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Ewova: O mivaxkag gAéyyou o€ éva mdotrplo Bonba tov mAdTO va
KPOTA TO AEPOOKAPOG UTO €Aeyxo — SNA. va A€yxeL TOGO YpIyopa
Taflbelel Kol O€ TOlX KATELOULVON - EMITPETOVTAG TOU VA TO
TPOCYELWOEL LE ao@AAela. [ToodTNTEG IOV OplloVTaL TOCO ATO TO LETPO
TOUG 000 Kal aTo TtV KatevBuvor] Toug (0Ttws 1 ToyvThTa) AéyovTal
Stavvopatikég moooTnTes. (Mark Wagner/Getty Images)
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Alavuopata

O 2TNnV HEAETN TNC Kivnong elval amapaitntn n xpnon tng
£vVvoLaC Tou SLavUopaTog

o Alavuoua 0A: TIPOCOVATOALOUEVO EVOVYPOLULO THHLOL

0 Méetpo

o AelBuvon Y1

o ®opa A (x0,Y0)

O KapteoLAVECG CUVTETAYEVEC
O Xy — TETUNMEVN

O Yo — TETAYMEVN
0 0A = (xg,Y0)




Alavuopata

O MOALKEG CUVTETOAYEVEC

O Xto tpiywvo OAB:

0 xo = pouvv(f) = pcos(H)

0 yo = pnu(B) = psin(0)
OTIOV

p = ‘O_A)‘ = ng +y5 0 = tan~ 1 (&>

O lMw¢ MPOoKUTTEL N ywvia 67?
O Ao to opBoywvio tpiywvo OAB
ep(f) =tan(0) = iﬁ = 0 = arctan (&> = tan! (&)
0
o lpadn mohwkng popdng: (p, 0)
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Alavuopata

Fwvieg oto (—Tr, ] avti tou [0,2)

0 MéEtpnon ywviog T

Va

(@

MrmopoUUE va LETPAUE YWVIEG eite oTO SlaoTnua
[0,21), eite o€ onmolodnmote Staotnua SLAPKELOG
21 MpoTipoU Ue va eKPPATOULE TLC YWVIEG HaC
oto Sdtaotnua (-1, 1], kKaBwg Kal n cuvaptnon
avtiotpoPnc ePpaATTOUEVNC ETILOTPEDEL YWVIEC PE
QPVNTLKO TIPOCNO.
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Alavuopata

O MOALKEC CUVTETAYUEVEC

\_/

o Napadeyupo:

O Bpeite tnv moAwkn popdr tou SLaVUGUATOG LLE CUVTETAYUEVEGS (Xq,Yo) =
(1,1) ko VoTEPA AUTOU JLE GUVIETAYUEVES (Xg,Y0) = (-1, -1).
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Alavuopata

O MOALKEG CUVTETAYUEVEC

o0 AL6pOwon ywviacg

©

S

XPNOLUOTIOLOU UE TNV TIAPOKATW TtopAoTacnh otav
B£Aoupe va UTTOAOYIOOUE YWVIEC OTO XaPTL MO

(umtoAoyiloupe povo tnv arctan G) otnv
aplBpopnxavn).

J

\—/

O Mo €va dlavuopa UE CUVTETAYUEVEG (X, V), N ywvia ou Ba oxnpatifet

Ue Tov afova x’'x Ba eivat
( Y
arctan ( = )

T

+3

s

2
. undefined

ifx > 0,

arctan(y) +7m ifzx <Oandy >0,

arctan(=) —m ifz <Oandy <0,

ifx =0and y > 0,
ifx =0and y <0,
ifx =0and y = 0.

kot Oa avrkeL mavta oto Swdotnua (—, ].




