U, = Ke + U, (2.528)
1 1
émui +0=0+ 5kxﬁm (2.529)

2
mu
X2 = TA (2.530)
mui
Xpar = | —A (2.531)
k
~0.15 m (2.532)

B) Beweovue véo guaTnua To {Goua, eAdTAELO, eTTLEAvELa}. YTTdQyel TTAEOV Un GUVTNENTIKA dUvoun GTo
GUGTNUA, KAl TO GUGTRUO €{val TTOAVUEAES KOl ATTOLOVOUEVO — TTROGTIBeTOL n SUvaun tng TEPNS GTLS
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Suvduelg TTov avapépaue oto TEoynovuevo gpatnua. Ioyver n AAE gtnv (St Stadgoun.

AESC =0 (2.533)
AKA7C + AUA™C + AE;, = 0 (2.534)
Kc—-Kya+Us. —Usy +AE; =0 (2.535)
0- %mui + %kxﬁm +fidx=0 (2.536)
0- %mui + %kx,%mx + nAx = 0 (2.537)

Abyw 1000poTTlag aTov dfova y'y, o log véuog Newton pag Sivel
Zﬁyz(_))(:»ﬁg+ﬁ=6:>n:mg (2.538)

omdTe n teAevTaio oxéon TaQATtdve pag Sivel

50x%,, + 7.84%0 — 115 =0 (2.539)
AvGelg Tou TELWVUROU ATTOTEAOUV Ol Xjpay, = 0.092 m ko Xpap, = —0.25 m, ek Twv omolwv amode-

XOUOGTE TNV TTEOTN AGY® Tov 6T elvor JeTikii, OTTwC TEETIEL va elvol PAGEL GYALOTOS KOL ETILAEYUEVIG
Yetikng @oeds.

Ioedderyua 2.45:

Avo oopato eivor cuvdedeudvo e ofaEES KoL AvEAAGTIKG GYOwl Ttou TeEVA aTtd TEOoXoA XwElg
Topéc. To aoua pdcac my PelokeTon Ge 0QLLOVTIOL eTTLPAVELD UE TEBES KOl GUVEEETOL e EAATAQLO
otabepds k. To ovotnua dewpeltar aQyikd oe npeuio. Av 1o cduo pdgog my TEPTEL amwécTacn h
Tmow €Bel oe npeula, 6mwg gto Lynuo 2.81, virodoyicte To Guvieleatin TEPNG oAlgOnong avdueca
GTO GOUO WAL M1 KOL GTRV 0QLEOVTLOL ETILPAVELQL.

(™

Synua 2.81: Xduata deuéva ue edatripio kal viipa ue tpoyaldia.

Avon:
"Eotw ov déoeig (A) kar (B) Tou cuotigatog, émtog oto Xynua 2.81. ‘Ectw To gUathua {oduata, eAaTnLo,
emedvela, I'n}. To cVotnua elval aroyuovouévo Kol VITAEYOUV Un GUVINENTIKES SUVAUELS GTO GUGTNULO
BUvaun tEPng). Adyw tng Aetog kot apapovs TEOXAMAS KAOMS KoL TOV OVEALGTIK®OY Kl 00QWV vLdT®OY,
Ta SVo GAONATA My KAl mg KvouvTal wogl. Ocmpovue emi{medo undeviking PoQuTIKNG SUVOUKAG eVEQYELOS T
Péon touv cuoTALOTOS GTNY TEMKN 1GoEEOTI(0, aTn déon (B) Twv Svo copdtov. Ioxver n AAE atn Siabpoun
A — B.

AEASB =0 (2.540)

sys
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AKA7E + AUSTE + AU + AE, = 0 (2.541)
Kp—Ka+ Uy — Uy, + Ugy — Us, + AEy, = 0 (2.542)
0-0+0-Ug + Uy, —0+AEy =0 (2.543)
~Ug, + Uy + AEj = 0 (2.544)

1
—mogh + 5khz + fth=0 (2.545)

I'vweitovue 6Tt

fe = puen (2.546)

KL 0T TNV 1G0QEOTIIAL TOU GOUATOC My GTOV y—Agova TtalQvouue
Zﬁy:G:n—mlg:O:)n:mIg (2.547)

Apa
Ji = g (2.548)

‘Etol, avtikabiotovtag atn Xxéon (2.545)

1
—magh + Ekh2 + upmigh = 0 (2.549)
1
mog — skh
= 287 2 (2.550)
ng

TT0VU €lval KoL TO ¢nToVUeVO.

Ioedderyua 2.46:

To elatriplo tov Exnuatoc 2.82 €xel gtabepd k = 1000 N/m.

200 g 2.0m

] @5

Yxnuo 2.82: EAatHplo kol Goud.

Yougtiégetal katd 15 ekatooTd kol 6Tn GuVEXElD ekToLeVEl €va cpa udcag 0.2 kg, H opigdvtio
eTTLPAVELD £lvar xwElS TEUBES, AALMG TO KekAMUEVO €xel TEIBES KoL O GUVTEAEGTAS TEPBNG UeTALY TOL
GOUOTOS Ko Tou kKekMuévou etvan g = 0.2. IIéon arréctacn d Siaviel To GOUO GTOV AR

Avon:
Agite To EZxnua 2.83. Oeswolue ws guaTnua To {owua, emupdvela, I'n}. dewpovue 4 onuela, to (x4,ya),
(x8,¥B), (x1,yr), (xA,¥A). To cVoTNUO €lval Un aTtopOVOUEVO, KABMS VITARXEL £EWTEQKRA dUvaun, AT Tou
elatnpiov, n ogtola JTORdyel €gyo 6Tto cvatnua. Totobetolue TO GUOTALO GUVIETAYUEVOV GTO €AeVBEQO
GKQO TOVU GUUTTLEGUEVOL EAOITNELOV TTOV €QYETOL GE ETTAPN Ue TO owua. ETedn n oglgdvtia emipdvelo, GTo
KATO wéEog Tng edumac elvar xweic TEPNR, n evégyeld Tou eAaTnElov eUEAVICETOL WS KVNTIKA €VEQYELDL
TOU 0OUATOS G GTOV 0EYlcEL TO coua va ovepfolvel TTdvw 6To kerkAwévo. TTapdédo mov Ja wirogovcaye
va Beovue v ToxVTNTA Up KOODS @edyel TO Goua aItd To eAatnglo, dev uag yeetdcetal. Mitogovue va
yonowotowmacovue tnv Apxnt Avatiipnong tng Evégyelag yia vo GuexeTiGouyde tTnv oQylkin SUvOULKN evépyela
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X

X Ya Vg
Yxnuo 2.83: EAdartrigio kal goua kal Siayeduuato Suvausmy.
TNG TTNYAG UE TNV EVEQYELD TOU GOUATOS KADBMS apyitel n kivnon tov Gto cnueio 2. QctdGo, n TAEOVGIA

ToNe amarte! va vitoAdoylicovue tnv avéncn tng Yepuikng evépyelag Tou GUGTARATOS. Mitogouvue va
epoapuocovue thv AAE gtn Stadpoun (xa,ya) — (xr, yr).

AENTT = 3" W 2.551)
AKAZT 4+ AULT + AEy, = Wi (2.552)
KF_KA"‘Ugr_UgA +AEth =W (2553)

1 1
5mu% —0+mgyr — 0+ fyAs = Qkxf, (2.554)

ATt6 T0 OoYnpa PAETTOVUE GTL
yr

As= ———— 2.555
5 Ssin(r/4) (2:555)

Kol yvwpitovue 6T fi = upn = ppmg cos(m/4), AGyw Tng 160QEoTiAS ToU GORATOS GTov dgova y'y. OTdte

1
EmuF 0 +mgyr — 0+ frAs = —kxA (2.556)
1 yr 1 2
Emur -0+ mgyr — 0 + wymg COS(?T/4)W Ek ” (2.557)
\/ — 2gyr — 2ugyr cot(rr/4) (2.558)
8.091 m/s (2.559)

Mgrogotvue T®EO va feovue Thv aItécTacN d = XA — XT XENGLWOTIOLOVTOS TIC EELGNGELS TNG ETTLTOAYUVOUEVIG
kivnong gtn dradeoun (xr, yr) — (xa,ya), 60TT0V TO coua exktedel BoAn. Bewpovue €va véo gigTnua agdvmv
ue xr =yr =0, frr = 0, kol €0TW ¢ 0 XEGVOS TOU YEELWACETAL TO GOUO YLl VO KAAUweL Tn Stadgoun. Xtov
dgova y'y, n kivnon eivar evBiypouun ogadd ermitayvvduevn, omdte da elvan

1
YA = Yr + Uyt — égt2 (2.560)
0 = 0 + ur sin(r/4)t — 4.9¢ (2.561)
t(ur sin(rr/4) — 4.91) = 0 (2.562)

Ot Miceig tou Teuwvipov eivar ot t = 0 i £ = 1.168 s. Ztov dgova x'x, n kivnon eivonw evbBvypauun ye otabepn
ToyUTNTO, da aTtd Tnv €£{0MCN TNG KIVITIKAG

XA = Xr + uUryt & d = xp — xr = urcos(n/4)(1.168) = 6.7 m (2.563)
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Loyt

"Exouue emavnieyuévmg tovicel 0Tl 1o £pyo atoteel évav TROTIo UeTa@ods evégyelag. Autd stov 6e Gu-
nticaue kaBGAov eivor To TAGO YyEryoea uetagépeton n evégyelol Av 9élete va ayopdoeTe vav KIvnTieo
yia va aveBdgel 5 0pdpoug éva JdAapo (avelkvatipa) udcag 1.5 tévmv, €xel onpacio av to kdver oe 30 s
n ce 30 min! ©

H @pdon “méco ypryopa” vitodndovel éva guiud uetapoing. Tivog duwg; Ilpopovods to ubud pe-
TOPOARG Tng evépyelag N aAM®S To EUOUS UeTaPOEAS Tng evépyelas. AuTos o eUBUdS ovoudieTor 1GXOS
P:

d
220 (2.564)

H yovdda uétpnong tng woyxvoc tvar 1 J/s A adlodg 1 Watt - W. EvaAlokTikd, n 1ox0¢ Litopel vo W8wbel wg
0 euBUSC TToRAYWYAS €oyou. Xe éva didotnua Af, n uéon 1oy TTov TTaRAdideTon elvor

AE W
=——=— 2.565
KataAaBatlvete 1L av stdpovue 1o dpto yia Ar — 0, n yéon 1oxdg yivetal n etrymaio 16y0c, Sni.
W d L dr 5
P=1lim Py,=1lim —=—W=F-—=F-ii 2.566
a0t T S0 A T dt ! ( )

IHoedderyua 2.47:

"Evag aveAkvatigag €xer udca 1600 kg ko uetapépel emiPdtec ue guvolkn udca 200 kg, M
otabepn duvaun teIPrig 4000 N avTioTEKETOL 6TV K{vnon TOU AveEAKUGTAQA TTROS T TTAV®.
(@) IIéon o0 TEETTEL Vo TTOQASWGEL O KIVITAQOS TOU OGAVGEQ VL0 VO GNKMGEL TO OGOVGEQ KO
Toug emPdTes Tov pe gtabepn ToyvTnTo u = 3 m/s;
B) Héon woyV TEETTEl Vo TTOQASMGEL O KIVNTAQAS TN GTYUNn JTOU O OVEAKUGTAQOGS Kveltal ue
TOXVTNTA U, OV ETULTO(UVEL TOV AVEAKVGTAQO Ue GTabeph eTtitdyuvon a = 1 m/s? mpog ta Tdvw;

il 1

=T

—_— 1+

-l

Mg

Iyniuwo 2.84: Kivntrgag Kal avelvuaTriag.

Avon:
=1 z z A z
(@) Eépovue 6L P = F - il. Oewpovue o¢ cvaTnua To {aveARueThag, emidteg) kar 6T n deTki @opd
ng kivnong eivar meoc ta Tdve. To gvathua 16opoTel, kKBS KvelTan ue gtabepn tayxvtnto. 'Etot

-

Y F=0e=T+f+Mg=0=T=Mg+f=F (2.567)

~<
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ue M tn GUVOMKNA WAETA TOU GUGTALOTOS. AVTIKOOIGTOVTOS €Xouue
P=(Mg+ flu=65-10*W (2.568)
®) To cvotnua emitayvvetol TEOS TA TAvm, doa
Zl?y=M&’4=>f+f+M§=MEz’=>T:f+M(a+g):F (2.569)

Apa
P=F.ii= (f + M(a + g)u = 2.34u - 10* W (2.570)

IHoedderyua 2.48:

"Evo. £QyoGTdaoto xenoluoolel évav KIvntiea kot £va KaAdSto yia va teafd éva unydvnua udgag 300
kg aItd To XMEO AITTOONKEVGNS WS TO XWQEO YENoNng Tov. IIdon 1GyV TTEETEL va TTAREYEL O KIVRTAQAS
av kwel To unydvnpa pe tayvtnta 0.5 m/s. YrwoBéate 61l 0 cuvtedeaTig TEIPNG oAigBnong uetagy
TOU UNYOVALOTOS KOl TOU 0QLLOVTIOU Ttatoduatog eivar 0.6.

Avon: H &dvapun Ttov aoke{Ttor agtd Tov Kivntineo écm Tou KoAwdiov toovtal ue Ty Tdon Tov KaAw-
Stov, 7. Avti n duvaun Trapdyel €pyo oto unydunuo ue oy P = T-it=Tu, AGY® TOou OTL Ta Sravdcuato
Tdong ko tayvtntoag efvar opudpeotta. To unydvnuo Peloketar o€ 1G0EEOTIAL GTnV 0QLLOVTIOL KIVReh Tov,
Adyw Tng kivnonig Tou ue gtabepn taxvtnta, dea

Zﬁx=6<=>f+ﬁ:6:T—fk:o=>T:szﬂkn 2.571)
KOl AGY® 160QQOTT{0C KoL GTov dgova Yy 1oyvel
Zﬁy=6<:>ﬁ+mg’:6:n—mg=0<:>n=mg (2.572)

AvtikoOieTdvTog
T = g (2.573)

KoL 4o n 1oxvg Tou Kwvntipa Ja eivon

P=Tu=ymgu=2882W (2.974)
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2.8 Aoxfoe

Ioedderyua 2.49:

"Evag Agtiag éviaong dvepog uitoel va emitayivel éva GTROYYUAS yOAlKL Ge Ulol 0QLIOVTLAL YEPUEO
ue otabepn emitdyvvon
@ =05 mis2i+ 7 misd)] (2.575)

YmoBéote 6Tl n yépuea attotedel €va Aglo xy emimedo. Tn ypovikn ctiyun ¢ = 0, n Tayvtnta Tov
yoMKLoU efvor (4m/s)f).
(@) Beelte o uétEo Tng TayVTNTAS TOu GTav £xel uetotoTiatel 12 m wopdAAnAa ue Tov dgova x’x.
®) Beseite Tn ywvia Ttov oynupatitel to Sidvucua Tng TaxUTNTAS TOU GTO TAQATIAVK EQMTNUA UE
Tov dgova x'x.

Avon:
To yaA{KL KWelTal eTITOXUVOUEVO Ue GTaBeEn emITduven a, = 5 m/s? gtov dfova X' X Kal ETLTOVVOUEVL
ue orabegn emtdyvvon a, = 7 m/s? gtov dgova y'y. To yadix €xel agyki ToxYTnTa Wovo GTov dEova X'x
kow {on ye uy =4 m/s.
(@) "Ectw A to onuelo exkkivnong (f = 0) kaw B to onueio dwov €xer uetaromiotel Ax = 12 m wwopdAAnAo
ue Tov dgova x’x. Oa eivar

Wy =u +2a,Ax & uj =16+2-5-12 =136 = up, = 11.662 m/s (2.576)

Kol
up. — up
Up, = up, + ayt =t = ——" =1532 s (2.577)

Ay

Ytov dgova y'y woyxvel

up, = ua, +ayt = 0+7-1.532 = 10.727 m/s (2.578)
Omodte
gl = \Ju + uwy = 15.845 m/s (2.579)
B) Oa elvan
(4B, _(10.727 .
f=tan [— | =tan | ———=| = 42.609 (2.580)
ug, 11.662

IHaedderyua 2.50:

"Evo. agQoTIAGVO TTROGYEWVETAL Ue TaxyTnto 63 m/s, Snik. akouusd To €8apog ue auTiv v Ta-
yvTnta.
(@) Howd eivar n emitdyvvon Touv (LTTOBEGTE dTL elvarl Gtabepn) av o TAGTOS KATAPEQVEL VA, TO
OKWNTOTTONGEL GE YQEOVO 2 s;
B) Héon amoécTacn Siévuce To 0eROTTAAVO GTOV 0.£Q0dLAS0u0;

Avon:
(@) MeAetdue TO @OVOUEVO UE TO TTOU TO AEQOTTAAVO OKOUUTIG TOV aeodiddoouo, SnA. TOTE AKQELPBOS
Yétovue t = 0 kou x = 0. EVkoAa Pelokovue amtd to TUTTOAGYLO TnG eTtitayLvoUevng kivnong 6t gtn
Suadpoun agtd Tnv TEOGYEIWGN TOL 0EROTTAGVOU WS TN GTIYUR TNG AKIWVNTOTIONGAS TOU LoYVEL

Ux

;= Uy, + Ayt (2.581)

oTtoTE
a, = = = -31.5 m/s® (2.582)
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B) Am6 TO TUTTOAGYLS Lag, GTO SLAGTUA VTS TV V0 SEVTEQOAETTTWY UETAEY TNG GTIYUNS TTOU OIKOUUTTG
oTo Sddeouo KoL TNG GTyUnS TTou akvntogtoleitan da €xouue

1
Xp=x;+ Q(MXi +u)t=0+05-63-2=63m (2.583)

Iaedderyua 2.51:

"Evo. awtokivnto Tagldevel ue taxvtnta 45 m/s kot KATTo GTyun TeocItepvd £va KQUUUEVO arivinto
UOTOGUKAETIGTA TG TEo)alag. "Eva 6eutepdAeTtTo UETE ThV TIQOGTTEQAGN, O LOTOGUKAETIGTAS £EKL-
véel ue atabepn emrtdyuven 3 m/s? v kotadiwEn. e méGo yeovo 0 UOTOGUKAETIGTAS Ja @TdceL
TO avTokivnTo;

Avon:
Opltouue w¢ xEovikA GTyun ¢ = 0 TN GTIYUA TTOU 0 OGTUVOWKOS LWOTOGUKAETIGTAG EEKVAL KOl 0QITOUUE G
onueio avamods tng déong x = 0 th d€on Tou AGTUVOULIKOY TIEWV EekvVAGeL. Xe auTh Tn otyun (¢ = 0, x = 0),
TO audgl €xel TTEoXWENoEL Ndn 45 uéta, apov €xel Tepdoel éva deutepdlettto. Apa, n aQyki déon Tou
auagov etvar x;,, = 45 m. To dynua exktelel evBiypauun oualit kivnon ue ctabepn tayvtnta, doa n déon
TOU Yol KAOe ypoviki atiyun ¢ o Sivetar wg

Xear = Xy, + Uy, 0 = 45 + 1y 1 (2.584)

EVA 0 OOTUVOWIKOGS ekTedel evBlypauun ogaAd ermttayvviuevn kivnon, kai n 9éon Tou ylo kdbe xEovikA

otyun ¢ da Sveton g
Lo, 1 5
Xeop = Xig,p T l/t,'wpl’ + —ayl” = —ayt

2.585
7 7 ( )

a@ov n apykn déon tov Jewpeitanr undév kow n agykn tov tayvtnta exiong. ‘Etaol, yia va Beovue mtdte ou
Yéoelg Toug Ya cuumtégouv (aVTo ¢ntdel o epdTnua), Jdo efvon

Xcop = Xcar (2.586)

1
éaxtz’ =45+ u, t (2.587)

Uy, £ ,/u)%m + 2 - 45a;,
t= (2.588)
Aax
KOl OVTIRAOLGTOVTOGS, £X0UUE

t=31s (2.589)

IMoaedderyua 2.52:

"Evag Aaydg kot wio xeAwva Teéyxouv Ge ayava Spduov unkouvg 1 km. H xedodva teéyel ue taydtnta
0.2 m/s, eved o Aaydg 8 m/s. Kat ot §vo gekvovv Ttavtoypova ard tnv ekkivnon. O Aaydg TeExel TTEOG
To Tépua, oTauatdel ouws ata 0.8 km kor Taigvel évav vTtvo. H yed@va Teéxel TTEOS To TEQUa Xwels
va otopatioel. Kow ov 800, dtav kwvouvvton, €xouvv atabepn tnv tayxvtntd tovg. O Aaydg furrvdel
Tedevtala gTyun, TEEXEL KoL TEMKA TeQUATIZEL watl ue tn xeAdva.

(@) Ibéco kovtd Peloketar n xeAdvo GTo TéEUO GTav LuTvdel (Eekivd kow TIAAL) o Aaydc;

B) IIéon wea kowdTay (itav akivntog) o Aaydg;

Avon:
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(@) "Eotw 611 n xeAdva moxwed astéctoon D sow o Aayds avausiel otov ayova. ‘Otav yivetar auTo,
0 Aaydg Teéatel va Teégel 200 m ge 8 m/s, eved n yedwva mEoxwed aréagtacn (1000 — D) ue 0.2 m/s.
KabBévag €xer Tov {810 xedvo yia va TeAelwacel Tov aywva. Aea

200 1000-D

"Etol n xeAwva Peloketon e asmoctacn 1000 — 995 = 5 m amd tn ypauun teQuaticuod dtav o Aayog
ETTAVEQYETOL GTOV AYDVAL.

B) Ko ot dvo gekwovv tov ayova tnv (o ypovikn otiyun ¢ = 0. O Aoyds @Tdver tn déon tov 800
uétpmv ae xpdvo t = 800/8 = 100 s. H xeAwva @tdvel ta 995 uétpa ce xedvo ¢t = 995/0.2 = 4975 s. O
Aayoc kowodTav yio Stdotnyo

At = 4975 - 100 = 4875 s (2.591)

Ioeddeyua 2.53:

"Evag dvBpmmog tagldevel e 1o avtokivintd tou, pe gtabepn tayvtnta 89.5 km/h, ektdc amd wa
otdon 22 AeTrtdv. Av n péon tayxvtnto tov elvan 77.8 km/h:

(@) II6écn nTav n GUVOMKNA MEO TOU TAELSL0V;

B) Idéon aséctocn Siévuce GUVOMKA,

Avon:

(@) "Eotw tp = 0 n guiyun ekkivnong tov tagldiol kal f; 0 xedvog mov Sévuae uéypL Tn Gtdon Tagldevo-
vtag ue otabepn tayxvtnta u = 89.5 km/h, dnA. ye u = 24.86 m/s. Ta 22 Aemtd aviieToyyouv oe 1320
SevuteddeTta, eved n uéon taxvTnTo Twv 77.8 YLIAMOUEToWVY Tnv o avtigtoyel e 21.61 m/s. H uéon
Tov Tayvtnto dlveton amd tn oxéon

Ax Ax Ax

Yee TN T 4, 41320 - 19 1, +1320 (2:592)
Apa n agdécTacn wov Siévuce eivor
AX = Uy At = Ugye(ts +1320) (2.593)
INo 660 tagideve ue gtabepn toyvTnta u, Ja eivon
Ax = u(ty — ty) = utg (2.594)
ITpogavag ot aroatdoels Ax elvar (Sleg kKo GTIC duo GYEaelg, dEa EELGWOVOVTAS EXOUUE
Uavg(ts +1320) = ut; & 21.6 - (t; + 1320) = 24.86 - 1, & 1, = % = 8746 s (2.595)

JTov avtigtolyel ot fy = 2.44 ®Ees. Ao 0 GUVOALKAS XEOVOS TOESLOU elvol oy = 2.44 + 0.37 = 2.81
WEEC.
@) H amdctacn movu tagidewe elvon

Ax = uty = 218370 m = 218 km (2.596)
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IMoedderyua 2.54:

H 9¢on evig coduatog wou kiveltal wdvw o évav dgova x'x diveton agrd tn cuvdptnon

x(f) =3t — 4 + 1 (2.597)

UE X VO UETELETOL GE UETQO KO T GE SEVTEQOAETTTAL.
(@) Bpeite tn 9€on Tou GOUATOS TIS XEOVIKESG GTyueg 1, 2, 3, katl 4 s avticToya.
B) Beelte n pueTatdImion Tov GOUOTOS UETAUEY TV XQOVIKWV GTyuwv ¢ = 0 kot £ =4 s.
) IToud eivar n uéon ToyVTNTO TOU GOUOTOS GTO ddoTnua aTtd t =2 g t =4 s;
©) Zxedidote ToloTkG Tn cuvdptnon x(f) ce éva ypdonua cto Stdatnua [2, 4], ko eEnynate Twg
Ja wropovcate vo ATTOVINAGETE GTO TLRONYOUUEVO £QWTNUA UWEG® TOU YQAMPAULOTOG.

Avon:
H 9¢on evig ooduatog wou kveltal wdve oe €vav dgova x’x dlveton agtd tn cuvdernon

x(f) = 3r— 4 + 1 (2.598)

UE X VO UETELETOL GE UETQA KOL I GE SEVTEQOAETITAL.
(o) Etvar

t=1x()=3-4+1=0m.

t=2: x(2)=6-16+8=-2 m.

t=3 x3)=9-36+27=0m.

r=4: x(4)=12-64+64 =12 m.

B) Oa éxouue

Ax=x(4)-x(0)=12-0=12m (2.599)

) Oa elvon
Ax  x(4) - x(2
Uavg = K); = % =7 m/s (2.600)

®) To ypdenua tng x(f) @aiveton oto Iynuo 2.85. H uéon tayvtnta Sivetor astd tnv kAion tng gvbeiog

Function x(t)
15

(4,12)

10 +

(2,-2)

0 1 2 3 4
Seconds

Yxhpo 2.85: Xyrua Acknong 2.54.

JToU evvel Ta onueta (2, —2) ko (4,12). H kAlon avtni elval
12 - (-2 14

/l = —() = — = 7
4-2 2

JTOV TOUTITETOL UE TNV ATTAVTNGN GTO TIEONYOUUEVO EQWTNLAL.

(2.601)
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Iaedderyua 2.55:

“Evo, nAekTéVIo eTtitoyvvel opotduoppa amé 2 - 104 oe 6 - 10° m/s oe améotaon 1.5 cm.
(@) Xe 7660 yeovikd didotnua Swavvel avtd Ta 1.5 ekatooTd;
B) Iowd efvon n emitdyvven Tov Ge oVTS TO StdcTnU;

Avon:
"Exovue apikd 6t u; = 2 - 104 m/s kar ur=6- 10% m/s, kou 611 Xp—xi =15 1072 m. Ae yvopitovue thv
eqriTdyvvon oEykd (Log gnteitor otn cuvéxeln), oTtdte da ypelacTovue vav TUTO we TaxVTNTES Kal doelg
uovo.
(@) AT TIS €EI0MGELS TNG ETLTOVVOUEVNG KIVNoNng eTAEyouue

xp=x;i+0.3(us+ u)t (2.602)
2(x¢ — Xx;

S k) (2.603)
uf — Ui

=0.00498-10%~5-107% s (2.604)

B) Emiéyouue agtd 1o TuTToAdYLd wos tn gxéon
W = uf + 2a,(xf - x;) (2.605)

ooV €yelL To ntovuevo AyvwaTo (eTitdyuvon) kol 6Aa ta dAAa ctolxela elval yvwaotd.

wh = uf + 2a,(x - x;) (2.606)
2 2
Up = U 15 2
a,=——~12-10" m/s (2.607)
2(Xf - xl-)
EvoALOKTIRA,
1 2
Xp =X+ ugt+ Eaxt (2.608)
Xf— Xj— Uyl
ay = 2 — (2.609)
~1.2-10° m/s? (2.610)

Ioedderyua 2.56:

Odnyeite ue 1o apdgr coc agtov BOAK (Bdpeiog O8ikds Atovas Kpntng) ki evd 1o Sgo etvan 90
km/h eceic Teéxete otabepd ue 137 km/h (Irpdyua sov dev meémel va kdvete IIOTE!. Ta @eéva Tou
OQWTOKIVATOU GO WITOQROVV VoL Gag eTppadivouy e puiud 5.2 m/s?.
(@) Av fagvikd Seite évav Teoxovduo, TToldg eival o xeovog Ttov uttoeite va décete tnv taxvTnto
TOU auagloy cag ato 6o Twv 90 km/h; H amdvinon da cog asokalvyel tn poatoudinto
TOU PEEVOQRIGUATOS VIOl VO U GOG TTLAGEL TO QAVTAQ TNG TEOXALNS, dTav PAETETE Tn GYETIKA
GAULOVGN.
B) Zxebudote Ta yoapnuato x(f) o¢ TEOS ¢ kol u(f) ®S TTEOS ¢ Y. 0G0 StdoTnya astorteltal et
va mdoete To 6plo (LITobéate 4Tl aTo £ = 0 €xete Tayvnta 137 km/h ko 6Tl x,=9 = 0).

Avon:
(@) Beweovue t; = 0 kow x; = 0 Tn GTIYUR TTOV PAEITOUUE TOV TROXOVOUO Kol WOMGS Eekivdue vo emifa-
8vvouue to avtokivnto. To 6pto twv 90 km/h avtictoyel 6e 25 m/s. H kivnon pag eivon evbiypauun
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ETITOVVOUEVN (e GTAOER emiTdyuvon a, = —5.2 m/s?. @swpovue u; = 38.05 m/s étav 4; = 0 ko

ur =25 m/s uetd amé yedévo t. Oa elvon

uf —Uj _ 25— 38.05
ag  -52

Apa da €xouv mepdoer 2.51 SeutepoAeTiTa UEYEL Vo KATERETE GTO GQLO TG ToyUTNTOC, StdGTNUO GTO

Jtofo Ya €xete ndn dratpégel Tepittov 80 uétpa. Mdtalog KOTTOG, To Eavid Jo cog €xel Ndn mdceL.
B) H 9éon x(¢) Siveton amd tn oxéon

=231s (2.611)

U =ui+ayt =t=

1
x(f) = x; + Uyt — Eaxﬂ =0 + 38.05¢ — 2.61* = —2.61* + 38.05¢ (2.612)

KoL N ToUTNTO 06
d
u(t) = d—tx(t) = -5.2t + 38.05 (2.613)

Ta yoaopnuata @aivovtor gto Xynua 2.86.

80 40
60 35
£ 40 £ 30
20 25
0 20
0 05 1 1.5 2 2.5 0 05 1 1.5 2 2.5
Seconds Seconds

Yxhupa 2.86: Xyrua Acknong 2.56.

IHoaedderyua 2.57:

"Eva avtokivnto mov tagdevel ue taxvtnta 30 m/s ypewdcetanl to Aydtego 60 m yio vo GTapotnoel,
GUUTTEQLAOUPBOVOUEVIG TNG ATTOGTACGNS TTOU Staviel UEXQEL VO OvTISRAGEL 0 08nyog (TtatRGeEL @EEVO).
O odnydg aviided kotd uéco 6po oe 0.5 s.
(@) Howd elvon n eAdylotn AITGGTACGN TTOU XEELACETOL TO (510 AUTOKIVNTO YO VO GTOUATAGEL OV
Teéxel ue 40 m/s;
B) Zxebudote éva ypdonuo 9€ong - xe6vou yiad TRV Kivion TOU OUTOKWATOU TOU JTAQATTAV®
epwTRUaTos. YTmoBéate Tl To avtokivnto Peioketal ce apyxkn déon xg = 0 m édtav o odnydg
avtidaupdvetar 4Tl TEETEL Vo PEEVAQEL.

Advon:

(@) To meoPAnua etvar Srttd: aEYKd, TEETEL VO YENGLOTIOLGOUUE TV TTANQO@oQLa TTov SiveTal yia vo
Beovue tnv emitdyuvon KATd To @EEVARLEUA. AgUTEQOV, TIRETEL VO XENGWOTTOINGOUUE TV ETLTAYXUVGN
yio va feovue TV aItdGTOCN TTOU AITOLTE(TOL YL VO GTOUATAGEL, SES0UEVNG TNG SLOPOQETIKAG QLEYIKNG
ToxvTnTas. AQ)Kd, TO aUToKivRTO TTEOXWEA ue GTaben TaxvTnTa TV PEEVAQEL:

Xp=xi+tut=ut=15m (2.614)

Téte, To avtokwnto @Eevdpel. Emedn Sev épovue 10 xpovikd Sidotnua Jtov agtarteital, da yenot-

WOTTOLNGOUUE TN GYEon
2

w2 = u? + 2a,Ax = a, = BT m/s? (2.615)
f ! 2Ax
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Xenowotoicape u; = 30 m/s. TIpoGéEte TO ORVNTIKG TIEOGNWO, ETIEON TO SLAVUGUO. TNG ETILTAYVVONG
Selyvel poc ta aplotepd. Emavalaufdvouue topa ue u; = 40 m/s. H amdatacn puéyel 1o @eevaolouo
elvan

Xp=ut=20m (2.616)

H 9€on x; uetd to @eevdolopo etvon

x(m)

100 /
80 -~ .
otaon
60 -
bpeviplopa
04
20 / otaBepA TaylTnTa
0 I T T T T ! (‘\]
0 1 2 3 .

Yxrwa 2.87: Aidypauua Acknong 2.57.

40?
u?c = uiz + 2a,Ax = Ax = —2(_10) =80 m 2.617)
Apa
Ax=x9—x1=>x=80+20=100 m (2.618)

®) To avtokivnto Savvel ue otabepn Tayxvtnta ta TeoTo 0.5 s, Tafildevovtog yio 20 m. To Sidypoauuwo
Ya elvaw wa evbela ypauun ue kAion 40 m/s. T ¢ > 0.5, To Sidypapua da elvar wa sToafoln, uéyot
TO Gnyelo OV TO AWTOK{VATO GTOUATA (XQEOVIKA GTIyUd 77). MItogovue va feovue avTh Th GTIYWR wg

Up =i+ aty—t) =t =1=— =455 (2.619)

Ay

H mtapapoirt da éyel undevikn kdion u = 0 e xpdvo ¢ = 4.5 s. To Sidypaupa @aivetar 6to Zxnua 2.87.

IHoedderyua 2.58:

"Evag gottntig Puoikig melpauatiteton oe éva ddhauo petwuévng Bagutntas. O @ortntig metd wa
urtdAa n ogroia akoAovbel tnv TaQABOAKA TEoxld Touv ExfAuatos 2.88(a). H 9€on tng umdiag gto
oxnuo eatvetal avd dtacTipato evog euteoAétitov, amd f =1 ws t = 3 s. Tn xpovikA otiyun ¢ =1
S, N ToyVTNTO TNG UITdAOS divetar aitd tn oxéon

= (2.0 m/s)i + (2.0 m/s)j (2.620)

(@) YgtoAoyiote To Sidvucua Tng TOXVTNTAS TS XEOVIKES GTiyués t =0, r =2 kot £ = 3 s.
B) Howd eivar n T tng emrdyuvvong tng foapvtntog oto JdAauo;
) ITowd ntav n agyki yovia piyng tng umdiog;

Avon:
Aelte To Zynuo 2.88().
(@) Eépouue to ddvucua toyvtntag tng umdiac otav r = 1 s. H umdia oto ywnAdtepd tng cnuelo
Poloketan tn xeovikn ctiyun ¢ = 2 s. Exel Aowmrdv megmel uy, = 0. H opigdvtia Ttoyvtnto elvon ctabepn
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y ¥ = (200 + 2.0f) m/s

2s
ls 3s

0 S I:a) Xo» Yo To
Vo "IU_\'

(B)

Yynua 2.88: Xyripua Acknong 2.58.

otn Sidekela g kivnong, €Tl uy = 2 m/s, yia kK40e xeovikn otiyui. Aga iz = (2 m/s)Z vt =2 s.
IMapatneovue 6Tl N y—GUVIGTOGO TG TayVTntag AAAAEE KaTd Auy = —2 m/s avAUEGO GTIG XQOVIKES
otiyuég r = 1 kou t = 2 s. Emteldn n emirdyvvon otov y—dgovo elvor atabepn - BaQuiiki emitdyvvon
- n uy aAldger katd —2 m/s ce otolodnirote SidoTnua Sidpkelag evog devtepodémttov. Tn ypoviki
oTyun 1 = 3 s, n uy elvor 2 m/s wredTeEn aIto Tn (WNGEVIKA) TW TG Tn XEOVIKA oTiyun 7 = 2 s. T
t =0, n u, wEémeL va elvar 2 m/s pueyaAltepn amrd Ty TW Tng Th xeovikn otiyun ¢ = 1s. Katd
OLVETIELN, €XOVUE GUVOMKA:

1=0:iy=(2m/s)i+@dm/s)] (2.621)
r=1:0 =2 mis)i+ 2 ms)] (2.622)
1=2: 0y = (2 mis)i+ (0 m/s))) (2.623)
t=3:ily =2 ms)i+ (=2 mfs)j (2.624)

() Emedn n u, adddcer ue quiud —2 m/s avd 8evTeQOAeTTO, N Yy—GUVIGTMOGA TNG ETIITAYVVONG TEETEL
va elvon ay, = =2 m/s?. ‘Ouwg n ay givar n emrdyvvon tng Bagvtntas gto JdAayo, doa n Pagutiki
emTdyuvon tov daAduov eivan g = -2 m/s%.

) ATé TO TTEAOTO VITOEEWTNUA, Ol GUVIGTOGES TN XEOVIKA Gtiyun ¢ = 0 pag divouv

U,
0=tan"' -2 = tan"' 2 ~ 63° (2.625)
Uox

Ioeddetyua 2.59:

Ytoug TTEdGPatous OAvuITiakoUS Aydveg, uetenfnke n tayvtnto twv sprinters tov 100 uétpwv. ‘Eva
amAd HOVTEAO TaxUTNTOGS SnAdvel 6TL 0 sprinter ettitayUvel ue 3.6 m/s? yia 10/3 s, kaw uetd TEéxeL
ue gtaben TaxVTNTA WS TN YEAUUN TOU TEQUATIGULOV.

(@) Aelgte 611 0 Ypbvog evdg sprinter twv 100 uétpwv TOU akoAovBel TO TTaEATTAV® LOVTEAO elvor
10 s.

B) "Evac sprinter ugtopel va teégel ta 100 uétpa o yernyoea, av eItitayvvel TTEQLGGOTEQO GTNV
oY OGTE Vo OTAGEL AT UWEYLGTN TAYVTNTA TOU U0 GUvTord. AelEte 6Tl av n uéyletn TayVTnTa
€vOg sprinter efvai n (o TTovV BEAKATE GTO TTEONYOUUEVO EQWTNUA, N ETLTAYVVON TTOU XQELATETOL
yia va, Toéger Ta 100 uétoa oe 9.9 SevtepdiemTa 1GovTAL U ap = 3.8 m/sZ.

() AelEte 611 TO TTOGOGTS TTOL TEETEL O Sprinter vo. AVENGEL TNV ETLTAXVVGNR TOU MGTE VO UELOGEL
TO ¥e6vo Tov Kotd 1% eivar 5.6%.

Avon:
Aeite To Zynuo 2.89 kot TG uetafAnTéc Tov.
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Sxnuo 2.89: Exyrnua Acknong 2.59.

(@) AT n oxéon GTabfepng ToyUTNTOGS Yo TV OITOGTAGN X] — Xg £XOUVUE

100 — 10
Xo=x1+u(to —t)) = 9 = —XI + — (2.626)
u 3
Ac Bpovue twpa Tic TayvTnteg kow JEGelS, ws eENG:
10
Uy =ug+aop(ti—ty) =0+ 3.6§ =12 m/s (2.627)
KoL
1 ) 1. (10\?
X1 = xo + uo(ty — tp) + an(l‘l —1)"=0+0+ 536 E =20m (2.628)
"E1Gl, €pouue
100-20 10
tg= ———+ — =10 2.629
2T T g (2.629)
B) H uéyiotn tayvtnta tov 12 m/s onualiver uy = 12 m/s. Two va feovue tnv eTmitdyuvvon, gxouue
12
up=ug+ap(ts—t) =212=0+apti > t1 = — (2.630)
ao
KO
1 2 L 5 1 5
X1 = xo + uog(ty — tp) + an(l‘l —1)"=0+0+ ia()tl = éaol‘l (2.631)
Aot
1
Xo = x1+u(ts — ) + éal(tg - ll)z (2.632)
€youue
1
wozg%ﬁ+m®9—n) (2.633)
Apa
1 (12 12 )
100 = —ag|—| +12{99 - — ]| = ap =3.8 m/s (2.634)
2 ago ap

(y) AT6 To TAEATEV® £pmTALNTO PAETTOVUE GTL N eTTITAYVVON TIETTEL va. avEndel amté 3.6 oe 3.8 m/s?
®aTe 0 xedvog tov abinti va uewwbel agtd 10 oe 9.9 s. Avuti n uelwon eivon tng tdeng tov 1%. H
uetwon Tov xedévou katd 1% aviioTolxel oe avinon Tng emLTdyuvong Katd

3.8-3.6

36 x100% = 5.6% (2.635)
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Iaedderyua 2.60:

"Eva, 1110 QeaMGTIKG LOVTEAO yla TV TaVTNTA TOU sprinter Thg stponyovuevng doknong Sivetol wg

uy = a(l — e (2.636)

ue t ge SeuTeQONETTA, Uy GE M/S, KOL Ol GTAOEQES a, b aTTtoTEAOVV XOQAKTNELGTIKA Tou KABe sprinter.
O yvawotdg sprinter Carl Lewis mwov képdioe to Iaykdéowo IMpwtdOAinua tov 1987, wovieAoTroteiton
ue twés a = 11.81 m/s kou b = 0.6887 s7L.
(@) Aglgtre 611 n emmtdyuvon tov Lewis Tic xpovikés otyués ¢+ = 0, + = 2 ko ¢t = 4 s ATOV
8.134,2.052, 0.5175 m/s*.
B) Beelte wa ékepacn yia th 9€on Tov sprinter GUVOQETAGEL TOU XQEOVOU !, OAOKANQ®OVOVTOS S
TIEOG ¢ TN GUVAETNON TAXVTNTAS - XEOVOU.
) Av ta kdvate 6Ad GOGTA, N €kEEACN TIOU PEIRKATE GTO TTAQATIAV® £QOdTNUA Sev WIToQEEl va
ABel wg TIEOG 1. 'OUmG KAVOVTOGS UEQIKES SOKIUES, UTToEElTE Vo feelTe TO XEOVO TTOU XEELGCTNKE
yo va, Teéger to 100 uétpa. Boeite To xeévo avtd?.

“Q gmionuog xdvog fitav 0.01 Seutepdlemtto peyalitepos att’ avtdv mou Ja Peeite, Tpdyuo TToU Selyver 6TL To wOVTEAD
elval KAAG 0AAG Gyl TéAeLO.

Advon:
(@) H emtdyvvon eivar n xpoviki Toedywyog Tng taxvTntag, Sni.
d d
ac =22 = Z(a(l— ) = abe™ (2.637)
dx dx

Me 115 SoBeloeg Twég, €xovue a, = 8.314¢7 06887 152 Tic XQOVIKES aTyuég t = 0,2,4 s, n TWA Tng
equtdyvvong efvor 8.134,2.052, 0.5175 m/s2.

B) A@oU uy = a—ae™, éxovue

!
x(f) = f (a — ae”")du (2.638)
0
—at + ge_b’ - g (2.639)
- g(bt +e o) (2.640)
=17.15(0.68871 + ¢ *688" _ 1) m (2.641)

V) Me Sokég, yia t = 9.92 s, éxovue x = 100.0 m.

IMagdderyua 2.61:

‘Eva tovua witopel va tndngel e vYwog 4 uétpmv dtav @evyel am’ to €8apog ue yovio 45 Loov.
Me Tt tayvtnto @eedyel agtd To €6apog, OaTe va KAvel auTd To dALa;

Avon:
‘Ectw n Sradpoun aitd to £8apos wg To UEytaTo Vyog, pe t = 0 dtav To Jtovue Peioketon 6Tto £€80pog. XTo
UEVIGTo Mpog, €xovue uy = 0, kAl 0 XEOVOS YLl Vo PTAGEL TO TTOVRa AVTd To Mpog Sivetar aTrd

uy

Uy,
= Uy, — gl =1 = ? (2.642)

H kataxkdpuen uetatdricon mov €xer gupfel 6e avtd To didotnua eivan

2
us

AYmax = Uy avel = el (2.643)
max V,avg 2g
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Apa av Ayuex = 4 m, Téte

Uy, = 28AYmax = V2-9.8 -4 = 8.85 m/s (2.644)

oToTe av n yovia elvor 6 = 452, n agxkn toyvtnto eival

U,
U= —— =12.5 m/s (2.645)
sin @

IHoaedderyua 2.62:

Ye éva urrop, évag TeAdng yMoTedel To ddelo TTOTAQL LWITVEAS TOV GTOV TAYKO, 0 0TT0l0GC £xel VWOG
h m. TTpw TTEOAGREL vaL TO TLAGEL O UITAQUAY, TTEPTEL KoL OKAEL GTO TTATOUA G aTtéaTacn d m oIt
Tov TAyKoO.

(@) Me 11 tayvtnto @edyel To TOTAQL AT Tov TTAYKO;

B) Iowd eivon n katevBuven Tng TOYVTNTAS TOV OTAV @ETAVEL GTO £d0POC;

Avon:
Av Jempncovue wg cnuelo ekkivnong ueAétng tov meofAnuatoc (f; = 0, x; = y; = 0) To onueio 6ITOV TO
TOTAQEL “0PAVEL” TOV TTAYKO, Ol GUVTETOYUEVES TOV TTOTNELOV Yo KAOE XQOVIKA GTiyun ¢ eivor

1
Xp = X+ Uyt + Eaxtz = X; = Uyt (2.646)
apoV x; = 0 kat a, = 0, ko
1 1
Vp = Vit it + oyt = yp = —oet’ (2.647)

a@ov y; = 0 kow uy; = 0.
(@) ‘Otav To TOTAQEL PTAVEL GTO TATWUA, Y = —h KOl X7 = d, £TGL

1 2h
_h — __gt2 = [ = —_ (2648)
2 g

elvar 0 xp6vog tng GUyKEOLUGNg, eV

d
Xf = Uyl = Uy = — = d i (2.649)
t 2h
elval n tayvnTo TOU EEVYEL TO TTOTAQEL OITO TOV TTAYKO.
B) AxeBws TTEWV TN GUYKQEOUGN, N X—GUVIGTWGA TNG TOXVTNTO £lval (OGN UE Uy = Uy EVO N Y—GUVIGTOGO
g eivan
Uyf = Uy; + at = uyy = —+/2gh (2.650)

‘Egterta, n katevbuvon tng kivnong mowv okl tn cuykpouvcn eivor vitd yovia

—/2gh
0 = tan”! (uif) = tan™! —veem (2.651)
l/le d Zg;h
71 _2h
= tan _d (2652)
2h
= — tan_l (7) (2.653)

KATw 0TT6 TO 0QLLGVTIO dEoval.



150 Kegdharo 2. Mnyovixt

Iaedderyua 2.63:

I'vweltete 6TL TTOA) TTOAY Hiked cwuatidio i opyavigrol, dTtwg ot Lof, elval adatol GTo avhEATIVO
udty, okduo KoL pe Tn YERon evog Kool WikookoTiiov. To nAeKTEOVIKG UlKQOGKGOITLO WITOQEl va
KOTAGTAGEL 0QATOVS TETOLOVS 0QYAVIGULOUS, XENGLLOTTOLWVTOS OKTIVES NAEKTQOVIWY avtl yio aktiveg
P®WTOS. O “@akol” evOS NAEKTEOVIKOU WKQOGKOTIIOU AITOTEAOUVTOL ATt NAEKTEIKA KOl WOyVRTIKA
Tiedio wov eAéyyouv Tnv axtivo nAexkTQoviov. Q¢ TToEAdelyuo Wag TETOWS £QEAQUOYNS, JewENaTE
€va NAEKTEOVIO TTOU TAELSeVEL TTEOS TNV APXR EVOS GUGTARATOS OVAPOEAS KAl Ue kKatevBuvan eTTAV®
otov x—dgova (0AAG oke@Teite To we Kivnon ce e{Tiedo Xxy) pe aEYKA TaxVTNTO

V=i (2.654)

‘Otav epvdel agtd tnv TeQLoYn Tou x—dgova Tov gekvdel amd to x = 0 (omdte kal dewpovue 4T
aylcovue va uedetdue To TTEOPANUA) ®S TO X = d, TO NAEKTEOVIO VEIGTATOL ETLTAYLVVGN

d=a;d+ay (2.655)
OTOV a, Kau ay eivan GTabeEés. OewEwvTag
w = 1.8-10"m/s (2.656)
a, = 8-10"mys? (2.657)
ay = 16-10"m/s? (2.658)

yio tn 9éon x = d = 0.01 m, Beelte T TOQOKATW:
(@) Tn 9€on cto xy emimedo Tov nAekTEOVioy
B) Tnv Tayxvnta tov nAekTEOVIOL Ge LoEEN SLaVOGUATOS
) To yétpo tng toyvTntog TOuv NAEKTEOVIOU
©) Tnv katevBuvon Tov StavOGUATOC TG TaXVTNTAS TOL nAgkTEoviov (BnA. Th ywvia TToOU G-
TiTer ue Tov oELévTIo GEova x).

Avdon.
(@) To tn x—cuvieToca Tng kivnong, Ja €youvye

1
Xp = Xi+ Uyt + Eaxﬁ (2.659)
KOL QVTIRAOLGTOVTAG, £XOVUE
1
0.01=0+18-10"t + 38" 10M72 (2.660)
-1.8-107 + 1.844 - 107
t= 5 104 S (2.661)
EmAéyovtag to detikd ypdvo, €xovue
t=55-107"s (2.662)
To tnv y—cuvict®oa Tng kivnong, €youvue
L,
YF =Y+ uyt + éayt (2.663)

KoL 4o

1
v =0+0+716- 107 - (5.5 1079 m (2.664)
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=242-10*m (2.665)

Apa teMkd n déon Tou niektooviov GTo xy emimedo divetaw amd To Sidvuoua déang

Pr = (10 mm)i + (0.242 mm)}) (2.666)

B) Oa etvan
ﬁf =; +at (2.667)
= 181077+ (8- 107 + 1.6 - 10" )(5.5 - 1071) (2.668)
=1.84-10"7+8.8-10°] (2.669)

) da elvon
gl = V(1.84-107)2 + (8.8 -10%)2 = 1.84 - 107 m/s (2.670)

©) Oa eivon

-1 My o
6 = tan (—) =273 (2.671)
Uy

Ioedderyua 2.64:

"Eva copoatidio kwveltar gtov x—dgova. H déon tou divetor agtd tn oyéon
x(f) =5 + 3t — 61° (2.672)

orrov t elvan Ge SevtepoieTita (S) kow x(f) e uétpa (m).
(@) Tv eldoug kivnon ektelel; Aikaodoyncte. AvayvweicTte TIG TTOQAULETEOVS TG kivnong.
B) Beselte tn 9€on tov dtav alddcel katevbuvon.
() Beeite tnv Toydtntd Touv dtav emoTEépel otn Yéon TTov elye étav ¢t = 0.

Avon:
(@) I'vwelitovtag tn gxéon

1
Xp =X+ it + Eatz (2.673)

KOl OTL avTigTolel Ge emitayvvouevn kivnon ue gtabepn emrtdyvvon, avayvmeitovue 6Tl n kivnon
elvar emitayvvouevn ogtov dgova X x pe gtabepn emitdyuvon.
B) H eglowon tng gtiywoaiog tayvTntoag eivon

u(t) = ditx(z) =3-12¢ (2.674)

AMayn katevbuvong cuupaiver dtav u(?) = 0 yio kdarowo ¢, n osoia cuupaiver dtav ¢ =1/4 s. Aga n
Péon tovu tn dedouévn ypovikin ctiyun da etvan

x(f) = 5 + 3t — 612 v 5.375 m (2.675)
1=
) Amo n 6xéon
1
Xp = X+ it + EatZ (2.676)
TopatnEovue OTL OTav Xy = X;, TOTE 1 = —%. Apa, dTav eTMGTEEPEL GTNV AEYKN Tov J€an, 0 xpOvog

elvon
2x3 1
t=———=-—35 (2.677)
-12 2
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KOl L ToVTNTd Tov ToTE efvai

1
u=3- 125 =-3m/s (2.678)

ue To EAGNUO va SnAdvel @oQd.

Ioedderyua 2.65:

(@) Me mdon taxvTnto TEETEL VO TTETAEOUUE U0l UWITAAQ KOATOKOQUMO TIEOS TA TTAV® MOGTE Yo
@Tdoel oe éva uéyloto VPog 50 UETEWVY aItd To £80pOg;

B) II6co xedévo Ya PelokeTtal GTOV A€ UEXQEL VAL ETTLGTREWEL GTO XEQL UOG;

) Me méon tayvTnta TEETEL Vo TTeTdgovue €vo Wuyelo () KATOKGQUEO TTEOS T TTAVE OGTE Vo,
@Tdoel ge éva uéylato vwog S0 uétpwv amd 1o €dapog; I1dco diagépel n amwdvinen Gag ge
Gxéon ue To (0) EQWTNUL

Avon:

() "Exovue kotakéguen kivncn meog to Tave, ue uy = 0 6To uéyloto Uyog Twv yr = 50 u€towv Ko
u;, yi = 0 otn 9€on exktogevong. Oswpovue detiki @opd Tng kivnong 1eog ta wdvw. H kivnon eivor
eTITOUVOUEVN UE GTOdEQEN emiTd)vven a, = —g = —9.8 m/s?. OTéTE GTN SLASEOUR ATtd TO £80(POS WG
To uéyteto vwog da €xouvue

Wy = U} +2a,Ay & uf = u} +2g(ys — i) = 0+50-19.6 = 980 = u; = +31.305 m/s (2.679)

EmAéyouye to detikd mdonuo, kabig n uitdAa kveltor wog to wave (duola ue tn Jetiki @oed
Tng kivnong).

®) "Ectw oykd onueio n 9éon ektéfevong kol teMkd onuelo avd to {610, KATE Tnv €MOTROPN TNG
urtddag. H taxvtnta da eivar (Sia katd u€tpo atnv agxikin kot atny teAkn déon aAld ue aviiBeto
Treéonuo (AGyw Tng @oedg Tovu diaviouatog tng tayxvtntag). O xeévog diveton agtd tn oyéon

up =u; — gt < —31.305 = 31.305 - 9.8t = 1 = 6.387 s (2.680)

) H amdvinon eivan (6o u; = 31.305 m/s. Aev €xel onuacio n udgo ToU AVTIKEUEVO.

Ioeddeyua 2.66:

"Evog Ikavig uitaokeTugtoAictas Touv NBA uitogel vo tndngel KatakoQueo TTog Ta Tave amdéatacn
0.76 m kabo¢ 0pIrdcel Tnv UITdAo uetd amd éva Gdotoxo cout. II6Go cuvodiké (oTnv dvodo Ko
KAB030 TOU GOUATOS TOV) XEOVO TEQEVA

(@) oto dvw 0.15 m tov JAUATOS TOu

B) ota kdte 0.15 m Tov dARATOS TOU
Ot aItovTicelS cog eEnyovv 1o AGYo oV KATTowoL aBANTES @alveTal va “GTékovTal GTov agpa” GTov
mndovv; O Michael Jordan dguleiton 6T eiye emrdmio dAua 1.168 m. Beeite toug aviicToyoug
¥Xe4évoug Tov.

Avon:
Agite o Zynua 2.90. Oa ueleticovpe tnv dvodo Tou Ttaiktn wévo, kol Ja Sithactdcovue astAd to yedvo
0TO agroTéAeoud wog, a@ov n kivnon tng avédov kor tng kabGdov eivon ypovikd (dies. EmiAéyouue detikn
@04 Tng kivnong TEog ta Tdvw. H kivnon efvow gvbBlypauun etmtayuvvdéuevn ue ogtabepnn emitdyvvon
ay =-g=-9.8 m/s%.
(@) Bewpovue tn dwadgourt agtd to cnueio C (fc = 0) gto onueio D tng avédov tov maiktn. Oa eival

up =uc — gt & 0 =uc — 9.8t = uc = 9.8¢ (2.681)
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m]
\
0.15m
-------- ---C-1--I--- 0.61m
| 0.76m
I
-------- B] 0.15m
0.15m |
aly )

Yynua 2.90: Xyrua Acoknong 2.66.

Ko
1
YD = yc + uct — Egtz & 0.76=061+98>-49% & 015=492=1r=0175s (2.682)

Apa 0 xedvog Tov TEEVA aTa dvw 0.15 m tou dApatog eivan ¢ = 2 - 0.175 = 0.35 = 350 ms.
B) Oewpovue tn dwadeoun agtd to cnueio B 6to onueto D. Oa eivon

up, = up — 2gAy & 0 = u3 — 19.6 - (0.76 — 0.15) & w3 = 11.956 = up = 3.457 m/s (2.683)

emAéyoviag to detikd TEEcnUuo tng Avong ywatl to Sidvuouo Tng ToyUTnTag €xel oEd TROS TN
Petikn @oEd tng kivnong (og ta Tdvw). Emiong, otn dtadpoun amd to onueio A gto onueio B,
éxouue

uh = u? - 2gAy & 11956 = u% —19.6 - 0.15 < u% = 14.896 = u, = 3.859 m/s (2.684)

Omdte, gtnv (o Stadpount

up = up —gt =t = A" _ 0041 = 41 ms (2.685)
g

Kol dea o xedévog Tov TeEvd ota kdTtw 0.15 m Tou dAuatdc tov elfvon £ =2 - 41 = 82 ms.
Ou agtavingelgs medyuatt egnyovv n “gtdon” GTov aépd Twv abAntodv, apov delfaue 1L 6To dve UéEog
TOV dAUOTOG TOUG TTEQEVOUV TTEQLGGOTEQRO XEOVO aIT’d,TL 6To KATw. O Michael Jordan €yel ypévoug 1,, = 350
ms Kol g,y = 64 ms, av ewavaldfouye tnv sagastdve Stadikacia yo yp = 1.168 m.

Iaedderyua 2.67:

Y1n Sudkela evog oePic ue dApa, wia BoAeiugtoAioToia XTUTTA Ty WItdAd TTAve aItd To eAE OaTE
va @Tdoel gto £€8apoc Tng aviizaing ouddac. O €leyxog Tng yoviag TToU n TOIKTELO XTUTTA Thv
wgtdAa eivor oA 6VGKOAOS. BEWENGTE GTL N TTAIKTELO XTUTTA wiol WITdAo aTtd Uwog 2.3 m ue aQyiki
ToyvTnTa uéteov 20 m/s kot VT yovia —18°. IIéco pokold agtd tnv walkTela da yTuIticel n uitdia
010 €8apog; Av n ywvio ytumngotog yiver —8°, n umdia da @tdoel pokUTepa A TIo KOVIA G
oxéon ue tnv greonyovuevn yovio;
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Avon:
Oeweovue aEyR TV Agévmv uag tn Jéon 6Ttov n umdia @evyel agd To €L tng Taiktolas. ‘Ectw O to
onueio ovTo, kow A To onueio Tov n UTTAAO okdel GTo £8apog UeTd To KTUTTNUA. I'vopitovue tnv TTOAMKA
LOQEEN TNG QRYIKAS TaYVTNTOS o, OTTOTE UWITOQOUUE VO BEOVUE TIS GUVIGTAOGES TnS. Oa elval

uop, = up cos(—18°) = 19.021 m/s (2.686)

KOl
uo, = uop sin(-18°) = —6.180 m/s (2.687)

’ 3 ’ ’ 7 ’ 7 ’ ’
H kivnon tng umdAag elvow evBlypauun pe ctabeprn tayvtnta up, GTov dgova x'x kol evBiypouun ue
cTabepn emtdyvvon a, = —g 6Tov dgova y'y. Omdéte GTov d€ova x'x da éovue

XA = X0 + up,t = x4 = 0+19.021r = 19.021¢ (2.688)
Ipémer va feoviue To xE6vo “mTAcng ~ Tng WitdAag. Xtov dgova y'y da €xouue
YA = Yo + uo,t — %gﬁ & -2.3=0-6.18r - 4.9/ (2.689)
Avvovtag, aigvouue t = 0.30 s. Apa
x4 =19.021¢ . 5.715 m (2.690)
T yovia —8°, erravoadaupdvovtag Taigvouue
x4 =19.805¢ , r=0.4576 (2.691)

omdte x4 = 9.062 m. H pwwdAa da @rdoel mo pokeld, 6Ttog emiPefordvetar kol ard tn dialcbnon pog.

IHaedderyua 2.68:

Mo agyltéktovag ayedidgel va texvntd KAToEEAKTN yid €va TTdero tng woing. To vepd @evyel ue
Tayxvtnta iy, = 1.7 m/s amd éva 0plgévtio Kavdl Gto TéAog evég Tolxov ue Uwog h = 2.35 m kol
TEPTEL GE Lo TLGIVaL.
(@) YTrdpyel apKeTOS XMEOS Yo v @TLoyTel TTECO0QOUL0 THGw ATTd TOV KATAQEAKTN UETAEY TOl OV
Ko Teivag;, OewEnaote wg wéoo TAdToS Tetodpouiov ta 0.8 m.
B) Hew tnv KOTOGKEVA TOL £QyOoV, N AEXLTEKTOVAGS FEAEL va @TIdEeL éva woviéAo Tou €xel uéyebog
70 1/12 tou Teayuatikoy. II6Go yeryoeo TIRETTEL v QEEL TO VEQD GTO 0QLIOVTIO KOVAAL TOL
uovtélov;

Avon:

(@) Beweovye GUGTNUO GUVTETAYUEVOV GTNV eILAveld ToL veEoy tng Tigivag. H otaydva kivelitor
evBiypoaupo ue otobepn toyvtnto. ‘Otav @Tdver atnv £€£080 TOU KOVOAMOU TEQPTEL UE 0QLTGVTLO
ToYVTNTO OCGTTOV PTdvel gtny Ticiva. H kivnon piag atayévtog pwitoeel va avalvbel e dvo dgoveg.
Ytov dgova ¥y, 0 “xedvog TTTAGNGS” WG GTOYGVOS VEQOU TOU KATAQEAKTN OTtd Tny £€£060 TOL KAVAALOU
®G TO Gnyelo JTOV AKOVUTA Tnv TLGiva elvor

1 o 1 2yi 2h
Yr=Yituyt+ éayt :>0:)’i—§gt 1= ? = 520.693 S (2.692)

Ytov dgova x'x, n otoyova eketedel evBuypauun opoAn kivion ue otabeprn tayvtnta. ‘Etol To
0QLZOVTIO €UQOC TOU KATAQEAKTN £lval

Xp=Xxi+ugt=118m (2.693)

Ao VTTAQEYEL XWQEOS YLOL TOUG TTETOVG.
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B) 'OAeg ol amootdoels eivar To 1/12 TV TEAYLOTIKGOV. AQa TOEM Yo va fRoVUE TO XEOVO TTTAGNGS, Jo
éxouue gavd Tig (8leg eflowaoels. OToTE
Yi

ol = et = (|2 (2694)
2 2 6g

y i L it (2.695)
d l = —_— = —_— = .
mode 12g 2\ g V2

Ue ¢ TO XEOVO TOU TEOYUATIKOU KOTAEEAKTN. AkoAovBdvVTag Ta (Sia fRuata ue oLy, £xovue

X
Xmodel _ 12 _ Ui

1 1
— v T+ —afr = 0=y — Zof2 —
yfmodel - ylmodel + ”ylt + 2ayt 0= ylmodel 2gtm0d€l -

Mgtogovue vo ypdapouue

13
Imodel ﬁ

Iaedderyua 2.69:

"Evo. aydpl GTékeTal oTnv ££66p0 Tng Totvag ko TTeTdel wia TETEa, ue taxvtnto 4 m/s kow yovia 60°.
To Vyog tng €g€dpag amd Tnv emupdvela Tov vepov elval 2.5 m. Auécws a@ov n JTETEO YTUTTRGEL
TNV eMUPAVELD TOU VEQOU, KOPEL TaxV¥Tnto GTo Wod Kol guveyitel Tteog Tnv (dlo katevBuvon uéoa
GTO vEQD, dlatneovTag otabepn avti tnv Tayvtntd. Av to fdbog tng misivag elvar 3 m, wéco xedévo
€rave n TETEA Vo PTAGEL GTOV TTATO TG TG{vag, Ard Tn GTyUR TTou ElEOnke;

Uodel = =0.488 m/s (2.696)

=)

Avon:
H kivnon tng wétpacg avalvetal oe Suo dgoveg, £vav opLLGVTIO Ue GTabeEN TAXVTRTO Kol £VAV KOTOKOQUEO
ue emitdyvvon (tng Paputntag). H agyikA y—GuvieTdCo TG OQXIKAS TayvTntag efvor

uy; = u;sin@ = 3.46 m/s (2.697)

KOl N y—GUVIGTOGA TG KATAKOQUENGS KIvnong tng méteag agtd 1o anuelo plyng og 1o onuelo Touv akouvustd
70 vepd elvan

Vi = i+ it + %ayﬁ = h+u;sin 0t — %gtz (2.698)
TT0U o divel
yf = 2.5+ 3.46t — 4.97* (2.699)
BzwewivTag 6T n emupdvela Tov vepov elvar 6tn Jéon yy = 0, TéTE GTO VEES
4.9 —3.461-25=0 (2.700)

KOL KQATOVTAS Th etk ita, €xovue t = 1.15 s. H y—ouviotdoa tng TaxVTntag tng JETEAS OTav @Tdvel
GTO VEQS GTOV TTAQAITAV® XEdvo f efvor

Uyr = Uy; + ayt = 3.46 —9.8-1.15 = -7.81 m/s (2.701)

‘Otav n ;ETEA UTEL GTO VEED, N TaXVTNTA Tng (Kot dEa Ol GUVIGTMGES TNG) UELOVOVTOL GTO WGo. Aa
OKEPOS TN GTYUNR TG €16080V GTo veEd Ja elvar

uy; = —=3.91 m/s (2.702)
‘OG0 n TETEO KvelTal GTO VERD, N y—GUVIGTOGA TS elval auTh Tng Kivnong vitd gtabepn tovTnta, SnA.
Vi =Yi+uyt=0-391t = -39z (2.703)
Aot o mdtog tng mcivag elvar gTa yy = —3 m, €xouue
yr=-391t=-3=1=077s (2.704)
Apa TeMKA 0 GUVOMKOE XEOVOGS TTOU YEELACETAL N TTETEA Yol v @TAGEL GTOV TTATO €fval

total = 115+ 0.77 =192 s (2.705)
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Iaedderyua 2.70:

To Ttaykdouio perdE atn eiyn akovtiov etvar 98.48 m, amd tov Teéyo Jan Zelezny, kal ypovoAoyeital
attd to 1996 (o mdAar Toté Sikds uag mewtabAintig, Kootoag I'katclovdng katéyel tnv 6n 9éon
OAV TV eTTOYWDV, ue elyn ota 91.69 m). OewEdvTag 6Tl n aEykn yovio glyng eivan 45 woigeg, Kot
ayvovtag tnv avtictacn tov agea, feeite

(@) Tnv agykn TaxUTNTO TOU OKOVTiOV.

B) To ypovikd drdoTnuo KATd TO 0T0l0 TO OKOVTIO BELGKATOV GTOV AfQa.
Oa dAAAZOV Ol TTOQEATIAV® OTIAVIAGES GOC av n aQykn ywovia eiyng ntav ueyadvtepn osd 45
uotpeg, aAAd To gvpoc piwng mapéueve ata 98.48 m; Egnynate.

Avon:
(@) Mitopovue UEGHS VO XENGOTIONGOVUE T GXEGN TOU €VQOUS POARGS R Kal vo AVGouue S JTEOS U;,
OnA.
R sty (2.706)
u = ~ 31 m/s .
' sin(26;)

B) Me u; = 31 m/s ko 6; = 45°, 0 GUVOMKAS XEOVOS TTTAGNS TOV AKOVTIIOU glvol

Y =Yi+uyt— Egt & 0 =0+ u; sin(6;)t — igt = t=——"=447s (2.707)
g

. . _ Rg ; . ; ; ; , . ;
ATtd tn oxéon u; = ,/W katalofaivouye 6Tl av n yovio elyng ntav peyalvtepn asod 45 polpeg, n
agrartovuevn aQylkin tayxvtnta do avgavétav dedouévou 6Tl To evpog da Tapéueve (Sro. Emiong, amd tn
gyéon
; 2u; sin(6;)

g

0 OAKOG YEOVOGS TITAGNG Tou akovtiov Ja avgaviotav emiong.

Ioedderyua 2.71:

"Evag mtupocBéatng Poloketan oe amdotacn d agrd €va KTRELo TTou AEYeETAl, OTIOS GTo Xynua 2.91.
IpooTtabel va plEel veed ye tn udvika vItd ywvio 6; ue To 0QLgdvTio eTtimedo, evd To didvuoua Tng
TaUTRTAS TOL veRoy GTav ekTofeveTal agtd tn udviko efvar i;. AgiEte 6L To Vog h GTo 0TT0{0 TO
vepd XTLITAEL TO KTAQLO glval

(2.708)

gd*

h =dtan(6;)) - ———
@) 2ul.2 cos2(6;)

(2.709)

Yynua 2.91: TTvpdcPeon.
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Advon:
AvoAvouye tnv kivnon tov vepol 6e GuviaTces. H oplgdvtia guvigtoca tng d€ong gtn Stadpoun agtd tn
udvika o¢ To KTAQLo elvor

X = uyt = u; cos(6;)t (2.710)
Apa, 0 XEOVOGC TTOV ATTALTEITAL Yidl VoL GTAGEL TO VEQO GTO KTAQLO TTOU ATTEXEL 0QLLdvTIo aTtdéaTaon d, elivor
t= _4 (2.711)
u; cos(6;)
Y& QUTA TN YEOVIKIA GTiyun, To UPog Tou vepoy (TToV XTUTIA To KTNQLo) elivar
2
Vi =yt + %ayﬁ = u; sin(6)) (ui ccjis(e,-)) - g (u,- st(ei)) 2.712)

0oTdTE TO VYOGS A Tou KTnElov diveton wg

gd*
2u? cos2(6,)

Iaedderyua 2.72:

‘Otav n NASA exkmaidevel Toug aGTEOVAUTES TNG KoL EAEYXEL TOV €E0TTMGUS TNG GE GUVONKeS undevi-
KiG Bagutntag, tote ektelel To TTaQakdT® Telpaua. "Eva agportAdvo KCI35A tetd oe wapaf oAk
TeOXd, 0TS GTo Xynua 2.92. To agpomtAdvo avefaivel amé to 7.3 km ota 9.4 km, exkteddvTag
TAQABOMKA TEOXLA ue Tayvtnta uéteov 143 m/s gtnv dvodo, kot Toyvtnta (Stov uétpov atnv kdbo-
8o. Otav @tdver ota 9.4 km, kat kotd T SidEKED WAS WKEAS TTOEElNG, TA OVTIKElUEVO EVTOG
TOU OkAPOVS BelokovTal ge GUVONKeS Undevikig Pagvtntag, Kol “eTITAE0uV” eAeiBepa evidg TOU
okdpoug. Boeite

(@) Tnv ToyUTNTA Kol TO VPOUETEO TOU OEQOGKAMPOVS GTNV KOQUEN TG TEOXLAS.

B) o0 xeovikd Sidotnua Beiockovial e GUVONKES UNdevikig faputntog. OewENGTE GTL TO UETEO
g TaxvTntog eivol GTabeQs IS YROVIKES GTIYUEG 1, Iz, Kol JemENGTE OTL TO aeQOTTAdVO ekTeNel
oA e avtd To SrdoTnuo.

INa dcoug evBlagégovtal, delte TEPLGGOTEQA GYETIKA GTA
https://en.wikipedia.org/wiki/Reduced_gravity _aircraft ko
http://www.nasa.gov/vision/space/preparingtravel/kcl35onfinal.html.

h=ys=dtan(6;) - (2.713)

Avon:
(@) To aepookdpoc extedel kivnon Gto xy emimedo, n omwold AVAAIETAL GE GUVIGTOGES: GTNV 0QLLOVTLOL
evBvypouun opaAn kivnon ye Gtaferi ToxUTnta, KOl GTRV KATAKOQUEN OUWdAn kivnon ue ctaben
emitdyvvon. H agyki taxdtnta avoAdeTol 6€ SU0 GUVIGTHOGEGS:

Uy, = u; cos(6;) = 143 - cos(45°) = 101.116 m/s (2.7114)
Uy, = u; sin(f;) = 143 - sin(45°) = 101.116 m/s (2.715)

H x—couvieTt®dcea tng taxyTntag gtnv Kopuen tng teoxtds eival
uy = uy, = 101.116 m/s (2.716)

€@’0GOV N y—GUVIGTHOGO TNG TAYVTNTOC elvall undevikn ekel. Av dovue tnv kivnon agtd tnv €vopgn wng
avédou WG To WEYLGTO VYOGS, TOTE TO MPog TTov @Tdvel elvar

uy, =y, + 2ay(ys = yi) 2.717)

0 = (101.116)% + 2(~9.8)(ys — 9400) 2.718)
v = 9921.65 m 2.719)
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Xpovec mrionc (S)
xnuo 2.92: Exgtaibevon Ge undeviki fapuTnta.

B) XZto xeovikd Sidatnua [, 2] To aepookdpog ektelel foA. Tia dAn tn Sidpkela Tng, efvor

Uy, = Uy, + ayl = Uy, — gt (2.720)

Ko deo
—-101.116 = 101.116 — 9.8t = t = 20.635 s (2.721)

Haedderyua 2.7 3:

O Ethan Hunt® odnyel 10 vTTEQGUyXQOVO QUTOKIVITS TOU UETd ATTé TNV KAOTIA WLOG TTUENVIKAG
texvoloylac. Teéyel ue tayvtnta 50 m/s 6Tav To EOTA TOEE(OS TOU ATTORAAITTTOUV (o AwEida ue
KOQOLA IOV €xeL GTROEL n acTuvoula uIteoctd tov ce amwdotaon 150 m. Av o Ethan katagépel
KOl GTOUATAGEL §ykouQa, Witoel va BdAer tnv dTigbev ko va Ee@uyel. ‘Ouwg av mepdael tn Aweida
KOQOLOV, TOTE GAQ TOU TO eAAGTIKA da TeuTnGouY kol Yo Tractel aryudAwtog. O yedvog aviidpoong
Tovu Ethan eivarl 0.6 s. Autd onualiver étL agtd th gTyun tov da det tn Adweida uéxet va TTatncel ta
@Eéva Tov TeéTtel va mepdcouy 0.6 s. H uéyiotn emBpdduvon tou avtokwitov tou eivar 10 m/s?,
Oa Tov Tdeouv i oyL;

“hitps://en.wikipedia.org/wiki/Ethan_Hunt

Avon:
Agtte to Zynua 2.93. To dyxnua extedel emitayvvouevn kivnon ue apvntiki emttdyvvon. ‘Ectw 6Tl To onueio
ovopods pag Beioketon otn déon stov o Ethan BAETtel Ta KOQEELE GT0 08GGTEWUA KoL £GTW X2 n Jéon Tou
AUTOKWATOL dTav éxel otauatincel. TEAoG, ag deweroovue w¢ d; Tnv eTMTEYUVOIR TOU KT TO QEEVAQLGULAL.
Ba Beovue To X3 OITO TNV £E(GOGN TNG KIVUATIKAS GTh dtadgoun amd tn gtiyun mtou Ja TaTRGeL Ta peéva
uéxeL tn oTyun Tov Jo GTauaTnGeL:

Uy = U2 + 2ay(x2 — x1) & (0)* = (50)* + 2(~10)(xz — x1) &> x2 = x; + 125 m (2.722)

Aeboyévou 6t To Syxnua Peloketal 150 m agto tnv apyn (xo = 0), yeeldgetal va kabopicovue th Jéon xi,
6Ttov efvan n Yéon wou UOAS ekvd va emtifpadvvetar To Gynua. Aga otn Stadeoun xo — X1 n kivngn Tou
oxnyuatog etvor evBuypouun opaAn ue gtabepn tayvtnta. Aga

x1 = Xo + to(t — 1o) = 0 + (50)(0.60 — 0.0) = 30 m (2.723)

‘OTtrg urogovue va Tagatneneovue xg = (30 + 125) = 155 m, ;edyua wov cnuaiver ott o Ethan de da
KOTAPEREL va oTapatnoel e agtdéotoon 150 m kot teMkd Ja koTalMEel aTny @UAOKN!
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Avtidpaon Dpsvo Srdon

.-'o: o ® . Lo

ﬁ‘n =0 B

Sxnuo 2.93: Xyrnua Acoknong 2.73.

Hoaedderyua 2.74:

"Evog petewoloyikds mtupaviog udcas 200 kg @éper emtuatAéov kavowa udcag 100 kg, Katd tnv
EKTOEEVGN TOV, ETITAYUVEL TTEOS Ta TTAve ue etmitdyvvon 30 m/s? yia Sidotnua 30 SeVTEQOAETTTWOV,
KoL petd Eepuével aTtd kavowo. AyVOonoTte TS eMSQAGELS TOU aéQOL.
(o) TIowd To uéyleTo MPog TTOU PTAVEL 0 TVEAVAOG;
B) II6co xedvo uéver o TUEAVAOS GTOV ARA UEXQEL VO TTEGEL GTO £8aPOG;
) Koartaokevdote €va Sidypoyuo toxdtntos - xeévou yia Tov JTaUA0 attd Tnv astoyelnon og
TV TTEOGKQEOUGN GTO £30.POG.

Avon:
Aeite To Zynua 2.94.

Zrceon
a
Y2V Iz 1 E 1) menl I
! : 1\, Absigopee L
o | Ketu ol v
Yuvih i 2
Abswopc l a |
: [ ]
‘00 Vi %1 P2, a
Yo Vo To O 4 Y3, V3, 13
Mpdokpouon Exxivnon L

Yyaua 2.94: Xyriua Acknong 2.74.

(@) Avayvweitovue 3 SiapoeTikés @doeis otny kivinon. H devtepn kow n teltn elvon ko or §o eAevBepeg
TTOCELS, UE dy = —g KOl UEYLOTO VYOG EKTOEEVGNG yo. XTNV eTmrTa)vvouevn kivnon:

1 1 1
Y1 = Yo + uo(t = 10) + Zalt - t0)? = Eatf = 5(30)(30) = 13.500m (2.724)
Uy = ug +a(ty — tg) = aty = 30 - 30 = 900 m/s (2.725)
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Ytn otabecn @don,

us 9002
U2 =0 =u? - 2g(y2 — y1) = y2 = y1 + — = 13500 + = 54800 m = 54.8 km (2.726)
2g 2-9.8

Apa to uéylgto vypduego eivarl 54.8 m.
B) O mvpaviog elvar cTov agpa U€xEr Tnv YEOovikn ctyun f3. I'vweitovue noén ot t; = 30 s, ko
vIroAoyicovue TNy f2, WG €ENG:
Uy = 0= — gty — 1) D> ts = 11 + 2 =122 s (2.727)
8

FUVETIMOG N XQOVIKA GTIYUN f3 LVITOAOYITETAL WS 0 XEOVOS TToU YeeldieTal yia va téoel 54.8 km:

vy (m/s)

Abclaopa kauoipwy

900 -

600 Méyioto Ooc

300 A

0 T T ]?[] T (sl

~300 4 30 90 210
=600
=900

Yynua 2.95: Ioagikni wapdotacn taxvTntag - yeovov Acknang 2.74.

1 1 2
y3 =0 =yg +us(ts — t2) — 58(13 —t9)% = yo — Qg(f:a —h)Y > t3=1t+ % =228 s (2.728)

() H tayttnto avEdvetonr yoouwkd, ue otadepi emrtdyyvvon 30 m/s? yio 30 s GUVETIDG, n UEYLGTR TO-
yotnto da etvar 900 m/s. Metd gekvd, va petdveton ue 6Tadeon emBpdduvon —9.8 m/s?. H tayvtnta
yivetar undév otav fo = 122 s. TeAkd, tnv xoviki otiyun f3 = 228 s n tayvtnto vitoloyitetor vo
elvaw: us = ug — g(t3 — t2) = —1040 m/s. Aeite 1o Zynuo 2.95.

IHoedderyua 2.73:

Ytnv arwosToAl Tou Apollo 14% 6to @eyydpl, o acteovavtng Alan Shepart xTuTrd wia UItdAo Tov
YKOA® ue éva umactovvl. H emtdyuvvon tng eAevbepng TItodons 6to @eyydel eivor to 1/6 tng Tiung
1o éxel otn I'n (9.8 m/s?). Oewpnote 6Tl XTUTNGE TRV UTTGA Ue aQyKN TayUTnTa 25 m/s Kal VIS
yovia 30° ue To oglcovTio eTtiTedo.

(@) Iéco uakevtepa Tagidewe n uwdia gto @eyydol ar’ 6,1t da tagideve gtn I'n;

B) Hbc0 TeELEGETERD YXEGVO BELOKGTAV N UTTdAQ GTOV aépa GTo PeyydeL agt’d,tt da ntav otn I'n;

“https://en.wikipedia.org/wiki/Apollo_14

Avon: Aegite to Xxrina 2.96.
(@) H amdctacn sov tagidewe elvanr x4 = ugyt = ug cos(d)t. O yp6vog Tng MTAGNS VTTOAOYICETAL ATTO TNV
y-€£loman, YENGLLOTIOLOVTOS TO YEYOVOS OTL N UTTAAN EEKIVA KoL TeAeldvel Tny Kivnon tng ato y = 0:

. 1, . 1 2ug sin 0
ya—Yo =0 =upsin6t — égt = (up sin@ — igt)t = ft=— (2.729)
8
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Yynua 2.96: Xyripa Acknong 2.75.

Apa n agtécTacn Tov diévuae elvat:

2ugsing 2u? sin 6 cos 6

X4 = ug cos(6) (2.730)
8
Tw 8 = 30°, n amdctocn do eiva:
2u?sinfcos®  2.25-sin30 - cos 30
(XA)earth = — = =552 m 2.731)
8earth 9.80
KOl
2u% sin 6 cos 6 2u(2) sin @ cos 6 2u% sinf cos 6
(XA)moon = = - =6 = 6(xp)earth = 331.2 m (2.732)
8moon 8earth 8earth
H usmtdAa tov yrOA@ tagidewe 331.2 — 55.2 = 276 m pokeUTEQEA GTO @EYYAQEL ATTGTL GTN YN.
B) O xpedvor mTRGELS elvan:
2u2sinf  2.95-sin30
oarty = —2— = S 955 (2.733)
8earth 9.80
KOl
2ulsing  2uising  2ulsin6
bnoon = = =6 = Btpgrn = 15.30 s (2.734)

8moon égearth 8earth

H ustdAa tagideywe yo 15.30 — 2.55 = 12.75 s meQLo68TEQO GTO QEYYAQL.

Ioedderyua 2.76:

"EvOG OKOVTIOTAC KQEATA TO KEVTEO TOU OKOVIIOU TOU Tiow OItd TO Ke@AAM TOU, OKQEUBKOS TIELY
gekwnoel tn elyn tov. YmobBéagte OTL To emitayvver yo amdgTacn 70 cm, kaBoS uetapépel To
KEVTEO TOL OTtd TIow AT TO KEPAM TOU WS TO onuelo TTOU TO AERveL ATtd To XL Tov. YTToBEéaTe
em{ong 6T To AKOVTIO eKTOEEVETAL 0Tt aTdGTacn 2.0 m agtd To £8a@og Kot LVITS yovia 30 wolpwv ¢,
"EGT® 6Tt TO arGVTIO TTRocyeldveTow 62 m paxold. Iéon ntav n Pewpnote tn otabepn) emitdyvvon
Tou akovtiov kaf'dAn tn Sidpkela tng plywng;

“OL vYnAoU eTITESOV AKOVTIGTEG TTROGTIAB0V Vo, RIEOUV TO AKAVTIO VTS AUTA Tn ywvia kol 6xL LVITé 45° dTws (Gwe
AVTACEGTE, KOODS N UNYOVIKA TOL XEELOU TOUG ETLTEETTEL VO PLEOVV TO AKRAOVTIO TTOAV TT0 yeryoea vitd yovio 30° o’
P unys XeQ Q Q yenyoe V!
600 da urogovcav vId ywvia 45°.

Avon:
H upetatdmon eivar Ax = 62 m. H piwn tov axkovtiov pstopel vo avaivbel e dvo dgoves. Ta Tov dgova
x'x
Ax

Ax = ug At = ug cos At = At = —— (2.735)
Uy cos 6
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KO Yo Tov Yy

1
yr = i+ (o sin O)At + 5ay(Az)Z (2.736)
KOL OVTIKOOLGTOVTOG
1 Ax )
Ay = (ug sin 6) + =(-g2) (2.737)
upgcosd 2 Uy cos 6
Avvovtag wg OGS Ugp:
1 Ax )’

Ay = (tan O)Ax + = (- 2.738
y = (tan )Ax 2( g)(uocose) ( )

1 { Ax
“ol =2 ) = (tan@)Ax - Ay (2.739)

2 \ugcosb
2
9 & Ax 1
== 2.740
i 2(0050) ((tané’)Ax—Ay) ( )
2
g Ax 1
=14/2 2.741
Ho \/2 (cos 9) ((tan O)Ax — Ay) ( )
2
9.8 62 1
= 1|— (2.742)
2 \cos 30° (tan 30°)62 — (-2)

= 25.78 m/s (2.743)

AvTti glvon n TaxUTNTA OTAV TO AKOVTIO QEVYEL ATTO TO XEQEL TOV OKOVTIGTR. AUTA yiveTal uy 6TV TEOGYE-
{won Tou akovtiou, GUVET®S n gtabepn emtdyuvon a da elvar:

uh—uf 95782 — (?
2Ax  2-0.70

Hoedderyua 2.77:

"Evog KOKKOG GROVIG TTAV®D GTO ayostnuévo gag DVD meploteégeton e kevipoudAo eitdyvvon 20
2
m/s®.
(@) Iéon elvan n eTmrtdyvvon evog AAAOU KOKKOU GRGVIG TToU BeiokeTol GE SITTAGGLO OKTIVa ETTAV®
gto DVD amd tov rponyoluevo;
B) Héon da ATav n emTtdyvVon TOU TEAOTOV KOKKOU GKOVRG av n ToyUTNTO IJTEQLGTROPNS TOU

Silokov SimAaciagdTay;

= 474 m/s (2.744)

Avon:
(@) H yoviakn toyxvtnta w dev alldcel ge auth Th kivnon, deo:

2 _ 972 9 4y =24 =220 = 40 m/s? (2.745)
a wr

B) "Eotw ag n emtdyyuvon Tou TIROTOU KOKKOU GkOvng av 1o w Surdactactel (w3 = 2wp). H amdéatacn
r agtd To kévreo de Yo aAldEer, doa

2 2

wir  2Wcr
B ST _ 92— 4 a3 =44 = 4-20 = 80 m/s? (2.746)
ai wir wir
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Ioedderyua 2.78:

‘Eva gopatidio plmteton ue agykin tayvtnta 30 m/s vmtd ywvia 60° ue to ogigdvtio emizedo. To
cwuatidio xTuTd oTo £€dagog uetd amd 7.5 s.
(@) Iéco o WnAd 1 to yaunAd Beioketor To onueio ekTéEevong agtd To gnuelo TTov To GOUATISLO
YXTUTNGE GTo £€80POG;
B) Iowd elvar to U€yioto VPog Tov PTAvEL TO GOUATIOW, Ge oxéon ue 1o onueio ekTOLELONG;

Avon:
Aeite to Zynua 2.97.

x40 Vs
Vap iy

Xo» Yoo

Yor Yoy

a,

Xg, Vg
VB VB,

Ebagoc
\’

Synua 2.97: Touatibio kot piyn.

(@) Ztn dwadpoun O — B, 10 codua ektelel evBiypouun owald emitayvvouevn kivnon gtov dgova y'y Kol
guBvypoauun opali kivnon otov dova x'x. Oétouue Tn GUUBOAM TV 0ESvwVY GTo onueio Elwng, ue
Yetkéc opéc Tic guupatikés. Apa

1

VB = Yo + Uyt — Qgt2 (2.747)
1

=0+ 305sin(60°) - 7.5 — 5 9.8-7.5% (2.748)

=-80.8 m (2.749)

Apa to onueio ektdgevong/piyng Boloketar Tepiztov 81 m WnAdtepa aIrd To onyelo TOL TO GUATISLO
XTUTTNGE GTO £€d0(pOG.
(B) Ztn dwadgoun O — A €yovue gavd tnv (8o kivnon, ue tn dapoed 6Tl uy, = 0, omdTe GTOV diEOVaL Y'Y

Ya 1oyl
0, = ug, — 2gAy (2.750)
0 =, — 2g(ys — 0) (2.751)
0 = (305in(60°))* — 2(9.8)(y4) (2.752)

ya=344m 2.753)
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Ioedderyua 2.79:

Katd tn Siderela Tov SlokoTTOV Gag 6Tic AATELS, 0 @IAOG GG GOS TnTd Vo Tov kKdvete BOATA (e TO
€AknBpo Ge éva yLoviouévo, opLeovTio dpduo. Mia kot ot Svo cag Taipvete To udbnpa the PUGIKAG,
00S EWTA TTOLOG TOTEVETE OTL €lval 0 CUVTEAEGTAS TEPBNG oAMaBnong UeTagy tov £Aknbov Kal Tov
yroviov. Ecelg, yvwpitovtag dtL mepmatdte pe orabeprn tayxvtnto puétpov 1.5 m/s, dt tpapdte to
£ knBpo vTto yovio 30°, dTL n pdto tov €Aknbeou kol Tov @iAov cag eivor abpolotikd 90 kg, ki
6Tl n 8Yvaun e tnv omoia teafdte To éAknbo eivar 75 N, mold elvol n astdvinon Tou TEETEL Vo
1oV dWoeTE;

Avon:
Agite to Zynupa 2.98. H cuvolikii dUvaun 6to €éAknbpo eivar undév, apov n tayxvtnto slval gtabepn. Autd
onuaiver 4Tl n GUVIOTOGA Tng duvoung Ttov TEARA To €AknBEO GTo x—dgovo eivar fon ue To uétEo Tng
duvaung Topng oAMebnong gtov x—dgova. Ilpoagégte emiong ot ), F, y = 0, a@ov dev vTtdyeL Kivnon Gtov
dgova y. A6 to lo véuo tou Newton otoug duo dgoves, ko dewpadvtag wg JeTkES QopES Kivnong Tig

.\.

Abvaun Fyyy ) P
pull

PN NN

BapuTtikr }E:(-, \
Suvaun

Ké&Betn i -
Tppi fi

Yynua 2.98: ‘EAxnbBpo kar Suvduelg.

cuupatikég, £xouue

Z Fo=fii+Fou,=0=0+0—fi + Fpucosf =0 2.754)
D P =i+ Fg, + Fpu, = 0= n—mg+0+ Fysing =0 2.755)
H mpotn oxéon yedeetar wg
uin = Fpyycos 6 (2.756)
eve n devtepn wg
n=mg— Fpysinf (2.757)
AvTIRAOGTOVTOS €rouue
Fpucos 6
U = = 0.077 (2.758)

mg — Fpull sin 6

IHaedderyua 2.80:

Y10 Ixnua 2.99 teafdte éva kouti uwdtag m = 3.0 kg oe 0QLi6vTio emiTiedo xwEls TEIRES ue wo
dVvaun F =12.0 N vmté ywvia 6 = 25°.
(@) Mowd eivor To uéTEo Tng ETMLTAYLVVONGS TOU KOUTILOU;
®) H dYvoun F agyd-apyd pueyodovet. ITowd tun da €xer akeiBog oy 1o kKouTl onkwbel eviedms
QTTO TNV ETLPAVELLL,
) ITowd elvar to U€tEo TN emMLTAYUVONGS TOU KOUTIOU OKQPBADS GTo gpaTnua (B);
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ynua 2.99: Zyripa Acknong 2.80.

Avon:
Agite to Eynpa 2.100. Bewpovue JeTIkES OEES Kivnong Tic GUUBATIKES (TTAvw, SeELd).

Sxnuo 2.100: Awaypauua Svuvduewv Acknong 2.80.

(@) H x—ouvict®ca tng dvvaung F Slvetor wg
F, = Fcos(@) =12 cos(25°) (2.759)
EVM N y—-GUVIGTOGO Tng dUvaung F Slveton wg
F, = Fsin(6) = 125sin(25°) (2.760)
To codua vT6 emidpaon oTabeprg SVvaung emiTayvvetor oTov dgova x'x. ATtd To 20 N6uo tov Newton

éxouue

R 5 - . F, 12co0s(25°) 9
Z Fy=mdy = Fy=mi, = a; = = = == = 2175 m)s (2.761)
m

®) "Eotw 61 Fyy, elvon n eAdyiotn dvvoaun yio tnv ool To couo WOMG apriver tnv emipdvela. A@ov To
GOUOL apAveL Thv eTtLpdvela, n kAbetn SYvaun 7 amd To £8apos GTo GoUa TTAVEL VO, VITAQYEL. LTOV
dgova y'y €xouvue 1G0QEOTTOL TOU GOUOTOS, QO

Y Fy=0eF, +mg=0 (2.762)
Fysin(0) - mg = 0 (2.763)
mg
= —"_ =159 N 2.764
"7 sin(0) ( )

) H emrdyvvon vitdeyel okduo otny katevbuvon touv dgovo x'x kat divetor ovd agtd tny JTaQaItdvem
gyéon
F,, cos(25°)
a=———=
m

= 21.02 m/s? (2.765)
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Ioedderyua 2.81:

"Eva avtokivnto pdgag 1500 kg Ttagdever ue tayvtnta 30 m/s 6tav Laevikd o odnyog motdel Ta
@EEVO TOV AITGTOUN KAl TO OWTOoK{vnTo oMaBaivel GTo 8pduo yia Alyo Stdotnua wg dTov GTauatAGEL.
YmoAoyicTte tnv amdctacn stov oMcBaivel av n kAlon Ttouv odocterpatog efvar 10° e (o) avneoea,
B) ratnedea, ko (Y) ce 0QLeévTio 0d4GTEMUA. BOewENGTE OTL 0 GUVTEAEGTAC TEWPNS oAlgBnang
ehaoTikoV Ge taévto elvan ug = 0.8.

Avon:
Oo keaticovue Tn yovio wg uetafAntin yio va un Avcovue teels @oeég to idto medpinua. To avtokivnto
KWweltal ge kKekMuévo yoviag 6 kol €6t 6Tl Kweltal TTEog To Sedld (TTdvw) 1o kekMuévo. "Eatw 6Tl o
dgovag x elvor TTAEAAANAOG Tov KekMuévou. Adyw emitayuvduevng kivinonng, airé to 20 véuo tov Newton
ogtov dgova x'x €xouue

> Fo=Fy + fi = ma, (2.766)
—mg sin(0) — fi = ma, (2.767)
—mg sin(0) — pn = ma, (2.768)

eve) AOym 1GopQoTTiag aTtov dgova y'y, éxouue

Y Fy=Fy +i=0 (2.769)
—mgcos(@)+n =0 (2.770)
n = mg cos(d) 2.771)

AvuikablotdvTog athy e€lcwon Tov x-dgova

—mg sin(0) — ppmg cos(0) = ma, (2.772)
mg(sin(0) + u cos(6)) = may, (2.773)
ay = —g(sin() + ug cos(d)) (2.774)

To avtorivnto Kwveltal ouaAd emiToyLVOUEVA, OTTOTE AITO TIS EELGWAELS TG Kivnong €xouue

2 _ 2 2 s, s,
Uy, = Uy, + 2a,(xp = x;)) & 0 = uy, + 2a,xp = X5 = =

—— = - (2.775)
2a,  2g(sin(0) + uy cos(6))
Mo yovieg 8 = 10°,0,—-10°, o1 oToleg AVTIGTOLYOUV GE AVNEOQD, OQELLOVTIO 08OGTEMWUA, Kol KATNMOQEA,
Aappdvouue
48 m, 6=10°
xp=3937Tm, 6=0 (2.776)
B m, 0=-10°

Ioaedderyua 2.82:

"Eva. BipAlo Tomrobeteital akivnto oe emkMvi eTu@dvela Tov oxnpatitel yovia 60° ue To 0QLLévTLo
emizedo. O guvtedeaTng TEPNg oMabncemg avduecsa cto PPAio kot tnv emedvela etvar 0.3. Tn
yeovikn atyun ¢ = 0, to BiAio aprivetar va oMcOncel. To BifAio oAgBaiver astéotacn 1.00 m katd
unkog tng emipdvelag ae xpdvo ¢ = 0.483 s. Aelgte 611 n TeELypaen tng kivnang Tov PifAlov elvar
OVOKQELPBAG, VITOAOYITOVTAG TV eTITAYVVON TTOU VITOKELTOL TO BIPAO ATTO TIG EELOMCELS TNG KIVITIKAG
TOV YVOEITETE, KL TNV (Bl ETTAYVVON YENGLULOTIOLOVTAS TOUS véuoug Tou Newton.
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Avon:
To BBAlo Ttagdevel agmtoéctacn 1.00 m oe Sidotnpa 0.483 s, omdte aTd Thv e€icwon kivnong

1
Xp =X +ugt+ Eath @.777)
ue x; = 0, xy =1.00, uy, = 0, kan t = 0.483 s, €yovue

2xf 9
a= > = 8.97 m/s (2.778)

Yxebldcovtog TIc SUVAUELS TTOV AGROVVTOL GTO GOUO OTtwe 6to XyAuo 2.101 kar opitovtag tov dfova x'x
X ¢ TS uewg w S L% Q C

Yxnwo 2.101: Bifdio sov oMigOaiver.

TAQAAAMAO Ue TO €TTKAMVES KL TOV dEova Yy KABeTo Ge avTo, €xovue

Z F,=0 (2.779)
A+ Fy=0 (2.780)
n—mgcos(6) =0 (2.781)
n = mg cos(6) (2.782)
KOlL
Z F. = mad, (2.783)
For + fi = ma, (2.784)
mg sin(0) — fi = may (2.785)
mg sin(@) — wxn = may (2.786)
mg sin(0) — uxmg cos(6) = may (2.787)
ay = g(sin(#) — wi cos()) (2.788)
=7.02 m/s (2.789)

Apa TEdyuatt n TEQLyQaen dev elval akELBNG.

Ioedderyua 2.83:

"Eva goua Aapfdver agykn tayvtnta u; = 5 m/s ge Stevbuvon meog Tnv KoQUEN KEKMUEVOU ETTLITESOU
yoviag 6 = 20°, amovcia TEPDV, 6TTws cto Xynua 2.102. Aeigte 6L To Godua Jo TEOXWENGEL
attéctoon Ax = 3.73 m etdvo 0TO KeEKMUEVO TTROTOV £pbel oe akivnaia.

Avon:
MOMG To Gua evyeL aard To X£EL LOG, N ToyUTNTA Tou aAMGTEL LOVo €E0UTiOG TS GUVICTMOGAS TOV BAQEOUS
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\\9

Yynua 2.102: Xyriua Acknong 2.83.

Yynua 2.103: Awdypauua Acknang 2.83.

TOU - GUYKEKQEWEVA TG Xx—auvigtioag. Aelte to Zynupa 2.103. Oswpovue To GUGTNUA AEGVEOV LS ETTAVKD
OTO KeKMUEVO, ue Tov dgovo x'x TTadAAnAa oe avutd. Xtov x—dgova, TO GOWO TTLTOYVVETAL dQO LoYVEL O
206 véuog Tov Newton, ko da elvan

Z F, = mid, = —F,, = ma, = —-mgsin(20°) = ma, = a, = —gsin(20°) 2.790)
Emiong, amd tig efl6waoels tng kivnong amd to cnuelo agpetnpiog uéyel to cnuelo axkwntomoineng, eivon

W = uf + 2a(xs — x)) & 0 = 25 - 2(9.8)sin(20°)(x; — 0) = x7 = 3.73m (2.791)

Hopedderyua 2.84:

"Eva. goua Bdeoug F ¢ wbeltow amwd wa dvvaun P ot 0QLLOVTIOL eTTLEAVELD e TERES, OTTWS GTO
Yxfpa 2.104(a). O GuvteAeGTNG GTATIKNAG TEWPGC elval g, ko n dUvaun P ackeitar VIt yovia 6,
OTws 6To oyxnua. AelEte 6T n eddyotn T tng P gtov agstarteitor yio va kivnBel to couo divetar
wg

usFg sec(0)

- @ 2.792)

min

ue sec(@) =1/ cos(6).

Avon:
To copa Peloketon Ge 1GopeoTtia, TTEWY aAKEPNDS apyicel va kveltal. Beswpovue JeTikés QoL TG cuuPatt-
kéG. Me e@apuoyn Tou louv véuou touv Newton Gtov dgova y, éxouvue

Y Fy=0eii+Fy+P,=0=n=F,+Psing 2.793)
Y1ov oQldvTio dgova,
Zﬁx:6<=>ﬁx+ i =0 = Pcosf = f, (2.794)

Ouwg gpovue 61l f; < ugn, Sni.

Pcost < uy(Fg + Psin6) (2.795)
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——
VE,

(@) ®

Yxnuo 2.104: Xxrnuata Acknong2.84.

P(cos 6 — ugsinf) < usF, (2.796)
P(1 - pstanf) < ugF,secd (2.797)
Apa
uskFgsect
) 7 2.798
min = Ty g (2.798)

Ioedderyua 2.85:

Katd tnv amoyeiwon evég aepookd@oug, n guvduacuévn §pdon Tov aéea yUe® ard TG Unyoves Kol
To @TeRd eyeipel SUvaun F = 8000 N oTo aeQoTtAdvo, ue @opd T1og Ta Tave, vt yovia 65° ue To
oQLgévTIo emimedo, 6Ttwg oTo Xynua 2.105. To aepookd@og “onkdvetal” ue aTabepn TayxvTntad GTnV
KOTAKOQUEN 3levBuven Tov eved Guveyiel va emitayvvel GTnv oLgovtia dteviBuvon.

(@) Iows elvon To PAEOS TOv 0EQEOTTAGVOU;

B) Hdbon eivan n oLgdvTio eTTLTd) LVON;

Yynua 2.105: AgpomAdvo katd TRV AITOYEIDGN.

Avdon:
(@) Beweovue ws FeTikég PoEES kivnong Tic cuuPatikés. To agpooKAPOC eTITAYVVETAL GTOV X—AEova KOl
160QQEOTIEl GTOV y—dgova, oTtdTe GTov dgova Yy Loyvel

D Py =0 F,+mg=0 (2.799)
Fsin(@) —mg =0 (2.800)
mg = F sin(6) (2.801)
mg = 8000 sin(65°) = 7.25 x 103 N (2.802)
®) XZtov opigdvtio dgova
> Fe=mid, = Fy = ma, 2.803)

Fcos(6) = ma, (2.804)
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_ Fcos()  Fcos(0)

G o Fsin®) (aTé TEONY. gRdTNU) (2.805)
g
_ 8000 cos(65°) 457 m/s? 2.806)
B 7.25x103 - .
9.8

Iaedderyua 2.86:

"Evo. cokl{ Toévto Ttou guyitel 325 N kpéueton o 160QQoTi0 ard Tl afari, un eA0GTIKA GYowvLd,
OTws ¢to Xyxnua 2.106(a). Avo agtd ta RaAdSa oxnuaticovv yovieg 6 = 60° kar 62 = 40° ue tov
0QLZévTIo dova. YmoBétovtag 4Tl To gvotnuo BeickeTon Ge 160QEOTIA, Poeite

(@) nv tdon GTo aELeTeRd GOl

®) T tdoeig Ty, To, T3, aQbuntikd.

= e
i T

®

Yxnuo 2.106: Xdkog ue teruévro Acknong 2.86.
Avon:
Aeite to Zynua 2.106(B). Oewpovue wc YeTIKES POEES TOV ALOVWV TIG GUUPATIKEG.
(@) O odrog wopeoTtel, dpa oe ovTGV LoxveL o 1log véuog Tou Newton:

Zﬁy:(?(:)f3+ﬁg=6<=>T3:Fg:325N (2.807)

Ytn cevEn TV YoV, Adyw 160QROTIlAS e kdbe dgova, astd tov 1o véuo tov Newton da €xouue

D Fy=0 e Tiy+ Toy+ Fy = 0 = Tysin(6y) + Tasin(0y) = Fy = T (2.808)

‘Ouola, GTov x'x,
D Fy =0 e Ty + To, = 0 = Tycos(6) = Ty cos(6h) 2.809)

Apa
F, cos(6 F, cos(6
Ty = — g0s®) _ Fs cos®) (2.810)
(sin(6;) cos(f-) + cos(6y) sin(fz))  sin(6; + 6)
B) AvukabieTivtag, xouue

T3 =F,=325N (2.811)
T: =253 N (2.812)

Ty =165 N (2.813)
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Iopedderyua 2.87:

"Evo. odpo udgog 8.0 kg kwveltow otn Jetikn katevBuvon eviég vontot dgova x'x. ‘Otav srepvd amd
To onuelo x = 0, wo otabepn dUvaun, kotd UNKog Touv x'x KL AVTA (AAAG Oyl astopalitnta ue Tnv
{8t @opd ue tnv kivnon), gekvd va dpa TAve Tov. ETo Exnua 2.107 PAETETE TRV KIVNTIKA EVEQYELOQL
TOU GOUOTOS GUVAQRTAGEL TG d€ong x 66o To coua Kveltoar amd x =0 wg x =5.0 m. Av Ko =30J

(o) TIéon elvar n toxvTntd Tov 6tav x = 0 m;

®) Hoéon eivar n emtdyuvon tov Ge 6An tn SidKela TG KIvnong;

) Av n 8Yvaun cuvexicer vo dpa TTdvw Tov, uttopeite va TEOPAEWeTe Ty ToxUTNTE Tou dTOv

x=-3m;
K1)
Ky
0 5 m)
xnpa 2.107: Xxynua Acknong 2.87.
Avdon.

(@) AoV Ky = 30 J €rovue
| 5 60
Ky = /Mty = 30 &= uy = 5 7.5 = ug = 2.73 m/s (2.814)

B) AoV n apykn taxvtnta etvon 2.73 m/s kot n tTeMKA ToyvTNTA Yoo X = 5, SnA. yio petatdmicon Ax = 5
m, elvarl 0, aTrd TIC EELCWGELS TNG KIVIUATIKNIG €XOVUE

ul — u?
W2 = u} + 2ahx &> a = f2 Ax’ = —0.75 m/s? 2.815)

) Eavd amd tnv €£lomon Tng KWVNUATIKAG UETOED Tov Jéoewv x = 0 ko x = =3 m, €xouue

W} = u} +2aAx < uy = —[15+2(-0.75)(-3) = - V12 m/s 2.816)
ue To EdGNUo va SnAovel Tn @oed Tou SlavUGUATOC.

Ioedderyua 2.88:

Ou avBpoTivol Tévovteg puatogouv va povieAoromnBovv we edatripio. H eAactiki Suvaukn evépyeto
TOU OTTOONKEVETOL GTOUGS TEVOVTEG GUVELGPEREL €S KOL 35% TNG EVEQYELOKAS OVAYKNG GOC KATA
7o TEEEWwo. O emgtAnoves abintiouot €xouv Peel OTL, KATd UEGo 6QO, OL TEVOVIES TWV OOANTMOV
extelvovtar katd 41 xiAooTd, eved avtol Twv pun-abAntov exkteivovtor pévo 33 xumootd. H “otabepd
elatneiov” Tov Tévovta elvon (Sta kot yio Toug aBAnTég Kot yio Toug pwn-abAntég, kat {on ue 33 N/mm.
IMowd elvon n Sia@oEd peTagy Tng UWEYLGTNG EAAGTIKAG SUVAUIKAG EVEQYELAS TTOU AITOONKEVETAL GTOUG
ABANTEG KOl GTOVUG Un-aBAnTec;

Avdon:
Bewpovue ws gugTnua Toug Tévovies. o toug abAntég, 1oyl

o 1 1
UM = —fx? = 233000 - 0.041% = 27.7 7 (2.817)
2 2
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EV® Yylo TOug un abAntég,

e 1 1
pun-etiEs 5kxz = 533000 0.033* =18.0 J (2.818)

H Swapoed ehactikig Suvaukig evépyelag etvar 9.7 J, vrtép twv abintov. IMopatneiote Tog ov abAnTég
oTtoOnkevoVY TAVE ATt WdULon @EoEd TTEQLGGATEQN EVEQYELD OTTG TOUS Un-0OANTEG.

Iaedderyua 2.89:

‘Otav éva ooua petotoTriteton katd x agtd tn Jéon evotabols 160EEOTIOS TOov, aoke(Tal £TTEv®
TOU Wo. dUvoaun eTava@oRds Tov Telvel va To eravagépel atn Jéon 1eoppoTtios tov. To uétpo tng
duvaung ueta@opdg uroeel vo divetar ard wa JrepiTtlokn cuvdptnon touv x. T TTaeddetyua, o
véuog tov Hooke Ttov eidaye gto udbnya opigetal wg

F = —kx (2.819)

OAAG LoVl yio WwkEES uetatoTricels. Fevikdtepa, n Svvaun emava@ods divetar amrd tn gxéon
+00
F(x) = = > k™ = =(ax + kox® kg + ) (2.820)
m=1

O MO TOS 6ROG¢ TNS TTARATTAV® oYfong lvar o véuog Tov Hooke. Ta uikpés attootdoeis atéd tn 9éon
1G0QQEOTI{OC, ayvoovue TOUS 6ROUS VYNADTEQNS TAENGS, AAAO GE UEQIKES TTEQLTITMOGELS (GMG YEEWTTEL
VO KQOTAGOUUE KO TOV SeUTEQO 600 (kex?). AV LOVIEAOTIOIGOUUE TN SUVOUN ETTOVAPOQAS WG

F(x) = —kyx — kox? (2.821)

T6Te OGO €Yo Tapdyel wio ackovuevn dvvaun F,,; = —F 610 coua kotd T UETATOTIGN TOU AItd
wmn 9éon x = 0 otn Véon x = X4y

Avon:
To épyo Tov Tapdyeton aTtd Tn uetafaAilduevou uétpouv duvaun 1GovTal Le

b xmax
W= f F o dx = f —[=(kix + kox?®)ldx (2.822)
axmax 0 xmax
= f kixdx + f kox2dx (2.823)
0 0
x2 )CS
= foy HAX 4 g, Mmax 2.824
17 273 ( )

Haedderyua 2.90:

Mo tnv kautdAn Suvaiking evépyetag Jtov eaivetor 6to Zyxnua 2.108(a).
(@) Bpeite av n dvvaun F, eivon detkn, apvntiki, 1 undeviki gta mévie onyelo Tov vItodetkvio-
VTl
B) Ymodeigte onueia evotaboic, actabovg, 1 ovdétepng 1GoEEOTIAC.
) Zyxedudote tnv koustoAn Fy og 1eog x artd to onueio x = 0 wg to onueio x = 9.5 m.

Avon:
(@) H F, etvau undevikn ota onueia A, C, E, ywoti astd tn oxéon

x=——7=0 2.825
7 (2.825)
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v E.

x (m)
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xnuo 2.108: KousrvAn cuvdetnong SUVaUIKRG EVEQELAS Kal SUVOUNG - UETATOIILGNG.

rkatalafaivoupe Tws n dYvaun undeviceton exkel TOL N TORAYOYOS TNG GUVAQTNONG SUVOULKAG EVEQ-
verag elvar undév, n ue dAAa Adyla, kel TTOV N GUVARETNGN SUVOUKAG EVEQYELOS TTAQROVGLALEL OKEATATO
(uéyrota i eAdyiota). Emiong, ato onuelo B elvar detikn yati amd th oyéon

U
sz——t>0<=>—t<0 (2.826)

katalafaivoupe 6TL n dUvoaun eivar JeTikin oe onuela oL n GuvdeTnon SUVOKAG evéQyelag @Bivel.
AvticToryo okeTrTikd kow 6to onueio D, émtov n SUvaun eivol aQVNTIKA.

®) Ta onueta A, E elvan onueta actabovg iGogpoTiog, eved to anuelo C eivan onueio evgtabois 1GopQo-
Jiag.

) Aceite To Zxripwa 2.108(B).

Ioedderyua 2.91:

"Evo. tandt fdpovg 400 N kdbeton oe wo kovvia n ostola efval depévn pe dvo oxowid pUikoug 2
m. Boeelte tn PBaputikit Suvaulkin evépyela ToU GUGTAULATOS TTadLoU-I'ng WS TTEOS AvTA TTov €xeL TO
Tadl otav Beloketow otn yaunAdtepn déon dtav

(@) To oxowid eivar oQLzdvTIoL

B) Ta oxowid oxnuatitouv yovia 30° ye Thv KATAKOQUPO

) Tta oxowld Beickovion 6To XaunAdteo onyeio Tov KUKAKOU TOLOoU.
Yxediudote To gvoeTnUa Yoo vo. fonbnbeite otn Avon.

Avon:
Aette Tto Xynpo 2.109.

(@) Oeweovue WS didTogn Undevikig PAaQUTIKAG SUVOUIKAG EVEQYELOS TOU GUOTARATOS Tn Sidtagn pe To
Tandi va PelokeTar GTo younAdtepo onueio Touv Tégov. ‘OTav n kovvia PEloKeTAL AQIKA GE 0QLIOVTLA
Péon, n Yéon tng elvar y = 2 m 1wRO¢ Ta €MWAV® AT Tn SLATAEN UNSEVIKAG POQUTIKAS SUVAUIKAG
evépyelag. Apa

Ug = mgy =38007J (2.827)

B) Amé to oynpa, eaivetor 6Tt To TTOdi Peloketor oe Vpog y = 2(1 — cos(30°)) TEOES TO £TTAV® AITS TN
Sudtagn undevikng PaQuUTIKAG SUVALKIG evéQyelas. Aa

Ug = mgy =107 ] (2.828)

() Hpopavag, ekel Uy = 0 agov exkel oplcaue to emizmedo Sidtagng undeviking PAQUTIKAG SUVOULKAG
EVEQYELOG.
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2.00 m

Yynua 2.109: IIaidi ce kovvia.

IHoaedderyua 2.92:

"Evo. §oyelo TTou TreQLéyel £va UeTe0QoAwYIKG UTTAAGVL udgog 4 kg eKTOLEVETOL KOTAKOQUEO UE QYLK
Tayvtnta 400 m/s. Amovacia avticTacng Tou aépa, VITOAOYIGTE

(@) Tnv apykn KWNTIKA TOU £VEQYELQL.

B) Tnv Ttaxvtntd tov e MPpog evdg YLAMOUETEOV.

) To uéyioto Vvwog Tov Ja pTdoeL.

Adon:
(@) H apykn kwntikn tov evépyela elvan

1
K = Embﬁ =320 kJ (2.829)

B) Bzwpovue ws cvctnua to {I'n, doxelo ue umaidvi}. Xe Vwog evdég ALOUETEOU, N SUVAULKA TOU
evépyela elvon
Ug = mgh = 39.24 kJ (2.830)

H udvn dvvoun Ttov aoke{ton 6To UTTOAGVL €lvan auTh Tou BAEovg, TTou elval GuvTnENTki. ATS Tnv
Apyn Awortipnong tng Mnyoviking Evépyelag otn Stodpoun Tou evig ytMoUgéTpou agtd tnv eTu@dvela
¢ I'ng g avtd T0 VYog, 1GYvEL

AEech =0 (2.831)
Ki+U;=K;+ Uy (2.832)
1
320000 + 0 = Emufc + 39240 (2.833)
/2 - 280760
U= A ——— (2.834)
4
u = 374.7 m/s (2.835)

) Zto uéyigto VYYog, n TaxvInTa Tov doxelov elvan Und€v, Kol OAn n KIWNTIKA TOU eVEQYeELQ €XEL UETO-
Teastel ge Suvautkii. Apa UETAED dA@OUC KAl UWEYIGTOU VYPOUG

Ki=Uy (2.836)

320000 = mghygy (2.837)

hmax = 8163 m (2.838)
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Iaedderyua 2.93:

"Eva @ogetio udcag 30 kg oTroyveTal eTTdve Ge Wa eTNKAMVA QAuTTa Wikoug 15 m kol vpoug 2 m ue
otabepn duvaun 100 N. To @opTtio Eexkivd attd akvncio kot €xel TaxvTnTo LETEOV 2 m/s dtav @Tdvel
oY KOELEN Tng EduTtas. ITowd elvar n dUvoun TEPNG UETALY TG EAUTIAS KOL TOU QOQTIOU;

Avon:
Oeweovyue ws avoTnua To {poeTtio, I'n}, wou elvor un astopoveouévo (N EAUTIA aokel duvAuels TGV GTO
cvotnua). Xoueova ue Ty agyn SLaTAENGNS TG eVEQYELAG,

AEg, = ) Wey & AK + AUy = Wp + Wy, (2.839)

To €pyo tng dvvaung F 9a eivan
Wr=F-A%=FAx=100-15 = 1500 J (2.840)
Ot puetaPoAES GTNV KIVATIKA KOl SUVOWLKA EVEQYELOL TOU GUGTAUATOC elval
AK =K;—K; = émufc -0=6017 (2.841)
AU=Uy-U;=mgh—-0=>588] (2.842)
Apa To €pyo Tng Svvaung TEPNS fi etvan
We =Wr—-AK—-AU =852 ] (2.843)
‘Ouwg g€pouye OTL TO €pyo Tng dUvaung TEWPrg divetal kol wg

Wi,

Wy = fiAxcos(180°) = fi = =-56.8 N (2.844)

7oV onuatver Tl To pétEo ng elvar 56.8 N kot n @opd tng avtifetn GTn UETATATION TOU POQETIOV.

Iaedderyua 2.94:

"Evag toAunpdc bungee-jumper Bpiokel pia YE@uEo YVYoug Ly = 79 m endve aird €va ToTdut, 6TTmg
ato Zyfwa 2.110(a). O bungee-jumper €yer udco m = 80 kg, kar VYOG Ljymper = 1.85 m. Mitogodue va
Yewpencoovpe to Gxowl TTOUL XENGWoITolel Yo To dAUO GTO KeEVO wg eAatriplo. H aTtabepd Tou Gyoviov
efvaw k = 50 N/m. Oewenate 6Tl n pudgo touv axowov eivar apeAntéa. O bungee-jumper déAel va €pel
TO WAKOG TOU GYowLov Ly TToU XeeldleTal yio vo ekTeAéoel ue ao@dela to dApa Ttou. Bonbnote tov.

Avon:
Oewpolue ws guatnua To {bungee-jumper, oyowl, I'n}, woAvyeAés ki amopovouévo. H fagutiki Suvauikni
EVEQYELOL TOU GUGTAUATOC OTav 0 bungee-jumper BplokeTal eTTAV® GTN Yé@uEa elval

Ugi = mgy = mgLyyqy (2.845)

vmoBéToviag 6Tl n PaQuTkiL duvoukn evégyela eivonl undév oto emimedo tng emipdvelag Tov vepov. XTo
oUGTNUO TTORAYOUV €QY0 WGVO GUVTNENTIKES SUVAUELS: OWTA TOV eAOTNEOV KoL OUTA Tov BdEovg. ATt6 Tnv
oYM SLOTAENONG TNG UWNXAVIKAG £VEQYELOS UETAEY TOU onuelov emdvm GTn Yé@ueo Kol Tou onueiov dtav
o bungee-jumper €xelL ekteAéoel To AAUO KoL PEIOKETOL UE TO KEPAM AQP®OS eTTAV® ATt TO veQRsd (€xovTag
oTyutoio wndevikn tayvtnta), YoV

AEpech = 0 & EJ" = E"“" = K+ Uy, + Uy, = Ki+ Uy, + Uy, (2.846)



176 Kegdharo 2. Mnyovixt

)

by =100m, vy=0

< ﬁ Cord: L=30m
‘ Lmax k=40 N/m

\ Lmax - Lﬂ = Ljumper Stretch /‘:-J;‘

F ¥=T0m

starts

) N
A i i} Liumpe i A 1
J_,x i I > &

() B

F yava=0

Syxnuo 2.110: Zyriuata Acknong 2.94.

ue Uy Tnv eAaGTIKA SUVOULKA eVEQYELQL TOU GYOWL0U. Aga
1
0+ 0 + S K(Lmax = Ljumper = Lo)* = 0+ mgLygy + 0
omdTe

1
—k(Lipax — Ljumper - L0)2 = mgLpax

2
/2mgL
Ly = Lyax — Ljumper - %

=24.6m

Iaedderyua 2.95:

(2.847)

(2.848)

(2.849)
(2.850)

H TovAia Beioketon e Vwog 25 uétpmv, emtdvem og wo ToovAnBea xwels Tepés Eynua 2.111) (). H
oYK kAlon Tng TGovAnBpac eivarl 60°. Xtn fdon tng TGOVANHEAGS, £va KUKMKO TOE0 Tnv eKTOLEVEL
aTté vwog 3 pétpwv. Aeifte 6L n astéotacn Jrov da Stavicer n Iovdia katd To dAua Tng, ue

avapoed to onuelo ektdgevong B elvanr d = 42.6 m.

A (@) y

25m

(B)

Sxrwa 2.111: Xyrniua Acknong 2.95.

Avon:

Xz, Vg

Osweovue wg gvatnua tnv IovAla ko tn I'n. TottoBeTovue TO0 GUGTNUA GUVTETAYUEVOV GTO KATO UEQOS
g EAUIaS, KATw aItd tn déon exkxivnong tng IovAlag. A tn yewueteia tov oyxnuatog 2.111(3), éxovue
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6Tt n TovAa exktogevetol aTtd tn edutta VIt yovia 30°. H uévn S¥vaun Ttou Toedyel £0yo GTo cUGTULO
elvaw n duvaun tov Pdeoug, Tov elvol guvtnEnTiki. ATS v Apxn Awatignong tng Mnyavikig Evégyelag
UETAEY TV J€GEmV TNV KOQUEN TS TGOVANBEAS KAl GTo cnuelo ektdEevong A, €xouue

1
Ko+ Uy = Kg + Uy, & mgyg = Emui +mgys = ug = V2800 — ya) = 20.77 m/s (2.851)

Ag Bpovue Twea To onueio deieng tng IovAfag uetd tnv ektéfevon tng. ATO TIC €EI0MGELS TNG KIVITIKAG
gtov dgova y, dwou n kivnon eival ouadd emitayvviuevn, da €xovue

1

VB = YA + Uyl + §ayt2 (2.852)
1

0 = 3 + uy sin 30°7 — 59.8t2 (2.853)

t=237Ts (2.854)

ATO TS €81I000ES TG KIWVNTIKAG GTov dgova x, 6Ttou n kivnon eivor evBiypauun pe otabepn toyvinta,
Exouue

1

XB = Xp + U, T+ anﬁ (2.855)
Xp = XA = s cos 30°f + 0 (2.856)
Xp—xa =426 m (2.857)

Iaedderyua 2.96:

H emuidnuio tou kopovoioy tedeiwae T 5 xEdVIQ KOl Yo VOl YIOQTAGETE TTNYATE YO GKL GTIC AATTELG.
Bolokeate otnv mtAayid evoc Adpou 6Tt oto Zxnuo 2.112, oe vYwog H = 20 yétpa amd 1o téoua
ng edustag. Exteddvrtog o dAyo cag vTtd yovia 6 = 28°, ayvo®dvtag TS avTloTAGELS TOU 0£Q0, KoL
vTtobéToviag T n durta efvor Asta
(@) 016 elvon To UEYLETO VWOoS A Tou AAMLATOS Gag Aoy agtodecuevtelte aTtd Tn EAGUITO,
B) av emavaldfete to dAua - yotl gag dece - 0AAG a@ov TEOTA déceTe GtV WA GAS TO
BipAio tng Puokng cag (avgdvovtog to Pdeog cag), da @Tdoete oe ueyoAiTeQo, WKEATEQO, N
{Sto uéyioto vyog h;

Synpo 2.112: Eynua Acknong 2.96.

Advon:

(@) Katd to dApa cag, extedeite BoAn, oTtoTe TOo ¢ntovuevo YVog elval To UEYLGTo Vog POANG, Sumg
8¢ yvwpltouue To U€TEo Tng TOYUTNTOS eKTOLEVONS OTtd Tn EAUTIOL OL®EOVTOS WS OITOUOVAOUEVO
ovotnua to {dAtng, I'n}, n uévn vvaun Tov TaEdyel €gyo aTov dAtn elvor n dvvaun Tov Bdooug, n
omola elvaw cuvtnentiki. Mmogovue va epapuécovue thv AAME agtd tn d€éon vYwouvg H wc tn J€on
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ekTOLEVONG OTTO TN EAUTTO, JewEOVTOS StdTagn Undeviking PaQuTIKAG SUVOIKAG evégyelag Tn Sidtagn
EKTOLEVONG ATTO TN EAUTIL.

AEpech = 0 (2.858)

Ki+ Uy =Kp+U,, (2.859)
1

0+mgH = Emufc +0 (2.860)

up = \2gH = 19.79 m/s (2.861)

AT6 1oV TUTTO TOU WEYLGTOU VYPoug A Yo Ty kivnon tng PoArig €xovue

% sin(28°)
h=——=4408 m (2.862)
28
®) H udta m dev maiter poAo Gto amotélecuo kabDS amalelpetar atig oyéoels tng AAME. Apa to
uéytgto vypocg Ja elvar to (dro.

MHaedderyua 2.97:

Yag Sivetar to didypauuo evépyelas tov Zxnuatog 2.113, 1o 0Itolo TTEQLYRAEMEL TNV AQYLIKA KoL Te-
MK gvepyelokii katdotaon evég mpofAnuatos. Tpdypte wa ek@ovnon yio 1o TEOfAnUa to oTtolo
meeyed@etar agtd to Sidyeauua avtd. O evépyeles Uy, U, atrotedovv BaQuTikég Kol EAAGTIKEG Su-
VOWIKEG EVEQYELES OVTIGTOLXO, £VK) OL Be(KTES ; Ko  GUUPBOALLOUV TNV OEYIKI Kol TEMKA KOTAGTOGN
TOU GUGTAROTOG.

E )

o

o

JLE_ ..
o

Ki—i_Ulgi—’—Usi = Kf""Ugf""Usf

Ixnua 2.113: Exnua IHapadelyyatog 2.97.

Avon:
[Mogatngovue OTL €rouue KIVRTIKA Kol V0 SUVOUIKES evEQYeleS, €AAGTIKA KOl BAQUTIKA. XTnv OQ)KNi
katdotacn, éxovue 40 J GUVOMKIAG EVEQYELOS KATAVEUNUEVN €5 NULGELOS GE KIVILTIKIA Kol BAQUTIKA SUVOUWKNA,
20 J oe kaBewid. H ehaotikn duvoukn evégyela elvar undév, dpa €xovue KAITOU €vol 0GUUTTIEGTO EAATAQLO.
Apa akd €xouvue €vo GoU Ge kivnon to ottolo PelokeTol e KATTOL0 MPog aTrd Tnv emipdvela tng I'ng,
OTTwG wo uItdda JTov TEPTEL N avefaivel. TTagatnedvtag tny TeMkn katdatacn, PAETToUUE GTL N KWVRTIKA
evépyela elvor TTAEov undév, dpo To ooua PelokeTol oe akvnaio, eved n eAacTiki duvawki 1eovton pue 50 J
kol n Boutiki Suvapki tlgovtan ue —10 J. To dBpotcua Twv dvo teovtan ue 40 J, wov cnuaivel 41 toxvel n
Aoyt Avatiipnong Mnyavikng Evégyetag. Emiong duwg BAEmovue 0Tl n teMkin PoQuTiki Suvaukn evépyela
elvar agvntikn, dpa to couo Peloketol KAT® amd To emimedo UnSeVIKNG BOQUTIKAG SUVAULKAG eVvEQYELAC.
Avutd umopel va povteAomonBel av opicovue to emimedo undevikng POQUTIKAG SUVOWKAG eVEQYELOS GTNn



2.8 Aoxvoeig 179

Jéon rou to eAaTnELo BEIGKETAL GTO PUGIKG TOU WAKOG, £TGL WGTE dTav GuuTtleaTel va avgnBel n eAaGTikN
duvawkn kol va vITAEXEL 0EVRTIKA BAQUTIKA Suvaulki evégyela.

1
Ki= 5mu? = 20 & mu? = 40 (2.863)

KOl
20
Uy, = mgh; = 9.8mh; = 20 &< mh; = 98 (2.864)

AtnQdvTag kotd uéin

mui 40 392 u;
’ =5g =96 =196 = u? =19.6h (2.865)

mh,' % 20

"Ectw h; = 10 m, tdte ulz =196 = u; = 14 m/s. Aga, m = 0.204 kg. Ot TTaRAITTAV® TTOGOTNTESG KONVOTTOLOVV
TNV aQYKN KATAGTAGN TOU TTEOPARUATOG.

Ytnv teMki katdotaon tov, n ustdlo Peloketol ce akwnolo €dve Ge GuUUTIEGUEVO elatilo. Oa
Exouue

-10 :
9.8-0.204
Apa n utdAa TEOXWEA hy =5 M KAT® a6 TO eT{TESO UNSEVIKAG PAQUTIKAG SUVAKIG EVEQYELOS, OTTOTE
7o ghatigo cvutiiétetan katd S5 () uétea. H edactiki Suvauikn evépyeta do eivon

U,

. =mghf=—10<:)hf=

-om (2.866)

1
Usy = ki =50 e 25k =100 <= k = 4 N/m (2.867)
Apa n gtabepd tov ehatnpiov da eivar k = 4 N/m. BAémete 6t ov apBpol eivar pev cwotol aldd dx téco
QEAMGTIKOL.

AvO EKQOVAGELS — L0l TTOU TIROKUTITEL AT T TAQATIAV®, KoL AAAN Uial, TIL0 QEAMGTIKNA, TTOU WItoeiTe
egelg va emiPfeforodoete Tnv 0pBOTNTA TG — TIOU KAVOTIOLOUV TO Sidypaupa Ttov Xynuyotog 2.113 efvor ou
axd6Aovbeg:

e Mo umtdAa pdcog 0.204 kg mwégpter agtd vwog 10 m, e toyvtnta 14.0 m/s, ewdve oTtd éva KaTardQu-
®o ghatiglo. ‘'Otov n WItdAQ JTEOGYELWVETAL, GUUTILECEL TO eAatnElo. Edv to elatnplo €xel gtabepd 4
N/m, mwéco Yo cvutieatel ard To AQOS Tng UItdAag;

e Mo witdAa wdcog 2.5 kg plyvetal mweog to Ttdve pe toyvtnto 4.0 m/s amd vwog 0.82 m mdve amd
éva KATOKOEUEO eAATELO. ‘OTav N UITAAO ETGTEEPEL TTEOS TA KAT® TTROGYELDVETAL KOl GUUTTLECEL TO
ehatnplo. Edv to ghatiplo €xel atabepd 600 N/m, mwéco da cuumieatel amd 1o fdeog tng uidiog;

Hoedderyua 2.98:

"Eva. oplgdvtio edatniplo ue gtafepd 100 N/m cuuiécetan katd 20 cm dGTe vo ekTogevael £va kouTl
Bdpouc 2.5 kg katd pnkog Agtag emipdvelag. A@ol To kKouTi Stavicel KAITToLd ATTEGTAGN, N ETLPAVELL
yivetar teoytd. O cuviedeatng TEPnRg elvan 0.15. XEnowoTtonate tnv evégyela yo vo Peelte mtéon
astoatacn Jo Stavicel To KoUTl KATA UWAKOS TNG TEAXLAS ETLPAVELNS EWG GTOV GTOUATAGEL.

Advon:
Aelte to Zynua 2.114. Bewpovue ws cUoTNRO TO {EAATAQLO, COWA, ETTLPAVELD}, TO 0TTO(0 lval aTTOLOVMUEVO.
‘Otav n empdvela eivar Agta, n Agyn Atatrignon tng Evépyelag astd to onuelo guuttieang uéyol to onueio
TOV TO GWUO a@nvel To elatrigio (B€on 1eopeoTtiag) wag divel

AEsystem =0 (2.868)
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[T &= 10 N/m
:"_ f‘rrrrrrﬂ ms= :S LE
- X

1l 20 cm .
-

AF
-- mmJ-l I:L py =015 D
- + . = Wi X

Iy =0 v Ciln X5, Vg, =0

Yynua 2.114: Kovuti ge Agia kat Tpayld €TTLQAVELQ.

AU +AK =0 (2.869)
1 1

K xo = xe)? = imvfm = Ka (2.870)
1

Ka = 5(100)(0.20 - 0)* =2.0J (2.871)

Emouévmg to koutl ektofevetar ogugéviia, ue Kvntiikn evépyela on ue 2 J. Epdoov Ge kdola xQoviki
otiyut 9o oTAWOTACEL, AUTO cuveTtdyetal OTL oty Sudekewd Tng kivnong touv To koutl da ydoer 2 J
KnTikig evépyelag. H cuvigtauévn tov duvduemv 6To kouti elvan

D F=fi=F=-fi=—mmg 2.872)

INa to gvetnua {odpal, arrd 1o Oeswdonua Metafoing tng Kivntikng Evépyelag - "Epyov uetagd tng 9éong
160QQEoTIl0C Ko Tng J€ong Tov To U GTauatd vo Kweltat, kow dewpovtag ¢ = 0, x4 = 0, €xouvue

AK=0-20= ) Wey=F-AF 2.873)
-2.0 = —fiAx (2.874)
—2.0 = (—upmg)xp (2.875)
2.0
Xp=—— (2.876)
Hiemg
2.0 0.544 (2.877)
= —— — = U. m .
(0.15)(2.5)(9.8)
MMoedderyua 2.99:
"Evag unyovikog Gxedidcel éva meplepyo eAATRELO TTOU WKavoTtolel Tov Tumo F, = —g(x — x,)3, é7m0v
X, elvon n Yéon 1oopeoTtiog gTo TéAOS Tou ghatngiov kar g elvon n gtabepd Tov. Ta asrAdTnTo
Yewpovye 6TL X, = 0 m. Tvvemaog Fy = —gx>.

(o) TToleg elvan oL wovddeg Tov ¢;

B) Beeilte Tov TUTTO NG SUVAUKNAG EVEQYELAS EVOC TEVTOUEVOU N GUUTTLEGUEVOV EAATNEIOV.

) "Eva gtauyvidr pue évo tétolo eAatriplo exktofevel wa TAAGTkA uttdAa 20 g. Iowo elvar n
ToyvtnTa ektéEevong av n atabepd Tou ehatnpiov eivar 40000, pue wovddeg auTég mou Peikate
GTO gpdTNUA (A1), kKoL TO gAaThElo elvan guuTtieguévo katd 10 cm; Ymobéate 1L n kdvvn elvor
Aela eTmipdveto.

Avon:
Oeweovye To cvotnuo {uttdia, edatnglo}. Aeite to EZyxnua 2.115.
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Sxnuo 2.115: Iepiepyo edatrigio.

(@) O wovddeg Tov g eivan N/m3, étal date To ywéuevo ue m?

B) Egdécov F, = —-dU/dx, éxovue

va pog Stver N.

X 4
Ux) = - f Fodx = — f (—gx®)dx = qu (2.878)
0

) Xto cvotnpa {ustdda, edatiglo} Ttapdyel £gyo wévo n Svvaun tou eAatnEiov, TOU (VoL GUVTNENTIKIA.
Epapudtovtag tnv Agyit Atatnpnong tng Mnyavikig Evépyeias yia 1o cUotnua {umdia, elatriplo}
agté tn Féon cuuTtieons we tn Yéon ektéfevong Tng uItdiag, Taipvouue

AEpech = 0 (2.879)
Kf+Uf=Ki+U,' (2.880)
1 1
5mu§ +0=0+ qu;‘ (2.881)
4 40000)(-0.10)4
up = AL = | [AO0000IOT g (2.882)
: 2m 2(0.02)

IMaedderypa 2.100:

"Eva, koutl pudcag m = 5 kg gexkvdel amd tn fdon evég kexkApévou emiaiédov yoviag 6 = 30° ue
0EYIKN TaxvTnto u; = 8 m/s, ko GTopatd ool diavicel arréatacn d = 3 m, 6TTws gto Xynua 2.116.
YmoAoyiote:

(@) Tn ueTafoAn GTNV KIVITIKA EVEQYELD TOU KOUTLOU.

B) Tn yetafoAn otn duvauikn evépyela Tov cuatnuatog {I'ng, kKovtlov}.

() To yéteo kat Tnv katevbuven tng dUvaung TEPNGS TToV ackeltal GTo kKouTl (Le Tnv vItdBean TL

elvan gtabepn).
©) Tto cuvieleaTi TEPNG OMGONGEWS Ly KOUTLOU - KEKMUEVOU ETTLITESOV.

Avon:
(@) H yetapoAn ogtnv kivntiki evépyela divetalr wg

1
AK = K;—Ki=0-25- 8% =-160 J (2.883)
B) Bzwowvtac to cuctnua {I'n, kouti}, n petafoAi cTn PaQUTkA duvawkn evépyeta elval
AU =Uy—-U; =mgh—-0=mgdsin(d) =5-9.8-3-5in30° =735 J (2.884)

6mov h glvar To YYPog Tov KOUVTIOU ATLd Ty emLPAdvela Tng I'ng otny TeAikn tov déon.
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Sxauo 2.116: Youa oe kekduévo Acoknong 2.100.

) To un amopovwuévo cuatnua {I'ng, koutiov} Ja meprypdpetal evegyelokd astd tnv Agyn Awotngnong
wng Evépyeloc amd tn fdon weg tn 9éon akivntoroinong wg egnig:

AE,y, = Z W (2.885)
AK +AU = > Wy (2.886)
AK + AU = Wy, (2.887)
AK + AU = - fid (2.888)

Aev vitdpyovv dAdeg Suvduelg ANV Tng TEPNG IOV va TTaEdyouv £0yo GTo KouTi, 0TtdTe n dvvoun
TN elvar n uévn dyvwaotn, kol feiokovue To UETEO TNG WS

AK + AU

p =28.8 N (2.889)

fk =

eved n devbuvon tng elval TORAANAN TOU KERAMUEVOU KoL N @oQEd Tng aviifeta Tng kivnong tou
KOUTLOV.

) Ou duvduers TTOU AGKOVVTAL GTO KOUT( Kol €lvol kABeTEG GTO €TMKMVES TrEéTeL va. aboitouv GTo

undév Adyw 160QEOTTIOS TOL KOUTIOV GTov dfova Y'y. Oeweovtas JeTIkin @oEd TEOS Ta TIAVw, £X0UUE

D Fy=0=n—Fy =0=n-mgcos(30°) = 0 < n = mgcos(30°) = 42.4 N (2.890)

Kl £tol o elvon
Je = n = p = 0.68 (2.891)

IHaedderyua 2.101:

O mpedkropag Ethan Hunt (Zxripa 2.117.I) yeeidceton va ekteAéoel €va eTtikiviuvo dAla yio va Qgpet
ce TéQac wa amd Tis amocsTtoAés tov. O Ethan Bploketaw otnv opoen evog ktnpiov, 6IToL KoL
exTedel dAuo pe aykn taxvtnto UAETEOU Uy VTG yovia 6, 6Ttwg oto Xynuo 2.117.11 Bcwenote GTL
n gtoAnl Touv Ethan undevitel Tig aviloTdoels tov aéQa.
(@) Av To péto Tng akAg ToyvTntag uy eivar ug = 10 m/s kow n yovia diuatog eivor 6 = 459,
JT0L0 To uéyleto vwog h mov Ya @tdoel o Ethan;
B) b0 xedvo t yeerdietal yia va, @Tdoel 6To (6o emizedo ye To emiziedo dApaTég Tov;
) IIéon ogicdvtia amtdéstacn d da €xel Siavicel dtav @TAGEL GTO TAQATTAV®D VYPOC;
(&) TTows a eivar to UETEO TG TAXVTNTOS TTEOGKQEOVGNS TOU GTNV TIAGYLOL ETTLPAVELD TOV SeVTEQOU
ktnelov, av n amwdéctacn s - OTTwS @aivetan gto Xynua - efvar s = 15 m;
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Yxhpa 2.117: Egtikivéuves ATTOGTOAEG.

Avon:
(@) O Ethan ovctaotikd ektelel BoAn. Bewpdviag Tnv avoa@opd Touv cuatiuatos agdvwv atn déon
AALoTog, Ko ue JeTKES POEES TIG GUUPATIKES, ATTO YVWGTOVS TUTIOUS TnS BOANG €xouue
u? sin®(6;)
28
®) H kivnon gtov katakdéQueo dgova eivar evfiypoauun owald emitayvviuevn, omrdte agtd To onuelo A
g to onuelo I €éyovue

~ 2.90m (2.892)

hmax =

1
Y© = YA + iy, t — Egt% (2.893)
0 = 0 + u sin(45°)t — 4.97 2.894)

2
107\/_1‘ —492=0 (2.895)
t=0ft~144 s (2.896)

KO TTQOPAVAOS eTAEyovue Tn Avon ¢ = 1.44 s.
) H amdéctaocn d astotedel 10 €000¢ Tng PoAg. ATt ywiGTS TUTTOAGYLO, €XoUUe

B u? sin(26;) ~10%sin(90°)
a g - 9.8
©) Bewpovue to gvatnua {Ethan, T'n}. H uévn dUvaun mov ackeltar atov Ethan eivor avti Touv Bdooug,
n omwola elvar guvtnEntiki. Ocwovye eTiTTESO UNSEVIKAG SUVOULKNG evépyelag To ertimedo TTov
oplgetar agtd to onueto (A). Epagudcovtag Apxn Atatriignong tng Mnyaviking Evégyelag puetagd twv
Péoewv (A) rkar (A), Ya €xovue

~10.2 m (2.897)

AEecn =0 (2.898)
A A
Emech = Emech (2899)
Ky +Up =Ko+ Up (2900)
1 1

imui +mgs = Emui +0 (2.901)

1, 1,
S+ g5 = i (2.902)
upn = Ju’ +2gs (2.903)
= V100 + 30 - 9.8 (2.904)

~ 19.85 m/s (2.905)
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IHaedderyua 2.102:

Y10 Allou Fun Park, vmdgyel éva uovobéolo tpevdkil TTou Gag ektogevel amd éva emimedo oe €va
VYNAGTEQO APOV TTEWTA GO TTEQAGEL ATTO o Stadeoun TUTIoV “UTTOA”. OewEnate Tl dAn n kivnon
uéyot va. @Tdoete 0To WYnAdteQo eTtiTiedo yivetor yweis aviioTdoels i Teipés. ‘Ouws vTtde)ouv TEWPES
GTO VYNAGTEQO eTiTTESO TTOV AVAYKATOUV TO TEEVAKL VO GTAULATAGEL HeTd aTtd attdotacn d amd tny
€l6od4 Tov gto emimedo. H apyikn taxvtnta Tov tévou eivan 1y = 6.0 m/s, ue ogrgdvtio katevbuvon,
6Ttw¢ gTo Xynua 2.118. H vyouetpikin Stagopd tov dvo emimédnv, h, eival 1.1 m evd o guvteleatig
TEPNG oMGOnGemg GTo vVYnAdTeQo eTtiTiedo elvan i = 0.60. Beelte Tnv astéctacn d.

Synuo 2.118: Xyriua Acknong 2.102.

Avon:
Osweovue wg guatnua to {I'n, Tpevdkl, emipdvela ue teécl. To gvatnua elvar astouoveuévo pe dpdon
Un-GuVTNENTIKAG SUvaung (tepn oAicbnong). BOeweovue 6Tl n Sidtogn UnSeVIKAG PBOQUTIKAG SUVAULKAG
evépyelag elvar 6tav 1o copa Peloketar otn Yéon ekkivnong. AT tnv AAE uetagd tng apykng déong
ekkivnong kol tng teMkng déong otdong, €yovue

AEgs =0 (2.906)
AK + AUy + AEy, = 0 (2.907)
Ky—Ki+ Uy —Ug +AEy =0 (2.908)
1
0- Emu? +mgh—0+ fid=0 (2.909)
1 2

smu; —mgh

g2 ,f_g (2.910)
k

%mu? —mgh

= T (2.911)

To ooua wopeomel oTov dgova y'y 660 Bpioketor oTo eTtiTedo pe TEUPES, 0TTdTE

Y F =0 F+i=0 (2.912)
n—-mg=0&n=mg (2.913)
oToTE
1 2 2
smus —mgh u? —2gh
q=220 T8 W T 991 m (2.914)

Himg 2uig
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Iaedderyua 2.103:

npeuia;

‘Eva kexkMuévo emtizedo ywviag 6 = 20° €xer éva elatrigio atabepds k = 500 N/m ctepemuévo
010 KATw U€Eog touv. ‘Eva koutl udgag m = 2.5 kg tomobeteitan wdvw 010 KekMuévo eTtimtedo ae
astéotoon d = 0.3 m amwd 1o edatigo. Amd auti tn déon, 1o kouti BAAAETOL TTEOS TO €AATAQLO
ue taxvtnta ug = 0.75 m/s. II6co €xer uetakivnBel to eAatiElo OTav To KOUTL @TAvVEL GTiyWalo G

Yynua 2.119: Exriua Acknong 2.103.

Avon:

Oeweovue w¢ guatnua to kouti. H cuvigtdoa tng SYvaung tov Bdeoug Ttou eivar TTaQAAANAN GTO ETTIKAVES
efvar mgsin 6, ko eITOYVVEL TO GOUA TIEOS TO KATW, 0¢ amdéotacn d Uéxel vo. GUVOVTAGEL TO EAATAQLO,
6ITOV KO N dUvaun Tov eAdTnEOV avTiTiBeTon GTn PaEUTIKA dUvaun ko eTTPEASVVEL TO GOUO GE ATTOGTAGN
x wéyot To owua va £gbel oe otiywmalo axwnota. H §dvaun tov fdeoug Ttapdyel detikd £0yo 6To couo 660
oUTO oAMGBalveL TTEOC TA KAT® GE GUVOMKNA ATTOGTAGN d+ X, KAl n SUvaun Tou eAatnelov TaQdyel AQVNTIKG
€oyo 0T0 o 600 oMcBaiver oe astéoTtacn x. YmoAowtes duvduels dev mtapdyouv £pyo. Egopudtovtag
10 Oedpnua Metafolic Kwvntikig Evépyelac - "Egyov amd tn déon mouv to koutl PdAAetar wg tn déan

uéylotng guustieong tov eAatngiov, £xouue

AKi—)f = Z Wext
Ki—Ki= Wy + W,
1 2

1 1 1
Emufc - im“i =mg(d + x)sin g + ékx,? — ékxfc

1 1
0- 5’"”12 =mg(d + x)sinf + 0 — Ekx2

1 k
5”12 + g(d + x)sinf — %xz =0
k u?
—x? —(gsinf)x — = — (gsinh)d = 0
2m 2

: e k(W .
gsinf = 4/(gsin6) —4%(—7’—(gsm9)d)

X =
k
29m

AvTIKOOIGTOVTAS KoL KQAT®VvTas Tn Jetikn Avon, €yovue

x=0.131m

(2.915)
(2.916)

(2.917)
(2.918)

(2.919)

(2.920)

(2.921)

(2.922)
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INaedderyua 2.104:

Avo avtikelpeva guvdgovtal pe gxowi TTov TeEVA YUpw attd wa Teoyaiia. To Bdpog tng teoxalicag
KoL TOU oxowtov eivar apeAntéa. To avikeiuevo pwdgoac my = 5 kg, apykd axivnto, a@rvetal va
Téoel amwd vwog h =4 m mhve amwd To TeaItédl. Beelte
(@) Tnv TayxVTntad Tou GOUATOS UAgos me = 3 kg Tn GTyUA TTOU TO GOUO WATAS my XTUTIA GTO
TQAITETL.
B) To wéyoto VYO ToU PTAVEL TO GHOWO WATAS M.

Yxnuo 2.120: Xyrua Acknong 2.104.

Avon:
(@) Betovue y = 0 otnv emedvela Tov TeAIedlov. H uévn dvaun Tov aoKe(Tol 6TO GoUATa elval auti
Tou Bdoug, TTou eivar guvinpntki. To guatnpa {couata, ayowl, Tpoxaiia, I'n} eivor aropoveuévo.
Me yorion tng Apync Awatripnong tng Mnyavikng Evépyelac 6To guatnua £xovue

A—B
AEmech =0 (2923)
(Ki+ Ko+ Ug)a = (K1 + K2 + Ug)p (2.924)

ue To delkTn p va SnA®VEL Th GTIYUN OKEIPAOS TIEW TO UEYAAO GOUA YTUTINCGEL GTRV £TLPAvELD. Av
Yewprcovue we dSrdtagn Undeviking BOQUTIKAG SUVOKAG eVEQYELOS TV aQ)Kn Sidtagn, toTe

1
0= §(m1 + mz)u% + mogh + myg(—h) (2.925)

2(m; — mz)gh
wp= 228 s s (2.926)
mi + moy

B) Topa epapudcovue tnv Apyn Atatiipnong tng Mnyavikrig Evégyelag yio To GUGTNUO TOU GOUOTOS
udcac 3 kg kow tng I'ng (cvotnua {odua, I'n}) katd tn Sidprela Tov XEOVIKOU SLOGTALATOS OVAUEGO
OTn GTYUN TToV TO GYowl ayltel va Kiveltal GTnv TEOXAAlO KOL Tn GTLYUR TToU To cwud pdgos 3 kg
@TAvel To uéylato vog tov. To cvotnua elvar amopoveuévo kal n wévn dvvoun JTouv TTaQdyel £QYo
efvar avtn tov Bdoovs. Apa da elvar

Kol AUVOVTOS WG TTQOC Up €YOVUE

AEpech =0 (2.927)
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AK + AU =0 (2.928)
Ky —Ki+ Uy — Uy =0 (2.929)
1

0- EmQuz +magAy =0 (2.930)
MZ

Ay = — (2.931)
28

Vmax =4+ Ay=5m (2.932)

IHaedderyua 2.105:

Ye wo frowio wa BeAdva wdtag m = 5.6 g ewgdyeton GTov 16TO TOv acbevit pue edatigo otabeds
k = 375 N/m. To esAatngio eivor oQykd cuutiieouévo katd x = 8.1 cm kow ektofevel Ty PeAdva Ty
oplgdvtia katevBuvon. H Beddva @edyel agtd To eAaTAQLo Kol LWOMGS TO EAATAQELO OTAVEL GTO PUGIKO
TOU UnKog, dewgdvel di = 2.4 cm péca GTov 1oTo, 0 0IT0l0g ackel Ge avTtriv dvvoun aviictacng 7.6 N.
Ytn cuvéyela n Beddva eioyweel d2 = 3.5 cm Ge €va 6pyavo, To oTroio Tng ackel dUvaun avtictocng
9.2 N. Na Pecetite:

(@) tn wéyiotn TavTnta tng eAdvoc.

B) tnv teMki Tng TayVTNTA, TEOTOV GTAWNTAGEL aTtéToud (AMdyw evég KOAGQEoU Tou elval TTQO-

GOQUOGUEVO TTAvVm Tng) wetd amd 5.9 cm guvolikng Sieigduong.

Avon:

(o) Ozweovue wg gvaTnua To {BeAdva, edatnpro}. H uéyiotn tayvtnta cuufaivel akQBog ey n feddva
e1géNBel 6To coua. YToBétouue 4Tl n Peddva elgépyetan Ge ogigdvtia SievBuvon. Tote agtd tnv Agyn
Awatignong tng Mnyavikng Evépyeiag ueta&d tng déong cuumieong tov eAatnpiov kar tng 9éong
0V N PeAdvo LOMGS aTtoyxweiteTon To eAatiplo (0TdTe Kol To GUGTNUO elval aITOUOVEUEVO e uovn
guvtnEntiki dUvaun avtin Tov eAatnpiov), £xovue

AEpeer, = 0 (2.933)

AK+AU =0 (2.934)
Ki—Ki+Up—-U;=0 (2.935)
K=K -Us+ U (2.936)

%mufnax =0-0+ %kxz (2.937)

Upax = 6.62 m/s (2.938)

B) Mzogovue va dempncoouvue Tic Suvduelg aviictaong ws “teEés’. H evégyela Tou TTEAOTOV £QMTALATOS
UETATEETTETOL £V UEQEL GE TEQUIKN EVEQYELDL GTO UWAAAKO LGTO, £V UEREL GE VEQUIKA EVEQYELDL GTA OQYOVAL,
KOW €V UEQEL GE KIWWNTIKA evéQyela Tng PeAdvag arkpPmg T ctauaticel. Osweolue og gvGTnia Tn
{peAova, ehatiplo}, ko avtd eival éva un astouoveouévo giotnuo. Acg yedwpouue tnv Agyn Awatignon
tng Evépyelag yia autd to reopinua, amd tny apykn déon cuuttieong tov sAatnplov wg tnv TeMKN
Péon tnc Beldvag, akQPds TTEV oTapatincel uetd tn dielcduon 6Toug 1GToUG:

AEsys = Z Wex (2.939)
AK + AU = Wﬂd + Wfkg (2.940)
Ky = Ki+ U, = Uy, = = fradi — frods (2.941)
1 1
Emufc -0+0- 5kxz = —fud — fiods (2.942)
—fuady — fiady + Lkx?
up = BT S T (2.943)

Qm
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Iaedderyua 2.106:

"Eva eAatnglo ue gtabepd k = 200 N/m elvon gtabepottotnuévo gtny koQuen Aeiov kKekMuévou vItd
yovio 6 = 40 yowpddv. 'Eva coua udgog 1.0 kg ektogevetol TEOS T TTAV® GTO KEKMUEVO, OTTO QYLK
Péon Tov améyel d = 0.6 m amd tm déon 16oeomiag Tou eAatnelov, KoL TOU €XEL KIVITIKA EVEQYELQL
K;i =16.0 J.
(@) Towd elvor n KWNTIKA €VEQYELDL TOU COUATOS TN GTYUR TIOU TO €AATAQLO £{VOL GUUITIEGUEVO
katd 0.20 m;
B) Me wéon KWNTIKA eVEQYELOL TRETIEL VO EKTOLEVOEl TO GOUO TTEOS TO TTAVM GTO KEKAWEVO OV
YéAlovue va gtapaticel otywaio dtav €yel guumiécel To Aatniglo katd 0.4 m;

Avon:
Oewpolue WS gvotTnua To {cwuo, I'n, eAatiglo}, To omolo elvol aTtouovOUEVo, KAl GE QUTO TTARdyoUV
€0yo udvo cuvtnentikés duvduelg (Guvaun edatngiov kol SYvaun Bdeovg). Oswpovue TiTTed0 UNOEVIKAG
duvaukig evépyelag tnv agyikn 9éon tng didtagng. Agite Tto Iynua 2.121.

ynua 2.121: Avon Acknong 2.106.

(@) Amé tnv AAME uetogd tng aykig 9éong A kau teMkig 9éong (cuuttieon elatnpiov kotd 0.2) C,

€youue
AEY>C =0 (2.944)
Ka + Ug, + Uy, = Kc + Uy + U, (2.945)
16+0+0 =Ky +mgh+ %k(Ax)Z (2.946)
Ky =16 — mgh — ék(Ax)Z (2.947)
=16 — mg((d + Ax) sin(6)) — %k(Ax)z (2.948)
=16 -1-9.8-0.514 - 5in(40°) — % -200 - (0.2) (2.949)
=6.96 J (2.950)

®) Amé tnv AAME petagd tng agxwkng 9éonc (A) kar tng 9éong cuumieong katd 0.4 (C), €xouvue

A—C
AEmech =0 (2.951)
Ko+ Ug, + U, = Kc + Ug. + Uy, (2.952)
1
K; +0+0 =0+ mg((d + Ax) sin(0)) + 5k(Ax)2 (2.953)

K; = mg((d + Ax)sin(6)) + %k(Ax)z (2.954)
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1
=1-9.8-0.64279 + 3 200 - (0.4)> (2.955)
=222] (2.956)

Hoedderyua 2.107:

Wdyvovtog To OWKOYeVELKRSG Gag aQxelo, Pplokete €va Bivteo Ttou Selyvel Tov e0uTd Gag Ge WKEM
nAkia va kdvelr TeovMibpa gto TTdero. Av tdte elyate Bdpog 267 N kot n teovAnBea eiye urnkog 6.1
m, oynuoaticovtag yovia 20° ue to 0plgévtio eTtiztedo
(@) méon evégyela petoteémeTal oe Jepuikn evéQyela KOTd Tnv oAMGONchA cag amd tnv KopUEN ®G
Tn fdon, av o GuVTEAEGTAC TEPNS oAlagBnong uetaty eodg kot Tng tgovAnBpac eivon 0.10;
B) av gekwvdte aTtd TRV KOEUEN TNS TEoLAMBEAS ue ayxwn Ttayvtnta 0.457 m/s, Told n TaxvTntd
GOG GTO TEQUO TNG TGOLANBQAG;
BonBeia: T 1o B) gpdtnuo, Jempnote wg cvotnuo £0dg, tnv TGovAnBa, kot tn I'n. Oswenote
KOTAAANAN StdTogn undevikng BAQUTIKAG SUVOUKAG EVEQYELAS.

Avon:
Oswpovie wg cuatnua {eadg, TGovAiBea}, kol évav dgova x’x ToEAAANAM Ue TO KEKAWEVO TG TGOVANBQOS.
"EGto h 10 dwog tng T6ovAnBeag kail d = 6.1 to urkog tng. Oswovue YeTIKES POQEES TS GUUBATIKEG.
(@) Iooppomovue gtov dgova y'y katd tnv kotdfoon, oTtdte

Z F, =0 e it+mgcosd) = 0 = n = mg cos(6) (2.957)
H petafoin otn deguikn evépyela eivor
AEy, = fid = yynd = pupmg cos(0)d = 153.04 J (2.958)

B) Bewpovue wg cvoTnua {€adg, tTnv TeovAnbpa, kot tn I'n}. To cUcTUO £lvol ATTOUOVOUEVO UE ECWTE-
QWKEG GUVTNENTIKES KOl (N-GUVTNENTIKES Suvduels va mwadyouv €Qyo evidg tov. Osweovue didtagn
UNSEVIKAG PAQUTIKAG SUVOUIKAG evépyelag OTav @Tdvete Gtn Pdon tng toovAnbpas. Amd tnv AAE
UETOEY NG SATAENG GTNV KOQUEN TNS TGOVANOEAS kAl GTn Bdon Tng TGovANBaAc, éxouue

AEg =0 (2.959)
AK + AUy + AEj; =0 (2.960)
Ky —Ki+Ug — Uy + AEy, = 0 (2.961)
1
K= 5mu? +mgh — 0 —153.04 (2.962)
1
= 5mu,? + mgd sin(6) — 153.04 (2.963)

a (2.964)

J Lnu? + mgd sin(6) — 153.04
uf =
Qm

= 3.4876 m/s (2.965)






3.1 Ewaywy

I[ToAMAG @UGIKA @avdueva YivovTol KATAVOnTd WEGo aTtd ThG €VVoleS TV TAAAVTOGEMV KOl TOV KUUATWV.
To TTopddetypo:

¢ Ol 0VQEAVOEVGTES KOL OL YEQUEES GXESLATOVTOL £TGL OGTE VO TOAOVTOVOVTOL

e H padwopmvia kat n tnAedpacn Baciouv Tn AeltouQyio TOUS GE NAEKTROUAYVITIKA KUUOTA KOl GTOV
TedIT0 Srddoong Toug

e H {Sio n Pucikn 6to atoutkd tng emimedo TeQLexel TANQO@oEio TTov @EEeToL AITé KULOTO

e O oG KoL N POV TTORAYOVTOL OITO KATIO0U £{80US TOAAVTOGELS

3.2 Hepodur) Kivnon

Ovoudtovpe TreELOdIki Kivien tnv kivnon evig GOUOTOS GTav €TMGTEEPEL GTNV AQXIKA Tov déon avd
TOKTA GTafed YEOoVikd Sractnuata. Mioelte va GKEQTE(TE TOMES TTEQLOSIKES KIVAGELS ATTé Thv KO-
Inuepvdtnta cag: o Seikteg Tov EoAoyLoY exkTeAOVUV TreELOdIKN Kivnon, n I'n stov kwvelton yipw amd Tov
HAo, ot StoA€gelg evég uabnuatog, o xTUTOC TnS KaESLdg, Kol Toaa AAAL — TTOU QUGLKA dev elval akEBMOS
TIEELOBIKES KIVILGELS AANG OYedOV Treprodikés. Mabnuatikd, wg Trepuodikn opiteton wa cuvdptnon f(f) dtav
kavoIgtolel Tn gxéon

fO=ft+T), ywaT>0, V>0 3.1)

ue T va astotelel 1o UKQEATEQO XEOVIKG SLAGTNUO TTOU TO GOU ETTAVOAAUBAVEL TRV Kivnon TOu KoL OVO-
udceton mEQLOdOC TG Kivnong.

To 6eUTepo Guwe avikeiuevo tng ueAétng pag elvor to koua. Tu etvar éva kdpa; Koua ovopdtetar wio
Sratapaxn TTov uetadideTanr 6To XwWEo kol GTo xedvo. H Satapaxn avtri elvon, TOAES OEES, TTEQLOSIKNA KL
£T0L KoL T KUYOTa LIroovv va demenboiv kol og TTeQLlodikd @awdueva: avtd JTou emtavaloyufdvetor elvar
n 8o n Satagoayn. O 6Q0g “Unyovikd KUUO”™ YOQEOKTNEITEL Tn UETAPOQEd TnS dtatoaxns avtig Stauécon
evig UEGovu (vepov, aépa, VARATOG, KATT), Ge aviiBeon (e To NAEKTQOUAYVITIKA KULATO TTou Sev astoltovv
uéoo duddoong. "Eva cuvOeTikd kol £va eayuatikd kiyo PAETtETe oTo Tynuo 3.1.



3.3

3.3.1

192 Kegdhawo 3. Tohavimoeig xow Mrnyavixd Kouota

yxnpa 3.1 Kvuarta.

Torti dumg TTEETTeL Vo UEAETAGOUUE TIRWTO TIS TAAAVTOGCELS OvTl va TTdue kot evbelav oTo — TI0 evdia-
@épovta — kiuata; Tatl dAeg (Geddv) ol TeQLodikéc KIVAGELS, GuuIteQLAaUBavouévmv Kol TTOAY GUvBeT®Y
KULAT®VY, LIToeovUv va uovieAoTiotnbfodv o d0QoloUa OITAMV GEUOVIK®V KIVAGE®V, SnA. TOAAVTIOGE®WV!
Acg kdvouue AOLTTOV TTEMTO ULOL TTEQUAYIGN GTO OVTIKE(UEVO TWV AITADY OQUOVIKOV TAAAVTIOGE®WV, Ol YVOGELS
Ttou da wdpouue Ja elvor TTOAY YEAGLUES YO VO, KATOWVONGOUUE TO KULOTO.

Amn Apuovier Toddvtwon

Q¢ At Aguoviki Taddvtwon (AAT) ovoudtetor n TeELOSIKNA kivnon gtnv oTtola n Uvaun JTov acKeiTal G
éva guaTnua gival avdloyn tng 9€eng evog GOUATOS TOV GUGTHUATOS, GE GXEGN Ue Uia JE€6N 1GoPQROTTIAS TOU
GUGTHUATOC, KOl €xel TdvTa KatevBuvan J1pog tn Jdéon 16oppottias Tov GucTHUAToS. ‘'OAES oL TeQLOSIKES
KIWAGELS TT0V cuufolvouy GTn eUon UIToEovv va, wovteAoTromnbovv mg GOEOLGUO OITAMY EUOVIKOV KIVAGE®V.
Av Silvaue évav o axkpn oploud, Yo Aéyaue 6Tt dTov n dUvaun Tov AcKelTAL GE £va GO €Yl TTAvTa
katevBuvon TEoc T Jéon 1GoEEOTIIOS TOV GOUATOS, N Kivien JTov JTeaywatoTolel To Gouo Aéyetor ATIAR
Apuovikn Kivnon i ATt Aguovikin TaAdvtwon. T'vewpitete Adn wa tétowa kivnon! Towd elvon avTh;

H xivnon tou owpatog - ehatnpiov wg AAT

Ma @uowki n kivnon Tov GUGTARATOC {cwua, glatiplo}. Ag tn peAeticouvue. Aelte to Xynuo 3.2 ko
Slapdcte TEOGEKTIKA Tnv Trepyeapn kdbe atiywlotuTtov. Mitopovue va meprypdwpouue wabnuatikd tnv

‘OTav To 6opa peTatomniZeTal Tpog
| Ta 6efLd g BEang woppomiag, 1
SOvayn mov avamtvooeTal oo TO
elatiplo 6To ompa Spa jie
katevBuvon mpog T aploTepd.

‘Otav 10 ompa fpioketor o) B2om
LooppoTiag Tov, 1 Stvem Tou
QVUTITUCOETAL OO TO EAATIPLO
elvan pndevik).

©'0tav 10 6opa petotomnileTon Tpog
T aploTePE TNG BEon G wooppoTiag,
1 SVVaLN TOU AVOMTUCCETAL OO
To eAaTipLo Spa pe katevBuvor
TPOG Ta Sekld.

Yynua 3.2: AAT cduatog + edatnpiov.
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kivnon tov gouatog TTov givan depuévo gto elatngro; E@'dcov eivar éva coua Ge kivnon vitd emidoacn
Svvaung, da ektelel emitayvvouevn kivnon, KL €16l

_ ,, k
ZFx=md’x<=>Fs=mZix=Fs=—kx=max=ax=——x (3.2)
m

BAémete 6T n emitdyuvon elvar avdloyn tng petotoTiions o wo déon 1oopeoTtios kal n katevbuvon
ng elvar aviiBetn tng uetatdémiong agtd avtn tn Yéon. Ta TapaTtdve arotelovy évav akduo opLGUd Tng
Amdig Aguovikig Taddviwong.

©éon AAT
Zépovpe agtd tnv Kwntikd 61 n emrdyvvon astotelel th Sevtepn Tapdywyo tng cuvdptnong 9€6¢ wg
TQOG TO YEOVOo, SnA.

d? k

T = ——x(0) (3.3)

m
Oétoviag wg w? = k/m, kataliyovue GTn Gyéon

d? 9

—x(t) = —w x(1) 3.4)
dr?

Tétoleg €L10DGELS TTOU EUTIAEKOUV TTOQAYDOYOUS UG GUVAQTNONS ovoudgoviol Sla@oQikés eEicwoels. H
AMon tétowwv eflcoemwy elvar de da pog agtacyoAncel. Mitogovue Ouws va oke@Tovue dtoncgOntikd 411 n
eglonon (3.4) wavogroleiton amd wo cuvdetnon x(f) tng ogrolag n devtepn TORAYOYOS WS TTEOS TO XEOVO
elvar n (8o cuvdptnon eml éva GuVTEAEGTH —w?. Av GKe@TOUUE Alyo, WITOQOVUE VO PEOUUE WLOL TETOLOL

GuVAETNGCN:
2
x(f) = cos(At) = %x(l) = 2% cos(Ar) = —22x(1) (3.5)

Apa. n NULTOVOELdNG guvdetnon elival po AVon Tng €£l0wong AvTrig. XTn yevikdtepn Loeern Tng, n Avon tng
SLapoEIKNG e&lcwang elval Tng LoEENg
x(t) = Acos(wt + ¢) 3.6)

ue

A TO TTAATOG TnG TOAGVTOGNG

e w Tn eUYVETNTA TNS TOAIVTOGNG

¢ TY aE)KN @don A Tn @eAcn UETATOTILONG TS TOAAVTOONG

wt + ¢ Tn GUVOMKN @don (M amAd, Tn @edon) Tng TaAdvTwong

KartaAafaivete Aowrdv 611 n 9éon touv 6odOUATOS 660 aUTS TOAOVTOVETAL YU aTtd wia déon 16opeoTtiog
UETARAAAETOL NULTOVOELSHS WS TTROS TO XEGVO! AV P®TOYQEAPIGOVUE TO TAAAVTOUUEVO GOUA Ue Ty TTdEodo
ToU XE6vou, da dolye wo elkdéva OTTwg GTo Zynpa 3.3(a), GTnv oTola n aQYkN J€on Tou GOUNTOS ATOV
oe wa déon x(0) = A. H ewdva delyvel tn 9éon tov cdpatog dtav exktelel wio wAREn TaAdviwon, Sna.
GTaV ETMOTEEPEL WL oA atnv agywn tov Jéon. H eikdva oto Iynuo 3.3(a) eivor wio cuvdeTnon yedvou-
TAGTOUS. B0 TTEOTWOVGOUE TO XEGVO GTOV OQLIOVTIO AEOVA, OTTOTE OV GTEEWOUUE TV €IKOVO 0TS GTO
Yynua 3.3(B), da Tagatnernoovue okEPOS W nUITovoeldn guvdptnon tou xedévou! Ti onuoaivouv duwg ot
otabepéc Tou euavitovial gtn guvdetnon déong x(1);
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(Ct) _ ’ (B) Av "otpédoups” Tnv kivnon
Eva odua takavtdvetat katakopuda, mapatrpolps oL
661 kL aplotepd akodou- - oxnuatiZstal va ouvnpitovol
Buvrac amhr appovikn
Tahavtwon.
-A 0 + A A= 111 TTT T
I | 1
i=0 } | -
| | |
| | |
i 1 t
— T |
i=T/4 I : |
| | I
| - }
—— L | | 0 —=4——f-4 4 -1
i=T/2 —W% [ T
f 1 }
| ] ]
. | | |
i1=3T/4 f f
| 1 |
| | |
| |
i=T | -
| 1 A
—A 0 +A - 1T rT T T 11

Yxno 3.3: XTryuidtusa asrAig apuovikKiG TaAAVTWGNG.

e H cuyvétnia ToAdvimong i yovidkn cuyvotnta

w= X 37
m
00(Cel TTAGO YEIRYoQEO TAAAVTHOVETOL TO GOUA KL UETEETAL G rad/s. Oa dovue Eavd tn oxéon avti Ge
oxéon e tnv KUkMKkNR kivnon Alyo apydtepa. ITpocégte GTL n e€lcwon TeQLAOUPAVEL TIS TTOGOTNTEG
k, m, omoTE QPOoEA UOVO TAAAVIMGELS TTOU UTTOEOVV va povielomonfolv wg cuatnpa elatniov-
GOWUATOG.
e H meiodog T opitetan ®g 0 xeOVOoS TToU aItartelTal yia Uio TARER TaAdvToon Kol 1GoUTal Ue

2r m
T=—=27T1,— (3.8)
w k

ue tnv tedevtala oxéon vo opoEd £0vd GUGTALOTO TTOU LOVTEAOTIOLOVVTAL S EAATAQLO KOL COWOL.
e H cuyvétnta f opitetor wg
1 ) 1 k
fot_o 1 JK (3.9)
T 2r 27 \m
KoL 0Q(CeL TO TTANBOC TV TAAAVIOGEMV TTOV EKTEAOUVTIAL GTN LOVASA Tov ¥edvou — Savd n tedevtaio
eglomaon elvonr ek TreQimTwon yia To vt elatinglo-gouo. H cuyxvéotnta avti petoiétol e

Herz - Hz. H oy€on yoviaknAg GuyvOTNTAS KoL YROUUIKNG GuyxvoTntag elvol amin: w = 2rf.

Mo WiKQM TTROCGOXN XEEWGLETOL N TTOGHTNTA TS OREXIKAGS @dong ¢. Oftovtog ¢ = 0 Jralpvouue
x(0) = Acos(¢) (3.10)

0TTOTE OUGLAGTIKA N aQYkA @don ¢ kaboitel Twold elvarl n Tun tng guvdetnong J€ong Tov GOUOTOS GTav
TATAUE TO YEOVOUETEO Kal Eekvdue vo ueAeTdue To @avouevo tng Taldvioons. Me dAAa Adyia, uog Adet
oe Ttold Yéon Peloketon To TaAAvToUUEVO Goua dtav gekvdue (¢ = 0) va yeletdue v TaAdvioon: n 9éon
Tou ugroel va elvor de€id Touv onuelov 1ooEoTtiag (cos(¢p) > 0) A KAl AELETEQRG TOL GnUElOV 1GOQEQEOTIIAS
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(cos(¢p) < 0) — puokd witoeel vo efvar kol akEP®OS 6To cnuelo eopeoTtiag (cos(¢) = 0).

EvaAlaktikd, uirogovue va ypdwouue tn yeviki gyéon tng déong x(f) og

x(t) = Acos(wt + ¢) 3.11)

= Acos(w(t + ¢/w)) 3.12)

= Acos(w(t — ty)) (3.13)

ue to = —g. BAémtete OTL n ypoviki GTIYUR fp uag delyvel tn XQovikin petatdmicn e SevtepdAeTtta Tng

guvdptnong A cos(wt) agtd tn don émov ¢ = 0. AUTA n YEOVIKA GTYUNR TIEQLEXEL TNV OQXIKA @don ¢,
YU autd KoL TTOAAES OEES N AR @ACN OVOudceTal Kol @dcn uetatoTions. Autég ov Svo epunveleg
TNG OEYWKNG @dong ¢ @aivoviar ¢to Xynua 3.4. ITap” 6Aov Tou oL vVITOAowTeg GTABERES elvol GYeTIKA

Fc&.,-:@

Yxnuwo 3.4: Apxikni @pdon TaAdvTwong.

KOTAVONTEG aITd TOUS 0QLGUOUGS TOUG, ag Sovue €va oynpa kot yia avtég. Aeite To Zynua 3.5 Kol JTROGEETE
TG Ol UETABOAES GTIC GTAOEQRES OTES OVTIKATOTITRICOVTAL GTO Yedonua tng cuvdotnong déong x(1).

X

e ¢, w

N T A

Metatotmion
I
o oo B

blwi.

/ w
XX i e

|
b8
T

MeTatomion
- h=y

P7aN e B
IEAN\ZAERN AR

Yxnuwo 3.5: Metafoléc atic aTabepéc tng cuvdptnong Jdéang.

)

Metatotmion

|
[




196 Kegdhawo 3. Tohavimoeig xow Mrnyavixd Kouota

TayOtnta xou Emtdyuvon AAT

Zavd n Kwntikn €gyetar meog fonbeid pog av déhovue va feovue TGGO yEryopd KIvelTdl £va GOUO TTOU
extedel AAT. ATt Tig Gyéoelg

u(t) = d%x(t) (3.14)
d d?
a(t) = d_tu(t) = ﬁx(t) (3.15)
witopovue eVKOAO va Peovue OTL
u(t) = —wA sin(wt + ¢) (3.16)
a(f) = —w?A cos(wt + @) (3.17)

Hopatnenate 6t n eTtitdyvvon dev eivor otabeprt. Ot UEYIGTES TWES TTOU UITOEOUV VO TTAQROVV OL TTOQRAITAV®

GUVAQRTAGELS lval
k
Upax = WA = A [ — (3.18)
m

k
Amay = WA = A= (3.19)
m

ue T Tedevtales GX€GELS GTNV 1GOTNTA VO APOQOVV GUGTNUA EAATAQLO-GOUA.

Abon AAT

Oa ToeaTnEncate 4Tl OAn n GUTATNGN KOS TOEA £lxe WS PAcn TN yevikin AVcn Tng SlapoELkig eElcwong
TIov TreQLyed@etl tnv AAT. Xe éva §eSouévo TrdfAnua duwg, Jéhouue va Bovue akePOS tTn Gxéon JTov Te-
owedpet tn 9éon, Tnv TovTnta, KAl tThy emtdyuvon evos oopatog Tov ektedel AAT. IToc da to kdvouue
avTo;

Ag gekwnoouvue agtd Ta eUkOAA: Ol TToGOTNTEG k, m KABOQITOUV TN YOVIOKA GUXVOTNTO W, KL QUTEG
elvar otabepés oe kABe TepiTtTwon. Aviibeta, To WAATOC A kKo n AR @don ¢ kabopitovtar aTtd Tn
CTIYUR JTOV TTATAUE TO YXQEOVOUETQEO KO TraakoAovBovue tnv TaAdvtwon f, ue dAAo Adyla, T cuufaivel
oty taAdviwon ya ¢ = 0. To tedevtalo poviehoTtoteitow gtnv AAT ue Tic mepipnues aQkés cuvOnKkeg,
Ttov Sev elvar TiTroTte GANO aTtd €va GUVOAD €E10MGEMY TTOV WOS Tieplyedpel Ty katdotacn the AAT yua
t = 0. Ac dovue Svo TTagadelyuata yia va yiver katovontd auvto.

Agtlte 1o Zxnua 3.6(a). Ta r = 0, To odpo Peloketar atn déon x(0) = A ko n ToyvTntd Tov elvon

()

x=10

3

Xxnuo 3.6: Iapadelyuata evpeong tng e€icwong tng AAT.

undevikn, u(0) = 0. Apa katalaPaivouue 6Tl To eAatriglo PelokeTOl GE TANEN €KRTAGN KOl GTLywolio
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T0 oo €xel axkwnrtotownbel JTow agyicel Ty emGTEOPENR Tov TTEOg Tn Jéon 1GopeoTtiag. Ov dvo avtég
€ELGNGELS aTToTeEAOUV TIS 0Q)IKES GuvOnkeg Tng AAT:

x(0)=A (3.20)

u(0)=20 3.21)

IMopatnenate 0Tl 0L AQYIKES GUVONKES TG SLa@OEIKAS £ElGmaNnS aroteAoUvVToL OITé wa T Tng x(f) Ko
Lo T tng %x(t) = u(?): kot ot dvo yia t = 0. Ac TIC QELOTTOLGOVUE.

x(0) =Acos(p) =A (3.22)

u(0) = —wA sin(¢) = 0 3.23)

AT6 116 dvo avtéc ayéoels (€80 Tuyyxdver va agkel kol n TEATN oxfon wévo) cuustepaivovye 6t ¢ = 0.

"Etat n AAT steprypdpetar amd tn gxéon
x(1) = A cos(wt) (3.24)

Agite Topa To Iynuo 3.6(). Xe avtiv Tnv TERITTTOWON, TTATAGOUE TO XQEOVOUETQEO UaS GTOV TO GO0 TTEQVA
a1t to onuelo 16oEEOTIAC Kol katevBUveTal TIROS Ta SeEld. Ol aEykéS uag guvlnkeg ThEa elval ot

x(0) =Acos(¢) =0 (3.25)
u(0) = —wA sin(¢) = u; (3.26)

H Adon tng mpotng eglcwong diver Svo Twés, /2 kaw —m/2. H devtepn eglcmaon épyxetan vo Log KAVEL Tn
Adon povadikr, a@ov n toyvtnta eivor detikit (to Sidvuouo katevblvetal TTEog To. deELd), oL TToadTNTES
w, A elvan detikég, dpa Teémel To sin(¢) va elvor agvntikd, mov woxvel yia ¢ = —r/2. 'ET6l n gyxéon mou
TEQELYEAPEL TNV TOAJVTOoN glval n

x(t) = %cos (a)t - g) = % sin(wt) 3.27)

BAémtete Aowrdv mTwg ol aEyikés cuvOnkes wag divouv povadikin Adon gtn ook e€lGwon TTov TEQL-
voedpet yevikd tnv AAT, kat n govadiki AVon ouTi €£0QTATAL ATTd Th GTYUWR TTOU EekvAe VoL TTAQATREOVUE
TOV TOAOVTOTA.

Biupata Estidveng AstAoV Aguovikoy TadavtoTin

e Ynuewate n Peelte agtd To TEOPANUA KoL TRV EKPOVNGN TIC AEYIKES GUVONKES TOV TTEORAAULAL-
tog. IIdte matnoate to xeoviéuetd cag (f = 0); Ti cuvépn dcov apoed tn Jéon, x;, KoL TV
ToyUTNTO, Uj, TOU TOAOVT®TA ekelvn Th ypovikn GTiyun; Avtég efvar ov apylkég Gag GuvBnkec!

o Epapudote Tig apylkés GuvOnkes GTig yevikég AIGeLg

x(t) = Acos(wt + @) (3.28)
u(t) = —wA sin(wt + ¢) (3.29)
SnA.
x(0) = Acos(¢p) = x; (3.30)
u(0) = —wA sin(¢) = u; (3.31)

e Bopeite Tnv agykin @don ¢ kol Gtn Guvéyela o TTAGTOS A.
e Tpdyte TG €8100DGELS Kivnong Tou TAAAVT®OTA.

\. J

To yoapnuato Jéong, Tay¥TnTog, Kol ETITAYUVONS TTOV TIARAYOVTOL GTIS SVO QUTES TTEQLTITMOCELS divo-
vtal gto Xynua 3.7. Mmopeite va Tapatnencete 4t
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x o 3T x T 3T
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Xxnupo 3.7: I'pagriuata déong, TayvTNTOCS, ETTLTAYVVONG VIO TIC GVO TTEQLITTWCELS TOU KELUEVOU.

e n uéylotn, kot agsroAlvtn T, taxvtnta cuupaiver 6tav x(f) = 0 ku dtav a(r) = 0, dnA. dtav To
elatiiplo Beloketal atn Yéon 1GoEEOTIOC Tov, GTTOV KAl N €ILTAXVVGA Tov elval GTiyuoaio Undeviki
(aupoV n dVvaun Tov edatngiov Tavel va ackertal — log véuog Tou Newton).

e n uéylotn KOt arwéivutn T emtdyuvvon cuupalver 6tav x(f) = +A ki otav u(f) = 0, dnA. étav To
elatnglo feloketal GTn UEYIGTN €KTOGNH TOV OTTOU GTIyUWAio AKLVYRTOTTOLELTAL.

Ac dovue éva amtAd oAl TANQES TTaddetyua.

IHoedderyua 3.1:

"Evo. oopa wdcag m = 0.2 kg eivon ouvdedepévo ue afaés eAatiglo yia 1o ogtolo n gtabepd Tou
efvon k = 5 N/m. To cvotnua Beloketal e oQLgévTia eTLpdveld xwels TERES, To ooua uetatoTigeTon
KOTd 5 cm agtd tn déon 1oeeoTiag kol aphivetal eAeBepo, dTTws oTo Lynua 3.8.

(o) Bpeite tnv grepiodo tng kivnong.

B) Beelte tn puéyiotn TaYINTA TOUV GAOWATOC.

() Beelite tn uéyiotn emitdyvvon Tov GOUOTOC.

©) Tedwte dAec TS €E10MGELS Kivnong.

y= 0 0.09 m A-?q“’.ﬁ‘i
I Zwd nues
e—A— T
\VWAAMAMA
WWWWWFvww

S

=
I
i s

A

~
I

Yxnuo 3.8: IMapddelyua TaddvTwons Ue Goud Ge eAATHQLO.
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Avon:
KartaAafaivouue 61t apot n tayvtnta ya ¢ = 0 elvarl {on ue undév (Belte Tic apykés Guvlnkeg), Téte To
eAOTIQLO €xEL PTACGEL GTN UEYIOTN €KTACT TOV, KoL do n uetatdmion x; = 0.05 da agwotedel kow To TTAGTOG
wng Taldvioong A = 0.05 m.
(@) H grepiodog eivon

2 m 2
T=—=2n,|—=— 3.32
w d k 5 s (8:32)
B) H yéyiotn tayvtnta divetar agtd tn oxéon
Umay = WA =3A =5-0.05 = 0.25 m/s (3.33)

) H uéyiotn emtdyvvon divetor agd tn oyéon
Amax = W?A = 25A = 25 -0.05 = 1.25 m/s* (3.34)
©) Eépouue 6Tl x(f) = A cos(wt + ¢). AT TIC aEYIKES GuVONKeS €xouue

x(0) = Acos(¢) = 0.05 (3.35)
u(0) = —wA sin(¢) = 0 (3.36)
H Sevtepn oxéon uog Sivel dvo Twég yoo tnv agykin @don, ¢ = 0 kot ¢ = m. Ouwg ya ¢ = T,

x(0) = Acos(r) = 0.05 = A = -0.05, 6uwg T0 TTAGTOS A TG TOAAVTOONG TEETTEL VO elvol TTEvVTOL
Yetikdg apBuos. Aga vitoypewtikd, ¢ = 0, omtdte A = 0.05. "ETal, guvolkd da €youvue

x(7) = 0.05 cos(57) (3.37)
u(t) = —0.25 sin(5¢) (3.38)
a(t) = —1.25 cos(5¢) (3.39)

Iaedderyua 3.2:

Tv aAAdCeL GTO €QOTARATA TOV TTEonyovuevoy Ttapadelypatos av u; = —0.1 m/s; Me dAAa Adya, av
TO GOUO UETATOTILOTEL KATA 5 cm aird tn don 1GoepoTtias aAld Tou SiveTtow wa axki ToyUTNTo
u; = —0.1 m/s, avtl va apebel.

Avon:

Ontwaodngtote Sev aAldGTeL n TeElodog KAl n cuyvoTnTo KAODS aUTES Sev €E0QTAOVTAL OTTO TO TAATOS KoL
TNV 0EYKA @Acn TOu TOAOVTOTA. A@oV Sivetal agyikin TaxVTNTO GTO GOWUO, TIEQUEVOUUE TO TIAGTOS TG
TaAdvVToong va gival ueyoAvtepo astd 0.05 m Jtov Atav e (GREETEITE GTL TOEA SEV OPARVETE TO GOUA
o6 uetordrion 0.05 m agd déon wwopeomiag Tov aAAd “Tovu Sivete kAl Wo” OGTE VO, OTTOKTAGEL OLQYLKA
Toyvtnta). Toea ot agykés cuvbnikeg elval

x(0) = Acos(¢) = 0.05 (3.40)
u(0) = —wA sin(¢) = —0.1 (3.41)
AtonQodvTog kotd wéin
2
—wtan(p) = -2 < tan(¢) = 5 = ¢ ~ 0.127 (3.42)
Omdte
0.05
Acos(0.121) =0.05=—=>A = —— ~0.054 m (3.43)
cos(0.12r)
TéAog

Upax = WA = 0.27 m/s (3.44)
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max = 0*A = 1.35 m/s” (3.45)

Kol
x(t) = 0.054 cos(5¢ + 0.127) (3.46)
u(t) = —0.27sin(5¢ + 0.127) (3.47)
a(t) = —1.35 cos(5t + 0.127) (3.48)

Iaedderyua 3.3:

H avBpomivn épacn doAwver av to képall cag doveltar ue cuyvétnta 29 Hz, ywotl o dovicelg
TEOKAAOUV GUVTOVIGUS GTO GUGTNUO “UdTL-Uug TTOU To Guykeatel atn déon tov”. Av n udgo Tou
uatoy cog efvon 7.5 gr, koW 0 pUg TTOV TO Guykeatel wovtedoTtonbel wg eAatnglo, delgte OTL n
otabepd Tov ghatngiov elvan k ~ 250 N/m.

Adon:
Aeboyévng Tng WATAg KoL TNG GUYVOTNTAS GUVTOVIGUOU, uitopovue vo Beovue tn otabepd elatnpiov amd
™ gxéon
k
w =21 f = — (3.49)
m
Apa

k= @2nf)’m = (2n29)%-7.5-107° = 249 N/m (3.50)

Ioaedderyua 3.4:

Ou agteovavtes ato didotnua dev UITopovv va CUYLGTOUV YENGWOTIOLWVTOS KOWES CUYOQLES TTOU
€yovue GTO GIITIOL LG,

L (m)

1.4+
1.2 1
1.0 7
0.8
0.6
0.4+
0.2+

0.0 T — 1 (S)
0 3 6

Yxnpa 3.9: Mrkog edatnpiov Ge ¢uylGua aGTEOVaUTn.

Avtibeta, petpovv Tn wdgo Toug TaAavtovuevol oe €vo ueydho ehatnglo. YmoBéate 4L évag aoTo-
vavtng 8ével atn ¢dvn Tov €va peydlo eAatiolo, kol Ty dAAn Touv dken Touv Ge éva YAvto GTov
Toiyo Tou dacTnwkov 6Tabuov. "Evag guvdded@og agtpovaitng Ttov Teafdel uokeid amd Tov Toiyo,
Kol Tov apnvel edevBepo. To unkog Tov ehatneiov cuvaETicel Tou xpedvou diveton gto Xyxnua 3.9.
(@) Howd etvar n udga Touv agtEovatn av n gtabepd tov elatngiov eivon 240 N/m;
B) Howd eivar n ToyvTNTa TOU AcTEOVAVTN KAODS OUTOS TAAAVTOVETAL, GTAV TO WAKOS TOU €A~
Tnelov elivan yio TEdTN @oed 1.2 m;

Avon:

O aoteovavtng exktedel amwAn aQUoOVki TaAdvimaon.
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(@) Amo To oxnua, €xovue 6t n TeElodog etvon T = 3 s. Apa

T 2

T:2n1/T:>m:(—) k=55 kg (3.51)

k 2n
B) Hopatngovue 4Tt oL TaAOVTOGELS Gupbaivouy yUpw aTtd €va onuelo 16oeEoTtiag TTAdToug 1.0 m. Awé
To yedonua, A = %0.8 =04m,¢=0,ruw= 27” = 2.1 rad/s. H e€lowon ywa tn J€on tov actoovaltn

efvan

x(f) = 1+ Acos(wt + 0) (3.52)
=1+ 0.4cos(2.17) (3.53)
1.2 =1+ 0.4cos(2.17) (3.54)
cos(2.1¢) = 0.5 = cos (g) (3.55)
2.1t = 27k + g kez (3.56)

lNo k=0 x
21t ==+n/3 =t = iﬁ = +0.498 (3.97)

KOl KeoTtdue tn deTikin ypovikn otiyun. H €€lomon tng taxvtntag tov actpovaltn eivol
u(t) = —Awsin(wt) = u(0.5) = -0.4-2.1-5in(2.1- 0.5) = —0.73 m/s (3.98)

IHaeddeyua 3.3:

‘Evag  UeTatQoIténs UTEQRXWY, OIT0 aUTOUS ITOV YENGLWOITOLOUVTOL GTNV LATEIKA  aIteElkdvion
Exnua 3.10), ovolactikd Sev efvan TiTrota dAA0 amd €vav TToA) Aemtd Sioko pdcag m = 0.0001
kg o ogroioc kveltar usEog - G PELGKAUEVOC GE ATTAR OQUOVIKA Kivinon ye guyvotnta 1.0 MHz
odnyoluevog aTrd €va NAEKTQOWAYVNTIKG TTnvio.

Xxnuo 3.10: Metatporméac Yweprywv.

(@) H géyiotn SYvaun emova@opds Tov uitopel vo e@ouoctel 6To 8ioko xwelc vo Tov KoTo-
oteéwel etvaw 40000 N. ITotd eivar to uéylgto TAGTOC TAAAVTOONS GE AUTAV TRV TEQRLTTTOON;
®) Howd ewvor n yéyratn ToyUTnTo ToUv §{GKOV VTTG VTS To TAATOS TAAAVTWONG;

Adon:
(@) O 8iorog VTTOKELTAL GE QITAN AEUOVIKNA kivion. AT To 20 véuo tov Newton €youue

Fy = Mayg, < 4000 = 0.1- 10 3a,,,, & ampax = 4 - 102 mys (3.59)
Ouwg gpovue 411
g = WA &= A =2~ 101100 m (3.60)
w

B) H yéyiotn toyvtnta dvvator og

Upmar = WA = 21 fA = 27(1-10%)(1.01- 107°) = 63.4 m/s (3.61)
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IHaedderyua 3.6:

"Evog agtAdg apuovikos TOAAVIOTAG attoteAeltanl amd éva goua pdgas 2.0 KiAov cuvdedeuévo Ge
elatrpro atafepds 100 N/m. 'Otav ¢ = 1.0 s, n 9€on kot n tayvtnta tov coduatog eivar x = 0.129 m
kol u = 3.415 m/s.

(o) Ioid givar To TTAATOS ThG TAAGVTWGNG;

B) Howd eivar n Yéon tov cdpatog dtav ¢ = 0;

) IToid etvar n toyvTnTo Tov cwuatog étav ¢t = 0;

Adon:
() H 9€on kot n toydtnta Tov ToAAvToTi Sivetal amd Tig ox£celg

x(t) = Acos(wt + ¢) 3.62)

u(t) = —wA sin(wt + ¢) (3.63)
AlalpdvTag Kotd uéin

u(t)

— = —wtan(wt + ¢) (3.64)

x(1)

Mmopove Toea va feodue Th GUVOMKA @don wt + ¢, K¢

Wt + ¢ = tan”! (%8) (3.65)

ko yio £ =1.0 s

w-10+¢ = tan™" _ =34 )5 ad (3.66)
‘ B 7.07-0129) '
apol w = \/g =17.07 rad/s. Aga
x(1.0) = Acos(-1.31) &= 0.129 = Acos(-1.31) = A =05 m (3.67)
B) AoV Perikaue 6T
wt+ ¢ =-1.31 (3.68)
=1.0
uwitopovue va Acovue g TTeog ¢. OTTdTe
¢ =-8.38 rad (3.69)
Apa
x(0) = 0.5cos(w - 0 —8.38) = 0.5c0s(—8.38) = —0.251 m (3.70)
) AvticTowa,
u(0) = —wA sin(w - 0 — 8.38) = —(7.07 - 0.5) sin(—8.38) = 3.06 m/s (3.7D)

w
[}

Evépyewa AAT

Oa ntav oAV evliapépov va egetdoouue evepyelokd tov ATIAG Aguovikd Talaviwti. T'vweitovue non ta
eldn evégyelog KoL TIS GYECELS TTOV TA eRPEATOoUV. Ag Tig dovue. H kvntiki evégyela Tou TOAOVTOTA do
elfvan

K= %mu2 = %msz2 sin?(wr + @) 3.72)

EV® N eMAGTIKA SUVOULKA Tou evégyeta Ja elvar

1 1
U= 51<x2 = 5kA2 cos?(wt + @) (3.73)
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Aeboyévou o1 egetdovpe v AAT astovcio TEdv kol 6Tl yvwpeitovue 6Tt n Svvaun tov glotniov
elvol GUVTNENTIKA, UTTOQOUUE VO KATOAABOUUE OTL N UNYOVIKIL EVEQYELQL TOU GUGTAUATOS EAATAQLO+GHOWLO
Swatneeitan. Elvan

1 1 1
Epech = K+ U = EmszZ sin?(wt + @) + 5kAZ cos?(wt + ¢) = 5kA2 (3.74)

apol w

To aBpowopa K + U elva
otabepod Kal ot Svo

Ypeupata

K U =L k2

Yyaua 3.11: Kiwvntikn kar EAactiki Avvauikni Evégyeia AAT.

IHopatnenate g LeTARAALOVTOL Ol ETTUEQOVS EVEQYELESC GUVAQTAGEL TOV XEOVOU £TGL WGTE TO dbpotoud
Toug va gfvarl TTdvta otabepd, 1660 oo Xynpa 3.11(a), TTov asteltkovicovtor ov cuvagtioels K(t), U(r), 6o
kar 6To Xyxnua 3.11(B), wov ameikovicovton o guvaptncels K(x), U(x).

Ac YuunbBovue kar ta TeElpnua Staypdunato evépyelas Tov delyvouv TTws UeTaBdAAETOL N evépyela
evos ouathpatogs. Agite to Zynpa 3.12. Atitel va ggnyicovpe To. GTLYWOTUTIOL GUVOTITIKA. £TO GTYWMAOTUITO
(a), 6oL KO EekvAue va ueletdue To @awvduevo (¢ = 0), To copa PBeloketar otn Jéon x = A, TTov elvan
KoL T0 TAATOS Tng ToAdviwong. To aodua efvor otiywalio akivito kKol €Xel - OTTWS AVAUEVOTAV - Th UEYLGTN
eqrITdyuvon ue oed TEogs tTn éon wwopeottiag. ‘OAn n evépyelo TOU GUGTALOTOS (VoL EAAGTIKA SUVOULKA.
Y10 cuywotuTo (b), To coua €xer kivnbel kow Peioketon otn d€on 16opeoTtiag drov To eAatiplo efvar GTo
@UGIKS Tov wnkog. H tayvtnta ekel eivor n uéyigtn Suvatn, ko eueavicetor ywo ¢ = 7/4. IIA€ov 6An n
EVEQYELDL TOU GUGTAUATOS €xel Yivel KvnTikn. XT0o GTYWOTUTO (C), TO GWUO €XEL GUUTTLEGEL TO EAATNELO
KOTA X = —A, oTtdTe avd n ToUTTO TOU GOUOTOS elvol Tyl UNGEVIKA KOl N eTTLTAYLVON UEYIGTN, LE
@oQd TIR0g Tn Yéon 1gopoTtiag, ue dAn tnv evépyela va eivarl Eavd edaotikn duvaukn. H ypoviki gtiyun
eupaviong auvTng tng katdotaong eivarl t = T/2. Eto otiywdtuso (d) agyitovue tnv aviictpoen Ttopeio:
T0 goua TeEvd amd tn déon woopeottiag otav ¢ = 37 /4, ue uéylotn ToyxUTNTo KoL WNOEVIKA ETLTAUVGN.
Zavd, 6An n evépyela ToU GUGTALOTOS E(VOL KIVILITIKIA, EVE GTO GTyudTuIto (e), £xovue avd tny katdatacn
TOU GTIYWOTVUTIOL (a), ywo t = T auTh tn @oed. Iagatnpicaue wa TAREN TAAAVTOGoN, 0TTOTE TO EOVOUEVO
guveylceTon €’ ATTELQOV, ETTAVOAAUBAVOVTOS TNV EVEQYELOKI KOTAVOUNL KOl KATAGTACN TTOU TTeQLyQd@nke
oTn Wol ToRATtdve Tiepiodo Tov. TéAog, To atywdturo (f) Selyver wa tuyxaio J€on tov couatog, x > 0
KoL X # A, 6e wo Tuyaio xEOVIKN GTiyun f.

Ac dovue yepikd Toagadelyuata yio vo kataldfovue kaAvTepa Th dewplo.
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Yynua 3.12: Aviagypauua Evépyeiac AstAdov Apuovikov TalavtwTi.

Hoedderyua 3.7:

A=0.2m.
(o) Bpelte tnv oMK punyaviki evéQYeLQ TOU GUGTAULATOG.
®) Howd eivar n TaxVTINTO TOU GOUATOS GTAV TEQVA ATt TO onuelo LGoEEOTLAG;

TToAAG WnAG KTAELOL £X0UV OITOGPREGTARES WATOS, OTIWS 6To Xynua 3.13, ov oTolol eival KOTACKEVES
TToV euITodiovv TO KTAQELO va TaAaviwlel arrd tn dUvaun tov avéuov. ‘EGTm 0Tl n KATAGKEVN €xel
wdico, m = 2.72 - 10° kg xou éxel oxedractel va TaAavtdvetol ue cuxvotnta f = 10.0 Hz, ue mAdtog

Xxnuo 3.13: AsroGfectrigas udéac.

Avon:

(@) H GuvoMKi unyoviki evéQyelo ToOU GUGTAUATOS TOV ATtocPectna elvol gTabepn ko ton pe %kAz. Ae
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yvweigouye tn oTafepd Tov “elatneiov” Tou arocPectha. ‘Ouwg

w = 2xf = 2710 rad/s (3.75)
KOl W = \/% = k = w?’m, omdTE
k = w’m = (2710)% - 2.72 - 10° = 10738 - 10° = 1.0738 - 10° N/m (3.76)
Apa
Enmech = %kAQ =2.147-10" ] (3.77)

®B) Otav 1o cwuo Tepvd aTtd To onueio 160EEOTIIACS, GAN N UNYAVIKA eVEQYELD ERPRATETOL G KIVITIKNA!
n ehacTikn Suvolki evépyela efvar undevikn. "Etou

1 /2E
Epech = K = 5]/)/11,12 == U = £Zmech ~ 12.6 m/s (378)
m
IHoedderyua 3.8:

Av n @don geTatdéIong yia évo cUGTnUd AATNEIOV-GOUATOS TTOU EKTEAEL OTTARL OQUOVIKA TOAVT®-
on glvar ¢ = /6 rad kal n don Tov GOUATOS dlveTal WG

x(t) = Acos(wt + ¢) 3.79)

0w yvweitete, Tdte TTOLOC elval 0 AGYOS TNG KIVNTIKAG TTROC TNV €AAGTIKA SUVAULKA £VEQYELDL TOU
ovotiyatog étav ¢ = 0;

Adon:
Exouvue 6Tt
_ 1 2 _ 1 242 322 _ 1 242 2.2
K = Smu(t) LO = Smew’A% sin (a)t+¢)'t=0 = Sm’A” sin’(x/6) (3.80)
RO 1 1 1
_ 1 ol _ Lia2..2 1202
U = hatt LO SkA? cos (wt+¢)|t=0 kA? cos™(r/6) (3.81)
Omdte .
K  mw*sin®(r/6) m 5 4
K _mw s (x/6) _m o 6 3.82
U~ keos2n/o) -~ k% @/ (5:82)
Kl ETIELON L
W= = (3.83)
m
elvon K )
T tan’(7/6) = 3 (3.84)

IHoedderyua 3.9:

H 9éon evég copatidiov deuévou ce éva edatriglo divetar agtd th Gyéon
x(¢) = 0.25 cos(101) (3.85)

ue To TAATOC A va UETELETOL GE M, TN YWVIOKA GUXVOTNTA w ot rad/s, Kol To XE6vo ¢ G S. Xe rold
YXQOVIKA GTLYUN n KWNTIKA Tou evépyela elvar SIITAGGLO TG EAAGTIKAG SUVOLLKAG TOU EVEQYELAG;
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Avon:
H e&lowon toyvtntag tou copatdiov eival

u(f) = —2.5sin(107) (3.86)
Oétovtac K = 2U é€yovue
%muz(t) =2 (éka(z)) (3.87)
%;11(—2.5)2 sin?(107) = k((0.25)? cos?(107)) (3.88)
tan?(107) = 2 (3.89)
tan(107) = + V2 (3.90)
107 = tan™" (£ V2) (3.91)
t= i% tan"'(V2) (3.92)
= +0.0955 s (3.93)

OTTOV KOl KEATAUE TEOPAVAOS TO JETIKS Y6vo, = 0.0955 s.

IHaedderyua 3.10:

‘Evag talaviotic udcag 0.3 kg €xer toyvtnta 0.954 m/s dtav n Uetatdmicon tov amd tn déon
1gopeoTtiag Tou eivar 0.03 m kai Tayvtnta 0.714 m/s dtav uetatomigetan katd 0.06 m amwsd tn Iéon
1GopoTiac Tov. ITowd elvar n péylatn TaxVTNTA TOV TOAAVIOTI;

Advon:
H cuvoMki evégyelo ToU GUGTAUATOS TOU TAAWVTI®TA Siatneeltal, 0IrdTe Yo TS HVO KOTOOTACELS TTOU
TeQLYEA@OVTOL GTO TEOPANUA, éotm (A) kar (B), da érouue

A—B
AEmech =0 3.94)
Ki+Uxr=Kp+Ug (395)
1o, 1o 1 5 1 4
EmuA + QkxA = EmuB + §ka (3.96)
1 1
Em(uf1 - u%) = Ek(x% - xi) 3.97)
2 _ 2
m(us —u
k= % (3.98)
g~ Xa
=44.48 N/m (3.99)
H cuvoMkn evégyela Touv TaAavToTi eivon
Lo 1, 5
Eipt = Epecn =K+ U = oM + ékxA =0.15657J (3.100)
‘Oung emeldn
1
Eipr = 5mu,%m (3.101)

6Tav o TAAAVIOTAS TeEvd amd th déon 1GopeoTias Tou, £xouue

Umax = 1.021 m/s (3.102)
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Yyéon AAT xou Oparric Kuaure Kivione

H AAT é£yel otevii gyéon pe tnv olwaArn KUKAIKA kivnon stou €xouvyue Nén cuvavtigel otnv Kivntikn. Aeite
70 Iynua 3.14. "Ectw éva emimedo xy tdvw oTo 0tolo évo odua ektelel owoA KUKMKA kivion ue KEVTQEO

H prridue yupifel koo
CUPTIEPUPEPETAL WG

‘Eva copa Bploke-
TOL OTO onueio P
otav t=0.

Alyo cpyoTepa, TN XPOVIKT
oTLypn) §, 0L X-GUVIOTMOES
Twv onpelwv P ko Q sival
loeg.

TWUHTIO0 T OUoLONDpEN
KUKALKT] kv o).

Adpmo

) T t”v
il [| 5= -~
// \\ e
rd N P s
/ /
/ "_‘:z’//\\ / -\
J.l Pt \i 'f A
x
\ O ] \ %,
\ d \
\ )J’ \ A
\\ J \\ R 08dwvn
e 4 B
x.\ //
% -
-r 0 =wt + (f)

H oxud g pdechag wavelton
Omwg v owpatibio e anin
appovikr kivion.

Yyaua 3.14: Yyéon AAT kar Ouairic Kvklikric Kivhong.

70 O (0,0) kot aktiva A. 'Eoto 0Tl TTATAUE TO XEOVOUETEO WOS GTo oTywdtuTto (a) tov Iynuatog 3.14. To
odua Peloketor VIO ywvia ¢ ue Tov oplcdvtio dgova étav ¢ = 0. H meofoAn tov couatog mov PelokeTol
oTo onuelo P emmdvw otov dfovo x'x ugtopel va yeogel og
P, = Acos(¢) (3.103)
TIoU TEETIEL VoL oag dupitel tn cuvdptnon x(f) tng AAT yua £ = 0. 1o otiywdtutio (b) BAEmrovue To codpa
oUTO Og (o UeTayevéatepn xeoviki atyun . To codua €xel meoxwenael eTdvm GTov KUKAO KATA wt, AGY®
OUOANG KUKMKAG kivnong. Zavd, n TeopoAn touv onyeiov P’ GTov 0Ldvtio dEova ugtopel va yogel og
P’ = Acos(f) = Acos(wt + @) (3.104)
KOOGS 0 = ¢ + wt, Lova AOym ouaAg KUKAKNAG kiviong. H gyéon AoTtdv TTou KATAAYOUUE Yo Thv Kivnon
TG TEOPOAMG GToV dfova x'x €vég GOUOTOS TTou ekTeAel OUOAL KUKMKA kivnon, ostotelel akQPos tn
ouvdptnon déong x(f) tng AAT! Mitopovue Aowtdv UKol vo KATaAdBovue OTL N TTEOPOAIL TNG KUKALKNAG
klvnong emdvm Ge évav oELLGvTIo dEova eveg GUGTAUATOS GUVTETOYUEV®VY UTTOQEL Vo TTEQLyQa@el aItd Tig
egowoelg tng AAT! Hopatnenote to Ixauo 3.15, dwov @aivovtor kow oL duo dAAES TTOGHTNTES, TOVTNTO
KoL eTLTdyUVON, TNG KUKAMKAG kivnong. Me mapduolo 1edéo umopovue va eEayouue TS €ELGMGELS

u(t) = —wA sin(wt + ¢) (3.105)

a(f) = —w?A cos(wt + @) (3.106)

O/n avayvootng/telo uitoel va dokydoet!



208 Kegdhawo 3. Tohavimoeig xow Mrnyavixd Kouota

y y b
-
v
P — ==~
-~ e P RN
e | ra [
s v, /1N s | S
/ [ \ / \
/ I Loy / Y A B
/ | [ ! pFal
I | \ ! | | \
} Ih& } x - # Il X
1 1
| 0 v, Q ] l\ 0 x 0 )
\ / \ /
A / \ /
N\ / N\ /7
~ 4 ~ /
~ 7z ~ P
S - ™ - P ~o P
N - N . N
0=wt+ ¢ v=wA a=w"A

Sxnpa 3.15: Oéon, taxvtnta, KAl ETITAYVVON OUAANG KUKAMKNIG KIVIGNG KAl N GYE0n TNG Ue Thv asin
APUOVIKH TAAAVTWGN.

To exxpepéc
Q¢ AAT ugtogovv vo. poviedoroinBolv kol GAAOVL €lBOUG KIVAGELS, VTG GUYKEKQELWEVOUS TIEQLOQLGULOVG.
OewENGTE TO eKKQEEUES TOU XxAuatog 3.16.

‘Otav n ywvia B stvar pkpn),
aTAT] Klvron Tou ekkpspovg
pmopsi va povrsAomoin el wg
OTTAT] P LOVIKT] Kivrion yupw
amo pa B£or) woppoTiag 8 = 0.

1

|

B

1 0

|

| —>
L i~

|

|

- I s m

H_r;e-qsin 0

mg cos @
[ g
mg

ynuo 3.16: Exkpeués.

"Exouye UeTATOTIIOEL TO EKKQEEUES TTEOC Ta SekLd, €xoviag oxnuaticel yovio 6 ye tnv katardégueo. Ou
duvduels Tov ackoVVTOL 0TO COWa efval n Tdon Touv VAULTOG T xou n Svvaun tov Pdeoug F,, tw omola
ugtoQovue va avalvoovue ae dgoves. Av dempnoouye 4Tl n yovia 6 eivor wikedtepn tov mepimov 10 wopdv,
TdTe uIopovye va dewprncouvue 6Tl To ekkenes ektedel AAT. Iapatnpnate dTL To POAO Tng dvvoaung Tov
elatnElov Tov Talgel N X—GUVIGTHOGA Tou Bdoug, KabDS auti elvar vmevBuvn yia TV ETTLGTROPR TOU
eRKEEUOVS oTn Jéon 1eoppoTiiag Tou. Aedouévou 6Tl To coua Tedel VTG eTidpacn duvduewv, £xovue AITo
70 20 véuo touv Newton Katd Tnv Kivnen Tou eKKQEELOUS GTO TOEO s:

2
Z F = md & Fenavag. = md => —F,, = —mgsin(f) = ma < —mgsin(6) = mﬁs(t) (3.107)
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ue s €va TURUO, Tou KUKALKOU Tédgov. Emtedn s = Lo, €xovue

d? 8.
ﬁﬁ(t) =-7 sin(6) (3.108)

XENGWOoTOLWVTAS TNV TTROGEYYLGN
sin(f) = 6, vy 6 <1, 8 oe aktivia (3.109)

uItoQovue va yedwpouue th SlopoQikn e£lcmon wg

d? g
ﬁe(t) ~ —ZG(I) (3.110)

H oyéon avth meprypdpetl Ttpoceyylotikd o AAT, kabadg elvar wa Siapoeikit eficwon akePos (diag wop-
ong ue tnv gglowon (3.4). To tedevtalo 1oxVEL ATTOKAELGTIKA VL0 UKQES TWES TOU 6.

Bdoel Tov moamtdvm, n YoVIaki GUXVOTRTO TOU ekKEEWLOVS SiveTal wg

8
= 4/= 3.111
w I @.111)
KoL n TeRiod0C TOV WG
2 L
T=—=2n,|— (3.112)
w 8
evo n eglomwon kivnong tou ekkpewovs elval
0(t) = Opax cos(wt + @) (3.113)

ue Tnv aEykin @edon ¢ va Taitel akePos Tov (8lo EOA0 Ue TV TEQITTTOON TOU GUGTALATOS {EAATrQLO,
GWOUOL}.

®divovoec Toaravtmoelc

Ytnv AAT, n katdotacn ATov aEKETA Waviki: VITREELE attovcio aviiotdoewv kKdbe eiboug, kal auTd elxe
WS AITOTEAEGUOL N UNYOVIKA EVEQYELD TOV GUGTRUAT®V Vo efvol GTabepn. Xtnv JTedEn KATL TETOL0 PUGIKA
dev 1oyvel: n unyaviki evépyelo GUOTNUATOV TOAGVT®ONG @Bivel ue To xedvo. Xe Ui TEToL0 TTEQRITTTOON n
kivnon ovoudgetal @Bivovca taldvimon.

Y116 @Bivouoeg TAAOVTOGELS, LOVTEAOTIOLOUUE TIS QWVTIGTAGELS TTOU GUVTEAOUV GTNV QITOAELO WY OVIKAG
4 4 3 7 7
evégyelag ue wa Aeyouevn duvaun emifpdduveng R, n omola opltetor wg

S d
R = —bil = -b—X(t 3.114
i 75 (3.114)

H otafepd b ovoudetor cuvtedesting astéofeong. H dvvaun R dpo Ttdvto aviibeto GTnv ToyvTnIo
Tov odpatos. Duaikd Sev TaveEl va VITdEXEL N dUvaun €TTOVAEOQRAS TOU gAaTnElov TNG YVWGTAS WS
UOQONG F, = —k% Ag TeocTTabNGoUUE va e€dyouue Tn Sa@oQikn eflcwaon tng @bivovsas taldviwong. Av
epapuocovue To 20 véuo tov Newton GTO TAAAVTOVUEVO GOWO TTOV Kve{Tow oaTov dfova x'x, éxouue

Z F.=md, = R+F, =mad, 3.115)

n omoio ylvetan

d
—bu — kx = ma, = —kx(t) - bd_tx(t) = m— x(1) (3.116)
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Av fewprioovue 6Tl 0 GUVTEAEGTAG aTtdoPeong b elvar “WwkEoS auBuds, téte n Adon Tng TTaEATtdve dia-
POQEWKNG e&lcmang elvar n
b
x(t) = Ae” 2" cos(wt + ¢) (3.117)

N 0AM®OS
x(t) = A(t) cos(wt + ¢) (3.118)

ue A() = Ae™ 7' va glvan 1o XEOVIKA uetaBaliduevo (@Oivov) TAATOS Tng TAAGVT®WGNG, OTTWS POIVETAL GTO
Yxnupa 3.17(a).

% To mA&ToG Bivel dTIWG
@BiveL n ouvapton Ae~ (V/2m1, Yroanéopeon

Kplown atéoPeon

A YrepamdoBeon
N\
N
N

p v 4

(@) (b)

Yyaua 3.17: (@) POivovca taldviwon ue uikeo b, (b) eidn pOivoveas TaAdviwaong.

Ot yvwatég mogdtnteg tng AAT alddcouv dtav guintdue yia @bivovceg Talavidacels. Ta wapddetyua,
n Yook Guxvotnta opieTol wg
k (bY
w=1|——-— (3.119)

m 2m

Kal av décovue wg = 1/% TN YVOGTA (OGS YWVIOKA GUuXvOTNTO AItovcio attocfeong, téte

2
w= a)(% - (i) (3.120)

H 7t0003tdve ywviakh GuxveTRTo OVOUATEToL PUGIKI cuyvéTnta i ocvyvétnta tov cuotiuotos. Ta
TARATAV® 1GYVoUV BERata VITG U GUYKEKQWEVN TTROUTTO0EGN:

b

wo > — (3.121)

2m

n pe dAAa Adyla, n ToGdTNTA GTO VITGEELLo va elvar detikn. H mepimtwon autit ovoudgetal vitoamtocPe-
, _ b , ; , , . , b ,

on. Av duwg wp = 5, TOTE n TEQITTTOON OvoudgeTan KEiown amdeBeon, eved av wy < 5~ n TEQITTTOON
ovoudgetanl vitepamocfeon. Ta Tola avtd eidn @Bivovsas Taddviwong @aivovial gto Zxnua 3.17(b) dcov
apod tn cuvdptnon déong toug, x(1).

‘Ocov a@opd tnv evépyela Tou @BIvVOVTo TOAOVTOTA, AuTh witoel vo ypapel wg

2 cos (Za)t —tan™! (2’"—“’))} (3.122)

1 _b
Eech = EmA2wOe m!

1+

b

mawo
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ue
W= |w? - b ’ (3.123)
B 0 \om '

Av Suws 1o TTAGTOS TOu NULITOVOEWSOUS GOV, b/2mwy elval TTOAD wkEATEQO TG Lovddag, TOTE UTToQOVUE
va Tov ayvongouue. Me autdv tov 1pdTT0 vItoAoyicouue Tnv TTEQLPAAAOVGA TNG GUVAQTNGNG

1
Enech ~ 5 A2wle ! (3.124)

TOU Lo delyvel GTL TTEAYUATL N wnyaviki evégyela @Bivel ue ekBeTIKS TEATTO.

INoedderyua 3.11:

"Evo. ekkpeuéc unkovg 1.0 m apnvetor eAiBego amd apxikn ywvio 6; = 15 popadv. Metd astd 1000
S, T0 TTAGTOC Taldvimong Tou €xel uewwbel oe H(1000) = 5.5 uwoipes. TTowd eivor n T tng otabepdg
b/2m;

Avon:
YmoB<tovue 6Tl To ekkpeués exktedel @Bivovca taAdviwon. EiSaue uoiis mow 41

A(t) = Aeb/@mr (3.125)

‘Ouwg n ekeadvnon pag divel tnv wAnQo@oeio TTAGTOUS G LoiReS, OTATE TIEETTEL VO XENGLLOTIOAGOUUE TV
eglomon

0(t) = O(1) cos(wt + @) (3.126)
ue
0@) = emaxe_%t 3.127)
ATt6 ekpodvVnon €uovue 6T
0(0) = Hmaxeo = Omax = 15° (3.128)
O(1000) = Gpre” 21 = 5.5° (3.129)
Omdte . .
O(t) = Opaxe” 2" cos(wt + @) = 15°e” 2" cos(wt + ¢) (3.130)

A6 115 vo oxéoels Tou TTAGTOUS B(F), SonEOvTas KaTd uéAn, éxovue

O0) _ 15 _

OO0 b 3.131
®(1000) 55 ¢ G130

OméTe 5.5 1000b b
15¢ %" = 5.5 &= loge™ " = log 2o ~ —1 = — x-1= —~107° (3.132)

15 2m 2m

E&avayxaopévee Tolavtdoele

I'vwplcaue vopitepa tnv wWavikn AAT, kol WOMGC TdEO wa Tio EeaMGTIKA “ékdoon” tng, tn @Bivovca
TOAGVTOON, GTNV OTTOl0L VITARYEL OTTOAELD, WNYOVIKAG EVEQYELOS Ue Thv TTEQE0S0 Tou Yedvou. Oa uitopovoe
kovelc va oke@tel 4Tl Yo nTav Suvatd va “ovaITANE®OVOUUE” Th XaUEvn eVEQYELD ELGAYOVTAS GTOV TAAAVT®-
TN evépyelo UEom Tr.Y. WG EEMTEQIKNG SUvaung. Xxe@Telte éva TToudi ToU KAVEL KOUVIOL KOL O TTOTEQOS TOU
TO GIIEWXVEL TTEPLOSIKA YlaL VoL SLortnEnael To TAGTOC TG TOAAVTOoNG. Xe Tlo egeldikevuéva magadelyuata,
KOTA TRV TTOQAYOYN GTAGIWoU Adyou (6Ttwe dtav Adue €va /aaa/ GTO YiaTEo yio vo €EeTACEL TO Aouud 1ag),
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ULOL TTOGOTNTA, EVEQYELAS OTTO TOUG TTVEVUOVES LWOS ELGAYETOL GTN GWOVITIKIA Rag 086 (GTdua, @AQuyya, EikA
KOWLGTNTO) KOl WG ETLTEETIEL VA KEATAUE GTABEQEd TO @OvVNUa Qag — UEXEL Vo €E0VTARGOUUE TOV aépa
oto Tvevpdvio wag. Estiong, oTto nAEKTEIKG KUKAMUOTO VAAAAGOUEVOU QEVUATOC, TO KUKA®WO €KTEAEL
TaAdVTOON Ue guxvotnta fy, wou eivar n guxvotnta tng mnyng. "Etal, n évtoon Ttou evuatog agtoteAeltan
0Tt o nutovoedn Taddvtwon ue wAdtos I(fs, V), dnl. eivon wo taAddvioon Tou €£00Td To TAATOS TG
aTto Th GUYVATNTA KoL TO TTAATOS TAGNG TNG IJTNYNG.

Ye ovTo To £ld0¢ Taldvimaong, n efmteQki SUvaun diéyepong uiroeel va poviehotonbel we
F(t) = Fy sin(wt) (3.133)

A1té o 20 vouo tov Newton da €xouvue

. d d
Z Fy = may &= Fosin(r) = b—x(0) = kx(t) = m—5x(1) (3.134)

H Mon tng Tapamdve Siapopikig eficwong! Sivetar améd tn oyéon

x(?) = A(w) cos(wt + @) (3.135)
ue
Fo
Alw) = n (3.136)

it - i+ (3

Hopatnenote 1L 10 TAATOC Tng TaAdvinong efapTdTol amd T yoviakn cuyvotnta ! EvkoAa pitogeite
Vo KOTOAdReTE 6Tl dTav w =~ wp, TO KAAOWO Tou TIAGTOUS TaAdvTwong Jtaipver tn uéyiotn tun tov. H
GUYVOTNTA W) OVOUALETAL GUYVOTNTA GUVTOVIGULOV. Katd to cuvtovioud to cuothua €xel To UéYLGTo
duvatd TAATOS Kal Tn wEYLGTN Suvatn evégyela. Av Sev vTTdE oUV aTToGReGTIKES Suvduels, TéTe To TTAGTOS
g taldvinong yivetonw dewentikd dieigo. ‘Etol, n taldvioon uroeel vo yiver 1660 éviovn, dGTe va
KOTAGTEAPE! 0 Tadavintig. Emiong, av n wpoc@oed evépyelas elvar yueyalitepn, tote vItdyel Kivouvog
KOTAGTEOPNS TOL TaAOVTwTA. o TTapddetyua, Ta wToTAQLO £X0UV Uiok GUYKERQWEVN 18loGUYVATNTA, N OTIOl0
UITOQEL VO OKOVGTEL AV TOL XTUTTRGOUUE ATAG Uid POQEAG. Av ekTTEUPOUUE NYXO GE OQUTA TN GUYVATNTA, TOTE
7o JroTAQL da TalavidveTon ue ueydlo mAATOG, uéxeL TTov avtd da yiver TToAY ueydAo yio TG avioxEg Tou
yuoaAloy kot to TtotnEl Yo grdoel. To (8lo 1oxvel YEVIKOTEQO YLl OTTOLASAITOTE KOATOUGKEVN.

TOU@®OVO UE TO POLVOUEVO TOU GUVTOVIGLOU, Snutouyeitol £vo un oueAntéo TAATOS aItd OXETIKG WKL,
OAAG SlaQki TTEOGEOQEA evégyelag. AT n 8LOTNTA XENOGWOITOLEITAL GTO GUVTOVIGUO WLAS NAEKTQOVIKAG
GUOKEVNG GE GUYKEKQEWEVIN cuYvOTNTO EadlokLUATWV. To KUKAMUOTO TTOU EKTTEUTIOUV Kol Aaufdvouv nie-
KTEOUAYVRTIKA GrUaTo elval NAEKTQOVIKO! TOAAVTOTES we duvatdtnta UeTABOAS Tng 8loGuxvOTNTA TOUG.
To onpa wov Aoufdvetor Tilo 1oXLVEG, dEa Kol AUTS TTou TeAMkd Aoufdvetarl, elvol AvTO TIOU ERTTEUTIE-
T gtnv Wocuyvotnta tov §éktn. ‘Etol, uirogoulue, uetafdAdoviag tnv idiocuyvéinta tov SEkTn, va
eTMAELOVUE TNV eTTLOLUNTA 18LOGUYVOTNTAL.