Alavuopata

o lwvia (onueiwon)

O Ta POYPOUUATLOTIKA TLEPLBAAAOVTA TTOU £XOUV
naOnuatikee BLBAL0ORKec (0Aa dnAadn ©) €xouv ocuvnBwC
SUO CUVAPTNAOELC YLOL TOV UTTOAOYLOMO TNG YWVLAC EVOC 2
SlavuopaToc:

O Tnv atan(c), pe ¢ = y/x, to Adyo SnAadn tng TETAYHEVNG
NPOC TNV TETUNMEVN

O Tnv atan2(y, x), mou naipveL duo opicpata, T0GO TNV
TETUNUEVN X OO0 KOl TNV TETAYUEVN Y

0 MNpodavwe n 2" unoAoyilel mAVTIA TO CWOTO ANMOTEAECHA
yoti Aapfavel un’odn ta npoonua Twv X, y




Alavuopata

o |dlotnTec SLavuouATWY

o lootnta SLovVUoUATWY
0 1610 pETpo KoL KatevBuvon

0 NpocBeon Slovuopatwy




Alavuopata

O |16l0TNnTEC

O AvtlpetafstikotnTa
OA+B=B+A4

O MpoostalplotikoTnNTA
0A+(B+C)=(A+B)+(C




Alavuopata

O ApVvNTLKO dLavuopa voc SLavUoUaTOC A

0 Opiletal w¢ to dlavuopa ekeivo mou otav npootebel oto

K, nog Sivel to undeviko dtavuopa, SnA. A+ (—K) =0
o Mapadeypa:
o Mpdén A—B=A+(-B
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4
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Alavuopata

O MoAAamAaoLloGOG SLavUopaToC UE apLlBuo

O To Stavuopa dlatnpet tn dtevBuvon, aAla aAlalel (mBavwg)
N $opA KoL TO LETPO TOU

o B =mA,meR= |B| = |m||4]

/T, avm > 0
A

,avm <0

{




Alavuopata

O H ypadikn peBodoc eival BoAikn yia amAd i dtatocontika
npofBAnuaTa | we MPwWTo Bripa tpLv Kamola AAyeBpa

O o peyaAutepn akpifela kat evxpnotia, MPOTIHOUME TNV
aVAAUCON 0 CUVIOTWOEC (L KABEeTN KoL pa tapdAANAn
oTov X-aéoval)

A=A, +A4,
Y4 Y 4

- -
A




Alavuopata

O MNoAAEg dopec ekdppaloupe ouvBeTa Slavuopata
LE OpOUG povadiaiwv dtavuopatwv H

> > 71

0 Movadiaia dtavoopata i, J, k

0 Exouv petpo 1 (povada)

»

o Mepypadouv gvav atova (dtevBuvon)

ol—-x]—-oyk-oz

0 KaBeta petaL toug
0TL],JLKTLK




Alavuopata

o To dtavuopa A ot éva eninedo uropel va ypadel wg
A=A+A,], AyA,€R

LLE xpNon Twv povadlaiwyv dlavuouatwy

0 Awavuopa 0éong
O Inueio A (xg, Yo)

A (x0,Y0)

°F=0—14)=x0?+y07

’ 4 ’ ij
o O OUVLOTWOEC TOU T ELvaL OL

- -
Xob, Yo]




Alavuopota \
oR=A+B
o R = (4,1 +A,j) + (Bl +Byj) &

0 R = (A, + BT+ (Ay +B,)]
O ue

R, =A, + B,
— R.’E
0 Mp0ocOeon GAwWV TWV X-CUVLOTWOWV KoL OAWV TWV Y-

CUVLOTWOWV

° “_?)l - \/R925 T RJZ’ = \/(Ax + By)* + (Ay + By)z
+7, av
(o tan(@) = ﬁ — Ay;By = 0 = tan_l Ay+By / XPELAETAL, OTIWG

Rx Ax+Bx Ax+Bx El50(|.l€ O:E mpony.
oLadaveLa




Alavuopata

o Napadswyua:

O Bpeite o dBpolopa twv dtavuopdtwy 0 5 2 4
- N . (
A= (2T+2)) : (
BE=Qi-4 b -\ = S
(21— 47) -3

TOOO O€ KOPTECLOVA 000 Kol O€ TIOALKA popdn

. _4 ____________ !
E\VOQ. — -

C=A+B = (20+2])+ (2T-47)
(24+2)C + (2~L\)J-’ _ qi =97

8{\\ C*r\)

\5‘4-\-(2) {ao = 2is k _ CQE)“QQQ)

% !to&V\ _‘:\___ °<)q (Z ?——*9@3




Alavuopata

o Napadeypa: 3 ( m)

0 Eva poumnot agpodpopiou mpoxwpd 25m NA

arno 1o onueilo adetnpiag tou. O alyoplbpocg
avoyvwpLong eUmodiwv Tou To OTAUOTA KoL TO 10
«OTEAVELY 40m og SlevBuvon 60° BA, omou Kal

Bplokel To onpeio eAéyxou Tou (Aeite To oxnua).