Avtifeta, 6Tav €vag unyavikog xTigel Wol KEEWAGTA YE@LQEA TTEETEL VO GlyoveevTtel 6Tl n évtacn Tou
0€pa OV @UGdel e wio Yéeuea de da toovtol TToTE pe Thv WoguxvoTnTa TG YEQUEOS, Yatl Téte auti
Ya todavtdveTal e To UEYLETO TTAATOS Ko VITARXEL GOPAEN TLBAVATNTA VO KOTARQEEVGEL, OV TO QALVOUEVO
elvan Stapkég. Aelte To eRTTANKTIKG Bivieo? amwd tn yépuea Tacoma Narrows Tov KaTépeevce € awtiag
POWVOUEVOV GUVTOVIGUOU (Ol OKEIBOS OUTOV TTOV GUNTAUE AAAG GYETIKMOV)!

Ye AMAES £@AQEUOYES OTTwS n avdAvon owAMag, LIToQOVUE VA, TIOQATNENGOVUE POLVOUEVO GUVTOVIGUOU.
Av avaAvgouue €va TURLA ELEOVOL AGYou, UTTOROULE VO KOTAGKEVAGOUUE YROPRUATA TTAATOUS - GUXVOTN-
Tag, 6w avtd Tov Xynpatog 3.19, ta omoia ovopdgovial pdouata wAdTovs. MItogeite vo TTOQATNEAGETE

IBAémete 611 6A0 KAWL SuGKOAEVOLY O BlaPoEKES eElGHGELS @
Zhttps://commons.wikimedia.org/w/index.php?title=File%3ATacoma_Narrows_Bridge_destruction.ogv



3.6 Kupotiny 213

© Topham, The Image Works
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Xxiwo 3.19: @douata wAdTOUS EUPOVOU Adyou.

— ONUELOUEVES pe eAAElPELS — TTEQLOYES GUYVOTAT®WY TTOU TO TIAGTOS TTOU TOug avTioTowel elvar Wialtepa
vYnAd, ge oxéon ue Tic vmolowmeg meploxés. Emiong, PALmeTe OTL yio SLPORETIKA QOVALOTO, Ol Te-
QLOXEG TTOV TTAROVGLALOUV GUVTOVIOUS £ivol SLOPOQETIKES. AUTSO opelleTal GTO yeyovos GTL ToTtobeTolue
SLoPOEETIKA TOUS 0PBEMTES WaAg Yo Vo ek@EQovue T Sla@oeTikd @ovipata. H Sia@oeTiki ToTobétn-
on Tev aEfEWT®OV TOU GTOUATOS UAC eVIGYVEL TA TIAGTN SLAPOQRETIKWOV TEQLOY®WY GUYXVOTATWV TNG OWALNS
uag, dnuovpydvias edouato 6mws ato Xyxnua 3.19. To @awduevo ovTd OVOUAZETAL PWVOGUVTOVIGUOS -
formant.

Kuporin

Av €xete @Tdoel wg edw, €xete AAfel Wa KAAR ETILOKOTINGN TOV TOAOVTOGENY KAl TV £EI0HOCEMV TTOV ThV
Tiepyed@ovv. Mitogovue TaQa va emtektofovue otn ueAétn towv Kupdtov. O kOouog uag eivor yeudtog
aTtd KUUATA, TOGO unyovikd 66o kol nAektToouayvntikd! MOAS ToEd KAvVAUE KoL TOV TEOTO SlaymELoUd:
unyovikd ovoudgovTol Ta KOUOTOo JTou agtoltovv éva uéco diddoong, evd Ta nAektpopoyvntikd dev éxouv
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ovtiv thv amaitnon. ‘Eva 1oAY Y0QOKTREIOTIKG YVOELOUO TWV WILYOVIKOV KUUATOV eival 3Tl HETAPEQOUV
evépyela alAld OxL OAN! ExkepTeite Lo ongodovpa TTov eTLITAEEL Ge wa npeun Afuvn. Av igete kovid Tng
wo TtéTea, n onuadovpa da uetakivndel TAve-kKATw Kol SeEld-apuotepd alld de Ja petoakivnbel ge oxéon
ue To onuefo TTWGNG TG TETEOAC.

‘ONoL TOL iy Ovikd KOUOITa TTROUTTO0ETOUY TELOL TTEAYULOTOL:

e Kdgtowa mnyn dwatapaxig
e 'Eva uéco pe otoyeio mwou umogovv va datagoyfoiv

e Kdarolo unyovioud we Tov oTtolo T oToyela Tou uécou AAANAETEQOUV UETAEY TOUG

davraagteite 0Tl kQaTdTe £va viua deuévo oe éva tolxo, 6Ttwg 6To Zyxnua 3.20. Avefokatefdete wa @oed

KabBwg o maApog SiadiSetal
KOTA PKOG TOU VIJHATOG, VEQ
oTolyxeia Touv vijpatog
petatomilovton and ) B£an
LoOppOTILAG TOUS,.

ynua 3.20: Eykdpacio kvua e viua.

To Y€l 0ag kol dnuoveyeite GTo vaua éva TTaALd, o omoiog Sradidetal katd wnkog Tov vAuatog. Katd
n Suddoon, véa cToielo TOU VALOTOC UETATOTICOVTAL KATAKGQUEA attd th déon weopoTiag tous. H
KOTAKOQUON UeTATOTIION KOB0QEITEL TO Yog Tou TraAuov. I8avikd, o maiuds da Swadobel astapdAlaytog
UEYQL TO TTEQAS TOU GYOWL0V.

Av oke@teite Myo TOV TEOTTO KIVIONG TV GTOWElWwV TOU vALaTog, da dlaTeTt®weete 0Tl avtog eivon
KOTAKOQUEOG, N aAMdg, kdABeTog Trog Tn dievbuvon diddoong. Tétowo KUUATO Ovoudiovial £yrAQGeLO
KUUOTO, EVE KOLOTO TOV 0TTo{®wVv To GToxelo KvouvTal TTapdAAnAa pe tn Sievbuvon Siddoong Tou TaARLov
ovopdgovtor Sraunkn kvpata. ‘Eva tétolo Sudunkes kdua @afvetar oto Zxnuo 3.21. "Evo cdvodo aird
eyrdpolo kaw Staunkn kiyota elvar to cewgwikd kvpata. Ta sweplpnuo kduato P elvor Stounkn kouota,

eve ta avtioToya S rvuaTa efval eykaotal.
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To yé€pt xwveitar ypriyopa
umpoc-miow pia Qopd Kot
Snovpyel évav Swapjin

Katd ™ iddoon tov maipol, oL aneipeg
petatomiovtal tapdAAnia Tpog )
StehBuvan Siddoong.

TAApO.
—y
VVVVVVVV VY VTIVVITYVYYYYOYYY v
=== e
Yynua 3.21: Atdunkes kUua Ge eAatriglo.
Kupatoouvdptnon

Yiyovpa da ntov TEoueEd evBlopépov Kal YEAGLWO VO, LTTOQOVGOUE Vo, TTEQLYRAWOUUE Uabnuatikd tn Gu-
uIeQLPOoEd Twv Kuudtwv. ‘Eva kiua eivar guvdpTnon duo UeTafAnTdv, TOU XHEOU Kl TOU XEOvou. Av
TeQLOQiGouUe TO evOLAPEQOV LS Ge KUUATO TToU Kivouvtol Ge gubela yoauur, da witopovGaye va Jtovue
Tl WITOEOUVUE VO TTEQLYRAWOUUE TN GUUTIEQLPOQEE TOUS WS Wi cuvdetnon y(x, ) n otrolo oIelkovitel To
VPOS TOV KVUATOC Yy GUVOQTAGEL TOU GTOLElov Tou vAyotog Tov Beicoketon Gtn Jéon x Tn YQOVIKA GTiyun
t. Mopatnenote 6tL n kKupatosuvdpTnen y(x, ) elvor wa cguvdptnon dvo petafintdv, dSni. To ypdoenud
tng eivan tEWLdoTato. H oxedlaon evog tétolov ypapnuatog eivar dUokoAn vmdébeon, oTtdte TTEOTWOUUE
va katavoouye TL ouupalivel ue facn Suo GUVAQRTAGELS WAG UETAPANTAC. AV GTnV KUUOTOGUVAQTNON KO-
TAGovue To t 6Tabepd, SnA av t = fy, Tédte elvar Gav va JTaipvovue wo E®TOYEOMio TOU VAULOTOS Kol TOU
KOLOTOG ToU Sradidetan TTAvm Tou Tn YEOViki GTyun auti. Avtibeta, av 9écovue x = xp, SnA. KEATAGOUUE
T0 x otabepd Kol a@RGovue Tov XE6vo va KULAdEL, autd stou da Tdeouue elvar n kivnon tov grtoyeiov
X0 TOU VAUOTOG GUVAQTAGEL TOU XEévou: PAETtovue SnAAdN TTwS éva wikEd KOuwdTl VARATOS Kive{tol GGo
TeQvdel o xeovod!

Ac ovOITTAQOGTAGOUUE YO Wa KoL UW6vn @oed Tnv TELSLAGTATN AITEROVION €VOS KUUATOC TTOU TTEQL-
yved@etor aird o kvgatoguvdinon y(x, ). Aeite to Zxaua 3.22(a). BAémete évav Tolynvoeldn woAud o

Popd Tagidiou

KUpaTog
N /
!
amoéaTacn
Xpdvog

() (0, 0) B

Popa Tagidiou

KUpaTV
Ac:omon

\

Xpovog (O 0)

Yynua 3.22: Kivinon (@) tuxaiov kUuatog kat (B) nultovoeloU¢ KUOUATOS GTO XWEO KAl GTO XQEOVO.

ottolog Sradidetan Ge éva uégo. Av KoLTdceTe IS “@ETed’ TOV XEOVoU, PALTTETE TwS StadideTan 0 TTAALOS GE
véa agtoyelo kdbe @opd Tou VARAToS. Av Koltdlete TIC YrEITeg “@éted” Tng amdataong tote PALTTETE TO
avtioToa GToela Tov VARATog Tov Pelokovial GTig YEGELS QUTES KAl TS AUTA KIvoUvToL Ue Tnv TTdeodo
ToU XEdVoU.

Eivar emtiong evdiagpépov va Tpocegouue To €Eng: av €vag Taindg diadidetar oe €éva viago ue taxytnta
il TEOGC TaL 8ek1d, TGTE N KVpOTocLVdEToN Yo elval TRG LOEENG

y(x, 1) = f(x — ut, 1) (3.137)
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Evxola umrogeite va To kataldfete av oketeite 6Tl éva oToyelo Tou vAapatog x da €xel vywog y(x, 0), yio
t = 0. Metd amd t devtepoeTta, To KUy da €xel TEOXWENGEL ATTOGTAGN Ut €TAV®D GTO VAUQ, OTTATE TO
{610 vog o €xel petotoTiotel TEOG T SEELA. AQaL T XEOVIKA GTYUR ¢ To Vwog y(x, ) Jo elivon to (So ue
70 Vog y(x — ut, 0) Tov gtoreiov x — ut yia t = 0 vwpitepa. AvticTolya, av n KuuatoguvdeTnon yedpetal
(S

y(x, 1) = f(x +ut, t) (3.138)

0 TOAUSS Kwveltan TTEOGS Ta aLated. Ta Taeddetyua, évag TTOALGS TTOU KvelTal TTEOS T deEld KOTd WAKOG
ToU dgova X' x TeQLYEAPETOL KOG

Y(x, 1) = (3.139)

(x—=3n2+1

ko €xel toyvnto u = 3 m/s. IIoAAES @oeEg auTd Ta kKVuaTo ovoudiovtol 08evovTa KULATO.

Ioedderyua 3.12:

H xvuotocuvdptnon evig 08evovtog KUUATog Sivetal wg

ol |x-31<1
y(x,1) = { 0. lx-31>1 (3.140)

ue Tn Jéon x Kol TN UETATOTTLGN y VO UETEWVTAL GE UETEO KO TO XEAOVO f GE SeuTEQOAETTTAL.
(@) Exedudote Soypduupato kvuatocuvdptnong y(x, ) — déong x amté x = -2 m wg x = 12 m avd
Sraotiyata evég SeuteoAéTtov amtd £ =0 wg £ = 3 s.
B) Beelte tnv Tayvtnta Tov KULOTOS aTtd 1o yedenua Jtov oxedidoate. Egnyriote.
() Beelite tnv tayvtnta Tou KUOUATOS AIrd TV KLWOTOGUVAQTNoNn. TUU@®VEl n arrdvinoi cag |e
TV aITdvInon JTov BEAKATE GTO TTEONYOUUEVO EQWTNULA;

Avon:
(@) Aeite To Zynuo 3.23.

yixt) y(x,t)

| | x(m)

T
-2 0 2 4 6 8 10 12 -2 0 2 4 6 8 10 12

tml g ey [ ] x(m) t=3s ‘ | | X (m]

-2 0 2 4 6 8 012 -2 0 2 4 6 8 0 12
xnua 3.23: Obevov kuua.

B) H mpomopevduevn akuin tov kVuatog kveltal 1o Ta defld 3 uétpa kdbe Sevtepdiemto. Apa n
TovTNTO TOV KUUATOG elvan 3 m/s.
A z z e é 7 7
() H wocdtnta |x — 3| eivan tng woeeng x — uf, Ao 0 TAALGS KivelTow TTo¢ Ta SeLud we tayvtnta i = 3i
m/s.

Hutovoedr) Koparo

IStaiteQo evBlaPEpov aTtd GAES TIC KOTNYOQRIES UNYXAVIK®OV KUULATWV £X0UV Ta TeQi@nuo nULTovoeldi KOLTo.
Aev elvon SGUGKOAO VO, POVTOGTEITE TTWS WOLATOUV QUTA T KOuoTo, aAAG pgtopelte va Seite to Zynua 3.24
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yio vo Beforwbeite yio To TS uropovv va Ttagoayfoivv kol to Xynupa 3.22B) yio To Twg woldgouv dtov
Tagwevouv. ‘Eva nuitovoeldég koo TeQyQdeeTal aTtd Tny KUILaToouvaQTnon

y(x,t) = Asin (2771()6 +ut) + ¢) = A sin (D(x, 1)) (3.141)

ue O(x, 1) tn (GuvoMiki) @dcon tov rkVuatog. BAEmete 6Tl €xel TTOAAES TTARAUETEOUGS, OGS TIC Eeyweicouue
yio va kartaddBovue L onpaivouv aAAd KoL Yo va yedapoure Ty TTOQOATIAV®D KUULATOGUVAQTNGN GE W0l TIL0
GUUITOYR LWOQON.

e Mitkog KUUATOS A: TO UNKOG KUUOTOS A 0QICeTal WG N ATTOGTAGN UETALY SLOSOYIKMOV KOQUE®V N
KOWASwV oe wa avastapdotacn y(x,?) og Teog x. Me dAAa Adywa, yio wo “@pwtoyQoagia” Tou nui-
TOVOELS0UE KUUATOG, N aITOGTACNH UETAEY SV0 SLadoxk®dV KOQUE®DY I KOMASwV artotedel £va, WAKOG
KUUATOG.

e Ilepiodog T: n mepiodog T elvar To ypovikd Sidotnuo Tou xeetdtetan £va gtotyelo Tou uégou diddo-
ONgG Yo VO EKTEAEGEL (ol TTAREN TAAAVTOON N TO KUWA Yo Vo SLaTEEEEL éva WAKkoG KUUATOS. Mitopelte
va Selte To Zynua 3.25 yio TS TTOGOTNTES AUTEC.

e Yyuyvotnta f: n guyvétnta f agtotedel Tov aBud KoRUE®OYV avd povdda xedévov, SnA. To OGO Gu-
VG ep@avicetor n ootk TTEQL0S0¢ TOV NULTOVOESOUS KULATOS 6T LovAda Tou xe4vou, Kol 1GoUTaL
ue To avticTeopo tng meeodov: f =1/T.

o TayvVtnta dtddoong u: n Tayxvnto StAdoeNg 1 IGOUTAL Ue TV ATTOGTACN TIOU SLATEEXEL TO KUWO GTNn
uovdda tov yedvou:
Ax_A_ (3.142)
U= —=—= .
At T

ko n owota eivor GtabdeQn.

Sinusoidal
wave

Yxnuo 3.24: ITapaywyn nuitovoeldav KuudTwy.

o KukAikn cuyvotnta w: n KUKAMKA Guxvotnta opitetal mg

2r
w=2nf= T (3.143)

KOl uag TAngo@oeel yia to mdéca aktivia @dong “teéxel” To KUuo GTn Uovddo Tov yeévou (avd
Sdevutepdlemto). o yevikd, n KUKMKA guyvdtnto astotedel To Quiud uetaforng tng @dong @(x, 1)
GTO YE6vo, dnA.

0
= —®(x,t 3.144
w &(X) ( )
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0TrTE WaG TTANEOEOEEL Yo To TGG0 0AMGTEL n pdon (o akTivia) avd SevtepdAeTito.

o KvuotaiBuoc k: o kupotoBuos k oplcetan wg o AGyog
_2n
2
KO aTtoTelel KATA KATIOL0 TEOTO €va UETRO TG “XWEIKAG cuyvdtnTag, SnA. wag Adel wéca aktivio
“eéxel” To KUUA GTn wovdda Tou xMEov (avd uéteo). ‘Ouota Ue Tn YOVIOKA GUXVOTRTA, O KULATAQLO-
wég amotelel To QUOUS uetoBoAng tng @dong @(x, 1) 6To YWEO, SnA.

0

k=—O(x,1) (3.146)
0x

0TrGTE WaG TTANEOPOEEL Yo To TTGG0 OAMGTEL N pdon (o axTivia) avd uétQo.

k (3.145)

Y€ GUVOAQTAGELS TTOAM®Y UETORANTOV, N JTaQay®ylen witopel va efvol Ge 0IroladnItote amd oUTES TG
TOAAES UeTAPfANTES — yia To Adyo avtd xencuoowovue €va Alyo Siopoeetikd guupoicud avii tov d/dt v
Tou d/dx: o guufoMouds eivar d/0x n §/0t Tov eldate TARAITTAV®.

H neplodog T £védg kbpatog
EIVOL TO ¥POVIKO SLACTHUA TTOU

To prjkog kOpatog i opifstat xpsualsTaL To oToyEo Yo va
WE 1) AMOCTOCT HETAEY SLado- exTeAfoEL P AT P
KOV Kopugpov 1] KoaSwv. TOAGVTEET 1] TO KO i v

- : Suatpd geL ¢y prjkog kKOpatog,
—— |

| ¥ ‘—T‘"T
N\ /[ /\i /|
| O NS

I S A,

Zyxnua 3.25: (a) Mrikogs kvuatog kai (b) wepiodos nuitovoeldovs KUULATOG.

Me 6Aoug TOUG TTAQATIAV® 0QLGULOVS WItoovue TeAMKA v yedapouue Tnv KUUATOGUVAQTRGN £VAS NULTO-
voeldoUg KUUATOS ™G

y(x,t) = Asin (2§(x + ut) + ¢) = Asin(kx + wt + ¢) (3.147)

Hoaedderyua 3.13:

Hwtovoeldég kopa wov dradidetar otnv detikin katevbuvon tov dgova x €xer wAdtog 0.15 m, wikog
kvuatogs 0.4 m, kot guxvotnta 8 Hz. Mia @wToyeapio Tou KOUOToS Th Xxeovikn atyun ¢t = 0 goaivetal
oTo Zynuo 3.26.

(o) Beeite tic mogdtntes k, T, w, u.

®) Beelte tn gtabepd @dong ¢ kol ypdwte Thv KuuatocuvdeTnan y(x, t).

Advon:
(@) E@apudécovtag Toug oQlouols €xouue

2 2
k:—ﬂ:Sﬂrad/m, T:—n:
A w

| =

S (3.148)

1=
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y (cm)

<—— 40.0 cm

A
/\ 15.0 Cm/\
/ '\/ x (cm)

Xxnuo 3.26: IHHapdSetyuo nuitovoel60U¢ KUUATOG.

w=2xf=16rrad/s , u=Af =3.2 m/s (3.149)
B) H yevikn gxéon tng KupwatocuvdpTnong eivor
y(x,t) = Asin(kx — wt + @) (3.150)

UE TO TEOCNUO — VA VTTAEXEL AdYyw Tng kivnong 1Tog to 8e€ld. Xto Xynua 3.26 PAETTovue TO nuLto-
voeldég kvpa yia t = 0, omdTe n egloman IOV To TEQLYRAPEL elval

y(x,0) = Asin(kx + ¢) (3.151)
EmmAéyouue to onueio x = 0 wov avtigTolyel 6To TAGTOS Tov KUuatog, 0.15 m, ko éyovue
¥(0,0) = 0.15sin(¢p) = 0.15 = sin(¢) =1 (3.152)

Avvovtag Tnv TEYwVoUETKN eElGwan

Sin(@) = sin(r/2) = ¢ = { EZ I 2’_ . i E ; (3.153)
TTOV aTTAoTTolelTAL GE x
¢ = 2rk + > keZ (3.154)
Eméyovtag k = 0, n kupatocuvdeinon elvo
y(x, 1) = 0.15 sin (57rx 1611 + g) (3.155)

Iaedderyua 3.14:

"Evo. kvpo 1tou Sadidetan ae éva viwa Ttepryed@eTol aTtd Ty Kugoatocuvdetnon
y(x, 1) = 0.35sin(1.25x + 99.61) (3.156)

OTIOV X,y G UETEO KOl ¢ GE SEVTEQOAETITA. OeWENGTE TO GTOLELWOES (ATTEROGTA WKQEO) TUARUA TOU
gyowioV Ttou Peloketanr gtn Jéon x = 0.
(@) Beelte 10 Yp0VIKO StdaTnua LETAE) TwV dV0 TTEMOT®V GTYUMOV GTTOV TO GTOLYELDdES TURUA £XEL
y = 0.175.
B) Howd eivon n agtéeTocn TOU Sloviel To KUK KOTA Tn S1AEKELD TOU YEOVIKOU SLAGTALATOS TTOU
BENKATE GTO TEWTO EQWTNUAL;

Avon:
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(@) H xvyotocuvdotnon yedeetol og

0.175 = 0.35 5in(99.61) (3.157)
sin(99.67) = 0.5 = sin (’é) (3.158)

Avvovtag tnv TEywvoueTEkn eElcmwan, Taigvouue

2tk +%

sk am_z + KEZ (3.159)

99.61 = {

TN k£ = 0 staipvouue Tig ywviegs /6 kow 57/6 rad, ov oTtoleg 1govvTan we 0.523 kou 2.618 rad. Apa

99.611 = 0.523 = #; = 5.26 ms (3.160)
99.613 = 2.618 = 13 = 26.3 ms (3.161)

Apa
At=ty—t1 =21 ms (3.162)

B) H agréctacn mou Stavvel to kopa elval

99.6-21-1073
Ax = d = uht = (Af)At = (%)At = = s=1613m (3.163)

Evyxdpoio Toydtnro xou Emitdyuvon

Avapéebnke vopitepa 1L n Taxvtnta Siddoong Tou kiuatog eivor atabepn kou ton ye u = Af. H taxvtnta
QUTA TTEQLYEAEPEL TNV TOYUTNTO TOU KUUATOS OT®wS avtd dtadidetor uéoo 6To wéco (Tr.y. VvAua), Kol OxL
TNV ToUTNTO TV GToLXElwV TToV aTtotelovv To puéco. Ta atoiyela Tou pUéGou (). TOAY HikQd TUAWATO
VALOTOG) TAAAVTOVOVTOL YUE® OITd Uta d€on 1GoepoTtias 6Go To kvua Stadidetor 6To uégo. Xtnv TmeQlmtm-
ONn TOV eYKAQEOL®V KUUATWV, TO. GTOLXElO TOU UEGOU TAAAVTIOVOVTOL “TTAVW-KAT®” GTov Yy dfova, kdbeta
oty katevbuvon Sddoong tov kvuatos. H tayvtnta tng kivnong toug avtig dev elvor otabepn, omdte
To gToyela avtd emTayvvovtol

Av Aoutév €youvue TV KuULATOGUVAQTRGN Y(X, ) pItogovue va Beovue Tnv TaxVUTNTA Kol Thv €TLTAYXUVGH
TV oToElOV Tou Yoo TTAlEVOVTAS Thv TEMOTN Kl Sevtepn, ovtiGTol d, TTARAY®OYO TNG KUULATOGUVAQ-
TNONG WS TEOS TO XEOVo t. Zavd, xenciwoitolovye €vo Afyo Stapoetikd cuppoioud avil tov d/dt Adyw
GuVAETNGNG TTOAA®Y pueTafAntdv: o cuyfoloude eivon d/0t. OTdTE

y(x,t) = Asin(kx — wt + ¢) (3.164)
Ko

uy(x,1) = %y(x, t) = —Awcos(kx — wt + ¢) (3.165)

To uéteo tng uéyloTng TayvTNTOS TV GToElwV Tov uécov etvar |uy, | = Aw. AvticToy o yio Tny ety uv-
on

3
ay(x,1) = =iy (x, 1) = —Aw? sin(kx — wt + @) (3.166)

To uéteo Tng uéyleTng emTdyvvong Twv GTolelwv Tov uécov elvau |ay,, | = Aw?.
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Evépyewa Kopatog oe Teviwuévo Nrjua

H toyvtnta evdg kduatog eidoue dtL cuvdéeton pe tn cuyvoTntd TOU KoL Ue TO WAKOS KUUATOS Tou: u = Af.
AvTti n toyvTnTo duws koboEitetar amd Tig Wdtntes Touv wéoov uetddoong. Av éva kvpa Sadidetar oe
éva VAQLQ, GTo veRd, GToV aépa, N aAloV, TTEéTel KOOMS SloTtepvd TO UEGO VO AVayKATEL Ta GToyEeld Tov
uéoov va TadovtwBouv. Auto witogel vo cuufel uévo av to uéco Sabéter Ao (WoTe va, VITAREEL KIVITIKIA
evépyela) Kol eAacTikGTNTO (O0TE Vo VITdEEel eAaoTiki duvawikn evépyela). ‘Etol, n udta kol n eAactl-
kOTNTO TOV UEGou kabopitouv TTGG0 yeryopa uitoel éva kuua vo ditadobel 6To uéco autd — ue dGAla Adyia,
Ya ;eémerl va uropovue va €gdyovue Thv TOXVTNTO TOU KUUATOS WOVO aTtd TS WBLOTNTES TOU UWEGOU AuToU!

Mumtopel kavelg va Selel — ue yprion kdumocov AmelpooTtikol Aoywouoy, Femuetpiag, kat 20v véuou
Touv Newton — 1L n tayvTnto Siddoong u evog KUUATOS OF TEVTOUEVO VALO LGOUTOL UE

T
P (3.167)
u

ue T tnv 1Tdon Touv VALOTOS KoL 4 Th Wdgo avd povdda unkoug tov vagatos. H udta avd wovdda urnkoug
opltetan g
m

=7 (3.168)

ue [ To unKkog tov viauotog. IToAAES POQEES OVOUATETOL KOl YQOUWKA TTUKVOTNTO, WALOC.

IMaedderyua 3.15:

"Evo. kOpo 7tou Stadidetar ae vAapo TTeQLydeeTal aTtd Ty KuUoToouvdQTnon
y(x, 1) = 0.02 sin(kx — wr) (3.169)

ue k = 12.57 rad/m, w = 638 rad/s, eved n 9éon x uetplétow Ge m Kol 0 xeovog t e s. H ypouukn
TUKRVOTRTO WAgas Tou vAapatog etvar g = 0.005 kg/m. Beelte

(@) Tnv tdon tov vipotog T

B) n uéyrotn petatdémicn evog GToElOV TOV VAUATOS Viax(X, 1)

(V) ™ péyrotn taxvTnto eveg GTolyelov Touv VAUATOGS Uy,

Avon:
(@) AT tnv e€lomwon Siddoong KUUATOS GE VAR £XOUUE

T 2
w= /— — T = i =u(%) ~12.88 N (3.170)
u

B) H uéyiotn yetatdion Tou KULATOS VOl Viyax(X, 1) = 0.02 m.
) Ioyvel 6T
Uy,.. = WA =12.76 m/s (3.171)

Evépyewa xau Ioyic Kouotog

‘O\al T KUUATO UETOPEQOUV EVEQYELDL — KO €lval KATL TTOU UITORE(TE TOAAES (POQEES VO TTARATNENGETE
QUECGO: TO GELOUWIKG KUUOTO UITOQOUV VO KATESAP{GOUV OAOKANQES TTOAELS, ou duvatol Ayol ustoQovv vo
KOTAGTEEWOUV TNV OKON GAS UOVIUA, Ol aKTiveS A€LleQ WITOQOUV Vo apol€écouy wa kakonfeto 6to S€pua
GO, KOl TO VATV KULOTO WITOQOUV VO “KATATTLOUV” OAGKANQES TTAQAALES.

Ac gexviigovupe ue éva agtdd woapddetypa. ‘Eoto to guotnpa {coua, I'n} stov “paiveton” gto Zynua 3.27.
To gVotnua elvar un astopovouévo, kabws Tov ackelton eEwtepikit dvvaun amd to xéol uwoas. To €gyo TTOU
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0 maApog avumvel To
ompe. Avdvetal éToLn
Bapoutiky Suvakn evépyela
TOV ouUGTHHATOS owpa-I).

—_—
iz m f

Yynuo 3.27: Xvotnua {coua, I'n} 6Tn ueTapopd eVEQYELas UEGW KUUATOG.

TTaEAYEL N SUvoUn TOU XEELOU UG UETAPERETOL WS evépyelo aTo gvotnuo. H evépyelo avti dadidetar ue
TN WoEeNn KVUOTOS KATA Wikog Tou viuatos. Iapatngovue puetd agtd Alyo 6Tl To couo Tov elval Seuévo
GTO VAUQ OVUPAOVETOL VTINREE UeTABOAM TNG PAQUTIKAG SUVOUIKAG EVEQYELOS TOU GUGTAUATOS {Ghdua, I'n}.
EvkoAa katadafaivete Tl av Snutovgyncete kOO e VYPRAGTEQO TTAATOC, N UETOPOAIL TNG eVEQYELAS TOU
cucthuoatog Ja efvon peyodvtepn.

Ac Yeswpncovpe éva aTelpooTd wkEd GTolyelddeg Tunua evég vapatog. ‘OTtwg €youvue ndn det, To
otowyelo avtd exktedel AAT GTOV KATOKOEUEPO ALova, OTTGTE €XEL KIVATIKA KOl SUVAULKA €VEQYELD, TTOU
uetafdAlovTor katd Tnv kivion tov (to dbgowsua Toug duwg eivar 6Tabepd). "Ectw d1L To oToiyelmdeg
TuAna aVTO €xel UKo dx ko udgo dm. H kivntiki Tov evégyelo 1GoUTal Ue

1 1 1
dK = 5dmu§(x, 1 = 5(;ul;c)u§(;c, f) = 5ydx (~Aw cos(kx — wt + $))? (3.172)
‘Ectw 6Tl pwTtoypagicovue to kiua ywo t = 0. Tote
1
dK = é,uwQAz cos?(kx)dx (3.173)

To kVua umoeel vo guvictator agtd TTOAAL wikn kURatog (vo efvar 6nA. TtoAU pakev). o va witopovue
Vo GUYKQEIVOuUE eVEQYELES SLAPORETIKMOV KUUATOV, Ja vItodoylcouue Tnv evéQyeld evog WAKOUS KUUOTOG.
Avto o to kdvouue aBEO{OVTOS TNV KIWVNTIKA eVEQYELD KOOEVOS OTTO TOL GTOLYELDdN TUALATO VALOTOS TTOU
GUVIGTOUV €V0, UAKOG KUUOTOS. AUTS 0uaLacTikd onuaivel 6Tt da 0AOKANQE®OGOUUE WS TIEOS X TV TTORAITAV®
érpoaon dK. Efvaw

1 & 1
K= f dK = é,ua)QAQ f cos?(kx)dx = ZuwZAZ/l (3.174)
0

AkQIBOGS we duolo TEETTo wItogovue va SetEovpe — KAvTe ToO! — OTL N SUVOUKIA EVEQYELD VOGS IRKOUGS KUUATOG
1GoVTAL UE
199
U= ZﬂA w A (3.175)
H ouvolkn evégyela Ttov GxeTiCetonw pe €va Uikog KUUOTOS elvol To GOQOLoUO TNG KIVATIKAG KOL TNG
Suvakng evégyelag Ttov vitoAoyicaye. OTtoTe

1
Ex=U,+K; = Equwz/l (3.176)

O ubudc uetapopdg evépyelag, dni. n 1exv¥s P Tou KUUATOG, 1GoUTAL Ue TO AGY0 TNG GUVOMKNG EVEQYELAS
TEOS TO XEOVO TTOU OJTALTE(TAL Yol TN UETAPOQRE Tng. Av n ToyUTnto Tou NULTOVoeWoUs KOUATOS elval
otabepn, 0 xEOVOS TTOU XEELGTETAL £VOo, WAKOS KUUOTOS VAL TIEQAGCEL OIT0 €va, GUYKEKQUEVO onuelo efval {cog
ue tnv mepiodo Tou kYuatog, Tov eTtiong elvar gtabepr. OToTe

W E)

1 22/1 1 2 2
Pavg=Kt—7:§ﬂAa)f=§,uAa)bt (3177)
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ue u tnv toyvtnta Siddoong tou kvpatog. BAdmwouue Aomwdév 4T 0 QUOUGS Ue TOV OTO(0 UETOPEQETAL
EVEQYELOL GTO VIAULO £EAQTATOL OTTO TN YROUUKI TTUKVOTRTA WATAS TOV, TO TTAATOS TOU KUUOTOG, TN GUYVOTNTA

TOU, KOL Ty ToyUTnTa S1d800Ng Tov.

Hoedderyua 3.16:

H xuyotocuvdgtnon evog KOUOTOS TTOU Sloteéxel €vo vipo Sivetor wg
. /s
y(x, ) = 0.35 sin (107rt — 3mx + é_l)
vigatog etvon 75 gr/m, 1é1e SelEte

(@) 6Tl 0 uégog EUBUGS ueTaPORAS evépyelas ato viaua etvar 15.1 W.
B) 6T n evégyela TTOL TEQLEXETAL GE KABE KUKAO Tou KUupatog eivan 3.02 J.

UE TO X,y VO UETQLOVVTOL GE UETQO, KOL TO ¢ G€ SeVTEQOAETTTO. AV N YROUUIKA TTUKRVOTRTA WALAS TOU

(3.178)

Avon:
(@) "Exouue 6Tt
y(x, 1) = 0.35 sin (IOm —3ax+ g)

n otola yed@eTol g

3
y(x, 1) = 0.35 sin (37rx — 1071 + Zﬂ)

omdTe KAl avayvweitovue 4t

k = 31 rad/m
w = 107 rad/s
A=035m
Apa
w
ulef:E=3.33 m/s

Apa 0 QUBULSS UeTAPOQAS evépyelas (LEan LoyVg) elvan
P= %,uwZAZu =151W
B) H evépyera avd kUklo kvuatog da eivon
E;=PT = %,usz2/l =3.027

u

ooV uT = 7 A

3.7 Hymrnd Kbyora

(3.179)

(3.180)

(3.181)
(3.182)
(3.183)

(3.184)

(3.185)

(3.186)

Yiyovpa ta 7o okelo kVpoTo oTny KaBnueEoOTNTA wog eivor To nynTikd kouato: dev ta BASTTovue AN

To okovue kow To katoAafatvouue. Ta nyntikd KOLOTO X0EIOVTOL GE TEELS KATNYOQIES:

¢ AKOUGTIKA KUpOTO: KOULOTO JToU UTToRel va, avTiAngBel to avBpdivo avti. H youcikn ko n @ovn-

TIKA ETIKOWOVIAL TWV TEEQLGGOTEQWV INAAGTIKROV EUTTITTTOVV GE AVTAV TNV KATnyoela.
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¢ Kvuata vitonymv: KOUOTA TTOU YENGLLOTIOLOVVTAL AT UEQLKA TMO Yol TRV ETILKOVOVIOL TOUG, OTTWS
ol eAépavtes kaw ot @dAawegs. Emiong, woAAd évrova KalQkd @Avouevo TTaQdyouv UTTONRYoUS, OTTOG
ol katayideg, oL katoMcONGelg, ov Gelguol, KATT.

¢ Kvuata viteenywv: kOUoto JTou YenGwoItolovv £avd KATIoW oo OTTms oL vuxTeeideg kol kiyato
Wiaitepa SNULOEIATL GTLC LATELKES ATTELKOVIGELS.

H kotavonon tov nyntikdv KUWAToV Tiepvd Léco agtd tTny JTRocouoimon Tous ue £uBoAa Kol aéQla Ge
doxela. Av yeulcouue éva doyelo, KAELGTO aIrd Tn wa dren, ue €va aGuUTtieGTo A€ELo, KAl GTnv AAAn dken
TomrofetAGouye €vo €UPOAO WITOQOUUE VO KATAVONGOUUE TN GUUITEQLPOEA TOU deRlov GTIC AAAAYES Tng
Tileong ko TTURVOTRTAS TOU €€ autiag tng kivnong touv euféAov. Axkd, To aéelo PeioKeTL GE opoLdLoEEPn
katavoun pécoo gto doyxelo ko To €upoAo elvon axivnto, 6TTWG GTo Xxnua 3.28(a). LTn GUVEXELN, KIVOUUE

QOUPTIESTO aéplo

= =

= = . < | = - —

"l

(a) (c)
CUNTILEGPEVO AEPLO

L LY = 3
*'— -
i) LY 5 kY i Y Y * - - *
V

\l.h/ (d)

[ |

Xxnuo 3.28: ‘Eufolo e kivion Ge 6oxeio ue deplo.

70 guPoAo TIROG TA SeELd, GUUTTLETOVTAS TNV TEQLOYN TOV aeR{OV AKELBMOS UTTEOGTA AITé TNV ETLPAVELQL TOU
euporov. H mieon ko n rukvdTnta Tov aeplov e ekelvo To xwEo elvar weyoAditepn agt’ 0Tl GTo VITOAOLTTO
uépog Tov. H katdotacn avti mogovaidcetar gto Zxnua 3.28(b). To éupforo sapauéver akivnto gtn véa
Tou déon, 6w oto Xynua 3.28(c) eved Troatngovue évo Sidunkes kvua va Stadidetar ato doxelo ye ta-
yutnta u 1weoc ta degld. Ilpocéste ot S dradidetaw YAn! Ta udpla tov aepiov ToU Peickovial UITEOGTA
ot to éupoio Sev Tagldevouy TTEOC Ta SeEld! Metd tnv kivnon Tou eufoAov TTEOS T SELLD, Ta UOELOL TOU
oegpiov cuuatiégovtal kKot UETd aTtd ALyo OITOGUUITIECOVTOL, GUUTTLECOVTOS T SWITAAVA TOUS WoQLO, TIOU UE
Tn 6elpd TOUS KATA TNV AITOGUUTIEGN GUUITIECOUV TO YELTOVIKG TOUGS K.0.K. AvTtn n Suddoon cuveyitetau,
omwe oto Zynuo 3.28(d).

Tt Yo cuuPel av to éuforo apyicel va kveltow purreog - micw, ekteAwvtog AAT; Aesite to Xyxnua 3.29.
H k{vnon tovu guffélov T1og Ta euitpds dnutoveyel meploxés cuuiieong Tov aepiov, TTou ovopdgovial JTU-

l - LY
_ = —
] —
— —
L T T
e — —-
BT - —
= -« )\
i) L) i

Yxiuo 3.29: ‘Eufolo e AAT ce Soyeio ue deglo.
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kvouata. H kivnon tou guffdAov moog to Tticw dnutoveyel TteQoxés apalmwong Twv poplwv Tou aepiov,
7oV ovoudicovian agarduata’. H Sadikacio eivalr akeiBodg GUolo Ue aUTh TToU TEQYEAPNKE VWEITEQOL.
Kdbe mikvoua ko agoafopo Siadidetar 6to uéco ue tnv taxyTnta Tov nyov oto uéco avtd. H amdéctacn
UETAEY SLaBOXIKOV TTUKVOUATOV N opaloudTtmv dev elvar dAAN agtd To Wikog kipatog A.

Kd0fe wikedg 6ykog aepiov exktelel AAT TtapdAdnAn spog tn Sievbuvon Siddoong tou kvuatos. H
klvnon tov oVt TTeQLyEdEeTOL AITd Tn GYéon

s(x, 1) = Spax cos(kx — wt) (3.187)

UE Spax VA elval To TAATOG uetatdmiong amd tn Yéon 1gopeottiag Kol SnAdver Tn UEYIGTN UETATOITLGN
evos agtoyelov amd avti. ‘Ouota ue tn Jéon kdbe aToryelov Tov Oegplov, uTtoel Kavelg va VITOAOYIGEL
7660 ueTaBdAleTan n stieon evég wikeov Gykou aegpiov €€ artiag Tou eufolov. H uetafoAn tng mieong AP
Stvetanr agtd tn Gyéon

AP(x,t) = AP gy sin(kx — wr) (3.188)

6TT0V APy TO TAATOG Trieong, SnA. n uéylotn petafoAn tng Ttieong yvpw aIrd pio TWA 1G0QQOTT{aC.
H oyéon petatrdmiong kol uetafoirnc gtieong Sev elvar tuxaio: n yetafoAn tng Tieong oyetictetar pue thv
(avnTikA) TOEAYOYO TNG UETATOTILIONG WS TTEOGS Tn éon x. Qg ek TovToL dev elvarl TeEElEQYO TOL AV N Lol
guvdptnon givor cuvnuTovoeldng, n dAAn eivar nuitovoeldng. IlagatnEnote 6Tl n uetaBoAn mieong eivor
UWEVLGTN OTOV N UETATOTION TV GTolelwv elvon undeviki, eved n yetatomion tov ctoyelov eivor uéyietn
6tav n uetafo tng Trieong elvan undeviki. Avutd cuufoliver yiati n yetafolin tng tieong efapTrdTon aIrd
T0 TOGO TA YeELTOVIKA GToyela Tou uécou Siddoong TANGLALOUV 1 ATTOUAKEUVOVTAL UETAEY TOUG, Kal OxL
aTté o WéCo wakEd amd tn Jéon 160Q00TIOC TOUS UETATOTICOVTAL OAQ wotl — ws oudda. ‘OTws éyete
KATAAGPEL, yio €évo NIITOVOELSES NYNTIKG KUUA, N TTlEGN TOAAVTOVETAL YOE® AITO TNV ATULOGEALQIKN Ttiean
ue NUTOVOELSR TEATTO TToU £xelL TNV (Blo. GUXVATNTA UE TIC KIVAGELS TOV CwvUaTdimv Tou yéoou diddoong
(aépa). To avBpwmvo avti Aettovpyel ws augOntipag tétolwv petafolwv tng Tieong, 6tav €va nYNTko
KOO ELGEQYETOL GTOV OKOUGTIKG Téeo. Ekel, acokelton puetafailduevn gtieon 6to TOUTTOVO, GThv dAANR
TIAEVEG Tov oTolov n Jriecn elvon n {on ue TNV ATLOGEALEIKA Ttieon. AvTA n diopopd Tricong ackel
ueTafariduevn Svvaun GTo TUUITAVO TO OTIOL0 EEAVAYKATETOL GE TOAAVTWGTN.
TéAog, umopeel kaveic va agtodeigel 4Tl To uéyloTo TAGTOC Ttieang Kol n UEYLGTN UETATOTILGN, AP KOL
Smax avtiaToa, oxeticovionl wg
APy = (UPW) Smax (3.189)

ue u, p TNy TOVTNTO S1A800Ng TOU KUUATOS KAl TV JTUKVATRTA TOU uécou Siddoong avtioTouya, Kol Quoikd
W TN GUYVOTNTO TOU KULOTOG.

TayOtnra Awddoong Hyou

H toyvtnta 8idSoong tou nyov ce €va uéco €£aptdtol agtd To UETEo €AGTIKOTRTASC OYyKOU B kol Tnv
TUKVOTNTO p TOU UEGov. Xtnv TepiTttwon tng diddoong Gtov aépa, n ToyVTnTa Tou nyov divetal amd tn
oxéon

c

273

u=23314/1+

(3.190)

ue T, tn Yepuorpacia Tov agpa ce Pabuoic KeAciov.

Hoaedderyua 3.17:

BAémeTe ol 00TEOIIR GTOV 0QIgovTa, Kol UeTd amd 6 deutepddemTo akovyetaw n Beovin. Av n
Yepuorpacio Touv aépa eivar 5 °C, Ao UaKkELd aTtd GOC €TTEGE N ATEAIIN;

30y WiaiTepeg suTvevoelg GTIG ovouacieg ©



226 Kegdhawo 3. Tohavimoeig xow Mrnyavixd Kouota

Avon:
Youpwva ue tn oxéon (3.190), n tayvtnta Tov riyov Ja elivon

5
=3314/1+ — =334 3.191
u + 773 m/s (3.191)

Av Jewpricouye x = 0 Tn 9éon dIwov GuUVERN N AGTEATA, AITO TN GYEécn

A
u:§=Xf=xi+ut20+334-6=2004m (3.192)

SnA. n actEaTi cUVERN TTER(TTOV SVO YLMOUETEO WAKQELE OTTO LOG.

‘Evtaon Hyntxov Kugdrtwy

I[MA¢ov Yo ovtipeTeIiCovye T NYNTIKA KUUATA OF GEALQIKA KUUATO, SnA. kvuata Jtov Swadidovtol oe
6\eg Tig katevBuvaels. "Eva opatpikd kipo pitopel va mopactadel ws éva GUvoAo atrd oudKeVTEO KUKAIKA
TOLA, UE TO UETWITO KVUATOG VO OVOUALETOL N ETTLOAVELDL GTIOU N TTOGHTNTO kX — wf + ¢ €xel Tnv (Sl TWA.
ALadoyIkdG KULOTIKA UETOTTO aITEXOUV UETAEY TOUS ardcgTach (on pue 1o wikog kvuatog A. Ov aKkTiveg
TOU GEAEIKOV KVLaTOC elvor vontég gubeleg wov Eekvovv astd tnv mnyn ko Selyvouv tnv katevBuvon
duddoong tou kvpatog. Emiong, do vwobétovue 6Tl n diddoon Tou KOUOTOG £lval LGOTROTIKNA, SnA. ue Tnv
Sl TayvnTa TTEOS BAec TS KaTteLBVVGELGS.

Mirogetl kavelg va Seigel 0t n évtaon I evdg nyntkoy kiuatog Sivetor amd tn oxéon

(3.193)

ue A 1o eufadd tng emipdvelag kdbetng atn SievBuvon diddoong ko P, Tn uéon oxy tng mnyng. Me
Bdon tov oEleud Tng évtacng Tov Sdcaue UWOAMG, Yo £va GEAEIKG nyntikd koua Ja €xovue

Pavg P
I = = 3.194
A Anr? ( )

Ue 7 TNV aKTIVO TOU KUUOTIKOU UETOTIOV. TTaQOaTnERGTE OTL N €VTOON UELOVETOL AVTIGTEOP®S AVAAOYO UE
TO TETEAYWVO TNG améotacng agtd tnv Jtnyn. Aeite to Zyxnua 3.30.

Eupadd opaipac
A=4mr2

‘EvTacn oTnv emMQaveia
¢ opaipag 19
[= P/4nr2 1/4

loxUg Tyn¢
Pe

I

aKTiva

3r

Yynua 3.30: ‘Evtacn kKUUATos G GUVAQTNGH UE TRV AITOGTAGH OITO TRV JTNYH.
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IMaedderyua 3.18:

‘Eva, nyntiké koua évracng 2 - 1073 W/m? fewmpeiton wg uetpiwg Suvatd 6ta avtid uag. To Tiustavo
OTO £0WTEQPIKG TOV OUTIOV Hag €xel Siduetpo 6 xMooTd. Aelfte 4T n evéQyelo TIOU UETOPEQRETOL
GTO TUUTIAVO TOV QUTLOV UAS 0V OKOUGOUUE TO TTOQAITAV® NYNTkO kiya yia 60 Seutepdiemita elvar
E =3.4-107% J. ®ewpiote TO TOUITAVO OG 0L GTEOYYVAR ETLPAVELQL.

Avon:
H evégyeia Tou Tapadidetor 6to avti yag e xpdvo ¢ igovton we E = Pt, ye P tnv 160 tov kouatog. H
évtaon Tovu kvuatog eivor I = P/A pe A To eufaddv Tng emMPAVELNS TOU TUUTIAVOU. XUVOMKA,

E=Pt=1IAt=Inr’t=3.4-10°7 (3.195)

Hyootdiun

Eivar evBiogpégov va eufabivouye TepuacdTeQo GTO NYNTIKA KUWOTO KOl GTOV TEOITO TOU T ovTIAauBoL-
véuaate. O acBevéatepol nyolr mov prroeel va avtidAngdel to avBpwitivo avtl gtn Guyxvotnto twv 1000
Hz éyouv évtacn mepitrov 10712 W/m?. Auté eivan 1o Aeyduevo katd@A akong cta 1000 Hz, mov cuyvd
YXONGUOTIOLELTAL S GUXVOTRTA AVAPOQEAS, av Kol Ja dovue 0Tl TO KOATOMAL LETABAAAETAL GUVAQTAGEL TNG
ouyxvoTntag. Ao tnv dAAn, ot SuvaTdTEQOL YOl TTOV UTTOEOVUE VO AKOVGOUUE (XWQEIS TTOVo) elval Tng TdEng
éviaong Touv 1 W/m?. BAémete 6Tl 1o £000g TV evidcewv eivon Slaitepo ueydio. H yoouuki kA{pako
Tng éviaong e yog ponbd vo tn xewplotovue. Oa Féhape wo AAAR KAILOKO, TEQLGGATEQO POAIKA, KOL ULoL
Tétowa elvan n AoyaiBukn kAiyoko. Ovoudgovue nyoctddun tnv T0GoTNTO

1
B =10log;, — (3.196)
Iy

ue Ip Tnv éviacn ava@opds (KOTOEAL 0KOoNg) G kAol guxvoTnta. H nyoctdlun UeTATEETTEL TN YQAUULKI
évtacn evpovg améd 1072 wg 1 W/m? ge AoyapiBuiki evpovg 0 wg 120 dB, ue Tn wovdda uétenong avTh va
ovoudZetonr deciBel — vrecuatéh — mpog Twnv tov A. G. Bell. Xe avtiv tnv kA{LOKA, TO KOATOEAL KON
Boloketon gta B = 0, wa TUTTKA Gugitnen dvo atdéuwv Peloketal gta S = 60 dB, o J6puPog Tng kivnong
oTo 8pduo ota B = 80 dB, evd To dplo Tou TTOVou Gta S = 120 — 130 dB.

Acg dovue yeikd Tagadeiyyota.

IHoaedderyua 3.19:

Avo (8ieg punyavég Belokovian atnv (Sia astéotoon agtd évav gpydtn. H évtaon tov nyov katd tn
Aertovpylo kGBe unyavig etvar ton ue 2 - 1077 W/m?2.

(@) Bpelte tnv nyootdBun TT0oU aKkoVEL 0 £QyATNG GTOV AELTOUQYEL N Wil Wi avil.

®) Beselte tnv nyogtdBun mov akovel o egydTng dTav AELTOUEYOUV KAl Ol U0 WYOVEG.

Advon:
(@) To tn wa pnyavi, etvan

I 21077
ﬁ =10 logIO E =10 loglo m (3197)
= 101log;y(2 - 10°) = 10logy, 2 + 10 logy, 10° (3.198)
=10log;y, 2+ 50 ~ 3+ 50 =53 dB (3.199)
®B) T g dvo unyavég, etvon
r 4-1077

ﬁ =10 10g10 E =10 10g10 m (3200)
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= 101ogy(4 - 10°) = 101og,, 4 + 101log,, 10° (3.201)
=101log;y 4 + 50 ~ 6 + 50 = 56 dB (3.202)

Hopatnencte 6Tl 0 SIITAAGLOCUOS TS £vTaong aVEdvel Tnv nxootdun katd 3 wéic dB!

Ioeddertyua 3.20:

Ta oavtid pags etvan evaicbnta cTnv avtiAnyn SLPOETIKWOY GUYXVOTATOV AAAL Gyl TOGO GTny OVTiAn-
Pn SLaPoeTIK®OV evidoemv. Agv gluaoTte kavol/eg, Ty, vo kataAdfouue tn Stapopd ctnv avgnon
ng évraong I evog ryov, 6tav n diagopd tov nyostdbucwv AB eivar Aydtepn amé 1 dB. Aeigte 1L

I

=13 (3.203)
I

ov n nyootdbun avefaiver amd ta B = 60 dB ota B2 = 61 dB.

Avon:
Avvovtac tnv e€lcwon tng nxoatdlung wg Tmog I, £xouvue

I=1,-10°1° (3.204)

o B8 = 60 dB, éxovue I =107% W/m? kar yia 8 = 61 dB, éxovue I = 1.3-107% W/m2. O Adyog twv Svo eivar
1.3.

Hoaedderyua 3.21:

Avo nyela oe vreguwwuéves TAATEOEUES PBelokovtan GTic amévavtl Jéoelg oe aroctacn d UeTogy
Toug. Kabéva ekméuiel ue tnv (do toxd kot to nyntikd kopoto Stadidovial e OAES TS kaTteLOUVGELS
®¢ kupatikd wétwma. H nyootdbun ce éva onuelo otn uéon tng uetagld toug améctacng lvar 75 dB.
Iowd elvor n nxooTdBun 6To cnuelo Tov evég TOTAQETOU TNG UETOEY TOUS aITéaTaonG, av vItoBécouue
OTL petedue TS nyootdlues oe wa vonti gvbelo ypouun mou evover Ta nyelo UeTagy Toug;

Avdon:
‘Ectw d n améctacn tov nyeiov. ‘Eotw 6TL n évitacn otn uéon tng asmoctoong (d/2) etvon I} kol n
nxoctdBun exel elvan B; = 75 dB. 'Eotw Iy kail B2 Ta ovticToro ueyédn ce amdéotacn evig TeTGQTOV TG
GUVOMKNAG aTtéaTacns d agtd To éva nyeio kot Tela Tétapta tng d amd to dAAo nyelo, gtn vontn evbeio
OV T GUVOEeL. Zépouue OTL

P avg P avg
1= = 3.205
A Ary? ( )
Oxote
heos_, Pox 2o (3.206)
An(d)2)? " An(d]2)?  nd?
P P 40P 20
b=t s = e = (3.207)
An(dj4)? " An(3d/4)?  9nd> 9
Emiong
I
Aﬁ:ﬁg—ﬁ1=1010g101—2=3.48 dB (3.208)
1
Omdte

B2 =P1+AB=75+3.48 =78.48 dB (3.209)
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Ioedderyua 3.22:

Avo wiked nyelo eRTTEUITTOUV NYNTIKG KOLATO SLOPOQETIKOV GUYVOTAT®OV, KATA TOV (810 TEHTOo TTE0g
kdBe katevbuvan, émws oto Zxnuo 3.31. To nyelo A €xel efayduevn oxv 1.00 mW kot to nyeio B
éxel egayouevn 1oy 1.50 mW. YmtoAoyiote tnv nyootdBun oto cnueio C, oe dB, vitobétoviag 6Tl

(@) uévo o A exIréuatel nyo

B) udévo o B exgréuatel nyo

(V) Kol ol SV0 eRITEWITOUV YO

3 TC

I
|
i
1

1 4.00 m B
I
I
[

@ | @
1 X _gd4
- I-'I
800 m 2 {H m

yxnua 3.31: Mikpd nyeia Ge eKITOUTTH.

Avon:
Kafo¢ ta nyelo uetadidouv tov nyo ouolmg Tpog kdbe katevBuvon n £viacn Tov AYov elval avIGTEOP®S
OvAAOYN TOU TETEOYMOVOU TNG ATTOCTACNGS AT TNV TNy Tou NYov.
(@) Elvar rac = V32 +42 =5 m. Apa

P 1-10°3
[=—— =—"_=318-10"° w/m? (3.210)
anr?  An(5)?
Omdte .
3.18-10"
B =10 1og(10—_12) =10-6.5 = 65 dB. (3.211)
®) Etvow rgc = V22 + 42 = 4.47 m. Apa
P 1.5-1073
= = =5.97-10"% W/m?2 (3.212)
4nr?  4An(4.47)%
Omdte .
5.97 - 10~
B =10 1og(10—_12) = 67.8 dB (3.213)
) Efvaw I = 3.18 uW/m? +5.97 4 W/m?. Aga
9.15-107

3.7.4  WuyooxouoTixy
Mopovacidoaue vopitepa thv nyoagtdun tov 1000 Hz wg nyootdbun ava@oeds yia Sidgopa TTofAniato
ko eidape 6TL 1o KoTOEM Tng évtacng eivon I = 1072 W/m?2, 8ni. n nyoctdun eivar S = 0 dB. ‘Ouwg Gta
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100 Hz, to katdeM tng nyootddung eivar 8 = 30 dB! Me Al AGyia, n wuyoldoyiki wag aviidpacn GToug
dvo nyoug elvar n Ba, TAR” GA0 TTOL OELOUNTIKAE N TWR TOU KATWEALOL nYoGTABUng eivol SlopoQETIKNA!
Av UeTeroouvue TO KOTOPA 0Kkong oe Sidpoes cuyvdtnteg, Ja dovue 6Tl n nyootdBun uetafdAletal ue tn
guxvotnta 6Tws ato Lynua 3.32. H kokkivn KOUTTUAN TTapouoldgel To KATtd@A akong. Ilapatnpnate GTL

Hyootd8un 4 Yronyou Hyo Ynépnyot
$(dB)

220
0 Kuvnmipag peydlov mupadlov
| -— -

200 YnoPpuyieg emkotvwvieg
a0
180 [~ Kivntipag agpomhavov ' (o6vap)
(amootaon 10 m) rI;OU(.PE:l
160
140 | ‘Opio movov

» Zvvavhia pok
120 |- - , /
- » Kopva avtokivrtov
100 = Kepavvog Moruoud\éw"—_-;" ZxQMK1} kaqe s 17
%0 b Kdichogopia Uﬂpdrwv -~

oTny no

60 =
40 |-
20 - Katoglio akorig

0 ! | ] 1
1 10 100 1 000 10 000 100 000

Zvxvotnta f(Hz)
!

Yxnpo 3.32: HyootdOun GuvaQTHeEL THE GUXVOTNTAG.

ylo va akovcovue wor guyvotnta Tov 40 Hz, n nyoctdBun tng meémel va elval onpovtikd pweyaiitepn amd
ovtit Tng cuyvétntag Tewv 1000 Hz. To dve 6glo Tng AEUKNAG TIEQLOYAS OVTITIQOCMITEVEL TO GELO TOU TTGVOU.
O dvBpwitog AotTtdv ugropel va akovael guyvotnies amd 20 wg 20000 Hz.

H emotAun tng WuyookouosTikig €xel oiaitepo eviiamépov dementikd aAAd ko TEAKTIKA, KAOMOS n
WPUYOAKOVGTIKA avdAvon €xel KeVTEIKG QOAO Ge €va TTOAD YVwoTo Gag TIEOTUTIO guudtieong riyov: to MP3!
‘OMoir/eg yvopitete OTL umopel kaveig vo guuttiécel €va apyelo WAV ce popen .MP3, ££0tkovou®vTag TToA-
A4 MB, ywois (daltepn astdielo wowdtntag nyov. IIodg yivetar avtd; To medtvmo MP3 eivar iaitepa
TOAVTTAOKO OAAG WITOQROVUE VA, TTEQLYRAPOVUE TO TURUO JTOV GxeTiteTal pe dga €yovue cunticel. o tnv
emitevEn owtov Tou fabuot) guumieong tov nyov, To TEdTLVITO MP3 agloTolel TEelc PaGIKOUS TAQAYOVTEG:

I. EgdAeryn fywv stou Beickoviol KAT® ATt TO KATOPAL OKONG.
II. Xpnowottoinon tng evaucOnaciag Tov avTioy LS GTO €0QOS GUXVOTATMOV TTOU OKOUUE.
III. ®avduevo eTTKAAVYNG NY®V ATTO YELTOVIKOUS TOUG.

Me Alyo Tepuoadtepn Aetttouépela, o Tmagdyovtog I apopd tnv aviyveuon towv Mywv Tng aQykng n-
yxoyedonong Tov dev Toug avtidapfavopnacte yatl n nyocstdlun toug PeiokeTal KAT® OTTO TO KATOOA
OKOMG. AUTS TEOUITOBETEL VO UTTOQOVUE VA OVAADGOUUE ThV NYOYEAENGN Ge GUYVOTNTEG KOL GTN GUVEXELQ
va eAéygouue TTOLEG €xouv nXooTddun Twou PEICKETOL KAT® A0 TNV KOKKIVIL KOUWITTUANR Tou Xynupatog 3.32.
Avtécg oL guyvoTnTEG LItopovv va unv astodnkevfovv gto cuuTiieguévo agyelo. Me avtdv tov TéT0 £ouue
aTtdAeld TAnQoopiag uev (kor dpo cuuttieon touv agxkov agxelov), un avulnmti de. O ToEdyovtag
IT agopd tnv gvoucbncio Tov VTV wog oe SlaoEeTikég cuyxvotntes. Ilewpapatikd €xer asroderybel GTL
Oyt u6vo to avti pwag “akovel Aoyoliutkd” aAAd kol Tl eivar TTOAY TTEQLGGOTEQRO eVAGONTO GTIS YOUNAES
oUXVOTNTES Ge aYéon ue Tig VYNAEG. OTIGTE YPELOTOUOOTE TIEQLGGATEQN SLAKQLTIKNA kavdTNTO (OvdAucn) yio
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YOUNAGGUYVOUG TXOUES KoL AtydTepn yio vpicuyvoug nxovs. Téhog, o mtapdyovtag I agopd duvo KovTvég
GUYVOTITES TTOV EULPAVICOVTOL TOUTOXQEOVA, KOl GTNV WKAVOTRTO £vAS SUVATOTEQOV MOV VO ETIKAAVWEL TOV
000evéaTeQo yertoviko Tov. To @awvduevo ovoudcetar frequency masking, aAAd VTTAQEYEL TTAEOLOLO PAVEULE-
vo kot 6To Tedio Tou ypévov (temporal masking): av arkovcouue €va duvatd nyo, dTav VTOC GTOULATAGEL Ta
uag Jrdeel Myn oo va avtiAng@fovue évav akolovBouvuevo tévo. Kol 6Tic §uo TTEQLITOCELS, WITOQROUUE Vi
e€olkovoungoupe bits ue To va unv agstodnkevcovue Toug rnyovg Jov dev avtudauBavouacte. Ilepuoedtepeg
TIAnQooEies wrtopeite va Poeite €8 https://en.wikipedia.org/wiki/MP3, eve éva areTd TLO TEYVIKG paper
urropeite va Beelte edw: https://www.csd.uoc.gr/~hy438/lectures/PerceptualCodingAudio.pdf.

Trepdeon Kupdrtwy

Ytn ueAétn NG KUUOTIKAG TIOU €X0UUE KAVEL WS T®EO, Oev €youue TOVIGEL éva GnUAVTIKG YEYOVOGS: ULol
YeueMaddng Stopoed UeTa) TV KUUATOV Kol Tov coudtov elival 6Tl av abpoicovue dvo cwuoatidia, To
attotédecpo uttopel emiong va efval éva (ueyoAvtepo) cwuotidio, aAdd yo va cuufel avtd Teémel T
cwuatidio va Belokovial e Sla@oEeTikd onueia Tov XHEOV - ue dAAA Adyia, e yivetar Suvo couatidio
va KatoAoupdvouv Tov (810 x0eo (to ueyaAitepo copatidio da midvel TeQLecdTeQo XWEo oIt 6,7l Kabéva
udvo Tov). LTnv KLUATIKA, To dBgolgua Svo kKuudtwv elvar emtiong kUua aAdd yio va Guupel avtd TEéTel
Ta kipata va Beiokoviar gto (8o onyelo Tou yweov! Avuti elvar wo TTOA) GRUOVTIKA TTAQATAENGN: TO
KLt UWIToQovv va GuviuacTolv, Vo GuVLITAQEoLY, va cuufdAiovv atnv (Sta 9€an touv xweov! Tétoleg
GUUTTEQLPOQES WITOEOUVV va. avaluvBovv ye Bdon tnv agyn tng vitéebeonc:

Aoy tng YmépOeong

Av og kdgtolo puéco dradidovian dvo A TEPLOGOTERO KUUATA, N GUVIGTOUEVR TR TNG KULATOGUVAQ-
TNONG G€ OTOLOONTTOTE Gnuelo elval To aAyefEIkd ABQEOLGUO TOV TYWOV TOV KULOTOGUVOQTAGEDY TWV
ETUEQOVS KUUATWOV.

Kipata 7Tov 1kavoItolovv Thv Toaitdve apxi ovoudgovtor yeouukd. O guvduacuds yoauukoy Ku-
udtov otnv {Bla TEQLOYXN TOVL XWEOV ovoudietar cuufoAn. Ymdoyxouv TEuo €i8n GUUPOANG: N EVIGYUTIKA
guuBoAn, 6IToU T Suo KVLATO GUUBAAAOUY GYNUATIZOVTAS £va LeYOAVTEQOV TTAATOS KOO, N KATAGTQEITTTIKA
ouuBoini, 6TTov T Suo KVuaTo GUUBdAAOUY GxnuaTitovTag éva undevikov TTAdTOUS KUUa, Kot n evdidueon
GUUBOAR TTOU €lval OVGLAGTIKA O KATAGTOON avduesa GTiS duo Ttponyovueves. Aeite to Zyxiua 3.33.

(b) ==

(€) e ey

Evioyvtikn ZupfoAn Kataotpemtiky) Zupfoin

Yxnuwo 3.33: Evicyvtikn kot Katacteertiki Xuufoln.
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Trépeon Hurtovoeddv Kupdtwy

Ac emikevipwbolue £ovd ota nuitovoedn kvpato. ‘Ecte dvo nptovoeldn kipata swou dradidovior wpog
Ta 8e€1d, éxovtog Tnv (dlo cuxvéTnTo W, WAKOG KUUATOS A, Kal TAATOS A, aAAd SLopORETIKIA Ak @dcn
¢. Ac Ttovue 4Tl TO €va €5 ALTOV €xel aEXKN @don ¢ kol To dAAo €xel undevikn @don. Autd To KUWATO
TEQELYRAPOVTOL ATT6 TS EE10MTELS

yi(x, 1) = A sin(kx — wt) (3.215)
vo(x, 1) = Asin(kx — wt + ¢) (3.216)
To dBpowgua Toug da eivon
y(x, 1) = yi(x, 1) + ya(x, 1) (3.217)
= A [sin(kx — wt) + sin(kx — wt + ¢)] (3.218)
= 2A cos (g) sin (kx —wt+ g) (3.219)

Ue xenon tng ToVTOTNTS

sin(a) + sin(b) = 2 sin (a - b) cos (a ; b) (3.220)

[Mogatnenate 6T ggakoAovbole va €xovue €vo 08eOUV NUITOVOELDES KUUO, KABMOS €Xouue arOUO [Lol
guvdeTnan tng woeeng f(kx + wt). 'Ouwg urrogovue va SlowEIGOUUE UEQLKES TEQLITTOGELS YO VO KOTAVO-
noovue TTws cuufdilovv ta dvo kvuota. H uévn Stopoed toug eival atnv agyki @don ¢. Mitogolue va
YEAWOUUE THV KUUATOGUVAQTNGN ®S

y@ﬂ=ﬂ@ﬁ%h—w+g) (3.221)

Ko TOTE — delte Ge guvdLAGUO TOo Xynua 3.34 — £youue:
(@) ¢ =2mm, m € Z: gTnv TMePITTTOON AVTA £rouue
A(p) = 2A cos(mm) = £2A (3.222)

SnA. To TTAGTOC Tou KUuoTtog elvar 24, To uéyioto Suvatd. Tote Adue 6TL Ta KUpata Pelokovtol oe
@don ko ovoudgouue Tn GUUPBOAN EVIGYVTIKNA.
B®) ¢ =(Cm+ Dn, m € Z: otnv epiTttwon avtn €xouye

A(¢p) = 2Acos(mrn +m/2) =0 (3.223)

SnA. to mAdTog Tov KVuaTog elval 0, To eAdyioto Suvatd. Tote Adue 6T T KULOTO BEIGKOVTOL EKTOS
@AoNG KoL OVOUALOUUE TN GUUBOAL KOTAGTQEETTTIKIM.

) Ze omowadniiwote AAAN Twn tng @dong 0 < ¢ < 21, ¢m # 7w, T0 TAATOC TTOlEVeEL W evildueon TN
—2A < A(¢) < 24, kar n GUUPOAR ovoudieTalr evotdueon.

‘Ouws v yével Ta KOUATA UTTOREL Vo €xouv kKol To. dvo un undevikin edon. Téte

yi(x, ) = Asin(kx — wt + ¢1) (3.224)
ya(x, 1) = Asin(kx — wt + ¢2) (3.225)

To dBpowoua Toug Ya eivor
y(x, 1) = yi(x, 1) + ya(x, 1) (3.226)

= A [sin(kx — wt + ¢1) + sin(kx — wt + ¢2)] (3.227)
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Y, KAl Yo OE (QACT

3
y ‘
(a) Y 7 X
& =0° \:Z EVIOXUTIKY]

ovuBoAn

g Yo .
/ /T ¥
Y s W W i
X
> I« N KXTOOTPETITIKI

b = 180° ouvpufoAn

(b)

YI

SO S22

b = 60° evdLapeon ocuuBoAn

Xxnwo 3.34: Evicyvtiki, Katactpemtiki, kar Evéidueon Xuufoln.

= 2A cos (%) sin (kx _wrs 2 “; ¢2) (3.228)
ue yenon gavd tng TavtdTNTAg
sin(a) + sin(b) = 2sin (“ * b) cos (“ - b) (3.229)
Mgtopovue Kot TTAAL VO, YRAWOUUE TRV KUWOTOGUVAQTNGN WS
y(x, 1) = A(A@) sin (kx —wt+ @) (3.230)

KoL TOTE €XOUUE:

(@) A¢ = 2mnm, m € Z: duota ye T, Aéue 4Tl T KUUATA BeickovTIal GE @Acn Kol ovopdgouue T GUUBOAR
EVIGYUTIKN.

®) Ap = Cm+ D, m € Z: omdTe kow Aéue OTL Ta KOUOTO PEICKOVTOL €KTOS PAGNS KOl OVOUATOUUE Tn
GUUPOAL KATAGTQEEITTIKN.

) Ze oroladngtote AAAN TN ThS SLapods aykig @dong 0 < A¢ < 21, A¢ # mm, n GuUPOAR ovoudceTal
gvoldueon.

3.8.2 Trépdeon xou Aragpopd Aladpouric
Apa To KYuoTo €xouv ev yével To koBEva Tn SikA TOL ARk @don, kol WOMGS €(8aue TG UITOQOVUE Vo,
KOTAVORGOUUE TOV TEOTO GUUBOAAS Toug. ‘Ouws katd Tn Siddoon toug witoel va akolovbolv Srapoe-
TikéG Sradooués. 'Eotw éva nyelo dmwes oto EZxnua 3.35. To nyeio PelokeTol GTO GKQEO UGS KOTACKEUNS
GTnv oTtola To TTAvw UEEOS Aettoupyel s “WoxAGS  eméktaong N gueeikvwong tng dtadpounc re. Ta kpata
TOV TAELSEVOUV UEGO GTNV KATAGKEVN QUTI akoAovBoUVv SlapoeTikég Stadgouss uéxotl to avti Tov Sékn.
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Hyzlo

Yxno 3.35: Atddocn nyntikoU KUUOATOS GE OLAPOPETIKES S1a0QOUEG.
Ac voBécoupe 6Tl €xouv (8o TTAGTOC KAl guyvdtnta. H amdatacn tov nyeiov amd to 6éktn ovoudgeton
urikog dradooung. Q¢ dra@oed dradeourc ovoudcetal n wogdTNTO
Ar = |ry — 1 (3.231)
H cuvolwkni @don kabevig kouatog eivor
O, =kri—wt+¢;, i=12 (3.232)

Téte n GUUBOAM TV KLULAT®V TTEQLYQAMETAL WS

Dy — D D+ D D) + D
y(x,t)=2Acos( 22 1)sin( 12 2)=A(d)1,d>2)sin( 12 2) (3.233)

Toea meémel va peAetioovue to TAGTOS A(Dy, Og). 'Eatw AD = Oy — ®y, Snik. To TAATOS UITOQE! VO YROAPEL
Aty

A(AD) = 2A cos (%) (3.234)
Awakpivouue TIC TTEQUITTMOGELG:
@) Av AD =2mn, m=0,1,2,3, -, td1e £r0ouue EVIGYVTIKN GuUPoAn, apov
2A cos(AD/2) = 2A cos(mm) = £2A (3.235)
®) Av AD = (2m+ )r, m=0,1,2,3,--+, 16Te TO KOUOTA GUUBAALOVUV KOTAGTEETTTIKA, OPOV

=2Acos(mmn+7/2) =0 (3.236)

AD 2m + 1
2A 008(7) = 2A cos (M)

"Ouws TS WItopovue va oxetioouvue tn Sta@oed Siadoung otnv 6An vitéfeon tng cuuPfolng; YTrdeyel
kdmola gxéan Siapoeds dtadpoung kol guufoiig; Ac to Sovue.
Aot
A
Dy — ) = AD = k(ry — 11) + Ad = 2n7r + AG (3.237)

KL ov dewprnoovue 6Tt n agykn @don efvor (o (T, dTav TEOKELTOL Yol KOWwr qtnyn Ayov), dni. A¢ = 0,
TdTE
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(o) éyouvue evieyuTIKR GuupfoAn av
Ar
27r7 =2mn < Ar=ml, meZ, (3.238)
B) éyovue KATAGTEEITTIKN GUUBOAN v
Ar A
2717 =0Cm+Ynr = Ar=0Cm+ 1)5, meZ; (3.239)
AT bca €rovue guentnacel, kataiafaivovye 6T n RATAGTEETTTIKN GuuBoAn witopel vo cuufel
e AOym Slopods oINS @dong Ag¢

e Aoym SropoeTiking déong tng Tnyne (Stapopd StadQoung)

e AOym Kol T®V VO TARATIAV® TEQLITTOGEMV

Evpeon Xvufoing Hyntikodv Kvudtov 6to Xweo

Av 0g KATIOLOL TTEQLOYN TOU YX®WEOU GUUPRAAAOUV duo duota nynTikdg KOUOTA, TOTE N GUUPOAR Toug
0QlZeTal AITd TNV TWA TNS TAQAGTACNS

2
AD = 7”Ar +Ad (3.240)

OTtéte
e aUTd GUUPAALOUY EVIGYVTIKA av n Sla@oed GUVOMKAS Tous @dong AD eivar dotio TTOAAA-
TAAGLO TOV 7.

e VT4 GUUBAAAOUV KATAGTEEITTIKA ov n Slopoed GuvoMKkNAg Toug @dong A® eivor TrEQLTTS
TOAAATIAGGLO TOU 7.

Av ta nyntkd kopato feiokovial oe pdon, tote Ag = 0, kol doa

2n
AD = —Ar (3.241)
oTdTe
e aUTA GUUPBAAAOUY EVIGYUTIKA Ov n Slopoed Stadpoung toug Ar eivar aképoto TTOAAATIAGGLO
TOV UNKOUGS KUUATOG A.

e aUTd GUUBGAAOVV KATAGTEEITTIKA av n Swa@oed Stadgoung tous Ar eivol TteQLrté TTOAAA-
TTAAGLO TTOAMOITAGGLO Tou A/2.

Agite To Zynpa 3.36. Kou GTIG TEES QUTES TTEQUITTOGELS, N GUUBOAL TV dV0 KUUATOV (VoL KATOAGTQEITTTIKA.
Ynv mepimtwon (a), ta dvo kvuata dev €xouv dtapopd Stadeoung aldd €xouv SLPORETIKI QYK (Ao,
Tétoln ote Ap = . Ttnv meplmtoon (b), Ta dvo kduato éxouv diapopd Siadoung Ar = % ue (dua
aEykn @don (A¢g = 0). Xtnv mepimtmon (c), ta Svo kvuata €xouv kol Sia@oed dradpoung Ar = j—i OANG
KOL SLOLPOQETIKA ARk @dcon, TéTown Oate Ag = /2, tov pagl divouv wio oxéon TAGTOUS Ue ATTOTEAEGUAL
undév.

Acg dovue uepikd Toadelyuato.
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(a) Oumnyég eivar extdg ddong (b) 161e¢ Tyég Buadépouv amd piod prikog KipoTog () Oumnyég elvon EEXWPLOTEC KOl [UEPLKLIC) EKTOG
daong
\ \
ZEG\\()//\/\ W), A//\ 7EQ\\)\)\ &/\
/7 - 7 - /] -~/ -
Ad =mrad | A¢p =0rad \ Ad = %rad
YA
i) ), 1%
s EQM W\/ y
r= / - /
Ar=1a Ar=1A

Yxnuo 3.36: Kataoteertikii GUUBOANR: TTEQLITTOGCELS.

Haedderyua 3.23:

Avo nyeto Belokoviar ge agmtéctacn 2.0 uétpwv kar ge @don. Ekméumouv cuyvétnta 700 Hz ce
éva, Swudtio Tov o Axog dradideton ye toyvnto 341 m/s. ‘Evog 0kQOOTAG GTEKETAL GTO onuelo
Tou oyxnuoatos. T eldovg guuBoAn vTtdeyel 6to onuelo; Ildg alldier n arwdvincn cag av Ta nyela
Belokovion ekTOS Pdong;

Sxnuo 3.37: Xyriua Acknong 3.23.

Advon:
Agite to Eynpa 3.37. Ag Siayweicouue TIC TTEQLITTOGELS OQYIKNS PAGNS.

e Av Ag = 0, t1e ta nyela Bolokovtar oe @don. H yetafoAn tng @dong tou GuvoAkoy KULOTOS GTn
¥éon tov oynuatog Ja eltvan

2
AD = TﬂAr (3.242)
Ag Bpovue Tic Sradpouss:

r = V12 +5% = V26 ~ 5.099 m (3.243)
rg= V32452 = V34~5830 m (3.244)
Omd1e n Sroupoed Sradoung da eivar

Ar=ry—r =073l m (3.245)
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Emiong, To unkoc kvpatog Ja igovton ue

A=Y 23 s (3.246)
= — = — = (). m .
7~ 700
Erou Ar 0731 3 3 2
r .

SnA. TOAU kovid e TePLTTd TTOAMATAAGLO Tou A/2, 0TdTe €YOVUE KOTOGTEETTIKA GUUBOAML (TTOAD
KOVTA G€ KOTAGTEETTIKN GUUPBOALL, Yo Tnv axQiPela).

e Av A¢ = m, 1éte Ta nyelo Peiokoviar ektdc @dong. H petafoAn tng @dAong touv GuvoMkoy KUUATOS

da elvon o
AD = 7Ar +7 (3.248)
‘Ouola pe JTLy
Ar=32a (3.249)
KL do
A(D=277T;/1+7T=37T+7T=4ﬂ' (3.250)
SniA. doto ToAAaTTAGGLO Tov . AuTd cnpaivel L GTo cnuelo Tov oxnpatog Ja £xovue EVIGYUTIKA
GuuoAin!

IMagdderyua 3.24:

Mo kotackevaoTiki etoupio avébece otnv etatpia cag, tnv EAAnviki Axkovetikii A.E, tnv emilvon
Tov €&ng meoPAnuatoc. Ov ggyagduevol Tng TTaQAITOVOUVTAL Yo £vav eVOXANTIKG J6Qupo GTo Xweo
epyaciag tovg. Metd amd €peuva, SlamoTeveTe OTL €va unydvnua Toedyel évav udAlov 1axueo
nyo ouvyvotntag 1200 Hz. Metd amd véo épevva, dwatiiotdvete ot Sev ustopelte va Avcete €€
OAOKAIQOV TO TEOPANUA, AAAd evnuepdveTte Tov SievBuvTi Tng etauElog GTL uirogeite va To AVGeTe
UEQKMG, €EaAelPOVTAC TIG OVOKAAGELS TOV NYov amd Toug Toiyous. Ilpoteivete va ToTtobeTNOOVV
ETLPAVELES TTAEYULATOS GTOVUG TOLYOUG, DGTE LEQOS TOV NYOU VA OVOKALTOL AITd TO TAEYUA, KOl LEQROS
Tov vao Sasrepvd To TAEyuo KoL va avakAdTal agtd toug tofyous. H avdxkAacn tov fixov auvtih da
TIEETTEL VO 5RO KATAGTEEITTIKA GTh GUUBOAR Tng ue To aEykd nyntikd kouo. Iowd da Tedmel va
elvow n astdéotaon avdyuecoa GTo TTAEYUO KOL GTOV TOlX0 OGTE vo. douvAéypel To oxE6L0 cag; Aideton
ot T, = 20°C.

Avon:
H toyvtnto Tov 1yov Gto KThelo eivar

c

u=3314/1+ = 343 m/s (3.231)
273
To puAKOG KVUUOTOS ThG TINYNG riyov eival
u 343
u=Af =1=—-=——=0.285 m/s (3.252)
f 1200

O&Aovue va €YOUUE KOATOAGTEEITIKA GUUBOAL TOU AVOKA®UEVOU KUUOTOS aItd TOV TOlX0 Ue TO KUUA GTO
TAéyua. Omdte 1o kVua da Swovier Swadgoun 2Ar, kabB®S TeEVE To TTAEYUA, KTUTTE GTOV TOlX0, Kl ETTL-
OTEEPEL YIoL va, GUUBAGAAEL Ue TOV €0VTO TOV. AQO TIEETTEL VAL LoYVEL

A A
2Ar = (2n + 1)5 — Ar=(2n+ 1)1 =(2n+1)-0.071 (3.253)
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6mov 2Ar ywoti - 6Ttwg elTtage — To KUWA Tov TIEQVd To TTASyua Togldever dvo @oEES Tnv aIréaTacn
OVAUEGO GTO TAEYUO KOl GTOV TOlyo, u€xel va GuuPdAder Eavd Tiom KOTAGTEETTIKG. Apa n eAdyliotn
astéctoon avdueod toug divetal ywa n = 0, dnA. Ar = 0.071 m.

Hoaedderyua 3.25:

Avo adokepales Bplokoviar oe amdéctacn 100 m ce gubela yoouurn ce évav dgova Boped-viTtov.
Metadidouv kar ot dvo padiokvuata ce guyvotnta 3.0 MHz. H Sovleld cog eivar va UeTERGETE TNV
oYV TOU KUUOTOC pe (o @oentii guckevn. Ta va to kdvete, mepmatdte 800 uétpa avatoMrd aIrd
T0 U€Co TG AITOGTACNS TV SVO KeEPALDV, kKol uetd 600 uétpa BoeeLa.
(@) Aglgte 611 n Sapoed @dong uetagy twv dvo padokvupdtov 6to cnuelo Tov Peiokeate elivon
1.27 rad.
®) H cuupoin tov Svo kupdtnv Ge avTd To cnuelo elval KATAGTEETTIKA, EVIGYUTIKNA, N evildueon;
Eénynore.
) Av Td0 LEKIVAGETE VO TTEQTATATE OKOUA TEQLGGOTEQRO TIEOS TO BOEQEJ, TEQTIATATE TTEOS EVI-
GYVTKN N TTROG KATAGTEETITIKN GuuPBoAn; Etnyncte. Boelte 11 guufaivel Ty av Tepmaticete
10 yétpa TEOg Boped aItd to cnuelo TOUV AGAGTAV.

Avon:
E8w Bev €éyouvue nyntikd kopoto aAAG nAektopayvntikd. ‘Ouws n @ulocogio eivar n {dia. Ot duo kepaleg
ATTOTEAOVV GUUEAGLKES TInyES kuudtwv (BnA. Beiokoviar e @don). H emkdAvyn Towv kKupdtov Teokalel
cuupoin. Aegite to Xyxnuoa 3.38.

Fi

600 m
1
-
100
.Lm .//
2
| 800 m I
ynuo 3.38: Padiokepaies ce asrocTacn.
(@) H dwapoed @dong twv 6vo kuudtwv oto cnueio P elivon
Ar
AD = 27r7 (3.254)
ue
Ar = ry— i = V8002 — 650% — Y8002 — 5502 = 59.96 m (3.255)

Av Bewencovue 6Tl n TayUTRTO TOL EASloKVUATOS oouton ue 3 - 108 m/s, To wikog KVUATOg TOU

padtokuuatog eival

A=%=m0m (3.256)

H Swapopa @dong gto cnueio P elvar tehMkd

AD = 27T59.96
100

=1.2r rad (3.257)
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B) Apov AD = 27 - 0.6, To oTolo Sev elvor 0UTE GQETIO TTOAAATIAGGLO Tou 7, 0UTE TIEQELTTO TTOAAAITTAAGLO
Tou 7, n GUUBOAML GTO cnuelo P dev elval eViGYUTIKI 0UTE KATOGTEETTIKA (elvor KATL avdueco —
evdidueon GuuBoAn).

) Ze éva onpeio 10 m 10 BdELa, Exovue

Ar = V8002 + 6602 — /8002 — 5602 = 60.58 m (3.258)
et 60.58
AD = 21-—2 =121 3.2
T 100 m rad (3.259)

A@ov n Siaeoed @dong avgdvetar 0G0 TEOYWEOUVUE POQELN, UETOKIVOUUAGTE OO KOTAGTEETTIKA
GUUPOAN GE EVIGYUTIKA GUUBOAN.

‘Evtaon xou Ioyic

Mitopel kaveic va Sel€el 611 n €vtacn I evég nyntikol KOLOTOS efval ovdAoyn TOU TETEOY®OVOU TOU TTAGTOUS
TOU GUVOMKOU KUUOTOG, A(AD)?, dnA.

2
I =c(AAD))? = ¢ (ZA cos (%)) (3.260)

To Ttwg TEOKUTTEL N TOQATTAV®D GYéon elval KATTWS €KTOS GKOTTOV TnG GUCATNONG OAAd uttopeite va
Yuunbeite 6L 6Tav cugntovcoue tn diddoon evdg nULTOVOESOUS KUUOTOS GE €val TEVIOUEVO VAU, elyaue
8el OTL n evéQyela TOU KUUATOS GE €val WAKOGS KUUATOS LGOVVTAY (e

_1 90
E, = Eﬂw A°A 3.261)
UE U TN YEOUWKA TTUKVATNTO UWATAS TOU VAUOTOS KAl A TO TTAGTOS TOU KUUATOS. AV uetopéouue tny (Sio
1W6éa ae évav dyro agplov (vl evdg vALOTOG), TOTE N eVEQYELD OUTA YRAPETAL MG
1
E;= épszz/l (3.262)

UE P TNV JLUKVATNTO TOU 0€R{oV KoL A TO TTAGTOG TOU KUUOTOS. XTn cuvéyela elyaue deitel 6TL n uéon 1oxvg
TOU KUUATOC AUTOU €TTAV® GTO VAU LGOUTOL UE

E, 1
Pavg = = = 5,uszZM (3.263)
kol avddoyo uitopel kaveic va delEel 4Tl yla €va nyntiké kUUa ge agplo divetal mg
1942
Pavg = épw Au (3.264)
Emiong, vopitepa eldaue 6Tl n évtacn evog nyntikol KOUATOS GxetiteTol e tnv oYY Tng ITNyng Tov,
P
=22 (3.265)
Area

6TT0V €80 YENCWoTOoLoVUE T UeTAPANT Area yia To eufado Tng emidvelag kABeTn gTny KULATIKA Siddocn
yio va tnv Eexweicovue astd to TTAGTOS Tou kiuatog, A. Me Bdon ta mwoastdve, umoesl kavelc va Seltel
TEMKA OTL

[ «< A(AD)? (3.266)

‘Otov AoTtév TTeochéToupe U0 NULTOVOELSTL NYNTIKA KUUOTO, To TTAATN TOug TTROGTIBevToL aAyefEikd, Ki
€1al n évtacn ge évo GuykekEWEVo onuelo da efvar avdioyn Touv GuvoMkoy TTAGTOUS GTO TETEAYWVO. Xn-
UELWOTE GTL TO TTARATTAV® dev aTtotedel auaTnER aTTOSELEn.

Emiong, n évtacn Tov rixov ivol UEyLGTn 6To GnUeiol EVIGYVTIKNG GUUPOANRG Kol Undevikn (EAd)LoTn)
oTa onueio KATAGTEETTIKNG cuufolic. Aeite 1o Zynpa 3.39. Aedouévou 4Tl n woxvg elvar guvdpinon
T™ng évtacng, Ta i8la 1Ioxvouv KoL Yo QUTAV.
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Karaotpenmikn oupBoAn AN
(eAayioTo évraong) PA BN

Evioxuniki oupBoAn
(Héyioro évraong)

|
|
|
| H évraon eival péyiotn ota onueia
|
I

[ .+ EVIOXUTIKIG OUpBOANG
A2
] A L' -

T T
F,
.

0 I A I 22

H évraon eivai E)\GX‘IOTI'] (undevikn) oTa onpeia
KATAOTPETTIKAG OUUBOATS

Yynua 3.39: ZvuPoin kot ‘Evraocn.

Iaedderyua 3.26:

Avo nyela agtéyovv 3 m yetafy Toug eivon guvdedeuéva ue to i8to gtepeo@wVvikd. ‘Evag akQoatng
BelokeTaw apykd gto cnuelo O, TToL ATTEXEL 8 M aTTd To uéGov tng evbelag TTov evdvel Ta duo nyelo.
Y1n ouvéyela uetoxwve{tar oto onuelo I, to omoio éyel kdbetn agtdéctacn 0.35 m amwd 1o O ko
OKOVEL TO TEOTO eAAYLGTO TG €vTacng Tou nyou. Ilowa elvar n GuyvéTnTa TOL NNYOUL;

Adon:
Agite T0 ynpa 3.40. Ag Bpovue Tig SLabQouss ry, r2. ATtd To dvw TElywvo, €xouue

1.15m e p 0.350 m
v e ‘-::-07L-
3.00 m o | i
3.00 m g >
‘ - 0
Y2 1.85 m
—
- l
% T
8.00 m
Xxnwo 3.40: Hyeio kar eAdy 1GTa EVTAGRG 1iY0V.
2 =115%+8 = r ~8.08m (3.267)

KOl aTTo TO KETw,
12 = (1857 +8 = ry 8.2l m (3.268)
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Eépoupe 6Tt n Slopoed dtadpoung woovtal pe
Ar = (2m+1)g, m=20,1,2,3,--- (3.269)
VL0 KOTOOTEETITIKA, GUUBoAt. Apa yia m = 0 (TIpdTo eAdLoTO)
2m + 1)/5l =013=026=4=0.26 = % = f =13 kHz (3.270)

a@oV u = 343 m/s.

Ioedderyua 3.27:

Avo nyela otékovtor umEoatd cag, SimtAa-SimAa, kol Taiovv tnv (Sia cuyvétnta. Aykd dev
okoVUTe kdAsolov Ayo. Tdte évo attd ta nyelo agyiter oyd oyd va xkwveitor pakeud amtd cag. H
évtaon Tov nyYov avgdvetar 6Go n AITOGTAGNH UETAEY T®V nyelwv avgdvetal, MTAVOVTAS éva TTEOTO
uéyltato otav ta nxela felokovtal ge agtdgtacn 0.75 m petagd tovg. Tdte, 660 To nyelo cuveyitel va
kweltar, n évracn ayitel va uetwvetor. IIdon efvan n amwdceracn uetagd tov nyelov 6tav n évtacn
TOU NYou yiver Eavd eAdylotn,

Adon:
Agtte to Tynua 3.41. Xtnv agyki 9€on (o) - Tov Sev akovue kAITOLOV Y0 AAAG To nyela eivor SiTtAa-SimtAa

N\

, EG\) / \ / N\ AVE \/\

_ ar=075")

| _ °ox 0 o/
1 g(‘%j AN )\
N
— “/ /) A4 ‘\__/
() ® "/
Yxnuo 3.41: Hyela kai GxeTikii TOUS Kivion.
- éyouue eAdLOTO TG évTaong Tou Guupaliduevou kVuatos kar Ar = 0. Aga n oxéon
2
AD = 7”Ar +Ad 3.271)

yia Ar = 0, 8iver
AD =0+ A¢p = AD = A¢p (3.272)

"Exouvue KATAGTQO@WKN GuUPoAn gtn déon avtn, omdte
AD=(0C2m+DOn=Ap, m=0,1,2,3,--- (3.273)
kot ylo m = 0 €youue
Ap=n (3.274)
OnA. ta dvo nyela Bpiokovtar ektdg edong. Xtn Yéon (B) €xouue TO TEHOTO UEYLGTO TNG EVIAGNGS TOU MYOV.
Apa

9 2
A@:%Awmzj’rmm:zm, m=0,1,2,3, - (3.275)

kot €@’ 6gov Ar = 0.75 m ko ywa m = 1, €xouvye

2
7”0.75 tr=2r=—Al=>m (3.276)

N W
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Ye wa déon (y) 61w0ou n évtacn Tov Ayov yivetal favd eAdyotn, Jo eivor

2 2
AD = TﬂAr' +Ap= A 41 = @m+ D, m=0,1,2,3,--- (3.277)
]
ko ylo m = 1 ga €govue

3
A =2 =1 (3.278)

MHaedderyua 3.28:

Kabduaote 2.5 m ugroctd ard €va nyelo (0mtwg eaivetar oto Ixnua 3.42) evdég teviyous nyetwv. Ta
nyelo LeTaEy Toug €Xouv aITéGTOcNn 3 M Kal EKITTEUTTOUVV Nyo ue cuyxvotnta 686 Hz gtnv (G gpdon.
Kafo¢ agtoparguvogaote amd to nxelo oe mola astéotocn Jo akodue Tty nyo we tnv eAdylotn

gvtoon;

\) Walk

| .| e
:"‘/_.-‘"
25m
3.0m
ﬂ Il I|
//
Xxnuo 3.42: Iepardtnua Wirpoctd ard nyeia.

Avon:

H oAdaynn otnv €évtacn touv nyov ogeldeton Gtn GUUBOAR TV U0 OAANAOETUKOAVITTOUEVHOV NYNTIKOV
kupdtwv. H eldyiotn évtaon uitovoel KATAGTEETTTIKA GUUBOAN, n otroio cuufaiver dtav n Siagopd Tou
WAKOVES TOL ROVOTIATION TV dVo kupdtwv elval Ar = (m + %) A. YmoBétouue 6L Apg = 0 rad yia Ta nyela
TIOU EKTTEUTTOVV AKEPB®S Tov {8lo Tévo. To unkog kVUAToS Tov Nyov etvarl A = Ugpynq/f = 340/680 = 0.5 m.
Bewpovue éva cnuelo Tov €xel amdctacn x agd to €va nyelo, OMwg @aivetor GTo Gynua, ko Jétovue 1
Tnv arréatacn autod Tov cnueio amd to va nyelo kol ro Ao To dAlo. Aga

rn=x rog=Vx2+32 (3.279)

H katacteemtikit guufoArt guufaivel Ge amdcTacn x TETOL0 WGTE
1
Ar = m_x:(m+§)a (3.280)

AvYvouue wg QOGS X:

P +9= (3.281)

2 2 1
X+ m+§/l =X +2m+§ Ax+|m+ = Aﬁx=—l
2

YmoAoyicovue TO X Yol SLOPOQETIKES TWES TOV m

m x(m)
0 17.88
1 5.62
2 2.98
3 1.79
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KaBwes n agkn yog déon elvan gto x = 2.5 m Kol GITOLOKQUVOULAGTE aTtd Ta nyela, Jda akovcovue ta
eMdytota yio Tiwég x > 2.5 m. Emmouévog n eAdyiotn évtacn Tou nyov eugoavicetor ata onueio 2.98 m, 5.62

m kot 17.88 m.

IHoaedderyua 3.29:

otav to nyeto 1 Beloketar gtnv Jéon x = 0.9 m.
(o) IMowa efvon n guyvdTnto Tov 1Yov; YmobEtouue T Ugyyng = 340 m/s.
®) Howa elvon n Srapoed @dong avduesa gta §vo nyeia;

AVYo nyelo exkTTEUTTOUV NYNTIKG KUWOTO KOTO Unkog Ttou dgova x'x. Aelte 1o Zynua 3.43. “Evog
0KQEOOTNAG, TTOU KABeTAl UTTEOGTA aItd Ta §V¥o nyeio, akovel tnv uéyiotn évtacn Gtav To nyelo 2
Boloketaw to onuelo x = 0 m kai to nxelo éva x = 0.5 m. ‘Otav To nyelo 1 petakweltar agyd TTEOS
To 8e€d, n éviacn Tou YoV AEXIKE UELOVETOL Kol VGTEQA AVEAVETOL, @TAVOVTAS £va. GAAO UEVIGTO

Avdon:
H avdueign cuupaiver katd thy Stopopd avauesa GTIS OAGELS Tov SV0 KUULAT®V.

Listener

0.90 m 1

Yxnwo 3.43: Iapatnentig nyeiwv.
(@) H Suapopd @dong avdueco oto nyntikd kouata tov duo nyeiwv elvor
A
AD = 2725 1 Ay
A
"Eyovue tnv péyigtn guyvotnta étav Ax = 0.5 m kow Ax = 0.9 m. Emouévacg
0.5 0.9
AD = 27'[(7) + A¢ = 2mm, AD = 271'(7) + A¢ = 2(m + 1)7T rad

Apapdvtog katd uéin g Svo e€lomaels Talpvouue

0.4 340
| —=|=or > a=04= f=Bomd _ 2T _g50 1y
A A 0.4
B) Ao g egiowoeic 3.283 Boiokouue
0.5 10 n
271'(@) + A¢ = 2I/I/L7Z'|m:1 rad = A¢ =2 — T = —5 rad

(3.282)

(3.283)

(3.284)

(3.285)

Ytnv tedevtaio eglonon Bdlaue m = 1 kaBOG cuyvd vItodoyitovue TV EACN GTO €VEOS ATTO —7T €WG

7 (M asd 0 g 2m).%

4@a, umopovcaye avti yia m = 1 va, Bdhovue m = 2 To oTroto Ja. £5ve TO 1GOSHVALO ATTOTEAEGUAL: %n rad.
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IMaedderyua 3.30:

Avo nyeio Pelokovion Gge amdéctacn 6 uéTpmv kol e @don. Exméumouv nyntikd KUUATO (e UAKOG
kopatog {go ue 1.0 yétpo. Kdbe nyelo dnwovgyel nyntkd kvpa pe évracn lp. "Evac axkoatng
otékeTol 0TO onueio A tou Xynuotog 3.44 (otn uecokdfeto Tng attéoTacng Twv nyeiwv). ‘Evag
devtepog akpoating agtéketan gto cnueio B. ITowdg elvan ol evtdaelg stov Aaufdvouv ae dpoug Io;

10.0 m

6.0m oA

Ady, = O rad

Yynua 3.44: Yyriua Acknong 3.30.

Advon:
YmevBuuitouvye 61l 0 6pog “Ge @don” onuailvel 4Tl n StaEoed aEXKiS edcong Twv dvo nyelwv LovTow ULe
undév:
Ap=0 (3.286)

Kdbe nyeto mwpocépet éviacn Iy = cA?, aAMd n avudngrti éviacn da eivan Siapeetiki e kGe éva onueio
A, B. Ta xduoto amd ta dvo nyxela cuupdAlovv 1660 6To onuelo A 66o kal 6To B. Adyw tng GuufoAng,
T0 TMWAGTOS TOU GUVOALKOU KUUOTOS da elvor

AD
Aj= ‘ZA cos (7)| (3.287)
ue j=A, B, ta dvo onueia JTOU Lag evilapEQouv.

e T 1o onuelo A, égouue drapopd Sadpoung ton pe to undév, apov ov aroctdoels elvar (dieg. Aga
oto onyuelo A o €xovue evioyUTIKA GUUBOAN we TTAGTOC 24 KoL éviacn

Iy = c(24)? = 4cA? = 4l, (3.288)

e T to onueio B, n Siapopd Stadpoung dev elval wndevikri.

Ar = |ry — | = | V62 + 102 — 10| = | V136 — 10| = 1.662 m (3.289)
Emewdn 4 =1 m, o Adyog
A
7’ = 1.662 (3.290)

Tt0V Sev elvanl oUte aképato TOAAATTAAGLO TOoV A, oUte TeELTTO TTOAAATTAAGLO Tou /2. Apa Ja €xouue
exel éva eldog evdidueons guufoAic. Ba xENGLLOTIOAGOUUE TOV GQO

2
AD = TﬂAr = 27(1.662) ~ 10.44 rad (3.291)
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Apa 1o onueio B 1o WAATOS TOU GUVOAMKOU KVuaTog da elvor

10.44
Ap = ‘2A cos( 7 ) ~ 0.972A (3.292)
Kol dea n évtacn Tov 1nyxov ¢to cnuelo B Ja elvan
Ip = cA% ~ 0.951 (3.293)

3.84 To ®awvouyevo Doppler

"Exete mwoté mootnenaoel T guyfoiver 4tav kABeGTeE GTO UITAAKOVL TOU GILTIOU GAG KOl OKOUTE €va TTu-
Q0GPREGTIKG dynua va TEEXeL yeriiyopa Gto dpduo amd ua katevbuven Tmeog tnv dAAn; Av va, téte €xete
Biwaer to awvéuevo Doppler! @ Icwe €xete TOQATNEAGEL OTL N GERAVA TOU OXAUATOS £XEl VYPNAGTEQN GU-
xvoéTnTa 660 TMANGLALEL TTROS €G4S Kal xaunAdTepn cuyvétnta KABDS atouarkQuvetal. IIdg egnyeltanr kAT
T€T010;

Ac yonowotroigouye Ui avaloyio TeQLGGOTEQO “OTTTIKN” Yo va katavorngouue Tt guufaivel. Aeite to
Yynpa 3.45. "Eotw 61 felokecte oe wa Bdera gtn ddAacca. Av glote akivntog/n, Ta kiuata tng Jdiac-
goc da yturovv tn Bdeka ue sepiodo T: Ya PATeTe éva kKuLoTdKkL v okdel aTny TAOEN Tng Bderag KABe
T Sevtepdlemta. Agyitete va kdvete KoOUTT (M ekkvelTe Tn unyavi Tng PAEKOG) TTEOCS T JewENTIKA TNy
TV KUUATOV, SnA. TTEOC TO UéROg aTd TO 0Tol0 TEOEEXOVTAL TO KUUATO. AV TOQATNEAGETE TNV TTAMEN
ng Pderag, kdbe kuyotiouds da ordel o cUVA TOEA, POV TOGo £0el¢ 6GO KoL TA KUUATO KWEIGTE O
évag mpog Tov dAlo. H mteplodog twv kuudtwv mou uetpdte tdea elfvar 77 < T, apot To KOLATA @TAVOUV
TO GUVA: n guyvétnta guedviong efvon ueyadvtepn, = 1/T" > f = 1/T aw’ 6,1 wow. Xke@teite TR
o1l kwelote aviiBeta. Av uetpnoete Tov aplud TV KULATOV TTov Gkdve gty TTAGEn tng Bdokag, da ta
Beelte AMydtepa otnv (S wovdda tov yedvou. Totl; Tatl eoelc Kaw To KOUOTO OITOUAKQUVEGTE UETALY
cog! H mepiodog mov Ja petpdte twa da eivan 77 > T, agov f’ = 1/T" < f = 1/T. Axkppag ta (S
1GYVOUV KOL VLo (oL TTRYA AY0U TTOU KVE(TOL TTROS N UWaKELd aTtd GOc.

(a)

Yynua 3.45: Bdpka otn 9dAaGaa Kal KIVRGH TG GE GYEGN UE TOV KUULATIGUO.

Metd amd avtiv tnv elgaywyki 18€a, ag mdue o kovid gtnv meayuatikétnta. Ilagatngricte tnv
Ewéva 3.46. 'Ectw 6TL n GuvOTNTO EKITOWITAC ThS Tnyng elval f kow n tayvtnta tng eivon ug;. H Avva
UETEG TN GUYVOTRTO TOU KULATOC IOV ERTIEUPONKE ATIG TNV KIVOUUEVI TIQOS QUTAV Ttnyn KoL Th Belokel fi.
Tnv (o otiyurt, o IIdvog uetpd th GuYVATNTO TOU KUUOTOS TTOU EKTTEUEONKE OTTO Tnv Kivouuevn WoKELA
attd avtév Tnyn ko th Peloker fo. Oa dovue TEO TTws cuayetitetal n guxvdotnta f, n taxydTnta Tng
TINYAG Uy KAl oL guyvotnteg fo, fi.

Efvor ongovtikd va kataAdfete 6Tl GTav €va KUUATIKG UET®I0 “@Uyel” agtd tnhv mnyi, n kivnon tou
egapTdTar wévo agrd Tig WdTnTES Tov puécov Siddoong. Me dAAa Adywa, n kivnon tng TTNyng dev eTtnedgel
TAE0V To nynTikd kopa Tov €xel exkatewmel. "E1atl, kKdBe KUKAKS KUUATIKO (TTOV GTRV TTEAYUATIKGTRTO £lval
GPAEKE) LETWITO TOV XxAuatog 3.46 €xel kévtpo To onyeio ekTtouTng Tov. To onuelo 3 €xel uOMGS ekTTEUYEL
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Micw amd v
Ty, To KOG

KOpQaTog efvort A _

[évog

+

To pétwmo 0 exmépbpnke
o6tav t = 0. To kupatikd
PETwMO givarl KOKAOG P
kévtpo to anpeio 0.

To PETWTO 1 EKTERPNKE
otav t = T. To kupatikd
PETWTO Eival KOKAOS e
kévtpo To onpelo 1.

Mmpootd amd v
Y1, To WiKog
KUUQTOG Elvat A

Avva

To pétwmo 2 ekmépnpbnke

otav t = 2T. To KupaTIKO
HETWTTO £ival KUKAOG [IE
kévTpo To onpelo 2.

Yxiua 3.46: @arvouevo Doppler yia kivovuevn stnyn.

éva Kupatiko UETmITo aALG Se @alvetal 6To oxnua kKabdg dev €xel ToAdfel va Tagldéwel kaud ATTOGTAGN.

Tapatnenaote 4Tl To KULOTIKA WETOTTO €xouv A0l TTL0 KOVTA GTnY Katevbuvon kivnong Tng TTnyng Ko
€xouv amouakuvlel Ticw tnc. H amdstacn uetagd duo Stadoyikev UeTOToV eival €éva UiKkog KUUATOS A,
0OTTOTE TO WAKOG KUUOTOS A4 TToU petedel n Avva elvar WKEATERO AITé TO UNKOG KUUATOS A = ]% Jov Jau
€EETEUTIE N TTNYR av RTav akivntn. ‘Oupota, To UWAKOS KULOTOS A_ elval ueyaAdteQo Tou WAKOUS KUUATOS A.
Ta kVpata Sadidovtar uéow oto uéco pe toyxvtnta u. Katd cuvvémewa, n cuxvétnta fi = f JTOU OKOVEL O
TaeatnEntng (Avva) gtov ottolo TTAnGLAgel n Ttnyn eival yeyalitepn amd tn cuxvéotnto f. H améctaocn d
Ttov @afvetor aTo Zxnua 3.46 eivon n Slopod UETALY Tov TTEGO pakELd KIvABnKe To KOWo Kot TG0 LWoKELd

Tagldewe n Tnyn T yeovikn gtiyun f = 37. AuTéc oL aITOGTAGELS LIGOUVTOL UE

Axyave = ut = 3uT (3.294)

AxXgource = ust = usT (3.295)

H améotaon d KaAUTTTEL TELO WAKN KUUATOGS: OTTOTE TO UNAKOG KUWATOS TTOU eKITEU@ONKE aTtd Ttnv JTnyn
TToV TANGLageL tnv Avvo, efvon

d A -A
A== Xwave Xsource = (u—uy)T (3.296)
3 3
H cuxvdétnta srouv axkovel n Avva eival
u u
fi = == f (3.297)
+ U—1Us

Mgropeite va kdvete Toug (Sloug GUAAOYLGLOUES KoL va Beelte Th Gguyvdtnta f- TTov arkovel o Ildvog;

Aelte topa to Xxnua 3.47. O TaaTtnEnINg Kiveltow TTeog akivntn Jtnyn cuyxvétntog f Kol WAKOUG
rkopatog 4. H ;nyn ekméuttel kugotika wétmita ue asootacn 4. Ag kdvouue Uio SLopOEETIKA ATTOSeLEn
Yl GUTAV Ty TTeiTTToon. O TOEATRENTAS KivelTon ue Gtabepn ToyvTnta ip = i,, SnA. n 9éon tov diveto
agrd Tn gyéon

Xo(t) = X0 + upt (3.298)
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Yynua 3.47: @arvouevo Doppler yia kKlvoUUevo TTapaTnnti.

ue u, < 0 aov kwveltor TEOS Ta aLoTERd. H KuUaTOGUVAQTNON TTOU TTEQLYQAMEL TO NYNTIKG KUUO TG

Tnyng Ya elvol tng Loeeng

y(x,t) = Asin(kx — wt + @)

O ToatnEnTtig UetEd AoLTév To KiLo

So(1) = A sin(kx,(f) — wt + @)

avdioyo ue tn 9€on mov PelokeTar. Aga

§o(t) = A sin(kxg + ku,t — wt + @)
= Asin ((ku, — w) t + kxg + @)

= Asin(w't + kx, + @)

(3.299)

(3.300)

(3.301)
(3.302)
(3.303)

ue w’' = ki, — W N YOVIOKN GUXVOTRTA TTOU AGUPAVEL O TTOQATNENTAGS KoL kXo + ¢ wia GTABeEr agQykin @daon.
Emednt duws u, < 0, n o’ elvar ogvntikn. Ouwg n cuxvotnta eivor deTikds aguduos, omdte uiropovue vo

Tovue 6TL

o' = lku, - 0| = w - ku,

H magatnpovuevn cuxvétnto f/ Do elvon

lw'|  w—ku,

2 2

Kl ETTELON

Ja elvar

Emedn duwg u, < 0, usrogovue va ypdwpouue

(3.304)

(3.305)

(3.306)

(3.307)
(3.308)

(3.309)

(3.310)
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Avtibeta, av u, > 0, dnA. o TToQATNENTAG KivelTAl TTROS Ta dekid,

f= (u_—lul)f (3.311)

u

Yuvoyitovag,

e AV 0 TOQATNENTAC KIVE(TAL TTEOS TA OELOTERA Kal To KVuo Tteog ta degid (OXI n Tnyn), 1te n
JTOGOTNTA U, €lval OQVNTIKA, KL €TGL

u

= (Llu')f (3.312)

e Av o JtapatnEntig Kveltol Tog To de€id kot To kUpa TEog Ta dekid (OXI n tnyi), Tédte n wogdTnTo
u, etvon Yetikn, KL £ToL

u

= (u_—w)f (3.313)

Ac cuvoypicovpe AOLTTOV THEO TIC TOOVES KATAGTAGELS.

IIeQuttdcerg Pavouévov Doppler

e Kwovuevn stnyn mtpog axkivinto magatnenti: Ag vitofégouue agykd 6Tt n mnyn gival kivovuevn
T1R0g akivnto Tragatngntin. H guyvdtnta tng stnyic efvon f = 1/T ko n toyUTntd ne ug, evo
n taxyvTnto Tov nyov eivor u. O JTOEATNENTAS avTIAauPdveTaL GuxvoTNTO

u u u u 1
f+:/1_:/l_ﬂ:£ U :(u—u)f:(l—h)f (3.314)
* f o f § u

SnA. wto cuyvoTnta ueyadltepn tng ekmeuméuevng!

e Kiwvovuevn mnyn amd axkivnto mwapatnentig: Ag vitofécovue Toea OTL n Tnyn elvor kivovuevn
agroporuvduevn amd axkivnto mapatnenti. H cuyvétnta tng mnyng elvon f = 1/T xkow n
ToYVTNTA TNG Uy, EVEO N TAXVTRTA TOV 1Xov elvan u. O JroQaTnEntig avtilayufdvetor guyvétnto

o _u :u”m:( ! )f:( ! )f (3.315)

= Us Us
A_ /1+7 J—p+7 U+ ug 1+7

SnA. Wwa guxvoTnTo WKEOTEQN TNG EKTTEUTTOUEVNG!

e Kwovuevog Taatnentng meog axivntn tnyn: Ag vmobécovpe toea 6Tl n wTnyn eivor akivntn
KOl O TIAQATNENTAG Kvouuevog Tpog outh. H cuyvdtnta tng mnyng eivon f = 1/T kai n
ToUTNTA TOU TOEATNENTA U, KATA UETEO, VM N TayVTNTA TOL NYov eivarl u. O TapATnENTAG
avtidaupdvetor cuyvétnto

f+:_'=(”+”0)f:(1+%)f (3.316)

u
SnA. wa guyxvétnta ueyoAltepn tng ekIrepgtopevng!

e Kivoluevog Tapatnentng aid axkivntn swnyri: Ag vitobécovpe 6Tl n Ttnyn elvar akivntn kot
0 TTOQRATNENTAG KIVOUUEVOS OTTOUOKQUVOUEVOS aTtd avti. H guyvdtnta tng mnynig elvar fy =
1/T xor n taxvIntd Tou TAQATNENTA U, KATA WETEO, VK n TayxvTnid Tou nyov eivar u. O
TLARATNENTAS avTAauBdveTor cuxvoTnTa

u

A (“‘u”O)f _ (1— %)f (3.317)

SnA. wio cuyvoTnto WKEOTEEN TNG eRITEUTTOULEVNG!
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Tevixr) Yyéon tou Doppler

MgtoQoUue VO, EVOTIOIGOUVUE TIG TEGGEQLS TIAQATIAV® TTEQLITTMOGELS — KAl VO GUUTTEQIAGOUUE KOl GYETIKA
klvnon Yetaogy TNyng Kol ITaQoTnENTA — Ue Tn Gxéon

f= (u = u”)f (3.318)

U+ U

ITpoGEETE GTL OL TAXVTNTES UTTAIVOUV WG WETEO GTNV TTARAITTAV® GxEon. IId¢ Gumg eTAEyouue TA TTEOGNULO
GTNV TOEATTAV® GYEoN; Av n Tnyn Kol 0 TTAQATNENTAC KWoUVTOL 0 €vag TIRog Tov dAAO, TOTE eTAEYOUUE
TEGcNUA TTOV owEdvouv Tn guxvétnto f'. Av n TTnyn KoL 0 TTOQOTNENTAS AITOLAKQUVOVTOL O £Vag OJTO TOV
GAMNO, TOTE eTIAéyoLUE TIEOGNUA, TIOU UeL@vouv Tn guyvotnto f/. Me dAAa Adylo, uiroelte va vitodoyiteton
T TTEOCNUA BAETTOVTOS UELOVOUEVA TNV TTRYA Kol Uepovwuéva Tov Ttapatnontin (Yeweavtag axkivnto tov
TOQATNENTA KOL TRV TTNYNA, aAvTiGTOL ).

Aglte 10 akoéAovBo TTaRASEYUAL.

Hoedderyua 3.31:

[Mwg Ya emAégovue TEOGNUO GTN YEVIKA Gxéon Tou Doppler GTiC akOAOUBEC TTEQUITTMOGELG:
(@) n Inyn TANGLAZEL TOV TAQATNENTA AAAG 0VTOC ATTOLaKEUVETAL OTTd QUTA.
B) n FTnyR aITOUAKQEUVETAL ATTé TOV TTAQATNENTA GAAG aVTAS Thv TTANGLALEL.
(V) n Tnyn agtoyokQUVETOL OITO TOV TTOQATNENTA Kl AUTOS £TT{GNG aTTopakQUveETAl aTtd AUTh.
(&) n mnyn TANGLALEL TOV TTARATNENTA KOl AUTOS €TTIONS TNV TTANGLALEL.

Avon:
(@) A@oV n Tnyn TTANGLACEL TOV TTOQATNENTA, TTEETIEL VO QUERGOUUE TN GUYVOTNTA, ULKQOIVOVTAS TOV
JLOQOVOUAGTA: U — Ug. A@OV O TTAQRATNENTAG OITOUAKQUVETOL QTS QUTNR, TEEITEL VO WKQUVOUUE TOV
oQBUNTA, OGTE VO UELWGOVUE Th GuyxvoTNTA: U — U,. AQO

f= f (3.319)

B) A@oV n ;Tnyn AITOUAKEUVETOL ATTO TOV TIAQRATNENTA, TIEETEL VA UELWGOVUE TN GUYXVOTNTA, UWEYAADVO-
VTOG TOV TIAQOVOUAGTI: U + Ug. A@oU 0 TAQATNENTAS TNV TANGLALEL, TTEETEL VO LEYOADGOUUE TOV
aQBUNTA, OGTE Vo AVEAGOVUE TN GUYXVOTNTA: U + U,. AQa

u+u,

f = — u_xf (3.320)

) A@ol n TTNyN AITORAKQEUVETOL OO TOV TTAQATNENTA, TIEEITEL VO UELWGOVUE Th GUYVATNTA, UEYOADVO-
VTOG TOV TLOQOVOUAGTA: U + Ug. A@OU 0 TAQATNENTAG £TT{GNG OTTOULOKRQUVETOL ATTd AUTH, TTEETTEL VO
WKQEUVOULUE TOV 0QBUNTA, OGTE VO UELWGOUUE Th GguxvoTnTa: U — U,. AQa

,  U—U,

S (3.321)

©) AoV n mnyn TANGLALEL TOV TTOQOTNENTA, TIEETTEL Vo, GVENAGOUVUE TN GUXVOTNTA, WKQEA{VOVTOS TOV
TAQEOVOUOOTH: U — Ug. A@oUV o TtapatnEntng emiong tnv TTANGLACEL, TIRETTEL VO UEYOADGOUUE TOV
aQLiUNTA, MGTE VO AVENGOVUE TN GUYVOTRTA: U + U,. AQa

fl=—"0F (3.322)
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IMaedderyua 3.32:

To tvmvntigr cog Taedyet évav nyo cuyxvétntas 600 Hz. ‘Eva sl “koAldel” kor Sev piropeite vo
70 kAglgete. Xtnv ameATicio cag, to setdte (“opnvete”’) amd To Taedbugo. Av vttobécete 4Tl n
Tayvtnta Touv Ayov eivar 343 m/s, kaw 6t feiokecte GTov 40 6poo (15 uétpa amd to £6apog), T
guyxvotnta da akovoete Alyo TTEWV yivel Kouuatdkia,

Avon:
Emeidn n mnyn tou nyov aItogakQUVveTOL aItd Lo, avOLEVOUUE N GUYVOTRTO TTOU aKkoUUE Vo efval WKEOTEEN
agtd 600 Hz. Awté tn oxéon tov Doppler da €xouvye

u

= f (3.323)

u+ g

"Ectow (A) n 9€on sov agrivouue To gumvntigl astd To mapdbugo, kot n gty Ttov ¢ = 0. To fumvntigl
extelel eAevBepn MTHGN WS To €8aupos - Féon (B). Oewoviue Tn GuUPOAR Twv Agdvwv wos GTo cnueio (A),
ue Yetkn @oed TEog Ta Tdve. O xedvog TTov atarteiTol yio va @TAGEL TO EUTTVRTAQL GTO £50pOog UIToQEL
va Beebel amtd tnv Kivntkn og

1
VB = Ya + toyt = gt (3.324)
1

-h=0+0- 5gz2 (3.325)

2h
t= 4|— (3.326)

8

Emtiong,

2h

up=up—gtp =0—gt = —g|— = |up| = ’\/Zgh’ m/s ~ 17.14 m/s (3.327)
8

ue To ;mEdonuo — va delyvel tn @oed Tng TaxvIntag (IEOg Ta KATw). Ao Tn Gxéon tov Doppler gavd
€xouue

u 343
"= = 600 = 571 H 3.328
S ivw! T 3saa § (3:328)
EvaAloktikd umoeeite vo YENGLLOTIOINGETE TN GYEGN
Uy = ui — 2gAy (3.329)

yia va Beelte o evrkola Tnv Tayvtnto otn déon B.

Hoaedderyua 3.33:

ATt6 T0 nyelo evog TAOVASIOV TTWANTA TTOU Kveltow Ue GTafepn TayVTNTa eRITEWITTETAL £va nUiTovo
oto 210 Hz. ‘Otav Belokeote ota 10 m asd to nyelo, uetpdte tnv nyoctdbun Tou AYou Kol Tn
Bolokete ata 95 dB agta 208 Hz. IIéGo ypdévo da Tdeer uéyol n nyootdbun vo TEGEL GTO AVEKTA
emtimeda Twv 55 dB; Ymobéate Jepuokpacia atoug 20 Babuoic KeAaiov.

Advon:
Aglte 10 (RaTOTTANKTIKG @) Zynua 3.48. Apywkd, n taxvTnto Tou nyov eivor

/ 20
ug =3314/1+ — = 343 m/s (3.330)
273
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(B) @

\ L
r=0m w=7

Yynua 3.48: ITAavodios TwAnRTHG pe nyeio.

ATt6 T Gxéon tov Doppler €xouue

ro U Y A B U o
f_u+usf=>us_(f, 1)u—(208 1)343~3.3m/s (3.331)

ooV n TNy astopareUvetal agtd yog. H évracn tovu riyou otic décels (A), 6Ttou elvan n 9éon wou uetpdue
Thv nyoatdbun kal gtn Jéon (B) mov €xel prdoel 6Ta vIToEeETd eTtiziedo Twv 55 dB elvar avtictouya

Iy = 10%/1°p, (3.332)
Iz = 10°/10, (3.333)
Atnpdvtag katd uén €xovue
I 107 o (3.334)
Ig T 1055 :

‘Oume n évtaon Tov Nyov oxeticeton ye Tnv arrdsTacn aItd tnv Tnyn pe tn oxéon

P
Iy = — (3.335)
Arry
Ko »
Ig= — (3.336)
Arry
Kol Stonpadvtag avd katd uéin Aoaupdvouue tnv TTOAD XENROoWN Gxéon
Iy 13
A _‘29 (3.337)
Ig g
A@ov 0 Aéyog Tov evidoewv eivan 104, To (8o da elvar ko 0 AGYoS TV aTOGTAGEWY, 0TOTE
2
= =10* = 73 = 10" = 10° = rg = 1000 m (3.338)
B
A

Omdte 0 TOANTAG TEETTEL VO PTAGEL GTO €va XIMOUETEO OGTE N nyoaTdlun va Técel Ta 35 dB. O xedvog
TToU agtouteiTon yio va SloviGel VTRV Thv aTtdcTacn eivol

Ax 1000 -10 990
A= 0T P 300 s (3.339)
" 33 33

Apa teMkd TTEéTEL va, TreQuuévouue S AeTITA o va Ttécel n nyootdbun ota 55 dB.
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Iaedderyua 3.34:

M opupiytea cuyvdtntag 540 Hz kveltar e kUkAo aktivag 0.6 m ue yoviakn tayvtnto 15 rad/s.
IMowd elvor n xapunAdtepn Kol n VPRAGTERN GUYVATNTO TTOU OKOVEL VOGS AKIVITOS OKQOATAS O 0TT0(0g
BelokeTow QEKETA WOKQELE OTTO TO KEVTRO TOU KUKAOU;

Avon:
Adyw Tng amécTaong Tou AakEOATh amd Tov KUKAO Ttou dloyedeel n 6eueixtea, deweovue 6Tt n kivnon
g geuEiyTEag elvarl evBVypauUn, WITEOC-TIiGwW €TTAVM GTN SLAUETEO TOV KUKAOU TTOU EVAOVEL TOV OKQOOTI
ue To KEVTEOo Tou KUKAov. H ypauwikn taydtnia tng ceueiyteas 1GoUTal ue

u=wr=u=0.6-15=9m/s (3.340)

‘Otav n 6eUEIXTEA TIANGLAIEL TOV OKQONTI, £XOUUE

" 343
- - 540 = 555 H 3.341
= =330 z (3.34D)

‘Otav aTtopakQUVETOL Ao AVTOV,

, u 343
f= u+usf_ 343+ 9

540 = 526 Hz (3.342)

Ytdowa Kopata

Q¢ tdpa, yvwploaue u6vo odsvovia kKOUATA, SnA. nyntikd KVLota ToV GUVERAALOY Ge kKATTolo onueio gtn
Sevbuvon Siddoong toug. Apaye da aALGEeL kATL av BAAouUE TIS TTNYES TOU ROV OVTIKQUGTA UETAED TOVG;
Ac vtoBécouue GTL €xouue wow kKowni Ty JTov guvdéouue duo nyela Ta oTola PEIGKOVTAL OVTIKEUGTA TO
éva, ue 1o dAro. “Etot, Ta kdpata da £xovv tnv (Sia cuyvdtnto, To {610 wAkog KUUOTOG, Kal To {610 TAGTOoG,
aAAG Srapopetikit TaxvTnta (avtiBetng @oedg, (Stov péteov duws). Ag dovue mwg avtd cuufdilovv GTo
X®WEO avdueca Toug.

OeEOVTAS UNSEVIKA Ak @Acn Kol yio To. Svo kiuata yio Adyoug astAovatevang, efvar

y(x’ t) = yl(x’ t) + )’2()@ t) (3343)
= Asin(kx — wt) + A sin(kx + wt) (3.344)
= (24 sin(kx)) cos(wr) (3.345)

UE XENON TNG YVOGTAC TELYWVOUETEIKAG Tavtotntas. Ilagatnencte 4Tt 1o KUUWO GTO OTtolo KOTAANEAUE
dev €xer tnv ggicwon Tou 0devoviog KVUATog, dnd. dev efapTdTol amd Tnv £keeacn kx — wt - dpo Sev
efvar éva odevov kopa. Tétowa kYyoTo OVOUALoVTOL GTAGWA KUUATO. Xe €va GTAoWo Kiuo dev vTTdoyel
n évvola Tng KuuaTikig diddoong. Tevikdtepa, oTdown ovoudieTon n TOAGVToOon ue GTAowo Tepiyouuo
Tov amoteleitor agtd tny vTéEBeon 6o GUOLMV KLUUATWV TTOV TAEdeVouV TTOC aviifeTeg katevBvvaEeLC.

Y{yovpa ctevaymenbnkate @ wov 1o asmotédecpa Sev nTav éva odevov kKUY Gav KL auTd Ue Ta ool
0oYOAOVLOOTE TOGES TTARAYQEAMOUS TIIoW, AAAA n eElomon TiEémel va cag elvar owela. Ag eTAELouue éva
otoelo Tou uéoouv dirddoong Tov KVUATOG, X = Xo:

Y(xp, 1) = (2A sin(kxg)) cos(wt) = A(xg) cos(wt) (3.346)

H mtapartdve oxéon uog Aéet 6Tl kGBe atoryelo Tmov Peloketar atn déon x ektelel AAT! Emiong, To TtAdTog
TNG AEUOVIKNG kivnong, 24 sin(kxg), evdg atotyeiov xg e€aptdtor agtd tn 9éon touv otoeiov oto uéco. Me
AAA AGyLoL, StoupoeTikd GToLxelol TOU UEGOV TAAVTOVOVTAL LE SLOPORETIKG TEOTTO AITO T VITOAOLITAL: UE
Tnv (8o cuyvétnto w AAAG pe SLopoEeTkG TIAGTOG.
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Aceopol xon Avtudeoyol

Aeboyévou 6Tl €xovpe wo otdown ToAdvToon, o ovoEMTIEGTE av VITAEXOLVV GTolXEld Tou WEGOoL TIOU
va unv taAovtovoviol kabélov, dnd. n déon toug, xg, va elvon tétola TTov 24 sin(kxg) = 0. Ilpdyuatt
vTtdEyouv TéTowa GTotxelo ko apKel va Avcouue Ty TTEonyovuevn €£lomwan Yol vo To. BRoUUE.

9 2
sin(kx) = 0 e kx = nr = 7ﬂx=n7r:>x= ”7 n=0123, (3.347)

Ta ctoyela avtd ovoudgovron decuoi. Emiong, vitdeyouvv gtoiyela mwou ekteAoVV TOAGVTOGON (e TO UEYa-
AUTEQO BUVATO TIAGTOG TTOU ETTLTRETIEL TO OTACLUWO TTERlyauua Toug. Mitogovue va ta feovue Advovtag tn

oxéon

@2+ 1A

sin(kx) = 1 & kx = nr + g —x . n=0,13,.. (3.348)

Ta otorgeio avtd ovoudcovton avtideouoi (i kowdieg). Eivar 7ToA) evkoAo va attodeitete 6TL n asdéotacn
uetTagy dvo Sradoykdv kotMwv elvar ion ue 4/2, n arwéctacn puetagd duo dradoyikwv decuwv eivor {on e
A/2, ko n agtégTacn peTagy deouov kol emwduevng kotllag efvon ton pe A/4.

Ag 6oUue - eTITEAOVGS - €va GTAGWO KU, TOUS SEGUOUS KAl TOVGS avTldecuovs Tov. Agite To Zynua 3.49.
[TopaTNEAGTE GTO GYAUO GNUELOUEVOUS TOUS SEGUOUC KOl TOUGS AVTIOEGUOUG, TO TEQlyQauia Tou KUUATOG,

Kol

Agopog

2A sin kx

Sxtuo 3.49: Yrdoiuo kvuo.
Kol kAgrola evildueao onueiol.

Acg Sovue éva Trapdderyual.

Hoaedderyua 3.33:

Avo rvuata to omola dtadidovtar Teog aviifetes katevBUVaELS, Snuovpyovv éva gtdoio kvpa. O
ETMUEQOVC KUUATOGUVAQTAGELS elvon

yi(x, 1) = 4sin(3x — 2r) (3.349)
yo(x,t) = 4sin(3x + 2r) (3.350)

UE X,y VO, LETEOVTOL GE EKATOCGTA KAl O XEOVOS G SeVTEQOAETITAL.
(@) Beelte To TAATOC TNG ATTANG QRUOVIKAG KIVRGNG Yl TO GTOElO TOU LEGOU TTOV PBEIGKETAL GTh
Péon x = 2.3 ekatoaTd.
B) Beslte i Yéoels Twv Seaudv kKol TV KoMV av To €va dkpo Tng xoedng PelokeTal GTo anuelo
x=0.

Avon:
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(@) "Exouue
y(x, ) = y1(x, 1) + yo(x, 1) = 8sin(3x) cos(2¢) (3.351)

ue yenon asing teywvouetpiag. OmoTe

8sin(3-2.3) = 8sin(6.9) ~ 4.6 cm (3.352)
B) T Toug Secuovc €xovue
A
X5 = ”7 n=012, (3.353)
KOL YO TOUG QVTLOEGULOUG
2n + 1A
Xo = %, n=012, (3.354)
To unkog kvpatog etvar A = 27” = %’T m, omoTE
X5 = % n=0,12,-- (3.355)
2n+ D
azT, n=0,1,2,--- (3.356)

Koparto und Oploxée Xuviixeg

Agite To Iynpo 3.50. "Exouye éva vAaga Teviouévo kal deuévo ato drea tov we duo toixovg. To televtaio

Yynua 3.50: Tevtowuévo viua.

€XEL WG GUVETIELD, TO VARLOL VO £XEL VITOXEEWTIKA SEGULOUS GTO AKQEO TOU, OV €va GTAGLWO KUua Snuovgynbel
eTAV® Tov. Ag Tovue Tl Sieyelpovue To vALO GTO UEGOV TOv, ue To SAXTUAS nag. Todte da dnutovpyncouue
dvo nuitovoeldn kupata TTov da Tagldépouv o avtibetes katevBvvaels, Yo avakAAGTOUV GTOV ETAGOUV
oTa dKQEO TOU VAUATOG, Kol Ja eTGTEEWOUV [e (Lo TTAATOS KAl GUXVATRTA, SNULOVEYDVTAS £TGL €val GTAGL-
uwo KUUOL.

Ovoudigouvye 0QLOKI GUVONRKN TO YEYOVAS OTL TO VAULO €XEL VTTOXEREMTIKA SecuoUs GTo. dkEa Tov. AuTtd
€xel dueon GUVETIELO GTO UNKOG KUUATOS TOU GTAGLWoU kKUuotog: Ja elval wporaboplouévo, apov

) 2r 2L
2Asin(kL) = 0 = kL = 7L == A,=—, n=12,3,--- (3.357)

n
AoV u = Af = f, = 35, KL n guyvéTnTa Tou KVUaTog etvar emiong eokabogiouévn. H oglari cuvlrikn
TEOKAAE! €vOl GUYKEKQIUEVO aQLOULS SLOKELTOV GTAGYW®Y KULATOV GTO VLA, TTOU AEYOVTOL KOVOVIKO! TRETTOL
I 1W8rouopeés (modes). Kdbe wa 18ropopen €xel tn Sikn thg cuyvdtnta, n ogroio viroloyitetar evkoAo. To
EAVOUEVO OTTOU UOVO GUYKEKQULEVEG GUXVOTNTES TAAAVTOONG odnyolv Ge GTAGO KUUO AEyeTal KPavTi-

GuoG.

Kd0e kavovikGs TeOITTog TAAAVTOONS 0QITeTol wS N TAAMAVTOON TTOU £XEL 0QLOKES GUVONKES GTA GKQEO
g (Beouol) ko kdbe deouds astéyel 1/4 Tov UNKOUVS KULOTOS OITTd TOV £TTOUEVO/TTQONYOVUEVO OVTLOEGUO.
Aglte 10 Zynua 3.51. Xto oxnuo PALTIETE TOUG TEELS TTEOTOUS KOVOVIKOUS TEOTIOUS TaAdviwong. Me A
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h fa I

ynua 3.51: Kavovikoi TpdIrol TaAdvTwong.

€xouv onuelwbel ol Seauol kow ue A ot avtdeouol. T'o T0 n1—06Té KAVOVIKSG TEOTO TOAAVTWONG, TO WAKOG
rovyatogs da elvan

2L
A,=—, n=12,3,--- (3.358)
n
KO Ol (UGIKEG guyvoTnieg Ja elvor
u u
fn:/l_n:ni:nﬁ’ n:1,2’3,~~- (3359)

Av 1o vipa €xel tdon T Kol YROUWKA TTUKVOTRTO WATOS U, TOTE Ol PUGLKES GUYVOTNTES TTEQLYRAPOVTUL ™G

n T
=— .= n=12.3,--- (3.360)
2L \ u

In
INa n = 1, n ouyvédtnta fi Aéyetar depeMddng cuyvéotnta. AT Thv €ficwon (3.359) Tapatnpovue
OTL OAEG OL UTTOAOLTIEG GUYVOTRTES elval aréQaLd TTOAAATIAGGLO TnS TeueMdBoUS Kal oL Kavovikol TEOTToL
TOAGVI®OONG Ue AUTES TIS GUXVOTNTES OVOUALOVTOL AQUOVIKES. Xto Xynua 3.51 BAémete Tnv ;EATN, Tn
devtepn, kot tnv Teitn aguovikn. I'a vo Toagovctactel wWévo (o aQUoVIKA, TTEETEL To vAua vo dieyeBel
®OTE VO TTAEEL TO GYAUO TNG €TTONUNTAC aEUOVIKAG. Aol To Sieyelpouue, To vipa Ja Tadavtwdel otnv
avtioToyn cuyvotnta. IIgo@avds katalafaivete Tl avTd LITOEOVUE VA TO KAVOUUE YLOL TO TTOAD TIS TEELS
- 1600€QIC TTEADTES ORUOVIKEGS, YiaTl puetd To TTEdyuo duckolever @ Av duwg Sieyelpouye To VAR Ue Tuyolo
TEOTTO, WOVO KUUATO TTOU KOVOTIOLOUV TIG 0QLAKES GuUVOrikeg da “emigcnGouv” GTo viAuo: oL aQUOVIKES ©.
MdMoTa, n Tuxaia Siéyepon Tov vipatog (ag vitofBécovue 6Tl cuuPaivel Tn xeoviki otiyun ¢ = 0) uiroesl
va Wwhel wg n agyki woeen tov vagatog ya ¢ = O:

y(x,0) = f(x) (3.361)

Mitopel kavelg va delgel pabnuatikd 6t Adyw tng togovaiag Seauddv yia x = 0, x = L, dnA. f(0) = f(L) = 0,
n goeen mov dwcaye 6To vago ue Tuyalo TdéTo uiropel va ypopel wg

[se]
. (7mnx
f) = ) Agsin () (3.362)
L

n=1
To maparmdve dBgowcua ovoudieton Xerpd Fourier. Ou dpot tng ewpds Fourier eival akelBdg ol xwEIKES
LOQPES TV ARUOVIK®VY TTOU AVATTTUGGOVTAL ETTAV® GTO VARA OUEG®S UETA Tn Siéyepon Tou. O GUVTEAEGTES
Aj 00¢ TTANEOEOQEOVY yio To “mdon” (Iwéco “Suvatd” SieyeipeTar) agrd Tnv KABE 0QUOVIKA TIEQLEXETAL GTO

oTdoWo kVpo JTou dnpovgyeitor TTAV® GTO VAW, KOl TOU OTolov TO aQyKO GyAud ddcate ue Tuyolo
Te670. “ET0l, To otdoo kduo da €xel tn poen

Y0 = Y Ay cos(w,d)sin (”%) (3.363)
n=1

—_ — —_ u
ue w, = nwy = 2anf; = n.
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Iaedderyua 3.36:

Ot BroAdyor TigTeEVOUY OTL LeEkA £ldn apdyvng “kovEditouv” Tov 1GTO TOUG Ue TETOL0 TEOTTO WGTE VO
elvor BEATIOTOG GTNV TTAQOYWYA GUXVOTATWV TIOU OVTLGTOWOUV 6Ty “TdAn” swou kdvelr éva dnpauwo
6tav mactel oe autév. ‘Eva vAua Tov 16700 Wwag apdyvng éxel TuTiiki Sidueteo 20 pm Kal o 10Tog
éxer Tukvétnta 1300 kg/m®. Tia tnv magayeyn deuehiddoug guyvétntog ota 100 Hz, mwéon moémel
va glvar n tdon evég vALOTOS UAKOUS 12 eKATOGTOV TIOU TRETIEL VO VEAVEL N aEdYVN;

Avon:
To unkog KVUOTOS £VOC GTAGIUOU KUUOTOS GE Vol VAU, TIOU TAAAVTOVETOL 0T JepueAddn cuyvdtnta eivar
A1 = 2L. H yoouki, TTUKVETNTO, TOL VALOTOG elvan i = pA = 1300 - 772 = 3.14- 10719 m?. T va TadaviwmBel
7o viipa gtn degeMddn cuyvdtnta (n = 1) tov 100 Hz, Ya seémer

1 |71
fim o | —=T= AL?fEpA = 2.4-107* N (3.364)

Iaedderyua 3.37:

"Eva amtdvio BloAfl Stradivarius salcer o vota uikoug kvpatog 39.1 cm n ogtola axkovyetonl peAwdikd
oto awtl cos. To Swudtio elvor oyeTikd CeaTd, 0TTGTE N TAVTNTO TOU 1xov elval 344 m/s. Av n
yoouutki wurvétnto theg xoedrig eivar 0.6 gr/m ko n tdon tng elvan 150 N, w660 £ivor To Uikog Tou
TOAOVTOVUEVOU TURUATOC TNG X0EONGS Tou BloAlov;

Avon:
To kua ce éva teviouévo viapa/xoedn ue decuovc ata dvo drpa tou elvon gtdowo. To UnKkog KUUATOC
€VOS GTAGLOU KUUATOS GE €Vl VAQLO OV TOAAVTOVETAL GTn depeMddn cuyvotnta eivar 4y = 2L. To uikog
KUWATOS TToU @Tdvel 6To dvuti gag eivar A = 0.391 m, omdte n guyvoTnTo elvar

f= ”ﬂ ~ 879.8 Hz (3.365)

Avth elvan Kol n cuyxvotnta TTov @EpeL To KVua atn xoedn. ‘Etal

Ugtri 1 T
879.8 = —& = — /—S — 1=0.568 m (3.366)
A A\ u
Omdte 1
L= 3 =28.4 cm (3.367)

Aoxpothporto’
Ytn ueAétn Tov oTdownv kKupdtov, ibaue @oavoueva cuUPoAng kKuudtwov pe tnv (6o cuyvdtnto. Avaloyo
ue tn déon Tou arorelov GTO XWDEO, elyoue SLOPOEETIKG TTAATOC TAAAVTWONG TOV GTOLXElOV, GUUP®VA UE
™ oxéon

y(x, 1) = 2A sin(kx) cos(wt) (3.368)

AvTov Tov eidoug n guuPolin ovoudtetan yweiki cugfoln. ‘Ouwgs Tt da cuupel av ta cuuPalidueva kigato
€xouv Alyo SrapopeTikin guyvétnta; Tote e €vao GUYKEKQLUEVO Gnuelo Tou X®WEOL T GuUPAALSUEVO KUUATO
Ya elvon mwoéte oe @don kol TOTE €KTOC EAGNS. Auto uropel va TreQypagel og Wi ypovikri evallayn
UETOEY KATOGTEETITIKNG KoL EVICYVTIKAG cuufolic. H cuufoli outit ovoudteton ypoviki cuyfolrn. Auvth n
TeELOSIKA UETAPBOAL TOU TTAATOUS TOU KUUATOS G éva SeSouévo onuelo Adym tng vItéebeong KUUAT®V Ue
AMyo SropopeTikég guyvdTntes ovoudcetor dtakeoTnuo. Mitopeite va akovaete £va StakeOTnUo ov JTolEeTe
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dvo yertovikd TTANKTEA GTo Tridvo. Me Alyo reQuocdtepn AeTTOUEQELd, £0Tw oL cuyvdtntes fi, fo yio duo
ropata ue toa TAdTn. O Gx€aels Tov Ta TTeQLYd@ouy efvat

1(t) = A cos(2r fi1) (3.369)
y2(t) = A cos(2r fot) (3.370)

To cuvoAikd kvua da eivar

(3.37)

2r(f1 — fz)t) cos (2n(f1 + fz)t)
2

y(#) = y1(1) + ya(1) = 2A cos ( 5

Ta Svo kvpata yi(7) kol yo(f) @aivovion oto Exnua 3.52(a) kKol To GUVOAIKS KVpa 6to Xynua 3.52(b). H

Xxtwo 3.52: AraxpdTnua.

Slokekoupevn yoouun oto oxnuo ovoudceton srepifdAlovoa - envelope, ue e€icwon

Yemy(f) = 2A cos (M) (3.372)

H mepipdAAovca eupavitel akpdtota dTov
cos(m(f1 — fo)t) = =1 (3.373)

Apa vTtdeyovv dvo uéylata ae kdbe TeElodo Tou kUuatoc. "ETal n guyvdtnta tov Stokpotiwatog eivol

2lh - fol
2

Iaedderyua 3.38:

H Muvpéta meguiével oTnv TTAATEOQUO VOGS GTaBUoU TEEVeV evd Suo TEéva TTANGLALoUV aTtd Tnv
{6 TAeVEA Tng TTAOTEASEUAS we Ttaxvtnta 8.0 m/s. Kat ta dvo teévo opueitouv tnv A@LEn Toug, ue
wo. gepnva tdlag cuxvotntag f, kol To éva Teévo BelokeTal Ge Ui aTtéaTacn Ticw aItd To dAAo.
Aot 10 TTEHOTO TEEVO TTepdaoel To onuelo TTov PeiokeTaw n Mueéto alAd TTEWV ThV TTEOGTIEQAGEL KoL
To devtepo, autin akovel €va dtakpdtnua ota 4.0 Hz. ITowd elvar n guxvotnta TOV GERRVOV ToV
TEEVWV;

=fi-fl (3.374)

f beat =

Advon:
H Muveéta elvar axkivnin og TToQATNENTAG, £Ve T TEEVO Ty TAncldcovv. Amd tn oxéon tou Doppler
Exouue

f = f (3.375)
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Ta 1o TEévo TTou TTANGLALEL, n MUEETa akovel GuVOTNTO

, 343
[ =357
I To teévo Tov Beicoketan Ticw, n Mueéta akovel cuyvdTnTa
, U _ 343
f= u+usf_ 351f

H cuyxvdétnta tov Stokpotnuatog eivan

343 343

fbeat=|f,_f’,|:f,_f,,:fbeat:>[ﬁ_ﬁ]f:4:>f:85~7 Hz

(3.376)

(3.377)

(3.378)
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Aoxfoeic

IHaedderyua 3.39:

"Eva goua pdgoc 1.5 kg efvar Seuévo age edatnplo kot ektedel A.A.T. ue guvdptnon déong
x(t) = 0.074 cos(4.16¢ — 2.42) (3.379)

ue 6Ao ta ueyébn vo €xouv uetenbel gto Aebvéc Tootnuo (Béon kar TAATOS GE m, GuYVOTNTA GE
rad/s, @don ce rad, xpdvog ot s). Bpelte

(@) To yedévo TToU aTTaLTeElTAL Yid Lol TANEN TtaAdvinon

B) tn otabepd Tou ehatnpiov

) tn wéyiotn Taxvnta wou Aaupdvel To chua

©) n yéytotn dvvaun TTov AGKEITOL GTO GOUO

€) tn 9éon, Tayxvnta, kou emTd)VVON TOU copatog 6tav ¢ = 1.00 s

() Tn dVvaun Tov glatnEiov TNV TARATTAVK XQOVIKA GTIyUn

Avon:
(@) O ypedévog Tou agtartelTal yio U TARER TaAdvinon tgovtal ue Tnv 1eElodd Tou:

2 2n
T===_c=15s (3.380)
B) Eépouue 611
w = \/g = o’ = % = k = w’m = (4.16)* - 1.5 = 25.95 N/m (3.381)
) Eépouue 0T
Unmax = WA = 4.16 - 0.074 = 0.3078 m/s (3.382)

(®) H yéyiotn SYvaun mdve 6To couo ackeltor dtav Peloketor oTtn uéyiotn armopdkouvon (elte ouuttieon
elte €ktaon Tou ehatnpiov) amd tn Jéon GogeoTiag, apov

Frax = |kXmax] = 25.95-0.074 = 1.9203 N (3.383)

€) A tic egowoelg tng ALAT

x(1) = 0.074 cos(4.16 — 2.42) = 0.074(-0.1684) = —0.0124 m (3.384)
u(l) = —4.16 - 0.074 sin(4.16 — 2.42) = —0.3034 m/s (3.385)
a(l) = —(4.16)% - 0.074 cos(4.16 — 2.42) = 0.2157 m/s> (3.386)
) Oa eivon
Fio1 = —kx(1) = =25.95 - (-0.0124) = 0.3218 N (3.387)

MHoaedderyua 3.40:

"Evo. oduo ektelel ATAn Aguovikit TaAddviwon. H grepiodoc tng efvar 0.9 SevtepddeTita kal To
mAdtog tng elvon 0.32 pétpa. ‘Otav r = 0 10 coua Peloketar gtn Jéon x = 0.32 m ko Peioketan
otywaio ge akwnoio. Yioloyicte To xedvo Ttou da yeewocatel yia vo kivnbel

(@) agtd th 9éon x = 0.32 m otn Jéon x = 0.16 m

B) amd T Yéon x =0.16 m otn Yéon x =0 m
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Avdon:
Av n mepiodog tng AAT eivar 0.9 SevtepddeTita, n guxvotntd tng da elvar

10
f=1T = EHZ (3.388)
KOl N KUKMKR GuyvoTnto
207
w=2nrf = ?rad/s (3.389)

To mtAdtog tng efvan A = 0.32 m. AoV ywa t = 0 To copa Peloketar otn déon x = A kaw akivnto, ToTE oL
apyikes auvinkes tng AAT etvan x(0) = A, u(0) = 0. H yevikn popoen tng AAT eivan

x(t) = A cos(wt + ¢) = 0.32 cos (m%t + ¢) (3.390)

ATt6 TIS aQykéS GUVONKeg €xouue
x(0) = 0.32cos(¢) =0.32 = ¢ =0 (3.391)

Ae yperatouacTte Tn devtepn ayikin cuvlnkn, doeo
20
x(f) = 0.32 cos (7”:) (3.392)

(@) Ztn 9éon x = 0.32 m, 10 cwua eivar akivnto. O xedvog TToL agtontelton yia vo kwvnfel gtn Jéon
x =0.16 m divetar wg

20m 20m 1 b4
x(t) = 0.16 & 0.32cos (?t) =016 = cos(7t) = 2 = cos (g) (3.393)

H Adon tng TaQastdve TEYOVOUETEIKAS e£{cwang elval

20
?”z = ok + 7—?: kez (3.394)

OewEovue 6Tl 0 XEOVOS TToV CnTelTal aPoEd TNV TEATN POEA TTOU TO CWUo Tinyoiver aTtd tn déon
x =0.32 gtn 9éon x = 0.16, dpa YEtovue k = 0 TORATAV®, KAl Exouue

207 T 9
—t==—<¢=t=—=015s (3.395)
9 3 60

(B) Miaropovue va vIitoAoyicouye To xEdvo Tov astarteitar astd tn déon x = 0.32 wg th Jéon x = 0 ko
Vo OLPALREGOVUE TO XEAGVO TOV TTROTOV £QWTAUATOS. Oa elvan

207 207 b8
x(t) = 0 & 0.32cos (Tt) =0 < cos (TI) =0 = cos (5) (3.396)

H Aion tng Ttagattdve eglocnong eivar

20
i =onk+Z, kel (3.397)
9 2
OewEovue GTL 0 XEOVOS TTOV CnTelTal apoEd TNV TEATN @OEA TTOU TO cwUo Ttnyoiver aTtd tn déon
x =0.32 gtn ¥éon x = 0, dpa Yétovue k = 0 ToEATTAVK, KO £xouue
207 n

9
— ==& t=-—=0225s (3.398)
9 2 40

O tntovuevog xpeovog da elvan t =g — 11 = 0.225 — 0.15 = 0.075 s.
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Ioedderyua 3.41:

Y16 axés tov 2004, emotinuoves cto Ilavemiotiulo Purdue tng AueQlkng yenciiogroincav pio
TOAU gvalcoBnTn TeXVIKA ylo va UETERGOUV Tn wdga €vog 1ov amtd ouToUS TIOU XENGLULOTIOLOVVTOL
oto eufoma tng evdoyidc. H Srabwacio mepuddupave tn uétonon tng cuyvetntos TaAAVTHOong wog
TOAU AETTTAG KAl UIKEAS PETAS GLAMKAOVNG - WOALS 30 VOVOUETRMV WAKOUGS - UE XENGN AELLEQ: N TTEOTN
uétpnon yve xmEls Tov 16 AV, eV n deUtepn LétEnon €yve Ue TOV 10 ETTAVE 0T EETA GLAMKGVNG.
H Swapopd otn pdgo tou ToAaviotn Tteokdiece uetafolés atn cuyvétnta TaAdviwong. Miogoiue
va yovieAoTtotngouye tnv 6An Sadikacia wg éva cvotnuo {udgog, eAatngiov}.

(@) Aelgre 611 0 AGYOC TV GUXVOTATOV TAAGVI®OGONGS UE KOl XWELS TOV 10 TAV® GTn @ETA GLAKGVNG

Stvetan amd tn oyxéon
@ B 1

fS B 1+ﬂ
V myg

Or 8elkteg v kAl s SnAdvouv 16 (virus) kow Glkovn (silicon), avtictoiya.

@) H @éta cihkévng €xel udea 2.1-10716 g (yoauudoua) ko cuyvétnta taddviocng 2.0 - 10 Hz
YwE(g ToV 18, evéd ue Tov 16 n GuvéTnto Taldvioong yivetar 2.87 - 1014 Hz. ITéon eivar n pdca
TOV 10V;

(3.399)

Avdon.
O Setlkteg v ko s dnAdwvouv 16 (virus) kol Guukovn (silicon), aviictorya.
(@) Ou cuyvétnteg Taldviwong divovtor amd Tig oxéoelg

k
fi= |— (3.400)
mg
k
Ssov = (3.401)
Mgty
we mgyy, = mg + m,, Ko
fs+v — Myey — Mg — U (3 402)
fS ms-}.v mq + mv ’

Bydtcovtag kowd oedyovTa GTOV TTaQOVOUAGTA TO M, TTalpvouue

1
s _ s — = (3.403)
oo \mo(t+ ) e

B) Axo nv TEONYyoUuEVn GXEGN €xouue

1
S o1 Lo (1 + ﬂ) (3.404)
fS 1 + my ms
mg
f2_ 2
my = my=—= (3.405)
s+v
4-10%0 — (2.87)? - 1028
_ -16
=21-10 ( 28 107 ) (3.406)

=9.988-107° ¢ (3.407)
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IHoedderyua 3.42:

Katd to me®dTto cag Stagtlavntikd Tagidt atov stAaviatn X €tuye vo Ttdeete pwacl odpa pwdcas 200 g,
éva ehatnglo unkovg 40 cm, éva uéteo kol €va XxEOovOUETEo. OFAeTe Vo UEAETAGETE TNV eTITA LVGNR
KOTd TV elevBepn mToon gtov TTAaviatn X, kaBOS n TWAG Tng dev GuUITEQLAAUBAVETOL GTOV TOUQL-
oTKO 0dnyd. Mo viyta KEeUdTe To €AATAQELO ATt TO TARAVL TOU SwUatiov GOg Kol TOU KQEWATE TO
ooua. Mopatnpeite 6Tl 10 cduo exktelvel To ehatiplo katd 31.2 cm. Tdte emunkdveTon To EAATAQLO
katd 10 cm kot to agnvete. Me to xpoviueto Pelokete du 10 Tadavimcelg ypetdcovtar 14.5 s yio
va ekteleoToUv. Bdoel Twv TToQeXOUEV®OV TTANQOMOEL®OVY TTOGOo glval To g;

Avon:

Agite 10 Zynpa 3.53. Oewpovye JeTikit oA Tng Kivnong IrEog Ta TAvw. XTo onyelo 1GoEEoTTiag LoxveL o

log véupog Tou Newton:

oToTE

dy=A
AL=31.2cm kAL
Equilibrinm --teee--}.. — {y=0
[lﬂlum
i — qy=-A

Mgy

Yynua 3.593: Métpnon g otov IIAaviitn X.

F =0

B+ F, =0

kAL —mgx =0
k_ &
AL

Tl Ty ATt aEUOVIKIA Kivinon k/m = w?, eTouévag

2 _ 8x

2

gx 2n 21
=X = [ =T == (5] AL
CIEA T YT NAL T L T (T)

- 2—”/102 0.312
145 (0.312)

=5.86 m/s

(3.408)

(3.409)
(3.410)

(3.411)

(3.412)

(3.413)

(3.414)
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Ioedderyua 3.43:

"Eva yeydAo kouti P, To otolo eivar guvdedeuévo ue €va Aemtd elatriplo, exktedel oQLdvtia, oIt
ouoviki kivnon kabdg yAoTedel kata WAkog wag Astag emupaveiag ue guxvotnta f = 1.5 Hz. "Eva
kouTl B Peloketar axkivnto wdvw 6To P KOL 0 GUVTEAEGTAC TNG GTATIKAS TEIPNG avduesa oto &vo
KoOUTLG elvan pg = 0.6. Ilowo eivar T0 péyloto TAATOC TOAGVTIWONS ylo TO 0Tolo To Kouti B Sev
oMcBalve;

Avon:
Agite 1o Zynpa 3.54. H uéyiotn emtdyuvvon yo To Talovtevduevo ciatnua eivor

s 4
) 5
] —*[
BiOHIH P
'l lr.lg'

Yyaua 3.54: Kouvtid 10 éva stdvw GTo dAAo.

Amax = Aw® = AT*Af? (3.415)

H &Yvaun tng 1o mou dnutovpyeital LeTtagld Ttwv V0 KOUTLWV TEETEL Vo elval TETOLO WGTE VO WItoEel
7o koutl B va emtayuvlel e avtiv tnv emitdyvvon. Emouévws av elivar £tolwo vo yMoTenael

S5 = Foma = Hsnt (3.416)
Adyw 1600oTTlaC GTov dfova Yy, o log véuog tou Newton uag divel
D P =0e=i+F=0=n=F,=mg (3.417)
0oTdTE ad To 20 vOuo Touv Newton
Fonar = M5t = psmg = ma = m(4w°A f?) (3.418)

TO 0Ttolo Sivel kow To UEYLoTO TTAGTOS TG TAAGVTOONG

Ao M8 (0.6)(980) _ 6.62 cm (3.419)
An%f?  An2(15)2

Iaedderyua 3.44:

"Evo. koutTl kelton TTdve oe Aela emupdvela, 0Ttog @aivetal 6to Zynpa 3.55(a), kol cuvdéeTar pue o
ehatnplo, atafepés k kaw kg avtiogToya. Aelgte 6Tl n guyvéTnTa TAAGVTOONS TOU KOUTIOV diveTal
agtd Tov TUITO

- 2, £2
f=A+1
omov fi kaw fy elvaw ol guxvoTnteg ue Tig oroiec Ja TOAAVT®VOTAV av RTav Guvdedeuévo udvo ue
éva €€ auTov.

Avon:
Agite To Zyxnua 3.55(b.) Xt0 kouti ackovvtor §Vo duvduels. Av To KovTl €xel JeTikn petatdmion, Sniadn
x > 0, kow ov Vo duvduels (N W ATTOWONTIKA N GAAN EAKTIKA) €x0UV KOTEVOUVGN TTROC T ARLGTEQH KL
€XOUV OEVNTIKEG TWEG:

Fnetx = Fsplx + FspZX = —klx - kzx = —(kl + kz)x = —keﬁx (3.420)
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R o

Equilibrium

(a) (b)

Xxiuo 3.53: Xyrnuata Acknong 3.44.

OTTOV ke = k1 + ko €lvar n cuvoMikA oTaBed Twv edatneinv. Autd onyaivel 6Tl n TOAGVTOON TOU KOUTIOU
vTé Tnv dpdon ki Twv duo edatnplwv efvan (Sia ue Ty Taddvioon Ttov da ektedoVce av To KOUTL ATav
deuévo ae €va ehatilo, we oTaled keg. ETtoudévmg yioo tnv cuyxvoTtnto Tou KouTloU €Xouue

1 [key 1 \/lq + ko \/ ky ko \/ﬁ
- = = = 3.421
f 2r\'m  2rm m AnZm - AnZm W+ 1y ( )
INaedderyua 3.45:

Ye éva Mudvt Gy tou HpoakAelov), n maAippolo. Tteokalel Tnv Gvodo kol kdbodo Twv kKuudTwv.
YuykekQuéva, n ermedvela tng YdAaccas avefaivel ko katefatvel astdéataon d (Ao To vVYnAGTEQO
onpuelo mg To YAUNAGTEQO), KIVOUUEVI GE ATTANL AUOVIKNA Kiuncn ye mtepiodo 12.5 wees. Av gekwnoete
n uétenon cag amd to vynAdtepo onueio (ITov KATL onpaivel AvTd ylo TRV AdEYK @Adcn Tng
0QUOVIKAG Kivnong ®), TG0 xe6vo xeeldceTal To vepd va katépel astéotaon 0.25d amd 1o vpnAdteQo
onueio;

Avon:
A@oV n oTdéeTOoN UETOEY TOU VYNAGTEQOV KOL TOU XOUNAGTEQOV cnuelov Tng emipdvelog tng JdAaccag
elvan d, Téte WIToEovUE va LOVTEAOTIOINGOUUE Thv dvoSo Kol Tnv KGABoSo Tng mg aItAn aUoViki kivnon ue
TIAGTOG d/2. Av n mepiodog pag Siveton wg 12.5 tpeg, téTe n ocuyvdtnto da eivon w = 2nf = 2x/T = 1%_”5
rad/h. To wedéfAnua pag cntd vo gekvicoupe tn UWETENRONR wag artd To vpnidtepo onueio, Sni. yia t =0, n
OTTAIL aEUOVIKI Kivion tng eTupdvelag tng ddlaccag da Sivetor wg

d d
x(0) = Acos(wt + ¢) = 3 = 5 cos(0+¢) = cos(p)=1—= ¢ =0 (3.422)
Apa
d 2
x(1) = 5 cos (éz) (3.423)
ue 1o XEOvo t va ekeedceTal ge des. o va katéfel To veed amdctacn 0.25d amd to vpnidtepo onuelo,
onuatver 4Tt TéTe To WAATOS TG TaAdvTwong Ja elvon % - % = 211' Omdte
d d 2
€ Leos[ 2y (3.424)
4 2 12.5
2 1
cos —ﬂt = - = cos(z) (3.425)
12.5 2 3
2n n
—t=2knt—-, keZ 3.426
125 73 (5.426)

(3.427)
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kot Fétovtag k = 0 yio va fpodue Tnv TROTN POQEA TTov KaTeROlvel aTtd TO UEYIGTO YOS UEXEL TO Soouévo
VYOG, €xouvue
t
125

Ioedderyua 3.46:

"Eva. oopa pdgos m; = 9 kg cuvdedeuévo ue elatnpro atabepds k = 100 N/m Boioketor aQyikd
o€ 100QQoT{a, 0TS oTo Xynuo 3.56(a). ‘Eva devtepo owua udcag my = 7 kg kwveltar ogyd T1005
TO 0QLOTEQRA GITEWYVOVTAS TO GMOWUO M KOL GUUTLECEL TOo elatnglo katd A = 0.2 m, 6TTwg GTo
Yynua 3.56(b). To cuoTnUO OphRveTOL EAeVBEQO KAl TO GOUATA 0QXI{TOUV va, KvoUvToL TTROS Ta SeELd.
H toipn tov emmédov dempeiton aueAntéa. ‘Otav 1o cdua my @Tdvel 6To onuelo 1GopoTtiag, xdvel
TV emaEn ue to me (yworti;) kow exkelvo guveyitel va kvelton TTog T 8L pe ToyvTnTo U,

(@) Beelite tnv todnta u.

®) Hbc0 agéyxouv Ta GOUOTO GTAV TO EAATAQRLO €lval TTAMEMS TEVTOUEVO Yia TTRAOTN QOQEd;

1
=3 & 6t =12.5 & t = 2.0833 wpec (3.428)

—
v
k " my My
k

LARARARARARRRAR \
L .iummiwu \,'iw;w*iwiw}fr

k mp my
i |
|

|
e A —

ynua 3.56: Koutid ue edatrplo.

Avon:

(@) H ouvvolwni evégyeta atn 9éon uéyigtng cuutieong touv gdatnpiov elval eAacTiki kot {on pe U =
%kA2 = 2 ] kol 16oUTal Ue TN UNXAVIKI €VEQYELD TOU GUGTARATOS {Guata, eAATELO}, TO oTtolo elvon
TLOAUUEAES KOL OTTOUOVOULEVO, Le wdvn Svvaun Ttov TTapdyet égyo tn SUvaun Touv edatnEiov, JTov elval
guvtnEntki. Xtn 9éon 1600eoTtiag, n GuvoMkn evégyela elvar wévo kvntiki, SnAd. amd thv AAME
GTO GUGTNUO £XOVUE

AEP>C =0 (3.429)
Eb =K.+ U, (3.430)
1
Eb = 5+ ma)u? + 0 (3.431)
2E
u? = %ﬂ” (3.432)
mp + my
u=0.5m/s (3.433)

Avti elvon n toyUTnTo TOV My KOl TOV Mg GTO chyueio gogpoTtiag. Ilgwy agtd to cnueio avtd, To
coua my kwveltow ue gtabfepn tayvtnta 0.5 m/s, eved to coua m; agyitel va empeadvvel Adyw Tng
Svvaung tov eAatneiov.
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B) H evépyela touv cuotiuatog {eAatriglo, cadua my } atn 9éon weoppodtiag lvar
1
§m1u2 =11257 (3.434)

Avté elvon {co emiong ue %k(A’)z, 6mov A’ givor To TWAATOS TOAGVTWGONG TOU TIROAVAPERDEVTOG
cuathpatog. ‘Etot,

1
EIOO(A’)2 =1125=A"=015m (3.435)

/ml
T =2r il 1.885 s (3.436)

Ko agtanteitan xedévog iT = 0.47 s a@pov mepdaoel To onuelo 1GOEREOTIAS Yo v GTAGEL TO EAATAQLO
og TTAMEN €KTACN Yol TTEOTN PoEd. H ardotacn TTou xweITel Ta 0OUNTA my KAl Mg €lvol

H meplodog Tov guatipatog etvan

T
D= M(Z) - A" =856 cm (3.437)

Ioaedderyua 3.47:

Y10 Xynuo 3.57, éva odpa Bdeous 14 N gtou oMcBaiver xwels TEWPES ot kekMuévo ywviog 40°,
GUVEEETAL UE TO TTAV® UEQEOS TOL KeEKMUEVOL UEGm edatngiov urikovug 0.45 m kar gtabepdcs 120 N/m.
(@) Av 10 couo apedel astald petd tn cvvdeon ue to gdathgo (wElS va Tadaviwdel), wécO
uakQLd aTTd TNV KoEUEN Tov KekAwévou PeiokeTarl n 9€on 1GoEEOTIOS TOU GUGTALATOG,
®B) Av to ooua TEOPLETOL EAAPEA TIEOS TO KAT® UEEOS TOU KEKMUEVOU KoL OprveTor eAevbeQo,
Ttold elvor n weE{odog TG TAAAVI®GNG TTOV TTEAYUATOTTOE{TAL;

Yxnuo 3.597: EAdatriplo, coua, KAl KEKALUEVO.

Avon:
(@) AoV 10 coua Guvdebel GTo eAATELO, da TEVIHOGEL TO EAATAQELO Yid KATTOWL OTTOGTOGN Kol UeTd da
16oeoTnoel. ‘Eatw d avti n amtéctacn uéxel tn 9éon wcopeotiag. ‘Eotw évag vontdg dgovag x’'x
TOEAAANAOG TOU KekMUEVOU. Xtn J€on avtn, ool To oy 1Gopeottel da 1exvel o log véuog tov

Newton
Zﬁx=6<:>ﬁs+ﬁgx:6zFS:ng (3.438)
kd = mg sin(6) (3.439)
d= w = 0.075 m (3.440)

Apa T0 GOUA Jo LGOEEOTITNGEL GE GUVOALKI AITOGTAGN ATTO TNV KOEUEN Tou kekAMuévou ton ue 0.075 +
0.45 = 0.525 m.
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B) H mepiodog tng TaAdvimong €£0QTATOL OITO TO XOQAKTNEIGTIKG TOU €AOTNEIOV KOl TOU GOUATOG,

KBS
m
T =2n = 0.686 s (3.441)

Hoedderyua 3.48:

Evo ooua pdgos M = 5.4 kh Beloketon axivnto oe Aglo oQugévtio emiziedo, kon efvar deuévo ce
ehatnplo gtabepds k = 6000 N/m. M cpalpa udcag m = 0.095 kg ytumd 1o coua, Kol a@oy
GENVOVETAL UG GTO Gopa (Fewedviog Tl n Kovcn 8 GUUITIECEL TO €AATAQELO), TO VEO GOU
{opaipa, copa} astorTd TaxVuTnTa Uy = 1.089 m/s. To véo cduo GUUTTLECEL TO EAATAQELO, KoL GTN
ouvéyelo ektelel aTTAN auoviki TaAdviwon. Beelte 1o TAGTOC TG TOAGVTOGNG TIOU ekTEAEL TO VEO
GMOUOL.

Avon:

Y10 TTEOPAnUO avTo, TTEETTEL Vo feovue Tn UEVIGTN GuuUTtiegn Tov eAatnElov, 6Tav OUTO GUUTILECETAL AITO
T0 ooua {oealpa, copa) wdtag M + m. Osweovue GTL, amwrovcio TEPWY, To cuaThud {EAATAQLO, COWOTOL}
elvar agtopovouévo, kKaBOS n uévn Svvaun Tov Tadyel €gyo GTo gvatnua eivor n SVvaun tov edatngiov
(n kdBetn SVYvaun agtd to £8apog kot n duvoun tov Pdeoug eivar uev duvduelg TTov §eouvv GTo GUGTULO
OAAG elvonr KABETEC GTN UETOTOTILON TTOV TTQOYUATOITOLEl TO GAOUA, Kl £TGL TO £Qyo Toug elvar Undév), n
ogtolo. efvar cuvtnEnTikA. Xtn diadgoun oTtd To onuelo A (cnueio TTOU TO GOUO AITTOKTA ThV TOXVTNTO
TOU avaEéEel N erewvncon) wg to cnuelo B (onuelo uéyigtng guumiecong tou ghatnpiov), woyvel n Agyn
Awatiignong tng Mnyavikng Evépyetag.

Eﬁlech = Elﬁech (3442)
Ka+ U, = Kp+ Uy, (3.443)

1 1
Fm+ My +0=0+ 5kx2 (3.444)
(m + M)’ = kx* (3.445)

m+ M)u?
K= % (3.446)
(m+ M)uf4

¥ =\ =00329m (3.447)

EmAésaue tn detiki plta kabdg n guumieon tov elatnpiov yivetor meog ta de€id, dmwov dewpovue GTL
TEOKELTAL VIO, Th Tk o4 uetprnoewv déong oe oxéon e tn 9éon wopeomiag tov edatngiov (x = 0).
Apa to TAdTOS Tng TaAdvimang mwov da vroatel To gugTnua da etvar A = 0.033 m.

MHaedderyua 3.49:

To Zxnua 3.58 divel éva yevikd ypdenua yia Tnv eMOGTIKA SUVOUKA EVEQYELD YO £VO, GOR WALAS 2
KIAOV GTn woeen bx?, ue 1o x oe ekatootd. To coua ektelel awin aguoviki tTaddvioon. H tyi Uy
Tov elval poKaplouévn Gtov kdbeto dgova teovtan ue 2.0 J.
(@) Av to codua Tepvd amd tn déon 16opoTiag Tov ue tayxutnta 85 cm/s, da emaTeéwel Tow
TEWv @Tdoel tn Yéon x = 15 cm;
®) Av vou, og TOL4 Déon, KL av Gy, TwoLd elvan n TayvTnTd Tov otn Yéon x = 15 cm;

Avon:
To cVotnua {coua, elatnglo} elvor ToAvUeAES KAl aTtogoveouévo, ue udvn dvvaun mov Taedyel £€Qyo tn
Svvaun tov gdatngiov, TTov elvor guvtnEnTiki. OTOTE N unyaviki tou evépyela eivar gtabepn. I'vaopitovue
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10 20

x (cm)

Yynua 3.98: I'odpnua kar AAT.

6Tl 6Tav To ooy TTEQVA aTtd Tn Jéon wwopeoTtiag, Exel UEyLoTn TV TRTO (Ko Undeviki eA0GTIKA SuvouikiA
evépyela, RaBDg To eAatnElo BEIGKETOL GTO PUGIKS TOou UNKOG). ‘OAn n unyaviki evégyela ge avtn tn Jéon
elvan kKwntikn evégyea, doo

1
Epech = Kipax = 5mu,%m =0.72] (3.448)
Kottdgovtog to ypdonua, BAémtovue 61t U(x = 10) = 0.5 J. A@ot n eAacTikin Suvaulkn evégyela eival tng
woperic bx?, n gtabepd b da eivan {on ue 5.0 - 1073 J/em?. Apa

Ux)=5.0-10"2-122=0.72J (3.449)

6tav x = 12 cm. Aa To GOUO TIEAYUATL ETLGTEEPEL TTLG® TTEWV PTdoel Th déan x = 15 cm, agov To gUGTUL
yvia x = 12 cm €yel Suvapkn evégyeta JTTOU LGOUTAL UE TN GUVOALKI UWNYOVIKA TOU €VEQYEL.

Iaedderyua 3.50:
"Eva, codpo. Ge OTTAR 0QUOVIKA, TOAGVTOGN TTeQLYRA@eL Tn déon Tou wg
x(t) = Acos(wt + ¢) (3.450)

ce oxéon ue tn 9€on 16oeoTtiag Tou. Av ¢ = m/d, TOTE TOGO TOGOGTO TNG GUVOMKNAG EVEQYELOS TOU
TalavToTn Peloketon arrodnkevuévo wc eAAGTIKA Suvaukn evépyela Tov, otav t = 0;

Avon:
Otav ¢ = /5 kaw ¢t = 0, 1éte
X(0) = A cos (g) (3.451)

H cuvolkn evégyeta tou Talaviwti Ja elvon
1 2
E;pr = 5kA (3.452)
yio kG0e ypovikn atiyun. H eAaotiki Suvauiki evégyelo tn xeoviki otyun £ = 0 elvan
1
Ut=0) = 5kx(O)2 (3.453)

O Adyog v dvo eivar

U) _ ske(0)® _ jkA®cos’(x/5) _ )

= = = 3.454
Eor kA 1kA? GHY

S
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oTTOTE
UQ) = cos? (g)EtO, = 0.6545E;,; (3.455)

dQa. TO TTOGOGTO TNG GUVOMKNAG EVEQYELOS TOU TOAOVTI®TA TTOU BEICKETOL ATTOONKEVUEVO WS EAAGTIKA Su-
VoK evépyeto Th ypovikn agtiyun ¢ = 0 elvanr 65.45%.

Ioeddeyua 3.51:

"Eva. copo udcas 10 yoauuapiov exktedel amin aguoviki taldvimon ue mtAdtog 2.0 mm, uéylotn
emrtdyvvon 8.0 - 10° m/s?, kar dyvootn agyiki don ¢.
Boseite

(@) tnv meplodo tng kivnong, T

B) n péyiotn TaAYVTNTO TOUV GOWOTOS, Upgy

(V) TN GUVOMKNA UNnYOVIKi eVEQYELOD TOU TOAAVT®WTA

) to uétpo tng SVvaung edatnpiov emdveo GTo Gouo GTav auvtd Peloketol Gtn Jéon péyiang

uetatdmong agtd tn d€an 1GopeoTtiag, kol oTn Jéon Wong uéyigtng uetatdmicng asmod t déon

1GopoTTiag
Avon:
(@) T va Beovue tnv Ttepiodo xeelagduaate kdmolad guxvoTnta. A6 Tn gxéon Tng UEyLGTNG eTMLTdYLUVGNG,
€youue
max = WA =8.0-10° = w = , /a’l’;ﬂ = 2000 rad/s (3.456)
Apa
2
T="=31.10735s (3.457)
w
B) H uéyiotn toyvtnta eivan
Umax = WA = 4.0 m/s (3.458)
) H ouvolikn evégyela eivon
1
Epecn = 5kA® (3.459)

aAMG Se yvmeltovue To k, Tn gtabepd Tou gdatnpiov. ‘Ouwg gépovue OTL

[k
W= +|— =k =w’m=4-10* N/m (3.460)
m

Owdte
1
Epech = 5kA2 =0.087J (3.461)

©) H 8Vvaun divetar agtd tn yvowoth oxéon Fy = —kx(t). Ztn péyiotn petatdmion amd tn déon 16opQo-
Tiog, n Suvaun da elvar (kKatd uéto)

Fy = kx| L, =(40: 10%)(2.0-107%) =80 N (3.462)

eV oTn Won uéytatn uetatoémon da efvon

=(4.0-10)(1.0-107%) =40 N (3.463)
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IMaedderyua 3.52:

"Eva, eykdpaolo kOpa 6e éva ool Teplyd@etal astd tn Gyéon

y(x, 1) = 0.0075 cos (7 (40x + 250¢)) (3.464)

ue OAa T UeyEOn gtnv TaRAITAV® Gyéon va €xouv uetendel gto Aebvéc Xuotnua (Béoeis ko TTAGTOC
ce m, kvuataEuds ce rad/m, cuyvotnto ce rad/s, xeévog Ge s).
(@) Beelte To AdTOG, TNV Tepiodo, Tn GUYVATRTA, TO UAKOS KUUOTOS Kol Tny Taxvtnta diddoong
TOUL KUUOTOG.
B) To kvua tagdever mEog Tn Jetikn TAeVEA Tou dfova X' x N TEOS Ty apvnTki, Efnynote.
) H uwdta avd povdda unkoug tov oxowtot etvar p = 0.05 kg/m. Bpeite tnv tdon tov, T.
©) Beeite tnv uéon oy, P, Tou KOUOTOG.

Avon:
(@) ATO Tnv €€lowon Tou KUUOTOS €XOUUE

A =0.0075 m (3.465)
11

T=— =5 =0.008s (3.466)
7

pelo L _jsp (3.467)

= — = = 7z .

T~ 0.008
2 2

1= -2 _ 005 3.468
kK~ 40 m (3.468)

w=Af = 0.05-125 = 6.25 m/s (3.469)

B) Hpog tnv agvntiki (AELOTEEA), yiati elvan Tng woEEng A sin(kx + wr).
) T'vooeltovue 6t

T T
U= |—=u=—=7T=u’u=(6.257-0.05=195N (3.470)
V 2 Ju
©) H uéon woxvg, P, tou KOUATOG lvon
L9509
P=—uw'A"u =542 W (3.471)

2

IMaedderyua 3.53:

"Eva nuitovoeldég ko guyvétntag 500 Hz tagidevel pe taxvtnta u = 350 m/s.
(@) Iéco uaxeld peickoviar dvo onueia Tov KVLATOS TOU Stapépovv Katd /3 Gt @don,
B) Hbon eivar n Suopoed @dong UeTAE) SU0 UETATOTIGE®Y EVOS GNUEIOV TOU KUUATOS, OTOV AUTES
Stapépouv ypovikd katd 0.001 s;

Avon:
"Eva nuttovoeldég koo dtvetor asd tn oxéon

y(x,t) = Asin(kx + wt + ¢) (3.472)
INa f = 500 Hz, w = 2xf = 10007 rad/s xkai amwd tn oxéon u = Af = 1 = % = % = 0.7 m kou dea
k= 27” = % = @ rad/m. Emiong, n mwepiodog tov kiuatog da elvon 7' = % = 0.002 sec. Omodte

20
y(x,1) = Asin (Tﬂx + 100077 + ¢) (3.473)
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"Eotw 611 To ko Sadidetar wpog ta Sesid, SnA.
20
y(x,1) = Asin (T”x ~ 10007t + ¢ (3.474)
(@) Toa onueio TOU KUUATOS TTOV ATTEXOLVV €va WAKOS KUUOTOG, £€xouv diapopd @dong 2r. Apa ta onueio

JTov €xouv Slopoed @dong m/3 Ya érouv unkog kvpatog 4/6 = 0.1167 m. Evaldaxtikd, yio dvo
agToyela Tov KOUATOG, X1, X2, Ja TTEETEL

AD = Oy — O = g (3.475)
%T"xz—wt+¢—207"xl+wt—¢:g (3.476)
g(xz —x) = g (3.477)

Ax = % = 0.1167 m (3.478)

B) Eépouue 6TL éva onueio Tov KUUOTOS ektedel ATAn Aguoviki Kivnon ye to {8to mAdtoc A kou
ouxvoTNTA W, AAAG pe Stapoeétiki @don. Xe xedvo wog Tepuodov T = 0.002 s, n Siapoed @dong
uetagd dvo petatomnicewv Ja elvar 2r. Xe xpovo t = 0.001 s, wov agroteAel To UGd Tng JTEELOdOU,
n Swapoed edong uetagd twv Svo uetatomicenv da elvon 7 rad. Evaldoktikd, av décovue x = 0,
xweic BAAPn tng yevikdintag, ko to — f; = 0.001 o Socuévog xedvog, ToTe

AD = Py — O; = —10007(t2 — #1) = —10007 - 0.001 = —xr rad (3.479)

TOV TEAKTIKA SnAwvel 6Tl n Stopoed @dcng lGovTal Ue 7.

IMoedderyua 3.54:

"Eva nuitovoeldég kiua oe xoedn meplypdpetol amd tnv eglcmnan
y(#) = 0.15 sin(0.8x — 501) (3.480)

ue x,y o uétpa kal ¢ ge Sevtepdiemta. H mukvitnta pdgog tng xoedng elivon p = 12 gr/m.
(@) Bpelte tn yéyiotn eykdpaolo emitdyvvon evog onuelov tng yoeong.
B) Hpoacdiopicte Tn uéyiatn eyrdpaia dUvaun ce €va TuiRpa tng xoedng unkovg 1 cm.
) IIpocdiopicte Tnv TAGN TOU GXOWLOU KOl GUYKQEIVETE Ue Tn Wéylotn eykdEata dUvaun €movo-
®OQEAS TOU TTEONYOVUEVOU EQWTAUATOC.

Advon:
Yuykpivovtag tn Sedopévn gxéon pe tn yevikn eglcwon koyatog, €xovue 6Tl k = 0.8 rad/m, w = 50 rad/s,
A =0.15 m.
(@) "Exouue

2
_9 2 (;’ D 015 (=50) - sin(0.8x — 50¢) (3.481)

40 Apmay = 0.15 - 50% = 375 m/s?.
B) Tw to TUARA TOL gvdg EKATOGTOV Ue UEYLGTN dUvaun vo ackeltol TTAve Tov,

XF =ma=0.045 N (3.482)

) Tw va peovue tnv Tdon Tov VALOTOS, VITOAOYITOUUE TIROTO ThV TaXVTNTA TOU KUUATOG

u=Af = % = 62.5 m/s (3.483)
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/T
U= |—=T=uu®> =469 N (3.484)
M

O Svo duvdyelg éxouvv Aéyo mepirtov 103, SnA. n wa eivar 1000 @opés ueyalvteon améd tnv GAAn!

Hoaedderyua 3.53:

"Eva nyntikd kiyo tTng WoReNg

Omdte

S(X, 1) = Spmax cOs(kx — wt + @) (3.485)

Tagdevel pe tayvtnta 343 m/s Gge aéplo UEGA GE WOKQU OQLIOVTIO GOAMvVA. Xe KAITol YQOVIKM
oTyurt, éva uopo agpiov A otn déon x = 2 m Aaupdver tn uéylotn petotoTiion (Petkn) amd tn
9éon 160pp0Tiag TOV, TOV oVt ue 6 - 1077 m, evd éva udpro agpiov B otn don x = 2.07 m
uetatoTriceton katd 2 - 1072 agré tn 9éon 16opeoTtiag Tov. ‘OAa Ta uéola UETAED Tov A Kot B éouv
evdldueoeg petatoTiioelg agd tn Jéon 1ooeoTiag tovg. IIdon elvar n GuxvoTNTA TOL KUUATOG;

Avon:
‘EGTtw 6Tl n xeovikn Gtiyunt wov avagéeel To TeopAnya eivar n ¢t = 0. Tdte, yia To gtoyeio A, da €xouvue

5(x4,0) = Spax cos(kxy + @) (3.486)
5(2,0) = 6-107 cos(2k + ¢) = 6 -107° (3.487)
eve yio To gtoyelo B Ya elvan
s(xp, 0) = Syux cos(kxp + @) (3.488)
$(2.07,0) = 6 -107 cos(2.07k + ¢) = 2-107° (3.489)

INa va Beovue tn cuyvétnta, dedouévng tng toyvintag diddoong, da xenowoomcovye tn oyéon
u=Af (3.490)
4o XEEWTOUOOTE TO UWAKOG KUUATOS A. ATIO Thv TTe®Th Gxéon Taigvouue OTL
cosk+¢)=1=2k+¢p =0 ¢ =-2k (3.491)

KOl aVTIRAOLGTOVTOS GTn devtepn

1 1
3¢c0s(2.07k + ¢) = 1 & cos(2.07k + ¢) = 3 — 207k + ¢ = cos! (g) =1.231 (3.492)
KoL 4o
2.07k — 2k = 1.231 < 0.07k = 1.231 < k = 17.585 (3.493)
KOL aJt0 Tn Gxéon
2 2
k= 7” == 7” = 0.357 m (3.494)

TéMog, n e€lcwon (3.490) uog divel

343
= —— =960.78 Hz (3.495)

u
S =37 037
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Iaedderyua 3.56:

"Eva eykdeaolo nitovoeldés kuua Kveltar Katd unkog vapatog atn detikii katevbuvon tou dgova
x'x pe tayvtnto 80 m/s. Ta r = 0, To aTTEROGTE WKEG TUAKA Tov vAuatos atn Jéon x = 0 €xel
eykdpota petotoTiion 4.0 ekatootdv attd tn Jéon wwopeottiag tov ko dev kwveliton. H uéyiotn
eykdeaola ToyvTnTa Tov {dlov TpRRatog etvar 16 m/s.

(@) Howd n cuyvétnta f Tov KUUATOG;

B) Iod To unkog kVUATog A;

) TedwTte Tnv KLWOTOGUVAQETNON TIOU TEQLYRAMPEL TO KUUAL.

Avon:
(@) Tvwpizovue GTL TO ATTEROGTA WKEO TUAUA VALOTOS EKTEAEl ATTAN AQUOVIKIA TAAGVT®OON KAl yvweitovue
4Tt n péytotn TaxvTntd Tov divetal amd tn oxéon

Unax = WA (3.496)
16 400 rad/ (3.497)
=—— = rad/s .
“= 004
Omdte
w
f=—=64Hz (3.498)
2r
B) Axo n oxéon u = Af, mwaipvouue
u 80
A=—-=—=126 m. 3.499
7 64 m ( )

) T tnv kugatocguvdginon y(x, ) uirogovye va yedwouue
y(x,t) = Asin(kx = wt + @) (3.500)

To wwAdtog etvar A = 0.04 m aztd ekpodvnon. O kvpataEOuds k divetor wg
k= 2% ~ 5.0 rad/m (3.501)
Kol yvweitouue agrd to (o) epwTnua 6Tl w = 400 rad/s. Aga
y(x,1) = 0.04sin(5x — 400t + ¢) (3.502)

ue To mEdonuo — vo. opeldeTor otn Siddoon TTEOC Ta deLld (GTTWS avagépel n ekpovnon). H agyki
@don ¢ urroeel va Peebel av aglomoingovue 1o ATEROGTA WkEd UL viigatog atn 9éon x = 0, ToU
éxer eykdpaota uetatdmion y(0,0) = 0.04 m étav ¢t = 0. OmdTe

¥(0,0) = 0.04sin(¢) = 0.04 &> sin(¢) =1 => ¢ = g (3.503)

Omdte GUVOMKAE

y(x, 1) = 0.04 sin (5x — 400t + g) (3.504)
= 0.04 cos(5x — 4001) (3.505)
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Iaedderyua 3.57:

H e&lowon evig eykdpotov KULATOS TTov TAEdevel G LakQU vina Sivetal agtd tnv kKugotoguvdetnen

y(x, 1) = 6.0sin(0.027x + 4.07t) (3.506)

Ue y, X GE €KATOGTA KoL ¢ Ge SevTtepoAeTita. Boelte
(@) To TTAGTOG TNG KUUOTOGUVAEQTNGNG
B) To uAKOG KVUOTOC
) T ouxvéTnIa TOU KUUOTOS
©) Tnv Tayvnto Tov KUULOTOG
(€) tn devBuvon diddoong Tov KVUATOG
() Tn uéytotn eyrdEota TaxVTNTO EVOS COUATIO0U Tov VALOTOS
(§) mdéon elvar n eykdpaolo ueTatdétion yia to onueio x = 3.5 cm tov viuatog, étav ¢ = 0.26 s.

Avdon:
(@) Amé tnv kvgotocuvdotnon, to TAdTOS elvar A = 6.0 cm.
B) Az Tov kvpataEud k, £xouvue

k:%’f:),l:lm (3507)
) H ouyvétnta elvar w = 4.0m rad/s, omdte
f=w/@2nr)=2.0 Hz (3.508)
©) H toyvtnta touv kduotog eival
u=Af =2 m/s (3.509)

(&) To kduo Sadidetar 6To x—dgova TTEOS Ta aELeTERd, POV TO TTEAOCNUO TG GUYVATNTAS W elval JeTIKS
oTny €l0OON TNG KUULATOGUVAQTNONG.
() Aot kdbe Tunuo Tov VAROTOS ekTEAEl OTTAML OQUOVIKA TOAGVT®ON, £épouue GTL n Uéylatn ToyUTNI
Tou Ja elvar
Umax = WA = 0.75 m/s. (3.510)

(@) To to gntovuevo cnuelo tn dedouévn xpovikn gtyun, da €xouvue

¥(3.5,0.26) = 6.051n(0.027(3.5) + 4.0m(0.26)) = 6.0 sin(1.117) = -2.02 cm (3.911)

Ioedderyua 3.58:

"Evag TdT0g va petprnoouvye tny avgncn depuokpaciog Tou TTAavVATn, elvol va uetpncouye tn uéon
Yepuorpacio Tov wkeavol. O TEOITOG ue Tov oTtolo Talpvouv UETENGELS Ol eQevvntéc eival Kol-
TOUETEOVTAS TO XEOVO TTov xeeldcetor va Stadobovv ov nyntikol Ttaduol ce ueydleg vTofEUyles
astootdoels. Xe fdBoc 1000 m, dmov n Yepuokpacio tng Jdlacoag elvar oTabepn yvpw ctouvs 4°C,
n uéon tayxvtnta Tov nyxov etvon 1480 m/s. ATd £QyaGTNELOKES LETENGELS YVvwitouywe OTL n ToyU NI
Tou Ayov awvgdvetar katd 4 m/s yioa kdfe povadiaio (1.0° C) avgnon tng depuokpacias. Xe €va
Telpapa, dmov Tapnydncav ol otnv KaAipdovia ko éyvav avtiAngttol 6to Noto Epnvikd, ta
nyntkd kogoato Siévugov 8000 km.
(@) Xe méoa SevtepdreTita T Tagldewav Ta KULATO T GUYKEKQWEVN ATTOGTAGN,;
®B) Av n glddotn xeovikn petofoAn mov uiopesl va evromiotel pe akpeifela eivanr Ar = 1.0 s, wod
n taxvInto Twv Kuudtov e xeévo T’ = T + At devtepdletta,
) Ioud eivar n uikedteen uetafoAn tng uéong depuorpaciag AC mwou umoeel vo uetendel, Adywn
0UTOV TOU TTEQLOPLGUOV GTN XQOVIKA OKQiPela;

Avon:
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(@) Amo tnv Kwvntikn €xouvue

Ax Ax 8000000
" At=t—-0=T=—"—="""-5405.4 D12
u At<: t=t-0 . 1480 5405.40 s (3.512)

B) Exiong, gavd agmd toug vépovg tng Kivnong

Ax 8000000

=2 S 47972 51
“ZAr T 5406.40 912’ (3:513)

) Awd ta mapartdve, da elivor

lu —1480| _ [1479.72 — 1480|
4 B 4

Iaedderyua 3.59:

"Eva wpwtvé Zappdtov, omdte kan Félete va EekovpacTteite agrd Tig StaAégeis Puaikng tng efdouddog
ToV TTEQATE, 0 yelTovdg gag agtopacitel va Tepdael kKaAddlo ethernet astd 1o GAAGVL GTnv KOLTIva
TOU, UEGW TOU TO(XOVL, Yo va €xel internet ko aTnv kovgiva. O Tolyog elval apKreTd TToVg Kol TO
TEUTAVL Tou ducKkoAgveT, KAVOVTAS aEKETO JoQUPO, TTEAYUN TOU Gag ekvevEltel kal SuoKOAEVEL
Tnv TEooTtdleld cag va kowndeite ovd. Zav vo unv €ptave ovTtd, o AAAOGS yelTovdg cag, oty dAAn
TAEVEA TOV 0QO0POoV, FéAel va gTepedoel Ty smart TV Tou gtov Ttolxo tou galovioy tov. Emednl
VEVIKG N TTOAUKOTOWK{O €lval YeQN KOTOOKEUN, TO TEUIIAVL KoL TOU deUtepov yeltova TeoaTiBeTan
GT0 GUVOAMKS DdpuPBo. BempEnate GTL Ta Suo TELITAVIA SovAevouv Ge TteQiTtov (on ATtdGTOGN ATTO TO
KQEEPATL GaG, KL N €VTACN TOV NYNTIKOV KUULATOV Tov duo gpyaleiwv elval Ttepittov (da. Idve ata
vevpa Gag, ywati 8¢ cag apnvouv va kownbelite, maigvete TnAéewvo To @ilo cag kol Tov Aéte “Agv
UIT0Q® Vo KAElow WATL, n nxootdbun ue ta dvo TeuUTdvia eival STAdGLo oVTAG ue To éva TeUITAvVL”
O @lAog Gag, Tov WOALS Tedelwae To Sidfacua Tng YAng tng Kuuatikig, kpueoyeldel e avti Gog
Tnv kovPévta. Tati;

u=1480 + 4AC = |AC| = =0.07° C (3.514)

Avdon.
H @edon “Aev umopd va kAeicm pdtl, n nyootdbun ye to Svo TeuItdvia ivarl SITTAdoLo AUTAS ue To éva
TeUTTAVL” vTTovoel GTL n nyogTdlun wag évtacng I; SumAacidgeton dtav dimrAactdcetor n évracn 21, dnA.
ot av

I
p1=10log - (3.515)
Iy
n nYoctddun Tov evég TEUITOVIOY, TOTE LaYVEL
26
B2 = 10log —= = 26, (3.516)
0
Ag dovue av avutd oyveL.
21 L
B2 =10log — =2B; =2-10log — (3.517)
Iy Iy
21 I
10log =L = 10log -+ (3.518)
Iy I
2
2h _ (3.519)
Iy I ‘
L
2=— (3.520)
Iy

I =21, (3.521)
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Hopatnpovue 6Tt 0 SrAaclacuds tng nyootddung dtav Sumdacidgetal n évtaon cuyfaiver uévov Gtav
I = 21y. IIgoavig, n évtacn Twv TEUITAVIOY elval TTOAD peyaldtepn atd tnv eAdyloTn avTAnitti éviacn
Iy, dpo n @edon eivar Gvimg AABOS GTn GUYKEKQWEVIN TTEQITTTOON.

Ioedderyua 3.60:

Ael€te 6TL n Swopoed petagd twv ematédwv decibel By, B2 evég nyxouv cuvdéeton ue to Adyo Twv
OTTOGTACGEWY F1, Fo QITO TNV NYNTIKA TNYA UE Tn oxEon

B2 — B1 = 201og a (3.522)
re
Avon:
Eivar
I I
B2 =10log —, pB;=10log — (3.523)
Iy Iy
oTTOTE /
B2 — i = 101og 1—2 (3.524)
1
Extiong,
P P
hh=—7F, L=— (3.525)
471r2 47rr1
Jtov divel
I n\’
— == (3.526)
I ro
Apa
I 2 I
B2 —p1 =10 log(—l) = 20log (3.527)
re re

IMaedderyua 3.61:

Av gio oTacTida pewwvel To emtiztedo tng nyostdbung katd 20 dB, mtdécog eival 0 Adyog TG TEMKNAG
TEOC TNV AQYKA €vtacn (Xwels ®TacTida);

Avon:
"Eotw i 0 deiktng mouv cuuPoritel tnv katdotacon xweic wtaciida, ko f o deiktng 1oV GUUPBOAILEL TV
KOTAGTAoN Ue wTacTida. Oa eival

I
By = 101logy, I—f (3.528)
0
Bi = 101og,y — (3.529)
Iy
KOl
Iy I;
Bs —Bi = =20 = 10(10log,y - — log;y — (3.530)
Io Io
Iy

l

I
% =102 (3.532)

1
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Iaedderyua 3.62:

GPAIPIKA KUUATIKA UETWITA.

2
I Ty
T 2
Iy 1

g€ (ol VITOEERTN nyoatdOun Twv 55 dB;

O VTTOAOYIGTAGC GOS “KEAGOQEE™ TTETAOVTAS UWITAE 006vn, TNV MEO TTOU aKoUYdTE GE VYNAR évtacn Thv
AYOTTNUEV GOS WOUGIKA. AGYm TOU KQAGAQIGUATOG, 0 Y0o¢ “KOAAnGe” Ge €va nuitovo twv 1000 Hz,
KAVOVTAS ThV akEOAcn a@AVTOoTO eVOXANTIKA. Ocwenote OTL Ta nyntikd kvuato Swadidovtor oe

(@) Aslgte 6T 0 AGyog dvo nyntikov evidoewv I, [v tng (Blog TNYRS 1ooUTAL UeE TOV AVTIGTEOPO
AGYO TV ATTOGTAGEWY, 71, F2, AITG TNV TNYA, GTO TeTEAY®WVO, dnA. delEte Tt

®) Otav o H/Y cag “koAddel”, Bpiokeote oe astéoTtacn 1 m amwd avtdév. Me ueydin ducokoiia,
uetpdte Tov 1o kot felokete OTL €xel nyostdOun 95 dB. Adyw Tng evoyAnong cag, agyitete
va TEEXETE WOKQELA. Xe TTéoNn aIrdaTacn TEETTEL VoL PTAGETE Y0, VO, OKOUTE TOV EVOXANTIKG Yo

Avon:

(@) Tvwpitovue 6TL To nyntikd kopoto Sodidovtar Ge GEOLEIKG KUUATIKG UETWTTOL KAl N EVTAGELS TOUG

Sivovton amd n oxéon
P avg

Arr?

(3.933)

UE 7 TNV OKTIVOL TOU KUUOTIKOU UETOTOU, dnA. Tnv amdstacn tng Tnyng aid to 5éktn. o Svo
nynTikd kogota evidoemv Ii, Iy Tov épyovtal amd tnv (Sia wnyn éyovue

P avg 9

é _ 47rrf _ Ty

T Pae 2

b~ I "
nry,

B) O nyog ue nyoctdbun 95 dB €xel éviacn

Il 11
B1 =101log;, E = 9.5 = logy = e 1093 =

‘Ouota, yio Tov fyo pe nxootddun 55 dB Ja €xel évroon

Iy Iy 5.5 _
ﬁz =10 loglo E 55 = loglo 10—_12 — 10 =
Aol QITO TO TTEONYOUVUEVO EQAWTILOL
L 7 )
T2
Iy
- 2
1072° ry
10-65 ~ 12
rg =104
ro = 102 m

I
10—12

= I, =107%° W/m?

(3.534)

(3.933)

(3.936)

(3.937)

(3.938)

(3.939)
(3.540)

Apa meémel va amopakeuvBovue 100 () yétpa atd Tov vmtoAoyioti pag. Kadvtepa va tov kdvouue

eraverkivnon! ©
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Iaedderyua 3.63:

MLOl LGOTQEOTIKA, TINYA A0V ERTTEUTIEL NYNTIKG Kiua évtacng 0.008 W/m? e améotacn 10 m aié
autn.

(@) ITéon elvar n évtacn tov nyov gta 5.0 uétpa aITd TNV TNYN;

®) Hdéon eivar n nyootdBun ota 10 yétpo agtd tnv TTNyn;

Advon:
H évtaon Touv AYov JTov eKITEUTIEL LGOTEOTIKA Ulo. TTnyn Ge aTtdéotoon r Sivetal wg

P, avg

= 3.541
4mr? ( )
ue Pgye Tn uéon oy tng mnyng.
(@) Av ri =10 m ko 2 = 5 m, ToTE
P

Il 47rr12 rg
I_ = P = ) (3542)

2 47rr§ rl

n omoia divel 0.008 25
- = — & I, =0.008-4 = 0.032 W/m? (3.543)
Iy 100
B) H nxoctdbun divetor agtd tn oxéon

I
B =10log,, — (3.544)

Iy

ue Ip v évtacn avapoeds ota 1000 Hz, wou eivor 10712 W/m?2. Aga
8-1073 9

B =101log,, Tz - 10log;((8 - 107) (3.545)
= 10log;, 8 + 101og, 10° =90 + 10 log,, 8 (3.546)
=9.03+90 =99.03 dB (3.547)

Iaedderyua 3.64:

O 1iog oviyvevetal aTtéd To avti wog av éva nYnTikG KUUO TTROKOAECEL TAAGVT®GN GTO TUUTIAVO TOU
ovToU pag. Mio TuTkiA StdueTEog Tou TLUTTAvVoL elvar TiepiTtou {on ue 8.4 xAoGTA.
(@) Méon evépyela TapadideTar 6To TiUTTaVO KABE oA TTov KAIToL0¢ Wibuplterl (nyootdbun 20 dB)
éva WUOTIKO GTO VTl GOS Yl XEOVO £vog SeuTeQOAETTTOU; XENGLULOTIOGTE £VTAGN OvOLpOoEAS
Iy =1-107" W/m?.
®) TINa va kotaddPete w660 gvalaBnto eival To AVTl GOS G TOAM) ULKEES TTOGOTNTES EVEQYELAG,
VTTOAOYIGTE TTAGO YERyoEa £va. KouvouTit udgog m = 2.0 mg TTEETTEL Vo TTETAELEL Yo va, €YeL €va
TETOLO TLOGO KIVITIKNAG EVEQYELOLC.

Avdon:
Aot n iduetpog Tov TVUTTAVOL elval 8.4 YAOGTE, n akTiva Tov da eivon r = 4.2 1073 m.
(o) H evépyela oxetitetor ue th uéon 1oV g

pP=— (3.548)

E = PAt (3.549)
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T tnv 16x0 nyntikol kULoTog g€pouue 4Tl
P
1= 1 = P=1IA (3.550)

ue A tnv emEdvelo KAOETA GTNY 0TTOl0L TTEOGTTIITTEL TO NYNTIKO KUUA. APOoU WAGUE yia €vol TUUITAVO,
n eTMPAVELQ TOV TUUTTAVOU €xel eupadd A = mr? = 17.64n - 107% m2. Apa

E = IAAt (3.551)

I'vwpitovue tnv nyoctdBun B Touv nyntkol KVUOTOS, dea TIEéTel va Peovue tnv évtaon. Efval

I
B =10log;y — (3.552)
Iy

B I
E = loglo 10—_12 (3553)
[ =10P/1010712 (3.554)
=10%107" (3.555)
=107 w/m? (3.556)

O1tdte TeMKA

E = IAAt =107°17.647-107% = 17.647 - 1076 = 55.41- 1076 =554 - 107 J (3.557)

() To kovvovm udicag m = 2.0 mg, dnA. m = 21076 kg Ya éyel TayvTnTOL

1 2-5.54-10715
K =554-1075 = 5mu? = i’ = % =554-10" = 1 =7.44-107° m/s (3.558)

Ioedderyua 3.65:

Avo nyntikég mnyéc A kow B 0Tmwg 6to Xynua 3.59 elvon cuvdedeuéveg pe tov {810 evicyuti kot
eRITEUTIOVV nutovoelldn koyato oe @don. To nyelo B Bpioketar oe amdéotacn 2.0 m oto Se€id Tou
nxelov A. H guyvdtnto tov fixov sov Ttapdyetor agtd to nyeio elvar (on ue 206 Hz. Oswenaote
onueio P avdueco oTo nxelo kol KATd WAKOS VONTAG yeauung Jtouv to Guvdéel, e aItdéaToon X agd
70 nyelo A. OewENGTE OTL Usoung = 344 m/s. Kar to Svo nyelo ekTmEUTOUV NYNTIKA KUULATO TTOU
Tagdevouv amd ta nyeia TEog To cnueto P. Ia Ttoléc TwwéS Touv x €xouue

(@) katacTEETTKA GuuBoAn gto P

B) evioyvtkn cuupoin gto P
Ov mopamdve dvo TeQLITTOGELS GYeddv ToTé Se guufaivouv gtnv Tedgn. Toatl oyl (okepteite
elevBepa)

Avon:
To UAKOG KUUOTOS TOL NYNTIKOV KUUATOS elval

344
u=Af = 1=2="""_167Tm (3.559)
7~ 206

Av YJempnricouye 61l 6To nyelo (A) Peloketan to onuelo avapods uag, (0), n 9éon x Ja elvar Yetkn, wg
Péon de€ld Touv onueiov avagopds. H Siapopd Stadpoung tov duo nyntik®v kKupdtov eival

Ar = |r2—r1| = |2—x—x| = |2—2X| (3560)

Av2-2x>0= Ar=12-2x| =2 -2x:
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Q
L
x>
'((_—Z.OOm Se— 1.00 m —>|
Yynua 3.59: Zyrua HHapadeiyuatos 3.65.
(@) To kataoTtEeTtTikn GLUPOAN GTo onueto P Ja Trpétrel
A A
Ar = (2m + 1)5 —2-2x=02m+ 1)5, m=0,1,2,3,--- (3.561)
INom=0
A 4-2
2—2x:§<:>4—4x=/l<:>x:T=0.582m (3.562)
TNam=1
A 4-31
2—2x=3§4=>4—4x=3/1<=>x=T=—0.2525m (3.563)
JOV WS OEVRTIKA T, agtopeirttetatl. To (Sio cuufaiver yia m > 1. Ao teMkd TTOAVES TWES yia TO
x elvon
e x=0.582m
B) Tw evioyvtki cuufoAn gto cnueio P Ja el
Ar=mle—2-2x=mAd, m=0,1,2,3,--- (3.564)
Tvam =20
2-2x=0x=100m (3.565)
TNam=1
2—2x:/l<=>x=T:0.165m (3.566)
Tam=2
2-24
2-2x=2l=x= — = -0.67m (3.567)
Tov elvan agvntiki, dea asogeitttetal. To (S0 cuuBaiver yio m > 2. Aga teMkd mBavés TWES Yo
To x elvan
e x=0.165m
e x=100m
Av2-2x<0=Ar=12-2x|=2x-2:

(@)

INo katacteeTTiki cuUBoAn 6To gnuelo P Ja meémel
A A
Ar = (2m + 1)5 —2x-2=0Cm+ 1)5, m=20,1,2,3,--- (3.568)

Twam=0
A 4+ 2
2x—2=§4=>4x—4=/1<=>x=T=1.4175m (3.569)



3.10 Aoxvoeig 281

Twam=1
4+ 31

A
2x—2:3§<=)4x—4:3/1<=)x: =2.2525 m (3.570)

Jrov glval ekTog Tng amostacng Twv dvo nyelwv. To {dto cuuPaiver yia m > 1. Aga TiBaveg T yia
To x elvan
o x=14175m
B) Tw evtoyvtki cuufoAn gto cnueio P Ja Teémel

Ar=ml & 2x-2=md, m=0,1,2,3,--- (3.971)
Tam=20
2x-2=0 x=100m (3.572)
Tam=1
2+2
2x—2:/1<:>x:T =1835m (3.973)
Tam =2
2+24
2x—2:2/1<:>x:T=2.67m (3.974)
Jrov glvan ekTog Tng artdotacng twv dvo nyeiwv. To (do cuuPaiver yia m > 2. Apa TOAVES TWES Yo
To x elvan
e x=1835m
e x=100m

Ot TTaQATTdvVe TTEQLITTOGELS GYeddv TToTé e quuPaivouv gtnv TTEdEN yiatl Ta nyxela dev elvar gTnv TTEOYUOL-
TIKOTNTO CNUELOKES TTNYES Ko 0e kAGBe onuelo 8e cuufdAlovv pwévo ta Svo kpato aIrd ta nyeio (A) ko
(B) AL ko avOKAAGELS TOUS OTTO TO TTEQUBAAAOV.

Iaedderyua 3.66:

Y10 Zynua 3.60, éva nyntikd kiuo pue unkog kvyatog 0.4 m tagldevel aard yio Tnyn (source) dia-
uéeov evég cwiiva TEog €vav avixveutn (detector), kaw akolovBel dvo Siabpoués: éva kKouwdtt Tou
Tagdever evBiypaupa eved €va GAAO TTEQEVA aTTO £vav NUIKUKAMKG GOAAVO, KoL “€TTOVEVOVETAL” UE TO
TEOTO Koupdtl. Xto onuelo emavévaong, ta dvo kvuata cuupfdAiovv. ITowd eivar n pwikedtepn -
KTIVOL 7 TOU NUKUKAKOU GOARVA TIOU ETIITRETEL VO 0KOVGTEL €va eEAMAYLOTO €vTaoong nyov GTo onuelo
£ITAVEVWGONCG;

Source Detector
Xxnuo 3.60: Xyripa Hapadeiyuatos 3.66.

Avon:
To nyntkd rkvua akodovbel diopoeTikég Stadpoués kar cuupdAder oto onueio emavévoong Twv dvo Ku-
udtov. o va akovatel éva eAdyloto éviaong Ayov 6To cuykekpuweévo onuelo, da Teémel Ta kduato va
GUUBEALOVY KATAGTEETTTIKA, KOODG WOVO GE KOTAGTEETTIKA GUUBOAL éxouue TO EMGYLOTO TNS VTAGNS TOU
nyov. Aea
Ar=|rg—r| =nr—2r=(r—2)r (3.575)
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ue rg TNV NWKUKMKA Stadgount kow r; thv gubela Stadpoun WAKOUG wlag StauéTEov Tou nuikukAiov. A@ov
TO NYNTIKG KVUA TTOU Snyovpyeltal agtd tn GUUPOAN TV ETTUEQOUS KUUAT®OV TTROEEXETAL AItd duo Guota
KkOpaTo, n Sapoed aEXIKNG edong ato cnueio cuufoing da eivar ion ye undév, Sna.

A =0 (3.576)

ATIO TIS €5160GEIC KATAGTEEITTIKIAG GUUPBOATLS €xovue ST

A
Ar = (2m + 1)5, meZ (3.577)
SnA. 1 © DA
m +
- 2)r=(2 e —>r=——"— 3.978
(mr—=2)r (m+)2 r 20 —2) ( )
ko ya m = 0 Ja efvan
A 0.2
=017 m (3.579)

"Tom-2) r-2

Ioaedderyua 3.67:

"Evog axivntog aviyveutng kivnong otélvel nyntikd kouota cuyvotntag 0.15 MHz Ttpog dAeg Tig
katevfuvaoels. "Eva @optnyd mAncldgel tov aviyveuTti ue taxyvnta 45 m/s. Oewnate 6Tl n tayvtnia
TOU nyou eovTal e 343 m/s.
(@) Iowd eivar n guyvétnta oL AUPAveL 0 0NYOS TOU EOETNRYOV;
®) Howd eivar n cuyvétnta TOV AaUBdvel TG O OVLXVEVTAGS Kivnong, av vItoBégete GTL TWEA TO
@OETNYS avOKAG Ta kUuata TTou Aapufdverl, dniA. astotelel kvovuevn TTnyn nyov;

Avon:
(@) O odnydg tov PoETnyol YempelTal KIVOULEVOS TTAQATNENTIAS TTOV TTANGLALEL TNV TINYA KL O OVLXVEVTAG
kivnong elvar axivntn wnyn nyntikodv kupdtov. Amé tnv eglcnon Doppler €xouue

u+uy . 45+ 343

Jariver = - f e 0.15 = 0.169 MHz (3.580)

®B) To @optnyd avokAd ta kduato TTov Aaupdvel, dea uitopovue va To dewpenoovue S uia deutepevovoa
TNy, KWvoUUeVn TTQOG OKIVIITO TTOQATNENTA, UE GUXVOTNTO EKTTOWITAC Th GUXVOTITO TTOU PENKOLE GTO
Jreonyouluevo epatnua. Apa
u 343 343 +45 388

fmoti()n—de[ector = u_—usfdriver = 343 _ 45 343 0.15 = ﬁO.IS = 0.1953 MHz (3581)

IHoedderyua 3.68:

Mo vuytepida Yo vo eVTOT{GEL €VTOUQ EKTTEUTTEL £VO VITEQRYNTIKG “TEQETIOUA” KOl UETA OKOVEL
TV YO TV evioumv. Otwpovue Tl To TepéTicua Tng vuytepidac €xer cuyvétnta 25 kHz. Iléco
yornyopa kol TTog Told katevfuvon meéTel va TeTdgeEL n vuyteelda yia va eluacte eueic ae déan
Vo akoVGoUUE £0TW Kal apvded to tepétioua ata 20 kHz;

Avon:
Ipopavdg eueic eluaote arivnTol kol n vuxteelda TEéTEL va TTETAEEL WakELd aTtd euds, OGTE N GuVOTNTO
Tov Ja arkovcouue va efvar wikedteen ard tny Joagayduevn. Ao amd tn oxéon tov Doppler

u 20 u 4 343
= — = —————— = Upyr = 83.73 m/s (3.5982)
S 343+ upys

f =

e — =
U+ Upgr 25 U+ upy
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Iaedderyua 3.69:

M opupiytea cuyvdtntag 540 Hz kveltar e kUkAo aktivag 0.6 m ue yoviakn tayvtnto 15 rad/s.
IMowd elvor n xapunAdtepn Kol n VPRAGTERN GUYVATNTO TTOU OKOVEL VOGS AKIVITOS OKQOATAS O 0TT0(0g
BelokeTow QEKETA WOKQELE OTTO TO KEVTRO TOU KUKAOU;

Avon:
Adyw Tng amécTaong Tou AakEOATh amd Tov KUKAO Ttou dloyedeel n 6eueixtea, deweovue 6Tt n kivnon
g geuEiyTEag elvarl evBVypauUn, WITEOC-TIiGwW €TTAVM GTN SLAUETEO TOV KUKAOU TTOU EVAOVEL TOV OKQOOTI
ue To KEVTEOo Tou KUKAov. H ypauwikn taydtnia tng ceueiyteas 1GoUTal ue

u=wr=u=06-15=9 m/s (3.583)
‘Otav n 6eUEIXTEN TTANGLAZEL TOV OKQEOOTNA, £XOUUE
343
=t 5= 540 = 555 Hz (3.584)

U — Uy 343 -9
‘Otav AIToUaKQUVETOL ATTO AUTOV,

, u 343
/ _u+usf_343+9

Haedderyua 3.70:

H cepniva eviég TteQLitoAkoy ekméuatel nyntikd kopa cuyxvotntag 1200 Hz étav Beioketon Ge aki-
vncia. To greputoAkd eivon kouuwévo GTnv eBviki 080 e Tn Gelpriva Ge AettouQylo Kol TO NYNTIKO
KUOUO OVOKAGTOL GE KIVOUUEVO €Tl TNG 0800 OWTOKIVITO KO ETVLGTREPEL GTO TTEQLITOMKO Ue GUYVOTN-
Ta 1250 Hz. To mepumoMkd Peloketor otnv dken Tou 50U0U Kal £TGL TO OWTOKIVIITO €QYETOL QITO
UOKQUA KOl GTN GUVEXELQL TTROGTTEQVA TO TLEQLITOALKO.
(o) IIéco yertyopa Kvovvtav To avtokivito; Oewenote 6Tl To avtokivnto Asttovpyel wg devtepn
“Ttnyn”, dtav To KOUO OVOKAGTOL KOl ETILGTEEPEL GTO TTEQLITOMKO.
®) Howd cuyvdtnto da Adupave To TTEQLTTOMKS ov KvouvTav KL oauTd ue toyvtnta 20 m/s T1Qog
epyduevo tTo awvtokivnto;

540 = 526 Hz (3.985)

Avon:
(@) Beweovue dTL To avtokivnto Aettougyel wg devtepn “ITnNyn”, dTav To KUUO AVOKAGTOL KOl ETILGTEEPEL
OTO TEPUWTOAMKO. Aa, av vTtofécouue 4Tl TTANGLACEL TO TTEQLITOMKG, Aaufdvel wa SlapoeeTiki Gu-
XVOTNTO AITO TN GUYVOTNTO EKTTOUTING, KAl avthn Ja elvor

u d+t U
fcar = prolice (3.586)

Usound

AgrtouydVTag MG TINYR, EKTTEUITEL TRV TTOQATTAV®D GUYVITNTA TT{Gw GTO TTEQLITOAMKS. To TTeQLITOAKS
AoUTTéV, wg axivntog Trapatnenting da Aaupdver cuyvdtnto Kivoduevng Tteog aVTéV TTNyng

f, _ Usound Foar (3.587)
Usound — Uo
u u +u
_ sound sound 9 Spolice (3.588)
Usound — Uo  Usound
+
= Loound TR0 (e (3.589)
Usound — Uo
344 + u,
1250 = ———=1200 3590
344 — u, ( :

Kol 4o
u, = 7.02 m/s (3.991)
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B) H magatdve cxéon TEOTTOTIOE{TOL YI0L KIVOUUEQO TTOQATNENTI TTROS KIVOUUEVIL TTROS CUTOV TINy.
Apa n guyvéTnto TOU PTAVEL GTO dvTokivnto da elval

Usound + Uo 344 —-7.02
ar = ————— fpolice = —————1200 = 1300 H 3.992
ﬁar Usound — Upolice fpalzce 344 - 20 z ( )

KO QUTA ERITEUTIETAL TH{G®W GTO TTEQLITOMKOS. AQa TO TTEQLITOMKO, MG KIVOUUEVOS TIAQRATNENTAS TTEOS
KIovuevn TTeog avTov Tinyn, da Aaupdver cuyvdtnto

’ Usound t Upolice 344 + 20
= ———— fpolice = —————=1300 = 1404 H 3.593
/ Usound — Uo fpollce 344 - 7.02 z ( )

IMagdderyua 3.71:

‘Eva. vmtofeuyto A Tagdever opigdvtiar uéca oTov wkeavd ue tayvtnta 11 m/s. Ekméumel evbela
UITEOGTA éva nyntikd crua cuyvétntag f = 5.27 - 102 Hz. To vmoPeuyto B Poioketon umpoctd amd
To A kot tagldevel ue 3 m/s meog tnv (dra katevBuvon e to A.

(@) Howd elvar n ToyUTNTA TOV MOV GE QUTAV TNV TIEQ{TTT®ON;

B) Beelte tn cuyvdétnto TTOoU AauPdvel éva uEAOG TOU TTANEAOWATOS GTo B.

Avon:
(@) H tayvtnto tov nyxov meésel va elvar auti tov pécov Siddoong, dnA. Touv dalaccvol vepov,
u =1533 m/s.
®B) Ta dvo vIwoPeUyla TTANGLAZOUVV TO €va TOo GAAO KAl KwoUvTol Kot To Svo, aAAdG TTeo¢ Tnv (Sio KoTe-
vBuvon. ATt tn Gxéon tov Doppler €xouye

u+up

f =

f =15298 Hz (3.594)
U — Uy

UE Up, Ug OL TOAYVTINTES TOV OVTIGTOLYWV VTTOPEUYIWV.

Hoaedderyua 3.72:

Yto Xxnua 3.61, éva FaAAkd kL éva Auepikovikd vitofeuylo (Un emavdpmuéva Kot Ta duo) Kivovvtal
T0 €va TTEOG TO AAAO KATA Tn Stdekela eLTTAOKNAG e axkivnta vepd ato Bopelo AtAavtikd. To TaAAks
vrroPeuyto kwveltan pe tayxvtnta urp = 50.0 km/h kot To agepikavikd ye toyvtnto uys = 70.0 km/h.
To TaAMKS vITOREUXO GTEAVEL éva. Gria, Gévap (sonar) (MynTikd Kua 6To vepd) cuyvétntag f = 103
Hz. To xkdpota gévap Sradidovtar ye TaxVTnTo Usoner = 9470 km/h.

(@) IIéon elvarl n GuVOTNTO TTOV AVIXVEVETAL OTTO TO AUEQLKOVIKG VITORQEUXLO;

B) Héon eivan n guxvéTnta ITOV AVLYVEVETAL QIO TO [aAAKS VITOPEUXLO GTO GIRUA TTOV ETILGTEEPEL
ooV avakiachel amd to Ayepikavikd vIToREUXL0;

) To éva agd to duo vTToPEUyLa Elxvel wia ToEITiAn kot Bubigel To dAAo vmofeuyto. To vuTto-
Bouyto Tov ytumrifnke Pubitetanr gtov mubuéva tng ddlacaag 6TTov kot ekpriyvutal. H €kongn
uetadider évav TOAUS TTEOS TNV ETTLPAVELD. TOU veQOU KL évav Teog Tov Jtubuéva. O TTaiudg
ToV TAEldewe TTEOC TNV ETMLPAVELD, AVAKAAGTNKE KAl ETTEGTEEWE TIG® GTOV TTLOUEVA. AT n
Sradpoun Touv TOALOY GuVERn aEKeTES oEES. Kdbe @opd mrou yTuTtovce Ggtov Tubuéva, évag
GELGUOYQAMOS KaTéypape T dévnon tov edd@oug Adym Tou Ttaiuwov. O Stadoyikés kaTayea-
PES TOV TTOMLOV GTO GELGUOYQRAPO attelyav xeovikd At = 0.25 s. Xe mtéco Pdbog D fubictnke
To VTTOREUY0; Bcwencte dTL ov waAuol avtol dradidovtor 6To Jalaccevd vepd ue tayvTnto
u, = 1500 m/s.

Avon:
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e

French .5,
—I-'I-F 'I-"|'__'5-l—

xnua 3.61: Ymrofpuyia oe avtisrapdfeon.

(@) “Exouye kivovgevn TNy ITROS KIWWOUUEVO TTOQOTNENTA (KAl or duvo TAnGLagouv petagy toug). H
guyvéTnTa TOUV AVIYVEVEL TO AUEQLKAVIKG vITOREUYLo elval

5470 + 70 5540
“riho p - 22T 1000 = 22221000 = 1022 Hz (3.595)

fus = 37 u,” 5470 — 50 5420

Mmopove va aproovpe T taxutntas g km/h xmelc va kdvouue LeTATEOTES, Aoy 0 AGYOS Tay V-
TtV elvor kabapds apiuds, apkel T6Go 0 0EBUNTAC 6GO KL O TTAQROVOUOGTAS VA ERPQEATOVTIAL GE
km/h.

B) H cuvxvétnta stov aviyvevel To yodAkd vrtofeuyto eivor

u+u, , 5470 + 50
u—u"" " 5470 — 70

frr= 1022 = 1044 Hz (3.596)

() H dwadeoun Tou tainot agtd tn GIyUn ITov EKVA Yl TNV ETLOAVELD K¢ GTOV XTUTINGEL GToV TTUBuéva
KO KRaToyeapel oTtd To gewouoyedeo eivor 2D. Tn dadpoun ovti th Staviel oe Ar = 0.25 s. Apov n
Tayvtnta Siddoong etvar u = 1500 m/s, téte

Ax 2D
"= A—f = & = 2D = uAr=1500-025 = D = 1875 m (3.597)

Apa to virofeuvxlo Pubictnke gta 187.5 m.

Ioedderyua 3.7 3:

(@) "Exete kAeloel elottiglo yia th cuvavAia tov Magaféyia 6to HpdkAero. Adym kivnong @tdvete
rkobuoTepnuévog/n GTo X0Eo OAAG n @IAn Gag €xel KEATACEL X®WEOo Yo cag. Teéyete yeryoeo
otn Yéon Gag, TANGLALOVTOGS vBUYEAULLA TO GUVOVAAKS XMEO, KAl TTaQatneite 4Tl €vag nyog
agtd tnv kBdea Tov uraciota, cuxvétntog 262 Hz, cog axovyetar 1 Hz vynidtepa. Iéco
YOIY0QQ TEEXETE;

®) "Evag owdntiig mtou wiAd kavovikd stopdyer owAio nyootdbung 40 dB ce astéctoon 0.9 m.
Av n gAdpotn nyootdbun yia tnv kabopni axedéacn tov owAntn eivow 20 dB, delgre 61U n
aTtéoTOoN TOU UIToel Kovels va akovoel kaboed Tov owAntit efvar 9 m.