A. Bpeite TIC CUVIOTWOEC TOU POUTIOT yLla KABE

Klvnor) Tou. —10

B. Opiote_)uq OUVLOTWOEC TNG OUVOALKNG LETATO- _99
mong R tou poumnot. Bpeite pa ekdpoon
yla 1o R HE OpouC povadLailwyv SLavuopUATWVY.

C. TuLBa cuvéBalve av TO POUTIOT EMPETIE VO EMLOTPEYEL OTO ONMELO adeTnpilag Tou, PETA

TNV enadn Tou PE To onpeio eAEyxou Tou; Moleg ouvioTtwoeg Ba epLléypadav tnv
nopeia tou; Mota Ba Atav n katevlBuvon Tou POUTOT;

Obstacle




Alavuopata

o Napadsypa — Avon:
o ‘Eva pounot agpodpopiov mpoxwpd 25m NA
amo to onueio agetnpiag tou. O aAyoplOuog
avayvwpLong eUmodiwv Tou To OTOUOTA KAl TO
«oTEAvELY 40m og SlevBuvon 60° BA, 6mou Kalt
Bpilokel To onueio eAéyxou Tou. (Asite To oXNuUa)
A.  Bpeite TIC CUVIOTWOEC TOU POUTIOT YLa KAOE
Klvnon tou.

M et %é{)@.{_t nxq&glaq o —\g € Tat o0 ¥
WGTE v T&w(v; ons o @TE}O 0<$Ebn(5|°<o
SN <o (o,0).

ME, \_uX? Xeu‘,\,« V’Atncv\,.E “Coc Pv«&\od: &\«vc‘.C\,@T«.

gvoa 60 0«0\ 1) &&VM].«X B xeu —Y45° gy o

O wvi T
A
&(dvuq_q A .




Alavuopata ,

@O o _B —
o Napadsypa — Avon: y (|
o ‘Eva pounot agpodpopiov mpoxwpd 25m NA 20) ‘
armo To onpeio adpetnpiag tou. O ahyopLlOpoC g® [ower
avayvwpLong eUmodiwv Tou To OTOUOTA KAl TO 10
«oTEAvELY 40m og SlevBuvon 60° BA, 6mou Kalt
Bplokel To onpueio eAéyxou Tou. (Asite To oxua) 04 x( m)
A.  Bpeite TIC CUVIOTWOEC TOU POUTIOT YLa KAOE '

Klvnorn tou.

N = A:*-Px—:;:AX-T—\—A})‘j’
A

x = lKl Qc:(~“€5°> = RS- E o NATT m
l

El - sn (c459) = 257 SATET_
AJ = |Al - s (‘Q)) = 23 - (_E;-):ﬁzg% o
Br= 1Bl () =904 = 20m =
Bj — H}\ Si/\CGD'>= QO.%—_ 90{% = 24+ m

- B =(orrGyFn], A=(E* T+ m) |




Alavuopata

o Napadswyua — Avon:

o ‘Eva poumnot agpodpopiov mpoxwpd 25m NA

arno to onueio adetnpiag tou. O alyoplOuog
avayvwpLong eUmodiwv Tou To OTOPOTA Kal TO
«oTéAvELY 40m oe SlevBuvon 60° BA, 6mou Kalt
Bpilokel To onueio eAéyxou Tou. (Asite To oxAUQ)

B. OplOTE TIG CUVIOTWOEC TNG CUVOALKNG LETATO-
Tiong R tou POUTIOT. Bpeite pia Ekppaon yLa
o R HE 0pou¢ povadlaiwyv SLavuopaTwy.