Adon:

(@) Hpopavdg n mnyn elvar axivntn, dea uy; = 0, eved euelc €(L0oTE 0 KIVOUUEVOS TTOQATNENTAGS UE
Taxvtnta u,. Amé to @awvduevo Doppler kot dempadvtag 6Tl n tayytnta Tov nyov etvow u = 343 m/s,
da €youvue

! 263

Ut r = u(L 1) =, = 343222 1) ~ 131 mys (3.598)
I 262

f =

B) Emeldn ta nyntikd kopoto Siadidoviar 6e 0@kl KUUOTIKA UETOTTO, N évTacn evog KUUOTOS GE
OITOGTAGN 7 AITG TNV TTNYN EKITOUTIAG SiveTol g

(3.999)
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"Eotw dvo kipato evidoewv i, Iy € arocTdoeLS 1, o TTOU AVTIGTOLXO0UV G nyoatdOun 40 ko 20 dB
aviictoyo. Oa €xouue

L
1=2 (3.600)
Iy
AT6 v nyootdBun Tov TEOTOV KVLOTOG, efval
I I B
Bi=10log -t = 2 = 10D (3.601)
Iy Iy
eve yua To devtepo rvua
21 I By
B2 =10log — = — =100 (3.602)
Iy Iy
O Adyog I1/15 Siver
L Bi=P2 ra
Z=100 =2 —=2=10%092=81=—=r=9m (3.603)
I 0.92

Hoedderyua 3.74:

AVoTe govd To TTaRAKRATK TTEOPANUO TTou idate 6To TUAUO TnG PewElog OYeTIKA Ue TO @ALVAUEVO
Doppler aALd xenolpoToldvTas evepyelokd dewpnuata avti tm @opd: To gumvntigr cog ropdyet
évav nyo ouyvétntog 600 Hz. "Eva mwpwi “koAder” kar dev witopeite va To kAeioete. Xtnv asteAmicio
gog, To meTdte (“apnvete”) amd o Tapdbuveo. Av vmobécete OTL n TaxvTnTo TOov NYou eivar 343
m/s, kol 6t Beickeate GTov 4o 6poo (15 uétpa amd To £8a@og), Tt guxvotnta Jo akovcete Alyo
T Y{VEL KOUUATAKLAL;

Advon:
Oewpovue ws cvotnua o utvntigl ko tn I'n. To gictnua elvor TTOAVLEAES KAl OITOLOVOUEVO, KAOWS
uévo n dvvaun touv PdEovg aokeltol TTAvVM GTO LUTTVRTAQEL TTORAYOVTAS €Qy0, KoL auTth n dvvaun elvai
ouvTnNENTIKA. Beweovue eT{Ted0 UNOEVIKNG PAQUTIKAG SUVOUIKAS EVEQYELOS TO €8apog Kol JETIKA POQEG
Tng kivnong mEog ta emtdvem. Miopovue va epaguécouue thy AAME uetagld tou gnuelo piyng A kol Tou
onuelov eTTaEng ue to £8aqog B.

A—B
AEA™B = 0 (3.604)
AKap+AU,, , =0 (3.605)
Kp— K+ Ug — U, =0 (3.606)

1

Emug -0-mgh=0 (3.607)
us = 2gh (3.608)
up = —2gh (3.609)

ue To TIEdonuo va dnAddvel 6Tt To Sidvucua Tng toxvntag €xel avtiBetn @opd tng Yetikng, dni. “Selyver”
TEOGS TA KATw (I'n). Aviikabiotdvtog, To wéETEo ng taxvtntas otn déon B elvan up = 17.14 m/s. Egeldn to
SuTTVRTAQEL (TTNYR AY0oU) aITouoKkEUVETOL 0TTé euds, da oyvel

u e 343
u+u,”  343+17.14

f = 600 = 571 Hz (3.610)

EvaAlokTtikd, Litopovue vo XenoYoITTorGouie ®§ GUGTRUON TO SUTIVITAQL, KOl OG U OITOLOVOUEVO (apoy
Tou aoke{tor n e€mTeQwn duvaun tov fdoug), urtogovue va epapuécovue To @MKEE amé tn 9éon plyng
A wg tn Yéon emapng ue to £€8apog B. Oa elvan

AKaop = Wr, (3.611)
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Kp—Ka = Fy - A (3.612)
1 - -
5mu23—0=— o (0 —h)j (3.613)
1
Emu% = —mg(—h) (3.614)
uy = 2gh (3.615)
ug = —/2gh (3.616)

n ottofa efvon (6o asrdvinon ye avti Tov pag £dwoe n AAME, k n vitélowrtn Avon eivar (S

Iaedderyua 3.75:

"EvOG EKKEVTEIKOS YIATEOS TToTEVEL Tl witoeel va depadttevoel Thv @aldkea teaTaivovtag To keavio
ue nyntukd kopata. Ov agbeveic Tov kdBovTol KATW ATd ueydpnva, dTov Ta kKe@dia Tous foufap-
dizovton ue 93 dB kaTAITEAUVTIK®Y nynTik®dv kKuudtov towv 800 Hz. 'Ectw 6Tl povtelomolovue To
PAAOKQES KEPAM ¢ éva nuc@aiplo ue didueteo 16 cm. Av ta 10 J nyntuikig evépyela dewpoivvtor
KOTAAMNAN SocoAoyia, wéoa AeTtd TTEETTEL Vo SLapkel wia eTticKeEn GTov yLoTEo;

Avon:
YOUEVa Ue TV eREOVRON Jemeovue TO @AAAKQES Ke@AM ®¢ nuaeaigo we aktiva R = 0.08 m. Avuté
GuVETTAyeTal OTL TO euPaddv Tng emipdveiag efvor

A = 27R? = 0.0402 m? (3.617)

I'vwoitovpe 6Tt B = 93 dB kaw AE = 0.10 J. Emiong yvopicovue 6t I = Iy - 10810, P = JA émwg ka
P = AE/At. Emtopévag

_AE _AE _ 0.1
P IA  (10712.1093)(0.0402)

IHoaedderyua 3.76:

H yopdn wag kiBdpas tadavidvetal gtn deueAddn 8iopopen tng, ko €xel deouois ata dvo drkeo
tng. To toAavtovuevo uépog tng xoedng eivar unkouvs 0.386 m. H uéyiotn eykdeola emmitdyvvon
evég onueiov 6To uéco Tov Talavtovuevou uépovg eivan ton ue 8.4-10° m/s? kar n uéyion eykdoaia
Tayvtnta elvon {on ye 3.8 m/s.

(@) Mowd eivor To TAGTOS TOU GTACWOU KUUATOS TTOU AGUPAVEL X®OEO TTAVK GTn x0EdN;

B) Howd eivar n ToaxVTNTA TOV EYKAQOLOV KUULATWV TTOU TAEGeVoUVV GTn Y0EdN;

At = 1250 s = 20.83 = 21 min (3.618)

Avon:
(@) "Exouye tnv €£lomon Tov GTAGIWOU KOUOTOG

y(x, t) = A sin(kx) cos(wt) (3.619)

Tvwpitovue 6Tt To unkog tng xoedng eivar L = 0.386 m ko dpo To WAKOG KUUATOS Tng depeMddoug
wWwopopoeng efvaw 4 = 2L, eved 1o puéco tng yoedng da elvaw x = L/2. Wdyvovue 1o TAdTOS A.
Mgtopovue va to Beovue agtd thv A.AT stou extedel kGBe GToxelo Tng xoedng. T To gtolelo GTo
u€co Tng xoEdng, da €yovue

y (é, t) = A sin(kx) cos(wt)

7 = Asin (2_7r£) cos(wt) = Asin (g) cos(wt) = A cos(wt) (3.620)

x=L/2 2L 2
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H yéyiotn tayvnta yio tnv A.A.T stou exktedel 1o gtouxelo 6To U€Go Tng xoEdNg elvor

Umax = WA (3.621)
KOl N UEYLGTN ETTAYUVGN
Amar = WPA (3.622)
Apa
Umax 1 _ Qmax _ 3
=— = w= =2.21-10° rad/s (3.623)
Amax w Umax
Omdte "
A=2%-172-10%m (3.624)
w
B) H taydtnto touv kduatog da elvon
u=Af =12 (3.625)
2n
o to unkog kUUOTOG, TO WAKOS KUUOTOC Tng YdepeMaddous 18iouopeng Perkaue 6t efvan A = 2L.
Omdte of .
w="2 2 22 - 97154 mys (3.626)
2 T

IHoaedderyua 3.77:

Ytnv mopakdto Sidtagn touv Exnuatos 3.62, éva cdpa keéuetol attd ool TukvoTRTAS WALAS
1 =0.002 kg/m gt0V TTEQVAEL ATTO wia (afoent ko xwELS TEWRES) Teoxalia. To axowl cuvdéetal ce éva
dovntn otabepng ocuyvétnTas f KoL TO WAKOS TOU GYOWLO0U OVAUESO GTO SOVNTA Kol Thv TEOYOAlO
efvaw L = 2 m. ‘Otav n udgo m tov ocouatog eivar 16 n 25 kg magatngovviol Tdcoyo KULATO GTO
oxowl. Av duws n udgo tov efvar petagy 16 kar 25 kg, tédte Sev maATNEOVVTOL GTAGLULO KUUATOL.
(@) Iowd elvon n guyvdétnto Touv dovnin; (Gnueldate 4Tl 660 ueyoAvtepn ival n tdon Gto Gyowl
1660 WKEAGTEROS da elval 0 aEBUdS TV KOUPOV TOL GTAGHOU KUULOTOS)
®) Howd eivar n peyoaddtepn T UALOS TOU GOUOTOS Yo Thv omola Jo Tapatngnboiv cgtdaoiuoa
KUUOTOL,

Vihr;il(}r I L

J
P

B
Tynuo 3.62: AovnThg ue viipo Kol GOU.

Avon:
(@) "Eotw 611 n glvor 0 apiduos Twv KOUBwv Tou GTACYOU KUUATOS TTOV TIROKUTITEL OTTO TO GAOWO UATOGS
25 kg. Omote, n+ 1 elvar 0 aQBuds Tov KOUPwV yio T0 GTAGLO KUUO TTOU TTEOKVTITEL OTTO TO GOWLO
udcoc 16 kg. Two otdowa kvuata, eivar A = % ko n cuxvétnto eivar f = 4. H cvyvétnta Sev

aAldcer dtav aAldcouv ol udges. Apa

f==—- (3.627)
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Egisdvovtag T oxécelg

f

_n+1 Thi1
2L U
n+l 5
n 4

Aga, 4n +4 =35n = n =4, vt dea f = 350 Hz.

®) T tv tdon T, = mg, éxovue

T n =1, elvon

T, AL2% 72
N /o

(3.628)

(3.629)

(3.630)

(3.631)






Eworywy

Ye avutd 1o ke@dAalo Jo yeletoouvue Ta @ovOueEVo, TToL GYeTITovTal ue Tov nAekTEoWs. O nAekTELOUAS
- pagl e To payvntioud - eivol Ke@aAAmSous gnuaciag yio Tov TexVoAoykd TTAoUTo TTou PAETTOUUE VUM
uag, LERvVOVTOS amd ta depéMa Touv: oL vouor Tou nAEKTEOUAYVRTIGHOU £0ecav Ty aTtd Alyeg Sexddeg
xoeovia T Bdacelg yio Tnv €kenen tng texvoAoylag. Amd ta smartphones, Ti¢ TNRAE0QAGELS, TOUS NAEKTQOKL-
VITAQREG, TOUC VTTOAOYIGTEG, KOL TO NYOGUGTALATO, UEXEL TOUS ETILTAXVVTES GOUATISIOV, TOUS §0QUEHEOUG,
To Sl TnUKA TRAEGKATILOL, KoL TOUS TTURAUAOUG, Ol VOUOoL ouTol elval Tdvto TtadvTed.

O niektELoudg «Guvodevel» Tov AvBwTo amd Tnv ayadTnta, oAV TEW KataAdfouue Tu akEBMOS
efvat. Ou apxaiol Awyvsrtior kot ot "EAAnveS yvoQLgov To nAEKTEIKA WAELo KoL To NAEKTEIKA “YTUTTAROTE”
Toug, eved YHpw ato 600 T.X. 0 Balig o MIMGLOS TapaTthence 6Tl dTav Teifelg NAekto (Kexowatdot!) ue
youva, autd €Akel WKkEA avTikelpueva, 0TTwg @TeRd 1 dxveo. AuTh ATV OVGLAGTIKA N TIEWTN CUGTRUATIKA
TOQATAQENGN GTATIKOU NAEKTEIGULOV, Kol altd Tn A€En nAekTEOv yevvnBnkav apydtepa ot AyyAikol 6ot
electric kou electricity.

IMoeoAo ovTd, yio TTOAAOUS aldveg 0 nAERTEIOWOS dueve wo Tiepuépyeta. To 1600 o Ayylog William
Gilbert gexmeltel yio TEAOTN PoEA KABOQA TOV ULAYVRTIGUO AITTé TOV GTATIKO NAEKTEIGUS KoL €LGAyeL Th AEEn
electricus ywo To. @ovoueva TOU GYETITOVTOL UE TO NAEKTQEO. XTov 180 aL®va, Ue To TERAUOTA GTA POQTiO
kol Tig duvduels uetagy toug (Coulomb), apyitovue va katadafaivovue 6Tl vitdeyovv §vo eidn @ogtiov

2

KAl Tl “Ouola astwBovvton, avtiBeta Akovton’”.

H mpayuatiki “emtavdotacn” ouws gekivd ata téAn touv 18ov kal otig ayxés Touv 190uv awdva. O Volta
KOTAGKEVATEL TNV TTEAOTN uItartapia yupw ato 1800, Ttagéyoviag atabepn mnyn nAekteikoy pevuatog. Alyo
opydTtepa, o Drsted kar 0 Ampere AvakAAITTTOUV Th GYEoN EEVUATOS KoL poyvntikol Jiediov, o Faraday
delyvel S n petafoAn payvntikol rediov Topdyel Eevio (MAEKTEOUAYVRTIKA eTTOywYR), kKot o Maxwell
evoTiolel OAa avtd e éva GuVETIES LABNUOTIKG TAGLCLO UE TIS €EI0AMCELS TOU — AITTOSEKVUOVTOS OTL TO
g elvor nAekteouayvntikd kiuo. Xto T€Aog Tov 190u awwva, ue epevpétes émtwg o Edison, o Tesla ko
0 Westinghouse, 0 nAekTQIOWOS TTEQEVA AITG TO €QYAGTAQLO GTO OTITL Kal YyiveTow n “QoyoKkokoAMd” Tou
GUyYQEOVOU TTOALTIGULOV.

TH AéEn “niextoikds ” mwpodeyeTar ortd thv agyato EAAnviKGA AEn “fAekTo”, TTou cnuaivel To kexewatdol. To kexewtdol eivol
astoMbwuévn gntivn, TARGYWYO TV K®VOPOQ®V SEvEQmv.
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Yrovyeta tng "TAng

H YAn yopw uog astotedeitan amd dropa. Kdbe dtouo €xel évav 1ol pikeod, detikd @oeTiouévo mupnva
(TTeQLEYEL TTEMTOVIAL KO OVSETEQA VETEOVLA) KL YUE® TOU KIVOUVTOL NAEKTEAVIOL TTOU £(0UV AQVITIKO (OoQTLO.
Yta ovdETepa dToud, 0 aELOUOS TEMTOVIMY LGoVTAL Ue TOV aELOUO TwV NAEKTEOVI®VY, 0TTOTE TO GUVOMKA
@OQTIOL “LGOEEOITOVV” KOL TO GAWO OVOUALETOL NAEKTEIKG 0USETEQOD. Xe 0QLoUEVO VAMKA, OTIOS To UWETAAAAL,
UeEIKA nAekTEovIor Sev elvar «Beuévar Ge €va, GUYKEKQEIWEVO GTOwo, AL KIvoUvTon GYeTikd eAevbeQo uéoo
010 VAKO. AuTd ovoudgoviar eAeBepa nAekTEovia kol elvar vitevBuva yia to €AAelwa R TAeSvacULO
@oQTiov GTa UETAAAO

Hhextpuéc Auvduec

‘OMot nag €xovue “del” nAekTEES duvduels yopm uag. Agkel va Tpiwouvue éva UTTOAGVL GTO WOAMG (oG KoL
Ya ovue 6TL wroel va EAEEL WKEA KOUUATAKLO XaQTIoU. Mia TETOL0L GUUTTEQLPOQRCG TNG VANG AVAPEQETOL
oS nAekTEKN @oQTien. Katd tnv Tepr, emipovelakd NAEKTEOVIO UETAPEQOVIAL ATtd To UWoAMA GTO
UITAAGVL KOl TO UTTAAGVL OTTOKTA €TGL aEvnTikG @oQTio (TTAEdvacua NAEKTEOVIOV), Vi To WOAMA puévouv
@opTiguéva detikd. ‘Otav TANGLAGoUUE TO QOQRTIGUEVO UTTAAGVL GTO Kopudtio xaQti (Ttouv ATav aEyIkA
0V8ETeQa), LETAKIVOUVTAL EAGYLOTA T POQETIA UEGa GTO XOQTl, £TGL OGTE n TAEVEA TOV XOQTLOV TTov £lval
TEOC TO UTTAASVL va EAkETAL aItd avTd. DPuGkd, 0G0 TTEELGGATEQRO TEIBouUE TO UTTAAGVL GTO UOAALL LOG,
T6G0 UeYOAVTEQN TTOGATNTO PORTIGUEVAOV COWATIOIWV peTa@épeTal Uyl kdgtolov opiov BEPauna).

H nAektoiki @dption evég gouatog dev elvar tlmwote dAAo amd TmAedvacuo 1 EAAela nAEKTEOVIMV!
Av éva oduo ydoer ndektEdévia, uével pe TEPLEGATEQO TEWTOVIA, SnA. @opTiteton Jetkd. AvtiBeta, av
keEdloeL NAEKTEOVIO, €xEl TTEQLGGOTEQA aEVNTIKA @oQTia, SnA. @ogtiteTan agvntikd. H puetagpopd @ogtimv
yivetor kvpiwg ue dvo TEdTOLG:

e Meta@oed nAektpoviov : T.x. ue TEPR Vo VAK®V (To €va divel, To dAAo Ttalpvel nAekTEOVIA) 1L UE
ETAPN VOGS QPOQTIOUEVOU GOUATOS UE €va OUBETEQO (T NAEKTEOVLAL «TEEXOLVV» ATTO TO €va GTO dAAO).

e Kivnon wdviwv (@poriouévev atdounv i poplwv) e vyed, 6TTou OAGKANQA @OoQTIGUEVA GouaTidio
KWVOUVTAL KOL UETAPEQOUV POQTLO.

Me amAd melpduata ov emaTALOVES £8etgav GTL VITAEXOUVV Suo £ldn NAEKTEIKAS EOETIONG: TeTkA KoL
opvnTikn. Xe éva ATouo, To NAEKTEOVIOL £X0UV OQVITIKA PAETION Kl TO TTIE®TOVIO £xouv JeTikin pdpTion,
EVK TO VETEOVIA (TO €TEQO GOUATISO TOU TTUEAVA TOU ATOUOU, WOGL (e TO TEOTOVIA) elval NAEKTEIKA
ovdétepa. Iepauatikd etiong arodelyOnkav oL €EAC duo KAVOVES:

e ®optia {Glov TEOGNUOV aTTWOOVVTIL
o Doptia aviifetov TEOGNUOU EAKOVTAL

H é\en kou n amodnon yivetol uéow €yepong NAEKTEIK®OV duvAue®mv eTdve GTo QoQTia.

‘Otav Ge €va aIToULOVOUEVO GUGTRLA VTTAQYEL LETAPOQRE QOQTIOV, TO GUVOAMKO (POQTIO TOU GUGTAUATOC
Sratnpeitar: avtn efvor n wepipnun Agxn Avatignong tov HAgktewkov ®Pogtiov. H yetopopd @ogtiov
dnuioveyel amAng TAedvacua @oETiov Ge €va coua kol EAlerpn @optiov gto dAlo. ITowdg elivar dumwg o
@OQE0S TV @oQTiwV; Poéag @oQTiou ovoudieTal £va COUATISLO TToU EEREL NAEKTEIKG POQETIO Kol LITOQET
va kivnBel edevbega. Tétolol popeic @ogtiov uttogel va eivor nAektedvia i 1évta, uetagd dAlwv. ITAéov
yvoeitouue 6Tl oTa LETOAAD TO nNAeKTEGVIO €{val OUTA TTOU UTTOEOUV VO LETOPEQOUV TO NAEKTEIKS (OQTIO
aTté éva odpa og £va GANO, LETAPEEOVTOS ATTAG TOV £0UTS TOUG OIS TO £val 6TO AAAO GHOUA, SNULOVEYHDVTAS
€101 Agdvacua Jetikol @oQETiov GTO GAOUO TTOU eyKATEAELPAV (DETIKA QOQETIGN) 1 TTAEGVOGUO. AEVITIKOU
@OQTIOV GTO GWUO TTOV UETAPEEONGAY (QLQVNTIKA (OQTLGN).

To 1909, o R. Milikan avaxkdAuvype 611 1o nAeKTEIKSG POQETIO, TTOU GUUPBOALTOUUE GUVABWGS Ue TO yeduuo
g N Q, amwovtdTon 6T EUCN G aKEQEOLOL TTOAMATTAGGLO £VOG GTOLXELOSOUS NAEKTEIKOU QOQETioL e:

g=Ne, NeZ @1
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Avti n Tagathgnon xaEaKTNETeL To NAEKTEKO @oQTio ¢ KPavTicuévo. To gToryelmdes avtd @ogtio pépet
KOL TO NAEKTEAOVIO, UE OQVNTIKG TIEOGNUO, —e, evi) €va TTEOTOVIO @Epel Jetkd @optio +e. To wkedteRo
@opTio Tov £xel Poebel eAevBepo Gt @von eivar (6o ue e = 1.602 - 107 C, ue tn wovdda uétponong C
va TeogpyeTal amd to TedTo yeduua tng Aégng Coulomb, mog twriv touv Charles Coulomb, ywa tov
ottolo Ja wdicovue TToAY civtouo. Duoikd, GE WAKQEOOKOTIKA KA{pa o aképoator N eivar 1660 ueydiot,
®ate To @oEtTio uiropel va avtiwetomicTel ye egonpetikn akpifeia wg cuvexés uéyebog, yu avtd kol GTa
Tapadeiypata wov Jo akoAovBouvv supavicoviar “avbaipeted’ Tiwég ge Coulomb.

Koatnyopiec Thwy

Ta VAKA YOE® WOS KATRYOQLOTIOLOUVTAL GE TEELS (TOVAXLGTOV) KAThyoRies te fAon Tnv NAEKTEIKA GUUTTE-
QLPOQE4. TOLG:

e Aywyol: ovoudgoviar To VAKE oo GTo 0Ttolo To NAEKTEIKA @OQETIO (KUETWS NAEKTEGVILL) UITOQROUV
vo Kvovvtal GxeTikd edevbepa. Tuttkd magadelyuato elvar to u€talda, GTTWS 0 YOAKOS, TO aAov-
uivio, 0 xeLO6S KATT. X avtd To VAMKAE, To €£wTeQIKG NAekTEOVIO TV aTéuwv dev elval “Sepéva”
oe éva uévo dtouo, aAAG axnuoaticovv éva €i8og “nAekTEovVikoU Vé@oug” Tou ektelveTol GE GAO TO
vMKS. ‘Etot, dtav epapuotetar dtopoed duvawkot (tdon), autd Tto nAEKTEOVIO “CITEAOXVOVTOL” KoL
SnutovEyovv nAekTEkG eevua. "Eva onpavtikd yoQoKTNELGTIKG TOV oyoydv elval n avtiGTacn Toug:
660 JTlo WKEN avtigtacn €xel éva VAKO, TOG0 KOAUTEQEOS aywydos elvar. ‘Ouwc n aviictacn evdg
aywyol avgdvetal cuvibwg ue tn depuokpacia: dtav To uéTallo cegTalveTal, To. dToua Tov JTAAAO-
VTOL EVTOVOTEQA KOL SUGKOAEVOLV T QON TwV NAEKTEOVIWVY, AVEAVOVTOC TIC GUYKQEOVGELS Kal, GQa,
Tnv avtigtacn. IV autd ce TTOAMES e@aEUOYES (TT.. KOADSIOL UeTAPOQRAS evépyelag) TTpoaITafovue va
XENGWOTToloVUE VAKA UE XOWUNAR avTigTaon Kol vo TTeQLoeitovie TIg aTtdAeleg e depudtnia.

e MovwTtég: ovoudgoviar Ta VAMKA GTo oTtola To nAekTEKA @oTia Sev wiroQouv va kivnbBovv evko-
Ao, e auTd, Ta nAekteévia eivar 1oyved deousuuévo GTa dTowo 1 GTOUS YNUKOUS SeGUoUGs, OTIOTE
Sev vmdyer “elevbBepn” ddAacoa ndekToovinv 6TTws ota uétadla. Ilagadelypata wovewtdv eival to
YUaAL, To £0A0 (EnEd), TO TAAGTIKG, TO KOOVTOOUK, 0 aépadg K.4. 'V autd yenowottolovue TAAGTIKG
yUpw aTtd HeTAAMKOUS aywyols GTa KAAMSLO: TO TTAAGTIKG 8ev agrivel To eevua va “Ee@uyel” ko
UaG TTEOGTOTEVEL ATTO nNAEKTROTIANElA. BéBata, kavévas uwovwtig Sev eivarl télelog. Av n tdon yivel
TTOAU ueydin, uiopsl va mpokAnbel Sidcmacn Touv woveti (T, 0 aéeag toviteTol ko Snuovpyeital
oTivOnEag n kepauvvdg). EmmAéov, vrtdoyouv vAkd evBidueca, ol naywyol, dTws To TTuelTio, TTOU
g€ 0QLOUEVES GUVOAKES GUUITEQLREQOVTAL GOV UOVMTES KAl G dAAES Gov aywyol — Tavem ce avtd
gtneicetal 6An n gUyxeovn NAEKTQOVIKN (TEOVEIIGTOQ, OAOKANQEMUEVO KUKAMUOTO K.ATT.).

e Huioywyoi: uio kot Toug ava@Epape, ol nuaynyol eival vAMkd Tou Belokoviar “‘avdueca” ge aynyous
KOl WOVOTES: GE KAVOVIKEG cuvOrikes Sev efvar 18laltepa kKaAol aywyol, AAAd ue TIC GOOTES TTOQEW-
Bdoelg Bepuorpacio, e, TTEOGOHNKN TTEOGUIEE®V) N AYOYWATNTA Toug UTToEel va aAAdEEL SpaLaTIKAL.
KAaowd mtagadeiypata efvar to mueitio (Si) kot o yepudvio (Ge). Xe atowkd emimedo, o nuaywyogs
€XEL WAL EVEQYELOKN “Tdvn GBEVOUS KoL UWia “TdviR ayoyoTntoc, XwELoUEVES aTtd éva GYETIKA WKQO
evepyelarod ydoua. Av 6o0el AMyn evégyela (Tr.y. deouikii 1 wTovimwy), kdwola nAektedévia “TTnéouvv”
agté Tn ¢dvn gBévoug Gtn Tvn aywywdtntag kol €16l To VAMKS oxitel va dyel pevua — éx1 1660
KOAG 660 éva péTaAlo, aAAd TToAY koAVTeQO aTtd évav povwti. To Teayuatikd “Uaytko” ue Toug
nuwoaymyoug €oxeton otav toug “vobevovue” (doping), SnAadnt dtav TTRocHETovUE TTOA) WKQEES TTOGATN-
Teg dAwV aToryelmv. Av BdAovue dtoua Tou divouv “€€Tpa” nAekTdvia (TUTTOV 1), SnutovEyouvToL
elevBepol @opeic apvntkol @optiov. Av BdAouvue dtopa TTov “Aelmel” éva nAektedvio (TUTIOU p),
Snutovgyovvton “Betkol” @opelc. ‘OTav evidGouUe TTEQLOYES TUITOV p KOl A, GYNUATICETOL N eTTAEN
p —n, n Bdon ya Siédovg, teaveiotoe, LEDS, @utopfoAtaikd k.AT. ITdven oe tétoleg douds ytitetan
6An n cUyyeovn NAEKTEOVIKNA Kol VTTOAOYLGTIKA TeXVOAOYla: OTTd T TO0 OITAG KUKADUOTO UEXQL TO
OAOKANQ®UEVO KUKADUATO Ue SLGERATOULVQLO TEAVTIGTOQ wéca Ge €va pwovo chip.
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O Népog tou Coulomb

O Charles Coulomb avakdAvype To UETEO TV NAEKTEIKGOV dUVAULEOV AVAULEGO GE (POQTIGUEVO GOUATISLOL.
A6 to welpduotd Tov TEOEKLVYE GTL:

Nouog tov Coulomb

H niektowni dvvaun avdueca ge duo akivnta @oETIoUEVa GoRatidio g, g2 (onuelakd — aueAntéwv
SlooTdoemwv) ToU aITEXouV ATIGoTACN F UETOEY TOVS diveTan aItd tn oxéon

lg1llg2
F,= ke% 4.2)

610V k. W 0T0BEQEA TTOU ovoudteton atabepd Tov Coulomb.

Zavd melpapatikd, amodelynke GTL n nAektokn dvvapn eivar cuvinEnTiki. Q¢ dvvaun, n povddo
ugétpnong tng to Aebvéc Xvotnua elvar 1o Newton — N, dnwg da Tepiueve kaveic. H atabepd k. €xer tnv
Twn

k, = 8.987 - 10° Nm?/C? 4.3)

KOL TTOAMES (POQRES TN YENGLWOTTOLOVUE AELOUNTIKA GTn LoEen
ke =9 -10° Nm?/C? 4.4)

eved dtov n aEunTiki Twi dev eivon astaaltntn, elvor PoAkdTeQo va Tn yedwouue wg

1
ke, = —— 4.5
Arey 45)

ue € = 8.854 107 C?/Nm? wa véa ctabepd Tou ovoudceTal SINAEKTEIKI GTABEQA TOV KEVOD, KoL N
07T0{0, LETEAEL TO TS “OVTOTIOKQEIVETAL TO KEVO G éva nAekTEKG Tedio (To Ti elvor, Ya To udbete guvto-
ual). Me dAAa Adyia, Aéel TTOGO “eUkoAO” SnULOVEYOUVTOL NAEKTEIKA TSI GTO KEVO €€ auTlag NAEKTQIKMOV
@oQTiwV.

Kd0e Svvaun eivar Stavuouotikd uéyebog, dums To UéTpo Tng NAEKTEIKAG SUVOUNG CNUELAK®OV QOQTI®V
Tov yvoeioape dev elvar yoouuévo wg tétolo. Io va ypdwouue tn SlovUGUATIKA TOU Loeen da Trpétel
va opioovue €vo, Stdvuoua pwovadioiov wWétpov, TToU va LekVA ATt To £va OoQTIO Kol Vo KOTAAMyeL oe £val
dANo. Ac vmtoBéaouue dTL €xouue Svo @optia, 6TTwg oTo Zynua 4.1. XTo aQleTERd TUAUA TOU GYARUATOG,

Otav Ta @opTtia £xovv To 8L

; X ; Otav ta @optiagyovy avtiBeto
mpoonuo, 1 dvvaun ivor

Tpocnpo, n SYvapn sivon sAkTIKY.

amtwOnTuc.
A\
r o Fe ) / g2
- ,’/ F12
// g? —
Fy
+ ﬁfz + ;5:4
71 71
£
Foy

xnpo 4.1: Avvaun Coulomb Ge Siavucuatiki Lop@H.
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€xovue dvo Jetkd Qoptio g1, g2 oe amdoTacn r. Q¢ oudonua @otia, avtd amwbovvtar. H Svvaun Fi
TOU AoKel TO POQETIO g1 GTO POQETIO g TIEETTEL VAL EEKIVA OTTO TO g2 KAl va “@evyel” pokQld dmd auto,
ue SevBuvon avtn tng evbeiag oL evavel ta duo @optia. Avtictoyyo da elvow kol n katevBuvon Tng
Svvaung ﬁ21. Omtdte urogovue va ypdapouue

Fo = kL 6 (4.6)
KoL v oxedidoovue dTTwS GTo oxAua. XTo defld TunRwo Tou oxAuatog, éxovue dvo etepdonua @ogtio. H
uévn dropopd eivor 6To 4Tl To POETIA EAKOVTOL KoL Ol SUVAUELS TIEETTEL va, GXESLAGTOUV GTTWS GTO GYAUO.
BAémete 61 Ta povadiaia Swaviouota @iz, Q21 £Xouv Tnv (Sia @oed kol 6TIS Svo mepuItTdoels. H @oed tng
duvaung egaptdTor agrd Ty oAyeBEIKA TWA Tng, SnA. Amd Tnv TTocHTNTA ke%, KOl GUYKEKQLWEVOL ATTO TO
YWOUEVO g1q2, KOOHDS oL vItdlolmeg TTogdtnteg elvar gtabepés. ‘Exouvue duwg otn didbeon wog kaAvtepa
“OTTA0” ATt AUTOV TO SLAVUGUOTIKG TEOTTO YEOPNGS — OTIWS N avdAuon GE GUVIGTOGCEG.

Ac dovue uepikd Toadelyuatol.

Hoeddeyua 4.1:

Toto akivnto onuelokd @oQtio BEIGKOVTAL GTIS YwVIES EVOS 10KOGEAOUS 0pBoy®wVIOU TELYDVOU OTTHS
oto Zynua 4.2. Atvetow 61t q1 = g3 = 5 uC, g2 = =2 uC, vow a = 0.1 m. Bpeite tn cuvigtauévn
NAEKTQIKA SUVOUN TTOU OGKELTAL GTO ¢3.

VIR S X
Sxto 4.2: Yuwietauévn dvvaun tlov QoQTIwV.

Advon:
Avo Suvduelg aokoUVTOL ETIAV® GTO POQETIO ¢g3: N AITWOTIKA dUvaun F 13 QITé TO POQETLO g KOl N EAKTIKN
duvaun Fo3 amé 10 ®oQTo g2, OTTWS AVTES @aivovtar ato Xxnua 4.2. Oa meofdAlovue Tig Suvdels GToug
dgoveg xy. IIpocEEte 6Tl To 0pBoydVIO TEIYWVO glval 1GooKEAES (Ue [0S TTAEVEES a). Q¢ ek ToUTOV, N yovio
6 uetagy Tov dgova x’'x kou Tng dUvoung Fi3 9a eivau {on ue /4, ®g KATd KOEUENV yovio ue Tn yovia Tou
LGOGKEAOUG TELYWVOU.

Mitopovue va ypdwpouue tn dvvoun Fy, GE GUVIGTWGEG:

Foy = Fo i+ Fyy ] @7

B €xouue

lg1llg3l

_g. 1092 1072

i 2(0.1)2

Fi3 =k =11.25 N 4.8)
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1 1 12
lg2llgs| _9.10° 0-10"

2, (0.1)2

Foz =k,

=9.0N 4.9)

OewEiVTag JeTIKES PoEES TIC guuPaTtikés, aTov x—dgova da €xouvue

Fy, = Fi3, + Fo3, = Fy, = Fi3, — Fa3 = Fi3cos (%) ~Fy33=79-90=-11N (4.10)
Ytov y—dgova,
F,, = Fis, = F,, = Figsin (Z) ~79 N @.11)
Omdte
Fyy = Fop i+ Fyy j= (-1L1N) + (1.9 N)j 4.12)

INaedderyua 4.2:

Tola @opTticuéva couatidia Peiokovial emdve cgtov x—dgova 6Ttwg oto Xynua 4.3. To @optio
g1 = 15 uC Peloketan gtn Ydeon x = 2 m, 10 @optio gz = 6 UC PelokeTal GTnv AR TOV ALOVWV, KoL
n guvigTauévn Tewv duvduewv 6To gs elval undév. Beeite Tic guvteTayuéveg Tov gs.

y
«—— 2 00 m ———
e x—h-'k 00 — x —
— —-(_) _))r +—x
q9 Fos q3 Fi3 7

Xxnpo 4.3: Mndevikii guvigTauévn dvvaun Svo @opTiwy.

Adon:
A6 TNV ek@OVNGoN 1exveL OTL To QOoQETIO 1GoEEOoTTel, dea aItd Tov lo véuo Tov Newton

Zﬁqs=ﬁ13+ﬁ23=6=>F23—F13=0<=>F23=F13 (4.13)

E@apudcovtac to vouo touv Coulomb €youvue

Fos = k22045 4.14)
X
lq1llgs|
Fi3=k 4.15
138=keig 0 (4.15)
KO EELOOVOVTAGS £XOVUE
lgol a1l 9 B
— =———— —3x"+8x-8=0 (4.16)
x2  (2-x)?
To tEudvuwo €xer dvo Avcelg, tnv x1 = 0.795 m ko v xg = —3.44 m. EmAéyovue tn Adon x; kabwg

ovti elvan detkn, 6T TEETEL PAcEL TS ek@OVNONS Ko Tou oxnuwatos. H dAAn pita xe asrotelel wio
Péon otov x—dgova 6mmov Fi3 = Fo3 alld ou duvduels avtéc €xouvv tnv (Sta @od — omrdte To QoETio dev
LGOQQEOTTEL.
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IMaedderyua 4.3:

Avo Guoteg QoQTIGUEVES Gpaipeg, Kabewld udcag m = 3 - 1072 kg, KEEWOVIaL G 1G0EEOTI0, GTIWS GTO
Tynua 4.4. To uikog kdGbe oxowiov eivon 0.15 m, evéd n yovia 6 elvar 5 woipes. Bpeite To uétpo tov
@ogtiov kdBe Geaipag.

Tcos———-

—l

9
F,
— T'sin 0

—
mg :

Yynua 4.4: (a) Kpeuaaotd @optia, (b) didypauua duvduewv.

Advon:
To odua @optiov g ko udcag m 1weoeoTtel. Aglte To Zynua 4.4(b), dmov €xel oxediactel To didypauua
ré ré z 7 = ré 7 z 2 z
Suvduewv eTdvm 6To aELaTERd @oETio, ue T tnv tdon tov vAyatos. ATo Tov 1o véuo tou Newton Ja elvon

Z F=0 4.17)

Avalvovtag katd dgoveg kow TTEORAAAOVTOS Ty Tdon Touv vALatog T 6e SU0 GUVIGTMGES OTTWS GTO GYAUA,
Ya €xovue

Y F=0e F,+Ty=0= F,=T,=Tsin()) (4.18)
OnA.
keﬂ = T sin(0) 4.19)
(2a)?
KO
Zﬁy:(i{ﬂ _)g+_)y:6zTy:mg (420)
OnA.
mg =T cos(6) 4.21)
AtnQodvTag kotd uéin
lg* 2
12 4 tan(0
4a® _ tan() = |g? = 4a"mg tan(6) 4.22)
mg ke

AT v TEywvoueTEio TOV GYARATOS £xouue OTL

a = Lsin(6) (4.23)
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ue 6 oe aktivia (radians), omrdte

4 2 12
|q|2 _ L* sin (i)mg tan(6) (4.24)

\/ 412 sin®(#)mg tan(6)
ke

Ioeddeyua 4.4:

z z Z 7 = 7 7 ’ z Z 7
ITowd elvon n guvigtapévn duvaun F 6to couatidio eoetiov 1 nC* gto kdtw uéEog Tou Exnuatoc 4.5;

(4.25)

Xxnuo 4.5: Poptia 6e KUKAIKG TOE0.

A®GTE TV AITAVINGH GAS VIO LORPR GUVIGTOGHY. Bewonate 6T k, = 9.0 - 109 Nm?/C2.

“InC=1-10"°C

Avon:
"Eotw 611 1o @ogptio 1 nC Beloketal 6to onyeio ovomopds evég GUGTARATOS GUVTETAYUEVOV KoL £0Tw OTL
T0o ovoudcovue gi. Aviictoya, g3 = —6.0 nC, evdd 10 @optio g2 Ja PelokeTol GTO TEATO TETORTNUOQLO,

KOL TO ¢4 GTO 8eUTeQo TETOQTNUOQLO, OTTwS GTo Xynua 4.5. H GuvoAikin nAektoikin dvvoun cto ¢ elvor To
Stavuouatiks dBpotgua Tmv NAEKTEIK®OV Suvdiewv attd To dAAQ Tela @optia. Aga

ﬁzl = ke@, ue @oEd TTEOS TO ¢ (4.26)
=0.72-107°, ue @opd TEOS TO g9 4.27)
= (0.72 - 107° N)(cos(45°)i + sin(45°) ) (4.28)
F. 31 =k, |613r||26]1|’ ue @od TTEOS TO ¢3 (4.29)
=(2.16-107° N)7 (4.30)
Fu = keml#, ue @oQEd TROS TO ¢4 (4.31)
= (0.72 107 N) (cos(45°)7 - sin(45°);) (4.32)

Avalvovtag kot TTROGHETOVTAS avd GUVIGTHGES (KAvTe To! - €Edoknon ©) éyouue

Fi = Foi + Fg1 + Fa = (1.02-107° N)i + (2.2 -107° N)} (4.33)
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Hhexrpund edio

"Evo. 7ToA) dueco gpadtnuo Jtov pgtogovue vo. décovue elvar to egng: “TIdg yvweiter éva nAekTeikd @oQ-
TIGUEVO GOUATISL0 OTL GTnv gVEUTEEN TTEQLOXN TOL VITAEXEL £va SeUTeQo POoETio WGTe va avarttuydel nie-
KTEWKNA aAAnAeTiSooon wéom nAeKTEIKAG duvaunc,” Xe avtd da pag fonbricer n €vvola Tou NAEKTEIKOUV
Jrediov Tov avamtUyOnke astd tov M. Faraday. HAektowkd medio vmdoyel 6e wa TeQLOYR TOV XDEOV YUE®
aTté €va QOoETIGUEVO GuRATISL0 g TTou ovoudietar TTtnyn @oetiov. ‘Otav éva dALO (UIKEOTEQD) (POQRTIGUEVO
owuatidio — TTov KAWL QOEA OVOUALETAL SOKIUAGTIKG (POQTIO — go €LGEQYETAL GTO NAEKTEKG Tedlo, o
nAekTEkin SYvaun ackeltal Tdve Tov. Opltouue AOLTTOV TO NAEKTEKO Tedlo — Adyw Tng eTidpacng Tng
TINYAG POQETIOV £TTAV® GE GANOL POQETICUEVO COUATISIO — ®G N NAEKTEIKA §¥vaun TTou aokeitar ovd wovdda
pogptiou:

F,
q0
Avvovtag g TTEog F, Bolokouvue O6TL éva nAekTEkd Tedlo LITAEXEL G €va Gnuelo TOu XWEOUL av &va
POQTIOUEVO GOWUATIOO (Le WkEO @OQETIO go) VEioTaTOL Ulo NAEKTEIKA SUvaun

E= (4.34)

F, = qE (4.35)

Mopatnenaote 0Tl T0 nAekTEKG Tedio elvon Sidvuoua. Ilpocégte emiong GTL av To go elvar JeTikd, n
NAeRTOKI SUvaun €yel tnv (o katevBuvon ue To nAekTERG Tedlo, evd av elvol aQVNTIKG, N NAEKTEIKNA
Svvaun kot To nAekTEkd medio elvan aviigeorta Stavicuata. Aviikabictovtag tn oxéon tov Coulomb gtn
Gx€on TOU NAEKTEKOV Tediov kataAnyovue 4T

E=k21g (4.36)
r
ue to uéteo Tov Trediov va diveton aTtAd wg
E = ke—|qz| (4.37)
r

Ue ¥ TNV agtéoTocn UETALY TNS TINYRS QOETIOV ¢ KoL TOU GnUelokoy poTiov gg. IToAMES @oEES ovoudgouue
avTd T0 SevTEQO WKEOTEQO POQTIO go WS Sorkwactikd @optio. Ilagatnencte — kol — 6To Xxnuo 4.6 otl To
Stdvuoua Tov NAERTEKOV TTEGIOV £E0.QTATAL UOVO ATTO TNV TTNYIL @OQTIOV — Gl AITO TO SOKWWAGTIKO
@oQtiol. Amd to (8o oynua, To nAektoikd Tedlo €f autiag Tnyng @optiov g ce éva onuelo P tou

90 s 9o
A,

Av o q sivar

Av to q eiva
BeTko, n SOvaun

APVNTIKO, TO

s’ndvm oo q0 -7 p / P cwpatidio q0
£xeL Ko}t‘csu(?uvcm . 70. T q TF katsuBiveTan
HOKPLA Ao TO q. 7 / L ¢ TPOG TO q.

+ e 4

Av To qetvon o E . ° Av To q givat
BeTuro, o ) 7P E P apvNTIKOG, TO
n?\SK‘tpLK? mnedlo e p nAskTpikd medio
o-r?c'npstoP ‘ q 'ﬁ,/ q e oto onpeio P
Seiyvel ATV / P 4 Selyvel axtivikd
Tpog Ta £§w atd + = N TPOG TO q.

10 q.

xnuo 4.6: HAextpiko sredio, anusiarxd @optia, Kal NAEKTEIKR duvaun.

X®WEOL €xel Tn @oed Tov Ja elxe n nAekTEkn dUvoun emdveo ce éva deTikd Sokwactikd @optio TTou Ja
TogrofeTovvtav GTo gnueio P.
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HAekTEIKO 3T£6({0 YOO 0IT6 GNUELAKOG POQTIO

o To nAektEkd medlo yVow amd uio detikn nyn @ogtiov g > 0 €yel SievBuvon arktvikn kot
@04 wakELd aIrd Tnv TTnyn @opTiov.

e To nAektokd Tedio yUpm amd plo a@vrTIkn TTRYR @oQTiov g < 0 €xel SievBuvon OKTVIKNA
KOl (OQd TTROC TNV TInyn @oQTiov.

To uétpo Tou niektEkov Tediov Ge kABe TePlTTT®ON 1GOVTAL UE

7]

E = ker_Z (4.38)

ue r TV amdoTacn Tng TNYRg @oetiov atd To ekdaToTe Gnuelo eviloPEEovTog.

Hiextowo Iedio Enpetoxmv Poptiwy

Ynv el Toon TTOAADY TTNY®OV QOQTIOV ¢, CUUTTEQLPEREOLATTE OTTMS KL Ue TS Suvduelg, Sni. xewpLedua-
ote 1o Tedio wes Sravuouatikd uéyebog Ko TROGOETOVUE BLOVUGUATIKG TIC ETTUEQOVS GUVELGQPOQRES. "EGTw
éva onuelo P 6To xheo yopw ad woAléc Ttnyeég @optiov. To nAekTkd Tedio Gto onuelo avtd da Siveton
Aty

- - - - qi
=E, +E, +:---= E, =k —=0i 4.39
p=~Lg +Lg Zl: a = Ke 2 r_zQz 4.39)

1 l

ue r; Ty astéeTacn kabe Tnyng @optiov amd éva cnuelo P kow @; To wovadialo didvucua atd tny iy
i oto onueio P. ducikd ueydAn eukolia Wag TEOGPEREL Ol TOGO N TAQATIAV® Yyea@En 6Go n avdivon Ge
GUVIOTHOGCES OTTWS TN yvwEitouue aItd To Ke@AAoo Tng Mnyovikig.

Aelte éva TTaddeyuo TTOAATADV TINY®OV POETIOV Kol TOU NAEKTEIKOV Tediov Ge €va Tuxaio cnueio
oto Zynua 4.7.

Xxnwo 4.7: IToAAQITAES TTNYES POETIOV KAl NAEKTELKO TTEDIO.

Acg dovue uepikd Toadelyuatol.
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IMaedderyua 4.3:

Doptia g1, g2 PeiokovVTAL GTOV 0QLLGVTIO AEOVa, GE AITOGTAGES a KAl b aviiGTolya, agtd Tnv agyn
TV agévav, dTTHg 6to Xynua 4.8.

(@) Bpeite 11 ouVIGTOGES TOV NAeKTEWKOV Ttediov ato cnueio P(0,y).

B) Beeite To nAektowd Tedio GTo onueio P gtnv ki Tepimtwon mov || = |g2| kaw a = b.
) Zto B) cpwtnua Peeite to nAekTEkd TS0 dTAV Y > a.

E, . -
\
\\ . E |
¥ Erb-a
_(,"J ’f :
< :
P& hi——— : S
X0, 1 E
/ [ (fj
',l' "\ E“! E— ‘H‘\I
! % nE
! \ : P H,I 1H1y
"l’ \\ 2 /l E
I \ 9 2x
/ A I
}I \ E ;
N #4 2 , =
I \P 0/ YF--¢ Eo
4 | = 4
q “ B g2

yxnua 4.8: HAekTEIKO TTE6i0 AOY®W GRUELAKDOV QOQTIWV.

Avon:

(@) To yétpa tov nAektoikwv Tedinv €€ attiog Twv @optinv g1, g2 6to cnuelo P elvar

g ool _lal

7 ke )2 (4.40)
1
lq2| lq2|
E2 = ker_z = ke b2 n y2 (441)
2

KO AvAAVOVTAS € GUVIGTMOGES Ta Saviouota autd, VI0BETOVTAS TIC GLUUPATIKES DETIKES POQEES £VAG
GUGTALATOS GUVTETAYUEV®OV, EXOVUE

-

=FE + Eyy = E, = Efy + Eoy (4.42)

o

, = Ely + E—)Qy - Ey = Ely - Egy (443)

()

.
KOl Ol GUVIGTWGES TV El, E9, 6T0 gVgtnpa agdévav da £xouvv uétpo

E1 = Eycos(¢) =k, 2|q1| 3 cos(@) (4.44)
a’+y
) lg1l .
Eyy = Eysin(¢) = k, 24y sin(¢) (4.45)
Eyy = Eycos(@) = ko—92_ cos(d) (4.46)
b2 + y2
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Egy = Eysin(d) = eb2|q+2|y2 sin(9) (4.47)

Omédte n cuvigTopévn Twv duvduenv cto onuelo P da elvon
Ep = Ey + Ey = (Exy + Egy)i + (Eyy — Egy)j (4.48)
=k, (aqu” S(B) + 'My cos (9)) ( "f'yz sin(¢) — "f'y i n(e)) (4.49)
“k ((a2 il??l)w NG %22')3/2 ) o ((aZ i'q;;')w G i'qyil)g/? )f ey

B) H woétnta tov eoptiowv (g1 = Ig2] = ¢) KAl T®V aITocTAGE®V PEQEVEL KOL TV LGOTRTO TOWV YOVIOV ¢
kot 0. AvTikaOIGTOVTOS GTIC ﬂ@onyoﬁusvsg OXEGELS

= k cos(@) + ke cos(«9) = 2k cos(6’) 4.51)
2+ y 2+ y y
Ey = ke—0— sin(0) — ke—1—; sin(6) = (4.52)
a“ + y + y
Apa
Ep=E = ( ke —0— cos(e))? 4.53)
a+y
q a 2

= |2k 4.54
( az+y2 ,¢a2+y2)l ( )

_ ga__ |-
= (2ke @+ y2)3/2 ) i (4.55)

Bp= (21@L)? (4.56)

~ (Zk ﬂ)? (4.57)

INoeddeyua 4.6:

Avo Suoteg WKEES Geaipeg @opticovtar ue @option 100 - 107 C kar —100 - 1072 C avticToya, Kou
KQEUWOVTOL GE 1GoEQEOTTLaL aTtd v wikoug 0.5 m vmd emidpacn ouoyevovg niektoikoy stediov 100000
N/C, éTtwg 6o Iyhaua 4.9(0). Oewpriate 6Tl k, = 9.0 - 10° Nm?2/C. IIéon eivan n udico kdbe Gpalpag;

Avon:
Agite o Zynpa 4.9(B). Ot duo nAekTEKES duvduels VITOAOYITOVTAL KOG
Fp=|gl[E=100-10"%N (4.58)
lgillgzl ~ 9.0-107°

F,=k = 4.59
e e r2 r2 ( )

ATt6 Tn yewyetpia tou Xynuatog 4.9, £xovue

|NI~.

sin(10°) = % = r = 0.174 (4.60)

=]

S
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Yxnuo 4.9: Kpeuaotés opaipes oe nAektpiko gredio.

oTtoTE
F,=3-10"°N (4.61)

Eavd amd To oynua, ragatnovue 0Tl Ady® LGoQEOTIiaS GTOUS X KAl y dgfoves toyvel o log vouog Tou
Newton, kot do

SF,=0 e T+ Fg+F,=0= Tsin(10°) + F, = Fg 4.62)
F, =0 & T, + F5 =0 = T cos(10°) = mg (4.63)
AtnQodvTag kotd uén €xovue
Fg-F Fg-F
an(10°) = - ——f e m=-—L""¢ =041-102=41gr (4.64)
mg gtan(10°)

Hiextpwo Iedio Katavouric Poptiov®

H eglomon tov nlekteikov Tediov eivarl xenown yio wiked @ogtio. IToAAES @oQES Sdumws €xouue Wiol KOTo-
voun @o@tiov avii yio cnuelakd @otia. X& auTéS TIC TEQLITTOGELS N JTEQLYQAPN TOU NAEKTQEIKOU (POQTIOU
elvol GUVEXHDS KOL OUOLOUOQMO KATAVEUNUEVR GE OAO TO UAKOG N TV €TLOAVELL N TOV GYKO TOU (QOQTL-
ouévou owuotos. Aeite yia ropddeyua to Xynuo 4.10. Mitopoivue vo TUNUATOTIOUAGOUUE TRV KOTOVOUA GE
wrEOTEQA oETia Ag;, ue To Rabéva va atéyel amdéstacn r; amd to cnuelo P, kow va Tovue 6Tl GTo Ghueio
P o Sudvuoyo Tou nAekTEikoy Ttediov uIroeel vo TtepLyQopel g

) Agi ,
Exky r—zq’g,- (4.65)
i i

Av outii n tungotottoinon “emdel” tnv katavoun @oetiov ce wiked @ogtia Ag, ta otola dumg av elval
OTTEROCTA WKQEd, SnA. dg, Téte To TTORATTAV® dBgooua uitoel vo ypapel wg OAOKARQWUOL

R d
E=tk f r_;lg (4.66)

To mapamdveo olokAipoua eivar Stovuouatikd. Oa dovie GUMS TTOS UITOQOVUE VO TO XELQLGTOVUE XWELS
kovéva TEOPAnUO. Xtnv Jteocmdleio wag avti da oploouvus TEELS XENOYES TTOGOTNTES:

® Yoauuwkn srukvotnta @otiov: A = Q/I1
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L LY
L13]
g Agy
Ty ’i
/ Ag.
\ ;A
| / e
\ / rg
7 :
1’2[\ 7 f/
: (g
\‘ ST
\dr
It
1,;/
\y
b2
5 —>
AE; fF{AE:
AE,

Yynua 4.10: Katavoun gotiov.

® EITLPAVELAKN TTUKVOTNTA oQTiov: o = Q/A

e YWEWN TTUKRVATRTA oQTiov: p = Q/V

ue LA,V 1o unkog, to eufadd, kar tov oyko wag emipdvelas aviigtorya. To okeTtikd miow oItd Tnv
evean TTOGOTATWV (e{Te elval TOEA TO NAEKTEKS Tedi0 elte aEYdTEQA TO NAEKTEIKG Suvawikd Kot GAAQ -
OKOUOL KOL L NAEKTEIKA dUvoun UETAEY Un GNUELAKOV COUAT®OV) elval TO TTOQAKATO:

Evpeon HAektoikov Ilediov Katavoung Pogtiov

(TR AKVEOVOVTAC KATTOLES GUVIGTMGES TOV NA. TTediov).

TUALOL TNG KATAVOUNG, JewavTag To wg onuelakd @ogtio dg.

e EAéyyouue tnv kotavoun @oTiov ylo. TuXoUGES GUUUETQIES TTOV SleukoAVVOUV Ty KOTAGTAGN
YmoAoyicovpe To uétpo Tou niektEikol Tediov dE TTou Guvelo@épel £va aITElQOGTA WKEO

Ex@edtovue (GuvinbBmwe) To @oTio dg GUVOQTAGEL TNG EKAGTOTE TTUKVOTNTAS (POQTIOV.

ITpocTaBovue vo ek@EAGOLUE TIS UETAPBANTES TTOGATNTEG GTO NAEKTOEWKG TTedlO0 GUVAQTAGEL
YVOGTOV 0Tabepdv — Ttdvta da vTTdEyel OUws Wi GyvwoTn LeTOPANTA.

Avalvouye To nAekTEKO TIeGio TTOV BEAKAUE GE GUVIGTOGES KATA X KOL Y.

ABpoitovue OAEC TIG GUVELGPOQRES ATTé GA TO ATTELROGTA UWKEA TUALOTA TNG KOTAVOWAS TTalQ-
VOVTOS TO OAOKARQMUO Yol KGO GUVIGTHOCO

E, = dex ka Ey = dey (4.67)

ko Belorovpe TO GUVOMKSG NAEKTEIKO Ttedlo GTo ¢nTovuevo gnuelo wg

E=Ei+E,J (4.68)

Ac Sovue 1€66EQ0 XAQEOKTNELGTIKA TTAQASEIYLATO — VITAPXOVV AQKETA OKOUA GTO TEAOGS TOU
oty TTaEdyeapo “Ackncelg .

Ke@AAQLOV,
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IMoedderyua 4.7:

(@) Av wo opolduoe@a @oQTicuévn EARS0g ue yeauwkni JTukvoTnTo @oQtiov A, unkoug I, ko
GuVoALkoU @opTtiov Q Beloketar kdbeta gtov dgova X' x, Kol TTAV® GTov dEova y'y, OTTWS GTO
Yxnupa 4.11, vtodoyicte To nAekTEkd Tedio Gto cnueio P Jtov agtéxel agrécTacn x aid To
onueto (0,0) Ttov astotelel To yéoov tng EdRdov. Xag divetar Tt

X (4.69)
(2 +a2)32 " 2321 2 ‘

B) Hwc cuumeppépetor n EAPRSoc av Tnv astopakeUvouue deretd attd to onueto (0,0), dnA. av
x>

) YmoAoyiote To nAekTkd Tedio gtnv meplmTwon wov n EAPdoc yivel aselpoaTd yeydin, dia-
TREOVTAG TNV YRAUWKA TTUKVATNTE Tng A oTtabepn, SnA. VITOAOYIGTE TO NAEKTEIKG TEd(0 GTO
{60 onueio dtav [ — +co. BOa xeelacTel VO TTAQOYOVTOTIONGETE TO VTOELLO TNG ATTAVINGAG
GOS GTO €QATNUA (aL).

T

Yxnuo 4.11: Katavour @ogtiov ce pdfdo.

Avon:
(@) TunpatoTioovye tn EARGO Ge ATEROGTA WikEA TURUOTO POQETIov dg ki unkouvg dy, OTIWG GTO
Yynuo 4.11. Two kdBe tétolo Tunua da woxver

d
=299 - ay (4.70)
[ dy

Av Suwg mdpouue dvo GUUUETEIKA WS TIEOS Tov dfova x'x Tunuota Tng EARdov kol vIToAoyicGouUE
TO NAeKkTEWKO Tedlo, Tapatneovue TTws AOYym Tng cuuuetlag, To NAekTEO Tedlo GTo tntovuevo
cnuelo da €xelr uwdvo x—GUVIGTOGA, SLOTL Ol y—GUVIGTMOGES AAANAOAKUQE®VOVTIAL. AUTO 1oYVeL yiaTl
TO. GUUUETEWKA @oQETia elvan {8la, OTTWS KoL Ol OITOGTAGELS TOUG aTtd To onuelo P. Apa yio €va
ATELROCGTA WKES TuARa tng dpdov dy ue amelpocotd WKEO @oQTio dg, To UETEO TOU NAEKTEIKOV
Jrediov gto onuelo P Ja elvon

d d
dE = kS = ket

1 4.71
r “x2 +y2 @)
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®)

W)

H x—cuvioTt®oo Tov togaitdve do elvor

dE, = dE cos(0) =

d
5 cos(0) 4.72)
X%+ y?

ue 6 n yovia Tov oxnuatitel o 0QLLovVTIog dEovag ue tnv asdotocn r. AT TV TELYWVOUETEIO TOU
GYAULOTOG, €ouue

X X
cos(d) = — = —— 4.73)
r Vx2 + y2
Téte J d wd
- 9 _Aay _ y
dEx = kem COS(Q) = 2 n y COS(Q) k ﬂm (474)

Mgtopovue va abpoicouvue (OAOKANQEOGOUVUE) TIS GUVELGPOQRES OTTO OAC TO ATTELQOCGTA WKQEA TURULOTO
@oplov dg. AoV n uetapintn olokAnpwong elvar dy, da mEETEL GTA AKEA TOU OAOKANQEMOUOTOS VO
BAAOLUE TIC TETOYUEVES TOV POQRTI®V GTA drpa Tng edpdov. "ETat, yia To GUVOAMKG NAEKTEIKG Tiedio

1/2 dy
E = Ex—dex—fk /l( 5 2)3/2 = k,Ax ﬁl/zm 4.75)
/2 -1/2
=k, /bc— (4.76)
X2 4/x% + y? y:_]/2 ( 2 \/x2 + (1/2)2 x2A/x2 +(1/2)2
l
-k A——— @77
x2+/x2 + (1/2)2
kL emeldn Al = Q, éxovue TeEMKA
’ 0 )?
E. =k, | ———|i 4.78)
[x Vx2 + (1/2)2
Av x > [, té1e x% + (1/2)? ~ x°, oMb
0 0
E =k —2 1,2 479
e e @
SnA.
2 0 \» ( 0O\~
E, = (kex\/?)l = (kexz)l (4.80)

0TTGTE N GUUITEQLPOQEA TnG elval AvTh evég anuetarkot @oetiov. Tétoloug eEAEyyoUS TTEETTEL VA KAVOUUE
ouxvd yia vo kotadafaivouue av To aItoTEAECUO LS €xel vonua oe “axoled’ TeQUITTOCELS. ‘OTav
QTTOUAKQUVOUOGTE OQKETA aIrd wio katavoun @oetiov Téte avuth bavdtata do GuuItepLOEeETIL
TAE0V GOV GNUELOKO (oQTiO.

Todouye TO TOQOTIAVK ATTOTEAECUO WS

1 2 1
Ey=k—2 = ke ——— (4.81)
X2 1+ 4x2/12 X 1+ 4ax2/2

apov Q/1 = A, xaw 9étovtag [ — +oo, éyouue

22
E=k,— (4.82)

Ytnv qepitttoon avth, n edpdog unkoug [ €xel mAfov dAatelpo urnkog. BAémete OTL To pétpo Tou

NAEKTEIKOV Ted(0 £lval aVTIGTEOP®S AVAAOYO TOU X Kal Oyl Tou x°.
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IMaedderyua 4.8:

‘Evag SaktoMog aktivas a @Epel opoldpopea kataveunuévo detikd @ogtio Q. YmoAoyicte To n-
AekTEKS Tedlo gto onuelo P, dTmtwe Selyvel to Exnua 4.12, stov Peloketal Ge agtéGTacn x amd To
KEVTEO Tov daxkTLAOL KAl 6TOV KABETO dEova aTo eTtiTiedo Tou SakTudiov. Ti cuuPaivel ov x > a;

dq 1

y =
7 N 7 N
'y . N &y N>
7 | TR 4 [ T

Yynua 4.12: Katavoun @optiov 6e SakTUALO.

Avon:
Mmogeite va stopatnenicete gto Zyxnua 4.12(a) 4t yia éva aelpootd (ked tunua SaktuAlov @optiov dg
KO WAKOVG ds, T0o nAekTEKO Tiedio dE 6to cnueio P €xel Suo cuvictwoeg, dE, ko dEy. T €va cuuueteko
WG TTEOG TOV dEova X' X KL AVTLSLOUETELKG TOU TTRONYoUUeEVOU Gnuelo, N y—GUVIGT®OGO ToU aAlndoavargeital
UE TNV y—GUVIGTMOGO TOU TTeonyovluevoy cnueiov, 6mtwg gto Xynua 4.12(b). Omdte T0 nAexkTEkd medio GTo
onpueio P €yel udvo x—ouvigtwad. Aa

= -

E,=E, (4.83)

Ac Bpovue tn cuvelsPod dE tou anuelaxkot @oQtiov dg 6To GuvoMKSG NAEKTEKO Tiedio. Oa efvar

d d
dE, = dE cos(6) = k.= cos(6) = k,——— cos(6) (4.84)
I X“+a

Agté To 0000Yy®OVIO TEIYWVO TOU GYAUATOGC £xOouue

X X
cos(f) = - = — (4.85)
oTToTE J J
dE, = k,—4 g, (4.86)

‘X2 + a2 Va2 + a2 T a2 + x2)302

ABpoitouue OAES TIC GUVELGPOQEES NAEKTELKOV TS0V aTtd Ao Ta onuelokd @oetia dg Tov SakTuAiov Kol

Exouue
dq
Ep=E,= f dE, = kexfm (4.87)

E8® uitogouvye va kdvouue éva “KOATTO” yia va guvtopevcouue th Aon pogs. To Sa@oeikd tng oAoKANQwoNg
elvaw 1o dg, vou n petafinti g Sev vTdEyel U€Ga GTO OAOKANQWUA, £vd OAeg ol dAAeg TTogdTNTES Elval
otabepés. Mitogovue AOWTGV va yedapouue

dq 1
E, = kexf PRID = kex(a2 POITD qu (4.88)
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f dq (4.89)

To oAokApwua avtd onuaivel TTOAY agtAd “to dBEoGUO CAWY TOV GNUELOK®OV @OQRTIWV dg Tou SakTuAlov™.
Ma o dBpoloua AWV OVTOV TwVv @oETinV wog divelr To cuvolkd @optio Q! OTdTe

oEKEl Vo eQUVEVGOUUE GMGTA TO OAOKALQ®UOL

f dg =0 (4.90)
Kol TEMKA ) 0
X
Ex = keXm qu = kem (491)
Ac dovue kar wa AAAn Avon duwg. Kdvovtag ta (Sta ue mowv katadnyovue avd gtn oxéon
d
dE, = ke——d (4.92)

T @ + x2)312

O SakTtoMoc elval OULOLOLOQ@A POQTIGUEVOS, OTTOTE €XEL YQAUWKA TTURVOTRTO (oQtiov A = Q/I, ue [ To
GUVOALKS unkog tov SaktuAiov, Ttov eivan 2ma. Ioyvel

d
a=2-99  40 qas (4.93)
l ds

ABpoitovue GAeg TIC GUVELGPOPES NAEKTEIKOV Tiediov aard oA ta onuelakd @oQtia dg Touv dakTuliov Kot

Exouue
dg Ads
EP:Ex:dex:keXIm:kexfm (4.94)

T®EO OAOKANE®OVOLUE WS TTROS TO UAKOG TOU SOKTULAIOV, 0TIGTE UIToEOvUE Vo yedwouue

A
Ex = kemedS (495)

KOL 0QKEL Vo QUVEVGOUUE GOGTA TO OAOKALQE®UOL

f ds (4.96)

TTov BéPana onpaiver “to dBgooua AWV T®V ATTEROCTA WKE®OV Tunudtnv ds Touv daxktuiiov”. To dbgotoua
OA®wVv avTov dev efvar dAAO aTtd To GUVOAMKS WAKOS Tov SakTuAlov Tov elvan 2ra. Apa

f ds = 2na 4.97)

KOl TEMKA

A 2rad
Ex = keXm de = Ex = ke)Cm (498)

H oxéon astdogroleitar av xenGYoIToGouue OTL

/l:g:£=Q=27ra/l (4.99)
l 2ra
oTtoTE TEMKA
E, =k (4.100)

T @ + x2)312
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EiSate Aotmrdv 1L kol 0TiG 60 TEQUITTOGELS, TO NAEKTEIKO Tiedi0 010 onuelo P ypdeeton wg

- Q)C -
EP = (kgm)l (4101)

2

YTnv TeQlTTwon Tou X 3> a, ToTe a? + X% ~ X% Kol £TGL TO OITOTEAEGUN YOAPETOL OG

Ep = ke@ = keg

= > (4.102)

TEAYUA TTOV delyvel OTL 0 SAKTUALOC GUUTTEQLPEQRETOL WS GNUELOKS POQETIO dTav attouakeuvBovue TTOAY amd
aUToV.

IHoedderyua 4.9:

"Evag §iokog aktivag R @£pel ololopop@a KOTOVEUnUEVO eTTLOOAVELOKS JeTikG @oTio O TTURVOTNTOS
o. YmoAoyiote 10 nAektokd medio 6To onuelo P, dTtwg delyver to Zxnua 4.13, srov Beloketor Ge
aTTéeTOON X AT TO KEVTEO TOU S{OKOU KOl GTOV KABeTO dfovo Tou Tiepvd OTtd TO KEVTQO TOU
dlokov. Tv cuuPaivel av R — oo;

Yynua 4.13: Katavoun gotiov Ge Sicko.

Avon:
Mgtogoiue vo 0ELOTIOINGOUUE TV Jteonyovuevn doknon kol va dewphicovpe 6Tt 0 §iokog agtotedeltan aIrd
“onuelokoVs SakTuAlovg. AT To aTToTEAEGUO TTOU PEAKAUE TTELV, TO NAEKTEWKO TTedio evdg SakutAiov
aktivag a gto onueto P elvan
= keL
(az + x2)3/2
H ocuypetplo kow n aAANAOOKUQ®WGN TNG Yy—GUVIGTOGAS TOU NAEKTEWKOU Trediov 1oyver kow €8w. “Evag
SdaxkTuAMog aktivag r, eoetiov dg, kol “Ttdyous ” dr da guvelo@épel nlexktEkd Tedio gto onueio P

Ep (4.103)

dgx

dEp = dE, = kem (4.104)

O d8iokog elval ouolOLOEMO POQTIGUEVOC LLE ETTLPAVELAKI TTUKVATNTA POQETIOV O, dnA.

0
== 4.105
o= ( )
INo éva SaktuMoeldég Tunua diokov, da elvan
d d

=% - Y g = 2nrodr (4.106)

7= dA ~ 2nrdr
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Apa n ouvelGPOQEA NAeKTEIKOV Tiediov aTo onueio P agtd €évo “onuelokd” SoktolMo eival

d d
9~ = 2noxk, rar

dEp = ke 2 + x2)32 (2 + x2)3/2

(4.107)

Av aBpoicovue (OAOKANQE®OGOUUE) TIC GUVELGPOQRES ATTd KAbe “onuelokd” daxktoMo Ja €xovue To NAEKTEIKG
7edlo Tov GuvoMkoV diGrov, SnA.

rdr
Ep:depZZﬂ'O'Xkefm (4108)

Ta, dkEO TOU OAOKANQEOUATOS TEETIEL VO £lvol Ol akEaleg TBOVES arTives kGOe SaxkTuAiov TTOV GUVIGTOVV
70 8loko (aov To StaoQikd wag elvarl to dr). Ot duvatég axtives elvar amrd 0 wg R, kL £€1Gl

Ep = 2monk, [ =L 4.109
p = 2noxk, . 2+ (4.109)

To oAokAipmua avtd uioesl va pag dwbel 1 va PBeebel oe mivakes, aALG ag dokdcouue va To MiGouue
ue aAdayn petafinting. Oftovue

u=r*+x* = du=2rdr (4.110)
KOl
u = 0%+ x* = x* (4.111)
Uy = R? + x* (4.112)
Omdte
R2+x2 du 1 (R2+a2
Ep = k,mox f —5 = 2k, rox—— (4.113)
+ u /2 u X2
% (1 ! ) % (1 i ) (4.114)
= 2kentxo | - — ——=| = 2kenio |1 - —— .
‘ X VRZ + x2 ‘ VRZ + x2
Ynv meplmtwon wov R — oo, 0 8iokog yivetar dielpov peyéBoug, kol n maQatdve oxéon yiveto
Ep = lim 270 (1 =) = %eno = — (4.115)
p = lim Zkno ) oo™ = 5e .

Mumropeite va eAéygete TL gupPalvel av x > R; Ilpémel va Peeite 6Tl 0 SIGKOC GUUTTEQLPERETAL (S GNUELOKO
@ogtio! ©

IHoedderyua 4.10:

(@) Xto Zynua 4.14, o kKUAWSEIKOS PAOLOS akTivag R elval ouololoeEa @OoQTIGUEVOS Le GUVOMKO
@optio Q, ko €xel urkoc [. IIpocbiopicte To nAektEikd Tedio oe agtéaTacn d de€ld Tov.

B) Avti yia @Aod, dewpnate éva cuugtayn kKOMvSo ue (dieg SlaoTdoels GTTMG TEONYOUUEVKS KO
©0pTio O OUOLOLOEEMA KOTOVEUNUEVO GTOV GYKO TOU, Kol EAVAAUGTE TO TTEORANUA.

Advon:
(@) Oeweovpe Tov EAOLE ®S €va GUVOAO aTtd POETIGUEVOLS dakTuAious. Ioxvouv ov GuuuetEieg TTOU
ava@épae ge TTeonyovuevn dokncon. Z€pouue OTL To UETEO NAEKTEIKOV TTedlov TTov TTEOKAAEL €vag
SaxrTUAMog Ttdvew otnv gubela OV TTEQVAEL ATT TO KEVTEO TOU Kau elvol kAbetn GTo eTimedd Tou

Slveton amd tn oxéon
X

E= keQ(Rz + x2)302

(4.116)
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®)

Yxnuo 4.14: Katavoun @optiov Ge kiluvdpo.

KOl 0PoEd UGVO TN X—GUVIGTHOGA TOV, evd X elval o déon mtdve Gtov dEova Tov vItoAoyiovue To
7te6{o. "Evag opoiouoQea @oQTiouévog SarkTiMog ue Ttdxos dx éxel @optio Qdx/l, kar cuvelopépel
nAekTEWO TTedio GTo gntovuevo cnuelo JTov Siveton g

kex Qdx

dE = 2 RE (4.117)

To guvoMkd nAekTEKS Tedi0 lval To ABEOLGUA TS GUVELGPOEAS NAEKTELKOV Ttediov kdbe anuelakoy

SarkTuAiov, SnA.
Qdx
f dE = f“ (x2+R2)3/2 : 4.118)

Q d+1
= % (x% + RH)™3%2xdx (4.119)
d
2 2\—1/2 |I+d
_ QT+ R (4.120)
21 -1/2 |,
_ ke Q 1 1
(@ +RHVZ (d+1)2+ R2)1/2] (.12
Kol deo
gk ! ! i 4.122
@+ RO (d+ D2+ R (1122

OewENoTe TOV KUAVEEO WG £vo, GUVOAO OTtd OoQETIoUEVOUS diokoug, kabBévag pe Tdyog dx, @oTio
Qdx/1 kou eTmupavelard @optio o = Qdx/nR%1. Ioyvouv oL GuUUETElES TTOV avaPEQauE GE TTEonyovuevn
doknon. ZEépouvge OTL TO NAEKTEKG Tedio ToOU cuveloEEel €vog §{okog Tavw otnv gubeia TTOU
TeEvdel aTt’ To KEVTEO Tou kol elval kdbetn gto emiTedd Tou Sivetan asd tn Gxéon

2k, Q X
E==5 (1 Ry /2) (4.123)

KOL 0poQEd UOVO TN X—GUVIGTHOGA TOV, evd X elval wa déon Tdve oTov dEova TTou VTToAoYIToUUE TO
gredlo. "Evag 8lokog guvelapépel NAekTEIKSG TTedio

2rtk, Qdx 1 X
mR?l (x2 + R%)1/2

dE = 4.124)

O1d1e TO GUVOMKG nAekTEIKG TTedio elvor To dBEoLoUO TNG GUVELGPOQRAS NAEKTEKOV Tediov KAOE

8lokov, SnA.
d+1
2k, Qdx X
dE = 4125
f f R2] ( (XZ + RZ)I/Z) ( )
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2k Q d+1 1 d+1 9 9.1
= == - = R*)7129 4.12
72 [L dx 2[1 (x*+ R%) xdx (4.126)
%, d+l 2, p2yl/2|d+!
_ 2O it 1+ RO (4.127)
R |Ta 2 2|
2k,
_ 20 |1+ @+ RH? - ((d + 1)* + RH?| (4.128)
R2l
KoL 4o
= 2k.Q 9 o\l/2 9 o on1/2]>
E==% [l+(d +R) = (d+1)? +R?) ]z (4.129)
|

Ye 60 TO TOQATTAVKD TTOQASEIYUATO YENGWOTIOGOUE Tnv (Slo @lAocoia Tteocéyyiong: attd €va
WKQEO, “onuelokd” @oETio (elte TEAYUWOTIKG €(TE ATTAG KOTOVOUR WKEOVU @OQTIOV) yevikevoaue o€ OAGKAnEn
TNV KATOVOUN @oQTiov: UTtoAoyloaue aEyKA Tn GUVELGEOQEA Tov Tediov Ge éva onuelo Adym cnuelakov
@o@Tiov kal aboicaue (OAOKANEOGCAUE) OAES TIC GUVELGPOQRES TTOV OEEIAOVTOL GTA CNUELIKA POQETIOL TTOU

aTtoTeAoVv Tnv Katavour, feicrovtag €16l To NAEKTEKS Tng Tredio.

Avvopxée Ipoppée Hiextpixot Ilediou

‘Eval onuavtikd StoncOntikd weofAnuo gtn yeAétn kol Katovonon twv nAeKTQk®OV Tedlov eivor dTL dev
ugtopovue va to dovue. Mgtogovue va kKaTtoAdfouue Ty VITOQEN TOUGS Ue OGa €xouue AvaEEQEL, OAAG
uéxor ekel. Ag mpooTiafnoouvue AOLTTGV Vo AUERGOVUE ThV KATAvonon wos yioo autd. ‘Evag foAikds tpdmog
OVOTTARAGTACNS TOU NAEKTEIKOV Tiedlov elvar ol SuvaukEéS yoauués: €va epyalelo avarapdceTacns Tou
NAEKTEWKOV TTeGiov, KAl OXL TTQAYULATIKES “YOOAUUES GTO XWQO.

Ot Suvakég yoauués oxedLAToVTOL UE GUYKEKQUEVO TEOTIO, AKOAOVODVTAS TOUS TTOQAKATN KAVOVES:

vé 7 7 = z z 7 7 z 7
e To Sidvucua Tov nAektoikoV Tediov E elvon epatrtouevo Ge wa Suvaukn yoouun Tou Siégyeton amod
KdBe onueio Tov XHEOV.

e H ratevBuvon wag SuvoKAG yeauung e €va cgnuelo tov x®weov elvarl n (dia ye tnv kotevBuven tng
Svvaung (ko dea kow Tng eTttdyvvong) wov Ja ackovvtov ce éva JETIKG POQETIoUEVO SOKWAOTIKG
@optio gto cnuelo avTo.

e O 0pBudc TV yoouuov avd wovddo emipdvelog Slouécou wiog eTmpdvelag Ttou efvor kdbetn oTig
Suvauikés yoouuég efvor avdioyn Tou UETEOU TOU NAeKTEKOV Tedlov: ye dAAa Adylo, ol SUVAULKES
yoouués elval TTukvATEQES OTTOV TO NAEKTEWKO TTedio elval 1GxVEATEQO (€xel pueyaAdtepn Twn).

To @Aéyov @ £o@dTnUO AOWTTSV £lval TS TIC GXeSLAToVUE. Zavd, WITOQOVUE VO GNUELOGOVUE TEGGEQLS
KOVOVEG:

e [a pepovouéva onuelakd @oetia, ol yeauués katevfivovtal akTvikd TTeog Ta “€Ew” (YeTikd @opTio)
N TEOGg Ta “uéca” (aEVNTIKSG oQETIo).

T Yo avdpora @oTia, ol yoauués Tréel va Eekvolv amd JeTikd @oQETio Kl vo. KOTAARYouV Ge
aEVNTIKG @oQTio. Av vITAEXEL TIAEGVOGUO KATIOOU @OQTIOV, TOTE KATIOES SUVOUKES Yoauuss do

29

gekvouv attd 1 da tedeldvouv “TIoAY uakeld” (6To darelo).

O aBuds TV yoauuoy TTou gekwvovv amd éva Jetikd @optio N wAnGLdgouy éva avnTikG (oETio
elvalr avdAoyog Touv UéTEou ToU PoQETIov.

O duvautkéc yoauués dev TéuvovTal.
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IpooésTe: oL SuVaULKES YRauuéS BEV aTTtoTeAoVV Tnv TEOXLG KATTOLOU POQETIOV TOU KIVELTOL GTO NAEKTEIKO
medio! Efalpeon ce avtiv tnv medtacn arrotedov n Teplmtwon nAektEikol Tediov evog (Lovadikov)
ONUELAKOV QOQRTIOV KoL N TTERITTTWON OUOoYeEVOUS NAeKTEIKOU Tiediov (To oTtolo ueletdue auéong petd),
KOOMOG KAl AAAES TTOAD €L8IKES TEQLIITOGELS. TNV 0UGLO, Ol SUVOUKES YQOUUES YapTOyRa@oUV To Tedio
GTO YWEO AAAG Sev agroteAovv ev yével kATTOOU £{60US pLovoTTaT

Mo éva detikd KL éva aQvnTikd onuelokd @oetio, ot duvaukés ypauués eatvovtor gto XZxnuo 4.15.
‘Otav dvo N TeELGGdTERA POQETIA Pelokovtal GTov (810 XMEO, TOTE Ol SUVAULKES YEOUUES oyedidcovtal ue

e éva Betiké @opTiopévo INa éva apymtiké @opTicpévo
cwpatidio, oL Suvapikés cwpatidio, ot Suvapkég
Ypappés £xouv katsvBuvon ypappés éxouv karsvfuven
QAKTIWVIKE TTPOG Tar £Ew. QKTIVIKA TTPOG T HETL.
(l =
. 3 l

Yynua 4.15: Avvauikés ypauués GnuelaKmyv QopTimy.
Bdoel Toug TAQATTAV® KAVOVES Kol @alvovtal 6To Xynuo 4.16.

0 aplBpog Twv Suvaptkomv
YPARU®V TTov EeKVOUV amd To
BeTikd @opTio 1olTal pe Tov
aptOpod ypappwv mov @bdvouv cto
apvnTké goptio.

Avo Suvapikég ypappés Eekvolv amd o +
24yl kaBe ot Tow TEPPATIZEL 6TO -q.

Syxaua 4.16: Avuvauikés ypauués oe LeVyos GRUELAKOV QOQRTIWV.

444 Opoyevég Hhextoind Iledlo
TTOAMEG TIEAKTIKES EQAQUOYES TEQLAAUBAVOUV Tn XENGoN £vOS ouoyevoUg (Il axeddv ouoyevolg) NAEKTEIKOU
Tediov. Oyoyevég ovoudgetor To NAEKTEKO TTeSio TToU €xel OAES TIGC SUVAUIKES YoauusS Tov TaQAAAN-
A£G KOl OUGQQOITES UETAED TOUG, TTOU £eRVOUV aTtd DeTIRA POQTIOL KoL KATAALYOUV GE AQVNTIKA, EVE TO
UETEO TOU NAEKTELKOV Trediov elval TTAvToy GTabeo.
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7 z z ’ 7 z z 7 7 7 =

Ag Yewpncovue €va copatidio pdcas m kol @oeTiov g uéco Ge €va ouoyeveég nAekTEWO Tredio E.

To niektokd medlo Yo eyelpel nAektEikin dUvaun emdve oto copatidio. To couyatidio Yo kwvnbel vd
emibpaon duvaung, dni. Jo astokTicel emitdyvvon n ogtola diveton aItd To 20 véuo Touv Newton wg

= —

Fo=qE=md = d=

3%,

(4.130)

KataAapaivete 6tL av 10 couatidio €xer detikd @oetio g > 0, n kivnon tov couatidiov da elvar TTEOG TNV
katevBuvon tou nAekTEkoy Tediov. Xtnv avtiBetn meplmtwon to cwyuatidio Ya kvnbel wpog tnv avtiBetn
KATEVOBUVGON TOV SUVAULK®OV YQOULULOV.

Ag Sovue dvo Tagadelypata.

INoedderyua 4.11:

Ouoyevég nAeKTEIKO TTedio E ue katevbuvaon emtdveo GTov dgova x’x dnwoveyelton avdueca e Svo
TAEAAAMAES OQTIOUEVES TTAGKES TTOU adtéyouvv amdéotacn d, 6Tws 1o Xynua 4.17. Xoupotidio
@OoQTiov +¢ Kal wdtag m apnivetol agtd To gnuelo (A) kol emrtayvvetal g ato onuelo (B).

(@) Bpeite tnv tayvtnta tov cwyatidiov gtn déon (B) ue e&ilowaelg Kivntikig.

®) YmoloyicTte Eavd To TTEONY. EQWTNUA UE XEAON EVEQYELAKDV Jemonudtmy.

— E

+ —_—

+ —
V=10 v —

B +q
®
+ —_—
+ —
+ —_—

74 d >

Yynua 4.17: Poptio Ge ouoyeveég nAekTEIKO JTESLO.

Avon:
(@) To odua udtag m kol @oQtiov g extedel evBUyauun emitayvvouevn kivnon ue otabepn emtdyvvon.
AT6 15 egiohoels tng Kivntikig, dewmpdvtag detikin @opd meog ta detld,

un = U + 2a,Ax = 0 + 2a,Ax (4.131)

A6 10 20 véuo tov Newton gtnv oQigdvtia kivnon €youvue
= -
ZszmEz’x<=>Fe:m&’x=>Fe=max=>qE=max<=>ax=— (4.132)

KoL €TGL
2gEd 24Ed
W2 = 2a,Ax = 2a,d = 8 = up = 4| 2 (4.133)
m m
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(B) Oewpovue wg cvcTnua To {PoETio}, wovoueAés ko un asopovouévo. H ndektekin dvvaun oL
Tou ookelton elvar €EMTEQIKA GTO GUGTNUA KOl TtaEdyel €pyo e€Tdve GTo @oETio. Mitogovue vo
epoapuocovpe o OMKEE avdueca ata onueto (A) kot (B).

AKpop = ) Weu (4.134)
Kp— Ka = Wr, (4.135)
1

5mu%9 -0 =gEd (4.136)

2gEd
Wl = 18 (4.137)

m

up = | 2454 (4.138)

m

Hoedderyua 4.12:

‘Eval nAektpdvio umaivel e wia TeQoxn opoyevousg nAektoikol Trediov dmtws oto Xynua 4.18. H
aEXIKA TayvTnTa Tov efvon #; = 3 - 10% m/s kar To wéteo Tov nAekTEov TESiov elvan E = 200 N/C.
To opLzdvTio Wikog Twv TTAOK®V eivorl [ = 0.1 m. OewENaTe YVwoTh Th WETo Tou NAEKTEOVIOU M, Kol
TO @oQTio TOV, €.
(@) Bpelte tnv emitdyvvon tov nAekTpoviov 66o PeiokeTAl AVAUEGO GTIC TTAAKEC.
B) YmoB<tovtag 4Tl To nAektEovio utaivel gto Tredio tn yeovikn otyun ¢ = 0, Beelte To XE6VO
TToV gykataleittel to Tedio.
) YgobBétoviag 4Tl n y—GUVIGTOGA TOU nAgkTEoviov dtav umaivel 6To nAektoikd Tedlo eival
y = 0, toud efvon avtn ye tnv otola eykataleitiel To Tedio;

To nAeKTPOVIO VPIOTATAL PLX ETILTAXVVOT] TTPOS T
K&t (avtifetn ToV SLvioRATOS TOV NAEKTPLKOD
mediov, kat 1 kivion tov elval TapaBolur doo
Bpioketal avapeoa oTIg TAGKES,

=
|++++++++++++|\

Yyxnuo 4.18: HAerTpovio Ge ouoyeves nAekTEIko Jredio.

Avon:

(@) To niAektEdévio emitayvUveTal Adyw Tov nAektEkol Tedlov, To 0Tolo TrEoraAel NAeKTEKA dUvoun
F; ue @oQEd TEOS Ta KATW, aviifeta atmd T @oed Tov duvaukov yeauudv. To coua kwveltow ue
oTafgpn TOYVTNTO GTOV 0QLLOVTIO GEOVA VA ETTLTOYUVETOL GTOV KATOKOQUPO dEova Tng Kivnong tov.
OewEOVTaS vontd gveTnua agdvmv ue avagopd to cnueio A (0, 0), ko FewEodvTag wg FeTIKES POQEES
Tng kivnong g cuUPATIKES, epapudtovue to 20 véuo tou Newton gtov dgova y'y:

eE

Zﬁy=meay=ﬁ€:meay=_F(3=meay=ay=__ (4.139)
me
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B) To niektEovio Byaivel amd To gredio dtav dravicel 0QLLGVTIA artdgTach [, 6GO TO UNKOG TWV TAOK®V.
Y1ov 0QLdvTio dEova o couatidio exktedel evbBUypauun kivnon pe gtabepn emitdyvvon, Sna.

ot 1
)CB:XA+MX[:>I=O+MXI<:>I:u—x:ng'lo7S (4.140)

) Eavd ctov y—dgova, amd T eflowoels tng Kivntikng

1
YB = YA * Uy, 1+ Qaytz @14
1({ eE\(1\?
=0+0t+ = |[——||= (4.142)
2\ mg ) \u,
E?
=_¢ (4.143)
2m iy
~ —0.0195 m (4.144)

QITOTEAEGUO TTOVU GUUE®VEL Ue Tn SloleONGM Kwag KoL TO GYAWa.

HNoedderyua 4.13:

Y& TOMEG TTEAKTIKES EQAQUOYES, XEELATETAL Vo KAvouue uia S€éoun nAEKTEOVIwV va GTEIPEL KATO
90°. Autd umopel va emtevyfel uéow tng Sidtagng Touv TaQokdT® oynuatos. ‘Eva nAektpdvio ue
rwntiki evéoyeia 3 - 10717 T eioépyetar agro wia wiken oIt agré To KATo uéeog Tng StdTaing, 6Twg
oo Iyhuo 4.19. To nAexkteovio €xel udca m, = 9.11-1073! kg kar @optio e = 1.602 - 1071 C.
(@) Hwc Yo meéTter va elvar @oETIoUEVES oL dV0 TTAAKES OGTE TO NAEKTEOVIO Vo GTE{weL BeLLd,;
B) Iéco Treémtel va efvar T0 WETEO TOU NAEKTEIKOV TTeGiov av TO NAEKTEOVIO £E€QXETAL ATTO OTTA
n otota Beloketar 1 cm paxkQud amd tnv o £16650v;

(at)

Hiektpdvio
xiuo 4.19: HAektpovio oe atpopn 90 LoV Ge OUOYEVES NAEKTRIKO TTEGIO.

Avon:
To nAextEkd medio atny dtdTagn elval ouoldLoEEo, eTTOUEVOS TO NAEKTEOVIO da €xouv 6Tabepn eTtiTdyuvon.
Aeite to Zynuo 4.19(6).
(@) H sAdra Ttov Pfeloketar 010 KdTw uépog tng Sidtagng da €yel detikn @dption. To niektpdvio Ha
Treéarel va amtwOnbel amd tnv TTAGKO Tou dve pépoug, Sndadn da TreéTel va €XEl AQVNTIKA @GQTIoN.
To nlextEkd medlo TEETEL va €xel katevBuvon 6Tt ealvetar oto Exnua 4.19, doa n katevBuven
TOV NAEKTEOVIOU d elvol TTEOGS Thv TAGKA TToU BEICKETOL GTO KATW UEQOC.
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() EmAéyouue évo cUGTNUO GUVTETOYUEVOV Xy OGTE 0 GEovag x'x va elvor TTaQJAANAOG we Ty TTAGKA,
Ttov Peloketol 6TO0 KAT® wépog tng dSidtagnc. H apyn twv agdvwv eivar to cnuelo eigédov Tou
nAektpoviov. Tote n emTdyuvon Tou nAEKTEOVIOU, TTOU €lvol TTOQAAANAN ue To NAeKTEIKG Tiedio,
elvan @ = Clj. INa tnv KwnTikin evégyela £xouue

I S -17
Ky = Emeu0 =3-107"1J (4.145)
n ogroia pog Siver aQyki tayvTnta
uy = = 8.115-10° m/s (4.146)
me

Ao Ol GUVIGTWGES TNG TaXVTNTOG, GTNV aEykn Jéon A, elvan

Uy, = g cos45° =5.72-10° m/s (4.147)
Uy, = upsin45° =5.72-10° m/s (4.148)

ITowa eTTdyuVon d eTMITEETEL GTO NAEKTEOVIO Vo TTEQAGEL aTtd To onueio (xg,yg) = (1 cm, 0 cm); Two
TS €8l0MaeLS kivnong €youvue

1
XB = XA + Uy, t + éatxt2 =uy,t=001m (4.149)
1
VB = Ya + Uyt + éayﬁ =0.01 m (4.150)
A6 v e€lowon agtov dgova x'x Pelokouue

r=28 17421070 s (A.151)

Uy,
Yuvem®g aTtd Ty e€lcwon otov dova Yy éxouue

_ 2uy,t
ay=—3

= —-6.59 - 10° m/s? 4.152)

‘Ouwg n emtdyuvon Tov NAEKTEOVIOU GE NAEKTEKO Tedio elvar

F E E
ay__eZQe __e_:E:_mea

me, M, e e

= 37.5 N/C (4.153)

O Nopoc tou Gauss®

Ye autnv Ty mapdyeapo da yvwelicovue tov mepipnuo Néuo touv Gauss, o oTtolog astotelel wa amtd Tig
didonuec egiodoels tov Maxwell. O Nduog tou Gauss efvor éva ToAD yeAclwo wabnuatikd egyadeio GTig
TEQLITTWGELS TToV F€AovUE va. vVIToAoYiGouULE TO NAEKTEIKO TTES{0 E ko to televtaio €xel KATTOL0 YEMUETEIKA
ovuuetpia. Ilow mdue duwg oto Néuo tov Gauss TTEETEL va TTEQAGOUUE ATtd pio dAAN GnuovTiki évvolo:
OUTA TNG NAEKTEIKNG QONG.

Hiextowr|, Poy

Q¢ Twpa, Jewprnoaue TO EAVOUEVO TV SUVOULK®OV YOOUU®OV Ue TTtoloTikd Teomo. ‘HebBe n dea vo To
ueAetnoouue AMlyo TteQuaadteQo “TtoGoTkA”. "EGTm GTL €xouue €va opuoyevég nAekTod Tedio E, émog 610
Tynua 4.20. O Suvauikés yoauués “képouv” kdbeta tnv emu@dvela, n otola €6t OTL €xel euPfadov A.
YTnv el6OYWYNn LA Yo TG SUVOUKES YOOUUES OVAPEQOUE GTL N TTUKVATNTO TOV YROUU®V £lval avdAoyn Tou
uétpov Tov Trediov: TUKVES ypauués onuoivel ueydAo Wétpo Tediov, evdd aQOLES YEOUUES onuoivel uikQeo
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Yynua 4.20: Emipdvela kdfetn 6e ouoyeveg redio.

uétpo Tediov. Mitogovue va Ttovue OTL 0 aELOUGS TOV SUVOUK®OV YROUU®VY £lvol ovdAOYOS TOU Yvouévou
EA. Auté 1o ywduevo ovoudceton nAektoki gon ®@g. ITpotol mpoxmwencovue, ag yivel Eekdbogo 6tL dev
VTIdEYEL TiTToTO “PEVOTS” TNV TTARATIAVK KATAGTOGN N GTOV 0Qoud Tng eong. To Ttedio elvan GToTikd, KO
ATTAMG elval yiot AgEn TTov TeELydpel To NAEKTEKO Tedio TTov “Siarrepvd” wa eTiedvela. "Eyxovue Aowtdv
TOV TTRMTO OQLOUO TNG NAEKTEIKAG QONGC Y0, KADETES OTIC SUVAUIKES YOOUUES ETTLPAVELES:

O =FEA (4.154)

Av Suwg n emupdvela dev elvar kdBetn GTIG duvautkés yoouués, Aedouévou 6Tl 0 aELOUdS TV SUVAUKOV
VOOUUWV TToU TTeEVE Tnv KABeTn eTipdvela ko Tn wn-kdfetn emipdvelo elvar o (8log, autd Tov alAdcel
efvar to guPadd, to oToio GTnv un-kdbetn emupdvelo eivor

A = Aperp c05(8) (4.155)

ue 6 n yovio Tov oxnuoticovv ta dvo emizmeda. Av 6 = 0, 16Tte n emedvela eivol TOQAAANAN pe TG
Suvoukés yoauués Kal n nAEKTEWNA Qon efvor undév. Aga yia eTtupdveles OxL KABETES we TS SUVAUIKES
VOOUUES TOU NAEKTEIROV TTeGiov, n nAeRTEKA Eon divetol wg

Or = EA cos(6) (4.156)

‘Ouwg to Tedio e TTOAAES TIEQLITTAGELS dev elval owoyeveég: UTToeel va UeETOPAAAETAL (e Thv OTTOGTOGN I UE

A
A
h
, /
/ /
Eupado A Epfpado A

Yxhpa 4.21: Aidvocua A Uiag EITLPAVELAG.

T0 uépog tng emipdveias. Ol 0pLoUol Tov dOaaue £x0UV vONUa Yol WKEES ETLPAVELES Ue GTOOEQO NAEKTEIKS
Tedio, aAdd Ya pag @avouv Wiaitepo xeriowol atn cuvéyelo. Emiong, 1o ywouevo EA cos(f) Teémel va
oo Juuiter KATL: LOLALEL Ue TO ECMTEQLKO yvouevo duo Stavucudtov E xow A. Mévo Twov TEAYUATL TO E
efvar Sidvuopa 0AAG To eufadd A tng emupdvelag eivor wovouetpo uéyebog (oiBuntiki Twun). Mitogouvue
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va kdvouue kATl yU awtd; Mitogovue va opicovue éva Sidvuouo A 1o omolo Ya eivan TévTa KEeTO GF
wo emedvela tov Ja Ttouv avtigtoyicovue. Emiong, usogovue va oplgovue To UETEO TOU SLOvUGUATOS
ouToy va elvar Ttdvta (6o pe To eufadsd Tng emipdvelag otny omoio ovtiotoryitetal Tétowo Siavioupato
A BAémete oto Iynua 4.21. Me Bdon ta ToQamdve LIToeovue TdEA va YRApouue TNV NAEKTEIKIA Qon £vig
ouoyevoug nAekTEIKOV Tiediov E Slauécou wag emipdvelas euadol A g €va eGmTEQPIKS Yivouevo:

®p = E - A = EA cos(6) (4.157)

ue 6 tn yovio getagd tov dvo Stavuoudtov.

Ag @Uyouue 0Tt TIC emiredeg eMmMPAVELES KO OC TTAUE G YEVIKOTEQES. Mial YEVIKA £TTLPAVELQL UITOQET
Vo xwELGTEl e oA WikEd oToyela eTtupdvelag, kabéva we eupadd AA. Ag opicouvue To Sidvuouo AA; tov
o7tolov TO WETEO LoovTal Ue To eufadov Tov i—0aTov GTolelov Tng emipdvelas. To Sidvuoua avtd eivor
kABeto GTO GToLKelo eufadol AA; tng emipdvelos. ‘Eotm 6Tl To nAekTekd medio elvar E; otn 9éon auth
KoL oxnuotitel yovia 6; ue to didvucua AA;, O0mwe ato Xynua 4.22. H nAektoikii gon Stauécov autng tng

To nAekTpud medlo oxnuatifel
yovia 0; peTo Sudvuopa AKJ-, ToU
opietor wg k&beTo 0TO GTOLXEUDOES
T LA TNG ETLPEVELAG.

Sxnwo 4.22: Turua yevikic emi@pavelas Kol SlaviGUaTa E, A&,

emupdvelag da elvan
A®g, = E; - AA; = EiAA; cos(6;) (4.158)

H cuvoMki gon usropel vo feedel av TunuotoTtolnGouue 6e WKEA TUWALOTO TN YEVIKA ETTLOAVELQ, VITOAO-
yloouue T GUVELGPOEA NAEKTEIKAG QONG aItd kABe Tunua, kol abpoicovue OAeS TIG GUVELGEPOQEES pong AD,
oTté 6A0 TOL WKEA TUAWOTO eTTLEAvELOS AA;. Av To TUARATO AUTA Yivouv aTtelpoGTd WKked ToTe
. . — - — -
Op = lim > A = lim > F;-AA; = f E-dA (4.159)
AA;—0 7 AAi—0 ; £TLPAVELOL

Mn cag TeofAnuaticer To SlavuouaTtikG oAOKAME®UR ETTGVH Ge wia eTupdvela’. Oa Sovue TEOTTOUS va To
vTToAOYIgouue aEKETA ATTAG Kol EUKOA.

Moag evlla@éEouy W8LalTeQA Ol KAELGTES ETUPAVELES YOl TRV €VEECN TNS NAEKTEIKAS QOAS SlaUécou TV
ETLPAVELDOV QUTOV. Mol KAELGTR €TTLPAVELDL YWEITEL TO XWOQEO GE UL0L EGOTEQIKN KOL ULl EEWTEQIKA TTEQLOYN,
xwelc va urropel KAITOLOC N KATL va KivnBel aItd Tov va x®Eo GTov AALO xwEic va Slaaylcel Tnv eTpaveLn
TOU XWEov. Mia Tétola KAELGTH eTtupdvela eival n emuedvelo Wag oeaipas. Ag dolue TEELS SLOPOQETIKES
TEQLITTOGELS TTOV TO NAEKTOWKS Tied{0, we Sidvuaua, T6Ed G TUALOTO ULOS KAELGTAS eTtipdvelag. Aeite
To Iynua 4.23. IMopatnpnote Tic Teputwaels (1), (2), (3). Xtnv meplmtoon (1), To nAektEkd Tedio KAl TO

ZEvtdsel, 8¢ Mo Ttwg dev Teokadel alcOnon... :)
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Xxnuo 4.23: Emipdvela kKal SUVOUIKES YOAUUES.

Sidvuoua AA; oxnpaticovv yovia 6 < 90°, omtéte n nAektoikn gon Ja eivon
®f = E - AA) = EA; cos(6) = E,A; > 0 (4.160)

ue E, = Ecos(f) tnv 1TeofoArt Tov SloviGUATOS TOU NAEKTEIKOV Tedlov emdve GTo Sidvuoua Ml. Xtnv
TepimTwon (2), To nAekTES TEdio Ko To Sidvuoua AA, oynuaticovv yovio 8 = 90°, otéTe n NAEKTEIKA
pon Ya elvon

®p = E - ALy = EAy cos(90) = 0 (4.161)

Ytnv qiepitttoon (3), To nAekTEkd Tedio kol to Sidvucua AXg oxnuaticovv yovia 6 > 90°, omdte n
nAekTOKNI ont Ja efvan
®p = E - A3 = EAz cos(0) = E,A3 < 0 (4.162)

A A 7 7 z z g
ue E, = Ecos(d) tnv meopfoAM Tov Savicuatog Tou nAekTEkoV Tiediov emtdve oto Sidvucua AAs. H
NAERTEKI or witopel Aowrrdév va efvar Jetkn, agvntiki, 1 undevikn.

Nwpitepa avapépaue GTL Ula KAEIGTR eTLpdvelo €xel “eawTeEkS” kAl “eEmTtepkd”. To Sidvuoua dA
EVOC AITELQOCTA WKQEOU TUARATOS TG KAELGTAS eTtipdvelog Selyver Tavia TIeog Ta “€Ew”, e avtibeon ue
wor It eTtipdvelo, (GxL KAEWGTAR), n oTtola el dA Tov urtoeel va Selyvel Eog tn wa i tnv dAAn TTAgvEd
Tng. o Tov VTTOAOYLGUG TG NAEKTEIKAG QONG GE W0 KAELGTR eTL@AvVELQ, £xouUe

Op = 95 E.-dA = 56 E,dA (4.163)

ue E, tn ouvioT®ca Tov nAektEkoy Tediov kdbetn otnv emipdvelo (1 eVOAAAKTIKG, TAQAAANANR Ue TO
rd g Vé z 7 7’ 7 7 7 z 7
Sudvucua dA). Me Bdon dca €xovue TEL MG TOEO, N GUVOAKNA NAEKTEIKN Qo O Slauécou WG KAELGTAG
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eTLPAvELOS lval avddoyn Tov alfro TV SUVAUIKOV YOOUULDV TTOU £EEQYOVTOL ATTO TNV ETLOAVELL
ueiov Tov 00Ul T®V SUVOUIKAOV YQOUU®DV TTOU ELGEQYOVTAL GTNV £Ti@dvela. Autd cnuaivel dtu:

e Mmalvouv TteQLoaiTeReS SUVOUIKES YOAUULES aTt’daeg Byaivouv; Agvntiki @ SlouéGou Tng empdvelog

e Byai{vouv Ttepuocdtepes Suvoukés yoouués art’éceg urtaivouy; Octiki Op Stauécou tng emupdvelog

Ac dovue éva TTapdderyuol.

HNoedderyua 4.14:

7 z z 7 7 = 7 z 2, 7
OewEnate £va opolduoE@o nAekTEO Tedio £ ue TeocavatoMeud 6To x—dgova Tov xweov. "Evag
KUPBOG ue wnkog akung ! tomobeteltal 6to medlo, dTtwg 6To Lyriwa 4.24. Beeite tnv nAekToikn on
Srapéoou Tng emipdvelag tov kKUBov.

xnuo 4.24: KvBog e ndektpiko swedio.

Avon:
ATt6 66a €rouue TreL, TEQULEVOUULE N NAEKTEIKA Qort Jo elvor undév, amot) 6Geg SUVAUIKES YOUUES LTTaivouv
aTté Tn wa TAVEd Tou KVPov, Téoeg Byalvouv attd tnv dAAn (amévovtl) Tov TTAeVEA (0 KUPOS astoTelel
KAgloTH emipdvela). Ag emifefardcovue Th StalcOnon pog. ApBpovue kdBe TAgLEA Tov KUPBoL aTtd 1 wg 6.
Emidéyouue wkég emiupdveleg eufadot dA; oe kabeud kar oxedidcovpe 1o kdbeTo Sidvuouo dA; ce auTég.
"Exouue

6
@Ezggﬁ-dﬁzzsgﬁ-d& (4.164)
i=1

Emednn oo mAevpés 3,4,5,6 elvar TaQdAAnAes ue I SUVAUKES YEOUUES, N NAEKTEIKA O elvar undév.
Mévouv ot emupdveeg 1,2. Omdte

p = 9§E dA; + SEE dAy (4.165)
Ta Sravicuato E,dA; givan avtipeoTra evd Ta E, dA, oudpEoTa, 0THTE
E-dA, = —EdA, (4.166)

KO
E-dAs = EdA, (4.167)
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Op = — 9€EdA1 + SEEdAZ =-F SEdAl +E SEdAz (4.168)

"Ouwg 5f Al = fﬁ Ag, WO KOl TTEOKELTOL YO TTAEVEES KUPOV, Kal TeMKE Op = 0, 6TTwg avauévoue.

HNoedderyua 4.15:

(@) To Zyxnuo 4.25(a) Selyver wo kdtown evic kVPouv dootdoewv 3 - 3 - 3 exkatoatv. Beelte tnv
nAexktEwn gon @;, i = 1,2, 3,4 twv empaveldv 1 wg 4. IIdon eivon n GUVOAMKA NAEKTOIKI Qon
Stopuécov Touv kUPov;

B) Beeite tnv nAektown gon @y, i = 1,2,3,4,5 tov empaveldv 1 wg 5 tov Zynuatoc 4.25(@). [Iéon
efval n GUVOMKN NAEKTEIKN EON SLWEGOV TOU GTEQEOV;

KoL 4o

Katodn evog kuPou Swaotacewv
3.0cm X 3.0cm X 3.0 cm

e

2

(@) (B)

W
WO
W

ynuo 4.25: HAektpikni 0o S1au€GoU GTEQEDY.

Avon:
(@) H nAextown gon diauécov wag emupdveias A givon © = E-A=EA cos(6), 6TTov O n ywvia uetay
TOL nAgkTEWOV TTediov Kol TOU SLavUGULOTOS A Tov glvan kGBeTo GTNIY empdvela, €xel uétpo (Go ue
To euPado tng empdvelag, ko delyvel TEOS Ta ££w aTd Tnv emi@dvela. Aga

®; = EAcos(d)) = 500 -9 -107* - cos(150°) = —0.39 Nm?/C (4.169)
®y = EAcos(f;) = 500 -9 -107* - cos(60°) = 0.23 Nm?/C (4.170)
®3 = EAcos(f)) = 500-9-107% - cos(30°) = 0.39 Nm?/C (4.171)
@, = EAcos(6)) =500 -9 1074 - cos(120°) = —0.23 Nm?/C (4.172)

H Guvolikii gon Slapécou Tev ettpaveldv stvar Oy = 3 ®; = 0 Nm?/C.
B) To nAexktEkd Tedlo elvar kdbBeto GTnv emipdvela 1 kol TARAAANAO GTIS eTl@dveleg 2, 3, KoL J.
7 7 7 = g z 7 7 7 z Vé
Emiong, n yovia yetagd twv E kar A4 elvar 60 poipes. H nAektoikn Qon Ge auvtég Tig 5 emmipdveles

elvon
@, = E1A; cos(y) = 400 - 2 - cos(180°) = —3200 Nm?/C (4.173)
Oy = O3 = O5 = 0 Nm?/C (4.174)
2
Oy = EqAyco8(04) = 400 - ———— - 4 - cos(60°) = 3200 Nm?/C (4.175)
sin(30°)

H cuvoliki nAekTeikin on elvon undév gavd.
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Tohea TTov yvweitovue KATIOW TIEAYULATO Yol TRV NAEKTEIKA o, LTTd)eL deaye KAITowd oXéon UETOEY
TNG NAEKTEKNG QONG GE U0 KAELGTA €TLPAVELQL KAl TOU (OQTiov Tou TepwkAeletal uéca e avtnv, H
oagtdvinon eivar var kow n gxéon outin ovopdcetar Nouog tov Gauss.

O Néuog touv Gauss eivan JepeAddovg onpaciog 6Tn UeAETN TOV NAEKTEIKOV TTediwv, KABMOS aIToTe-
Agl to 1G0dVvauo Tou véuouv touv Coulomb yio nAektEikd TeSio Gnuelak®v @OETIwV, AAd @AQEUOTETL
e Guveyels Ratavoués TToAD Jrio evkoAa aTt’ 6,1t 0 véuog touv Coulomb, eved emiong e@oQudleTon KoL GE
Kwovueva @opTia kdbe Tayvtntag. Me dAAa Adyla, astotelel évav TteQLEEOTEQO DeueAddN vouo yo to
nAekTEA TTEdi0 aTtd To vouo tou Coulomb.

H @edon “kAewotn emedvela” da gtalger woA) onuoavtikd QoA otn Guvéxela - Adn yvweitovue tov
0QLoWd Tng, TOAAES @OoEES Da Tnv avagépouue kol w¢ yrkaovalavi (Gaussian) emiupdveia. Ag dovue Aowrdv
70 vouo tou Gauss. ‘Ectw éva Jdetkd @optio g Gto kévipo wag cealpag axktivag r. To uétpo Tou
nAeKTEIKOV TteG{ou GTnv eTLpAveLd TRG GPAlRas elval

E=k—< (4.176)

Ot Suvapkég yoouués etvar Tavtol KABETES GTNV ETTLPAVELD TS GPAIRAS, OTTWS PAETETE ATTd To Zyxnua 4.26.
7 z = 7 rd rd 7 Z g 7 ’
Apa To nAekTEWwO TEdlo E elvanr mdvta TapdAAnAo ye otrotodnitote didvucua AA TTov OVAKEL GE TURUA

‘Otav To @opTio BplokeTal oto
KévTpo g opalpag, To NAsKTpLko
medio eivan Tavtov kdBeto otV
emupbdvela kal otabspod o pétpo.

E
Zgapkn
Yraouslavny ! 'AA :
smpvela
\ ,
’

Yynua 4.26: PopTio GTO KEVTPO YKAOUGLAVIG GPALQIKIG ETTLPAVELAG.

7 ’ z z =1 nd s z VA z z 7
g oeaipag AA. "ETal, 10 e0mTeQkd ywwduevo E - dA Yo elvan alyefpikd. Av To Tunpa avtd yiver TToAd
wWKQEO (dA) TéTe 1 GUVOMKNA NAEKTEIKA QON Sltauécou Tng eTm@dvelas Tng aealpag da efval

®E=9§ﬁ-dff=9§EdA=E9€dA 4.177)

To oAokAnpwuo 9§ dA wovTol pe To eufadév TG YKOOLGOLAVAS ETLPAVELNGS, SnA.

95 dA = 4rr? (4.178)

O1tote
Op=E 95 dA =k, —qz (Anr?) = Ankoq (4.179)
r



324 Kegdharo 4. Hiextpiopog

ko ov Jéoovue k, = 1/(4nep), teMkd Jo €xovue
O = — (4.180)
Borikope AOLTTOV Tnv nAEKTEIKA QoNn Slapécou Wag GOARIKAG eTTLPAVELAS TIOU TeRIKAElel £va oQTio g.

Evrola umoeel va 9ol kdarolog/a To epodyTnua “kor Tt da cuuPel av n emupdvela Sev elvar GaQLkn;”.
E{maye 6Tt n nAektoikn gon elval avdioyn tov oot Twv SUVOUIKOV YROUUL®OV TTOU TTEQVOUV UEGA ATTd (Lol
ETLPEAVELD. AV AOLTTOV €val QOQTIO TTEQIKAEIETOL OTTG W OKAVOVIGTN ETTLPAVELD, O 0QLOLOS TOV SUVOUK®OV
yoouuwv mov da tn dragtegvouv da efvar akeldg o (Slog Tou Starrepvd wia Gpaipkin emi@dvelal Agite To
Yynua 4.27. To oxnuo emifeBordver To cuustépacud wos. H emupdvela S eivon cpagikn, doa O = g/,

H nAextpik) pon elvarn i
SLPECOV OAWV TWV ETLPAVELDV.

=\
~7

Sxnuo 4.27: HAekTpikii 0OR SLOUEGOU OKAVOVIGTOV ETTLPAVELDV.

KOL OUTI €lval N TWA TNG NAEKTEIKAG QONG Yol kABE Ul ATTO TIC VITOAOLTIEG eTTLPAvVELES Sg, S'3. OTdTE

HAektoikn Ponn KAeiwgtng Emi@dveiag

H nAextokn gon Op Stauécouv 0ITolaedNITOTE KAEIGTAS ETTLPAVELOS YUR® OTTO v GnUELaKO (PoETio

elvon

o= L
€0

ko efvor ovegdptntn amd to oxua Tng.

\ J

Ta gpotAuata duws Tagauévouv: “ti da aAldger av To @opTio eival €€w amd tnv empdveia;”. H
astdvinon €8¢ eivar 6Tl kGAOe Suvaukn ypauun tov eSOV TOU POQETIOU TIOU EIGEQRXETAL GTNV KAELGTA
emipdvela Byaiver amd éva dAlo uépog tng emidvelas. O aplBuds TOV yROUL®V TTOU UITA{vouv 1GoUToL
ue ovTov Tov Pyaivouv! Apa n nAekTEIKA ort Stapécov KAelGTRS emipdvelos tov AEN Trepiéyel @optio
elvanw undév! Mropeite udArta va to arodeitete, dewpdvtag UkeES emipdveleg e1God0v pe eufadov AA kou
WKQEES ETTUPAVELES €E680V AA TV SUVOUIKOV YQOULOV, KOL VO VITOAOYIGETE TNV NAEKTEIKA QOoNn Ge kabeuLld,
KOL UeTd vo. TIG TTeocHEcETE.

Noépoc tou Gauss xan Xnuetoaxd Poptia
Ag emekteivouue Tn GUTATNONA WOS o TTOAAG (M to mANBog) @oetia. H nAektokn gon ywo M onyelaxd

poptio da elvar
M
@EZSBE.M:SEZE -dA (4.181)
i=1

T wopddeyua, delite to Zyxnua 4.28. H ndekteikii gon Siauécov tng emupdvelag S eivon O = Z—é. T tnv
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To optio g4 8¢ ouvelo@EpeL TNV
NAEKTPLKI) POT| KAULAG ETILOAVELNG
emneldn| Bploketal ektdg GAwvY TV

ETUPAVELDV.
S 94
- SE
Ul
= MY
93
A

Sxnuo 4.28: HAekTpiki QOH agtd ToAAd QopTia.

7 ; + , 7 ’ 7 ’ , ;
emupdvela S/, etvan O = %, eved ylo tnv eTtpdvela S elvar undév, kabwhg dev TregkAeiel pogptio. To
@oQTl0 g4 Ot GUVELGQPEQEL NAEKTEIKA QON Ge kaula ertipdvela. Ev Téhel

@E:9€ﬁ.d*:@ (4.182)
€0

7z z z z =1 z 7 7 7
Ue ¢in TO @OQTLO TTOV TrEQLEXETAL £VTOC TNG eTLPAvELNS Kol E To nAekToikd Tedio Ge oTrolodnatote onuelo
QUTAC.

Ioedderyua 4.16:

Mo GQALEIKI YKAOUGLOVA eTTLPAVELD TteQIKAElEL oQETio g Kaw €xel ndekTEikn gon ®@p. Ti cuufaiver
otny televtaia ov

(@) To @OQETIO evTdG TNG TELITAAGLAZETOL

B) n axtiva Thng cealipog SiTAacidceTal

) n emmu@dveln UETATEETIETAL GE KUPO

&) To poptio uetakweltar ge dAAo gnuelo

Adon:
(@) XZVupwva pe tn gxéon
oy =2 (4.183)

v g;, = 3qin, T0TE TEOPAVHS P = 3DE.
B) Av n coaipa egokolovbel va mepikAeiel To (8o @optio, ToTE dev AAAALEL N NAEKTOLKA QON.
) To oxiuo tng emupdvelag dev Taitel @OA0, dEo n NAEKTEKN Qon TTaQauével (Sia.
©) Av t0 @opTio TTOEAUEVEL EVTOC TG eTTUpdvelag TOTe Sev aAMGCeEL KATL.

Néuog Tou Gauss xar Katavour) ®optiou

O véuog tov Gauss ugtopel va @ovel €£alpeTikd YEAOIWOS Yol TV €UPECN TOU NAEKTEIKOV Tedlov dtav n
kotavoun @oetiov elvar cupuetEki. Autd cuufaivel ue tnv KATAAANAN €TTAOYA YKOOVGLOVAS (KAELGTAG)
ETLUPAVELOS GTTOV TO didvuoua dA Gto OAOKANQEWUO 0QITeTOL — KoL VITOAOYITeTAL — eUkoAO. H emidloyn tng
YKOOUGLOVAG ETILPAVELAS TTEETEL VO, ElVOL TETOLNL TTOV VAL TOLELAGEL GTN GUUUETELO TNG KATAVOUAS (POQTIOv.
EmimAéov Treémel vo eRUETAAAEVOULOGTE TN GUUUETEIO, KOTOVOURS (oQETiou Yo va, BydAouye TO NAEKTEIKG
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= rd z z
Tedio E ekTOC OAOKANQ®UATOG. Av Sev pwiropouvue va feovue wa TETOL0 eTLPAvELD, TOTE O vOpog Tou Gauss
egarkolovbel va toxvel oAl Se uag elval xENOWOS ylo Ty eUREGN TOV NAEKTEIKOV Tied{ov.

Ac dovue uepikd eldn GuUUETEIOC VIO VO KOTTAVORGOUUE KOAVTEQO TNV EITTLAOYI ETILPAVELAS TIOU TTEETTEL
va kdvouue kdBe @oed. YmwoBéate Gt yia éva nAekTEikd T1edio de yvwpitete Timota ekTég Tou OTL:

e n @oEd Tov elvor aTtd JeTkd TTEOS aEVNTIKG PoETia

e 1o Tedlo eyeipel wa nAekTEWN dVvaun e €va oETIGUEvo copatidio Ttov Ja Peebel evidg Tou

T pugropelte vo GuuTteQdveTe yid TO NAEKTEIKG Tiedio; Xiyovpa Oyl TTOAAG TTeQLGGoTEQA. AV OU®S GG
TEL KATTOL0G OTL TO NAEKTEKG Tedlo o@elleTol Ge Wwia kotavoun @ogtiov Tov Siatneel wo cuuueteloa,
Ya aANdger n amdvinon cog;, IIpw AITOVTAGOUUE, OC EENYACOUUE TL OVOUATOUUE CUUUETQEIKH KOTOVOUN

@o@Tiou: elvar n kotavoun mov St uetafdAleTor amrd kAo OUASO YEMUETEIKOV UETAGYNMUATIOUL®Y TTOU
EQOQEUOTETAL TTAV® TNG.

o aeddeyyo, dewenote Tov @oETouévo kKOAMVEpo Tou Xynupatog 4.29. O kUMvEEog £xel daelpo

S S S S S S S = =
\

DopricpEvos KOAVEPOG
OTEIPOV pKOVG

Sxiuo 4.29: Ouotouop@a QopTIGUEVOS KUAVEQOGS AITEIQOV UHKOUG.
unkog. Kielote Ta wdtio cog kot apnaote éva @ilo cog va

e uetatomicel SeEld-0ploTeRd ToVv KUAVEQO (TTaQdAANAQ ue Tov dEovd Tov)
e JTEQLOTEEWEL TOV KUAVEQO yUp® agtd Tov dEovd Tou

o ovTavakAdoel g évav KOOEETTTN TOV KUAVOQO KOl GOG TTOQOUGLAGEL TO €(6WAG TOU WS TNV TTEOYWL-
TIKA KoTOvVOUn

Avolgte topa ta udtia cog. MItogelte va KATAAGPETE, EUTTEQIKA N TTELQOAUATIKA, 0V N KOTOVOUR (POQTIOU
GANOEE UETA TOUG UETOOXNUATIOUOUS TOU @IAou oG, Av Oy, ToTe Adue OTL N KATOVOUR €{val GUUUETQELKA
66OV aPoEA TOV N TOUG UETOGYNUATIGLOUS TTOU EKTEAEGTNKAV. XTO TTOQASEyUA TOv KUALVEQoU, n cuu-
ueteio elvar KUAMVEEWKNA, KOODS 1KAVOTIOE] KOl TOUS TEELS UETAGKNUOTIOUWOUS. ‘Ouws vTTdexouv Kol GAAES

cuuueTEles: GEAlEKA N emiTtédov, dmtmg da dovue cuvtoua (M ko kaB6AoL cuuuetples, BERona).

Me Bdon ta ToQAITAV®, N GUUUETEIO TOV NAEKTEIKOV Tedlov TEETEL va. TAELALEL GTN GUUUETELOL TG
Katavoung @optiov! Av avutd dev (oxve, TdTe Yo UTOROVGATE VA XENGLLOTTOMGETE TO NAEKTQOIKO TTedio yia
va wébete av dAAAEE n KaTavourh Tou @oQTiov uéow uetooynuatiopwor. Me TéToloug TEETToVS UItogovue va
KOTOVONGOUUE TO GYHUA TOU NAEKTQEIKOV TTedlov.

Oa yog amacyoAMcGovv ol akdAovBeg cuuuetpleg Touv Xxnuatog 4.30 Gta emdueva Jropadelyuarta.

Ipémer Aoy va eTAégovue TéTowa eTLPAvVELD YUR® AITé TO @OQTI0 A Tnv KOTOVOUn TOU £T0lL DGTE
VO IKOVOTTOLELTAL TOVAGXLGTOV Ul AITO TIC TTOQAKAT® GUVONKES GE OAn N GE TUAUO TG ETLPAVELQG:

1. H twi tov niektoikov medlov utopel vo dewpnbel otabepn Adyw cuuuetpiag emdveo ge 6An tnv
ETLPAVELQ
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Eninedn coppetpio Kviwdpr coppetpia ZQUIPIKI] GOUPETPIO
h
T T T aneipo eninedo y +/-B
A A / AR
L H+ 4+ H+ 4+ + y +
4+ 1434 |t s
Fro+14+4+14 £t
PR oiama iy
3 d
’ / i L . o
To meodio sivar dﬂg[p(}g \ To nedio sivarl akTvViKO To nedio sivan
KdBsto G610 eminedo. KoAwvdpog pog to. £Em (N uéca) GKTIVIKO TPOS 1)
oV GEova. amo TO KEVIPO.

Yxipa 4.30: Katavoués @optinv stov Siatnpovv GuuUETLa.

2. To ecwTeQkd ywvduevo tov véuou tov Gauss urropel va ekppactel g amAd alyefeikd ywouevo EdA,
Sni. ta E, dA elvon TTOEAAANAQL

3. To ecwTtepkd yvduevo elvar undév yrati ta maeatdve dtavicuato eivor kabeta
4. To nAexTEkd Tedio elvon undév ge €val TUARO ETILPAVELAS

Ac Sovue yeptkd yopaktnElaTikd agadeiyuata. O yevikdg Kavovag eival n YKOOUGLOVA ETILOAVELL TTOU
Ya emmAéLovue va “TaEudgel” ue T GUUUETQEIO TNG KOATOVOUAS (OQTiov.

IHoedderyua 4.17:

Mo povouévn gtepen cealpa artivag a €xel oLoLoLoEEn XWEIKA TTUKVOTNTO @OQTiov p GE A0 TOV
OyKo TG kow PEEeL GUVOMKO JeTikd @optio Q.

(@) YmoAoyicte To Uu€TEo TOL NAEKTEKOV Ttedio Ge €va onuelo ektog NG Gealipag.

B) Emavaddfete yio évo onuelo evidg Tng 6eoipag.

(B)

. ""G‘A a7, Tkaovowavi
3 c@aipa

I'kaovaiavi
= ’
dj cpaipa

Yynua 4.31: Ouotduopea @opTicuévn aeaipa.

Avon:
(@) Aelte to Zynua 4.31(a). Q¢ GEOLEKA KaTAvoun, avoyvoeitovue 6Tl To TTEOPANUA €XEL GPALEIKA
OUUUETEIOL KOl ETAEYOUUE GOPOLQIKA YKAOUVGLOVA €TTL@AvVELQ OKTIVAS 7. IKAvOTTOLoUVTAL Ol GUVONKEG
D), (2). Epapudtouye to véuo touv Gauss kol £x0UUE

<I>E=56E-dff=qﬂ=2 (4.184)
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H ovuvbrikn (2) wog emiteémel vo ypdwpouue 6Tl E-dA = EA kav n cuvdriikn 1) pog emiteéTel va
BydAovue to E €Ew agtd To oAokAQwua. Ao

éﬁ-dﬁzSEEdA:ESEdA (4.185)

To oAorAngwuo f dA 16oUToL ue To eufadSv NG GOAEIKNAG emipdvelag kot elvar A = 472, oTréte

1
(I)E=E56dA=4E7rr2= Q — E = Q =ke2 (4.186)
€ Aren 12 r2

Apa n GEAEA GUUITEQLPERETAL WG GNUELAKO @OQTLO.
() EmAéyouue Gk yROOLGLOVA eTtipdvela aktivas r < a. H emmupdvela Trepikieier £va wkpoTeQo
éyro cpalpag yia tov oTtoio TeéTel va Bpovue TdGo @optio Trepiéxet. Ioyvel 6T

0 _ 0
=== 4.187
Py =1 3 (4.187)
3
Zavd, wavortolovvtar ou guvirikes (1), (2). Epapudtovue to véuo touv Gauss:

4.3

- - in V‘n 37r
@EZSEE.dA:‘L:P_l:pB_ (4.188)

€0 €0 €0

Adyw tng cuvlnkng (2), 1o ecwteEkd ywduevo piropel va ypapel wg aiyefoikd, kor Adyw tng (1)
ugtogovue va PBydAovue tnv mwocgotnta E €50 amd 1o oAokAipwua, Sna.

4 mor3 4 wpr3 4 mor3
®E=9§EdA:—’W <=>E56dA:—”pr — 4En? = - (4.189)
3 & 3 & 3 €
KO 4QA TO NAEKTEKO Tedlo éxel UETEo
E= ke%f (4.190)
a“ a

Hopatnenate tn Slopopd Ge GxEon Ue TO TTEONYOUUEVO £QDTNUO - €VO GEOLEIKG VTTOGUVOAO TNng
GEALEAC 3 GUUITEQLEEPETAL WS GNUELAKS oQTLO.

Ioedderyua 4.18:

Boeite T0 nlekteikd medio oe amdotacn r amwd wa yeauun Jetikd @oeTiouévn Kol GItelQou WAKOUG.
H yoauun €xer gtabepn yoouwkn Tukvotnto @ogtiov A.

Avon:

Agite to EZxnua 4.32. To spdéfAnua €xer KUAVOELKN GuUUETEL, OTTOTE ETAEYOUUE YKAOUGLOVA ETTLOAVELQL
évav kOAMvEpo aktivas r ko unkoug [ ETteldn 1o wikog tng pdfdov elvar dgelpo, to nAektoikd Ttedio eivor
otabepd e kAbe gnueio TTOL LGATEKEL ATTOGTAGN ' ATtd Tn EARS0. Auté To delfoue pntd Gtnv eVEEGN TOU
nAekTEIKOV TTedlov G anuelo WokELd aItd wio eoeTiouévn edpdo unkoug I Adyw avutov, To NAEKTEKO Ttedio
efvar oTabed oe kGBe onueio ng emupdvelag (A). Ikavorroeital £tol n cuvlrikn (1). g empdveies (B),
(C) wyvel 6T E L dA AQal TO £GWTEQPLKG TOUG ywduevo elvar undév: kavotoleitar n cuvlrikn (3). Té\og,
oty eTmedvela (A) woyvel E-dA = EdA, yati Ta Sravicuata E ka dA elvon oudEEOITAL:  LkavoITolElTAL N
ouvonkn (2). "Exouue Aowmtdv

Dy = 95 .k =" (4.191)

_ 95 EdA = 4n (4.192)
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I'eoovaio) +
EMUpGVEL
+
N\ '
\ —

® =

0
=1

f (?TJK

yxnua 4.32: Ouotopop@a poeTicuévn pdfGo¢ aIreipov UHKOUG.

=E 95 da = I (4.193)
€0
To oAokApmua 9§dA agstotelel To euPadod tng emiupdvelag, wou elvon 21l Ko deo
; 1 A A
Enrl=3" s p=- — 2 - (4.194)
€ 2nreg  2mre
KoL Ue k, = Fleo éxouue
21
E =k,— (4.195)
r

Avarpégte agto ITapdderyua 4.7(y) yia va Seite O elyope KATAMEEL AKEPDS GE AVTO TO AITOTEAEGUAL.

IHoedderyua 4.19:

Bpeite To nAekTIKO TEdi0 AGY® Wag ATTELQNG ETLPAVELOS TETIKA POQTIGUEVNG e OUOLOLOQ@N ETTL-
PAVELOKN KATAvOUn @oTtiov o

X
e
)(‘)r =g X
X o X
—5 X i A
E @J{ /
x
X
X
R )()( X >
x o E
X
X
X
X

Ckaovaiavr|
emupdvea

xnua 4.33: Ouolduoe@a QoTIGUEVN ETTLPAVEL.

Avon:
Agite 0 Eynua 4.33. T tnv empdveia woxvel o = Q/A = g, = cA. Emidéyouue KUMVOQLKN YROOVGLOVI
empdveln’ kdbetn oo emimedo. ‘Omwg deifaue kow 6o Mapddeyua 4.9, emeldi To emiTedo éxel darelpeg

3Aev tonprdcer ue tnv kotavour aAld da Selte dtL Sev éxel onuacia e avté To TAEdSeLyUaL.
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Slaotdoelg, To nAekTEd TEdi0 0 oTtolOdNITOTE onuelo wakELd amd to etiTiedo Ya elvar otabepd. AAMG
ac vtobécovpe O6TL dev To gépouue avtd, kar ag dewpnoovye OTL elval amAd GgTabepd Ge wo eTMEAVELQ
TAEAAAMNAN Tovu eTTTéS0U, amdotacng » amd avtd, dnl. otis empdveeg (B), (C) kavorroteital n cuvbnkn
D). X1ic tdieg emipdveieg (B), (C), 1o nAektoikd medio eival wapdAAnAo gta Stovicuato dA tov avticTol-
YWV ETUPOVELDV, OTTOTE TO E0MTEQLKO TOUS yvéuevo eivar alyefeikd ywouevo. AvtibBeto, otnv emipdvelo
(A) To nAektowd medlo elvar kdBeTo GTO SLdvuvcua dA, omtéte To EGWTEQPRO TOVUG ywvouevo elvan undév.
Ikavotroleiton n cuvOrikn (3). OTdTe TeEMKA ue To vouo touv Gauss €yovue

. . 2
@Ezggﬁ-d*zﬂﬁEggdAzqﬂzﬂ (4.196)
€0 €0 €

To oAokAnpwuo 9§dA agrotedel To eufadsd Twv dvo emipaveldv (B), (C), SnA.

95 dA = 2nr? (4.197)
Kot €TGL )
20Em? =" «—g=2L (4.198)
€0 260

otabepd oe kABe gnueio Tng yrkaovaGlaviag eTipdvelag. Aeite dTu elyoue katalMgel gTo (5lo aroTéAecua KoL
oto ITapdderyua 4.9.

Avywyol xaw Hhextouxd Iledio

Mugropel kavelg vo agtodeigel 6Tl €vag GTEREDS aymydg Ge NAEKTEOGTATIKA 1G0QEOT{o (Ta oeTial Tou dev
Kvouvtal) €xel TG arkoAovBeg 18idTnTeg:

To nAexkTEkd T1ESI0 AKQEPOS €5 ATt TOV aywyd elvar KABETO GTnv eTLEAVELDL TOU KoL €xel UETQO
E =0/¢.

To nAextEkd Tedio eviog Tov aywyov elvar Undév.

e Av 0 aywyog eival Loveuévog kol @Epel poTio, To @oQTio PEioGKETOL GTNV ETTLOAVELL TOV.

Xe évav aymyo akafoQLGTOU GYAUATOGS, N ETLPOVELAKA TTUKVOTNTA PoETiov elvar ueyaAltepn ekel TTOU
n kUETOTNTA Tov elvon pueyoAvtepn.

Hiextoind Auvouind

Ytn yedétn tng Mnyovikng, KAvaue €KTEVA XENON €ELGMOGEMV KIVATIKAG, SUVAUE®V, KOl TOV VOU®V TOU
Newton, uéxot tov eidaye 61t TTaQ” GAn tn dYvaun toug dev uroovv va AMGouv TIOAAG TTEOPAALOTO WLE
eUKOMa. XTankaye TOTE GTIC €VVOLES TNG EVEQYELAS, KAL TA TEAYULOTA £yvav GnUavTikd astAovateQa.
2tn geAétn TOu NAEKTEIGULOU WS TOQEM, TOV GYeTicoue pe Tnv €vvola Tng nAektewkng Svvaung. "Hebe n
®EO. Vo guoxeTticovpe To NAEKTEIKA @awvdéueva ue tnv €vvola Tng evépyelag! Oa oplcouue guvtopa Tnv
€vvolao Tou NAEKTEIKOV duvauikoy. Oa Ttepypdypouye @oavdueva Le ueyaldtepn evkoAia as’ GTL pe yenon
Tediov ko Suvauemv — OTTWS aKEIPAOS TTeRLyRdwaue EUKOAGTEQN Ta @aviuevo, Tng KivnTikig ue evepyelard
Yewpnuota oe Gxéon e tnv TEQLYEA@n UEam duvduenv kot Stavuaudtov. PUGtkd oL EQOQUOYES TTOoLKIAAOUY
KOL £EKVOUV 0TT6 TO. OTTAG NAEKTEIKA KUKADWOTO KOl GUGKEVES WEYQL TOUS TTUENVIKOUG OVTIOQOGTAQES KL
TOUG EVEQYELOKOUG ETTITOYVVTEC.

=1 4 /7
Ac Yewpricouue éva @otio g toTrobetnuévo Ge nAektoikd Tedio E. Bewpolue T0 @oETio kat To edio
g éva cveTRu, TTOAUEAES Ki aTtopovmuévot. Asite to Iyhua 4.34. Adyw tov mediov, eyslipeton GTo

1¥ag Suulcel kdTy;
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xnuo 4.34: Poptio Ge eSO KAl QY0 NAEKTRIKIIG SUVAUNG.

@oQTio nAekTEkn dUvaun puétpov F, = gE. H §Uvaun avtin opeileton 6To mredio — e W€AOG TOU GUGTALATOG
SnAadnn — kol to @oQtio kiveitaw Adyw Tng dUvaung avting. H nAektown SUvaun eivor cuvtnontki ko
E0MTEQIKA 0TO GUGTRUA Kl Ao TO €QY0 TG elvol e0WTEQIKG 0TO cuaThia. Me dAAA Adyla, TO NAEKTEIKO
medlo maedyel e6MTEQIKG QY0 GTO GUGTNUA, OTTMS AkEPBOS n Suvaun tov Bdooug (to Pagutikd Tedio) GTo
ovotnua {I'n, BipAlo}, 6tav to PiAlo aprvetar va Técel agtd VYPoc.

"EGT0 TOEO ULl AITTELROGTA Wik petatémion ds Touv enuelakol @otiov 6To nAekTeikd medio. To £pyo
TG NAEKTEIKAGS dUvoung Ja efvar KL avtd aTtelpoaTd WKEo, £aTw dW,, dni.

dW, = F,-ds = qE - d3 (4.199)

Ag georovicoupe @ Alyo tn Mnyovikin ki ag duunbBolye 6Tl To €Qyo WS EGWTEQIKNG SUvaung Ge €va ato-
HoVeUEVO GUGTNUO LGOUTOL UE TNV QQVITIKA UETAPOAR TG SUVOLLKAG TOU evéQyelas (E5®, TNG NAEKTEIKNG
Svuvaukng tov evégyeiac, U, !):

dW, = -dU, (4.200)

Apa
dU, = —dW, = —¢E - d§’ (4.201)

INa wa emepacuévin yetatdmion agd To onuelo (A) ato (B) Ya abpoicovue (0AokAnpmdacouue) 6Aa To UkEd
goydria dW, yio GAeS TS ATTEROGTE WKQEES uetatoTicelg ds, ko o €xovue TOGO TO £QY0 TNG NAEKTQOIKNAG
dvvaung otn dwadooun A — B 660 kou pa UETAPOAN NAEKTOEIKNAG SUVAMKAG evépyela Gtny {Sia Stadpoun,
TG LORYPNG

B
TS Y a0

Hopatnenote 4Tt n UeTOPOA TNG NAEKTEIKAG SUVOWKAG evépyela dev €€apTdTol aItd TO WOVOTIATL TTOU
akoAovBel To @oETio — AOYIKG, N NAEKTELKA dUvaun elval GUVTNENTIKA, OTTWGS KAl TO NAEKTQEKO Tredio. Ta
wa Guykerpuévn déon tov @optiov gto medlo, To guGTnua €xel wa duvauikn evépyelta U, e gxéon ue
wo dAAn 9éon Tov €xel duvaun evépyela U, = 0, ag stovue, étav 1o @oetio PelokeTal TTOAY uakeld (GTo
dgtepo). YwoBéate 6TL To @ogtio PelokeTor oe wo cuykekpuévn Jéon evtog touv mediov, ko n Sidtagn
TOUG AWTN TTEOGHI8eL nAekTERA Suvaulki evégyela 6to cucgtnua {on ue U,. Atowpwvtag tnv U, ue to @optio
€xouyue

V=== (4.203)

T0 0Tolo KAl ovoudcouvue NAEKTEIKG Sduvauikd V. H Swapoed Sdvvaukov AV opitetan wg n uetafoin
OTNY NAEKTEIKA SUVAUIKI EVEQYELD TOV GUGTHUATOS OTAV VA QOQETIO g UETAKIVEITAL UeTAEY 6vo cnueiwv (A)
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kat (B), 6ia 10 @opTio auTo:

AU, 1 (B, B,

AVa,p=Vp—-Vy = :——qf E-ds:—f E-ds (4.204)
q q Ja A

To nAexTEwd Suvaukd uetEd duvamki evégyela ovd povdda @otiov, kol €Tl uetpdtor ot J/C, n omola

Togdtnta ovopdcetan Volt - V, srpog tiwnv tov Alessandro Volta (1745 —1827), Itadot Pucikoxnukot, Gtov

0TT0{0 TOTOVETOL — UETAEY dAMwV — n epeveon Tng uratapios. ATd tnv tedevtalo oxéon OUwS WITOQOUVUE

va yedwouue ko 6Tt To 1 V igovtanw ue Nm/C.

Hapatnpnate 6Tt n dta@oed duvaulko Sev £€0QTATAL AITO TO POQTIO ¢ TTOV UETAKIVEITOL, TTOQA
uovo aItd To NAEKTELKO TTedi0. Apa TO NAEKTOEIKG Suvauikd elval £va YOEAKTNELGTIKO TOU NAEKTELKOU
Jtediov! ‘Omwg kow Ue Tn SuvoKkn evégyela TToU €xouue Sel WG TOQEO (BAQUTIKA, EAAGTIKNA), WOVO Sta@opEs
Suvatkot €xouvv vonua. IToAAES @oEES, OTwe kol Gtn Mnyaviki, opitouvue eueis €va onuelo/ulo TTEQLOYN
TOU NAEKTEKOV TIeSiov WS Undevikov nAeKTEIKOU duvaukov.

"Eva kowd AdBog Ttou yivetor otnv gpunveia Tou nAekTEIKoU duvouikov efval ¢t n Siapoed duvoukov
TTOQOUOLACETOL e Tn SaPoEd NAEKTEIKAG Suvalkig evépyelas. Autd dev woyvel: ol duo Ttogdtnteg Sev
efvar to (810, 8 onuaivouv to (8o TTEdyua. H Sopoed Suvautkol AV uetagd duvo onueiov (A) ko (B)
VTTAQYEL AITORAELGTIKA AGY® WLAS TINYAS OQETIOU Kol ££apTdTOL OTTO Thv KATAVOUR avtng. Ia va vitdeyet
Slopod Suvalikig evépyelag, TEETIEL va VITAEXEL €vo. cUoTnUo ue TovAdyiotov duvo uéin! H Suvowiki
EVEQYELDL AWVAKEL GTO GUGTRUA Kol aAAdZeL uévov av €va @otio-uélog uetarkwvnfel ce oyéon ue tn 9éon
npeulag (UNSeVIKNG SUVAUIKAG EVEQYELOS) TOU GUGTALATOC!

Mmogeite va oke@teite Tnv avoloylo pe To nAeKTEKO Tedlo Kol Tnv nAekTEA dVvaun: to TEdi0
VTTdEYeEL Ay Wwag TTNYAS @oETIov, eved n NAEKTEWKA dUvaun eyelpetal 6e £va AAAO (POQETIO GTO XWEO TOU
Tediov — agtartovvtal dSnAadnt ToVAdyLGTOV Suo @oETia Yo Thv €ygpon dUvaung.

Ac Yewpricovue RO OTL KATTOW0 e€wTEPIkN SUvaun Foy petokvel évo @optio g ato medlo, amd éva
onueio (A) oe éva onueio (B), xweig vo aAddgel Tnv KvnTIkA Tov evégyela (BnA. TToAU apyd). TTpo@avag
Ouws aAAdTeL n Sldtagn Tov GUGTAULATOGS, 0TTOTE AAAGTEL N NAEKTEIKA Suvaulki Tou evégyela — duunbeite,
TO GUGTNUO HTAV AITTOLOVAOUEVO UEXEL Th GTIYUN TTOU €5Q00E 0 EEMTEQIKOS TTAQATNENTAG, AAANAETTLOQ®VTAS
EVEQYELOKA e avTd UEGm TOu €pyou Tng duvaung Fey! Amd tnv Apyn Awatignong tng Evépyeliog tou un
QITOUOVOUEVOV GUGTALATOG, TO £QY0 AUTAG Tng SdUvaung Ja elvan

AESTE =3 Wy (4.205)

AKsop+ AU =W, (4.206)
0+ gAVap = Wey (4.207)

Wext = qAVa—p (4.208)

Apa To €Yo TTOV TOQRAYEL O EEWTEQLKOS TTAQATNENTAGS dTav uetakwvel agyd éva @optio amd tn déon A otn
Péon B Sivetar amd tn oyéon

B
Wor? = gAVasp = —q f E-ds=-W, (4.209)
A
Tov BAETETE OTL elval TO aEVNTIKG Tov €pyou tng W, gtnv (Sia Stadpoun!

Auvvouxd oe Ouoyevég Hiextoind Iledio

Ac agthomtomicovpe ta Tedyuata ©.. ‘Eotw éva ouoyevég nAektekd medlo dmwg oto Xynua 4.35. Ag
vmoAoyicgovue tn dtapod duvouko AV avdueoa agta onuela (A) ko (B), amdotacng d uetagd tovs. Mia
arelRocTd wiken petatémion ds amd 1o (A) 6to (B) elvan TORAAAMANR GTIC SUVOIKES YOUUES, OTTGTE TO
Stdvuoua Tou nAeKTEKOV TESIOU KAl TNG ATTELQOGTA WIKENG wetatémiong elvaw oudeeoma. Me Bdon tov
opwoud da €xovue

B B B
Vg — Vi =AVA_>B=—f E-d;:-f Eds:—Ef ds = —Ed (4.210)
A A A
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xnuo 4.35: Ata@opd Suvaulkol Ge oUoyeVES NAEKTEIKO TTESIO.

UE TO OAOKANQ®UOL f ds va Sapdtetor og “to dBgooua OAWV TV OITELROCTA WKE®V ATTOGTAGEWV ds GTn
Sadpoun A — B”, kol aUTS QUGIKA dev elvar Tlmtote dAAO amd To unkog d! OTtoTe KATAANEAULE GTO OTL

AVa_p = —Ed 4.211)

Ag BdAouvue Thea €va @oTio +¢g TTov KvelTal (AvaykaoTikd) attd to (A) oto (B), émtws oto Tynuo 4.36.
H upetafoAi tng nAekTokng Suvoukng evépyelag ivorn

‘Otav éva Betikd @optio petakt-
velto amo to (A) oto (B), nnAe-
KTPLKT SUVaLIKT] EVEPYELQ TOV
oLVGTNIATOS PopTio-medio pikpai-
VEL

=1

Yynua 4.36: Poptio Ge ouoyevés nAekTpiko medio.

AU, = gAVs_5 = —qEd (4.212)

Hapatnenate 6t AU, < 0. Autd onuaiver 6Tl n Suvauikn evéQyela TOU GUGTAULATOS @BTveL 6Tav To JeTikd
@oTio katevBvveTtow TTEOC Tnv KaTevBuven Twv SUVOULK®OV yoouuwv. Aa, av apncouvye otn Jéon (A)
éva @oQtio +g avtd da kwvnbel TEOG To “KAT®” Adym €yepong nlektiking Svvaung. H Ttagovsio Svvaung
ETTLTAYXVVEL TO POQETIO, SnA. aVTO aTtokTd KwvnTikh evépyela! ‘OGo To QOETIO TIEOXWEA TTEOS TO KATW, T6GO
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n NAEKTEKA SUVOULKA EVEQYELO TOU GUGTAUATOC UELOVETOL KOl TOGO N KIWNTIKA £VEQYELQL TOU GUGTAUATOS
ovgdvetal Xog ekmAniooel avtd; Katalafaivete yiatl cuufaiver; Av oy, Siapdote apakdton ©.

TNo va dovue T Yo cuyPel av — oty Bro Sidtagn — Tomobeticovue €va @oQTio —¢, To oTtolo (ava-
ykaoTikd) Ja kvnbel agtd 1o (B) gto (A), omdte ag to aghncovue otn Jéon B. ZEavd, n petafol Tng
NAEKTOIKNAG SUVOUIKIG evépyetag Ja elfvan

AU, = —qAVp_4 = —q(Ed) = —qEd (4.213)
a@ov TAéov n Sradpoun efvar n B — A, n diapod duvauwkot da meémel va yetenbel avtigtpopa ue rouv:
AVap = —AVp 4 (4.214)

Eavd pAémtovue 6TL AU, < 0! Autd onpolvel 6Tt n NAEKTQEIKA SUVOUIKA €VEQYELDL TOU GUGTARATOS POTvel
gava o6tav to apvnIikd @otio katevBivetol TTEOS TNV avtiBetn kateVBUVGN TV SUVAUK®OV YeOULWY. A-
pa, av apncovue otn déon (B) éva @oetio —g avtd Ja kivnbel OGS Ta “TTAve” Adyw £yeQons NAEKTEIKAG
duvaung. H gtopovcia dUvaung emtayvvel 1o @oETio, dnA. avtd amokTd kwntkhi evégyetal ‘OcGo ToO
@OQT{O TEOXWEA TTEOS TA TTAV®, TOGO N NAEKTEIKA SUVAWIKA EVEQYELDL TOU GUGTARLATOS UELOVETAL Kol TOGO
n KWNTIKA €VEQYELDL TOU GUGTALATOS avgdvetar! MATIHG T dev ekTTANGGEGTE Tl AAAG KaTtavoelite GTL
To TTORAITAvVE cuufaivouv Adyw Apxng Awotignong tng Mnyovikiig Evépyelog 6To astopoveuévo gueTnuo
{medio, @opTtio}, aTo oTolo TTaEdyeL £gyo UWGVO N nAekTEKA dUvaun; ©

Acg yevikévoouue TOEA YO LETOTOTLGN Un TTAQAAANAN 6Tic duvaukés yoouués. "Eotw n yetatdmion
s agtd 10 (A) oto (B) 6mws oto Iynua 4.37. IMapatnpncte 6t to onueio B elvanl TwEo SlapoQeTikd Ge
oxéon ue to gvvnbeg onuelo (wov e ovoudtetan C), aAld kot Ta dvo avikouv gtnv (Sia vontil kKdBetn
eTLPAVELD OTIS Suvamkés yoouués. T tn uetatdiion avti, A — B, Ja €xovue

To onueio (B) eivar onpeio
XOUNAOGTEPOL NAEKTPLKOV
Suvapko amd To onupelo (A).

»

E

Ta onpela (B), (C) elvar onuela
{6Lou NAEKTPLKOV duvapKoU.

Yxnwo 4.37: Potio Ge kivnon vIT6 ywvia Uue TIC SUVAUIKES YOUUES OUOYEVOUS NAEKTEIKOU TTESIOU.

B B B
AVa_p = — f E-di=- f Eds cos() = —E cos(0) f ds = —Escos() = —Ed 4.215)
A A A

a@ov fAB ds = 5. Apa yia 1o gugtnuo {Tedio, @oetio} 1Gxvel

AU, = qAVy = —gEd (4.216)
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‘Ouws vwpitepa Seigoue 4Tt
C C .
AVise = —f E-di= —Ef di=-E-§=-Ed (4.217)
A A

Apa AVap = AVl ATt6 outd ouuttegaivouye 61t 6Aa ta onuela Ttov Belokovtal ot emtimedo kAOeTo
G670 TEdl0 €xouv (Blo Suvaukd (ATTOTEAOVV LGOBUVVAULKES ETTLPAVELES).

Ac dovue yepikd Toadelyuato.

Iaedderyua 4.20:

‘Eva. TTowTéVio aghivetar améd To onueio (A) Ge ouoyevég nAektoké medio uétpov 8 - 104 V/m.
To mpwTévio vTTokerTtow Ge petatoTcn uétpov d = 0.5 m oto cnuelo (B) otnv katevbuven tovu
nAekTEKOV TTESiov. Beelte Tnv TaxVyTnTa TOU TTEMTOVIOU OUECWES UETE TN UETATOTILON TOV. OEWENGTE
6t g =1.6-107 kou m, = 1.67-107% kg.

<l
1]

®

) —————— &
=

—
®"
~f—
<l
@

xipo 4.38: ITpwTovio Ge OUOYEVES NAEKTEIKG TTEGLO.

Avon:
Bewpovue to guatnua {poetio, Ttedio}. To cgUgTnua elval TOALVUEAES KL ATTOLOVOUEVO Ko n udvn Svvaun
TOU TTORAYEL £0Y0 €VTOG TOU GUOTAWNTOS £lvol n NAEKTEKA dUvoun F., n omoia eivar ko GUVTNENTIKA.
Ioxver n AAME a1t to onpueio (A) gto onueio (B).

AE, P =0 (4.218)
Kg+Ug=Ky+ Uy (4.219)
Kg—Ky=Uy—-Up (4.220)

Kg—0=—(Ug-Uy) (4.221)

1
impu% —0=-AUssp (4.222)
1
5m,,ufg = —(—qEd) (4.223)
29Ed
W =1 (4.224)
mp
ug ~ 2.8-10°% m/s (4.225)

vToBéTwVTAS GTL JeTkN PoEd Tng kivnong elvan TTEOG Tn katevBuvon Tou SLAVUGUATOS TOU GYAUATOS (v
KO €Xoupe TeL OTL TO EVEQYELAKRA TewEAULOTA ATTOTUITOVOUV TTAVTO TO UETEO TV TAXUTATWV).
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IHoedderyua 4.21:

Avo TtadAAnAes @opTicuéveg TTAdkes (Exnuoa 4.39) oe améctoacn 2.0 cm dnwouEyolv OUOYEVEG
nAekTows medio uétpov 104 N/C. “Eva nAekToévio eKTogeveTon VTTé yovia 45 wolpdv amd t detiki
TIAGKO. AglEte 6TL n uéylotn agQyikn TaxVvTnto up TOU UTtopel va AdPer To nAekTEOVIO XIS va
YTUTTAGEL TTAV®D GTAV 0EVITIKG @opTicuévn TAdKa elvon 1o = 1.19 - 107 m/s

Yo 2.0cm
45°

T T

ynua 4.39: IapdAAndes QopTICUEVES TTAAKEG.

Avon:
Oeweovye cuoTnua agdvwv ue onueto avagopds 0(0,0) ato onueio ektdgevong Tov NAEKTEOVIOU. OETIKES
@oEéc Jewpovue TG guuPatikés. Aol to medio elvar opoyevég, To uéteo Tou elvol gTabepd Javtov. H
dvvaun movu ackeltol GTo nAekTEdvVio UEGo GTo Tredio elvarl n nAekTEWA dUvaun kot eivol LOvadKi, Kol
€10l TO NAEKTEOVIO eTtiTaVUveTOL Ue emitdyvvon (206 vouogs Newton)

= N =1 - qE)
Fo=md=qF = d=— (4.226)
m
Apa
ay = —-1.756 - 10° m/s? (4.227)

Ue TO TEOGNUO Vo SnAwver @oed TTeos To kdtw. H agkn toydtnta up €xel S0 GUVIGTWGES Ug, =
up cos(45°) rav up, = up sin(45°). To nAextEwd Tedio £xel @04 TEog Ta Yetwkd Touv dfova y. Ao To
NAEKTEOVIO €Y€l QQVNTIKA €TLTAYVVGN TTOV TEOKAAEl Uelwon Tng y—GuviGTOoog tng Tayxvtntas. Ectw n
duadpoun O — A, ue A to cnueio OV 0QLOKE TO POETIO arkoVUTTA Ty TTAGKA. ATtoutodue us, = 0 WGTE vau
un XTUITRGCEL oTnv TTAGKO. ATT6 TS eflowoelg thg Kvntikiag atn Sadeoun O — A, '

i = up +2a,Ay = 0 = up, +2a,Ay (4.228)
uo, = ,/—ZayAy (4.229)
= /-2(~1.756 - 105 - 0.02) (4.230)
= 8.381-10°% m/s (4.231)
KoL 4o
8.381 - 10°
= =119-10" m/s (4.232)

sin(45°)
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Hoedderyua 4.22:

Y10 Zynua 4.40, dvo ueydieg TTAdKkeg elvar guvdedeuéveg ue wo umatagia 120 V. Oswencte 4Tt
ol TTAJKeES PelorkovTal GTo KeEVE, kAl OTL €lval TTOAY peyoAvtepng didoTacns am’ 6,7t @aiveTol GTo
oxnua. Bpeite

(@) To U€TEo Tov NAEKTEIKOV TESIOV avAUEGA GTIC TTAGKEG.

B) tn dYvaun oL aoKelTAL G £va NAEKTEOVIO OVAUEGO GTIC TTAGKEG.

(V) tnv nAekTown Suvaki evéQyela Tov ydvel To giatnua Tedio-nAekTEovio Adyw Tng kivnong

TOU nAeKkTEOVIOUL OTT6 Ty TIAGKO B otnv stAdka A.
) Tnv taxvInta ToL NAEKTEOVIOU ALyo TTQW YTUTNGEL GTNV TTAdKA A.

-
120 V

Xxnuo 4.40: IHapdAAndes TAdKeS Ge UITATAQLO.

Advon:
(@) To Sudvuoua Tov nAekTEkoV TTEdioV KATELOUVETAL ATTO Tn FeTikN TAAKA A TTEOC TNV AEVNTIKA TTAGKA
B kot Jewpelton opoyevés. Apa to uétpo tou Slvetor asd tn gxéon
AV 120
E=—-=

7 002 6000 V/m =6 kV/m (4.233)

B) Oeweovue we etk @oEd Tng kivnong tn cuyfatiki Begid). H SYvaun stouv ackeltor 6To nAEKTEGVIO
Sivetar amd tn oxéon
Fo=qgE =-16-10"".6000 = -9.6 - 107 N (4.234)

To apvntikd TTEéoNUO wog Adel Tt To Stdvuouo Tng NAEKTEIKAG dUvaung eivar ovtiBeto ot @opd
agtd o Sidvuoua Tou nAekTEKOV TteSiov. A@ov n mAdka A elvor detikd @opTicuévn, 1o nAekTEéVIO
lkeTal amd avtiv. Aga n @od tng Svvaung eival TTEOS T AELoTERA (OTTwS PAETTOVUE TO GYAWLD).
) Eépouvue 6tL n
AUB~4 = gAV =120 - (1.6 - 1079) = —1.92. 107" J (4.235)
Qg aQEVNTIKA, TTEAYLOTL N NAEKTEWKA SUVOUIKA €VEQYELD TOU GUGTAWATOS UELOVETOL OGO KivelTal TO
pogpTtio.
@) Mmogovue va epaguocovue tnv Agxn Awatrignong tng Mnyaviking Evépyeiag yio tnv kivnon tovu
nAektpoviov amd tnv wAdka B otnv wtAdka A. ‘Exovue

AEi =0 (4.236)

AUB=A L AKBA = 0 (4.237)
1

AUBA L Ky — K =-192-1071 + Emui -0 (4.238)

uy = 6.5-10% mss (4.239)
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Hiextowd Auvvouixd Nnuetoxodv Poptiey

[Tépa agtd opoyevn Ttedia, TTOoU elvar BERaLa TTOAD onuovtikd otnv TTEdEn, YéAovue vo ugtogovue va Peiokov-
ue nAeRTERA Suvouikd T660 AdYw GRUELOK®OY POQETIOV G €val XWDEO0, 0G0 Kol AGY® KATOVOU®Y POQRTInV. Ag
EEKIVAGOUUE AITO TO TTEOTO KAl GTN GUVEXELD Jal YEVIKEVGOUUE YLOL KOTOVOUEG.

Ag Jewpnigouye 411 €xouue €va onuelakd @otio +¢q. I'vopitovue 4Tl yUe® TOU AVATTTUGGETOL NAEKTEIKO
wedio E, 68 arTVIKA uoeen. Ag Ppovue To nAekTEkS duvaulkd ce aréctacn r ard to @otio (cnueio C),
6Ttw¢ oTo Zxnua 4.41, Eekvdvtag ard To yevikd 0Quoud Tng Sia@oeds duvaukol petafd tov onueiov (A)
kol (B). "Ectow t0 (C) wg tuyaio cnuelo tng Swadpouns. Oa eivor — srpocggte Alyo Toug guupfoMcuovg kot

F4

01 dvo drakekoupévol KUKAOL
QVATIAPLOTOVUV TOREG OQALPLKHV
ETILPOVELWY LE (510 SUVALLKO.

xiuo 4.41: Ysrodoyiouos Suvauikot yupw asré Gnueioko @optio.
Selte To pueyeBuyévo Tunuo GTo Gy

B B 4
AVyp=-— E-ds= —f keﬁ@ -d§ (4.240)
A

I}
P q b q
—f ke—léldscos(e)z—f k.—=ds cos(6) (4.241)
A r? A r?
P g
f ke—Zdr (4.242)
A I

Ot Ttapastdve oyéoelg wog Aéve 0Tl kdbe uetatdmion ds amwd to (A) oto (B) stpokalel wo uetaBoin dF 6to
uétEo Tou 7, dni. tou Sravicuatog Jéong. Apa

r=r,
B dr B

=k (4.243)

boa
AVisp = - f ke dr = —keq
A r

N IR

2
AT r=ra
O1tote

AVig=k Lk, L -v,—v, (4.244)
rp ra

opatnenate 6Tl n dtapopd Suvautkoy elvor avegdeTnin tng Stadouns — dpa To nAektEkd Tedio elval
Tedyuatt cuvingntikd! Emiong, sopatnpiote tnv gfdptnon agtd ta ra,rg. Iop” Ao ovtd eueic Sev
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€xovue PeeL OkOUO To TnTovuevo: To NAERTEKG duvaukd oto onueio C, V¢! Two va to kdvouye ovTto, ag
Yewpncovue T Sropoed Suvaukoy

Ve — Vo (4.245)
ue
Ve =k, L =0 (4.246)
Foo
RAODC 7o = 00. Oa eivan tdTE
Ve-0=Ve=kL (4.247)
rc

INa TteELeedTeRa Tov evAS OQETIA, TO NAEKTEIKG dUVAULKS elvar pwovouetpo uéyebog, omdte

V=>Vi=k % (4.248)
; i

i

SnA. aBpoltouye TG GUVELGEPOEES NAEKTOEKOU duvauikoy GTo ¢ntovuevo onuelo ywa kdbe mnyn @otiov
exwELoTA.

Acg dovue éva mTadderyuo.

Ioedderyua 4.23:

Yto Xxnuo 4.42, dvo couatidia ue @optio g1 = de kal gz = —15e Polokovtar “deuéva” gtic Yéaelg
Toug pe amwéataon d = 0.24 m petagd tovs. YmwoBétovtag Tt To nAekTEIKG Suvoukd 6To AIelQo
elvan undév, Beelte Tig

(o) Yetikég

B) row aEVNTKES
TWES TOV X GTIS OTTOLES TO GUVOMKO NAEKTEIKO Suvoko 1GoUToL Ue UndEv.

g
!_ d |

Xynpa 4.42: Xxynua Acknong 4.23.

Avon:
(@) Tw x > d, épouvue dy = x, dy = x — d, xar Tédte Aaypdvovtog vt dyn OTL g1 = g koL g9 = —3g1 = —3¢,
€youue
q1 | 42 1 3
V(X) =ke| =+ — | = keq|— — =0 4.249
SINUI I 20
Avvovtag €xovue x = —%, JToU glval AToTo, KOODS aTtd vItdeon d > 0 = x > 0.
®B) T 0 < x <d épovue dy = x, dy = d — x, kou TOTE
q1 | g2 1 3
V) =kel =+ | =keq|— — =0 4.250
(x) e(dl d2) eq(x d—x) ( )

Advovtag €xovue x = %, SnA. x = 0.06 m.
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) Ouota, yo x < 0 n agwdéotaon Uetagl Tov ¢; KL €vég onueiov otov dgovo x'x JTou n teTunuévn Tou

elvar x Stvetow agrd tn gxéon di = —x, evd n avIiGTOYN AITOGTOCN Yo TO g2 Siveton wg dy = d — x.
Apa
q1 | g2 1 -3
V(x) =kl =+ =] =keg|— + =0 4.251
() e(dl dz) eq(_x d_x) (4.251)
Avvovtag €xovue x = —%l, onA. x = —-0.12 m.
|

Ac vmoBgcouue TR GTL €va QOoQTLO g2 €QXETOL GTO NAEKTQELKO JTedio TTNyng @ogtiov g1, Ge aTTdGTACN
ri2 IO OUTA, WEGW eEwTeERAG dUvaung oyov W, = g2AV. To @ogtio gz €oxeton agtd JToAl “wakld”,
ue Viakos = 0, ko oAU “apyd”. ETtiong, dtav to @optio gz Peicketar “waxeld”, dempovue tnv nAeKTEKNA
SUVOWLK €VEQYELOL TOU GUGTAUATOS TwV PoQTinv ¢ undevikn. To €oyo W,y uetatpéeton ce SUVOULKA
evégyela U, tou cuotiuatog, Adoyn AAE Ge un asropovouévo cgoctnual Aga

AU, = W, (4.252)
Ue—0=qgo(V- Vuouc@td) (4.253)
U, = g (keﬂ - 0) (4.254)
ri2
= i, 92 (4.255)
r2

H nAektown Suvaukn evépyeto uiropel va eivon Jetiki 1 agvntiki, avoAldyws Tou TTROGRUOV TOU aQliunti
e Av eivon detiknt (oudonua @otia), To €oyo Tng efwteQkng duvoung efvar detikd, dea elodyetan
evégyela GTo oUGThUA: T oudcnua @oetia amtwbovvial, da TEETTEL vo elodyel kavelc evégyeld UEGH
€QYOU YlO VO, TOL KQATROEL GE ATTOGTACN Fi2. Av n TTOQRATTAVE SUVALKIL evEQyela elval QVNTIKA (ETEQOGNULOL
@oQTia), TOTE TO £QY0 TNG €EWTEQLKNG SUvaung eival apvntikd, dea €5dyeTol evEQyeld AItd TO GUGTNUOL
To @oQtia éAkovTal, dea TTEéTtel va stapaybel agvntikd €oyo (BuUvaun avtiBetn otn uetatdmion-éAgn Twv
@OQETIwV) Yo va To. pépouue (KAl KQATAGOVUE) GE ATTOGTACN Fig. ['evikevovtag yia TTOAAG poTia

U= Usy=ke Y qu_?’ i< (4.256)
Me agtAd Aoyia, aBgoitovue OAES TIC TIUEC NAEKTELKNG SUVAUIKNG EVEQYELOS TTOV Oo@eidovTal GE £va
¢eVyog @oQTinv.

Ac dovue yepikd Toaadelyuato.

Ioeddertyua 4.24:

Yto Zxynua 4.43, éva @optio g1 = 2 uC Peloketor gTnv apyt Twv agdvmv eve €va @optio g2 = —6 uC
otn 9éon (0,3) m.
(@) Beeite To GuvoMkd nAektewkd duvaukd Gto cnuelo P ue cuvtetayuéveg (4,0) m.
B) Beeilte tn yetafoAM Tng NAEKTEIKNG SUVOULKNG EVEQYELOS TOU GUGTALATOS TV VO POETIWV,
ovuv éva Tpito eoptio g3 = 3 uC, dtav to TeAsvtaio €pyetol aTd To dimelpo GTo cnuelo P.

Advon:
(@) To Suvawkd oto onuelo P astotedeitor agtd To dBEOLoUO TOV GUVEIGPOE®V SUVAUKOU AGY® Twv
®opTtiwv g1, g2. Apa
q2
s

Vp =k 1k, (4.257)
r

2-10% 6-107
4 5
~-6.3-10° V (4.259)

=8.987 - 109( (4.258)
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y y
T 2 —6.00 uC T 2 —6.00 uC
3.00 m 3.00 m
i 200G p i 900 uC  3.00 uC
+ —x + H— x
<~ 400m 4 <~ 4.00m —»

yaua 4.43: Poptia oo emimedo.

B) Osweovue 6Tt GTav To PoETio g3 PEICKETAL GTO AITELRO, N GUVOMKA NAEKTEIKA SUVOULKA EVEQYELDL TOV
GUGTAUATOS TWV TELOV @OQETimV elvar undév. Apa otav €pyetar 6To cnuelo P, 10 gVGTNU OITOKTA
NAEKTEIKN SUVOUIKN evéQyela {on ue

AUeZUf—U,'ZUf—OZCBVP (4.260)
=3-10%.(-6.3-10%) (4.261)
~-19-107%7J (4.262)

IHoedderyua 4.23:

Avo onuelokd @optio Pelokovtal ce amdatacn 2.0 cm petagd Toug Kol £(0UV NAEKTEIKA SUVAULKNA
evéoyela ton ue —180-107% J. To dBporsua twv @optiwy Toug eivan 30 - 107 C. Boeite To @optio Tov
Krabevoc.

Avon:
"Eotw Q1 kaw Q9 ta dyvwaTto @otia. ITpéier

01+ 0,=30-10"" C (4.263)
KO
U=k, Q02 _ _1g0.1076 ;1 (4.264)
r2
OnA.
0107 = —4-107" C? (4.265)

Avvovtag tnv TEATN GXEcNn ®S TTE0S P KAl AVTIKAOIGTOVTAS GTny devtepn, €xouvue
0:30-10°-0)=-4-10%=0,=40-10°C, 0, =-10-10" C (4.266)
Ol 0TT0leS TTROKVITTOUV WS dV0 EITES TOL TTORATTAV® TELWVULOV. Ao Ta Suo @oTia elval

0y = -10 nC (4.267)
01 = 40 nC (4.268)
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Ioedderyua 4.26:

Avo copatidia ue (o @optio O Pelokoviar Tdvem Gtov dgova Yy, leaTéyovtag amd tov dgova x'x
agrécTach a (to éva TTAvem kKo To dAAO KATw amd tov X' X).
(o) Zxedudote, oe povddeg kQ/a, 1o nAekTEKO Suvakd yio Ta chueio Tov dgova x 6To didaTnua
-3a < x < 3a.
B) Bzwenaote 6TL To POQETIO TOU GHUATISOV TToV BElcGKETAL GTO y = —a yiveTal opVnTikd. Xyxedidate
TO NAEKTEWKS duvawkd yia ta onyeia Touv dgova y gto didotnua —4a <y < 4a.

Avon:
Aeite to Iynuo 4.44.

—)1

Qt_
Q

a

dﬁcz

Yynua 4.44: @ogtia otov dfova x’x.

(@) To duvoukd astd T dvo EoETio KATA WAKOS Tou dEova x efvar

kO k@2 kQ . kO (4.269)

1 "2 VaZ+a?2  x®+(-a)?
2k.Q  _ kQ 2

V(x) =

= fre¥ S (4.270)
Va2 + a2 a \(x/a)*+1
KOL YloL TN YQAPIKI TToedcTacn
Vv 2
@ _ 4.271)
keQla  \[(x/a)® +1
H ypagixi Ttapdotacn @alvetal gto Zyxnua 4.45(a).
B) To duvowkd katd unkog tov y dgova eivor
k k k —k
Vi = K@ K2 KO kO (4.272)
r ro ly—al ly+ad
k 1 1
= e—Q( - ) (4.273)
a \ly/a-1 ly/a+1|
Vv 1 1
® _ ( - ) (4.274)
keQ/a \ly/la—1 |y/a+]]|

H ypagiki Ttapdotacn @alvetal ato Zynua 4.45().
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(@ ®)

V(x)
k,Qla

k,.Qla

0.51

N o OO0

0.0

M
T
s o
on

g %
-4
F—6
-8
--10
yfa

x/a

Xxnuo 4.45: I'pagikés apactdaels duvauikov Ilapadelyuatos 4.26.

Hiextowo Iedio and Hhextpind Auvvouxd®

To nAerTEkd duvauksd €xel dvo e€anpeTikéc Widtnteg: (o) elvan povdéuetpo avti yia dtavucuatikd uéyebog,
kot (B) Teprypdpel €va nAekTEkd Tedlo ue evepyelakd TEOTOo. Agdouévav oUTOV, UATIOS UITOQOVUE VO
Beovue to UETEo TOL NAEKTEKOV Trediov £ agrd to nAektoikd Suvautkd AV,

Av Pewpnoovue wia wiken Sia@oed duvoukot dV uetagd duo onueldv amelpocTd WKENS OITOCTOCNS
ds, tote

-

dV =-E-ds (4.275)

Av 10 nAekToikd TeSio €xel UOVO X—GUVIGTOGA, TOTE

E-d§ = E.dx (4.276)
Kol da
d
E,=——V(x) 4.277)
dx

Me tov {80 TedTTo uIropovue va Beouvue Kol TNV y—GUVIGTOGO.,
E,=-—V(y) (4.278)

KoL avTioTolya yio KAbe GUVIGTOGO VOGS XDEOV, AKOUO KL av To duvoulkd eivol guvdinon tov x,y,z. H
Gxéon auTh TTEETEL va gag duuitel arrd tn Mnyaviki tn Gxéon UeTagl GUVTNENTIKAG SUVAUNG Kol SUVOULKIG
evéoyelag’. Av SUwS n Kotavoun @oetiov mou Snutovpyel To Tedio €xel dAov eidoug GuuueTela, TT.Y.
GEAUPIKNA, TOTE N TTUKVOTNTA POQETIOVL €£0RTATAL AT Tnv OKTWIKA astéctacn r. H moonyovuevn cxéon
yiveTtat

d

E.=—-——V() (4.279)

dr
Aglte 6TL n TOEATTAVE oxéon SovAevel yio Ty aTTAR TIeR{TIT®oN GnUeElakoy POQETIOV, TTOU €XEL OKTIVIKG
NAERTOEKO TTedio yUpw Tov:

d d k.q d1 q

E=-Yyp=_2ka__, 41 _, 4 4.280
dr ) dr r Aarr =" ( )

SFy=—-4U(x)
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Egredn 1o nAekTikd duvaukd oe va x0eo umroel vo eivor cuvdeTnon Tov X, Yy, Z, Kol T0 NAEKTEIKO Tedi0
ylo KABe Ul GUVIGTOGO ATTé AUTES va lval N AEVARTIKA TTAQAYWYOS WS TTEOS X,y, N Z TOu duvawkoy, o
0006¢ guupoMGUdS elval AVTOC TNG UEPLKIGC TTAQAYDYOU:

0 0 0
Ex=-—V(x,y,2), Ey=--V(xy2, E =-3V(xy2) (4.281)
Ox oy 0z

Mmogovue €Tl va TTeQLyQdPouUe TO NAEKTEKO TTedio wg

S 2 o o ov, oV, 0V
E=E,+E,+E, =—|—i+——j+——k 4.282
oy ( ox Ay I oz ) ( )
KoL €V guvTopla ypdpouue
E=-VV (4.283)
ue vV va GUUBOAITEL TNV TTORAYWYO GE OAES TIC GUVIGTHOGCES WAl (BlavuouaTikGS Sla@oEIKOS TEAEGTAC)
> 05 05 0>
V=—i+—j+—k 4.284
ox ay] 0z ¢ )

Kol va ovoudigetan gradient (avadeAta, kAion, i fabuida). Mitogovue 1oL vo JTovue GTL TO NAEKTEIKG
Tedio elvon wa uétpnon tov ywEikov EUOWOL UETABOMG TOU NAEKTEIKOV Suvauikov! AvTd cuveTtdyetal 4L
av €xovupe 1oXVEO NAEKTEIKG TIeSlo G Wi TTEQLOYNR TOU XWEOV, £xovue ueydin utafoAn avd uéteo Tou nie-
KTEWKOU Suvauikov! Téhog, ae kdbe onuelo, To Sidvuoua E Selyvelr OGS Tnv katevBuven GITov TO SUVAUKO
UELOVETAL TLO YEIYoQEaA (TTROC ULKEATEQES TWES TOU SuvaukoD).

Acg dovue uepkd Tapadslyyato.

INoedderyua 4.26:

To nAekTEkd SuvaUkS Ge Uil TLEQLOYXR TOU XWEOUL SIveTal WG
V(x,y,2) = 5x = 3x"y + 2y7° (4.285)

(@) Beelte tnv ékpeacn yla TG GUVIGTWGES X, Y, Z TOU NAEKTEIKOU TTeGiOU GTNV TEQLOXN AUTA.
B) Hotd elvan To u€tpo tov mediov Gto cnueio P ue cuvtetayuéves (1,0, —2);

Adon:
(o) "Exouue

oV
E,=—— = -5+6xy (4.286)

ox

171%
E, = —— = 3x% - 2¢° (4.287)

dy

oV
E,=——=-4yz (4.288)

0z

ordTe TO TESIO YEAPETOL WG

E = (=5 + 6xy)i + (3x% = 22%)] — (4y2)k (4.289)

}) AvtikabioTolue GTnY TOEATIAVK GYEON KoL £XOUUE
E=-5{-5]+0k (4.290)

doa To péTEo Tou NAEKTEIKOV Tredlov da elvar

IE| = V(=5)2 + (=5) + 02 = 7.07 N/C. (4.291)
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Ioedderyua 4.26:

"Eva nAektokd SlmroAo agtotedeiton amd dvo @optia +¢q, —g oe amdotacn s uetagd Tous. ‘Eotw 6T
éva tétolo 6{TtoAo Pploketan eTtdve gtov dgova Yy, ue to detikd @optio ato anuelo (0, s/2) kai To
aevntikd ato onuefo (0, —s/2), émtwg ato Lynua 4.46(a).
(@) Beeite wa €kpeacn yia To nAektowkd duvaukd V(x,y) ce éva tuxoio onuelo Ttou emiitédou.
B) Xenowomonate Tn SLWVUWKA TTEOGEYYIGN Yol VO, YRAWETE TNV TTOQAITAV® AITAVTNGN GG TILO
OTTAG. BewENoTE § K X KL § <K Y.
) Oeweidvtag s <K X, Y, PEElTE EKPEAGELS VIO TIS X— KOl Yy— GUVIGTOGES TOU NAEKTEIKOV TTediov.

(0 ¥ ®

Yynua 4.46: Aigrodo orov déova y'y Aoknong 4.26.

Avon:

(@) "E0T® ry KOL 7— Ol QITOCTAGELS TV @OQTiwv Tou SutéAov agtd éva tuyalo cnuelo Tou emIEdoL,
6mwe agt1o Zynpa 4.46(a). To nAekTokd duvoukd etvar Babumtd uéyebog, omdte amAd abpoitovue Tig
GUVELGQPOQRES NAEKTQEIKOU duvauikol Tou kdbe @optiov. ATé to ITubaydpeo Oewonua ota TEiywvo
ABI kow AAZ tov Zxnuotog 4.46(3) Beiokouue 4T

Fo = X2+ (y— 5/2)2 (4.292)
. \/m (4.293)

Vooy) = Vi + Vo = ket 4 koL = keq( 1 - . ] (4.294)
re r- VA2 + (@ =5/2)2 X2+ (y+5/2)?

Apa

B) H Swvuwkn srpocéyyion uog Aget 6T
A+x)"~1+nx, avx<l (4.295)

T vo Ty agloTtotncouye TTEETIEL VO YRAWOUUE TO TIEWTO KAAGUL OG

1 1 1 1
= = (4.296)
Va2 +(y—5/2)2  Ax2+y2—sy+52/4  /x%+)2 \/1 + —Sx);:rSyzz/él
1 1 1 15%/4-
BN T o3| 5% (4.297)
+ —sy+s*/4 + X y
R e
1 1 sy 1 s
r— 1+ = - = (4.298)
[ 2 2x2+y2 8x2+)?
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Av emtavaldpouue — kdvte To! — yio To §e¥TeQo KAAGUO, KATAALYOUUE GTO

1 1 1 sy 1 s
~ 1--= - — (4.299)
VET O +s/22 2+ )? 2x2+y2 8x2+)?

Avtikafictovtog, TTaigvouue
qsy

V(x,y) = kem

(4.300)

) Ot cuvieTWGES TOV NAEKTEKOV Ttedlov divovton av Tagaywyicovue To nAekTEkd duvoutkd V(x,y) wg
JTEOG X KoL ¥, SnA.

d 3 2x
Ex = _EV(X’ y) = —keqsy (—im) (4301)
_ ., q95(xy)
= KW (4.302)
_d B qs 3 2y
E, = _d—yV(X> y) = —kem — keqsy (—Em) (4.303)
qs(2y* = x%)
=k,———7 4.304
¢ (x2 + y2)5/2 ( )
KO €TGL TO NAEKTEIKO TTeSi0 ypdpeToLl G
g g e 5B s gs(2y* = x)\ -
E—Exl'i‘Ey] = em em (4305)

164 Hiextpxo Avvauixd Katavourc Poptiov”

Ta wedyuato Atav GYeTkd ATTAL GE TEQUITTWGCELS UEUOVOUEVOV GNUELOKOV (oeTiwv. Ti cuufaivel dumg
oe guveyelc rRatavouss @otimv; Oa akoAovBNGoUUE TTAEOUOL0 GKEITTIKG e ThV €VREGN TOV NAEKTOIKOV
Tmediov, oni. o dewprcouye Tnv katovoun Mg ABEOLGUA GRUELOK®Y PoETIwV. Ag Solue Toug duo TEOTTOUS
TLOU WITOQOUVUE VO EVEQYNGOUUE:

e Av n katavoun @ogtiov eivar yvwati, dewpoivue to nAekToikd duvoultkd dV ce onuelo P attéctacng
r Adym cnuetokol @otiov dg. To duvaukd auvtd divetar wg

d
av =k (4.306)
r
OMoxkAnpovouue yia kdbe onuelard @ogtio dg maipvovtog
d
V= f av=rk | < (4.307)
r

e Av 10 nAekTKS TS0 €lval yvwoTd atrd kdgtolo AAAn uébodo (1., vouog Gauss), TOTE eKTWOVUE TO
= ’ z
E kol avtikaBietoue gtn 6xEon

B
AV = — f E.ds (4.308)
A

yua va feovue tn Srapoed duvauikoy AV, emidéyovtag foAikd onuelo undevikol Suvautko.

Acg dovue uepikd Toadelyuatol.
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IHoedderyua 4.27:

Av wa opotdpoea @oeTicuévn EAPRS0C Ue YRAUULKIL TTURVOTRTO (@OQTIov A, UNKOUG [, KAl GUVOMKG
@optio Q Peloketan kdbeta Gtov dfova x'x, kol TAvew GTov dfova y'y, 6Ttwg oto Xynuo 4.47,
VITOAOYIGTE TO NAEKTEWKO duvowkd 6to cnuelo P Jtov agtéyel amdctacn x amd to cnueio (0,0).
"Egterta vItoAoyicTe TO nAeKTEKG Tedio LEG® TOV NAEKTEIKOV Sduvauikov. Xag divetar 4T

d
f \/% —In(x + V2 + a?) (4.309)
X+ a
[
A
1 _A_r/y
y
Y 1:)
( O X
I
A\

T

Xxnuo 4.47: Katavoun goptiov Ge pdfdo.

Avon:
Tunyotottolovue tn dPdo G ATTELQOGTA WKEA TUALATA POETIOV dg Kol uhikous dy, 6TTwes ato Zyxnua 4.47.
TN kdBe tétolo Tunuo Jo toyvel

d
=299 4 ay (4.310)
[ dy

INa éva tunga tng edRdou dy ue @optio dg To nlektEkd Suvaultkd ato onuelo P da elvar

d d
av =k, — L4 A.311)
r

Ta 6An tn EdPdo, To nAekTEKG duvauikd da eivor

(4.312)

dq f dy
V= |av= | kyb——tu = | kypd—o
f f [x2 + 2 [x2 42
—k Afl/z L T 2)|l/2 (4.313)
T e 2 +y? e Yl .
=k, (1n(1/2 + V2 +(1/2)2) = In(=1/2 + Vx2 + (1/2)2)) (4.314)
=k, ln[ VA + (/27 + 1] 2) (4.315)
Va2 +(1/2)% - 1/2
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To nAekTEIKO TESIO £XEL X—CUVIGTOCGO UOVO — GTIWG €xovue del ge avtioToln AoKNoNn GTo NAEKTEIKG Tiedio
— omdte apKel va TTaaywylGouue W TTEOGS X.

dv d VX2 +(1/2)% +1/2
Ex:———:—~—@ﬂm( **+ (/2) /] (4.316)
dx  dx Va2 + (1/2)2 - 1/2
d VX2 +(1/2)2 +1/2
= kL ln( calel Ll | ] @.317)
dx \\x2+(1/2)% - 1/2
KOL LETA OTTO OQEKETES TTARAYMYOUS KOl GAYERQEA KATAAAYOUUE GTO
koAl
E, = ¢ oy O (4.318)

2+ (22 a2+ (1272

TTov elvan To (S0 agrotéAecuo pe ovTo TToL elyoue PEEL e OXETIKG TTaRAdelyuo GTo NAEKTEIKG Tiedio.

Hoaedderyua 4.28:

"Evag SarTOMOGC aKTIVaS a @£el opolduo@a Kataveunuévo detikd @optio Q. Ymoloyicte To nie-
KTOWKS Suvautkd gto onuelo P, dTtwg delyvel to Zynua 4.48, mtov feloketal Ge amdstacn x amd To
KEVTEO TOV SaxkTUALOL KoL GTov KABeTo dEova aTo eTtiTiedo Tov SakTuAlov. ITold elvar TO NAEKTEIKG
Tedlo oto onueio P;

Yynua 4.48: Katavoun @optiov e Saktvlio.

Avon:
"Ecto tuiyga tov daktulMov ue @optio dg. To nAekToikd duvaukd ato onueio P Adyw tov @ogtiov dg da
elvar

dq dq
dVp =k,— = k,—— 4.319
P e P e a2+x2 ( )

INo to duvaukd 6Aov Tov SakTuAMov Gto gnueio P Ja €rovue

dg 1
Vp = f dVp = f ke = ke f dq (4.320)
Va? + x2 Va2 + x?

f dg =0 (4.321)

Emeidn

OTtw¢ éyouue det, Yo elvar TeMKA
0
Vp = kp————— (4.322)
“VaZ + 22
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Adyw cuuueTelag TG KATAVOUNG, To NAEKTEKG Ttedio €xel uévo x—ouvieTwca Gto cnueio P. "Etcl

d d 0 d 1 Ox
Ex=——Vp=——ke—ee= = —keQ— = ke 4.323
deP dx \/aQ +x2 de m (aZ + x2)3/2 ( )

Tov elval To (S0 asrotéAegua pe aUTO TTov elyoue BEEL Ge GXETIKG TTaEASelyua GTO NAEKTEIKG Ttedio.

Ioedderyua 4.29:

"Evag 3iorog arktivac R @£pel OuolOLoQMO KATAVEUNUEVO ETTLPAVELAKS JETIKO oETio O TTURVAOTNTOS
o. YmoAoyicte To nAekTEwd duvaukd cto cnueto P, éTtwg Selyver to Zxnua 4.49, mwovu Peloketon
oe amdéoTacn x amwd To KEVTEO Tou 8{CKOV KoL GTOV KAOeTO dEova TTou TeEvd aTtd To KEVTQO TOu
Siokov. ITowd To nAektokd Tedio 6to onueio P;

xnuo 4.49: Katavoun @optiov Ge dicko.

Avon:
Moagatngovue 6Tt 0 5ickog amoTteAeltar agtd “TTOAAOVS SakTuAlovug TTdyous dr kal aktivag r, ue 0 < r < R.
Emiong, yla tnv em@avelokin TukvoTnto @oetiov woxvet
Q dq
o=—==— =dq=0dA = 02nrdr (4.324)
A dA
Ba Beolue TO NAEKTEIKO SUVOUKSO TTOU GUVELGQPEQEL £vag SarTUMoc aktivag r kot @oetiov dg. T'a évav
Tétolo StakTUAL0, Yo slvan
dgq

dVp = k,———
VrZ + x2

(4.325)

aIto TO TTEONyovuevo TTaddetyua. Ao

dq R onrodr
Vp = f dvp = k, f —_ -k f T - onko (VRZ+ 42— x (4.326)
Vr2 + x? 0 Vr2+x? ( )

To nAektEkd Tedio €xel U6vo X—GUVIGTOGA, AOY®W GUUULETEIOS TNG KOTOVOUNGS oETiov. Apa

d d X
=——Vp=—— VRZ + x2 — x) = -
E, P 2nk,o ( R% + x x) 2rtk,o (1 > > ) (4.327)

uetd amd agkretéc mEaLovAes. @To amotédecua eivar (6lo we avtd TToL el)aye PEeEL Ge GYeTIKG TTORAdELYLO
GTO NAEKTEWKO Tredio.
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Avywyol xaw Hhexteind Avvouixd

Acg Sovue av vITdEXoLV WLOTNTES AywYoU Ge NAEKTROGTATIKI LGOEQEOTTLO Ol OTTOLES elval GYETILOUEVES UE TO
nAekTEKS duvaukd. "Eotw dvo onueia (A) kow (B) tng emipdvelos touv aywyov. o kdbe povortdtt atnv
eTILPAVELD TOV aTtd To (A) 6To (B), To nAekTEkd Tedio elvan kdBeTo oTtn uetatdmion ds. Apa

B
AVaop=Vg—Vy= —f E-di=0 (4.328)
A

"Etol katadafaivoupue 4Tl n eTLOAVELDL OTTOLOVSATIOTE POQRTIOUEVOU Ay®YOD GE NAEKTQOGTATIKNA LGOQQEOITIOL
efvar wa eTtupdvela otabepov duvaukov: kdbe onueio Tng emipdvelag éxel To (8lo NAEKTEKSG duvauuko.
EmuatAgov, To nAektoikd Suvoukd eivor tabepd otmtoudnote evids Tou aywyol koi (GO pe tnv Tun Tov
oTNV ETTLPAVELQL.

Xopnuxdmnto

Y& QUTAV TNV TTOEAYEAEPO Ja GUTNTAGOUUE YiO TO TTEMOTO AITO T TELM PACGKA GUGTATIKA T®WV NAEKTOIK®OV
KUKAOUATOV: TOV TTURVOTA. Ol TTUKVOTEG dev elval Tlmrota TTeQLociTeQo amd Satdeelg TTou amrodnkevouv
nAektEki evégyela. ITukvmtéc da Peelte TAVTOU: GTIC UNTEIKES KAQTES TOV VTTOAOYIGTOV GAG, GTA QAdL-
OQOVA GOG, GTIC TTOEOYES EEVUOTOS GTO GTL{TL GAC, GTO PAUS TNG POTOYQOPIKAG UNYXAVAS GOG, K.O.

"Eatm dvo aywyol 6Ttwg oto Zynua 4.50. AvTth n amin Sidtagn wov BAETteTe ovoudietor TukveTAg. O

'Otav o mukveThig stvan poptiopévog,
oL aywyol @épovv @optio (Slov
péTpou ko avtiBetov mpoonpov.

o

Zxnua 4.50: PopTicuévol aywyol e didta&n JTUKVOTH.

oywyol Aéyovton oyoyes TTAGKeS (kKL ag unv elvan TTAGKkeS @) L 0AM®S, oTtAouol. Av ov aywyol @épouv
@o@Tiov (Bov uéteov |Q| téTe avamTicceTal Sia@oed duvaukol avduecd Toug — av Kol KATAAABAlveTE
6Tl TO GUVOMKOG @oQTio Toug elvarl (BEOLGTIKA) undév. AABela, Tt kaBoEitel wéoo @opTio uitopel vo
eépovv; Iewpauatikd €xel deyxBel 4Tl n TogdTRTA POETIOV O Ge €va TUKVAOTA lval YeoUUkd avdioyn ue
Tn Suapoed Sduvaukoy avdueca gtoug aywyous, AV. H otabepd avaioylog £aptdtal agtd To oxAuo Kot
TV agmocTacn twv ayoyov. H exéon avtn uiroeel va ypopel og

0=CAV (4.329)

ue C avti tn oTtabepd, av ogicovue tn ywEnTkOTRTA C ©0S TO AGYO TOU UETEOL TOU POQETIOV Gt €vav v
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TV SUV0 OYWYOV TIEOS TO UETEO TS SlapoEds duvaukoy avduecsd Toug:

cola

= 4.330
AV] ( )

Movdda uétpnong tng ywentikdtntog eivar 1 C/V i aAwg 1 Farad, spog tiwiv touv Michael Faraday, Ay-
yAouv Duckoynuikoy, Tou UETAEY AAA®VY, €LGTYAYE TRV €VVOld T®V NAEKTEIK®OV SUVOUWK®OV YROAUL®Y, OTT®S
€xouvue Ndn avoépel.

Ac Yewpricovye €vav TUKVETA TTOU oTtoteleiton amd duo TTapdAAnAeg TTAGKES, dTTwS oTo Xynua 4.51.
"Evag TedItog va Tov @oticouue elvor va tov cuvdécouue ce €va kUkAmuo ue prtatogio. Ilpwv greo-

+ —_—

n |

N _

A o

+ ]

n |

-

E
Hhewtpwed | | Haextpuco medio :
med lo oTo QVANEST OTIG TIAQKES HAsktpikd
KaAwdio TeSio oto
KkaAwsio
+ _

Vv

(=

Sxnpo 4.91: ITukvwTic TapdAAnAwv TTAAKOV.

XWENGOUUE, UEQIKES EENYNGELS Yo TIC VO QUTES KaAvoUELES AEEELS: NAEKTEIKO KUKA®UO OVOUdgeTal €va
LOVOTIATL GTO 0To{0 UWITOEOUV VO €0UV @OoETia (NMAEKTEOVIA, OGOV APOEA TOUS AY®WYOUS), EVE WG UITATO-
ela evvoolue w0l GUGKEVAR TToU urropel va Satneel wo Sapoed Suvauikoy AV avdueco GToug TTéAOUG
ng. IIéAor ovopdgovial TeQLoyEs Tng urarapiog wou @oetia uroovv va Byaivouv (astd tov €vav) kol
va usroivouv (agtd Tov AAAO). ETO £0WTEQIKO TNG UTTATOQRIOS GUUPAIVOUV NAEKTQOXNMMKES AvTIOQACELS TTOU
odnyovv Petkd wWovta (Gtopa 1 wéela) GTn gl LeELd TG, GTOV ETTOVOUALOUEVO TETIKO TTOAO0, VM NAEKTEOVLOL
odnyovvtar GTov TeRipnuo aEvrTiko stolo tng. ‘ETal Snuoveyeitor mepicoeio nAeKTOVIOY GTOV dQVITIKG
TOAO, SnA. pa TTEQLOXR TG uttataiag apvntikd @oeTiouévn, kal EAAerpn nAekTQoviov 6to Jetikd mdolo,
SnA. wa sTeQroyn Tng urtataiag Jetikd @opriouévn. AuTti n xwEWKn Stdtatn @opTinv Snuiovyel NAEKTEIKG
T1edi0 GTO XWEO YVE® AITé TOUG TTOAOUS TG, dEa Kol Wio Stapoed duvautkot avduecsd Toug!

Aglte Aoty govd to Xynpo 4.51. Av 0 JTURVOTAC elval 0k a@OQTIGTOS, n uiratoQio eyradiotd
nAektEkd Tedio ata kaAwddia. To medio avtd €xer th @oed Tou cxAuatog — attd To Jetikd TOAO Tng
UITATAQRLOS TTROS TOV AQVATIKG, UWEG® TOU €EMTEQIKOU KUKAOUATOS. Ag dovue tn “8efid” (UmAé) mtAdka. H
ustatagio eyrkaflgTd Stapoed Suvautkoy uetagh mélov kot TAdkas. ‘Etot, eyeipeton nAektoikd medio GTo
KOADSLO Kl dEa (o NAEKTEIKA SUvaun GTo NAEKTEAVIO TOV, T 0Jtola KivoUvtol TTeog Thv TAdKka. [ot;
AOTL T NAEKTEOVIOL — AGY® aQVITIKOU QOQTIOU — KvoUvTOL TIROGS TTeLoxEs vypniot duvauwkoy. H kivnon
ouveylgeTol WS GToV N TWAAKA, TO KOADSLO, KoL 0 0QVRTIKGS TTOAOG Tng usatapiog £xouv Ao to (Sto nie-
KTEWKO duvaukd. ‘Otov ouTd yivel, n Sa@oed Suvauikol TTaveL Vo VTTAEXEL, @Ol dev VTTAQEXEL NAEKTEIKG
7edlo 6T0 KAADSLO Ko T nAekTEOVia Sev kivovvtal. H (UmAg) mwAdka @€pel TAfov agvntikd @oetio —(Q.
Ta, akEPOS Guola LoXVOLV KoL Yo Thy “aLoTeEin” (KOKKIv) TIAGKO, ue Tn Sia@oed Tt n TTAGKO QOoQTiTe-
T deTikd. ZTNV TTEAYULATIKOTRTA, TO NAEKTEIKO TIeS{0 evic TETOLOU TUKVOTA lval OTTws GTo Tynua 4.52.
Eivar duwg PoAkd vo dewpovue 6TL ov ov TAdKeS eivol aEreTd KOVTd uetagd toug, Snd. n asrécTacn
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Toug d elvar oA wikEen, TOTE TO NAEKTEKO Tedlo ovdueco Toug eival oxeddv opoyevég. PuGIKE ayvoo-
vue Ta (evBiamépovta) @aviueva Tou Guufaivouv Gta ke TOV TAAKOV. A Beolue T®EO Wa £keEacn

Yynua 4.52: HAeKTEIKO TTESIO GE TEAYUATIKO TTUKVOTH TTAQAAANA®V TAAKDV.
yia tn xoentikdtnta C evég evyoug mAakdv @optiov O n kabeutd. H Siadikacia pitopel dewpnbel wg egng:

1. YmoAoyigouue to nAektowkd medio E avdyecsa 6Toug oTTAMGLOUS TOU TTUKVOTA (11 TO NAEKTOKS @OQTIO,
av 8ev glvar yvoGTo)

2. YmoAoyicouvue tn Stopopd Suvaukoy AV uetagld Tov TTAAKOY
3. Boplokouue tn yoentikdtnta ye tn oxéon C = %

O VTTOAOYIGUOS GAWV AUTOV elval GYETIKA AITAGS av N YE®UETE{OL TOU TTUKVMTA €lvol AITAN.

471 Huxvethc HopdhAnhewy IThaxdov*

Acg Sovue TTEOTO évav TTURVEOTA TTORAAMNA®Y TIAOK®VY, 6TTws 0To Xynua 4.53. 'Eotw 6Tt ov TTAdKeS €xouv
améctaon d ko eufadév A, n wa wAdra @éeel @optio @ kal n dAAn —Q. H emipavelakn TTukvoTRTO
@ogptiov eivar o = Q/A. Bewpovue GTL Ol TTAGKES €lval TTOAY KOVTE UETAEY TOUS KOL TO NAEKTEIKG TTed(0
TOV AVATTTUGGETAL avAuecd Toug lval ouoyevég. Zépouue 4Tl n Sta@oed duvaukol avapesd GTLS TTAGKES

(77-7¥7+77-7m7-|7-7+7?-7-|7
T HNALIEEEN I I RN
d A 1 Mkaovaotlavn
Yy YY Y VY VY Y :
i “g e avela

ynua 4.53: Hukvotric madAAnAwy TAaKGY.

TOU €xeL UETEO
|AV| = Ed (4.331

Xpewagduacte va Beovue to @ogtio Tou, Q. Oa wag eavel xpnoyog o vouog tou Gauss. OewEovue YKOOL-
olavil egtipdvelo, n ool TreQLAauBdver 6Ao Tov €vov oTTAMOUS Kol TTAve oe auTh éva Tunuo eufadov dA.
Ioxvouv oL Guvbnkeg:

e Ta Swavicuata E xou dA etvon TTARAAANAC LETOEY TOUG.
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e To nAektowd medio oe kABe onuelo Tng eTmipdvelag eivar aTadeQd.

Omodte

Op = fE dA = EA = % — Q0 = EA¢g (4.332)
€0

TeMkd, n xwENTIKGTNTA TOV TUKVOTA TTOQAAMNA®Y TTAOK®OV elvor

QI _ €A

c=X= -
|AV] d

(4.333)

Kuiwbdpixoe Huxvetic*

O TUKVOTAG TTARAAANA®WY TTAOKOV Sev elval 0 WGVOS TTOU VTTAEYEL, OTTOTE OC YVWEIGOUUE KAl TOV KUAWSQELKG
TukveTti. O tedevtalog amotelelton agtd €va GTé€Eeo KUMVEQIKO aywyd okTivag a ko @oetiov O, ko
TEQIKAE(ETAL OTTO OLOAEOVIKG AYOYO e KUAVOQELKO KEAVPOG apeANTEOL TTAYOUG, AKTIVAS b > a Kol @oQTiou
—0. O aywyol €ouv yoouuikn Tukvotnta @oetiov 4. Ac feovue Tn xwenTikOTNTA £vOS TETOLOU TTUKVAOTA
av To unkog tov elvan [ Aelte to Iynua 4.54. Até to véuo touv Gauss elyoue Beel 6Tl To nAerTEKS TTEdi0

V_ ~
/);1;0{51??::&@ \ “\‘\ “‘/a-" ]

/1 Nopou Gauss: 1
2!{ \/ s
I _/. ~ _"".f'

e t «
Tkaovoiav) -
ETLPAVELL #
/

+ /
+ Mkoovouavn emegdave:

Yynua 4.54: KvvSpikog TUKVeTIG.

CE QITOGTACN 7 WOS AITELQOV UWAKOUS EAPdov elvon
24
=k,— (4.334)

INa T ywentikdtnta duwg Fédovue tn dtapopd duvaukov. IIog da tn feovue; 'Eoto n Stadpoun amd to
EEMTEQIKO UEQOS TOU EGWTEPIKOV AYOYOU WS TO EGMTEQIKO UEQOS TOV €EMTEEIKOV, OnA. amd tnv aktiva a
¢ thv b. OTrdTe

, " d
AVa_,b:Vb—Va:—fE-dfz—fEr-d =2k | £ (4.335)
r
a
To teAevtalo oAokAnpwua pog divel
b
AV = —=2k,A1n — (4.336)
a

H ywontkdtnto Touv KUAMVSQIKOU TTUKVOTH elval

(Y N
AV 2k,Aln? 2k, In2

(4.337)

"Evag oA YyVOGTOS GAg KUAVOQLKOS TTUKRVAOTAGC £(vol TO OUOAEOVIKG KOA®MSLO TTOU YENGLoTtolelTtol GTIC
TNA£0QACELG.
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Eopoupixog Huxvotic*

TéAoG, Ul AROUO GNUOVTIKA KOTYOQEIO TTUKVOTOV £(vol Ol GOOLEUKOL TTUKVOTES. "Evog GoaQukos TTURVOTAG
agtoteAeiTon aIrd éva GEEAUELKO aydYLLo KEAVPOS akTivag b kal @oeTiov —Q, OUOKEVTQO Ue W WKEOTEQEN
ayoywn ceaipa aktivag a ko @otiov O, dmwg gto Xxnua 4.55. O TTURVETAGC €(el GEARIKA GuuueTela,

-0

~

+0 /a

yxnua 4.55: X@paipikos TTUKVOTHG.

0OTTOTE UITOQEOVUE VO XENOULOTIOIGOUUE ATTOTEAECUOTO OITO TIQONYOUUEVES TTOQAYQAMOUS YO va, BEoUUE
m yoentikdtnta. ‘Eyovue ndn det ét1 n katevbBuven tov nAektoikol medlov ekTég evog opotduopEou
GEALELKOV POQTLOV €lvol OKTVIKA KOl TO UETEO TOL glvon

E = ke% (4.338)
r
Ytnv JreQiTiTtoon Uog To asoTéAeouo auTd oyvel yo To Tiedio avdueca oTig duvo cealpeg, dnA.  yio

a < r < b. H 8uupoed duvaukot avaueco 6T 6Qaipes yio wo wetatdmon ds efvar
b b b
, d -b
V-V, :—f E-df:—f E,dr:—kle S S (4.339)
a a o 12 ab

g z 4 = z z. z z z Z ’
dedouévou 6L o Stdvucua E kor to Stdvuoua ds eivan stapdAinio oe kdBe axtiva. ITAEov piropovue vo
Beovue Tn XxwENTKOTNTA WS

0 0  ab
AV k0t k(b - a)

(4.340)

Arnopovwuévog Aywyoc”

Ye 6Ao Ta JTEonyovuevo Traadslyyota elxaue €va TeEUYOS OywY®V TTOU GYNUATICOV €va TTURVOTA. ‘Oung
okoua kol évag aymyog €xel ywentikotnto! To maeddeyua, oke@teite €vav aTTOUOVOUEVO, GEALQIKO,
@oTIGUEVO aywyd. To nAektEkd medio yUpw Tou eivar akEPdS To (8o 6TTws Ya Atav av Tov TTeQLéBaiie
€vo. OUOKEVTQO, AYWOYWO GEAQIKO KEAVEOS ditelpng axtivag, ue aviiBeto @oeTio aTtd Tou GEALEIKOV
aywyov. Mitogovue va @AvTaGTOUUE OUTO TO @AVTOGTIKG KEAVEPOS S To SeUTeRo aywyd €vog Celyoug
oywyov Tou oxnuoaticovv évav Tukveti! To nAekTEikd Suvamkd Tng cealpas aktivas a elvor aItid

v, =12 (4.341)
a

Kol dEa

0 __ Q0 _4_4raa (4.342)

C = =
AVeooa k2-0 ke

IMopatnenaote 4Tl n XWENTIKGTATO EVOS OTTOLOVOUEVOD, (POQRTICUEVOU GEALEIKOU aywyol elvol avdloyn
TNG OKTIVag a Kol aveEdetnin aitd To @oeTio Tou kol Tn dta@oed Suvaukoy Tov. Aev RTav akQPOS TO
idto ge Ao Ta TEonyovueva Tagadeiyuata; ©
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Yuvovaopol ITuxvetoy

Eivar evdiagépov va dovue L Do cuuPel av BdAlovue TOUS TTUKVOTES wos e Sidpoees SlotdEels uetasy
TOUG KOl UETOEY wog uitataelog ([wov dovdevel cav Tagoxhi dtopoeds duvaukoy, omtwg elstaue). Ilpémel
va Beovue évav €ukOAITEQO TEOTIO va oxedidtouvue TéToleg cuvdeouodoyies. Aeite To Zyxnuo 4.56. Ou

LOpporo |1 n _ 116
TUKVTT 11 1
+i - Q
AV ]|
Cy I
i Ceq=C1+Cy
. | _ C,
Zoppoio = I I -
pmatapiog - +0Qy ~Q 0,
AV,
+ —
__,@.4--_——1,,_)“ I L I L

O=— - - -

Zoppolo Avorytd ' AV AV AV
SlakomTn —
—O—0—
Kiewoto

Yynua 4.56: XvuBolicuol.

TUROVTES Yo guufolitovial GTo €ENC ue dvo (0eg TTORAAANAES YQOUUES GE WKEN OTTOGTOGN UETAEY TOUG
(ue ugtde xpwuo, v yével), eved n Tnyin duvawkoy Jo cupPoiitetor ue dvo dvigeg TARAAANAES YROUUES GE
ke astostacn (Le edavo xpwua, v yével). To Zxnua 4.56(c) delyvel to TeMkS Gyédio.

IopdhAnAn Xovdeon
H mpotn guvdecuoloyia mtou da Sovue a@oed tnv mapdAAnin givdeon LeTagd SUo TUKVOTOV e TN LITOL-
Topia, 6mwe oto Exnua 4.57. Ilpocégte, n Aégn “TwodAAnAa” 8¢ oxetigeton ue tn oyediacn tng Sidtagng.

C,

|
|
9
|
1
" Ceq=Ci+Cy
‘2
[
Qs
| [
+1 - +1-
AV AV

ynuo 4.57: IapdAAnAn XvvSeon.

Yxeticetan pe To ATl Ol TTURVATES elvor astevdelog guvdedeuévol UETAEY TOUS GTOV VOV TOUG OTTALGUO Ko
atevbeiag cuvdedepdvor uetafy Toug otov dAlo. H (6o Siapoed duvaukol e@apudletar 6Ta GrEa TV
dvo tevywv guvdedeuévmv oTMoudv. Avtd onpaivel dTL oL TTURVOTES €xouv Tnv (Sia Stapoed Suvapkoy
GTO. GKQOL TOUG.

H Swapopd duvaukot gta drea toug eivar ton ue AV, SnA.

AV =AVy = AV (4.343)
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ue AVy, AVy n Sua@oed duvauikot oto dkeo kaBevdg Tukveth. Ol TTUKVETES @OoQTIToVTOL Ue QOQTIO

01 = AV (4.344)
07 = CLAV (4.345)

To GUVOAMKG POQETIO GTOUS TTUKVWTES amrotelel To dBooUO TV ETTUEQOVS POQRTIWVY, SnA.
Oior = 01+ 09 = Ci1AV + CoAV = (C1 + Cz)AV (4.346)

AT v oRaTtdve Gxéon GuuIteQaivoure GTL Ol U0 TTUKVOTES UITOQOUV VO AVTIKATAGTABOUV amd €vav,
ue xwenukdtnta Cey = Ci + Ca. Tevikdtepa, yio N cuvdedeuévoug TaQdAAAOUS TTUKVOTEG Lo VEL

N
Cog = ) Ci (4.347)

Y 0vdeor o Yelpd
H 8evtepn cuvdeguoloyio mouv Ja dovue a@oed tn celplaki gUvieon petagd Suo TUKVOTOV dTT®WS GTO
Yynua 4.58. Zovd, n AéEn “celglaxn” 8 onyaivel kATL 6oV a@od Tn oxedlaon. Xnuaivel 4Tl Ol TTUKVOTES

9

[—

f AV, ne

¢,
| |
|
AV

s nis
AV AV

ynuo 4.58: Xeipiaxr Xvvdeon.

ouvdéovtarl 0 évag uetd tov dAAo, kol n drrola StaPoEd SuVaUKoU £@EAQUOTETAL GTA dKQEO TG OAng Guv-
deouoioyiag. Xuykekouéva, 6Ttog PAETeTe gto Zxnua 4.58, n agotepn TwAdka tov Ci ko n Se€ld TAGKQ
Tou Cy elvan guvdedeuéveg ye tnv stnyn. Ou dAAeg Suo TTAGKeS elval aTtAd cuvdedeuéves ueTagd TovG, Kol
€@’ OGOV TO GUVOMKO TOUS POQTIO elval uUndév, £TaL TEETTEL Vo TTaQaUelvel kol LeTd ATt OTWONTTOTE GUUPEL,
0oV ATTOTEAOUV €Vol OTTOUOVAUEVO - NAEKTQIKA - cvaTud!

Ac Yewpnicovue agykd a@OQETIGTOVS TTURVMTES. ‘OTav guvdécouue Tnv uitotapio, LETAPEQOVTAL NAE-
KTEOVIOL aTtd Thy aEloTeEn TTAdKA Tov Cp atn de€ld TAdka Tou Ca. "Eva 1667060 @oQTio, aAAd apvntiko,
eykataAelmel tnv aplotepn mAdka Tou Cg Kol da aUTR KATAARyEL va €xel Aedvacua (Betikov) @oetiov.
To apvnTikd oQETIO TTOV EYKRATAAE(TIEL TNV AQELOTEEN TIAGKA Tou Cy TTEOKAAE! GUGGHEEVGN ORVITIKOV QOQ-
Tlov otn degLd TAdKa Tov Ci. "ETol kol oL Svo TTUKVOTES €xouv Seglég TTAAKES Ue PoQETIO —Q KOl 0QLGTEQRES
TAGKES Ue @oeTio +Q. Me dAAa Adyla, TO POETIO TwV dUO GERLAKDV TUKVOTOV elvar (dto: Q1 = Q2 = Q.

Ipogavadg n duopopd duvouwkol Gto drea kdBe TTURVEOTA Sev elvon (Sla, ool &e cuvdéovton ot
omtAgpol Toug katevBelav pe tnv Tnyn, duws ciyovpa Ja toyvet

AVi+AVy = AV (4.348)

Omdte
AV=AV1+AV2=%+%—2+2

= 4.349
i C (G (G ( )
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Av Jewpricovpe €vav TTURVOTI TTou €xel tny (Sla eTtidpacn otn Guvdecuoloyio pwe Toug SVO TUKVEOTES, TOTE

0
AV = (4.350)
Ceq
E&icovovtag BAémete 6L
1 1 1
— + == (4.351)
Cl C2 Ceq
Tevike¥ovTog TV TTAQATIAV® GXEGN YL OTTOLASATIOTE GELRLAKA GUVEEGN TTUKVAOTOV £XOVUE
N
1 1
= — (4.352)
Ceq ; Ci
TIOU YEA@eTOL Alyo 1110 BOMKE ™G
1
Cog= —— (4.353)
ST

IMopatnencte dtu:
e Ou TapdAAnAQ Guvdedeuévol TUKRVOTES £xouv GAot Ty (St Stapoea duvauko AV, auti Tng TTnyng.
Ot oelplaxd cuvdedeyévol TTUKVOTES €xouv GAoL TO (8lo TT0Gd pogTiov, Q.

e H 1008Vvaun ywentikdétnta pog mapdAAning cuvlecsuoloylos TUKVOT®OV elvarl ueyalvepn amd o-
JTOLOVONToTE TTUKVOTA GTh Guvdecsuodoyia. H 16odvvaun ywentwkdtnta pwag cuvdecuoloyiog Ge
oelpd elvon utkpOoTeEn AIrd OTTOLOVONTIOTE TTUKVATA GTn GUVOEGUOAOYIAL.

MTtoQoUUe TOEO VO KATAGKEVGGOUUE €val TTIVAKA UE TO XOUQOKTNELOTIKG KA0e cuvbecuoloyiag. Aeite tov
Mivoka 4.1.

Eidog cuvdeang Dogtio Avvauko XwentkdTnto
TaedAnAn Qug = ), 0 AV,, = AV, Ceq = ), Ci
i i
-1
) 1
XeLLaKN Qeq = 0i AVey = Z AV; Ceq = Z a

IMivakag 4.1: HAeKTEIKES IOLOTNTES TTAQAAANANG KOl GELPLOKIG GUVOEGUOAOYIAC TTUKVWTOV GE GYEGN UE
1GoSUVaUO TTUKVOTH.

Acg dovue uepkd Tapadelyyato.

MMaedderyua 4.30:

Beeite 10 @ogtio kar Tn Sapoed Suvaulkol cta dreo KABEVOS AId TOUG TEELS TTUKVMOTEG TOU
Yxnupatog 4.59.

Avon:
H umatopio woaéyer Swapoed duvauwkot AV = 12 V. Ou 1eig Tukveotég dev elvar guvdedeuévol ovte
oe oelpd oUTe TTaRAAANAQ, aAAG wItoQovue va TouS yweicouue ce ouddeg Twou elvan eite celpuard elte
TaedAAnAa cuvdedeuévol. H avdivon tétoiwv KUKAoUATOV cuvicTator GTo guvdudoud Twv GTolelmv
wote vo Peedel To 1oodUvouo otorxeio, KoL peTd GTnV aviioTEoen Tng Siadikaciag yia va Beebovv ol
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o+ [—

C,=5uF

_|
_|

ynua 4.59: Kukdwuo JTuKVoOToOV.

Ioo8uveoun >, =24 uC 0, =24uC
NPT TIKOTI TR AV, =Q,J/C, =8V AV, =8V
\ %

Mopadinia

( 6 ;.t["

Yynua 4.60: Avddvuon KUKAOUATOS TTUKVOTWOV.

ntovueves TWES ya kABe otorgelo. Avti n Sodikacio @alvetar oto Zxnuo 4.60. Eekvdvtog astd To
apLaTERS KUKAmUO, N 1GodUvaun yOENTIKOTNTO TV TTUKVOTOV Tov 5 UWF kow 1 uF ce swapaiinAia elvan

Cog=5+1=6yF (4.354)

H 1008V¥vaun xoentkdtnta tov TUkvetov tov 3 uUF ka 6 uF ce aelpd eivon

=2 uF (4.355)

SIS

H 1608Uvaun ywentkdtnta uag divel 6Tl To GuvoMkd @optio elvon
0 =CAV =24 uC (4.356)

Mgrootue Toea va Jtdue Tog Ta Ticw. Ol mukvwtés 6e aelpd €xouv Aol To (Slo @oTio, oTdTe TO POETiO
otov C; ko 6Tov Cay3 Ja elvanr £24 uC. Bpiokouvue €16t 611 AV = 8 V ko AVays = 4 V. O TURVOTES GE
TaeaAlnAia €xouvv 6Aol Ty (Sla Stapopd duvoukov, omtdte AVe = AVs = 4 V. Bpiokouue €totl 6L Q2 = 20
uC kar 6t Q3 = 4 uC. To @oQTio Ko n Sla@oEd duvoKkol Ge KOBEVA AITO TOUG TEELS TTUKRVOTES OLVETOL
010 8e€1d KUKAwUa Tov Xynuatog 4.60.

Ioedderyua 4.31:

INa to gveTnua tov ynuatog 4.61, Beeite:
(@) Tnv 1Godvvaun xwENTIKGTNTO TOU GUGTALATOS
B) To @ogtio e kaBEva TTUKRVWTI
) tn Sapoed duvaukoy e Kdbe TUKVOTR
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3.00 uF  6.00 uF

9.00 uF  4.00 uF

I
s
90.0V

Yxnuo 4.61: Xuvdvacuos IHukvoTov.

Avon:
Ot Selkteg TV UETAPANTAOV | VITOONADVOUV TOV TTUKVAOTA Ywentikdtntog i uF.
(@) Ta v dveo oudda Twv TTURVOTOV Ge GERd, N 1GodUvaun ymENTIKOTRTO SIVETAL KOS

1 1 1

1
4= -=C, =2uF 4.357
Cop C3 C5 3 p =t (4.357)

[a tnv kATe oudda TOV TTUKRVOTOV GE Gelpd, n 1Iodvvaun xmentikdtnto Sivetol wg

1 1 1 1 1 3
:—+—:—+—:—:>C)n:1.33 F 4358
Caown Cy Cq 2 4 4 o ¢ ( )

Avutéc ol Suo ywentikdTNTEG GUVEEOVTAL TTORAAANAQ Kal £TGL N 1IGodVvvaun xmentikdtnto Sivetol wg
Ceqg = Cup + Caown = 2+1.33 =3.33 uF (4.359)

(}) Hopatnerncte dT n Sta@oed duvauikoy Tng uratapiag eival avTh TTov €YoV GTa dKEO TOUS oL Svo
OUABES TTURVOTOV, N dvew kol n kKAtw. Kdbe cguvduacuds Tukvetdv ce celpd €xel To (8lo @ogtio ue
Tov 160dUvauo TUkveTh. o thv dveo oudda

03 = 06 = Qup = C,p,AV =180 uC (4.360)
€V YL TV KATO oudda
Q2 = Q4 = Qdown = CaownAV =120 uC (4.361)
) H dwopopd duvoukot katd uWikog kabevog aird Toug TTURVETES elval

0)) O3
AVy===AV3===60V 4.362
2= G, 570, ( )
AVy = % =AVg = % =30V (4.363)

Cy Ce

IHoedderyua 4.32:

Avo TTukvwTEG Bivouv 1godvvaun ywentikétnta C, étav guvdéovtal TaQdAAnAa Kol LlGodvvaun xw-
entkotnta Cy 6tav guvdéovtian e celpd. ITowd elvar n xwentikdTnTo TOL KABEVAC;

Avon:
"Exouvue
C,=C1+Co (4.364)
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Kol
Lo + ! (4.365)
C; Ci Gy '
AvTIROOGTOVTOS TNV TEWTN GTn devtepn
1 1 1 C,-Ci+C C
. S B S P (4.366)
Cs C Cp-C C(Cp=Cp) C(Cp-0Cy)
ATtAoTTOLOVTOS
C?-C1Cp+CpyCs=0 (4.367)

O pltec Tou TELwVvYLoL Sivovtor wg

Cpx JC2-4C,Cs 4 1
C = =5Cp+ 4 /Zc,% - C,C (4.368)

2

AwAégaue to Petikd mEdonuo kabdS dev alldier kATL 6To astotédecun (To agvniikd sredonuo diver Tig
{8leg Twég aALd avdstoda aToug TUKVWTES). OTTdTE

1 1
Cy=5Cp - ch - C,C; (4.369)
Omtdte TeMKA
1 1,
Ciz=5Cp = 76 = CCs (4.370)

HNoedderyua 4.33:

INa va 8loefoete éva TEOMOSOTIKG Yo VAV GTEQREOPMVIKG EVIGYUTN, XQEWATEGTE €vOv TTUKVOTA
ywentikétntog 100 uF kavd va avtégel diopopd duvaukov 90 V. To uévo dueca Stabsoiwo Tmoidv
GTO NAEKTEOAOYELO TNG YELTOVIAS Gag elvar €va kKoutl ue Ttévte (5) TTURVOTES xwentwkdtntag 100 uF,
kOVOUG Vo, ovtégouv Stagopd duvaukov 50 V o kabévag.
(@) Iowds cguvduoouds amd avTovS TOUS TTUKVAOTEG XEL TO GWGTA NAEKTEIKA YOQAKTNELGTIKG; Oa
XONGWOTONGETE OAOVS TOUS TTUKVMTES GTO KOUTL;
®) Me 10 cuvduaoud Tou Penkate, JTold lval n uéytatn Siapoed Suvaukoy Gta dkea KABeEVOS
aItd TOUG TTUKVWTEGS,

Avon:

(@) Av BdAovue dvo (8lovg TTURVEOTES Ge GelRd, N Sla@oed duvaulkoy TTouv Jo TUEEXETAL GTO KUKAMWO
Ya “komel” ot Svo, 1GéToCA 6T dKEA KAOEVES TTUKVOT: £TGL 0 kaBévag da €xel 45 V gta dkea
Tov, aAAd n cuvolki ywentikdTnTa Ja pewwdel ato wod améd don déhovue. T va Surhacidoouyue tn
xwentkoTnta, FéAovue dAlo éva gevyog TTUKRVOTOV, (810 e autd Tou eTidEaue, aAdd Ge TaEdAANAN
gUvdeon ye to Teonyovuevo. H wgodvvaun ywentikdtnta da elvan

1 1
Ceq = 7 3 — =100 uF (4.371)
100 T 100 100 T 100
ITpo@avag €vag TTUKVOTAG TTEELEGEVEL. YItdeyel dAAn wa dtdtagn tou SovAevel (Irov TTdAL TTeEQLGGEVEL
€vag TTUKRVOTNG). Mitopeite va tn Peelte;
() Kabévag ard toug 1é60eQls TTURVOTES da AdPetl uéyiatn Stapoed duvaukot 45 V.
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Evépyewa ITuxvet

Qg tedevtalo £QWOTNUA PAGAUE TO TTOGO TNG evEQYeElag TTov agtofdnkevetal e €vav TTURVOTA. Ag Jew-
EAGOVUE ULOL VITEQAITAOUGTEVUEVI, “Unyaviki” Stadikacio @4éETIoNG evag TUKVMTH: €va WKkEO TGS opTiou
ueTaPéEeTOL aTtd T Wia TTAAKO wéow Svvaung Tteog Tnv dAAn TAdka. H dUvaun stapdyel £pyo 6To @opTio
kol Snpovgyeitar g Stamoed duvawkoy (Wiken) avdueca oTig TTAdkes. ‘OG0 ueTapépouue @oQTio aTtd Tn
wo. TAdKRO oty dAAn, Téco ueyaldvel n Stopoed duvoukov, kabdS TeELecdTEQO £pyo agratte{Tol yio Tn
uetaoEd was osdtntag @otiov. To €gyo TTou TTapdyeTol 6To GUGTNUO ATTO ThV EEWTEQKI dUvaun eu-
@aviceTal WS UETAROAN TG NAEKTQIKAS SUVOULKIG evéQyelog Tov guatipatos. ot cuuPaiver avtd; Agxn
Awatngnong tng Evégyelog un atopoveouévoy GuGTRiaTog!

"EGT®w 6Tl 0 TTURVOTAS €xel @oQtio g og kAmow oTddo Tng moaastdve dwadikaciog @dptiong. H
Stapoed duvautkoy da efvor
AV =gq/C (4.372)

To €pyo Tou astartelTal Yoo Tn LETAPOQEE £vig aItelpoatd wkEov @oetiov dg amd wo TAGKA @opTiov —¢g
Ge authn @optiov +g elvon
dW = AVdg = %dq (4.373)

Av 9éAovye va Beovue To GUVOMKS £0Y0 TTOU ATTALTEITOL YioL TN POQTIGN TOV TTUKVATA aTtd Undevikd @optio

oe @ogtio Q Ya elvan
Cq, 0
W= | aw = Lo = = 4.374
[aw= ["Zag= 2 @.314)

Omdte 10 €0y0 TTOU TAPAYETAL KATA TN MAETION TOU TTUKVKOTA OIToONKEVETOL WG NAEKTQEIKA SUVOULKA
evépyewa U, kar dpa
2
. = < _ lQAV = lC(AV)2 (4.375)
2C 2 2

Ue TIC VIOAOLTTES ERPQEAGELS VA, TIQOKUTITOUV OTTO OITAES OVTIKATAGTAGELS QITO TN GYXEGN TG XWENTIKOTN-
Tag, O = CAV. Oewpolye tnv evéQyelo Ge €vav TIUKVOTR ®G aTtodnkeupévn GTo nAEKTEKS Tedio TTOU
dnuovgyeitar avduesa GTic TAAKES Tov, 660 @oTiteTal. T évov TUKVOTA AItd Suvo TAEAANAES TTAGKES
eufadov A, Tou améxouv d, n evéQyela TTov PEEEL GTO NAEKTEIKS Tov eSO avAueco GTOUS OTIALGUOUS TOU

elvan ) A )

€ 2 2

— | — | (Ed)* = —epAdE 4.376
> (22) Eay? = Se (4.376)

Ue € TN YVOOTA SINAeKTEIKA GTaAbeRd TOU KEVOU, TTOU EUPOVITETOL KOl GTN LoONUOTIKA €KEEACN TOU VOUOU
Tou Coulomb kol Tou nAeKTEWOV TedioU, KAl LOS TTANEOEMOEEL Yo Tn guuTteplpod (‘avtidpacn”) Tou
KeVOU YWEOU GE €va NAEKTEKO Tredio.