Cav 5 N
‘P AR
= (et )1 (123 m)f + (Zom) 0 +0BUT )
= (24T UE ) T

2 = (37.%, 1%)




Alavuopata

o Napadswyua — Avon:

o ‘Eva pounot agpodpopiov mpoxwpd 25m NA

amo to onueio agetnpiag tou. O aAyoplOuog
avayvwpLong eUmodiwv Tou To OTOUOTA KAl TO
«oTEAvELY 40m og SlevBuvon 60° BA, 6mou Kalt
Bplokel To onpueio eAéyxou Tou. (Asite To oxua)

c.  TiBa cuvéBalve av TO POUTIOT EMPETIE VAL ETILOTPEPEL
OTO onuelo adetnplag Tou, HETA TNV €Madn Tou
LE To onuelo eAéyxou tou; Moleg ouviotwoeg Ba
niepleypadav tnv mopeia tov; Mowa Ba Atav n KateL- —99
Buvon Tou pounoT;

Obstacle

S é\QVUQ\_o\ —‘E ntgtée;«ib( onv ]V\‘@\_&m neeéio(,
Aew =1 = —[(3%1DT+ (EWT]
- (‘54.:@ m)T-\- (‘/(:(“m)‘)—)

—
\r\ L«1%J:a%uvﬁw —ov ——ﬁ &'\wu N ow‘o‘tbci‘on <20 R




Alavuopata

-

0 Eotw duo Sdtavuouata 4, B

O To ECWTEPLKO TOUC YIVOUEVO €ival pla fabBuwti mocotnta (=
apLOpocg) mou opilletal WG

A - B = |A||B| cos(0)
e 6 tn petaL Toug ywvia

To ECWTEPLKO YLVOUEVO OXETL{ETOL ME TN
€vvola ¢ NPoBoANRG TOU VOGS SLaVUGHATOG
oto AAAo Ko pag mAnpodopel «noco» ano

10 éva SLavucpa «Seixvel» otnv idla
katevOuvon pe to aAlo.



Alavoopota

A-B = |A||B| cos(0)

O Avtipstadetikotnta

A-B=B-A

O EmpeplotikotTnta

-

A-(B+G)=Ad-B+Ad-¢

O ELOLKEC TIEPLITTWOELC
0AlLB= A-B=
O/TTT§=>A B— |A||B]

OATNLB=>A-

y
l

{

—|4]|B|




Alavuopata

o Movadtaia Stavuopota 1,7, k
0 Oplilouv €va 3A xwpo

O EUkoAa amodelkvuetal (kavte to! ©) ot
-
l °
? °

ol A=Ajd+A,]+Ak, B=BdI+B,j+B,k
EXOVE

A-B=AB,+A,B,+A4,B,




A-B = |A||B| cos(0)

Alavuopata ‘.

o Napadswyua:

O Bpeite 10 EOWTEPLKO YIVOUEVO Kl TN Ywvia
LETAEL TwV SVO SLAVUOUATWVY

A= Qi+3)

L B = (=1+2))

_:29%?. oU A'B = AxBx + AUB‘J p 0\’(3-(




Ewova: H Omepa touv Zidvel eival o
Yidvel g Avotpaiiag, éva amd Ta T
aLOVA Kol AToTEAEL Evav ammd TOUG an

< G‘[ A 0 A OTnh X TT(
) |

) X«

pLA

Duowkn yLa
MnxovikoUC

Mnxavikn

Mabnuatiko Yropabpo:
MNopoaywylon - oAokARpwon




Ewova: H Omepa touv Zidvel eival o
Yidvel g Avotpaiiag, éva amd Ta T
aLOVA Kol AToTEAEL Evav ammd TOUG an
TEXVWV OTOV KOOUO. ZXESLAOTNKE ATO 1
M ) 4 o (4 ~

) X«

Duowkn yLa
MnxovikoUC

Mnxavikn

Mabnuatiko Yropabpo:
Napaywylon - oAokARpwaon




Mopaywyoc

0 Av f(x) ouvexng ouvaptnon Tou X TOTE 0pL{OUE TNV TAPAYWYO
NG ouvaptTnong we

X—X0 X — xO

TELTS Y (hd (<, l

0 H napaywyoc¢ ekdppalel moéco ypnyopa (puBuocg petooAnc)
uetafaiAetal n cuvaptnon f(x) cuvaptnoEL TOU X

0 H edamtopévn plog ouvaptnong f(x) oto onueio xy £xeL «kAlon»
(ouvteleotn StevBuvonc) f'(xg)
3’ = f'(xo)x + B

»
»