H ypenowdtnta evig TTUKVOTA TTROERXETOL ATt TO YeYovog OTL witoel vo @opTiotel agyd kGt TTou
€E0QTATAL KOL OTTO Tnv uItotaeia) aAdd uirogel va petamépel evégyela TToAU yeriyopa! "‘Eva avdloyo aitd
™ Mnyoaviki eivon n “@déption” evég rkatagiédtn. Xeeldgetal ToAIS KOOGS Yol vo. OTTALGELS €val KOTATTEATN
OAAG TTOAD YEIYOQEO EKAVEL TNV EVEQYELOL TOV TTETOVTOS KATIOL0 TEQAGTIO KOUUATL TTETEAS. LKEPTE(TE £TioNg
TO AOG TNG POWTOYROAMIKAC Unyaviag — Jtov eidoue kot oe wapddeyuo. H umatopio tng kduepog @oTigel
TOV TTUKVOTA Kol 6Tav autd guufel umopeite va Sitaxvoete tnv amobnkevpévn evépyela e wia Aduata. A-
KOO KoL GTOL WovTéva Kvntd TnAépwva dev umopeite va fydiete duo @wToyapies ue eAAS OUEGMS YLaTl
Ttafevel Alyo xp6vo n @deTion tou avitictowov TukveTi. ETiong, o amviSwtig eivor yio JToA) Gnuovikin
EQOQUOYA TOV TTUKVOTHOV 6TV 10TEkn. Mia kKa@Siakh TRoGBoA R évag TEAVUATIGUOS uTroel va BdAel Tnv
KOQESG COG Gg Wia, KOTAGTACN TTOU ASYETOL WAQUAQUYR: n koEdLd cag “aarocuyyeovicetor” kou dev avtAel
6woTd To alua. ‘Eva Suvatd nAekToiké Gok GTo GTRO0S GTauatd TANEMS Ty KaESLA, ETTEETTOVTOS GTNY
koSG va eTtavacuyyeoviotel. H evépyeta Tou attvibwti — wov @tdver uéyot to 360 J — ekAveton woMg o€
TepitTou 2 ms uéow dvo TAAKOV TToL PAtel 0 YaTEOS 6To GTRBOC Tov aGbevoUg.

1
U, = 5C(AV)2 =
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Acg dovye uepkd apadeiyuato.

Ioedderyua 4.34:

Avo (8ol TTUKRVOTES TTARAAANAWY TAAK®V, kabévag ue xoentikétnta 10 uF goptitovion oe Siopoed
duvaukot 50 V kot petd astocuvdéovtal amd tnv uratopia. Xtn cuvéxeld, cuviéovtol TapdAAnAn
ue T TAdKeS (Slou PoeTiov va guvdéovian petagd tous. Télog, n amdéctacn UETOE) TOV TTAAKOV
GTOV €vav 0TT6 TOUS dU0 TTUKVMOTES SITTAAGLATETOL.
(@) Beelte tn GUVOMKA evEQyelo TOU GUGTAULATOS TOV JUVO TTUKVEOT®OV IRV TO SLITAAGLOGUS TNng
ATTAGTACNS TWV TTAOK®V.
B) Beelte tn dtapoed duvoulkol e KdAbe TTUKVOTA UETdd TO OUITAOGLOGUS TNG ATTOGTAGNS T®V
TTAOK®V.
(V) Bpeite tn GuvoMKA evépyela TOU GUGTALATOS UETA TO SLITAAGLACUS TNG OTTOGTACNS TWV TTACL-
KOV.
(&) Epunvevote tn Sloupod 0TS aTtavtinoels (a), (¢) ue fdon tn Siatnenon tng evéQyelag.

Avdon:
(@) Adym tng mopdAAnAng yetagl toug guvdeong, n diapoed duvoaukoy ivar n (Sio

1 1
U, = QC(AV)Z + 5C(AV)2 =C(AV)?=25-1072] (4.377)

B) A@ol n ywentkdTNTA TETOLOV TTUKVOTA SlveTol ™G

A
C= 607 (4.378)

kol n astéotacn d SimAdacidgetal, o véog TTukveTAS da éxel ywentkdtnta C' = C/2. To cuvoMké
@ogTtio elvan to 8o pe TTELY, SNA.

Obef = Qafi (4.379)

C(AV) + C(AV) = C(AV') + g(AV’) (4.380)
2C(AV) = SC(AV') (4.381)

AV = %AV =66.7V (4.382)

) H véa cuvolikri evépyela da efvan

1 11 3 (4aVY 4

U,==-CAV) +--CAV') =>C|—| =-U.=33-107%]J 4.383

) H Suapod otig evégyeles ogeldetor oo detikd €Qyo TTov TTanydn ostd kdITolov Tou TEAPnEE TIg
TTAGKES GTn SLITAdolo aITéaTOcN.

IMaedderyua 4.35:

To “@A0S UG POTOYQAPLKNAC UnYavig xonacwodtolel wa uiratapio 3 V yio va oTicel £vav TTURV®-
. O TTUKVOTAC AITOPOQTICETAL UEG® TOV AAUTTTAEA TToV TtaEdyel To Aag. H ek@dption yivetor Ge
10-107% s kou n uéon oyvg OV TaEASISETAL GTo AuTttrhea ivon 10 W. TIowd eivar n ywenTtikdTnIo
C TOov TTUKVOTA;
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Avon:
H evépyela mtou agtofnkevetal GTov TTUKVEOTA Slaxéetal 6To TeQRGALOV UEGW TOU @AAG, KOl £@AGOV n
uéon 1ox0Us teoVTal ue To EUOLG UeTAPBOANS Tng evépyelag, dni.

P= AE (4.384)
At )
ToTe elvan
AE =PAt=10-10-10%=10"*7 (4.385)

Avuti elvanr n nAekToikii SuvaUkA evépyela artodnkevuévn GTo nAEKTEIKO Tedlo Tov TTUKVEOTA. AT Tn

oyéon
1

U, = 5CAV2 (4.386)
Exouue
2U,
C="-2L=922-10°F (4.387)
AV?

Pedua xan Avtictoon

Q¢ tdpa Fewpovoaye Ta QOETIO WS GTAGYO GE Wi TTEQLOX ToL Xdeov. Kalpdg elvar va yeletrigouvue tnv
kivnon toug! Ba udbovue Tov 600 NAERTEIKG EeVUA 1 AITTAG EEVUO, Yo TV TTEQLYEAPN TOU EUOULOY QONG
TOU NAERTEIKOV PoQTiov. Poéc @oeTimv VITAEYoUV GE ATUOGEALEIKA NAEKTEIKA @AVOUEVA, GTO aVOQ®OITVO
oOUa, G€ NAEKTEIKA GUOTALATO, GTO NMAKS uag cvoTnUa, Kol oe Téoa dAlo uéen. Oa pudbouue tov 6QO
nAgKTOKN aviicTtacn kol da eigdyovue €va véo GTOLElO0 KUKADUIATOG, TOV AVTIGTATN.

To. @oTio TOU KwoUvTal Ge €vav aywyl OvOUdlovTol Qopeisc @opTiov. Xto UETAA, Ol POQREIS (POE-
Tlov elvar ta elevBepa NAEKTEOVIO TOV ATOU®V TOU Oywyoy, AAAd pn voulcete 4Tl oUTO 1GYVEL KOOBOAMKA:
og nuayoyols A dAAoUS aywyovs ot @oeic @optiov elvar SopopeTikol. ATTAAL Adyw Tng cnuociag Tmv
UETAAA®Y GTO NAEKTEIKA KUKADUATO, ETKETEOVOLOGTE GE AVTd. Ta aydywo nAektedvia oTo UETAAMA Ki-
vouvtal tuyxoio aAAd Sev €xouv TTpocovoToMouévn kivnon TEog wo i dAAn katevBuven. Mitogovue va
To egavaykdoouye Ge o tétola “tdon” (pun intended), epagudcovtag évo NAEKTEKO TTedio, To oTolo da
TIQOKOAEGEL TTROGOVATOMGUEVN Kivnan TIeog wio katevBuvaon. Xke@teite 0Tl Ta eAevBepa nAextdvia elvan
wkEd TTandid e €vo. yeudto TIRoaAMo GYolelov: yia £vav €£MTEQLKG TTOQOTNENTA, KIVOUVTOL OKOTAITOVGTO
kol Tuyola ge Sidpopes katevBvivaels. Av Suws arkovatel To kovdovvi, SAa ta TTadid Ja katevBuvhouvv
- tdM ue Tuxoala kivnon — TeocavatoMouéva TTEoS Tnv £(Godo Touv GxoMKkoU KTnEiov. AUTA n GUVOMKA
kivnon, n omoia cuufaivel e tn Aeyduevn Tayvtnta odicOnong uy, emPBalietanr Tavem otny Tuyaio deguiki
kivnon kdOe niektpoviov. H tayvtnta olicOnong sivar apketd wiken — tng tding tov 1074 m/s.

Aelte 10 Eynua 4.62. To oynua delyvel tn gon awTig Tng “BdAaccoas’ Twv eAeiBepmv NAEKTQOVIWV TTOU
KIWelTal agtd aplotepd TEoc Ta deLid ue tnv taxvtnto oMcobnong péca ae éva kalddo. Av ystopovcaue va
UETENGOUUE TO NAEKTEOVIAL OGO TteEvovv aTtd th dratoun Tov kaAwdiov, Tdte Ja wiropovcaue va oplcouue
T0 EeVUO NAERTEOVI®V (Ol NAEKTEIKOV QEVUATOC!) i, WS TOV aELOLd Twv nAektEoviov avd deutepdlemtTo
TOU TTEQVOUV Tn Sotoyn Tou KaAmdiov (i 6ITolov dAAOVL aywyou, ULGIKE). H yovdda pétonong tov e-
vuatog niektoviov etvar 1/s. Me dAAa Adyla, To TARB0S N, Twv NAEKTEOVI®V TTOU AVAEEQOUE GE XQOVIKG

SidoTnua Ar etvar

N,
N, = i,At = i, = A—; (4.388)

H avgnon tng tayvtntag oAMcOnong uy Jo avgncer tov aplud tov niektgoviov TTou Jtegvolv aItd To
KOADSL0 avd SevutepddeTito — dpo Do avgnbel to eevuo nAektoviov. Mitopel kavels va Seiger dTL To
eevua nAektpovinv witopel va yoopel wg

i, = n.Auy (4.389)

ue A 1o gufado Tng Siatoung, n, o aAEBUOS TV nAektEoviov avd kPO WETEO, KOl Uy N TAXVTNTA O-
AMobnong. Av 1o pnkog tou kaAwdlov elvar L ko n egmupdvela dotoung touv A, tdte 0 GyKOog Tou gival
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H B8d&Aacoa Twv nAskTpovimy pEet
Slapéoov Tou kaAwdiov pe Taxl T T
oAlaBnong émws éva vypo Slapécov evog

GWATVA.

HAekTpovia

. Kaiwdlo
To nAekTpikd pedua i, eival o aplBpog Twv
nAskTpovicwv Tov Tepvolv TN Slatopr Tou

kaAwdiov avd dsutepdAermTo.

Yynua 4.62: HAektovia wov géovv pia Statoun evog Kalwdiov.

V = AL. To wAnBog twv @oeTiwv Ge évav Tétolo aywyo wgovtan e N, = n,V = n,AL. AvtikaBlGTOVTAS GTn
Yxéon (4.388) saigvouue tn Xyéon (4.389), av viobécovue 6Tl n Tayvntnta oAMcOnong elvar gtabepn ko
St yia 6Aa Ta oetia, kot To KAA®MSLO opotduopeo. Katalafaivete dti umopeite vo avgncete to gevua
NAEKTEOVIOV av KAVETE Ta NAEKTEGVIOL VO KIvnBoUVv yenyoedtepa, av €xeTe TeQLeGOTEQO ovd KUPBIKG UéTQO,
N av avgncete To uéyebog Tou KaAwSiov uéGa aItd To oTtolo EEouv, AVEAVOVTAS £TGL TN SLATOUR TOU.

Me Bdon to ToEATTAvVe OUmS, TTOS yiveTow dtov avdfete To SlokOTTTN TOU EWTOS 6TO dwUdTio Gag,
n Adura vo ovdfer akaglala eved To NAEKTEOVIOL GTA KAAMSL Kwwovvtol TéGo apyd; YTmoBéate 4t To
KOADSL0 Tou Guvdéel Tn AduTta GTtnv 0Qo@r Tov Swpatiov cag pe To dtakdrrtn fval 6.0 m. Av 1o elua
niektpoviov €xer toxvnta olicOnong 1074 m/s — émwg TLIKG woYvEL — TOTE A TEETEL KAVOVIKG, vau
astartovvton 6.0/1074 = 60000 SevtepdieTital Avtdg 0 YEOVOg elvan TepiTtov 16.5 dpeg! Kdtl wdAlov mdet
AdBog gToug vTToAoyloUOUS Hag... n Oy, To onuelo Twov Tapaleipoue vo ava@épouue — Kol TTov divel
TV aITdvTnoen GTo TWEOPANUE wag — elvor 4Tl To KAADSIO0 elvarl yeudto 0Itd nAekTEovia. Xke@Telte Tnv
ovoAoyia ue wo wdvika yepwdtn ue veed. Av pigete uio wévo oTaydvo GTn o wepld tng, oxedov auécms uo
AAn otayéva da stécel agtd v dAAn. ‘Etol ko 6To KaA®dS0, dtav éva nAEKTEGVIO KIVElTal GTO KAAMSL0
™ GTyun TTov avdfete to dtaxkdmTn, dueca €va AAAO nAekTEOVIO Kiveltal otn Aduita. Ae ypeeldietal va
TEQUEVOUUE TO NAEKTQEOVIO KOVTA GTO SLOKOTTTN Vo @TAGEL 6T Aduatal.

Avti n “0dAacca ndektpoviov” da cuveyioel va kveitar 660 eoelc Tn “oTEMYVETE”. AV GTOUATAGETE,
Ta nAektEdévia da Tdwouv va kwvovvtol TTEOS uta katevBuven kol da emwavéABouv gtnv Tuxala deguiki
Toug kivnon. Twotl; Twotl Ta nAekTEdvia dev KvoUvtol 6e Kevd x®Eo. YTTAEXOoUV GUYKQEOUGELS UETAED T®V
NAEKTEOVIOV KOl TV ATOU®V TOU LETAAAOV, OL OTTOLEC UETATEETTOVV TRV KIVRTIKA EVEQYELDL TV NAEKTEOVI®V
e JeQuIkN — YU autd CegTaivetal To KAADS0 6Tav To €xouue GTo Eevua. Ilpérer Aowtdév va JToéyxouvue
cuveymg “ompogwo”. Iog;, Me tnv e@apuoyn evog niektoikoy mediov! Av ta dkea evég aydyyov kailwdiov
evwbolv ce €va BEoYo (KAELGTS povoTidtt), OAa Ta gnuelo. Tou BEOYOV €xouv TO (810 NAEKTEIKG SuVaULKO.
To nAextowd Tedio eivar undév, dpa dev vIdxel Eon nAekTEoviov. Av duwg Ta dkea Tou cuvdeBouvv ue
wo Tty Stopoeds Suvautkol (.. umatopia), dev éxouv Ao Ta cnuela tov Pedxov To (Bto duvauiks,
ywott n wnyn eyrabiotd Sia@oed duvaulkol ota Gk Tou BEoXoV, SnULOVEYDVTOS NAEKTEIKG Tedlo uéoa
610 kaADS0. To medio mweokalel nAektEki SYvaun Gta nAekTEOVIa Tou Kalwdiov KL autd agxlcouv va
KIWOUVTOL TTQOS Wl kKatevBuvon, dSnutoveydvtas teMkd on nAektooviov! MdAMoeTo n eykatdotaon Tou
nAekTEKOV TeSiov Ge va KaA®SIo yivetaw pe “toyUtnta” JTTou 1GoUTAL UE KATIOL0 TTOGOGTO TG TAXUTNTAS
oV PWTOS (3 -108 m/s), Y’ AwTé Ko ToL NAEKTEGVIO, KOVTA GTn AQUITaL KvoUvTow “GUeca” Ue To TTaTnuo Tov
SraxoTrTn!

To Hiextpxo Pedua

Toea Aowrdv TreéTiel va cuvdécouue TIg €VVOlES TTOU €XOUUE GUCNTAGEL UE TN GUUBATIKA €vvola Tou NnAe-
KTEIKOU QeVUOTOS TTOV yvwitovue agtd tnv kabnuepvdtntd pag. Opitouye 10 NAEKTEIKG @evua N aItAd
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evuo WG To EUBUG EONg @oETiov aTn pwovdda Tou xEdvou:

;.40

= 4.390
0 ( )

kol PAETeTE OTL amotelel Thv TTEOTN TTaEdywyo tng cuvdptnong Q(f) wg eoc t. o gtabepd pevua, To
T0G6 Tov POoETiov TTov VITAEXEL oe evua I katd To Sidotnua Af eivor

0 = IAt (4.391)

Movdda uétenong Tov eevuotos oto AteBvég Zvotnua elvon To Ampere - A, T10g TiwAv Tov A. M. Ampere,
FdaAdov Pucikov ko Mabnpatikol, wov dewpeltor £vag amd Toug WEUTES TOU KAAGLKOU NAEKTQOWLOYVILTL-
ouov (Guyvd Tov amokalovv “Newton Tou nAekTELOWoV”, KADOS dlatimwaoe wabnuatikd tn oxéon avaueco
GTO QEVUO KOl GTO woyvntikd redio). H sropamdve ayéon oxetigetal atevd we tnv egicwon (4.388). Kdbe
nAEKTEOVIO €xel POQETIO UETEOU €. Apa TO GUVOMKO @oQTio N, nAektoviwv eivor O = eN,. Kotd cuvémela,

70 guupaTtikd eevua I kol To EevUa NAeKTEOVIWwY i, GXeTiCovTal WG

I_Q_eNe
At At

= ei, (4.392)

Emeidn ta nAektpdvia elvar ov @opeic @optiov gta uétaAla, o euludc ue tov omolo Kiveitar To @oTio
efvar e @opég To EuOUS ue tov oTtolo kvouvTol Ta nAektEdévia. Katd wa évvola, n Siagopd twv I kot i,
elvan uévo wa gtabed. ITap” SAha avtd €xouv wa depeAliddn Siapoed: eTeldit To QEVUATA ATAV YVOGTA QLY
udBouye TTOL0L £lvan ot Poeels poETiov, n Kivnon Tov EEVLATOS 0RICeTAL LGTOQPKA VO elval n koTEVBUVGN TTOU
@aivetal va, kivovvtol To detikd @optia. Me dAAa Adyla, n kotevBuven tov pevuartog I elvar avtiBetn oty
kivnon twv niektpoviov! ‘Etcl, n katevBuven touv eeduatog I Kol Tou nAekTEkoV Tiedio E Tavticovtal.
AUTA N EOWVOUEVIKNA OGUVETIELD SeEV £xel kaula aTtoAVTeg eTtibpaon otnv TIEdEn: Ta padnuatikd SovAevouv
0WOoTd, Ta UETENOWa attoteAéouata eivar ta (Sia, ko de ypewdceTor va gavaypdypouvue 6An tn Puowkn. @
Efvar 8aitepa ongovtikd va tovicouye Ot

Aoyt Auatiignoeng tov Pevuatog o évav kAo

Ye éva 6TaPeQoTONUEVOY KAEIGTO KAASO KUKAMUOTOS XIS SAKAASHGELS, TO NAEKTOIKS evua EXel
Tnv (S T o kdbe onuelo Touv kaAwdiov. H ort @optiov Tov Pyaivel amd uio Guokevi elvai
aKEIBMS (oN e TN EOR POETIOV TOU uTraivel gty emduevn: dev guccmpevetal’ K ydvetal kKabapd
@oQTio UEGA GTO KAAWSLO.

“Otav kAeloovue évav SlokdTTN 6 éva aTtAd KUKAWUO, Yo £va TOAD WKEO XQEOVIKG S1doTnuo Ta QeUiaTa Kot oL
Tdoels alddcouv uéyel va “Beovv Ty 16oeEoTtia Toug. Metd aItd Alyo, o Twés Toug aTabepoTolovvtan kot dev aAldLovv
TLOL UE TOV XQOVO.

FYe uetafatid @awdueva (Try. KoTd Tn QOQTION EVOS TIUKVOTA) UITOREL Vo VTTAQEEL TTPOGWEIVA GUGGHMEEVGN POQETIOU
o€ KATTOL0L TTEQLOXN TOU KUKAMUATOG.

. J

H mropamdve seotacn efvor guvéTtela Tng oyns dtatignong tov @oetiov, kot 6Ttwg Jo dovue apyote-

ea, odnyel agtov 1o véuo tov Kirchhoff, o ommoioc avagéper dt1 “6,TL pevua witaiver ge €vav kéufo, to (o
psvua Byaiver”. Ag un Bragduacte ouws. @

[Tuxvotnta Pedpatog

Efmtoue 611 T0 pevua niektooviov Ge éva kaAmddio Statoung A Sivetar wg i, = n.Auy. ‘Etol To pevpa da
etva
I = ei, = n.euzA (4.393)

H mogdtnta neeuy €£aptdtor omtd Toug Qoeelc @oeTiov Kol aTtd To nAekTES Tedio TTov KaboEitel Tnv
Tayvtnta oAicOnong, evd To eufadsd A eivor agtdd wa euoiki didotoon Tou koAwdiov. Oa elvarl xENoWo
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va Swoyweicovue autéc TG uetafAntég, opitoviag tnv ITUKVOTNTA EEVUATOS J GE €va KOADSLO0 WS To
evua avd TETEAYOVIKG UETEO SLATOUNAG:

1
J = 1 = neeuy (4.394)

O uovddeg tou eivan A/m?. "Eva, GUYKEKQWEVO UETAAMMKG KOADSIo pe eufadsd Statoung A @épel psvua
I =JA.

Ewwa) Ayowywotnta xa Ewdwr Avtiotoon

Ac oploovue 0G W8IKM aywywéTnta o evog VMKOU Wo GTAfeQd TTOU TTEQLYRAMEL TRV TTUKVOTNTO, QEVUATOS
J dedouévng wag g Touv nAektowkot sediov E. Mmopovue Aoty va ypdypouue Ot

J=0cFE (4.395)

H a8k ayoywdtnta xaaktneitel 1o VMK ws 6Aov. ‘OAa Ta tuiyata xaikov, yla mapddetyua, £xouv
v (So T tov 0, AAAG n el ayoywdtnTa Tov aAovuviov ival SLOPOEETIKA aTtd Tov yaAkov. H
eglowon (4.395) eivon depeMddouvg onuaciag kal ovoudietor vouogs tov Ohm (yio to VAKA): 0 AGyog
TNG TTURVOTNTAS EEVUATOS J TTEOS TO UETEO TOU nAekTEKOV Tredlov E elvar 6tabepds kar (Gog ue o, kot
OVEEGQRTNTOG AITO TO NAEKTQEIKG TES(0 TTOV TORAYEL TO EEVUOL

J
== 4.396
c=z ( )

O vduog tov Ohm - map” 6Ao Tov Sev efvar vouog tng Puong, 4w 0 vouog tng fapuTntag, ylo JToddely-
wol, OAAG Wioo EUTTELQIKA GYE0N TTOU LOYVEL GE OQLOUEVES TIEQLITTWGCELS — €{val GTTOVSAIOG GNUOVTIKOTNTAS
yiatl Log JTANQOMOEEL Yol TELO. TTEAYLATA:

e H mtukvétnta peduotog J, kot dpa To pevpa I = J/A, €50TdTol yeauutkd agtd To HéTo Tou NAEKTQL-
kov medlov E: Ta va Surhacidcouue To eevua, TTEETEL va SIITAAGLAGOUUE TO UETEO TOU NAEKTEIKOV
Jrediov Tov “crewyvel” Ta @oeTio. H ypauutki auti oxéon (o eIiTeéel Vo XENGULOTIONGOUUE ThY
axf Tng eraAAnAlog yio To eevpa! OuGLAGTIKAG, Wag odnyel Ge YOAUWKES EELGMOGELS TTOV TTEQLYRAPOUV
TO NAEKTEIKG KUKADUOTO, KoL VT elvan omwovdaio yiati uirogovue va e@opuécouue OAGKANQO Tov
mAovTo tng Tpauutkng Aiyefeas otny avdivon KUKA®UATOV!

e To pevua I TrporaAeital amd €va nAektoikd TTedio uétpov E mrou ackel dUvaun Gtoug @oelc @op-
Tlou: AuTd To yvweltete Ndn aAAd €8 SnAwvetal entd n gvvdeon Tov wkedkocuov (g, E) ue to
uaxkeoxkocuo (o, J)! Egmiong SnAddvetor gntd o unyaviouos “nAekteikin dvvaun — nAektoikd medio —
TayvTnta oAlginong — TUKVOTRTO EEVUATOC!

e H qrukvotnta evpatog J eriong €£0pTdton amd tny ei8iki aywywdTnTa 1o VAKOU, 0 ALOpPOQETL-
Kol aywyol €(ouv SLaPORETIKES EWOIKEG AyOYLOTNTES, SnA. TO VMK kaboQitel TTOGo pevua Jroipvel
rovelc yia éva §00€v nAektkd medlo. Autd onuaivel 6TL n eldiki aywydtnta o “kovfaldel” uéoa
Tng oAdkAnEn tn oteEed KATAGTAON TOU VAIKOU: TUTIOC deoumv, atéleiles, depuokpacio, kATT. Me
évav kol W6vo aliud witopovue xovopikd va kataldBovue av To VAKG wag elval uétallo, nuoywydc,
UOVWTAG, TTOG0 eevua witopel vo “avexbel”, mog avtided oe uetaforés depuorpacios KATT.

Xe TOAES TTROKTIKES QAQUOYES elval POMKATEQO VO XENGULOTIOLOUULE TO AVTIGTEOMO TNG ELGLKNG Oym-
VWOTNTAG, TTOU OVOUdleToL ELBLKN avTicToon:

p=— (4.397)
g

yxY) 7

H a8kt aviictacn evog vAMkoU wog TAnQo@oeel yia To w660 “SiGTOKTIKA™ elval Ta NAEKTEOVIOL GTnV
klvnon Toug 6e aIrdvTnen GTo NAEKTEKO TTedio, SnA. peted To Babud ue tov ogtolo éva VAMKS “avtiotérkeTan”

6 Av Boiokovtal oty {Sro, epuorpacio.
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otn eon @oETiwv: yio wa dedouévn TtukvoTnTa Eevuatog J, 66o peyalvtepn elvar n p, 1660 1GxVEATEQO
nAeRTEWKO TTedio E agtarteiton.

Avtiotaon
Ytnv medn dumg S uog evdla@épouv TG0 Ta VAKA €V YEVEL, 6GO GUYKEKQULEVO, GYIALOTO KOl YEWUETQIES
ouTOVv. Av epapuécouvue po Sta@oed duvauikol oTa drEo dUo eVTEAMS GUOLWV (WG TIEOS TN YEWUETEIO
TOUG) EAfSmV yoAkoU Kol yvoAlov, da sopatnoicovue evieAds StapoeTikd pevuatal Ao kdbe pdpdog
€xel SrapoeTikn avtictacn. To Tunuo edBdov yuaAlov N xoAkol ovoudietal avTIGTATNG.

To Xyxnua 4.63 Selyver éva tunua evég aymyol Gto oTolo To nAekTEO Tedio E Snuiovpyel pevua
I “ompdyvovtad Toug @oelg @optiov. Tvweitovue ndn 6Tt 1o nAektEwkd Tedio amortel wio Stopopd
duvaukot kat Tt delyvel “TEOog T KAT®” Kol elvol KABETO Ge 1GOSUVAULKES ETLPAVELEC.

H Siagopd uvapiikon
Snuiovpyel £va nAskTpko
medlo Léoa aTov aywyod
ToU TIpoKaAel Ta @opTia
va péouv SLapécou Tov.

v, AV PV

Eppadov A

OL LOOSUVAULKEG ETILPAVELES lvan
kd&BeTeg ato nAekTpikd medio.

Yxnuo 4.63: Pevua kat Sta@popd duvauikov.

Ouunbeite OTL WOl GUVIGTOGO TOU NAEKTEIKOV TIeGiov GYETICETOL UE TO NAEKTOIKO SUVOIKO MG

dv
E;=—— (4.398)
ds
To yétpo Tou niektEwov Tediov eivan Gtabed uéca Ge Evav aywyd ctabepng Stapétoov, oTdte
AV AV
E=—=— 4.399
As L ( )

6mov AV =V, — V_ elvan n Stapoed duvouikot etafl Towv dkewv Tou aywyol uikoug L. Mitopovue Theo
va xenatpotromcouye to Tedio E yia va feovue To pevua Gtov aywyo. Berikaue vopitepa 6T

J=0cE (4.400)

Kol 6Tl To EevUa G €va KAADSL0 GTaBeENS SlaTtoung GyeTigeTon e Tny ITURVOTNTA EEVUATOS WG

I1=JA (4.401)

Omote M
I=JA=A0E = [—)E (4.402)

ue p Ty eldikn avtictacn. Xuvoudcovtag TS GYEGels £xouue
I = AAV (4.403)

pL
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Ygrovdaio amotédeoua! Mag wAnQo@oel dtt To Eevua eivar avdAoyo Tng dta@ods SuVaUKOU UETALY TV
dkewv Tou aynyov. Av découue

Rr="E (4.404)
= i
Kol ovoudoouue avticTacen tTny JToGdTNTo GUTH, TOTE UITOEOVUE Vi YRAWouue
AV
[=— (4.405)
R

H mopamdve oyéon yog Adel 4TL n eyratdotacn Siapods duvaukod AV avdueco 6to dkeo evog aywyou
avtioTaong R dnuiovpyel nAektpikd medio TTov ue tn celpd tov Snwovpyel nAektokd pevua I = AV/R
Sogéoov Tou aywyoy. TIoAAES @oES ava@épeTan KL autn wg o vépog tov Ohm. Movdda yétpnong tng
avtictaong elvar to 1 Ohm = 1 V/A, meog twniv tou G. S. Ohm, T'epuavod Pucikol kow Mabnuoatikov
TOU GUVETENEGE GTnV GUAMYN T Wéag Tng aviictaong, kot cuufoligetal e to yedupa Q. H aviictacn
elvan wo wdtnTa kabBevdg aymyod aeoy €€apTtdTol aTtd TO UAKOG TOU, Tn SLAUETEO TOU, Kol Thv €l8ikA
avticTacn Tov.

ITpoGégte 1L n woEATdve Gyéon dev woyvel kaboAkd yia kdbe vAIKS. Ioyxvel yia VAKE TTov n aviicTta-
o toug elvan (oxed6v) otabepn. Tétowa vAMkA Aéyovtor wuikd. Ta un wuikd vAMKA €xouv Tnv BLOTRTA TO
pevua Tov TEEVA aTrd autd va unv eivol evBéwg avdioyo Tng Stapopds duvawkol TTou €Xouv GTA AKQEO
Tov. MIToQoUUE VO KOTNYORLOTIOINGOUUE TO WWKA VAMKA GE TELES KATNYOQ{ES:

1. Ta kaA®ddSio etvar u€ToAla we TTOAD wkEn eW8IkA avticTacn p kol dea oAU wiken aviiotacn R. "Eva
Wavikd kaA®dSo €xer R = 0 Q, omwdte n Srapopd duvaukot ta drea tov eivor AV = 0, akdua KL av
VTIdEYEL Eon EeVUOTOS. Ba voBeToUue TETOLNL WOOVIKA LWOVTEAQ GTN UEAETN NAEKTOIK®OV KUKAOUWAT®OV
TTov Ja akoAovBnaGel.

2. Ov avTiotdteg elval oAU kakol aywyol ye aviloTdoels Tng TdEng Twv 101 —10°% Q. Xonaowomotovvton
yio va, eEAEyyeTol To Qe GE €vol KUKRAMULOL.

3. Ou povwtés eivar VAMKA 6TTwS To YUOAl, TO TAOGTIKO, 0 A€o K.0.. “Evag dovikog uovetng €xel
dmepn avtiotacn, R = co Q. ‘ETG1l, akdua KL av vrtdeyel dtapoed duvaukol Gta dkEo Tou €vag
uovaTig 8e Srappéetan ard pevua, I = 0 A. TTpakTtikd, 6AoL ot wovatég éxouv R > 10° Q kot uiropovv
va dewenbovv wg 1davikol.

H avtictacn evég kadwdiov 1 aywyol avgdvetalr 66o avgdveton To whikog tov. H yelwon tng Satoung
Tov emiong avgdver tnv oavtictacn. Emiong, eival onuaviikd va katoAdfete tn Sia@od UeTofy eldIkng
avtiotaong kol aviictacng. H meodTn meprypdper to vAikd. H Seltepn xapaktneitel éva GUYKEKQLLEVO
KOUUATL TOU aywyov, ue cuykekQuévn yemuetpia. H oxéon petagd twv Svo eivar avdioyn tng oxéong sou
€Xel N TTUKRVOTRTA UACAS KAl N WACH €VAS OVTIKELUEVOU.

Yuvdvaopol Avtiotdoewy

Ac dovye av to véo GgTotyelo KUKAWUAT®V, 0 AvTIGTATNG, LIToEel va cuvduaatel ko vo astAogtonbel GITwe
ot TUKVETES. Tl To cuufoMoud Twv avToTaT®v £xete Nén el mopadslyuota, ag To kAvouue OUwS ITLo
capéc: Selte To Zxnua 4.64. ‘Evag aviiotding urropel va elval pio AGUITO i Wlo OTTOLASRITOTE GUGKEUN.
Avti va oxedidtouue To - OuoE@o - oriTGo 0ELaTERA GTo Lxnuo 4.64, rpoTipdue To aTTA0VGTEQO 1G0SVVALO
TOu GTA Oegld.

X 0vdeor oe Melpd

Ac gexkwvicovpe agtd Tn celpaki ouvdeon, 6TTws oto Xynua 4.64, degid. ‘OTwe Kol GTOUS TTUKVAOTEG, N
oeRLOKN oUvdeon Sev €xel oxéon pe To WS oxedidgouue To KUKA®UO GTO YaQTi: €xel vo KAvel pe tn
gVvdean Tou AkEOU evig avtiaTdtn at’ evbelog pe 1o ko evog emTéuevoy, arkoAovBlakd. ATt 6Ga €xouue
TEL Y10 TO NAEKTEIKG QeVUA, N TToaoTNTO PoQETiov O Tov eL€pyeTal Tov avtiotdtn Ry Ja elvon (S pue tnv
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R, R,
a Nt b - 3
AV AV,
1
4 }
|, AV
I
+l=

Xxnuo 4.64: ZuufoliGuos avTiGTATOV 6 KUKA®UA.

TOCGOTNTO TTOU €LGEQYETAL 0TOV avTioTtdtn Re. Twatl; Ay Awatngnong touv ®Pogtiov! Omdte To Eevua da

elvon
L=0L=1 (4.406)

H Swopopd duvouikot stou Ttagéxel n mnyn etvan AV kau ioyvel
AV = AV + AVy = [R1 + bRy = I(R1 + Rz) (4407)

Omtdte Ya usrogovicoue va “TeTdEouue” TOUS V0 OVTIGTATES TOU KUKAMUATOS KOL VO TOUS OVTIKATAGTAGOU-
Ue pe Tov 16odvvaro Toug, avticTacns R., = Ry + Ro. Autd 16xUer kou yio, N avTicTdteg Ge Gelpd, SnA.

N
Reg= ) Ri (4.408)
i=1
TTapddAnin X0vdeon
Ag Sovue o Ty TARAAANAN givdeon, dTtwes gto Exnua 4.65. Eavd, n mwoaliniia Sev €xel va kdvel e

Ry

M

RQ
a M b
T >, i}
I

[

s
AV

Xxnuo 4.65: Avticgtdtes ge wapalinlia.

Tn oxedlaon alld e o Tl Ta drEa TV dVO AVTIGTATOV GUVSEovTAL avTigToryo UETAEY Toug. Ta drea Twv
dvo avtiotat®v elvon agtevdeiag cuvbedeudva ye Toug TTOAOUS TG UItATARiag, 0TATE 0L dUO AVTIOTATES
€xouv tnv (dia Stapoed duvaukol GTo dkEA TOVGS: QUTA TOU TTAEXEL n uTtatoeia. Aga

AV = AVi+ AV, (4409)

Adyw tng Agyng Atatrignong tov Pogtiov, To EeEvUA TTOU EEeL TOV avToTdtn Ry Kal Tov aviiotdin Ry va
efvaw abpolatikd To (810 ue avTd TTOV EEEL GTO VITOAOLTTO KUKA®UA, SnA.

I=hL+1 (4.410)
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Omodte

AV AVy AV 1 1
I=11+12<=>—=—1+—2=AV(—+—) (4.411)
Req R; Ry Ry Ro
Apa évag 1eodivopos avtiotding da TeéTel va €xel aviictaon
1 1 1
— =+ — (4.412)
Ry Ri Ry
Tevikdtepa, yia N aviigtdreg cuvdedeuévoug topdAinia Joa éxovue
N
1 1
— - — (4.413)
Req ; R;
TIOU YEAQETOL TILO KOUWA oG
1
Req = 4.414)
Sim
MgtogoUue TOQEO VO KATAGKEVAGOUUE €va TTIVAKA UE TO XOUQOKTNELOTIKG KAOe cuvbeouoloyiag. Aelte tov
[Mivoka 4.2.
O OAOYLOL A O O0UVOUWOG A
Eidog cuvdeang Pevua Avvauko AvticTacn
1
, 1
TadMnin Iy = Z i/ AV, = AV Rey = [Z 171-]
XeQLaKn log = I AVey = Z AV; Req = ZR,-
i i

[Mivokag 4.2: HAeKTEIKES IGIOTNTES TTAQAAANANG KAl GEIQLAKIG GUVOEGUOAOYIOSC AVTIGTATWV GE GYECGN UE

1GoSUvVaUo avTIGTATN.

YUVOTTIKA, KOL YI0. GUYKQELON [LE TOUS TTUKVOTES TTov €xovue del vwpitepa, 1oxvel o Ilivokog 4.3.

00 O A
Yuvdecuoroyio ITukvotég Avtigtditeg
1 -1 N
Xe gelpd Ceg = [Z a] Req = 2 R;
N - DY
Xe mapaAiniia Ceqg = ; C; Req = [Z E)

[Mivaxag 4.3: Ilivakag Xyécewv Icobvvauwv Avtictatdv/ITUKVOTOV.

MopatneRaTe GTL Ol GYECELS TTOV EEAYOUE YIOL TOUS OVTIOTATES £lvor “ovdTtoda” agt” 6, Tl Yo TOUS TTURVOTEC!

Acg dovue éva mTadderyuol.
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IMaedderyua 4.36:

Aeite to Zynua 4.66.

4.8 Pedya xan Avtictaon

—AAMN—

Ry Rg

Yxnuo 4.66: KukAdouo avtiGTaToy.

Av ouv avtiotdtes Ry, Re, R3, Ry €xovv aviictacn 20,20, 30,8.0 Q, avtictora, Peeite Tov wcodvvauo
ovtiotdtn. ITowd elvar to evua kal n Sia@oed duvowkoy oTo drkE Tov AvTGTATn Ry av n sy
TTaéxel Stapoed duvawikoy AV =12 V gto kOkAoua,

Avon:
Aeite o ZxAua 4.67. Xto Zynua 4.67(a) éxovue TO aEYIKO KUKA®wWA, KoL JTOQATRQOVUE OTL Ol AVILGTATES

@ b (®) b © b () b
—AM—1—AM— —AVW —AM—
Ry Ry R, R,
+ + +
AV == §R2 AV == §Rz R3§ AV == §R23 AV == §R1234
R4 R4 R4
— A —AW —AM—

a C a 4 a C a C

Yxnuo 4.67: KUukdwua avticTatodv G agrlogroincn.

Ry, R3 elvar tapdAAnia guvdedeuévol (To aplatepd dreo Tou eviog elvar guvdedeuévo ue To apLatepd dkEo
TOu AAAOUL, KoL avTiGTOLKa Yo To BeEl), kKan va £xouue €va KUKA®wUA 0TTws 6To Xynuo 4.67(b). Aga urwopovue
VO TOUG OWVTIKATOGTAGOVUE Ue €vav, Tov Res, ue aviicTacn

1 60
— =—=12Q
1 1 5

20 30

Ros = (4.415)

6Ttw¢ gTo Exnua 4.67(c). O 160d8Uvouos avTos avTlaTATng elval GuvdeSeuévos Ge Gelpd Ue TOUG AVTLGTATES
R1, R4, k0BG TO €va, GkEo TOu evdg efval guvdedeuévo pe touv dAAov akoloubiakd, kow n dAn guvdecuodoyio
Aoupdver Srapoed duvautkov ion pe 12 V. Apa uitoQovue vo TOUS AVTIKOTOGTAGOUUE GAOVG pe €vav, OTTWS
oto Zynuo 4.67(d), o ommoiog Ya €xer aviicTacn

Ri934 = R1+ Ry3+ R4 =20+12+8 =40 Q (4.416)
To pevua TTOUL TTEPVA ATS TOV AvTIGTATN VTSV Yo elvor
AV 12

= =—=03A (4.417)

" Rigza 40
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Adyw celplakng givdeong, To EevUa VTS TreEVd aTtd Toug avtloTdtes Ry, Ros, R4. AoV o 1008Uvouog
ovToTdtng Rog Stageétor astd pevua los = I = 0.3 A, kot avtikaBloTtd dvo TTapdAinia cuvdedeuévoug
OVTIOTATEG, 0 KABEvag aTtd avtovs Ja €xel aTa dkea Tou drapopd duvoukov (on e

AVoz = AVy =AV3=1IR933=03-12=36 V (4.418)

AvuTi n Stopopd Suvolkol TTAEOVGLALETAL GTA AKkQEO Kabevig ard toug aviigtdtes Ry, R3. Apa yia tov
ovTIeTATN Ry, TO QevUO TTOU TOV SlaQEéel LIGoUTaL Ue

AV, 3.6
Lh=—2=2"-018 A (4.419)
Ry, 20

Mrnataptec xon Pedya

H ugtataeia Jo elvon n fackn stnyn Stapoeds duvaukol otn guvéyela, omtote da elvar KaAd vo ueAeTnoov-
ue tn Agettovgyla tng. H umatapia €xer Suo TeQLOXES GTO E6WTEQPIRSG TG, WAL TTEQLOXA VYNAOU Suvautkoy
(wou ovoudigetal YeTikGS TTOAOG) Kal Wa TEQLOX xaunAol duvaukoy (ITov ovoudeTal aQVITIKOS TTOAOG).
Ta ovéuata avtd TEOKVITTOUY ATd TO TTAEOVAIOV (POQETILO TTOU VITAEXEL OTIS duo TreQLoyES. O nAekToyn-
wkég Sepyaaies wov cguuPaivouv uéca otn urratapio odnyolv e TAsdvacua JeTikdv @otinv 6To JeTko
TOAO KO TTAEOVAGUO OQVNTIKWV POQETiwV GTov apvntikd Ttoro. “Etct, eykabictato €va nAektowd medio
KoL Wwa Sta@opd duvaukot petafd tov TOA®V Tng uiratagiog. Auth n Siopoed duvauikol TeQvd Kol
GTO OTTOL0 EEMTEQLIKG KUKAwUA Guvdécouue tnv uratapio. Avtd 1o nAérTEkd Ttedio GTa ayoya RaADddo
ovoykdgel Ta eAevBepla NAEKTEAVIA ToUug va KvnBoUv aatd Tov 0QVRTIKG TTOAO, GTO €EWTEQLKO KUKAMWLA, KOL
uetd oto detkd TOAO — Jupnbeite dumwg 4Tl To GuUPATIKG EeVRA TToV €xouue 0RIGEL apoEd Kivnon @opTiwv
ovtifetn agtd avti tnv ndekteoviov: £tal dewpovye 6Tl kATToL VTTOOETIKA JeTkA POQTiO KIvoUVTOL AITO
ToV TG TIOAO GTO €£MTEQIKG KUKA®UO KOL UETE €LGEQXOVTOL GTNV UTTOTOQ{0 0Ttd TOV aQVNTIKG TTOAO.
Exel, o ynuwéc Siegyaciec tng umatopiog avaykdgouvv ta @oQtic vo kivnfouv aviiBetd GTo £0wTEQLKO
NAEKTEIKG TES(0 TG, OBNYMOVTAS TO QTG TOV AEVRTIKG TTOAO Lovd GTo JeTikG, Kol UeTA E0vd GTO EEWTEQIKG
kUKAwua. H yratapio “adeidtel” otnv moomdfeld tng vo Slotnerioel autiv thy TTOAWGN GTO EGMTEQIKS
TNG KOL VO, TTOQAYEL £QY0 TTAV® GTO. POQETIOL TOU Tn SlaIreEvolv, odnydvtog Ta aItd Tov éva TIOA0 GTov
dANo. ‘Oleg avtég oL Aemtouépeleg Sev elval OTTAQALTNTES YloL VO XENGWOITTOGOUUE TV UIotoQio GTto
KUKAOUATA wog. A XQNOYOITTONGOUUE U0 OLOPOQRETIKA TTQOGEYYLON, TILO OLPOLQETIKN.

Ytnv mpooTdfeld pog, da vioBeticovue €va W8eatd wovtéAo wag kvAduevng “ordiag’ @optiov. To
Yynua 4.68 Selyver tn okdAa Tou Snuovpyel Stapopd duvaukod AVp, oTo drea Tng wIrataiog, avu-
paovoviag detikd @optia (apol dewpnaoaye og pevua tnv kivion Jetikdv @optinv — Epete 4Tl n TEAY-
patikoTnTa €lval KATTWS StamoeeTiki yiati oto LETOAAD KivovvTal eAeVBepa nAekTEOVIA, OAAG auTd Sev
emnEedlel T GUCATNGN) ATTd TOV AQEVNTIKG TOAO Tng umatapios 6to Jetikd oo, MoAc autd @tdcouv

OeTk6E MOAOG

U= gAV,,

A Vbat

Pony

, *, H okda dpoptiouv "avudwvel" dpoptio and tnv
LOVTWVY .

apVNTLKN MAEUPA TIpOg T BeTLKA TMAeupd. To
— doptio g hapBaveL evépyera AU = gAYV,

Aufavopevn [/ —>

bat*

ApVNTIKOG TIOAOG
U=20

Yynua 4.68: Movtédo umatapios - GKAAAG.
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ekel, Ta Petikd @oQTio KvouvToL UEGH GTO KOADSIO wg eevua I. Xtn cuvéxela, to @oQtia ydvouv Tnv
eVEQYELQL TTOV KEQESIGAV KATA TNy ovdwmon GTn GKAAN KOONOS “TTeQTTATOVV” GTO KUKA®MWLA Kol GUYKQEOVOVTOL
UE TO VMKO TwV GUGKEV®V TOU glval guvdedeuéveg GTo KUKAwUO. AUTA n evéQyelo UETAMPEQETOL TOGO GTA
KOADSLO (v kol gTa Sikd pag TAalcla dewpovvtor W8avikd) 6Go KAl GTIS GUGKEVES. ATIO EVEQYELOKIL GKO-
T, OTIC GUGKEVEG N NAEKTEIKIA SUVOIKA EVEQYELQL TOV POQRTI®V UeTateémetal o depuikn, aktvoPfoiia, 1
AANES LORMES eVEQYELGS, KADMDS TO OoQTiO KivouvTal UEGA GTO VAKA. AAA®GTE UItopovue va aviiAngbovue
OUTA TN UETAPOQRD EVEQYELAS UE TNV OPn Uag, KAODS n evépyelo depuaivel 10 KOADMSIO KOL TIS GUGKEVL-
€g auvdedeuéves GTO KUKA®UO, OTIOC €roude ava@Eéeel Ge Ttponyovuevin Ttapdyea@o. TeAkd, ta @optio
KOTAAMYoUV €avd TI{0m GTOV 0QVRTIKG TTOAO TG UITATAQRlAS, GTTOU WITOQOUV va avéBouv TTAAL Ttdve Gty
KuMduevn “ordAQ” kot vo egtovoAdfouv To Tagidl. H urratagio €xel ulo e0wTEEIKN TNyR evEQYELaS (TIG
NAERTEOYUKES AVTLEQAGELS TV NAEKTROAUTOV TTOV TTEQLEXEL) TTOU KQEATA TNV KUMOUEVN GKAAL GE AELTOVQ-
yio. Avti akQIBOS n okAA glvol TTOU KEATE TO EEVUO GTO KOADSLO “TTaéxoviad GuVeEX®DS EVEQYELQL GTO
@ogTia, Statnpdvtag wo dtaeoed duvaukot GToug TTOAOUS TG UITatoQlog.

Mo GNUAVTIKA GUVETIELD. TOU WOVTEAOL avToV efvar GTL n umoatopio efvor mnyn Swapoeds duvoaukov
- T0 yvweitete ndn. Elvow aAnbeia 611 ta optio géovv Yécm Twv KAAwSinv Tov GuVEEouV Toug TTOAOUC
Tng urrataiag aAld to pevua eivar guvéstela tng dtapods Suvautkol tng uratapios. H nAekteeyeQTikn
6Uvaun - HEA tng ysatapiog eivor to aitio — o wAiigovye yu auth atn guvéyela. O diayweiouds artiov -
ATTOTEAEGUATOC elval THTIKAG GNUOGTOS Yo Ty KaTtavoncn tng AettouQyiog tng urmatapios oe €va KURA®UA.
HopakoAovBRGTe pe TEOGOXN TNV TTOEAKATH AOYIKA:

IIog EykaBictator Pedua 6e Ayoyo aité Mo Mmatapia

1. H ymatapia eivor stnyn Stagopds SuvautkoV AVy,. Mo i8oviki ustatagio €xer AVpy = €.

2. H wirotapia dnuoveyel Stapoed duvauikot AV = AV, uetofd Tov drewv evig oywyou.

3. H dwagpod duvauko AV mporkadel nAektoikd medio E = % Ge évav aywyd unkoug L.

4. To nAektkd Tedio eykabloTd pevua [ = JA = 0AE Gtov aywyd.

5. To yétpo tov eevuatog kabopiteTanr aItd KowoU aIrd Tnv urataeio Kol Tnv oMKkA avtictacn
R tou kukAwuatog, dote teMkd vo efvon I = AV/R.

Hiextpu Ioyic

Apyitovue va TtAncidcovue oyd olyd TEOS TO NAEKTEIKAG KukA®Uota. Ag dovue éva TTOAD aTtAd TéTolo Ki
0G UEAETAGOUUE TN UETAPOQEA EVEQYELAS ATTO Ty Thyn (UITatopia) TTov TTagéxel Stapoed duvaukod AV ge
war AduIto i glo. GUGKELNA, TTov povieAotroleiton améd évav aviletdtn avtictaong R.

OewENoTE TO KUKA®WUO Tou XyxAuatos 4.69. Xtnv TroyuatikGTnTo, KAITOW EVEQYELD UETAPEQPETOL OTO
kOADSLO kKo Ta Jepuaivel aAld 6TTwe avagépape WOMG Alyes yoauuss vopitepa, da dewproovue avtny tnv
evépyela ageAntéa. Xe wa uiraroio, o 9eTikdg TOAOGS Tng eivor vpnAdtepov Suvaukol aItd Tov AEVITIKO,
SnA.

AVy =V =V, >0V, >V, (4.420)

Kol vIToBEToVUE GTL TO EEVUA eVTOC TG witatoiag Kiveltar astd Tov aQVnTiké TTeog To JeTikd Tng TTOA0. Ag
Yewpnoovpe (WO vITeaITAOVGTEVUEVE) GTL akoAovBoUUE éva @oETIO O TTOU KIVE(TOL GTO KUKA®UO KATA
™ @oEd TV SEKTOV TOU EOAOYLOU, EEKWVAOVTOC ATt Kl KATAARyovtas gto onuelo (o). AT to (o) GTo
(b), n NAeKTEIKA SUVOUIKA EVEQYELDL TOU GUGTARATOS avEdveTan katd QAV, kol €£(60V UeldVETAL N XNUIKA
Suvawkn evépyela tng umatapias. ‘Oco 1o @oetio kweltow amd To (¢) 6to (d), n nNAERTEKA Suvouiki
EVEQYELOL TOU GUOTAULOTOC UELOVETAL AGY® TNG GUYKQEOUGNES NAEKTEOVIwV ue To VMKGS Tou avtiotdtn. ‘Etat,
n NAEKTERN SUVOULKI eVEQYELOL UETATEETTETOL GE TeQULKI evEQyelal.

‘Otav to @optTio emiaTEépel GTo cnuelo (o), To GUVOAKG artotédecua elval OTL €va TURLO TNG XNULKNAG
SUVOUIKAGC EVEQYELOS TNG UTTATAQRIAS UETAPEQEONKE GTOV avTIGTATN KoL gueve ekel ws JeQUIKi evEQyeLa TTOU
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be $C
+
— AV R §
ae ¢ d

- o———

Zyxnua 4.69: ATTAC KUKA®UO UITATAQIOC - AVTIGTATA.

oxetitetal e thv Kivnon Tov atéuwv tov ovtiotdtn. Emeldn o avtietding elvon Ge emmagpn ye tov agpa,
uetTapépeTol evéQyela Uéow depuotntag Kol ekmwéuTieTon depuikii aktvofoAio. Metd amd Afyn dea, o
OVTIGTATNG ETTAVEQYETOL GE PUGLOAOYIKI Jepuoraaciol.
Ac uetpricouye TEA TO QUOUS UE TOV OTOl0 N NAEKTQOIKN SUVOULKI £VEQYELL TOU GUGTAUATOS @Bivel
660 T0 @oETio Q TEEVE OTTd TOV AVTIGTATN:
au, do

d
= —(0QAV,) = —AV,, = IAV, 4.421
7 dt(Q b) 7 Vab Vab ( )

To cVoTnuo aTTOKTA Lovd AUTA Tn SuvaKA evépyela dTav To @oQETio Tepdoel avd aTtd Tnv usatalia,
@UGIKA UE TO KOGTOC ATTWAELAS XNUIKAG evépyelag amd tnv umatopia. O pubuds avtdg eivar {Gog ue To
LOUG ue Tov omoio avgEdveton n depuikn evégyela gtov ovtiotdtn. OmdTe WIroEovue va TTovue OTL N 1oXVg
P — Yuunbeite 411 0 QUOUGC peTAPORAS EVEQYELOS LGOVTOL UE TNV LYY — TTOU TTaAdideTol GTov avTigTdTn
elvan

bn AV
P=IAV.4=IR= S (4.422)
ue T dvo TeAevtales GYEGELS VAL TTEOKVITTOUV OV OVTIKOTOGTAGETE TO VOuo Tov Ohm
AV
AV =1IR, I = = (4.423)

oty TEATN €€lcmwon. A@ol Guintovue TNV NAEKTEIKA SUVAUKA EVEQYELD KOL TO TTWS OQWTA UETOQEQETOL
oo éva GToElD TOU KUKADWOTOS GE €vo. GALO, S GUTNTAGOUUE KAl Yo Tn UETOBOAN Tou duvaukoy GTo
KUOKAwUA. A@oV n nAeKTEKN SUVAKIL eVEQYeld TOU KURAMUATOS @Bivel dtav To @oetio mepvd amd to
onueio ¢ 6To d, TL cuyPaiver ue tn drapod duvoawkov; Eépovue 6T

AU,
AVyy = = (4.424)
q
Kl a@ov
AU < 0= U; < U, (4.425)
avTtd onuaiver 6T
AV <0 =V, <V, (4.426)

IMogatngovue AOLTTGV OTL €xovUe MTOGN SVVOULKOV KATA UAKOS VOGS AVTIGTATN KAODS To DeTkG QoQTio
Tiepvd, Stauécouv avtov, Ve Thy TEOUTI0eon GTL uetEdue T dlo@oed Suvaulkol KATd tn @oed Tou
eevuatog /! Auth glvol Wol TTAQRATAQNGN TTOV UITOQOVUE VO TN XENGULOTIOLAGOVUE GTN GUVEXELO.

Acg dovue éva mTadderyual.
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Hoedderyua 4.37:

"Eva nAekTeo@oQo XA ovaTttieeel Stapoed duvauikoy 450 V avdueco 6To KE@AAL Kal Tnv ovpd Tov.
To yéM Eapwvidgel Ta Pdola i 6TTolo dAAO Jua Tov YENGLLOTIOLOVTAS AUTA Th Sa@oed Suvaukoy
yio va Ttepdoet éva TtaAud pévpartog 0.80 A Sidpketas 0.001 s gto Jvua Tou. Beelte

(@) Tnv evépyela TTOU YeTAPERETAL GTO JUua agtd Tov TTaALd avtd

B) To GuvoAIkS PoTio TTOV E€el GTO GWUA Tov JUUATOG

Yxnuo 4.70: HAeKTQO@OQO YEAL.

Advon:
OewEnote To XM Gav pa Wavikn prrotopio wouv guvdéetal ue to Jvpa Tov pe dewentikd, Wavikd KA.
(@) H woyvg mtov mtapadideton asd to x¢A gto Jdua eivon

P=(AV)I (4.427)

H evépyeta touv maiuov efvon

E
pP= N — E = PAt = (AV)I(AH) = 450-0.8-1-107° = 0.36 J (4.428)

(B) To cuvoMikd @optio Tov Eéel GTo GoWa Tov Jvuatog elvar

Q=IAt=0.8-10"3 = 0.8 mC (4.429)

Hiextpwd Kuxhoupato Xuveyoic Peduatoc

‘Qea va pdAovue pati 6Aa doa udbaue ge £va NAEKTEIKO KUKA®UO — KL EATTIoOUUE TO OTToTEAEGUO VoL elval
KATL TTOQOTIAve amtd To dBpoloua Twv eTuéEous yvocewv. © Ta kukAdupato Tov Jo Sovue TeQLéyouv
TOUg doukovg A{BOUEC TTOU GUINTAGOUE WS TOQEO: AVTIGTATES, TTUKVMOTES, Kol TNYES Slapoeds duvaukov
(uTtatapieg). Xtnv meooTidhela wog va avoAdoouue TéTol KUKAGUATO, da wdbouvue Toug Suo KOVOVES TOU
Kirchhoff, ou ottolol wpogpyovtal agtd Tig apyes diatnenong tng evégyelag kot @oetiov. To pedua ToU Ya
Seppéel Ta kukADUATA wog da elvan (apxkd) otabeed oe UETEO Kol PoQEd, AAAd da Solue Kol TTEQLITTOCELS
Tov To Eevua Jda yetafdAleTon pue To ¥EGVO, GTOV GTO KUKA®MUO VITAQEEL TTUKVAOTIKG GTOLYELO!

Ac duunbovue aywd KATIOLO TTEAYUATO Yo TOV “TTAQoX0 evégyelac, Tnv UItaToio, wg GTolEelo Ku-
KAOUATOS avth tTn @oed. Asite Savd tnv Tapdyeomo 4.8.6. Xtn ueAétn pog og¢ Toea, n Siaeoed duvaukov
GToug TOAOUS was umatapioc elvar gtabepn yia éva dedouévo KUKAmUO, TO Eevua GTo KUKAwpa eivon
emiong otabepd e UETEo Kol katevBuvon, KoL OVOUACETOL GUVEXES QEVUA. LTV TQOYUATIKOTNTO, 1 LITOL-
Taplo €xer Sudprelo cong: fexkvd divovtag Suapoed Suvautkol AV, n omola @Biver ue tnv mdpodo Tou
xeovou. Xtn fifAoyeapia, n uwatopio kaleitar elite TRyR NAeKTEEYEQTIKNG dUvaung eite mtnyn HEA
- 8ev vmdeyel kdTolo “dvvaun”, aTADNS 0 OQOC €xel agrouelvel aITé TOV KAQEG TTOU T TEAYLATO GTOV
niektEiopud dev ntav 1660 fexdbopa oo onuepa ©. H HEA & wog uatapiog elval n yéyiotn duvati
Srapopd duvauko AV mou umoeel va Sdael avdueasa GToug TTOAOUS Tng, SnA. QT TTov uItogeite va ye-
TEnoete ue €va PoAtdueto (voltmeter). Xonowomocaue tn AEEn “uéytatn’” yiati n yustatoapia €xel kL autn
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n SikA TG £0WTEQIKN avtioTaon r n oTola avgdvetor ue tnv TdEodo Tov xedévou. Idavikd, n Siogopd
duvaukot ota drea tng uratapiog toovtan we tnv HEA & aAAd otnv mteden avtd Sev woyvel. Ilowd eivor
T6TE N Sropod Suvaulkol GTa GKEO UG TTL0 REAMOTIKAG witotapiag, Asite to Xynuo 4.71. Ilow mwovue

E

| - |

!_'l - -M:A-l

1a |y ¢ d,

| 1

" T erapia ~ T 7

xnua 4.71: Movtédo uratapios Ge KUKAwUQ.
otwdnmote, va duuicovue ot

e To kaA®SIAL evOS KUKADUATOS dewpovvTar 8avikd, SnA. ue undevikn aviiotacn, kol deo n Siapoed
Suvauikol KaTd UnKkog Toug toovUTol e undév 1eduvauikd KaAooLa)

e O Jetwds méAOG Tng urtatagiog eivor vynAdtepov Suvoukoly OITd TOV ALEVNTIKO
o To guupatikd pevua evtds Tng uratagiog KvelTal agtd Tov aQvnTikG JTEOG To JeTkO Tng TOAO

Emtiong, duunbeite d1 n Swapoed Suvauikol petagd dvo cnuelmv e €va kUkAwpa Sivetar amd tn gyéon

AVap=Vp—=Vu = Vfinal point — Vinitial point (4.430)

7

ko umopel va elvon detikii H apvntiki, ovaAOyws ov To duvaukd 6to B elvan ueyaAdtepo 1 WKEOTEQO
aTté To Al Xe €vo, ouoyeveS NAEKTEIKG TIES{0 — GOV KL aUTO TV aywy®dv TTov cugntdue — éyovue del GTL To
duvaukd peldvetor Katd T @oed TTov delyvouv oL NAEKTEKES SUVaULKES yoauués Tou Tediov, Snik. katd
TN QOoEA TNG KIVIGNGS TwV (VITOTIOEUEVWV) JETIKDOV QOPTIWV JTOU AIToTEAOUY To gevual Av uetpovcaue n
Stapopd Suvautkol uetagy Svo onuelov A ko B €vdg, T.X. 0QLLOVTIOU, OUOYEVOUS NAEKTOWKOV Tedlov, Ue
X4 > xp & xp — x4 <0, té1e Yo Polokaue 6TL

AVap = E(xp— x4) = EAxsp <0 (4.431)
eV® av uetpovoaue tn dtopoed aitd to cnueio B 6to A, da elyaue
AVp_,p = E(xp —xp) = EAxp_4 >0 (4.432)

Q¢ thpa Se divape yeydin cnuaciao gto TEdonuo Tng Stooeds duvauikol aAAd TOEO TEETEL VA TO
Kkdvouye ko cUvTouo Yo katoAdfete yiotl.

Emoeteépouue otn gugitnen — to Xxnuo 4.71 deiyver éva wovtédo pmatopiog (koutl SlakekkouuEvmy
voouuwv). H umatopio sepiéxer wo wboavikn HEA & kol wo ecotepki aviictaon r oe celpd. Ag UTToAo-
yloouue tn Stapopd duvauikol AV,,.

AVyg = AV + AV + AVy (4.433)
Vai-Va=WVp=V)+ V. =Vp)+ V=V )=¢€+0-1Ir (4.434)

oTTOTE
AVyy=¢e-1Ir (4.435)
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Mg Suwe TEoERLVYE avTd To arrotédecun; Me Bdon tnv eglicwon da éyouue

o V;—V.=—Ir, yuatl 1o duvaukd V; etvar to (6o pue to Suvaukd V,, kabog ta onyela a,d guvdéovton
ue 8ovikd kaA®ddio. To (S0 kow yio ta duvoukd V.,V Emeldn Aowmév V. =V, > Vg =V,
rkotalafaivouue 1L oTn Stadpoun ¢ — d VITdEYEL TTOoN Tov Suvaukov, dea n dvagopd V-V, eivar
opvntiki kol ton ue —Ir, agtd to vouo tov Ohm:

AVey = —Ir (4.436)
EvaAlokTikd, stogatngovue OTL uetedue wia Sia@oed duvauikol ce po Stadgoun dmov to eevuo
“€oxeTan wocl wog otn dadpoun auti, do £xovue TTOGN Suvouikol Gty “€£080” Tou EEVUATOG.
o V.-V, =0, yuatl ta dvo cnuaia b, c evedvovtor ue 1W8avikd KAA®SL0.

o V=V, = ¢, yiotl to onuelo b elvon vypnidtepov duvouikol agtdé to onueio a, deo n Sopoed eivor
Yetkn wogdTNTA KOW (On ue &:
AVy =€ (4.437)

Emeidn
AV, =0 (4.438)

AGym Tov 6Tl Ta gnuela a, d guvdéovtal ue W8avikd 1GodUVIULKE) KAADDLO €Ew aTtd tny pratapio, To pevua
TT0V SL0Egel To KUKAwua efvar tdte

AVy=0ec=e—Ir=0el="2 (4.439)

r

Ac toTtobeTiGoUUE THOEA £vav avTioTdtn aviictoong R 6to kUkA®Ua, 6Ttog 6To Xynua 4.72. Auvti Aotstdv

1 € -
!_'l . A A?A —
1alb ¢ d|
I |
IT pratapio 7
R

f ¢

Sxnpo 4.72: Movtédo umatapias 6e KUKAwua e aviicTdTn.

n Swapoed duvamkov, AV,; = & — Ir, wopéyeton oTa drEo Tou avtioTtdtn R, aAlMd @uokd To Eevua da
aAAdEgeL yiatl dAAage n GuvolikA aviicTtaon Tou KukAduatos. H Siapoed Suvauikol gta dkea Tou Gung
LGOUTOL KOL [LE

AVie=Ve=V>0e=V,=V;>V;=V, (4.440)

oTTOTE
AV, = IR (4.441)

a7té 1o vépo tov Ohm. EvaAdaxtikd, tnv (Sto Stopopd duvauukot Bpiokouue ov GRE@TOVUE OTL UETEAUE
10 AV otn dwabgoun f — e, ue to pevua va dwateéxel avtifera avtn tn dtadgoun. Apa €xovue dvodo
duvaukot atn dradgoun f — e ki €tol £xovue Tn dropopd duvawkot tng axfong (4.441). Toupnva pe TG
Svo oyéoelg .

4.442
R+r ( )

AVie=AVyg e IR=e-Ir = 1=
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BAémtete OTL TO NAEKTEIKG EEVUA €£0QTATOL TGO ATTS Ty ££WTEQIKA avTioTaon R 460 KoL ATtd TV £0WTE-
QKN avticTocn r.
Aglte T0 Xynupa 4.73, TTov cuvowitel T TAQATTAV®.

€ / /
O — —
a ] C d e aan |
—~ | | !
= | l by R |
by I | | |
2 I f N | | |
g_ |/ T ¢ Ir L * |
s (I | N |
3 ] L/ € . IR ) |
a .-jf:; a
n_y | A
Mrmatapla AvuotaTng
Yyxnpa 4.73: Avvauikd Katd UHKOG KUKADUATOG.
Av toAlasthactdoovpe pe I ko to Suvo wéAn tng oyéong (4.442), éxovue
Ie = PR+ I’r & Py = PR+ P, (4.443)

AvTté onuatvel 4Tt 1 GUVOMKA 1GXUG KATOVEUETAL TOGO GTNV EGMTEQIKA OGO KOl GTNV £EWTEQIKN avtiGgTacn.
BéBato wEakTikd, n aviiotacn R elvar apketd ueyalvtepn tng r, aAAd 6o “yepvdel” n ustatapio Tt6co
UEYOAMVEL N TN TNG 7.

AT6 6An Tn GUTATNON LOS WS TMOEM, UTTOEOVUE AOLTIGV Vo GuuTiepdvoure OTL n UItatoQio efvol wia JTnyn
otabepnc HEA: éy1 gtabepot pevuatog, oyl atabepnc dtapopds Suvaikov!

Ioedderyua 4.38:

Yto Zynua 4.71, n uwatapia €xer HEA 12 V ko ecwtepikin avtictacn r = 0.05 Q. Ov wéAor tng
ouvdéovtal Ge Wwa eEwTeQkN avtictacn ue R = 3 Q.
(o) Beelte To pevua kot Tn Siapoed duvautkoy Tng umatalog.
®) YmoAoyicte tnv oY TOU AAUBAvVEL O OVTIGTATNG, N EGWTEQIKA AvT{GTOGN KoL Thv oYY JTOU
Sivel n ystatoglia.

Avon:
(@) Zntovue to eevua I To otoio Siveton wg

=t =12 393a (4.444)
“R+r 305 7 '
H Suapopd duvaukot Sivetar g
AV=g—-Ir=18YV (4.445)
®) Eivar
Pr=I’R=463 W (4.446)
P, =Pr=0772 W (4.447)

Pui = Pr+ P, = 471 W (4.448)
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O Kavévece tou Kirchhoff

Towg OKEPTEGTE OTL TO TEAYULATO D0 SUGKOAEWOUV OV TO KUKAMUATO JTOU GUVAVTAGOUUE GTN GUVEXELQL
etvan tio roAvTAoka. To (8o orépnke kow o Gustav R. Kirchhoff, I'epuavdg guaoikopadnuatikdg, o ogroiog
ouvelgépepe ae Sidpopa Tedla TN PUGIKAS KoL TNG YNUelaS, OTTWS N WYOVIKA, 0 NAEKTELGUOS, N OG-
Toypapia, n Jepuiki aktvofoiia, kot n acTEOELGKA. ‘ETal, diatvmwoe to 1845 toug Suo mepipnuoug
KavGveS Tov, ol oTtolol Ttnydcouv amd tnv Aoyt Awatignong tou Pogtiov kol tnv Agyn Atotignong tng
Evépyelas. Ag toug Sovue:

1. Kavovag kOufou/kavovag Tov eviacemv: oe oTtolovinirote kOupo (BlakAddwon) KUKADWOTOS, TO
dbpoloua Twv EeVUATOV TTEETEL va elvol undév:

Z 1=0 (4.449)

Koupog

Ieodvvaua, o kavévag uroeel vo Statvmtwlel ws: Ta geduata TTov uraivouv e €vav kéupo €xovv
Petikd TEOGNUO, evdd avTd Tou Pyaivouv éxouv agvniikd sedonuo. To dBpowoud Toug tGovTan e
undév. Me pabnpatikd

Iin = lowy = 0 = Ijy = Ly (4.450)

2. Kavévag Beoxov/kavovag Towv tdeemv: ce €va Ppdyo (KAEGTR Sladeoui) KUKADLOTOGS, To dfpoloua
TV SlPoE®V SUVOULKOU TTEETIEL va elvol Undev:

Z AV =0 (4.451)

O kavdvag kéupov meoépxeton amd tnv Agxn Awatripneng tov Poptiov, ko witogeite va tov deite oTrTL-
KOTIOUEVO GTo Xyxnua 4.74(a) eved o kavovag Pedxov meodpxetar agtd tny Apxn Atatignong tng Evépyelac,
kol urropeite va tov delte omTikoTolnuévo oto Xynua 4.74(b). H epaguoyn touv 2ov kavéva meovItobetel

(a) (b)

ZEKIVIOTE Kat

Kavovag kopBou: I, = I, + I

Kavovag Gpoyou : ‘A‘VI + QVQ + AVB + AV4 = 0

xnuo 4.74: (a) 1oc Kavévag Kirchhoff - kavévag koufov, (b) 2o¢ Kavovag Kirchhoff - kavévag fpdyou).

va yvweitouue TToléc Srapopés Suvautkol uetpdue, SnA. Tolég elvar detikég kol TTolég agvniikés. Kot
0Exdgs, n TEOTN wog kivnon TEETIEL vo elval va oploouue £va i TTEPLEGATEQO, EEVUOTO 0TO KUKAwwa. H
ETMAOY TNG QOEAS Tovu Eevuatog eivar tuxaio — da deite oxetkd Topddeyua dueca. EmAéyouue éva
KAELGTO LWOVOTIATL TOU KUKADUOTOG, SnA. €va Bedxo, ki av vitobécouue GTL Srateéyxovue kAbe atoryelo amd
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0QLoTEQRA TTEOC Ta SEELE, EPOEUOTOUUE TOUS TTAQAKAT® KAVOVES Yo KGAOe GToelo TToU GuvavTAue.

(@) H Suapopd duvaukod ota dreo Tou avTloTdtn Katd th @oed Tou eevuatog eivor —IR.
() H dwopopd duvaukot ot drea Tov avtiotdtn avtifeta tng @oedg Tov eevuatog eivor IR.

) H Swapopd duvoukov agta dreoa wag stnyng HEA elvol & av tn Stoteéyovue aItd Tov aQvnTikG TTQOG
To Jetkd TOAO.

&) H Swopopd Suvaukoy ata droa wog mtnyng HEA eivar —& av tn Swatpéyovue amrd to Jetkd e0og
TOV aQVILTIKO TTOAO.

IIpocéste Wwaitepa 6Tt 0 vépog touv Ohm uwag Siver 1o uétpo tng dwagopds Suvautkoy AVg = IR
oto dkeo evég avtiotdtn avtiotaong R. O kavévag Pedyxov astoutel agtd €6dg va avayvweicete Tl TO
NAEKTEIKG SUVAULKG GTA AKQEO EVOS AVTIGTAT UELWVETAL KATA Th P04 Tou Eevuatog. Aegite to ynua 4.75.
e OAEG TIG TEQUTTAOOELS UeTedue Tn dtapod duvaukot AV, = Vi, — V,. BAémete 1L otnv TieQiTitnon Tou
ovTIETATN, TO TTEAGNUO TS Stapopds Suvautkoy e€aptdtar aTtd T @oed Tov Eevuatos. AvtiBeta, yio Tnv
Tepimttwon tng stnyng HEA, n Suapod duvauikol oto drea Tng elvol +&: 1o Teocnuo £0QTdTol agtd To
TG Tn dtateéyovue: amd to JeTikd TTEOC TOV 0QEVRTIKG TTOAO (aEVNTIKG TTEAGNUo GTn Sia@oed duvatko)
N amd tov aEvnTkd TTog To JeTikd TéAo BeTikd TTEGGNUWo GTn Sta@opd duvoukov).

Ze wibe Sudypoppo, AV = Vh - Va ke
TO GTOLYELD KUKAMUOTOS SLOTpEYETOL
oo To a oto b, apletepd mpog Setid.

i £
——- — |_L
: w : : | :
f AV = — IR b i 0
' AV = +8&
I £
- _I —
MW . . |I .
I {
Al {F AV = —£

Xxnuo 4.75: Kavoéves mwpocruov Siapoeds duvaulkou.

Ag dovye uepkd mapadsiyuato.

INoedderyua 4.39:

Y10 Zynua 4.76(a), To KUKAOWO TEQLEYEL SVO OVTIOTATES KoL VO TNYES UE TIG OVTIGTOLXES TWES TOL
oxnuatog. Beelte To pevua TTou Slapeéel To KUKAMUA.

Avon:
EmiAéyouye tn @opd Tou eevpatog Tuxalo 6Ttws ato Xynua 4.76. To kikAwua dev €xel kdupoug, oTtdte dev
ugroQovue va epapuécovue Tov 1o kavéva. EmAéyovue to wovadikd Pedyo, abeda, ko epagudcovye to 20
KOVOVOL:

Z AV=0c g —-IRi—&—-1IR;=0 (4.452)
abcda
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£, =60V 14.0V =€,
- |F 1 . | | P

e
1= .
4.0/0 = 2, .,
WD |1

_ + n
b +— I AN d ¢

2

a AN d

(a) (b)

Sxnuo 4.76: (@) Kukdwua kot 6vo avtictdtes, (B) KUKAwuo Ue TEELS AVTIGTATEG.

AvtikaBioTdvTog

1
6—81—12—IOI:O<:>I:—§A (4.453)

To apvntikd TEOCNUO GTO EEVUO SnAdvel ATTAd OTL N POQEA TOU EEVUOTOS TTOV £x0UUE ETIAEEEL GTO GYAUA
dev elval 6woTA — n GOGTA @oEd elvar n avtiBetn! BAETeTe TWS N eMAOYR TNG POQEAS EEVUATOC dev €xel
onpacio, kabnc o kavdves Tou Kirchhoff wog “avtodiopbwvouv™

Ioedderyua 4.40:

Y10 Iynua 4.76(b), 10 KUKA®UO TIEQLEXEL TEELS AVTIIOTATES KoL SUO TNYES UE TIC AVTIGTOLYES TWES
Tou oynuoatos. Beelte ta pevupata I, Io, Is 7Tov Slopeéouv To KUKAMWO KoL VTTOAOYIGTE Tn Stopod
duvaukot kai thv 1ox0 TTov Toadidetar 6Tov avtigtdtn aviigtacng 2 Q.

Adon:
"Exouue TEELS ayvoOTOUG, dpo Jélovue TelS eEl0waoelg. ZTov koupo ¢, Ja epapudcovue tov 1o kovéva Tou

Kirchhoff:
L+1=13 (4.454)

Y10 Pedyo abcda, epapudécovue to 20 kavéva tov Kirchhoff:

Z AV=0 g —-hIRy—I3gR3=0—10-61-2I5=0 (4.455)
abcda

Y10 Bedxo befch, epagudtovue To 20 kavova tov Kirchhoff:

Z AV=0 -ILRi—e+ 1Ry — =0 -4, +6l1-24=0 (4.456)
befcb

"Exouvue T0 guaTnua

L+1=1I3 (4457)
10-6L—-2I35=0 (4.458)
-4l +61;-24=0 (4.459)
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To oTtolo €xel Avon

L =2 A (4.460)
I, =-3 A (4.461)
Ir=-1A (4.462)

Zavd, ta meoonua delyvouv aviiBetn @opd amd auvti Tov €yxouue vTtobécel gto oxynua. H Swapoed
duvauwkot otov avtiotdtn R efvar
AV, =I3R3 =2V (4.463)

KoL N 1GYUG
Pr,=I2R3 =2 W (4.464)

Ioedderyua 4.41:

Beeite tnv katevBuvon ko Thy TToGoTRTA TOU EEVUATOC, Yo R = 1.00 kQ ko € = 250 V, avdueca
GTO a KO GTO € GTO 0QLLOVTIO KAADSL0 GTo Xxnua 4.77(a).

B)

Xxnwo 4.77: KvukAwua kat kavoves Kirchhoff.

Avon:
H @opd tov pevudtwv €yl emmideyel Tuyxala. Xuvdvdcoviag Tig dVo mopdAnides avtiotdoels 3R, 4R, To
KOKAwUa wog AauBdver tnv wopen tov Zxnuatog 4.77@). H codvvaun ovticTaon yio Toug TaQasidve duo

avTloTATES £lvon
1 1 1

12
=— +— =R, = —R =1714R 4.465
R, 3R 4R “ 7 ( )

Epoagudtovtag to 20 kovéva tov Kirchoff kaw yia toug 800 Bedyouvs mov oxnuaticTnray (AQLoTepd-deEid)
Exouue

IR+ Ryl =¢ (4.466)
Regl + 2RI = 2¢ (4.467)
KAl €@’ 6Gov GToV KOUPo ¢ 1oxveL OTL
I=0hL+1 (4.468)
ustopovue va yedwouue GTL
(R+Req) li +Rey - Io =€ (4.469)
Reg-I1 + 2R+ R,y) - I = 2¢ (4.470)

H Adon tov cuethyatog elvan
L =10.0 mA ko Iy = 130.0 mA (4.471)
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Apa
Ve = Vo = IRyy = (I + I3)(LT14R) = 240V (4.472)

YUVETTOG, ETGTEEPOVTOS GTO OPXKO KUKAWUA ato Xynua 4.77(a), €xovue GTov avtlgTdin avtictacng 4R

_Ve=V, 240

1y =
4R 4000

= 60.0 mA (4.473)

TéAog, amd tov 1lo kavéva tov Kirchoff yia tov kéufo a — Eavd 6To apyikd KUKA®UO — §xouue
Iy=1Ile+1 &= I, =14—-1; =60.0-10.0 = 50.0 mA (4.474)

n I, = 50 mA agd to onueio a mEOS To onueio e.

Hoedderyua 4.42:

Y10 KUKAOUO Tou JToQAKkdATH Xynuoatog 4.78, feeite
(@) To pedua oL SraTTeEvd Tnv KABe avtigtacn.
B) Tnv dropoed duvaukoy cta drpa tng avtigtaong Tov 200 Q.

+ - -
40.0V=—/——"" 360 \--’_J'_ 80.0 V=——"
I3 - + —
200 Q) g 80.0 Q§ VQ 20.0 Q§ Tll 70.0 Q§ i ly

a
Yynua 4.78: KvkAwua kot kavoves Kirchhoff.

Avon:
(@) H emloyi tov gevudtwv eivar Tuxata. E@agudtovtac tov kavéva koupfouv 6tév kéufo a, da €xovue

L=Ih+1L+13 (4.475)

Epapuotovtag degidogtpopa tov 20 kavova Kirchhoff (kavdva Pedxov) Gtov apiatepd, uecaio, kot
8e€Ld Ppdyo, Ja €xovue aviicToya

—40 — 80/, + 20015 =0 (4.476)

KOl
360 + 2011 + 8013 + 40 = 0 & 20I; + 8013 + 400 = 0 (4.477)

KOl
—-80 — 701y — 20l — 360 = 0 &< 701y + 20I; + 440 = 0 (4.478)

Omdte €xouvue va AMGoUUE TO GUGTNA

In-L+1=0 (4.479)
26 + 81, = —40 (4.480)
-8, +20I3 =4 (4.481)

Iy + 21 = —44 (4.482)
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Avvovtag to gUoTnua Ja éxouvue

Ih=-4A (4.483)
L =-8A (4.484)
Irb=-3A (4.485)
I3=-1A (4.486)

ue Ta Teoonua va dnddvouv 6t n @opd SAwv () Twv eevpdtwv elvor aviiBetn amd avti TOU
emAégaue (atvyio — va’ vou kadd o Kirchhoff!).
@) T tnv avtictaon twv 200 Q Belokovue OTL,

AV =I3R =200 V (4.487)

INoedderyua 4.43:

Y10 Xxnua 4.79, xencwogrolwvtas Toug vopous tou Kirchhoff va PBeeite
(@) To pevuo Ge kdABe avtigTdTn
B) tn dopoed duvaukoy ueTaty Twv onuelwv ¢ kot f.

4.00 kQ

’ ——AA—
_l& I = A
T 700v Te60.0V Ts80.0V

' oo
Ry § 3.00 kQ
2.00 kO

oWy _ .

R, /

Ixnpa 4.79: Kukdowua kot kavoves Kirchhoff.

Avon:
(@) Znueuwdvouye Tuxalo Ta EevUATO 0TS GTo Gynua. Eeapudtoviag tov 20 kavéva tou Kirchhoff yia
Tov BEOxo abcdea éyovue

e1—& —Ryly —RiI1=0=70V-60V-31-3l,=0=—=11=5-151 (4.488)
Ouolwg yia Tov Beodyo edcfe
E3 — &9 — Rz]z - R313 =0=—80V-60V - 4]1 - 312 =0= 13 =5- 0.7512 (4.489)

Epapudcovtag tov 1o kavéva touv Kirchhoff yia tov kéupo ¢ sraipvouue

I =13+ 1 (4.490)

Kol AUVOVTOG TO GUGTNUO €XOUUE
Iy = 3.08 mA (4.491)
I = 0.385 mA (4.492)

I3 =2.69 mA (4.493)
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B) KoatevBuvdépaote amd tov koo ¢ wog Tov kéufo f,

Vi=Ve=—83—Roly = =60V — (3-10°)(3.08 - 107%) = -69.2 V (4.494)

|AV|.f =69.2 V (4.495)

610U 0 KOUPOGS ¢ €xel TO VYNAGTEQO SUVOULKO.

HNoedderyua 4.44:

Yto Zynpa 4.80 €xovue R; = 100 Q, Ry = 50 Q, row ot 8avikég umatapieg €xovv HEA g1 = 6 V,
g9 =5V, v g3 =4 V. Beelte

(@) To pevua GTov aviloTdtn Ry

B) To eevuo oTov aviieTdin R

) tn Swapoed Suvaulkoy avdueca gta gnuelo a ko b

e L=
é Ry
| |
“ k= |- b
-0
€, e,
Ry

Yynua 4.80: Xyriua Acknong 4.44.

Avon:
"Eotw I} t0 eedua otov aviletdin Ry, lo otov aviiotdtn Re. H @oed twv peuvpdtnv emidédyeton Tuyxoio
0TTws GTo Xxnua 4.81.

+1%—
€ I le
2
| |
“ | | b
-0 -0
€, €.
R,
MWV
— "l

Sxnupa 4.81: Xyripa Avong Acknong 4.44.

(@) Egopudgovtag to 20 kavéva Kirchhoff 610 KATo TUARLO TOU KUKADOUATOS, £X0UUE

ZAV=O<:82—11R1=0=11=%=0.05A (4.496)
1
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B) Eeapudtovtag to 20 kavova Kirchhoff 6o Ttdve Tuingo Touv KUKADWOTOG, €Xouue

+ —_
SAV=0e=e-e-e+bR=0=I="""""1 =006 A (4.497)
2
(V) Awd to onuelo a GTo onuelo b €xovue
Vi—eg—e1=Vy =V, =Vp+te3+eg—V,—-V,=64+3=90V (4.498)

Ioedderyua 4.45:

Ou urtatapleg QUTORWATOV “adeldcouv” dxt 1660 AGy®w TG TTMOGNGS NS Slapods Suvautkol Toug
OAAG AOY® XNUKOV SlEQYaclov TTou AauBAvouv xdea evTog TG, Kol Ol 0TTOlES OVEAVOUV TV E0WTE-
i tng aviictacn. M koAl uitatoapia, av cuvdebel pue kKaAdSio we wa “vereni”, uiropel t0Go va
eTavapoTicel Ty TeAevtala, 0G0 Kol va EEKVAGEL TO auTokivnto! Aeite To KUKA®UO QUTOKWVATOU
Tou Xxnuatog 4.82. 'Ectw 6t n kaAn umatapio mapéyxet HEA 12 V.
(@) Ayvoovtag Tn “vekni” witatagia, wdco eevua uitoQel va S®Gel n KOAR pItatoQio GTov Kvntria
aIté wévn ng;
B) Ayvoddvtac tnv medovn Kalwdimon, TToGo evua uitopel va d®aoel n “vekpn” uratapio gtov
KWNTREa oIté wovn ng;
) Aoupdvovtag vtéyn tnv TEAGIVI KOA®S{woN - Kol ®S €k TOUTOU KAl Thv KOAR ugtataia -
delEte OTL TO EevUO OV TTEEVE OTtd TOV KivnThEa elvar Trepitov 200 A.
©) AauBdvovtoc vItéwn Thy TEAGIVRL KAA®SIOON - KOL G €K TOUTOU KoL TNV KAAAR uioatoplio -
SelEte 6TL TO Eevuo TTov TTEEVA aTtd Tn “veren” ustatapio elvon TtepiTiov 4 A.

0.01 Q% \ 0.50 Q
+

KoddrS 0.05 Q) §
Adda
12V == 8V
Ko Nekpn Kuwntipag
pratoapia unatapia  ekkivnong

ynuo 4.82: Xynua Acknong 4.45.

Advon:
Aeite To KUKA®UO QUTOKIVATOU TOV Xxnuatog 4.83.
(@) H kali pgtataeio wévn tng ustopel va dyel pevua UEGm Tou Kwntngo £viaong

12

I=———— =200 A (4.499)
0.01+ 0.05

B) Ayvoovtag tnv medown kalndlwon, n vekpn uitotapio dyel gevuo

8

[=——=145 A (4.500)
0.5+0.05

) Aoupdvovtag vrtéywn tnv EAGvn kaAwdiwon, é6tw I, Iz, I3 Ta EedUOTA GTO KUKA®UA TOU YA~
to6 4.83. O 20¢ ravovag touv Kirchhoff umopel va epapuoctel ce dvo Pedyovs: Gto Pedyo TTOU
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0. Ol Q \ 0.50 Q) I
2

KoAdh S 0.05 O gl

12 V I,

Koc)a] Nekpn Kuwntipag
pnatapia unatapia  egkkivnong

Yxnpo 4.83: KukAwua ue pevuato Acknong 4.45.
TEQUAAUPAVEL T VEKEA KAl TRV KOAR ugtataia, kot GTo feoxo Twou Tepuioupdvel Tny KOAR pItataio
KOL TOV KLVNTAQEQL

12 -0.015; - 0.0313 = 0 (4.501)
12-0.01; - 0.3, -8=0 (4.502)

O log kavévag tov Kirchhoff gtov wdve uecaio koufo pag Siver

11 = 12 + 13 (4503)
Avvovtag wg Teog I3 €xouue
I3 =199 A ~ 200 A (4.504)
©) Avvouue wg mEOC Iy kA TTalpvouye
Ih=39A=~4A (4.505)

Kuxidpata RC*

Ye 6Aa To TToadelyuata (oS o6 TWEO avaAUGALE KUKAMUOTO TTou To eevua elval ctabepd. Av dumg
aEyloouue vo TOTTOBETOVUE TTUKVOTEG GTO KUKAOUATA wog, To eevuo Jo €£0k0A0VBNGCEL Vo £XEL U0l GUYKE-
kEwWwévn katevbuvon aldd to uétpo Touv uttoel va arddgel ye thv Tdodo tou xedvou. ‘Eva kKUKAmLL TTou
aTtoTeAelTOL ATTO GUVEVAGUOUS OVTIGTAGEMY KOl TTURVAOTOV ovopdietar RC-kOKkAwuoL.

Ac Yewpricovue éva amtAd RC kUKAoL ue a@OQTIGTO 0Q)IKA TUKV®OTH, 0TTws 6To Xynua 4.84(a). ‘Otav
0 SwaxdmTng kAeloer Tn ypoviki otyun ¢ = 0 (Béon a), Eexkvd vo VTTAEYEL PEVUA GTO KUKA®Ud, AGY®
Ttapovaciog tng tnyng HEA &, kol 0 TUKVeTAG EeKvA va oQTiCeTow Ue TOV TEATO TToU €X0UUE TTEQLYQdpEL
GE TEONYOUVUEVES TTaRAYRAMOUS. ‘OG0 @oQTiteTar, n Siapoed duvaukol Gto dreo Touv avgdvetal. ‘Otav
eqitevyfel To UEyloTo PoQETio, To Eevua TTou dropedel To KUkAwpa undevitetar. Toti; Aev vitdeyet o
Srapopd duvoukot gto KUkAwpa! O TUKVOTAS €xel 6Ta drEa Tou dtopoed Suvaukoy ton ue & "Etaol, Sev
VTTdEYEL NAEKTEIKG TEdI0 0TO KUKAWUO Kol doa dev vItdexel kot eevua. Ag avalvcouye tn Swadikooia we
70 20 kavéva tov Kirchhoff, deioGTopa:

DAV =0 = AViguree + AVe +AVg = 0 = & - % —iR=0 (4.506)

ue i,q To EEVUO KOl TO (POQETLO0 TOU JTUKVMOTA GE Ulo Tuyaia xeoviki atiyun ¢ > 0: amotedov GTiyuloies
TWES. A)kd AOLTTGV, TO EEVUA TTOU SlaQEEel TO KURAWWA elval

io = 2. 1=0 4.507)

yatl 1o @oQTio Tou TUKVOTA elval agykd undevikd. Tdte, n Stopopd duvauikol Tng TNYAS EU@EAvITETOL
€€ 0AOKAIEOV GTO dkEa Tng ovticTaons. MeTd Tn @4QETION TOU TTUKVMOTA GTn UEYLGTR TWA TOU, TA QOQTio
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C C
a | | a | |
°§(° | — |
3 3

|\
(@) " '8 ©)

Xxnuo 4.84: KukAdwua RC.

TAVOUV VO KIVOUVTOL KOL TO QEVUU0 6TO KUKAwUA elvon undév: n Stapopd Suvautkoy Tng Tnyng eu@ovitetal
€€ OAOKANQEOV GTa dKQEA TOU TTUKVOTA. TATe TO @oETio Touv TTURVKOTA elvar

Qo = CAV =Cs 4.508)

‘Ouwe n TaQATtdved avdlucon a@oEoUGe TNV OQXKA KAl TV TEAMKA KATAGTAGN TOU KUKAMUOTOS, Kol OxL
KkGOe otiyun. Oa ftav emiBuuntd vo yvweitovue avaluTikd TG TIWES TOU QOETIOV KAl TOU QEEVUATOS VLol
KkABe ypoviki gtyun f. Twa va Sovue TTg da To KATAPEQOUUE.

Zépouye 0Tl

dq
s _ 44 4.509
T (4:509)
ko da
q . dg ¢ q q—Ce

———R=0= —=— - — =— 4.510
Tt dt "R RC_RC (4510)

AvadiatdeeovTag Tny TapoTtdve Slopopiki esicwen’ éyouue

dq 1

— = ——dt 4.511
qg—Ce RC ( )

OMokAnp®vovtag kKdbe LEAOS WS TTEOS TO POQETIO KAl TO XEdvo aviioTora da €xouvue

g 1 g 5 —
f dq_ _ du:»ln(q Ce): il (4.512)
0

g-Cs "RC 0 —Ce "RC
Omdte
§(1) = Ce(1 — e 7RC) = Qy(1 — &7 7/RC) (4.513)
N 0AM®OS
q(t) = Qo(1 — e "/RC) (4.514)

HMopaywylcovtag maipvouue to oTywiaio pevua i(t)

. d € _1/RC _ . ~t/RC

i(t) = —q(t) = —e = ige 4.515
® p tCI( ) ? 0 ( )
H swrogétnto RC ovoudgeTor Kol Y wETNTIKA ¥QOVIKA GTtabed 78, n omoia ERQPQEALEL TN XEOVIKA GTyun JToU
70 pevua @Bivel gTo 1/e (0.368g/C) tng apykig Tov TWNG, SnA. étav @bivel 6to 37% Tng AEXIKNG TOU TIWAG.
AvtioToya, ek@EATEL Th XEOVIKA GTIYUR TTOU To (oQETio owEdvel atny Twn g = 0.632C¢, dni. dtav avgdvel

070 63% Tng puéyleTng Tov TWNGS. Ol KaUTTUAES avTég @aivovton gta Zynuoata 4.85(a-f). ‘Ectw tweo T 0

"Na'tn sl
8Ae oyetiteton Ue TO T TOV YENGWOTIOMGOUE GTN SlapoQIKh eElGwan.
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Goptio O Avgovoa (@) Pebpa 1 B
To @opTtio ) .
avEfOnKe ekBeTuia) o )
610 63% KOUTTOAT) To pevpa £xeL pewwbei oo
™G HEYLOTIG ! 37% g apyikng Tou TS
Opx  TUING TOV ¢ N dtav t=r.
-', 1 -
. 1
0630 . |----= : :
|
|
|
—0 I T T t t
0 T 27 37
Dbivovoa
@optio O ekBeTR ) Pebpa [ (8)
- KOUTTOAN
To @opTio o .
_pswlnxe oto 37% TOAPEL-‘U“ EXEL Uf“—‘JE
—0 g apy kg Tou I, 37% g apywns Tc

TG OTay ¢ = 7. 1
To optio £xeL peiwbel :
; o710 13% NG apyKkig Tou :
0370,~---—_  tyigotav 1 =27, 037L,4----

0.13Q,1- - - - -
0 T T T I —_—
0 T 27 37 0

otav t = 7.

T T r
27 37

]

|

|

|

T
T

Yxnuo 4.85: Pevuata kat poptia e kUkAwua RC.

TIUKVOTAG €{val @oQTIoUEVOCS pe KATTow @oeTio Qp. Xta dkea Tou Jda €xel wa Sapoed duvauikon

Av, = 2 (4.516)
C
Av tn ypovikn gtiyun ¢t = 0 kAglcouue To SaroTTTn GTn Y€on b, TéTE 0 TUKVWTAGS Ja ek@POQTIGTEL UEGH TOV

OVTIOTATN KoL TO evuo Do €xel aQyikn Tun

AVe _ Qo

In = — =
°""R T RC

(4.517)

‘Ectw ¢ o tuxolo XQOVIKA GTIYUWA GThV eREOQTIGN, GTTOU O TTUKVAOTAGC (EREL OoQTIO g KOl TO QeUUO TTOU
Srapeéel To KUKAwua etvan i. ATtd to devtepo kavova tou Kirchhoff, defioGTpopa, 6To kKUKAwua Ja €xovue

AV, + AVg = 0 = —% —iR=0 (4.518)

KoL a@ov gépouue OTL i = dg/dt Da €yxovue

1
RY_4 4 _ 1, (4.519)
it Cc ¢ RC

OAokAnQ®@vovTag Kal Ta dvo UEAN WS TTEOS TO @OETIO KoL TO XEdvo avticTolya, Ja €xovue

g 1 T 7
j‘@z___ dm:ﬂ%ﬁjz-l- (4.520)
0 4 RC Jo Qo RC

KoL 4o
§(t) = Qe "RC (4.521)

=

q(t) = Qe "/R¢ (4.522)
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H mapaydyion da yog dwoel favd to otiywiaio gevua, Sna.

ue

i(r) = %q([) = _&e—t/RC .

RC
LAV Qo
°""R T RC

(4.523)

(4.524)

To apvnTikd TTEéCNUO ekEEALEL €avd OTL n @OQEA Tou EevuaTos elvor n avtiBetn agrd VTR TToU Eyouue
vmobécel. O KAUTTUAES POQETIOV Kol EEVUOTOS KATA Tn SidKeln TNG ekEOQRTIONS @Olvoviol GTo XxAua-

Ta 4.85(y-8). Eavd n moodtnta RC cupPoliiteTor ko pe to yeduua 7.

Ac ouvvoypicouue gtov ITivaka 4.4.

Katdotaon Doptio Pevua
dogTIon q(t) = Ce(1 — e1RC) i(t) = %‘”RC
Exk@péption q(t) = Qe /RC i(t) = Ig—co,e"/ 18

IMivakag 4.4: Iivakag Xxécewv Poptiov kar Pevuatoc ITukvwth e kUkAwua RC.

Ag dovye uepkd Tapadsiyuato.

Hoedderyua 4.46:

"Evog a@OQTIOTOS TTUKRVAOTAG KL €vag OvTIeTATNG Guvdéovial oe Gelpd 6Tmws oto Tynuo 4.84(a), ue
Twég £ =12V, C =5 uF, kar R = 8-10° Q. Boseite
(@) Tn yeovikn otabepd T
B) To uéyaTo PoETLO TOU TTUKVMTA
(V) TO UéylgTo EEVUO GTO KUKAMUA
@) T CUVORTIGELS PEVUATOS KAl (POQTIOU

Avon:

INa ta gpotiuata (a-y), yvopicovue amd tn dewplo ot

INa to epodtnua (8) €rovue

T=RC=4s
Omax = Ce =60 U“C

E
Lpax = ﬁ =15 uA

q(t) = Qmax(1— ™)
=(60-10"%1-¢"") C

i(r) = maxe_t/T

=(15-10"%e 4 A

(4.525)
(4.526)

(4.527)

(4.528)
(4.529)
(4.530)
(4.531)
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Hoedderyua 4.47:

"Eoto évag TTUKVOTAC xwentikdtntag C Tov ek@oQTiteTol WéGm avTieTdtn aviictacng R, TS GTo
yxnuo 4.84().
(@) Metd amd méceg xpovikés GTabeég T ylvetdl To @oETio Tov TTUKVETA (6o ue to 1/4 Tng
OQXIKNG TOU TWAG;
B) H evépyela tov arrodnkevetol GTov TURVOTA @Bivel Le TO xpOVO OGO 0 TTUKVOTNG EK@POQTITETALL.
Metd amd méceg xeovikES GTabeés T yivetol n evégyela Tov TTUKVOTA {on ue to 1/4 1ng
QQYIKNG TNG TWNAG;

Avon:
(@) Eépouue 4Tl KATA TNV ekPOQETIGN LGYVEL
q() = Qoe"", T=RC (4.532)
Zntdyue To YEOVO t EKPEAGUEVO GE LOVASES T Yl TOV 0TTolo
1
q(t) = 7 Qo (4.533)
"ETGl
—t/T 1 —t/T 1
Qoe"==-Qp &= e == (4.534)
4 4
1 t
Ine"=ln- & -~ =-1n4 (4.535)
4 T
t=(Ind)r =t~ 1387 (4.536)
B) Eépouue 6TL
1
Ug = — 0%t 4.537
E 2CQ (1) ( )
Zntdue To XEOVOo f ERPEACUEVO GE LWOVADES T Yyl TOV 0TTo(0
1 11
Ue(t) = ZUinit = Z%QO (4.538)
Apa
Ug(t) = iQZe—Zf/T = iQZe—Z’/T = liQZ (4.539)
2Cc =0 2C =0 42C*° '
1 1
e AT = 7 = 1=5(InT~0.697 (4.540)

Ioedderyua 4.48:

"EGto évag a@OQTIoTOS TTUKVAOTAG KL €VOS AVTIGTATNG TTOV GUVEEOVTOL G GeLRd, OTTwS éyouue Adn
Set, ue £ = 30 V, C =5 uF, kau R = 10 Q, é7wg 6to Zynua 4.85. Boeite To peduo GTOV OvTIGTATN
10 SevtepdieTita uetd To KAloWO TOU SLOKGTTTN.

Avon:
O TURVOTAG OQETICETOL KAl TO EEVUA GTO KUKAwUO SiveTonl wg

i(t) = %e"/RC (4.541)

Eivax RC =10%-5-107% = 5 s. Emiong 1% = % = 30 pA. ATté 116 dvo Ttedevtaleg oxéoelg Ja €xouue
i(t) = 30 - 1078770 (4.542)

kot ylo £ =10 s, i(10) = 4 - 1076 A.
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(|l
nlm

Yxnupa 4.86: Kukdwua RC.

Haedderyua 4.49:

"Ectw évag TTURVETAGC ywentikdtntag C = 5 uF swov @optitetar vTtd Sapoed Suvautkoy AV = 800
V kot uetd ekgopticetan uéom avtiotdtn. IIoon evépyelia amodidetar GTov avTigTdTn GTO XQOVIKO
SldoTnua TOV aTTALTElTAL Yio VO EKPOQETIGTEl TARQWS O TTUKVWTAG;

Avon:
Zépouue 0Tl
dE +00
Pr=—2 — Eg = f Prdt (4.543)
dt 0
Emeidn
Pg = I2(HR (4.544)
Ja elvar
+00 +00 QZ
Eg = f I(HRdt = f (RTO)Ze_Z”TRdt (4.545)
0 0
—+00 2 2 —+00
= &e_ZI/Td[ = & f e_2t/Tdt (4546)
o RC? RC? ),
Q% T 9 Q> T
_ =0 (_( 1 =2/t _ - =0(_‘tw_
= RC2( 2(zll)r+nooe 1)) = Rcz( 50 h) (4.547)
2 2
RC
_ % RC_ Q% (4.548)
RC? 2 2C
koL eTeldn € = Qy/C, teMkd eivon
1
Eg = §C82 (4.549)

IMaedderyua 4.50:

To kUkAwua Tov Zynuatog 4.87 €xer ouvdebel yia TTOAMN @O, TOGN OGTE O TUKVOTAG va €xel
popTiatel. Boelte

(@) To eevua Ggtnv pratapio twv 4 V

B) To pevua GTov aviiotdin Tev 3 Q

V) To eevua Gtny uratapio Tov 8 V

©) To eevua ctnv uratapia Twv 3 V

(€") TO OQETIO GTOV TTUKVOTNA

Avon:
To pevuo otov kAASo ghab tov TURVOTA elvor undév, a@ol o TIUKVETAS elval @opTicuévog. Tia Tov
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I I3
a. h, = AAA __d.
J_ 5.00 )
3.00V _——_ L 2T
+
+ L _
8.00 V=== g 3.00Q0 _——_ 400V
+ — +
6.00 uF ——
I=0 5.00 Q)
h g - [ T e
"“'_1 :

Yynpa 4.87: KukAdwuo avTicGTAGE®WY KAl TTUKVOTOV.

KEVTEWKO Boxo befgb, o 20¢ kavévag tov Kirchhoff pag dtver
8+3L-51=015=16+0.6l
INao tov 8eg1d Pedyxo cdefc, €xouvue arrd to 20 kavova tov Kirchhoff étu
4-3l-5I3=0 ¢ I3=08-0.61
Ytov koupo ¢, o log kavdévag tov Kirchhoff yag Siver
L+1=13

(@) AvtikaBetovtag, €xovue I = —0.3636 A, kow aga I3 = 1.02 A.

B) To eevuo otov aviotdin twv 3 Q elvan Iy = 0.364 A, pe @oEd TEOS Ta KATw (ovtiBeTa arr’ 6,T

@aiveTol GTO GYRUL).
) "Exovue I; = 1.38 A, ue @oQd QOGS TO. ETAV®.
©) A@ov 0 TUKVETAG elval EOQTIGUEVOG, TO EEVUA GTOV KAGSo avtdv elvar undév.
) Tw Tov apuotepd Bedxo abgha, o 20¢ kavévag tov Kirchhoff uog Siver

81+AVC+82:0<z3—

5 10_6+8=0=>Q:66uc

INoedderyua 4.51:

agrocuvdéeTon kA 0 StakdTrtng kAeivel. Metd améd 1.0 ms
(@) TT6G0 PoTio €xel TTORAUElVEL GTOV TTUKVWTH Twv 3 UF;
B) mbéoo poptio €xel Taaueivel GTov TURVOTA Twv 2 uF;
() Twéc0o elvar To eEVUO TTOU SLOQEEEL TOV AVTIGTATN EKEIVIL TN YQOVIKA GTLYUR;

To tevyog TTuRVOTOV TOv Zyxnupatog 4.88 @oTitovianl TARE®S amd wa uratapio 12 V. H umatapia

Avon:

(@) H woo8vvaun ywentkdtnia avtol Tou TagdAAniov guvdvacuol elivar

Ceq=C1+C2=5y,F

(4.550)

Otav @oeTtiatel TAE®WS ad Tn urratopia, To GUVOAKS @oETio TTEW To KAelGo Tov dtardTrTn elvan

Qo = CoyAV = 60 uC

(4.531)
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500 ()

Sxnuo 4.88: ITapdAAnAol TUKVWTES Ue AVTIGTATN.

‘Otav o drokdTrTng KA(oEL, N XEOVIKA GTabed T TOU KUKADWOTOS eivol
T=RCey =25 ms
"Etol, gto ¢t = 1.0 ms yetd 1o kAelowo, To @oetio Tou astouével efvor
g = Qoe'" = 40.2 uC

H Suapopd duvaukot ata drkea Tou TTapdAAnNA0L GuVELAGUOY TV TTUKVOT®OV £lval

q

AV =
Ceq

=804V

Ko To evagtoueivav @ogtio gtov TTURvHTH Twv 3.0 uF elvan
qs = C3AV =24.1uC
B) To @ogtio TTOUL aTTOUEVEL GTOV TTUKVMTH Twv 2.0 uF elvon
g2 =q—qg3=16.1uC
To {80 asrotéAecua Taipvouue Kol ue th Géon

q2 = CzAV

(4.552)

(4.553)

(4.554)

(4.555)

(4.556)

(4.557)

) AoV o avtiotding eivon oe TTaRaAAnAlo ue Tn SLGTAEN TOV TTURVAOTOV, £xel Ty (Slo Stapoed duva-

WKoV GTa dKQEO TOU UE TOUG TTUKVOTES. A6 To véuo tou Ohm, €xouue

AV 804
I=—=

R —m=1.61‘10_2A

(4.558)

IHoedderyua 4.52:

Y10 Iynua 4.89 ou avtietdreg elvar Ry =5 Q, Ro =10 Q, R3 =15 Q, ko C; = 5x 1078 F kan Cy = 1076
F, evéd n ustatoapio eivar w8avikn ue HEA & = 20 V. YwoBétovtag dt €xel Tiepdoel TTOAML oo aTtd
TNV TEATN AELTOUQYi0 TOU KUKADUOTOG, Jtold elval n guvolki evégyela astobnkeuvyévn GToug duo

TTUKVWTEG;

Avon:

A@ov 10 KUKADUO €xel AEITOVEYAGEL TTOAML DQA, Ol TTUKVAOTES elval @oQTiouévol. Aga dev vITd)EL evua
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R, Co

T 5

Yxnuo 4.89: Xyriua Acknong 4.52.

& Ry
R, Co

<o
L

Sxtuo 4.90: Xxyrua Avonc Acknong 4.52.

GTOV KAGS0 TV TTURVEOTOV - 0L KAASOoL Toug elvar Gov vo. pnv VITEEXOUV - KL £TGL Ol avTlaTATeS StapeéovTol
oMot artd To (8o pevua, kabmg elvar guvdedeuévol ae Gelpd. Amtd Tov 20 kavova Kirchhoff

2
ZAV:O(:)51+101+151+20:O<=>I:—§A (4.559)

ue To TTEACNUO vo SnAwvel 6Tt To Eevuo €xel Tnv aviiBetn @opd amd avti touv Iynuatog 4.90. Apa n
Sropopd duvouwkov ota dreo Tov Ry eivon

10
AVg =1IR; = 3 A% (4.560)

Kol AGym Guvdeouodoyiag (TragaAiniia), n tdia Siapoed duvaukol TTaEOVGLALETOL GTA AKEO TOU TTUKVKOTA
C1. Ouota, n Srapopd duvaukot ata drea Tov Re eival

20
AVr, = IRy =V (4.561)

KoL AGyw cuvdeopodoyiag (TrapoaAiniia), n (dia Stapoed duvaukol TTaEOVGLAZETOL GTO GKQEO TOU TTUKV®OTA
Cy. OméTe o KaBEVO TTURVOTA

1

Uy = 5CIAVE =278x107° J (4.562)
1

Us = 5CZAV2 =222%x107°J (4.563)

KOl 4QO. N GUVOMKA NAEKTELKA EVEQYELDL TTOU €lval OTToONKELVUEVI GTOUG TTUKVWOTES EVOL

U,=U+Us=5%x107° 7 (4.564)
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Aoxfoeic

Ioedderyua 4.53:

Towo onuetaxd @optio Poiorovtar o wa evbeto yoauui. To @optio g3 = 5 X 1072 C Boioketon Gtn
9éon x = 0. Ta @ootia g2 = -3 x 1072 C kv g1 Polokovtar oTig Yéoeig x = 0.04 m ko x = 0.02 m.
Av n cuvictopévn Twv duvduenv ato gs elvar undév, Téco efivar To @oETio gi;

Avon:
A@ov n guvigTauévn Twv Suvduewy GTo g3 eival undév, Téte to eotio Wwogeomel. EmAéyouue detikn @opd
n ouyPatiki Tov dgovo x'x. ATté Tov lo véuo tou Newton

Zﬁ=6:>ﬁ12+ﬁ23=6:>F23=F13 (4565)
kot agté to vouo tov Coulomb
keIngqsl _ ke|91|lQB| ., 2l = lq1] - =l = 075 x 107 C (4.566)
Fya T (0.04) (0.02)
Omdte
+0.75 nC
h= { ~0.75 nC (4-567)

‘Ouws yro. va, elvar avtipomeég or SUVAUELS TTOU AGKOUVTOL GTO ¢3, TTRETIEL VITOYREMTIKG TO (OQTIO g1 va
efvan JeTikd.

Ioedderyua 4.54:

z z ’, = 7 e z ré VA
ITéon etvan n dYvaun F cto 1 nC @optio, TTov PelokeTor 6To €GO TOL TOQOAKATKH Xyxnuatog 4.91,
€E0LTIOG TV VTTOAOITTWV TEGGAQWYV PORTIwV; A®MGTE TNV AITAVTNON GAS VTG ThV LOEEN GUVIGTOCWOV.

—2.0nC 2.0nC A
1.0 cm @
I l 7 e | 3
: : 51 Y 4
| @ 1 1.0 cm n v >
a —3
l 1.0 nC | Ly 7
| | F,
| |
—2.0nC 2.0nC

Yynua 4.91: ITevtada @optiowv.

Avon:
TogroBetovue to @optio ¢ = 1.0 nC gtnv oyl Tov agévwv KAl To g2, g3, 4, g5 GTO TEMOTO, deUTEQRO,
Te(To KOl TETAETO TeTOQRTNUOEWO avticgToryo. H nidektokn dUvoun oto g; astotedeltonr ard to Sidvuoua
TOU 00RO{GUAT®V TV NAEKTEIKOV SUVALEWV TOV VTTOAOITI®V TEGGAQ®V POQETiwV emdvm 6To ¢;. To uéyebog
TOV TEQULETEIKWV QORTIwV £lval To (810 Kot yia To T€00EQ0 KOOMS n TWA Toug elval {oeg (KaTd améivtn
TWA), eV 1GATIEXOVV aTtd T0 q1. Emouévmg

- -

F(h =F21+ﬁ31+ﬁ4l+ﬁ51 = Zke
i

lgillqil
4T, (4.568)

it
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KO
lg2llq1]
For=F3 =Fu=Fs =k q22q
T
2-1079)(1-1074
— (9109 ( ) )
(0.5-1072)2 + (0.5 - 102)2
=36-107* N
Apa

ﬁql = (3.6-107* N, amopakpuvdyuevn amé o go)
+ (3.6 -107* N, aswouaxeuvéuevn aié to gs3)
+(3.6-107* N, OTTOLOKQUVOUEVI OTTO TO ¢4)

+(3.6-1074 N, OTTOULOKQUVOUEVIL ATTO TO ¢s5)

0Tws GTo degl uépog tov Xynuatog 4.91. Avaliovtag Ge GUVIGTOGES Ttalpvouue

ﬁql = Zﬁilx + Zﬁn).
i i

= (3.6 107" N)([ - cos(45°)7 - sin(45°)] + [ - cos(45°)7 + sin(45°)]
+ [ — cos(45°)i — sin(45°)f] + [ — cos(45°) + sin(45°)f])

= (3.6-10™* N)(~4 cos(45°)7

=(-1-10°% N)/

(4.569)

(4.570)

(4.571)

4.572)
(4.573)
(4.574)
(4.575)

(4.576)

(4.577)
(4.578)

(4.579)
(4.580)

IMoaeddetyua 4.55:

‘Eva. nAektoikd Tredio E = (100000 N/C)? ko éva couotidio S5 g Pelokovton Gtov {80 xweo £tal
®GTe TO TedevTolo va keéueTal VIt yovia 20°, dntog oto Xynua 4.92(a). IIéco eivan to @ogtio GTo

owuatislo;

() (b)
ynuo 4.92: (a) I1ebio kar kpeuduevo couatidio, (b) dSidypauua dSvvduewy.

Avon:

Bewpovue 6TL To PoETio wg onuelakd. Agite to Xynua 4.92(b). To cwuatidio 1GopeoTtel GTO NAEKTELKOS TTES{0
4Tav To vAapo oxnuatigel yovia 20° ue tov opigdvtio dfova. Ou teeic duvduels TTou 8poUv GTO POQRTIGUEVO
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cwpatidio elvar n nAextEikn Svvaun tov Trediov, n dUvaun Tov Bdeovug, kKal n Tdon Tov VALAToS. ATG Tov
devUtepo vouo Tov Newton yio 1o Gouoatidio, €xovue

Y F=T+FG+F. =0 (4.581)
KOl OVOAI®VTOC GE GUVIGTWOGES Ttalpvouue

Zﬁxzﬁ(:»fﬁﬁe:@:mﬁqlz:o (4.582)

Kol
Y F=0=T+F=0=T-mg=0 (4.583)

Apa
T sin(0) = gE (4.584)
T cos(0) = mg (4.585)

Awangovye kotd uéin

mgtan® _ (5-107°)(9.8) tan 20°
E 100000

Ioedderyua 4.56:

"Eva. @opTtiouévo couatidio pdgas 1 g kpéuetor agtd oxowl maQouaio nAekTokol redlov E = @3-
10° N/C)?+ (5 -10° N/C)f, omwg agto Xynua 4.93(a). To cwyatidio 1Gopeottel VIS yovia 8 = 37°.
Boelte

(@) Tnv Tdon Tov oYoVIoU

B) To @ogtio Touv cwuaTtidiov

E
ang= L& = ¢ = - 1781077 C = 0.18 uC (4.586)
mg

<\
e

O

\; !

= ; /@

() B)
Yynua 4.93: Kpeuduevo @optio oe “mwAdyio” ndekTpiko sedio.

Avon:
Ot Suvdyels wou aokoVVTaL GTO PoETio @aivovtor gto Xynua 4.93(B). Adyw 1GopEoTTias Tov @oQTiov, 0
log véuog Touv Newton yog Sivel ot
Zﬁ=f+qﬁ+ﬁg=6 4.587)

E€pouue OTL YlOL TIC GUVIGTWGES TOV NAeKTEIROV Tediov Ja €xovue TWES

E, =3-10° N/C (4.588)
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E,=5-10° N/C (4.589)

AvaAiovTag GE GUVIGTMGES TIC SUVAUELS TOV POQETIOV KoL Ue xpnon Tov lov vépouv Newton avd GuviGthca,
éxouue

Y F.=0 (4.590)
F, +T,=0 (4.591)
gE +T,=0 (4.592)
gE, —Tsin(37°) =0 (4.593)
KOl
Y F,=0 (4.594)
Fo,+Ty+F,=0 (4.595)
qE, + T, +F, =0 (4.596)
gEy + T cos(37°) —mg =0 (4.597)
Avvoupue wg Teog T tnv e€icmon (4.593) kow €xouue
gEy
T = 4.598
sin 37° ( )
kol avTikabietovtoas otny (4.597), £xovue
g=—2 __-11-10%C (4.599)
Ey + tan §7°
Me xpnon tov ToeATdve ATTOTEAEGULATOS, EXOUULE
E
T=-2"% 544103 N (4.600)
sin 37°

Hoedderyua 4.57:

Yto Zyxnua 4.94(a), ta oeTicuéva coyatidia 1 kot 2 €xovv @optia 20 uC to kabéva ko PeickovTal
oe agrtéotacn d = 1.5 m.
(o) II6co eivar To U€tEo NG NAEKTELKIGS dUvaung Ttov ackeital 6To @oeTio 1 €€ artiag Tou @optiov
2
B) Av tomobetigouue éva copatidio 3 ue eoptio 20 uC otn Jéon Twou delyver To Zyrina 4.940),
€10l dOTe Vo gynuatifeTon £va LIGOTTAEVQO TEIYWVO Ue KOQUEES TO TELAL (PoQTid, TGO elval To
UETEO TNG NAEKTELKAGS dUvaung Tov ackelital 6to @ogtio 1 €§ artiag Twv @optiwv 2 kat 3;

Adon:
Aeite to Zynua 4.95.
(@) To uétpo Tng nAekTElkng dVvaung Tov ackeltar 6to @oetio 1 €§ awtlag Tov @optiov 2 Sivetan Ao
70 vouo touv Coulomb, dnA.

400 - 10712

|q1||2612| ~9.10° — 16N (4.601)
.

Fo1 =k,

=]
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(a) ()

lex 4 \ i
~_d |
d

2L iv///
(a) (b)

Sxnupa 4.95: Xyrnua Aveng Acknong 4.57.

B) A@ov 6Aa ta @ogtia eivar Jetikd, ov duvduels da elvar dAec amwoTtikés. Ta uétpa twv Suvduewv

JTOU AGKOUVV Ta oQTia 3 KAl 2 6to pogtio 1 elvon

400 -107"
Fay = k2] _ g 100290 107 _ 16 n (4.602)
"31 1
For = Fo =16 N (4.603)

avtigToya, aeov OAa ta @optia Tov surAérovial eivar {Gov uétpov. E@dcov to Telywvo TTou

oynuaticetan efvor 166TTAEVQEO, Ol Ywvieg Tov da efvan 6Aeg 60°. Amd tn yewueteio Tou Zxnuatog 2.2(b)
KOl aTTé TNV avdAuon Ge GUVIGTMOGES TTAlEVOuUE OTL

Fs, = Fay, (4.604)

- - - - -

ng = F31y + F21y = F31y + Fo9q 4.605)
YmoBétovtag we JeTikég @opéc Tig auuPotikés (Beld, Tavm), oL TTARATTAV® SLOWVUGUATIKES EELONGCELS
yivovtow aiyefeikéS wg

F3X = _FBIX = —F31 Sil’l(@) (4606)
ng = Fgly + Fo1 = F31 COS(H) + Fo (4607)



4.10 Aoxroeg 401

ue 6 tn ywvio Tou oynpatog tou eivar ton e 60°. Apa teMkd

3
Fy = 1.67‘/_ - _08V3N (4.608)

X

1
F3 = 1.65 +16=24N (4.609)
Kol dea To péteo tng Svvaung da elvar

F3= \JFZ +F2 = V192+576 = 27711 N (4.610)

MMoaedderyua 4.58:

Avo cnuglakd @oetia g1 kai g2 Pelokovtar Seuéva ce améctacn y = 0.045 m. ‘Eva tpito @ogtio
Q = -1.75 x 107 C udcac m = 0.005 kg, Poioketon apxikd ce arméstacn 0.03 m awd to Svo
Treonyovueva @oETia kot apnvetal vo kwnbel. Iagatneelite 4Tl n agykn Tov emtdyuvon 1GovTol Ue
d = (324 m/s? )f, 0mwg 6to Xyxnua 4.96. Beeite ta @optia g1 kot go. Hint: Beelte - pe Sokyég - morég
TEETTEL VaL elvall Ol KaTeVBVVGEELS TV SUVALE®V TTOV AIGKOUVTAL GTO PoQETio O MWGTe n emTdyUVGN va
elval 0TTwS GTO GYAUaL.

|
|
|
|
|
1
o@ | 4.50 cm
|
|
|
|
1
|

\;‘a ¥
q>
Yyxnuo 4.96: Xyriua Acknong 4.58.

Avon:

Aegite To Tynua 4.97. Bewpovue JeTikii @opd Tng kivnong meog ta wdvw. To va €xel n emitdyvvon
@04 TTov PAETIOVUE GTO GYAua, Ja TEETTEL Ol SUVARELS TTOU AGKOVVTOL GTO QOQRTIO VO £x0UV T @OQEA TOU
oxuotog (aard to 20 véuo touv Newton, TTou avoa@épel GTL . GUVIGTOUEV TOV SUVAUE®VY TIRETIEL Va, £XEL TRV
{8 @oed pe tnv emitdyvvon) aAAd kal (Ga uétea. A@ov oL ATToGTAGELS UeTAE) Twv duo EOQTIWV g1, g2
KoL Tov @optiov O elvar (Bieg, Ta PoETia g1, g2 TEETEL va £xouv Ta (8o uétpa. Adymw LGOGKEAOUS TOLYWVOU
TOV oynuatigetal avdyeca GTa TELWL PoETia, ol ywvies 8 oto oxynua eivonr (ceg. H ouvolikn dvvaun smou
ackeltar 6to @optio Q Jivetar ard to 20 véuo Tov Newton wg

> Fy=md = F=ma=0005-324=162 N (4.611)

AT6 Ty ToLy®voueTEia Tou GYRUaTog, kot Sedouévou 4Tt Ta UETEO Twv Suvduewy eival (Ga, Ol y-GUVIGTMOGES
TV NAEKTEIKGOV Suvduewv da elvor

F = Foq, + Fog, (4.612)
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+
q1
N
4.50 cm
N
92
xnua 4.97: Xxynua Acknong 4.58.
Kol Adyw JETIKAS POQEAC TTEOC T TTAV®, OTTOS KL N POQE4 T®wVv Slavucudtoy, §(ouue
F 1.62
F = Foq + Fog,, = Fgq, c08(60) + Fog, c0s(6) = 2F gy, c0s(0) = Fog, = 2 6050) = 70025 =108 N (4.613)
Haigvouye wio. oTtd TG SV0 NAEKTEIKES SUVAUELS, KOl £XoUue
r’F
Fog = ke% gz _617x107° C (4.614)
r kelQl

Aga g2 = —q1 = —6.17x 1078 C.

IMaedderyua 4.59:

"Eva, nAEKTEOVIO OQIVETOL GE OUOYEVES NAEKTQEIKO TTeG(0 Kol ETLTAXVUVETAL KAOETA TTEOS T €TTAV®,
tagdevovtag 4.5 m ota mewTo, 3.0 X 1076 s.
(@) ot etvar To u€to Kol n katevBuven Tov NAEKTEKOV TIediov;
B) Ztnv ekeavnon dev avagégoue Tlmrota yia Pagutikés Suvduels. IIéaes @opéc ueyolvtepn eivon
n emrdyvvon tov nA. sedlov amd tn PaguTiki emitdyvvon g;

Avon:

(@) MovteAdoTrotovpue TO NAEKTEOVIO WS POETIO GE OUOYeEVES NAEKTELKS Ttedio. A@oU To NAEKTEOVIO TAEL-
Sevel kdbeTa TEOG TA TAV®, Ol SUVAULKES YEAUUES TOU NAEKTEIKOV TTediov £x0UV QOEA TTEOGS T KAT®,
6omwg gto Zxnua 4.98. To uétpo Tou nAekTEkoy mediov umopsl va Beebel av woviedomoiGovue To
@OQETIO0 WS TAua KvoUuevo ue atabepn emitdyvven otov dgovoa y'y, (on ue

eF . ekl

ma

? y

C—l)y:——‘]=>ay: -
m

— E = (4.615)
e

emAéyovtag JeTikii oEd TEOS T TAvw. ATO TIC €ELGWCELS eTLTAYUVOUEVNS Kivnong petagy dvo

onueiwv A kaw B Tou améyouvv katakéuen aréctacn d = 4.5 m, €gouue

2Ay

1 1
YB = YA + Uy, + antz — Ay = éayAtz —ay= Az 1x10" m/s (4.616)

‘Etou
_9.11-1073"-10"

o 1o = 969 NIC (4.617)
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+H++++++++

F

o

Yxnuo 4.98: Yyriua Aoknong 4.59.

") Hapatnpovue 6Tl a, = 102 m/s?, evédy g = 9.8 m/s>. H emirdyvvon tov mediov elvar Trepimouv 10
QATNEOVW y 8 X Q
POQEES UeyaAvtepn astd auth tng Pagutntag, oTtote uropovue va Jewpncouye tn 2n o¢ aueAntéa.

Ioedderyua 4.60:

"Eva nAgktoovio umaiver e okt tayvtnta 40 km/s e wa Teploxn mwou 50 oUoyeVES NAEKTEIKG
Tedio, kot n @oEd Tng Tayvtntag eivar (Bt ue Tn @oEA TOV SUVAUIKOV YROUL®OY TOU NAEKTEIKOU
mediov, to oTolo €xer uétpo E = 50 N/C.
(@) Howd etvar tayvnto Tov niektpoviov 1.5 ns (1.5 X 1079 s) uetd v £{G0dG Tov GTO TESIO;
®) bco paked @Tdvel To nAektEdvio e awTi Tn Stadgoun Tov Jrov Siapkel 1.5 ns;

Adon:
Aeite to Zynua 4.99.

t=20 t=15ns

e

Yxnuo 4.99: Yyriua Acknong 4.60.

z 2 7 7 z 7 = z 7
(@) Adyw TOoU OTL TO NAEKTEOVIO €xel aEVNTIKO @OQETiO0 ko TOo nAekTEkd Tedlo E Selyver gtnv (dia
KOTEVOUVON UE TV OQXIKA TaXVUTNTA TOU, TO agtoTéAeoua elvan n emifpdduvon Touv niektoviov.

O1td1e TO NAeKTEOVIO KvelTawl evBUYAUUA ETTLTOYVVOUEVA (WE ORVITIKNA eTLTAYLVVON) WEGO GTO TEd(O,
ue eitdyvvon uétpou

ek
a=— (4.618)
m
KOl OQd avtifetn Tng kivnong Tov @oETiov. Apa ATd TS EELGMGELS TS KIWVNTIKAG
E 50-1.6-107%
W=ug+ar=ug— =t=4-10" - 22 15.107° = 2.682 - 10* m/s (4.619)
m 9.11-10-31

B) A@ov o nlektEdévio dev alddcel Tn SievBuvon Tng Kivneng Tov Adyw tov Tediov, n kivnon TTaQOUdveL
evBlypauun, omdte gntovue Tnv opLgdvTia uetatomion artd tn Jéon ewicaywyng oo medlo. To medio
elvar opoyevég, dpa n emitdyuvon tou elvor otabepn. "ETol, ol €61600elg Tng KIvRTIKAG divouv

1 1¢E
d = xo + ot + éatz =0+ ot — Ee—ﬂ =5.012-107° m (4.620)
m



404 Kegdhawo 4. Hhextpiopog

IHoedderyua 4.61:

Avo yeydieg TwopdAAnieg Adkeg xaAkoU Pelokovtal e agztéatacn 0.05 m kot Stoufétouv ouoyevég
nAekTEKS Tedio avduecd toug — delte to Lynua 4.100. "Eva ndektedévio agrvetal vo kwvnbel aird
TV QQEVITIKA TTAAKA, VA TV (Slo. oTiyun éva T Tévio agnvetal va kivnbel agtd tn detiki sTAdKO.
Av ayvoncete Tic NAEKTEIKES SUVAUELS TTOU OVOTITUGGOVTOL LETOEY TV duo QoRTiwv, TdTE Ge TTdHGN
astécToon amd tn Jetki TAGKO GuvAvVTOVTOL TO. dvo EoQTia;

Positive Negative
- — — > £

plate [p plate

- — — —0

]

ynuo 4.100: Xyrua Acknong 4.61.

Avon:
"Ectw t 0 xedvog TTov agtoutelton yio vo guvavtinBoiv ta Svo @optia kot d n adsTacn Tov SVo TAAKOV.
Ta Svo @opTia wItoEovv va wovteAoTtonbolv w¢ corata vItd eTtidpacn atabepng eTtitdyvvong Adywm Tng
TAQROVGTOS OUOYEVOUS NAEKTEIKOV Ttediov, Kivovueva Ge opLiovTio dgova. H emitdyvvon yia kdbe @optio
Ya elvon ton pe

E
ap = @ (4.621)
mp
E
a, = @ (4.622)
ne

katd uétpo. ‘Eoctw A 10 onuelo ekkivnong touv mpmtoviov kaw B avtd Touv nAektgoviov, evedd C da elvar
To onuelo guvdvinong. Oswpdvtog cnuelo avagoeds tn Jetikn TAdka (Béon ekkivnong Touv TEWTOVIOL),
YeTkn popd kivnong TTEog To SeELd, Kl EPAQUOTOVTAS TIS EELGMAELS TNG KIVRTIKNAG, da €xouue

1 1lgplE 1lgp|lE
XC = XA+ Uyt + —apt’ &= xc =0+ 01 + = 9plE 2 _ L1aplE (4.623)
2 my 2 my
1 11g.|E 11g.|E
Xe = X+ Uyl — —Apt? &= xc =d + 0f — = 1| 2=d- —@tz (4.624)
2 m, 2 m,
ADVOVTAS ®S TEOGS 2 TNV TEATN GXEGN, TTOEVOUUE
2m,x
2 2 2pC (4.625)
|Qp|E

KOl OVTIROOLGTOVTAS GTn Sevtepn, Sedouévou 0Tt |g.| = |gpl, ko uetd agtd amAomonicels Taigvouue

mp
xc=d-—xc (4.626)

e
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AUvovtog wg TTEOS xe éxouue TEMKA

=2726-107° m (4.627)

my
me

IHoedderyua 4.62:

Youatidio pue @optio O Peloketon GTo KEVTIQO Wag Gpalpas aktivag R. Beeite tnv nAektoiki gon
TOU nAekTEIKOV TTediov TTOU SLamepvd éva KUKAKO KaTtdKL nutywviag 6, 6Ttwe gto Zyxnua 4.101(w).

() | B)

yaua 4.101: Poptio e opaipa.

Avon:
Zz 7 =1 /’ e 7 z z z ré z é
To nAektEwd Tedlo E €€ autiag tou @ogtiov elvar opotduoe@o kow Selyvel aKTVIKAG TTEOGS T £€€w, AQa

®rp =FEA (4.628)

To unkog Tov TOEOV evAg UkEoV dakrTuAloeldols gtolxeiov 6Ttwes gto Xynua 4.101(), elvar ds = Rd6, ko n
TeQupéQeld Tov eivor 27 = 2R sin 6. To eufado Tov kagtakov eivar

9 0
A= f 2nrds = f (27R sin O)RdO = 27R? f sin0d6 = 27xR*(1 - cos 0) (4.629)
0 0

Apa n nAgkTEKN Qon eival

19
R2

IHoedderyua 4.63:

H I'n SiaBéter éva kABeTo nAekTokd medio atny eTi@dveld Tng (Ue @oQEd TTEOS TO EGWTEQIKG TNG), TTOV
€xel uétpo — katd uéco 6o — E =100 N/C. To medio avtd Satngeltor amd Sidpoees ATLOGPALQLKES
Siepyaoies, cuurtepriaufavouévmy Kol Tov kKepavvav. ITotd eival To @optio otny emipdvelo tng I'ng;
Bzwonaote T I'n wg amdAvTa GEOEKNA Ue aktiva r = 6.37 - 108 m ko xencwoTomaTe T0 VéUo Tou
Gauss ue € = 8.85 - 1072 CZ/Nm?.

O =FEA =k, 27TR2(1 —cosf) = 22(1 —cosf) (4.630)
€0

Avon:
To TmedéfAnua witopel va oyediactel 6Ttwg gto Zynua 4.102. Adyw cuuuetpiag tng katavoung @optiov, To
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I'kaovolavi
ETLPAVELX

I

Yxnwo 4.102: HAektpiko Ilebio I'ng.

= z 4 z VA ré z e z 7z VA z
E elvon kdBeTOo GTNV emAgyueévn yRAOUGLOVIL ETTLPAVELQL, KoL TO UETEO Tov Ttedlov €xel Tnv (o TN e dAa
To onueia Tng emupdvelas. Amé to vouo touv Gauss, €xouue

o, = 9§ Boak= 2 (4.631)
€0

To nAektEkd Tedio “Selyvel” mEOC Ta UEGA, TTEOC TO £6WTEQPKS Tng I'ng, dpa n pon da elvar agvntikn,
oTToTE
Oin = —€0EAspuipac = —8.85 - 1072100 - 47 - (6.37 - 10°)* = —-4.51 - 10° C (4.632)

Haedderyua 4.64":

Y10 Iynuo 4.103a, wo detikd popTiouévn QdaRSoc we ouotouopea kKataveunyuévo @optio Q Peloketon
Togrofetnuévn GaTov dgova y'y avdueca ota cnueio y = 0 koaw y = a@. ‘Eva apvntikd @oTiouévo
onuelakd @optio Peloketar oTo Jetikd nuidgova x'x, ge agrécTOCN X AT TN GUUBOAL TWV AEGVMV.
AelEte OTL OL X— KOL y— GUVIGTOGES TOL NAEKTEIKOU Tiediov Adyw Tng dpdou yia kdbe onueio Tov

Petkov nudgova x’x divovtor wg

keQ 1
£ - 4.633
* X Vx2 4+ a? ( )
keQ (1 1
po kOl 1 4.634
Y a (x Va2 + 0/2) ( )
Yag divovton
[ R e [ oty = o (1635)
o (2 +y2)302 22+ 2 e, o (% +y?2)3/2 Va2 +y2 =,

Advon:
"EoT® aIrelpootd wked tuiua tng edpdov, dy, amelpootd wkeol @otiov dg. Adyw ouotduoQ@o KATovE-
unuévou @oQtiov, wyvel A = Q/a = dq/dy = dq = Ady. To nAekTko medio dE AGY®D 0UTOU TOU GNUELOKOV
@otiov GTo cnuelo amdotacng x agtd Th GuUBOA Twv agdvwv gatveton To Xxnua 4.103f. Ocwpwvtog
w¢ Yetikég @opéc T cuufatikég, Ja efvan

d d
dE = k,24 =,

KOl Ol EMUEQOVS GUVIGTWGES

dE, = dE cos(6) (4.637)
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Y
y
a
a
0 Y T
i
o— T - IR
O| X —q
—q dE,  dE
(o) Zyripa Acknong 4.64. B) Avon Acknong 4.64.
dEy = —dE sin(6) (4.638)
ue
cos(@) =~ = — > (4.639)
ro a2+ y2 )
. y y
sin(@) = 2 = —=—— (4.640)
ro 2t y2
Apa
dqg xdq
dE, = dE cos(0) =k, o y \/m =k, (x2 n y2)3/2 (4.641)
d d
dE, = —dE sin(9) = el - g (4.642)

= —k
e

“ABpoltouue” Tn GUVELGPOQEAE GTO NAeKTEIKG Tiedio, oe KABe GUVIGTHOGCA Tov, aTtd KABe onuelokd @oETio dg
g edpdov, amd y =0 wg y = a.

_ xdg < xdgq 3 “ dy
B = f dEy = f Ty kefo ()2 ke”fo 2+ )2 (1643

_ydg f “ ydq f ¢ ydy
E, =k, | ———— = kA | ——=— 4.644
f f (x2 + y2)3/2 0 (XZ + y2)3/2 0 (xz + y2)3/2 ( )

KoL ATt T S0GUEVOL OAOKANQMOULOTO

1 y = a (0]
E.=k /le\” ———-dy = ke Ax———— = k.Ax =k (4.645)
P o (2 4 )32 e VX2 +y2ly=0 Tevidrad  xViltal
a y=a
y 1 01 1
Ey=—kd | —2 —dy=—kd|-—— || =k ZF(|F - — 4646
y ‘ ~[0 (x2 + y2)3/2 Y ‘ [ \x? +y2) y=0 ‘a (x Vx2 + a? ( )
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Haedderyua 4.65:

Yuveyltovtag tnv srponyovuevn AGKNGn,
(@) Asite 6TL OL X— KOL y— GUVIGTMOGES TG SUvaung TTov aokel n EAPSOG 6To onuelakd @oETio
Sivovtal wg

qgQ 1
F,=-k—— 4.647
x Vo ( )
Oq (1 1
F,=k—|- - —— 4.648
e\ V2t a2 ( )

B) Acelete 6L Qv x > @ ToTE

F,~ —ke% (4.649)
1. Qgqa
Fy~gke=5" (4.650)

Hint: Two thv y—guviotdoa, KAVTE ou®vula To KAGGUOTA, OITAOITONGTE TOV aQLOUNTA JTou
JTQOKVITTEL, KOL TOTE EKTEAEGTE TNV TTQOGEYYIGN X > a, OTIWS Tnv eidaue kKo GTIS SLAAEEELG.

Avon:

R
(@) Ioxvelr 6T F, = —qlf KOl 0VOLAVOVTOS GE GUVIGTWGES

> > Qq
F, = —qgE F, =—qgE, = —k — 4. 1
ex gLy = I'e, qrx exm (4.651)
o o Oq (1 1
F, = —qgE F, =—gE, =k,— |- - —— 4.652
ey qty = ey qL.y e a \x m ( )
@) Av x> a = x> + a® = x* ko to1¢E
Qg Qg
F,=-k,——— ~ —k,=— 4.653
T Nl R .
VO
F—qu(l ! )—qu ra—x_, 0 i (4.654)
v X VxZ 4 a2 ‘a xVZ+a ‘a x(x2 + a?) + x2 Va2 + a? '
1 Oga
zkquaﬁ :keﬁ (4655)

IHoedderyua 4.66:

Mo TAAGTIKA EAPRSOG pe yooutki @dépTion TTukveTnTaS A AUYICETAL GE TETOQTOKVKALO, OTTWS (-
tvetan oto Zynua 4.104(a). OfAovue va Beovue To nAekTEKO Ttedlo GTNV aQYN TwV AEdV®V.
(@) Tpdte TOQOOTAGELS YO TIS X KOL Y GUVIGTMOGES GTRV ARY TOV AEGVwV, Ol 0TIoleS opelAovToL
o€ W WkEn @épTion vTé yovio 6.
®) Todwte, xwElS vo TO VITOAOYIGETE, TO. OOELGTO OAOKANQEMOUATO TOV X KOl Y GUVIGTOCGOV TOU
NAEKTEWKOV TTediov GTny aQyn Twv agévmv.
() YmoAoyicte to oAokAngouata kot Beelte To Em VTG TNV LWORPN GUVIGTOGWOV.

Advon:
H apyf Tov GUGTALATOS GUVTETAYUEVKOV BEIGKETOL GTO KEVTQEO Tov KUKAOU. Xweltovue tnv pdBdo Ge apreTd
OTTELROOTA WKEA TUALOTO PAETIONG dg KAl Ue UAKOG TOLou ds, 6Ttwg 6To Xynua 4.104(3).
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(@)

®)

W)

(ec) (B y

Yynuo 4.104: IAactiki Avyicuévn pdfoog.

7 . z 7 7 7 = 7 z 7 7’
To turipa i Snuovgyel €va nAektokd Tedio E; gtnv agyn Tov agdveov ue 800 GUVIGTOGES

(E})x = E;cos6; (4.656)
(Ei)y = E;sin6; (4.657)
Hapatnpotue 611 n yovia 6; eaptdtar amé v déon Tov TwAnatog i. ‘OAQ TO TUALATO €X0UV

agréctacn r; = R agd tnv oyl twv agédvwv

1 dg 1 dgq
4dreg rl.z " Adneg R

E; = (4.658)

H mrukvoTnta Tng YROUWKAS @éeTiong tng edfRdou eivan A = Q/L, émwov L elvar To urikog tng edpdou
(L = R/2 wg 1eTOQTOKRVUKALO). AUTO WO ETITEETEL VO GYETIGOUUE TNV POQETIGN dg UE TO UWAKOGC TOEOU
ds uéow tng oxéong

Q) 20
da = ads = (£ ds = (25 ) a 4.659
ue As = RAG. O GUVIGTMOGES TOV NAEKTEIKOV TTedlOV GTRV OQXA TwV AEdV®V
1 d 1 2 1 2
(EDy = —— L cos6; = 20) Ravcos 6 = —— (22 ) dpcos o, (4.660)
4dreg R? 47'(80 R2 R 4dreg \R2
1 dq 1 20 1 (20
(Ed)y = R2 sin@; = Ireq %2 (nR)RdQ ing; = 4_(7rR2 d6 sin 6; (4.661)

Ot x, y OUVIGT®OGES TOU NAEKTEKOU Tediov yia oAdkAnEn tnv dBdo eivor To OAOKANQOUATO TNG
Jrponyovyevng gpoTnong agtd 6 = 0 rad éwg 6 = /2 rad. Aga

1 (2 /2

E.= 20 f cos 6d6 (4.662)
4Angg \nR% ) Jo
1 (2

E, = 20 f sin d6 (4.663)
4dneg \nR% ) Jo

EmAvouye ta oAokAnpouato

71'/2 . 7{/2 T
f sin 8d0 = — cos 6”0 =- (cos 3~ cos 0) =1 (4.664)
0
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/2 L .
f cos #df = —sin 9| =- (sm — —sin O) =1 (4.665)
0 0 2
YUVETIOC TO NAEKTEIKO Tredio elvan
o 20 » 4
E = —({+] 4.666
pr— @+ ( )

Ioedderyua 4.67":

Mo AeTttii QARS0g WAKOLG [ KAl OLOLOUOQMNGS KATOAVOUNS (poETiou avd pwovdda unkouvg A Beloketal
EMAVO GTO x—dgova, 6TTws gto Xynua 4.105.
(o) Aelgte 6TL TO nAekTEkd Tedlo GTO onuelo P, Ttov Peloketar e améctacn d agmd th Edfdo
KOTd UKo Tng kABeTng gubelag TTov dryotouel Tn EARS0 dev €xel X—GUVIGTOGA.
B) Acigte 611 TO nAekTEKO Tredio divetar amd tn oyéon

E= 21@@ (4.667)

) Aelete 6T o TESio wog edPdov attelipov UiKkovS LIGoUTAL Ue

2k
T d

E (4.668)

Adon:
(@) To nAexktEikd medio 6To onuelo P, Ady®w Tng GuVELGPOQAS £vég aTolxelov tng edpdov unkoug dx asto
To 8e&ld TUnUa Tng, elvon
k.d
JE = e q
x2 4+ d2

ue StevbBuvon KATd UAKOGS TG YEAUUNS TIou evivel To atolxelo dx ue to onueio P. To medio umopsl

y
P
\
\
—/\\
90 \
d A\
\
\
\
\
\
AY
- X
0]
€ € >

Xxnpo 4.105: Exrnua Acknong 4.67.

va avaludel 6e 6V0 GUVIGTWOGCES, Wa TTORAAMNAN GTov dgova y'y kal wo kGBetn otov y'y. H kdbetn
GUVIGTOGO €xel PoEd TEog Ta aplatepd. To nAektEikd medio gto onueio P, Adyw Tng GuVelGQOQEAS
TOU GUUUETQEIKOV TOU TTRONYOVUEVOU GTOLElOU Tng GRG0V WAKOUS dXx AJTO0 TO OQPLOTEQRD TUWAWA TG,
elvan

kedq
dE = ——
x2 +d?
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ue devbuvon KOTd WAKOS TNG YEAUUNS TTOU EVOVEL TO GUUUETQEIKG oTowyelo dx ue to onueio P. To
Ttebio ugrogel va avalubel ge Suo cuVIGTOGES, Ul TTAEdAANAN gtov dgova y'y kol uia kABetn Gtov
y'y. H kdBetn cuvictodoa €xel @opd 11pog Ta Segld.

Ou Svo kdbeteg GUVIGTWOGES €xouv aviiBetn @opd kot (Slo wéTEo, doa aAlnAoakvpdvovtal. OTdTe

Ef:defzo

B) Adyw Tng TOEATAV® TTARATAENGNG, TO NAEKTEKG Tedio Sivetor aTtd Tn oyéon

E=E, = dey = de cos(6)

d
Va2 + d?

Emiong, n yoouukn stukvotnta @optiov pag Siver ot

4mov
cos(f) =

dq = Adx
omdTe 2
dx 2k, A sin(6g)
E =2k, Ad =
‘ fo (X% + d2)3/2 d
ue
1/2
sin(6y) = /

\V(1/2)? + d?

) Av n pdpdog €xel Aarelpo Unkog, tote n yovio 6y wincideer g 90°, ko doa

%k,
T d

Ioeddeyua 4.68:

Tota duora onuelakd @oETia, kabéva LATAS m KEEWOVTAL OTTd TELA VALATA OTTws 6To Zxnua 4.106(a).
Av Ta uikn Tov vnpdtov aplotepd ko de€id eivan L, téte delEte 4Tl To poTio ¢ 1oovTal ue

E

(4.669)

_ |AL%mg sin*(6) tan()
1= 5k,

(@ ®

S/
o\
=i
S

A
\ Aot

o |
»

+q +q +q
-4tp--—-—-—-—-———- - ———————— + -- mg
m m m

Yynua 4.106: Xyriua Acknong 4.68.
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Avon:
Agite to Iynpa 4.106(B), émtov @afvetar to Sidypaupa duvduemv Tov ackovvial 6to de&l @opTtio, ue Tnv
Tdon Tou vALOTog va €xel avalubel oe cuvioTwoes. Oewpovue JeTIKES POQEES TIC ouuPaTikéS. ATtd Tov lo
véuo touv Newton Gtoug vo dgoves (Adym 1oopeoTiag), éxovue OTL

> Fy=0=T,=F, & Tcos(0) = mg T = —= (4.670)
cos(6)
Ko m
> Fi=0= F,=Tsin®) = & in(6) = mg tan(6) (4.671)
cos(6)
AGYy® tng (4.670). 'Ouwg av ry, rg Ol OTTOGTAGELS TOU TELTOV PoETiov amd Ta dAAa dvo,
2 2 2 2 2
k k 5k,
Fo=kL oL =4 __, "4 ___ T (4.672)
r ry  (Lsin(0))*  (2Lsin(6))*  4L? sin*(0)
Oxote
5keq® 4L2mg sin®(0) tan(6)
— . =—mgtan(d) & g = (4.673)
AL2sinZg) ¢ 1 5k,

IHoedderyua 4.69:

"Eva. agvntikd @opTtiguévo cmuatidio —g tomobeteiton 6To KEVIQO £vAC OUOLOUOQE@M (POQRTIGUEVOU
SaKRTUAM OV, 6TTOV 0 SAKTUAMOG €xel GUVOAIKG TeTikd @opTio O, dmtwg 6To Xxnua 4.107. To cwuatidio
urropel va kvnbel wévo emdvm GTov dgova Twv x. MeTakivolue To GOUATIOI0 wa aItécsTocn x eTdvem
oTov dfova (Ue x < a), Kal To apnvovue eAeBepo. AelEte 0Tl TO0 COUATISO TAAAVTOVETOL UE ATTAR
aQUOVIKN kivnon tng otoiag n guyvdtnto diveton wg

1 (k,0q\"?
f__( Qq)

= 4.674
21 \ ma3 ( )

Tynpo 4.107: Xyriua Acoknong 4.69.

Avon:
I'vwpltovue amd tn dewplio 6Tl TO NAeKTEWKO TTEd(0 Ge 0TTOLOdATTOTE Gnuelo Tou x—dgova Siveton agtd Tn
gyéon

k.Ox
E=E, = m (4.675)
H 8vvoaun stou aokeiton ge éva potio —g TTov PeiokeTon GTov dEova elvar
F, =—k.Qq (4.676)

(xz + a2)3/2
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KOL OTav X << @, N TTARAITAV® GYEon YeApeTaL

F,=- (L%)x (4.677)
a

Avti n ékgeacn glvol gtn woeen tov véuov tov Hooke, pe atabepd

_ kQq
a3

k (4.678)
Apa egreldn n dYvaun TTov ackeltal 6To @oETio elvar avtifetn Tng LETATOTTLIGAG TOV Kol TTEOGTIalel va To
emavapépsl otn Yéon 16oeeoTiag Tou, n kivnon tov @optiov elvar amAn aguoviki. I'vwpltovuye 6TL yia
€vav aTtAd 0QUOVIKS TOAAVT®TNR LGYVeL

k
w=2nf=+/— (4.679)
m
KoL 4o
1 Jk
o L JkQa (4.680)
2 N mad

Haedderyua 4.70:

Yto Zynua 4.108 BAETtete ma dratoun dvo @oeTcUEéveV QABdwv ateipov unkovg Tov Pelorovtal
KkGBeTa 6o YTl cag ko améyouv amdéotacn d petagd tous. Kabeud Srabétel yoauwkn wurvéTnta
@o@tiov A. XEnowoIromnate YyvooTd aTToTEAEGULOTO Kol BEElTe (o €kEEAGN VLo TO NAEKTEIKS TTEd(O
E e vypog y tou Beloketonr otn peGorABETO TNG YEOUUAS TTOU eviver TIS duo dRdouc.

@ — @

Dopuopévee pdfdol ameipow pikoug
mou eival k@Betec otn oeAiba

Sxnpo 4.108: Exrua Acknong 4.70.

Avon:
AT ta moagadelyuata tng dewplag, €xovue 6Tl To nAekTEKO Tedlo efantiog pog dselpov unkovs Edpdou

oc awdoTOcN a aTtd avTn Slvetal wg

21
E=k,— (4.681)
a

INa kdBe pdfdo,
21 42

Eoporeos = Eserd, = =
R e

"Ectw 61t T0 Stdvucua Eqgoreeq OXMATIZEL Yovia ¢ ue Tov ougévtio detikd nideova, evd 1o Egggg GXMULo-
TlCeL yovia ¢ pe Tov 0QLgovTlo avnTikd nutdgova. ATd n yewuetplio Touv oyinuatog, do eivar

(4.682)

2 d
WE+d /4 Ay? + d?

cos(¢) = (4.683)



414 Kegdhawo 4. Hhextpiopog

2
Sin(@) = ——— (4.684)
VA4y? + d?
ko da
Y 4/1 d 2 2y ird
Ea@w’csgd =k, ( 1+ ]) (4.685)
VA2 + 2\ 42 +d2 \J4y? + d?
- 42 d e 2y ?
ESS"g‘Ld = ke (_ I+ J] (4.686)
\/4y2 + d? \/4y2 + d? \/4y2 + d?
ITpocBétovtag ta duo Stavicuata €xovie AAANAOOKUQMGN TWV X—GUVIGTOGOV TOUC. Apa
= 164 >
E= ke—y J (4.687)
(4y* +d?)

IMogdderyua 4.71:

To Exnua 4.109(a) delyver wa Aemrtii dfdo unkovg L pe cuvolkd @oetio Q. H pdfdoc éxel ouot-
duopon JTUKRVOTRTO EOQETiOV A.
() Aelgre 6T éva tunpa dy ue @otio dg tng pdpdov Tov Beioketan ato anueio (0, P), Guvelcappst
GTo onuelo P nAektEkd Tedio

_ d - P -
dE = ky—pd AR SRR S (4.688)
I Vx2+92 a2+ 52

z 7 = 7
B) Beeite To guvolkd niektokd medio E Gto cnueio P.
) Egnynote T ouyfaiver av x > L. Q¢ TL GUUTTEQLYEQRETAL GE OQUTAV TNy Tiep{TiTwon n EApdog;

(a) (b)

¥ + + + + + + + F— =

+ + + + + 4 + t—"~

® U
[

|
>,

—

o

=

ynua 4.109: Popticuévn pdafdos Acknong 4.71.

Avon:

(@) Xweigouue tn EdPdo Ge TTOALG ATTEROGTA WKQEA TURUA @OQETIOV dg kol wikous dy. ‘Ectw éva tunuo
dy ue @ogtio dg tng pdfdou TTov PelokeTton ato cnueio (0, ), 6Tws ato Lynua 4.109(0b). H asdctacn
amé to onuelo P eivar (x% + $?)2. To niextoiké medio ToU GUVEIGQPEQEEL GTO Gnuelo P TO TaQOTTAvVK
@opTio dnwovyel ywvio 6 ue to 0pLLdvTIO dEovo Kal efval

dE = dE, + dE, (4.689)
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= dE,i+dE,] (4.690)
dq - 2
=k,—————(cos6i —sinfj 4.691
Ao
cosf = — (4.692)
VX2 + 9?2
sinf= —2 (4.693)
x2 + 2
n aQamdve oxéon divel
— d > P 2>
dE = ky—pd ( A G j] (4.694)
E+I a2 +92 a2+ 52

= Vé
B) To cvvoMkd nAexktowd Tedio E oto onuelo P astotedeiton amtd To Stavucuatikd dbdpolcuo Twv
ETMUEQOVS GUVELGPORDOV TV UKE®OV TUNULATOV @oETiov dg. Aedouévou 4Tl n yeouwki TTURVOTRTO
@optiov glvar A = Q/L, t61te dg = Ady. OhorAnpavovtas agtdé y = 0 wg ¥ = L, Ya elvon

L 5 A
2 xdy o ydy 2
o keﬂ(fo <x2+&2>3/2l_f0 (2 + 52772 o
K Q( b} Ly -1
= ko= |x i-
L 2 \Z132l0 [2 1 32

1 2 Q X -
kO Tk, = (1 - —)j (4.697)
xVx2 + L2 Lx Vx2 4+ 12

Ly 4.696
|7 (4.696)

) Av x> L, 16te 2+ L%~ %, ométe

ot Q) i (0 Q)
F=to ikl (1o 5] = (6 2) 4.698)

H pdB8og 1éTe GUUITEQLPERETAL WS GNUELAKSG POQETIO TTOV BEICKETAL GTNV AQYN TV AEdVwV!

Ioedderyua 4.72%:

Avo pn ayoyweg dfdor uikovug [ = 1.2 m n kabeptd Snutovgyovv 0pbn yovia, dmwg oo Zyrua 4.110.
H wa pdPSog @épel opotduoppa kataveunuévo @oetio O = 2.5 X 1076 C evd n dAn @épel emiong
ouoLdUoEPa Kataveunuévo @optio Qs = —2.5 x 1076 C. Xonowomouicte amoteAécuato amd Tig
SloAéEelc yio astavinoete gTa TAQOKAT® epwThuata. To cnuelo P Tou oynuatog Peloketol Ge
astéctoon d = 0.6 m azéd to uéco kdbe Eapdov.
(@) Beeite to puétpo ko tnv katevBuvon Tou nAektEikov Tediov Gto onuelo P mtov ogelletor wévo
otn 4pdo @optiov Q.
B) Beeite to puétpo ko tnv katevBuven Tou nAektEkov Tediov Gto onuelo P mtov ogelletar uévo
otn 4pdo @optiov Qs.
) ITowd eivar t0 GuvoAkd nAekTEkS Tedio Gto gnuelo P mov ogelAeTor kol GTig dvo EdBdovg;
Todwte To Ge TTOMKNA LOQEN.
(©) Av éva niekteévio (poptio —1.60 X 1079 C) apedel 6o onueio P, Toté da eivan To uéto Kat
n katevbuvon tng nAekTEkng dvvaung stov Jo Tov acknbel Adyw Twv Edfdwv;

Avon:
Agite to EZxnuwa 4.111. To cnuelo P tov agynuatog Beloketon ce amdctacn d = [/2 = 0.6 m agmd to uéco
KGO pdRdov. ‘Eotw Q = 2.5 x 107 C.
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ke—120m—

tt+ + + + + + + +)

1.20 m|~ ¢p

ynuo 4.110: Xyrua Ackncng 4.72.

(@) Tw tn Jetkn Edfdo, oreTTTOUEVOL/EG OTIWS GTO TaRAdEYUA TV SlaAéEewy, avayvweitovue OTL €xel
UdVo y—GUVIGTOGA, Ue POQRG TIROS T KAT®. AIrd Ta Jtagadeiyuata tov SIAEEEnV, TTROGAEUATOVTAS
TG uetaPAntég, malpvouue 0T

fe——i20 m:=— 2

S+ + + + + + + +)

A~ B
) - . P
1.20 m 1 B ¢ I
| B +B B,
Y 9

Sxrwa 4.111: Xyrua Acknong 4.72.

B, = By =k 7

————————] (4.699)
d~d? + (1/2)?

®B) T tnv apvnTiki AP0, okemTduevol/eg dTTWS 6To TraRddeyuo Twv Stadéfewy, ovayvweitovue GTL
€xel WGVO X—GUVIGTAOGO, UE POQRA TTEOS TA AQLoTeRd. AT Ta Taadelyuato Twv SlaAéEewy, TEOGAQ-
udgovtag Tic uetapAntég, malpvouue 4Tl

— Q 2
E_ =Ep, = -k,——= i (4.700)
P A B+ 122
) To cuvoMikd nAektEkd medio Ja elvar
7B - _ Q - 2
Ep=Ep + Ep, = —k (4.701)

“AE + )22 “

To uétpo Tou niektowov mediov Ya elvon

= 0 0
Epl = \JE2 +E2 = ky——o—— VP + 2 = V2hy——— (4.702)
g B A 172y A~Na + (1]2)?
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H ywvia wov oxnuotiter ue tov dgova x’'x divetar amd

3
0 = tan™! (—1) =g ot (4.703)

4 4

SnA. —135° n 225°.
(©) Av éva niekteévio (poptio —1.60x10710 C) apebel 6To onueio P, téTe n nAektown Suvaun do Stvetar
agtd tn oyéon

Fp=qEp= q(—ke—(h f)] (4.704)
dd? + (1/2)2
= —e (—keL(ﬂ f)) (4.705)
dd% + (1/2)?
- (&L(,ﬁ 7) (4.706)
dJd® + (1/2)?
ue uéto
2 Qe -14
|Fp| = V2ky———— =107 N (4.707)
d~d? + (1/2)2
ue yovia ¢ va divetar wg
1
=tan"'- =~ 4708
¢ = tan 1712 ( )

Haedderyua 4.73:

PGapdog opotduopea kataveunuévou @otiov Q kol UWAKOUS L pe yeauwwkhi TTukvétnta @otiov A
KAUTTTETOL GE LOEEPN NUIKUKALIOU STTwg 6To XxAua 4.112. XenooTtotngte 0Tl €vo WkEo TOL0 UNKOUG
ds dnyovpyel yovia db = ds/R, ue R tnv axtiva Tou nkukAiov.
(@) Aelgtre 611 Adyw Tov oxAuatog Tng EARSov, GTo KEVTEO TOU NUIKULKAIOU vTTdexel uévo n
X—GUVIGT®OGA TOU NAEKTEIKOV TTediov.
B) Acigte 6L évo twnua ds ue @oETio dg Tng EAPSOU GUVEIGEEREL GTO KEVTEO TOU NUKUKA{OU
nAekTEKo TEdSio uéteou

Q cos(6,)deo (4.709)

dEx = keﬁ

e r ré =1 ré
ue 6, tn yovio wov oxnuaticel to Sidvuoua dEy ue tov dgova x’x.
z z z z = z 7
(V) Boeite o GUVOAKS nAekTEIKO Tredio E, GTO KEVTEO TOU NULKUKALOUL.
() Extwncte 1o uéteo Tov nAektekov Tediov av L= 0.1 m kar Q = 30-1070 C.

Avon:

(@) Emedn kdbe tunuoa i tng edpdov vmd yovia 6 emdvo attd tov opledvtio dEova “taupdgel” ue éva
dAlo Ttunpa Ve ywvia 8 kAT aitd Tov oELOVTIO dEova, Ol y—GUVIGTHOGES TV NAEKTQIKOV TOUG
Jtedlov aAAndoovarpgovvtol. Avté cuufaivel yio 6Aa ta cevyn tunudtov TTov PelGKovVTol VITG Thv
(6o yovio emtdven kol KAT® agtd Tov opLgéviio dgova. Aa

E,=0 (4.710)

(B) Hopatnpncte é1L Ao ta TuAuata EdBdov aséyouv asdéotaon R atmd 1o kévipo. H cuveispopd
NAgkTEIKOV TTediov Yo éva Tunpo i @opTiov dg elvan

d
dE; = k, 2

72 (4.711)
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Xxnuo 4.112: @opticuévn pdfdoc Acknong 4.73.

H mrukvdtnto @oetiov eival yoouukn, SnA A = Q/L, omtdte yia éva Tuiuo edpdou aIrelpoctd wikeov
UAKOUG ds KAl OITELQOGTA UkEoL @oQtiov dg, eivar dg = Ads = %ds. To Sidvucua Tov nAekTEIKOV
Jtebiov yia To TunRpa i oxnuatitel yovia 6; ue Tov 0plidvtio dfova. AvTikoOIGTOVTAS, £(0UUE Yo TN
X—GUVIGTOGA OTL

dE, = dE;cos(6;) = ke% cos(0))ds 4.712)

‘Ouwg to Tunua i edapdov uikoug ds uitopel va yeagel wg ds = RdO;, kol €161 n Xx—GUVIGTOGA YRAPETOL
g

dE, = k Q cos(@ )RdB; —k 0 cos(H )d6; (4.713)

(V) ABpoitovtac OAEC TIC GUVELGEQOQES dEx aTtd kdbe TuAua QOLBE‘)OU ds 1o yovia db;, €xovue 6T

/2
2
de f cos(0 )db; = k,— 0 sin(6;) = ke—Q (4.714)
_n/2 LR 2 (LR
I'vwpitovue 6Tt R = L/m, omdte
2

= ko ”Q A.715)

KOl TO Sidvuouo auToU YEAMETOL WS

— 27TQ 2>
E=E, = (keF)z (4.716)
8) Me agztdMi ovTtikatdoTaon TTEOKVTITEL GTL

E =17-10° N/C A.717)

IHoedderyua 4.74:

Y10 Eynua 4.113, €xovue TEL0 KUKAMKA Toga ue To (8o kévipo, Ttov Jewpeltor To KEVTEO TOL GU-
oTuatog agévav pas. Kdbe 160 €xer opoiduopen katavoun @optiov 4, ue Q = 2.0 uC. Ou axtiveg
Toug Sivovton 6to oyxnua, ue R = 0.1 m. ITowd elvan 1o uétpo ko n katevBuven (yovia) Tng Guvigto-
uévng Tou nAekTEKOV Tediov GTn GUUBOAR TV AEdVEOV AOY® TWV QOQTIGUEVEOV TOLwV; AOVAEWTE
TUNUOTOTIOL®VTAS TO TOLA Ge Tunpata ds, @oQtiov dg To kabBéva, KAl VTTOAOYIGTE TO NAEKTEIKO
Tedio yio kabéva amrd autd, oAokAnEOVOVTag GTo TEAOS Yoo 6A0 1o Téfo. Emavaldfete yio kdbe
T6¢0.

Avon:
Agtte o Zynuo 4.114. To unkog kVkAov divetaw wg 2xr, ue r tnv aktiva tov. OL edpdol eivar ovolacTikd
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Y
190 =T 3R
/5/ ’\-‘g— 2]‘2
Ay
44 (’ )
'-'.I." ! 'J"\,’ .;:_' —= !‘E
I Vi
i |
[ I x
Yyfuo 4.113: Zyriua Aoknong 4.74.
) ‘Y |
+9(z R
-4Q o
o _)I\) p,
dq B !
+0 =+ R p o
dq\.._. R | |
/& dE, A )
| B X |
o . dEI | _‘
dE y dE dEy. :

xiuo 4.114: Avon Acknong 4.74.

TéEa TTOV ATTOTEAOUV TETOQTOKUKALO. AQa TO Utkedtepo TOLo €xel unkog Ly = (27R)/4 = nR/2, to pecaio
1680 €xel unkog Ly = (4nR)/4 = nR, kow 1o ueyaAltepo €xel unkog Lg = (67R)/4 = (37R)/2. To @optio
avd povdda unkovg givan A; = Q;/L; dmwov kdbe @ogtiov Q; divetar GTo GYAUA Kl T UWAKN TTou PERkaUE
TaEATIAve. Oa eivor

20

/11—/12—/13—/1—5

SnA. PAéTtoune GTL KABe EAPSOG €xel Tnv (Blo ypauuki TTUKVGTRTO PoQETiov. Ag Solue TS EAPdoUS Eexwol-

otd. To niektEkd Tedio 610 KéEVTEO da elval To Stavuouatikd ABEOLGUA TOV GUVIGTOGMOV T®V NAEKTOIKMOV

Tedlov amd kdbe edpdo. "Eotw n pwkedtepn TTeoTa, 6to XZxnua 4.114, apiotepd. "'EcTtw 0Itelpootd wiked

TuApa tng edfdov unkoug ds, eoptiov dg. Twa to TuhRpa avtd wyvel A = dg/ds = dq = Ads. To Tunua
aVTé GuVELGPEPEL NAEKTEIKO Tedio dE GTO KEVTEO T®V A&vmv, TTou SiveTal wg

(4.718)

dq dq Ads
dE = keﬁ = ke]? = ke? (4719)
AvaAovTog 08 GUVIGTOGCEG,
Ad
dE, = dE cos(6) = keR—; cos() (4.720)
Ad
dE, = dE sin(6) = keR—ZS sin(6) (4.721)
Kl €TTELON
ds = RdO (4.722)
Exouue
ARdO Ad6
dE, = ke? cos(f) = ke? cos(6) (4.723)
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Rd@ Ad6
dEy = ke———sin(0) = k, Tsin(@) (4.724)

OMOKANQE®OVOVTOCS Yo KAOE GUVIGTMOGA, TO NAEKTEWS Tedio yio OAn tn Edfdo Gtn GuUPOAL TV afdvev da

elvon
Ado 2 kA
E, = f dE, = f ke = cos(6) = ke]—e f cos(6)de = % (4.725)

f dE, f sm(@) f sin(6)do = —]%1 (4.726)

O1td1e TO NAEKTEKS TeSi0 6T GUUBOAML TV OEGVEVY €E alTlag Tng Wos EARdou (Wikedtepne) da elvar

E = Q(f 7= R G- 4.727)
Qv ONGUYOTIOMAGOVUE Th GXéan k. = (4mey) ™ kar tn Zyéon (4.718).
Emavaiaupdvoviag akoBads ta (Sia yia Tic duo emtdueves pARSOUGS, KATAMYOUUE GTIS GYEGELS

7y = 2n2—goRZ (=7+J) (4.728)
7 = %Z—goRz (?_ j) (4.729)

I 10 GUVOMKOG nAekTEIKS TTedio €€ artiog GAwv Twv TéEwv, TEoGHEToLVUE KATE GUVIGTOCEGS:
E"9% = Ey 4+ Eg, + E3, = _Q (4.730)

2n2€9R?

EO = By 4 By + Esy = 2772—80132 (4.731)

To pétpo Tov nAektEkoV Tediov GTn GUUPBOAR TV ALdvwy Ja elvan

2
2 2 2
Eoral = \/(E;m’) + (Erel)” = 4|2 —ZQ S| = ¥2 2Q 5= ¢ (4.732)
2n%eoR 2 meR V2n2e)R2

Avtikabiotodvtag Tig Tuég Pelorouvye 6TL
Eioa = 1.62 x 10° N/C (4.733)

eve n yovio tou dtavdeuatos Tou nAektEkoy mediov elvon

__9Q
0= tan_l( 2”;€°R2 ] =tan"!(~1) = —% (4.734)
2n2egR?

TOU GUUP®VEL UE TO OTTOTEAEGULO TTOV TTEOKVTTTEL YQAPIKA.

IHoedderyua 4.735™:

OewEnate Evav LakEU, OLOLOLOEMA QOQRTIGUEVO KUAVEQO akTivag R pe xweikn tukvétnto @optiov p.
Epopudate to vopo tou Gauss - emMAEETE KATAAANAN YKOOUGLAVA ETTLPAVELQ KOL EAEYETE TTOLEG ATTO
TIG TEGGEQRLS GUVONKES £PAQUOYAS TOU VOUoU LoYVouV - Kl Beeite To nAekTkd TTedio Ge agrdaTacn
r amd tov dfova Tov, ue r < R, 6Ttwg 6to Xynuo 4.115.
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Sxnwo 4.115: Exnua Acknong 4.75.

Avon:

Av p > 0, 1o Tedio TEéTel va €xel katevBuvon axTvikG TTEOS To £5w. EmAéyouue YROOVGLOVI ETTLOAVELD
OTWGS GTO GYNUA, Ue WAKOGS L kow artiva r, Tou TeQLEXETAL LEGA GTO POQTIGUEVO KUAMVEE0. O dykog tng elfvon
Vin = mrl kon mepuedeier @optio g, = prr’L. Aev vItdoyel NAEKTEIKNA Q0N GTO KUAWSEIKG “KaTTAKLO” TG
YKOOUGLOVIAG £TTLPAVELAG, 0TTOTE kavoTTolelTALl N guvBrikn (3) yia To véuo Tou Gauss. H mAevpikii emipdvela
TOU KUALVEQOU €xel To nAekTEWO Tiedio kABeTO Ge KABe TUAUO TNG eTLPAVELGS TNG KoL TTARAAANAO we TO
Sidvuoua dA €VOG AITELROGTA WIKEOU TUAULOTOS TNG TTAEVQRIKNG £TTLPAVELAS, OTIOTE IKAvoTTOolE{TOL N GUVOAKN
(2) yia To véuo tov Gauss. To niektoikd medio e gTabepn amdcTacn agmd Tov kKUASEo elvar GTabeQd,
oTt6Te kavoTioleiton n cuvlrikn (1) Tov véuov touv Gauss. H wAgvkn emipdveia £xel NAEKTEIKA QON

pr’rL

fﬁ-dA”:EfdA:E:E(zm)L: —Ee=F
€0 €0 26()

Ioedderyua 4.76:

Avo nAektpovia Belokovianr “deuéva” ce amdotacn 0.02 m upetagd toug. ‘Eva tpito nAegktpdvio
EEKIVA e OQYIKA TaYVTNTA Uy OTTO TO AITELQO KOL GTOUOTA AKQB®OS avAueGd Toug.

(@) ITéon elvor n nAEKTEIKA SUVOULKA EVEQYELOL TOU GUGTAUOTOS T®V dV0 QOQETiwV;

B) IIéon elvar n nAeKTEIKA SUVAUKA EVEQYELQL TOU GUGTAULATOS TOV TELOV PORTiwV;

) Idéon elvon n agykn toyvTnta Uy Tov TETOV PoETiov;

(4.735)

Avon:
(@) Tw to guaTnua TV dVo EOETIWV, N NAEKTEIKA Suvawkni Tov evégyelto da elvor

q192
e

1.6)% 10738
Uy =k _ .00 MO 107

5 102 =1152-107%6 J (4.736)
r2 :

B) TI'a to cYoTNUa TV TELOY EOoETIwV, N NAEKTEIKA Suvaukn Tov evégyela da elvar

U, = k, 9192 +k, 91493 +k, q2493 (4.737)
ri2 r3 rg3
1.6)2-10738 1.6)2-10738 1.6)2-10738
:sa-lof’Lw-logL+9-1o9L (4.738)
2.102 1-102 1-10-2
=5.76-107%J (4.739)

) To tpito @ogtio, eQyduevo aTtd To AIERO GTO gnuelo avdueaa GTa dvo aQykd QoETia, £lyxe KIVNTIKA
evépyeld Ko, AUTA n kivntikn evéQyelo UETOTEATINKE 0 NAEKTEIKA Suvouiki evépyela {on ue tn
SLaPoEd NAEKTEIKAG SUVOLLKAG EVEQYELOS UETOEY TV GUGTNUATOV TV TELWV KOl TOV V0 QOQTImV.
Apa amd tnv Apyn Atatngnong tng Evépyelag 6To aTtogoveouévo GUGTNUN TV TELOV @ORTIwV aTtd
To direlpo wg To onuelo avdueca gta dvo @oTia, xovue

AK =AU, & Koo —0 =AU, = U, — Uy, = 4.608-1072° J (4.740)
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1

5meu(% -0=4.608-10"% (4.741)
9.216

Ut = o 10° = ug = 318.06 m/s (4.742)

Hoedderyua 4.77:

Toua, NAEKTEOVIOL e BEIGKOVTOL GTIG KOQUPES LGGTTAEVEOV TEY®VOU, Ge attéatacn 1-107° m to kabéva
amré Ta dAa. ‘Evo TTemtévio p PeiGKETAL GTO KEVTEO TOv TEywvoy. Oswencte k. = 9 - 109 Nm?/C?
ko le| = |p| =1.6- 107 C. o4 eivauw n Suvauikn evégyela avtig tng ouddas @ogtinv;

Avon:
Agite o Zynua 4.116. XQelafduaote TIC ATTOGTAGELS OAOV TV AQVITIK®OV @oQTiwv amd 1o detikd poptio
+q, Sni. T TWES TV

14, 734, 724 (4.743)

ATt6 Tn yewuetpla Tou Zynuotog, £xouye

Yxnuwa 4.116: Aven Acknong 4.77.

5723 ro3
22 = c08(30°) = roq =

— = = 0577410 =y = 4.744
ro1 2 cos(30°) 14 = T (4.744)

O GUVELGEPOQEES GTN GUVOMKN Suvauki evépyela elvon

9-10° - (-1.6-10719) . (-1.6 - 10719)

Uiz = Uz = Uggz = 109 =2.304-10797 (4.745)
Uns = Ui = Uy = 9-10%-(-1.6-107) - (1.6 - 107) 3.99.10-9 (@746)
= P = s e 0.5774 - 100 T '

ABpoitovtag GAES TIC GUVELGPOQREGS, €xouUe

Ug=Up+ Uz + Usz + Uy + Ugg + U3y = =5.1-107° J (4.747)
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Haedderyua 4.78:

"Evag 8{oKkog €xel wo TeUIta gTtn Uéon Tov, OTIog KATTolo TToAld voulouata. "Ectw 4Tt n aktiva tng
TeUTaGC elval Rj, kol n aktiva tov diokov elvar R,,,. O 8lokog elval ouolduop@a @oQTLGUEVOS e
GUVOMKS @ogptio O, ue emipavelarn mukvdtnta @optiov o. Beelte wa €k@acn yio To NAEKTEIKO
duvoukd oe astéoTacn x aTtd To kEVTEO Tou Slokov, ue To onueio x va Beioketar TAvew ce dfova
Tou Samrepvd kdbeta To S{OKO GTO VONTd TOU KEVTEO - OTTWS OKEWPBMOS GTA TTAQASE(YUATO GTIC
SloAéges. Xwpliote 1o dioko oe dakTuliovg Tdyovg dr kol dewpnote 0TI kKOOEvas €xel akTiva r;
kol @oQtio dg. EmPefarddote 41l To atotédecud cag “Sovievel” cwaotd, détoviag Ry — 0. ITowd
YVOGTO GOG QITOTEAEGUO TTALQEVETE Ue AUVTO TO OQLO;

Avon:
O 8iokog €xel opuolduoEEn KATavoun @oetiov Gtny empdveld Tov, doa

o=QJA= S (4.748)

 n(R%, - R2)

Av @avtagTtovue To dioko va Beioketarl GTo emimedo yz ToTte To onueio P PplokeTtor gtov dgova x, £GTw Ge
astécToon x astd To onuelo avaeods. To duvaukd evég SakTuAiov @optiov dg, axktivag r;, Kl TAYXOUS

dr 9a givon 4
av =k, —24__ (4.749)
A /rlz + x2
"Ouwg dg = odA = 02nrdr, omdte
R,
out— rdr
V= f dV = 2nok f — (4.750)
‘ Rin \Y r2 + )C2
Ruut
= 2rkoo | Vr2 + 22| (4.751)
- 27rkeo'[ R2, + 32~ \[R + 2 4.752)
2ke—; Q 5 \/R?m, +x2 - \RZ + X2 (4.753)
R()ut - Rin
Av R;, — 0, té1¢e
2k
V=— Q [, IRZ, +x% - x (4.754)
ROMI

Tov efvar To (810 astoTéAecua ue To SUVAUIKG OUOLOUOE@O (POQETIGUEVOLU SiGkou Tou €xouue PEEl GTO
Taeddetypa tng dewelog.

Haedderyua 4.79:

"EGT® n ouowdpop@a @otiouévn pdpdog touv Iyxnuotog 4.117.
(@) YgtoAoyiote To nAekTEWKO duvaukd 6to onyeio P, ge amdaTacn x ad tn GuUPOAR TwV AEOV®V.
B) XenowoTomnaGTe TO AITOTEAEGUA OITO TO ITTEONYOUUEVO €QADTNUA Yo va BeelTte TO NAEKTQIKO
Ttedlo gto (dio onuelo.

Avon:
(@) “Koépouue” tn pdfdo o amelpootd wked tunpoto unkoug dx ue @otio dg. To tunuo dx; ot tuyaio
asmosTacn x; amd to onyeio avamoeds (0,0) cuvelspépel duvaukd dV wg
d Adx;
T -, = (4.755)

X — X X — X

av =k,
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Y
®optio O
Xi
L 2
—J+++++ +tF + +] —x
—L/2 L/2
X

Yynuo 4.117: Zyriua Acknong 4.79.

Suvolkd,
V= f dv = k,A I Zz xd_x"x = —ke% In(x - x;) f/:/Z - ke% In it—ig (4.756)
®) Emeidt
E.= —‘;—‘; Q T—(In(x + L/2) = In(x — L/2)) (4.757)
=~k % (x +1L/2 x —IL/Z) (1758)
= —k, gﬁ (4.759)
= keﬁQL/Z)? (4.760)

Ymobétovtag 61t Q > 0, elvan

2 Q 2>
E, = (ke—x2 — (L/Z)Z)l (4.761)

IHoedderyua 4.80:

To nAekTEKS Suvawkd V e wia TEQLOXA TOU XMQEOU TIEQLYQGMETOL WS
V(x,y,2) = A(x* - 3y* + 7%) (4.762)

ue A otabepd.
(o) Beeite To nAektokd Tedio E o kdbe onuelo AUTAG TNG TTEQLOXNG.
(®) To ¢pyo Tov TapdyeTon aTtéd To TS0 dTav £va anuelakd @optio 1.5 x 1078 C wkweitor amé to
onuefo (0,0,0.25) 6tn GLUPOAML Twv aE6vmv eivar 6 X 107° J. Bpeite tn ctafepd A.
(V) Beelte to nAektowd medio ato onueio (0,0, 0.25).

Avon:
(@) I'vwelitouue 6T
= 6 -2 6 -2 (9 -
E=-VV=—|=Vx,y,2i+=Vxy.2]+=V(xy2k (4.763)
Ox dy 0z
Apa
0
—Vi(x,y,2) = 2Ax (4.764)
ox

0
—V(x,y,2) = —6Ay (4.765)
ox
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0
—V(x,y,2) = 2Az (4.766)
Ox

KOU
E = —2Axi + 6Ay] — 2Azk (4.767)

() H xivnon touv @optiov yivetar udvo gtov dgova z’z. To €pyo tou medlov, we £cwTeQd €Qyo TOU
ouaThuatog {medlo, @oQTio}, 1IGOUTOL UE TNV OQVNTIKA UETABOAML GTNV NAEKTEIKA SUVOULKA £vEQyela
TOV GUGTAWATOG.

(0,0,0) .
Wriela = —AUe = —qAVa—p = (—q) (— f E- df) (4.768)
(0,0,1/4)

79=0 0
=q f Edz=q f —2Azdz = 6 x107° (4.769)

71=1/4 1/4

Apa
7 0 1
—2qAE =6x107° & —-2(1.5x107%4 (o - 5) =6x107° & A =640 V/m? (4.770)
1/4
) Oa elvon

E(0,0,1/4) =0+ 0 —2-640 - (1/4) = —=320 V/m 4.77)

INoedderyua 4.81:

‘Eva detikd @ogtio g elvan “Seuévo” oo onueio (x,y) = (0,0) rat €va agvntikd @optio —2¢q emiong
“Seuévo” ato onueio (x,y) = (a,0).

(@) Aeigte Tic Yéoelg TV QoeTiwv Ge éval AITTAd GYAua.

B) Beeite To nAektEkd duvaukd V e kdbe onuelo Tou dfova x'x wg GuVAQETNON TNG TETUNUEVIG
x. Awokpivete Ttelg TeQutdcels: x < 0, x > a, 0 < x < a. Bewpnote 4T T0 duvapkd eivon
undév ge dmelpn amdéctacn amd to @oetio.

) Xe mowd/a onuelo/o, TEQEAV TOU ATTELQOV, TO SuvaULKO elvoar undév;

©) Tv ovppaiver gTo gpwtnua B) av x > a; Efnynote.

Adon:
(@) O Yéoeg paivovtar gto Zynuo 4.118.

q —2q
| O, | O |
v (0,0) z (a,0)

Yxnuo 4.118: Exyrnua Acknong 4.81.

B) Awakeivouue teelg meQurTwoels: x <0, x > a, 0 < x < a.

o x <O
-2 +
Vem V4 Vigy = ke 4, 24— 40+ D) 4.772)
—-X a—x x(x —a)
e x>a:
-2 +
Ve= Vot Vogg = kL 1 k=24 =, 4+ 9) (4.773)
X xX—a x(x—a)
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e O<x<a

-9 3x —
Vi=Vy+Vigy = kI 4k, =24 =, 4B ) 4.774)
X a—x x(x—a)

) Avvouue kdbe gxéon agd Tig TTARATTAVE (0L Svo €xouv Tov {Sto apBunti):

x+a)=0 raw Bx—a)=0& x=-a kar x=a/3 4.775)

©) Av x> a = x+a = x 101¢

Ve~ kD= k4 (4.776)
X X

JTov elval n Gyéon nAEKTEIKOU SUVOULKOU GNUELOKOU POQETIOV —g.

Hoedderyua 4.82:

Yto Xynuo 4.119 PA€mete To nAKTEIKG SUVAUKO GUVAQTAGEL TOU X KAl TOU ¥ yia €va emi{medo xy.
"Eva nAektpovio tomobeteitar e avtd to emimedo (oyver Vi = 500 V gto oynua).

(@) Tn X— KOl TNV Y— GUVIGTOGO TOU NAEKTQEIKOV TTediov GTo emtimedo xy

B) Tn StovuGUaTIKA LOEEN TNG NAEKTQELKAG dUvoung F ¢ TLOU OOKE(TOL GTO NAEKTEAOVIO

02"

;‘i- 0 T T
i / 04

x (m) ¥y (m)

V(V)
=]

Sxtpo 4.119: Exrnua Acknong 4.82.

Advon:
(@) To niAekTEikd Tedio (KATA GUVIGTOGES) €lval N OQVATIKA TTAQAYOYOS TOU SUVAULKOY ®S TTROS Thv
aVT{GTOL(N GUVIGTOGO. LTV TEQITITOON HaG, Ol TOQAYWYOL WIToEoUV va feefolv amd To Iynua ;; g
ol kAloelg Twv gubetwv. Aga ya ta onpeia (xg, y1) = (0, Vi), (x2,y2) = (0.2,0) €xouvue
Y2 =01 500 -0

0
E,.=—V(x,y) =- = = 2500 N/C 4.777
o Ox (*.) X9 — X1 0-0.2 / ( )

row yio Tao enyeia (0, —Vy), (0.3,0) €xouvue aviictoyyo

E, = —(%V(x, y) = —z z :z 1 _ —_3(100;0 = ~1000 N/C (4.778)
B) H 8Yvaun Tov ackeltor 6to nAektedvio divetor amd tn oxéon
F = gE = —¢E = (25007 — 1000) (4.779)
apov . B R
E=E,+E,j (4.780)

KOTAALYOUUE GTO

-

F, = -1.6-107(25007 — 1000) = (-4 - 107% N)i + (1.6 - 1076 N)} (4.781)
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IHaedderyua 4.83:

Mo @dpdog ue ogorduopen katavoun @oetiov A @aivetar oto Iynua 4.120. Beeite wia ékppacn yio

1
TO NAEKTEWKO Suvaukod 6to onueio P. Alvetar 6T ﬁdx =In(x + Vx% + a?).
X*+a

- | S—
<O >le—ro [ —>
o

Sxrwa 4.120: Xyrnua Acknong 4.83.

Avon:
"Evo agtelpootd wiked tunua edpdou unkous dx kol @oQtiov dg cuveloeépel Suvoukd

dq Adx
dVv =k,— = k,——— 4.782
T e
YUVOAMKA,
L+a
dx
V= de =k.A —_— (4.783)
‘ a Va2 + b?
9 9 L+a
= k,A1n [u) (4.784)
b2
a
+ L+ +/(a+L)*+b?
— kA1 |& @+b l (4.785)
a+ Va? + b?
apov

dx I x+ Va? + x2 (4.786)
Va2 2 a .

Ioedderyua 4.84™:

Mo Alyo StoupoeTiki katdaTacn amd tny wponyovuevn galvetar gto Zxnua 4.121. Mia opoliduopea
@ogQTiouévn dfdog unkoug I keftor emdve otov x-dgova. To cuvoMkd Tng @ogtio eivar O, kol n
yoouwkn stukvoTnta goptiov efvar A. Bpelte to nAektoikd duvauitkd cto cnueio P.
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Yynua 4.121: Xyrnua Acknong 4.84.

Avon:
To duvaukd oto onueio P elvan Jetikd, Adyw Tov 6TL kdABe WkEO TUnwo EAPRdov el Jetikd @ogTio.
ITpocéete 611 €edd dev vTdEYeL kATOWOL eldoug cuuueTEla, AAAd N aTtAn yewuetpia Tov TTEOPARUATOC Do
uag ponbnoel. ‘Eotw €va tuyalo, agtelpootd wuiked tunua dx. To Suvaukd oto onueio P €€ artiog autov
TOU TURUOTOC elva

dq Adx
dV =k,— = ky——— (4.787)
r Va2 + 12

To cuvoAwkd duvoukd Sivetow av abpoicovue (OAOKANQEOGOUUE) TO SUVOUIKSG OAOV TOV WKQEOV TUNLAT®OV
dx, amd 0 wg I. Apa

] [
Adx 0

V:de:fk—:k—ln x+ Va2 + 22 (4.788)

o N2+ 1 ( ) 0

10 otolo Siver teMkd
I+ Va? + I2
V= ke% In (L) (4.789)
a

Iaedderyua 4.85:

Y10 Zynpa 4.122, éva @optio 200 pC Peioketaw oto cnuelo A, evd éva dAAo @optio —100 pC
Boloketow GTo onueio B.

(@) Bpeite to Suvaukd ota onueia C katl D.

B) II6co €pyo meémer va apoaybel wate va uetapepdel éva @optio 500 uC amd to cnueio C Gto

onueto D;
+ 200 pC D C - 100 pC
A B
* 20 cm i 60 cm l 20 cm l

Yynua 4.122: Yyriua Acknong 4.85.
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Avon:
(@) Oa eivar
qi 9. (2-10710 1.1071°
Ve=ky Z==(9-10 - = -2.25V 4.790
c=k), o )( 0.8 0.2 (4790
Emiong
qi o (2-10710 1.10710
Vp=k ) = =(9-10 - =+7.88 V 4.791
P Zrl- ( )( 0.2 0.8 @470

() Belorkovue 611 vdoyel dvodog duvaukov amd to C Ggto D rou eivar
Vp—Vc =788-(-225) V=1013 V (4.792)
Apa. To £QY0 TTOV OITTOLTELTOL VIO TR UETAPORA TOU @oQTiov glval

W=AVg=1013-5-107* = 5.1 mJ (4.793)

IHoedderyua 4.86:

H @ulocopia “TtpdTa To WKEd KL VGTEQA TO OA0V” TToU e@apuiécaue Gtn dewpelio toyvel yevikdTeQ:
dvo oupolduopea @oTicuéves EdBdoL ue @ogtio O kal unkog 2a n kabeutd Pelokovror gtov dfova
x 6mwg oo Xxnua 4.123. H amdéctacn b petagd tov KEVIQwV Toug elval ueyoAdtepn Tov URKOUg
Tovg, OnA. b > 2a.
(@) Aelgre 611 n apiatepn EdPdog Snutovpyel nlektEkd medlo oe amdotacn d amd to de&l ng
4kQo ue UéTEo

0
E=k———— 4.794
‘d(2a + d) as
Xonowomonagte £towa agtoteAécuata atd tn dewplo cog.
B) Aelgte 6T ywa éva tunpa unkovg dx tng degldg pdfdov, to @oetio Tou Sivetal wg
dq = gdx (4.795)
2a

) Aelgte 611 n niektekn SYvaun dF TToU ackelTow GTO TURUO WAKOLS dx Tng SeELds edpdov Adyw
TOU NAEKTEKOV TIeSiov Tng 0LaTEERS EAPSoV €xel UETEO WS

0 0
dF = ke—————d 4.796
“d@a+d)2a" S
&) YmoAoyicTte TO OAOKANQWULO
F= f dF (4.797)

TO 0TI0{0 OVGLAGTIKG aBEO(TEL GAeC TIG NAEKTEIKES SUVAUELS TTOU AGKOUVTOL GTO OITIELROCTA
wkEd tuiRpota tng Seglds pdpdou €f artloc tng apuotepng edpdov. XenooToate To

fx" dx 1. (c+x
a2
o X(x+o0) c X

1

X2

(4.798)

X1

Avon:
(@) A6 10 TEDTO TTaEASeyua Tng StdAeEnc TeEl NAEKTOIKOV TTESIMV KATAVOUNS @oQTiov €xouue 4Tl

_ Q
E—@ﬂ%+m (4.799)
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< b

Y

B —— —_—x
—a a h—a b+ a

Yynua 4.123: Dopticuéves pdfdor Acknong 4.86.

(B) 'Eotw tunpa dx tng Seglds pdpdouv ue @ogptio dg. H dfdoc elvar opotduopea @opTicuévi, omrote

d .
= % = ﬁ. Avvovtag wg meog dg:

dg = gdx (4.800)
2a

() H nAektoikn Svvaun dF tou acKkelTal 6TO TURLO WAKOUGS dx Tng de€idc edpdou AGyw Tou NAEKTELKOV
Ttediov Tng 0QLeTERRS PAPSOL €xel UETEO WG

dF = dgE = k, d(idf =k d(2aQ+ 3 %a’x (4.801)
©") Ymoloyitouue To oAOKARQWUA
F = f dF (4.802)
0g
2 b
F= f ked(TQer)%dx - kzg fb B x(xa-’l—XZa) (4.803)
2 2 2 2
N kziaQ? G 253(;; +2a) kzic% In (52 f i2) S80S
UE YENGMN TOU OAOKANQMOUATOS
f:z x(j-)ic- c) :_gln(c-;x) xz (4.805)

X1

Ioedderyua 4.87:

1o Iyhnua 4.124 BAémete Svo @optia ¢ = 2.0 X 1078 C Seuéva oe amdéotaon d = 0.02 m uetasy Toug.
(@) Me V =0 oto daelo, mwotd elvar to nAekTokd Suvaukd cto cnueio C;
B) Dépvete éva Toito @ooTio g = 2.0 x 1078 C amd 1o dmelpo 6to conueio C. IIéGo épyo TEéTeL
VO TIOQAEETE;
) Iowd eivar n nAektEki duvoki evégyeid U, TOU GUGTALOTOS T®V TELOV (POETIKV GTOV TO
Teito @optio Peloketan 6to cnuelo C;
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C
1/2
q q

Xxnuo 4.124: Xyriua Acoknong 4.87.

Avon:
(@) Ta @ogtia elvan (oo kar €xouv Tnv (Sta astdotacn aitd to onueio C. H amdotacn elvan

r= \(d/2)? + (d]2)? % (4.806)

To Suvauikd 6to cnuelo avtd elvon

2 2q V2
Ve=k L 11,2 = 1,24 = keq—\/— = 2545-10° V (4.807)
r r r d
B) Otav eépvouue éva @otio otn déon avti agtd To AIelQo, N NAEKTEIKA SUVOUKA EVEQYELO UETAPAA-
Aetow agtd undév oe gVe. Apa

W=¢qVe=2-10°.254-10° =5.08 J (4.808)

(V) H niexktokn duvoukn evégyeia do wpémel va elvarl 1o dBpoloua Tng NAEKTEIKAG SUVAULKAG EVEQYELOS
yia 6Aa o gevyn @oQtinv, dna.
2 2 2 2 2
Ue=kel + kL vk, L =2, L + 1, L =688 (4.809)
r r d r d

Ioedderyua 4.88:

Avo copatidia, ye @optia 20 nC koar —20 nC Pelokovior gtabepd Tomobetnuéva Ge onueio ue
ovvietayuéves (0,4) cm ko (0,—4) cm, éTtws gto Zynua 4.125. ‘Eva copatidio ue @ogtio 10 nC
BolokeTaw gTabepd ToTTOBETNUEVO GTNV QPR TV OEGVOV.
(@) Bpelte tnv nAekTEIKA SUVOWKA EVEQYELQL TNG SLATOENG TOU GUGTARATOS TOV TELWV PORTIMV.
(@) "Eva tétapto couatidio ue udca 2 - 10713 kg kar @optio 40 nC, agrivetonr aré déon nepuiog
oto onueio (3,0) cm. Bpelte tnv toydtnTtd Tou apov £xel petakivnbel eAebepa o TTAQEO TOAD
ueydiAn amdéaTacn agd To GUGTRUA TOV TELWV POETIMV.

Advon:
(@) Xe amoéctacn 4 cm, o @oETio Twv 20 nC Snwovgyel duvauikd

Vi = ke% =45 kV (4.810)
INa va tomoBetngouye to @oetio Twv 10 nC, meémel va eigdyovue evégyela 6To giagTnua {on ue
Ug =qVi=45-107 ] (4.811)
"Egterta, yia va @épouue to @optio twv —20 nC, astawteiton evégyela {on ue

U23 + U13 = q3V2 + CI3V1 = CI3(V2 + Vl) =-9. 10_5 J (4.812)
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20.0 nC &

4.00 cm

0.0 nC 3.00 ¢ 40.0 nC
10.0 nC B 3.00 cm .

4.00 cm

-20.0 nC"&

Sxnpo 4.125: Xyriua Acknong 4.88.

H cuvolkn evépyela Twv Touwv @oeTimv elval

Upg + Uss + Uz = —4.5-107° J (4.813)

B) Ta Tt gTabepd @ogtia SnutovEyolv duvaukd GTo onuelo ITOV APAVETAL TO TETOQTO POoQTio, (GO ue
20-1079 Lo 10  20-107°

V0.042+0.032 003 +0.042 +0.032

H cuvoMki evéQyelo. TOU GUGTAUATOS TOV TEGGAE®WY @OQTIwV SlatnEeltal 6Go TO TETAQRTO POQETIO
@evyel uakeld. Apa

V=V1+V2+V3=ke( =3-10° Vv (4.814)

E- =0 (4.815)
Eprech = Elech (4.816)
1 2 1 2
Emui +qV;= Emuf +4qVy (4.817)
1
0+ (40 -107%)(3-10%) = 52" 10755 + 0 (4.818)
up = 3.46 - 10* m/s (4.819)

Hoedderyua 4.89:

Y10 IZxnua 4.126 BAéTiete éva gvaTnua oTté TUKVETES. Mia Stopoed duvaukot ion ye 25 V epap-
uogetTon LeTagy tTwv onueiwv ab.

(@) Mowd efvarl n 1Godvvaun ywENTIKGTNTO TOU GUGTALATOS;

B) Iéco @optio agtobnkedeTon Ge AVTO TO GUGTNUAL

) IIéco @optio amobnkevel 0 TURVOTAGC Twv 6.5 nF;

©) IIéon etvor n drapoed duvautkol GTo dkEO TOU TUKVETA TV 7.5 nF;

Avdon.
‘Exovue 611 AV, = 25 V. Aelte to Zxnupa 4.127.
(@) Ou Tpelg Gelplakol TTURVOTES €X0UV 1GodUvaun YmENTIKOTNTO

L 1+ L +1 — C 90 F (4.820)
= — —_ _— =—n .
Ciq 10 30 18 S 7
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7.5nF

18.0 nF 30.0 nF 10.0 nF

A

6.5 nF

Sxnuo 4.126: IMukvwtés Acknong 4.89.

7.5nF 7.5nF
18.0 nF 30.0 nF 10.0 nF Cseq Ceq
aw | ] eh ae b e | eb
[ [ 1l
6.5 nF 6.5 nF

Xxnuo 4.127: Avaivon stukvotov Acknong 4.89.

Ot Tpelg TORAAANAOL TTUKVAOTES TIOU GYNULATiCoVTOL £X0UV 1GOdUVAUN XWENTIKOTNTO

90
Cog = C1+ C3pq +C3 = ﬁ +7.5+6.5=19.294 nF (4.821)

B) To cuvolikd @ogtio Ya elvor
Qror = CegAVyp = 482.35 nC (4.822)

) O ;mukveTAc Twv 6.5 nF el ata dkea Tou Stapoed Suvautkoy ton ue AV, Aga
Qs = C3AV,, =162.5 nC (4.823)
©) O mukvetig Twv 7.5 nF §éyetanl ki avtdg gTa drea Tou Sapoed duvauikov ton ue AV, Apa

AV =25V (4.824)

IMaedderyua 4.90:

INa to kikAwua Touv Eynuatog 4.128, feelte To pevua TwoU drapeéel kAbe aviioTdtn, KABMS KL TN
Srapopd duvoukot ota drkEo KaBevég aItd avTovg.

Avon:
Yto Zynua 4.129, BAémete TS agtAoTotelTal To S0GUEVO KUKRAMULO XQENGLLOTTOLOVTOS TIS GXEGELS AITTAOITO-
{nong tov avtiotdoewv e GelRd ko e TTaaAAnA{a. "Exovtog KATaAEEL 6 €va aITAOTIONUEVO KUKAMWLO
wag weodvvaung avtictacng, Ja kwwnbovue aviicTooea yia va Beolue OAa ta ¢ntovueva. XuvOETovtag
favd o 0QYKG KUKA®UO Prgo-friud, TIROGEXOUVUE Ol OVTIOTATES GE GelRd va €xouv To (Blo Eevua KoL oL
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Yxnuo 4.128: Xyripa Acknong 4.90.

240 240
AN A
30 50 80
—AWWM—AA—] AN
=2

VT VT VT T
30 30
AW MM

Yynuo 4.129: Xyriua Acoknong 4.90- Astdogroinon.

OVTIoTATES Ge TTORAAANAla va €xouv tnv (Gia Stapopd duvaulkov.

12VT

340

AN

v

AT6 10 TEOTO KUKAWUA Gto Exnua 4.130 ko tov 20 kavéva tov Kirchhoff yio @opd peduatog amd
Tnv tnyn 12 'V gtny whyn 3 'V, €xouvue

12-3
ZAV:O<=>12—1R1—3—1R2:0<=>1:6+3:1A (4.825)
Apa to pevua oto Exnua 4.130 da efvon 1 A. Xtn cuvéyeia
114 A 1/4 A i
— —
AV AWV )
61 6V 24006V 40,6V 4 () =Has
WW 34 A S
E— i —
1A > AW > = AN—
80,6V 30 50, 50,
15/4 V f
e e — — —— — — 12 n B \‘—_—
T12V IV T =12V VT TV VT VT /48 A VT
3(,3v 30,3V 30,3V 30,3V
AN A AN MM
— — — -—
1A 1A 1A 1A
Synua 4.130: Xyriua Aoknong 4.90- XUvOeon Tov apylkol KUKAOUATOG.
AVg=1IRy =3V (4.826)

Ko

AVeey =6V

(4.827)
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Y10 8eUTeQ0 KUKA®UA, 0 1GOSVVALOS OVTIOTATNG TV 6 Q ovTikabiGTATOL ATTG TOUS 0QYIKOUS Twv 24 kot 8
Q oe woarinAia. O1 §uvo avtioTdreg TEETEL va £xouv Tnv (Sla Stapoed duvaukol AV =6 V. Apa

6 3
Igeq = g = 4_1 A (4828)
KOl
Iy=2 =1 (4.829)
79471 ‘

Y70 110 KUKA®UO, 0 AvTIGTATNG TV 8 Q aviikabioTaTon agtd Toug aQyKovUs Twv 3 Kal 5 Q 6 6elRd, dea
ot Svo avTIoTATES TIEETTEL vaL €xouv To (810 pevua, SnA.

3 9
AVgeq = 13 = 4_1 A% (4.830)

KO 5 5
AVs=-5=—V 4.831
5=7 1 ( )

Y10 T€TAETO KUKA®UA, 0 avTiotding Tov 3 Q avukabigTator amd Toug duo aviigtdtes Twv 4 Q kot 12 Q
oe Trapaliniio, omdte Ja £xouv tnv (Sia Sapoed duvauikov. Aga

2 9
L=%2=2A 4.832
T ERET (4.832)
KOlL
2 9
J A 4.833
27197 18 ( )

O mivakog TTov guvowitel ta evpnuata eaiveton gto Xynua 4.131.

Avtictoon Awgopad Avvopikov Pevpa
24 Q 6 1/4
3Q 3 |
5Q 15/4 3/4
4 Q 9/4 9/16
12 Q 9/4 9/48

ynua 4.131: ITivaxkac Acknong 4.90.

Ioedderyua 4.91:

Y10 Zxnpa 4.132, yvweitete 011 Ry = 100 Q, Ry = 50 Q, R3 = 50 Q, Ry =75 Q, kou n uwatapio €xel
HEA £ = 6 V. Bpelte 6Aa To ¢ntovueva QeUUato GTo KUKA®MUA Ue xenon Tov kavoveov tov Kirchhoff.

Avon:
"Exouvue tplon pevuota, dpa déAovue TEELS €EL0NGELS. XTOUS KOUBOUS n ekpivnon de uag diver Eexwolatd
pevpata BnA. otoug kOuPoug da Tdpovue TAVTOTNTES Kal OYl €S1000ELS), dea Ta YEeTToVUE TEELS
eElomaelg ue Pdon Tov kavéva Beoyov. ETov aQlatepd PEoxo, drateéxovids Tov degldatpopa, da €xovue

ge— IR — (I - I))Re = 0 &< 6 — 100/; — 501; + 503 = 0 &< —1501; + 501 = —6 (4.834)
Y1ov Thve SeELd Beoyo, Sateéxovtds Tov defidatpopal, da éxovue

(11 - 12)R2 - (12 - 13)R4 =0 = 5011 - 50]2 - 7512 + 75]3 =0 5011 - 12512 + 7513 =0 (4835)
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Xxnuo 4.132: Xyripa Aoknong 4.91.

KOL GTOV KAT® 881 Pfedyo, Sateéyxovtds tov Setdatpopa, da éxovue
(Ig — I3)Ry — I3R3 = 0 & 751y, — 7515 — 5013 = 0 < 751, — 12515 = 0

Avvovtac To GUGTNUO KOATOAMYOUUE GTIS TULES

24 3 9
L=—7AL=—A5=—7A
475 95 475

(4.836)

(4.837)

IHoedderyua 4.92:

Y10 Zynua 4.133 PAETIETE SUO KUKADOUOTO OVTIGTAGEWV.

5.00 Q 8.00
AW MAA
b /i 24.0V o £ =k
—— —_ :
= AW
12.00 | .80 I; 100 900 3.000 2.00 O
—
X —L
(a) 10.00 Q (b)

Yxnuo 4.133: KukAdduata Acknong 4.92.

VIT0OEGELS YLa TO, EQEVUATO T®WV OVTIGTAT®OV TToU dev €xouv onuelmbel.

onuelmoel.

g 7.00 Q

(@) XEt0 kUkAwua (a), vrtoAoyicte Ta evuota I, Iz, I3 6Tt eaivoviar gto oxiua. Kdvete evloyeg

®) X2to kVrAwua (b), oéon meémer va efvow n HEA & €161 dGTe 1o pevua Twou Tiepvd amd Tov
avtiotdtn tev 7.0 Q va eivar 1.80 A; Oswpriote 1t kdBe stnyn HEA éyel aueAntéa ecwte-
own aviiotaon. Kdvete evAoyeg LVTTOBEGELS Yol TOL QEVUOTO TV OVTIGTOT®OV TTOU Sev €xouv

Avon:

Epopudtouue 10 20 kavéva tov Kirchhoff ce kAelotovg Bedyovs. Miropovue va BdAlovue TToQATTEAVE®
pevuata ar’'éca eaivovror aAld uiropovue va Avcovue kol évo pe avtd. Aeite To KUKADOUATO TOU Xynuo-

106 4.134.
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5.00 Q2 8.00 Q)
AWV MAA
sz‘l'a ) 1 1"i+13 4 tJ_
Tty Me—== revy 2R | B2 24.0V £
W AA—] lg 7.00 O
1200 100 1 100 900 s00f, Lo | 2200 1
— Z -
\Y N % I
(a) 10.00 ) (b)
yxnuo 4.134: Avddvon kvkdwudtov Ackneng 4.92.
(@) Xtov ave Segd Bdyo, aQLGTEQROGTROMAL:
- +9-8(1+13)=0 (4.838)
Y1ov kAT PEdxo, deLidaTRoPa:
-l +12-10I3-9+ =0 (4.839)
Y1ov dvew auatepd Pedxo, deLidaTpoma:
Sy —13)—1+12=0 (4.840)
Avvovtag To GUGTNUO KOTAALYOUUE GTO
I; =0.848 A (4.841)
I, =2142 A (4.842)
I3 =0.1706 A (4.843)
B) Ztov £EmTepkd PEOXO TOU KUKAMUATOS, SEEL0GTROMA:
-3lb+24-71=0=1,=38 A (4.844)
Apa Is — 1 =3.8-1.8=2.0 A. Ztov aplotepd Pedyo, deEldaTpo@a
-3:38+24-6-4=0=¢=86YV (4.845)

IHoedderyua 4.93:

To kUkAwua Tov Exfuatos 4.135 €xer otabepd pevuata. Beeite ta [, ue j =1,2,3,4,5, kabdg ki
TO POQETIO TOV TTUKRVWOTA.

Avon:
O mrukveTAg elvar TANEWS @oTiowévog, dpa I5 = 0. O 20¢ kavévag tou Kirchhoff yia 1o fedyo acba diver

8+4h =0 05L=2A (4.846)
O 20¢ kavovag tov Kirchhoff yio to Bedyo adeca diver
-3[-9+8=01=-033 A (4.847)
O log kavévag tov Kirchhoff gtov kéufo ¢ pag Siver

L+I+1 =13 I3=167 A (4848)
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d I a
| | = | ]
20Q
T
40Q
3.0Q 15\ f
5.0 %g i
Ou 3
%
%0V I 7.0V
N L =

xnuo 4.135: Xyriua Acknong 4.93.

Kal 0 (8106 kavovag GTov kéuPo a Sivel

Ii=I4+1), <~ I1,=-033 A

(4.849)

Ta va Beoviue TO @OQETIO TOL TTUKVMTNA, YEEWLOUOOTE Tn Slopoed duvauikol ata dkea Tov. Epopudtovtag

70 20 kavéva tov Kirchhoff gto Bpdyo dfgced €xouvue
—2I5 + AV —=T+9+31 =0 AVpe =-1V

‘000 TO POPTIO TOU TTURVWTA eival
0 =C|AVs| =5 uC

(4.850)

(4.831)

Ioedderyua 4.94:

TOU Vo TO dLogtepdoel TTAMQWG).

"Evo. austepduetpo (ammeter) LeTEd Tnv £vTaon TOU NAEKTEIKOU QEVUATOS TTOU TO SLagiepvd, eved €va
BoAtoueto (voltmeter) ueted tnv tdon (Bropoed Suvauikoy) srov vITdEXEL 6To dkea Tov. T To
NAEKTOEIKO KUKAwUO Tou Xxfiuatog 4.136, Beeite Tic evdelEels Tov aurepdueTEov Kot ToU BOATOUETQOV.
YmoB£ate 6Tl 01 GUOKEVES OWTEG efval WBavikES (TO BOATOUETEO €xel datelpn ovticTaon, deo Sev To
Srappeéel kaBoAov evUa, EVE TO OUTTEQOUETEO UNSEVIKI avticgTacn, dea apnvel To Eevua Touv KAGASoL

120V d
e
. Hre— A\
LS 5.0 ©
3 \%‘
Al 209 a
By 20 V

A ;

8.0V 7.0 Q

:

Yynua 4.136: HAexTpiko kUkAwua Acknong 4.94.
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Avon:
Epapuodgouue to 20 kavéva tov Kirchhoff gto Bedyo cdefc:

- +12-8-7 =0 3L+7l, =4 (4.852)

‘Ouola yuo to Bedxo cdeac:
=S5 +12+ 213+ 20 =0 < 5 — 2I3 = 32 (4.853)

Ytov kOupo e 1oxvel o log kavévag Tov Kirchhoff, SnA.

L+1s=1D (4.854)
AvTikaOIGTOVTAG ThY TORATTAvVK Gyéon atn gxéon (4.852) éyouvue
4121

Sh+7h+7l3=4=—= I3 = 7 (4.855)

KoL avTikaOoTovTos atn oxéon (4.853), malgvouye
4 -121

S —2 =32=64=39A (4.856)
Ttov efvar kal n évdelgn tov austepdueteov. Katd cuvémewa, Iy = —2.2 A. T va Beovue tnv €vdetgn tou
BoAtoueTtov, dni. to Vyp, yedoouvue to 20 kavéva tou Kirchhoff ato Bedyo abca:

Vb —Tle —20=0=V,;, =43V (4.857)

Haedaderyua 4.95:

‘Eotw 10 kUKAwUa tov Xxnuatog 4.137. To kUkAwpa Belcoketon e Aettougyla yia TTOAANL ®EA KoL Ta
pevuata eivon oTabeQd.

(o) Beelte ta pevuata I, I, Is.

B) Aeigte 611 TO @oETio TOV TTUKRVOTA elvan O = 0.5 uC.

[3 5.0Q
—= A\ \

C=2uF 3.0Q 6.0V

bW
II‘HX 15V
—II-. 7.0Q

yxnuo 4.137: KukAwua Acknong 4.95.

Avon:
(@) A@oV 1o kUKA®UA AelTovEyel yla TTOAML ®QO, O TTUKVKOTAS €xel @oQTIGTEl KAl dpa To EevUO TTOU
Suapeéel Tov kKAGSo Tou efvar wundév. Omdte o = 0 ko dea I} = Is. X100 VTTOAOLTTO KUKA®WUAL,
epapuocovtag to 20 kavoéva tov Kirchhoff, éyovue

15
—11.5—11-7+15:0<z1211:15<:)11:Ig,:EZI.ZSA (4.858)

O1dte TeEMKAE
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e [ =125 A
e hb=00A
e [3=125A
B) Zekwvavtog amtd To onuelo b Kol ETGTEEPOVTOC GE AVTO OTTG TO ETAV® TUAUOL TOU KUKADUOTOG,
€youue
-5 I3+6+3l+AVp, =0 AV}, =025V (4.859)
omdTe
0=CVp,=2-107°%.025=05-10°C=0.5 uC (4.860)

INoaedderyua 4.96:

"Evo. copatidio wdgag m kal @otiov —e BAAETAL UE 0QLTOVTIO TaXVUTRTA U UWEGO GE NAEKTEIKG TTed(0
uétpov E ue SievBuvan Ttpog ta KdTm, 6TTws ato Zyxnua 4.138. Ayvonate drroles PapuTtikés duvduerc.
Boelite:

(@) TNV 0QLEOVTLOL KOl KOTAKOQUPN GUVIGTHOGO, TNG ETTAYUVGNG TOV, ay KO dy.

B) 6Tt n 0QLZEVTIO KAl KATOKOQUEN UETATOTILGA TOU, X KAl y, UETA aatd xeovo ¢ elvor

1 1/(E
X0 =ut, y0) = sa = (f)ﬂ (4.861)

) 6T n g€lowan Tng TEOYLAS TOU y, GUVAQRTAGEL TOU X glval
1/ E
y(x) = - (—e)xZ (4.862)
2 \mu?

Tu elSovug kauTTVAN £lval n TAQATTAV®;

(ﬁﬁ(}'

E
Y VY Y VvV Y

Yxnuo 4.138: Doptio oe ndekTikd medio Acknong 4.96.

Avon:
Av aprvaye 1o @oQTio axkivnto oto nAekTEkd Tedio, Téte VT Yo Kwovvtav TTEOS Ta Tdve, aviibeta
NG OEAS TV SUVAUK®V yeauudv Tou edlov. Adyw Tng apykig taxvtntog, n kivnon tov da elvar
TTaEaBoMKA. Oewpolue JeTIKA @OQEA TTEOG T TTAV® KAl JTROS TO SeLld Ko ws cnueio ava@oeds to cnueio
TT0V TO QoQTio umaiver gto Tmedlo (onueio (0,0) ).

(@) H agykn tayxvtnta eival opugdviia, eved dev vidpxel emitdyvvon Adyw Tou Tedliov GTnv 0QLLGvVTIo
cuvigThca (arovcia dvvaung). ‘Etol a, = 0. Avtifeta, 6Tnv KATAKROQUEN GUVIGTOGO OGKEITAL GTO
@oQTio n nAektEkn duvaun F, Adyw tou Tiediovu, dea To @ogtio etttayvvetol. ATé To 20 Nouo tou
Newton

F, Ee

Zﬁyzmd’y(:)ﬁe=m&’y=>ay=— = (4.863)
m m
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(B) Aedouévou 6L GTOV 0QLLGVTIO GEova n kivnon gival evBUypauUn OUaAR we ToxVTNTO (ONn Ue TNV OEXIKA
TovTnTa, £(0VUE

x(t) = xo0 + Uyt = 0 + Uyt = uyt (4.864)
£VK GTOV KATAKGQUEO dEova n kivnon eivar evBUypaun opwadd emitayvviuevn ywEis aEykn ToyUTnId,
omdTe ) 1E 1E

2 €2 €2
HD=yo+ut+-at"=0+0+-—1t"=—-—t 4.865
y() Yo uyo za) 2 m 2 m ( )
) "Exouue 6T
x(1)
xX(t) =ut =t = (4.866)
Uy
KOl OVTIKAOLGTOVTOGS
2
1E 1E 1({E
Yo = —— === (i) == (—62);2 (4.867)
2m | _y, 2 m \ux 2 \mus

H Tpoyid elvan Tng Loe@png y = ax?, Sni. TapafoMKri.

IMogdderyua 4.97":

"Evog TTukveTic ywentikotntag 2.0 uF elvon agykd a@déetiotog kol cuvdéetor Ge Gelpd ue €vav
ovtiotdtn aviiotaong 6 kQ kot pe wo stnyn HEA £ = 90 V, aueAntéag ecwtepiking aviiotaong. To
KUKA®UO KAglvel dtav ¢ = 0.
(@) Tn otyun axpiBas Tov kAeivel, moldg efvar 0 QUOUOS (e Tov 0Tolo N NAEKTQIKI evéQyela
TTOEASISETAL GTOV AVTIGTATN;
®) To TToLd TN Tov t 0 EUBKGS TORASOCNES NAEKTEIKAG £VEQYELOS GTOV avTioTdTn £lvol {Gog ue
TO QUOUS QITOONKEVGNG TNG NAEKTEIKNAG eVEQYELOS GTOV TTUKVMTA; Ouunbeite dtL av Ug(r) elvon
n NAEKTEIKN EVEQYELD TTOU ATTOONKeVETOL GTOV TTUKRVWTA, 0 QUOLSS aTtobrikevong tng da elvon
LUk
) Tn otyun ¢t Jov Perikate TTEV, TOLOC elval 0 QUOUGS ue Tov 0IToio N NAEKTEIKNA EVEQYELQ
TTaEadideTal GTov ovTIGTATH;

Avon:
(@) Tn otwyun akpiBdc wou KAElvVEL, LVITAEXEL EEVLAL

1=2-0015A (4.868)
R
Apa
Pr=I’PR=135W (4.869)
(B) Zntdue to YEbVO t GTTOV
Pr(t) = Pc(f) (4.870)
onA.
d
(DR = EUE(t) (4.871)
. d ¢*(t)
2(OR = qu_c (4.872)
1
()R = —2q(t)£q(t) (4.873)
2C dt
1
()R = 56 24(0i) (4.874)
iR = 10 (4.875)

C
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‘Ouwg

i(t) = ZetIRC (4.876)
R
Ko

q(1) = OQmax(1 = e™"FS), ue Quax = &C (4.877)

Omdte
£Ce™RC = 0,0n(1 — 7 1RC) (4.878)
e RC = (1 — ¢71/RC) (4.879)
In(e™"RC) = In(1/2) = - In(2) (4.880)

t

—— =—1In(2 4.881
2C n(2) (4.881)
f=RCIn(2) ~ 8.31 ms (4.882)

) Eivar

82

2
Pr = i2()R = i2(RCIn(2))R = I%e—z“?c n@)/RCp — Ee‘ In4) — 1.35¢7 " ~ 0.3375 W (4.883)

Haedderyua 4.98:

O1 TukveTég 6To Xynua 4.139 ogtitovton kow €rerta, o dtardTng kAeivel. ‘Eotw ¢ = 0 n xpovikni
GTYUA TTOU KAglvel 0 SlokdTTNG. Xe TTOGO XEOVo To EevUa TTov dlaeeéel Tov aviigtdth Tov 8 Q da
@TAoEL GTO WG TNG TWAS TTOU £lxe auéomws WOMGS €KAELGE 0 SLOKATITNG;

8 Q)
MW

60 uF 1 20uF 200
60 uF 30 Q

ynua 4.139: XZxnuo Acknong 4.98.

(AVe), = 10V

-

Avon:
Y10 Zyxnuo 4.140 BAémtouue tnv agtAoTtoinon tou kKUkADEATos. Ou avtiotdteg twv 30 kow 20 Q elvar oe

8 ()

— e AMW— 80
— W
60 uF 50 uF 50 uF
I 20 uF == 300 20 ) —> =— 120 § —> == §20 Q
60 puF T

Yynua 4.140: Asdogroinen kvukAdwuatos Acknaong 4.98.
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TTaEaAMnAlo kow n todvvaun ovtictacn toug eivar 12 Q. Auti n avtictaon Beloketal Ge Geld we ToV avTL-
GTdTn Twv 8 Q, owote n wodvvaun avtictacn Ja elvar Ry, = 20 Q, wov asrotedel Tov 1GodVvauo avtieTdTn
yio. 6A0 To KUKAwUa. Ot duo TTukveTég Twv 60 uF Belokovial oe celpd, omrdte n 16dvvaun ywEnTKGTNTO
Toug Ja elvon 30 uF. Avtdég o Tukvwtig PelokeTanl Ge TTapAAANAMA Ue Tov TTURVOTA ywentikdétntoag 20
uF omdte n woodvvaun toug yoentkdtnta C., da elvar 50 uF. Amé tn dewelio yvoelicovue 6TL n xoviki
otabepd T dlveton wg

T=R,;Cey = 1.0 ms (4.884)

To pedua Adym TOV TELOV TTUKVEOTOV TOU Ttepvd atd Ttoug avtigtdtes Twv 20 ko 8 Q elvar to (So. Aga
TO EeVUO OTO GkQEA Tov avToTdtn Twv 8 Q akolovbel tn oyéon tng Jewplag, SnA.

[=1Iye '™ (4.885)
N 1 = 1y/2, égovue
o o0 _j0e o T Z 069 (4.886)
—_ = e = - = — = V. ms .
g ~ 10 £9 7103

Hoaedderyua 4.99:

To aurrepduetpo tov Xynuatog 4.141 Seiyver €vdergn 3.0 A. Beelte ta pevuata Ii, Iz kow thv HEA €.
To auIreEdueTEo elval W0 CUOKEVA UNSEVIKAG avTioTaong, omrdte To Eevua TreEvd edeBepa uéoa

aTod avTo.
3.0Q 4.5()
AMA——WW
7, = < T
. $00 " |,
OV — - &
a CA 30A |
Yxnuo 4.141: Xxyrua Acknong 4.99.
Avon:

O log kavévag tov Kirchhoff - o kavévag kdupov Sndadn - woc Aéel GTL To evua TTOV EEEL GTOV avTlaTdTn
TV 2 Q GT0 uecaio KAASO Tou KUKA®MUATOS lvol

L+6L=3A (4.887)

Mmogovue va Beovue to eevua I; epapuétovtag tov 20 kavova Kirchhoff - tov kavéva fedyov dnAadn -
GTOV aQELeTERS PEdYX0. AlatEéxovTag To BEOY0 ue Tn PoEd TV JEKTOV TOU QOAOYLOU ATtd Thv TTAve SegLd
yovia Tov Bedyov da €xovue

ZAV=0(=)9—311—6:O=>11:1.0A (4.888)

kol doa
ILb=3-I1=20A (4.889)

TéAog, yia va Peovue tnv HEA € epapudtovue to 20 kavéva tou Kirchhoff gto de&l Bpdyo, diatpéyovidg
TOV aQELOTERGGTEOEA ATtd Thy TTdvw defid yovia Ttov. Omdte:

ZAV:O<:>g—4.512—6=o=>g=15V (4.890)
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