: 7 d?
0 2" napaywyog: ' (x) = ﬁf(x)

3
o 3" napaywyog: ' (x) = %f(x)
K.O.K




Mopaywyog

Kavovec

d
- (@&f () +bg(x)) = af'(x) + bg'(x)

i(@) _ (9@ - g’ @F )
22 \gied) 92 (x)

d
—(f@g®) = f'(@)g(x) + g’ C)f ()

Noapaywyot |

d

geax =ae™*,Va€eR

—ln(f(x)) =f' (x)%

d
—cos(f(x)) = —f'(®) sin(f ()

~ L

d , /
—f(9() = g'Cf (9()

d
—C=O,VCER

dx
41y s
dx \ f(x) f2(x)
d 1
Ex =nx""HL,VneR

d
aSinU(x)) = f'(x) cos(f (x))

')
- ( —
7T 27




OAokAnpwpa

O To oAokAnpwpa eival — oxedov — n aviiotpodn mpa&n tTng
TIOPOLY WYLONG

14 d 14
o Mo napddeypa, av ax3 = 3x?, tote

J 3x%dx = x3 l

O Me aila AoyLa, otav BEAw va utoAoyiow To OAOKARPWHLOL ALOLG
ouvaptnong F(x), avalntw pa cuvaptnon f(x), n onoia
ovopadletal mapayouvoa, Tnv onoia av mapoywyiocw Oa mapw tnv
F(x)

O To mapamnavw oAoKANPWUO OVOUALETOL XOPLOTO OAOKANPWLLL

O To a0ploTo OAOKARPWHA ELVOL TIAVTA LLLOL CUVAPTNON KATIOLOC
aveéaptnTng HetaPAntC (onwe to x edw)

0 To cupBoAo dx pac dnAwvel tn uetaeBAnTN oAokAnpwonc




OAokAnpwpa

O 2TO TPONYOUUEVO TIOPASELYUAL:
d

dx
MopatnpnoTe OTL LOXVEL Kall

d
E(x3+c)=3x2, V c€eR

x3 = 3x?

KOlL AP QL TO TILO OWOTO Ba NTav va TToULLE OTL

jszdx=x3+c, V cER

O H mo onpavtkn wdlotnta tng oAokAnpwong sival n
VPOHHLKOTNTA:
] (af(x) + bg(x))dx =af f(x)dx + b g(x)dx




OAokAnpwpa

O Mo yevika Aownov, av F(x) = f'(x) tote

jF(x)dx = Jf’(x)dx = f(x) +c, VceR

O Avtibeta, €va optougvo oAokAnpwpa ypadeTal we

j bF (x)dx

a

Kol UTtoAoylleTall WG

b e
| Fedx =] =1 - r@

O To oplopEvo oAoKANpwHa gival tavta evag aplBuog — OXI pa
ouvaptnon (ota mAaiolo Tou pabnuatoc)
O ... KoL TTOTE Oev meplhapfavel otaBepd ¢ 0TO ATOTEAECUA

O Epunvevetal wg n emdaveto petafy tng cuvaptnong F(x) kot tou
opllovtiov afova, armo tnv evBeia x = a wgtnv evbela x = b




OAokAnpwpa




OAokAnpwpa

x=:—a N F(x) ‘=a E/\-—\—<~E1\: @

F(x) = —x

/ Cabebeswen

i 2

: ‘Ell ' R v, R Q

i | ~X | +(-X =
5 i > 2 2




OAokAnpwpa

o Napadeiypora: ¥ (>)

/_*)%
{ | (x*+3x+2)dx =?

~1
9.[ (x> 4+ 3x+2)dx =?
—2

L. S(x?}”»xir?\)o\x = szo\x + S3xd\>< +j20‘>< =
..\_

= T TGT TGt G E T s
-\ - X ==
. 2
2 | Grrzer ) de=(D0 284 249] < Se-H(2)
-2 X = =97

T c—
—

A
6

—
—




OAokAnpwpa

A F)

x%+3x+2




OAokAnpwpa

o Napadeiypora:




eax

AF(x)

OAokAnpwpa
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