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Abstract

During the last decades, sinusoidal model gained a lot of popularity since it is able to represent
non-stationary signals very accurately. The estimation of the instantaneous components (i.e.
instantaneous amplitude, instantaneous frequency and instantaneous phase) is an active area
of research. In this thesis, we develop and test models and algorithms for the estimation of the
instantaneous components of sinusoidal representation. Our goal is to reduce the estimation error
due to the non-stationary character of the analyzed signals by taking advantage of time-domain
information. Thus, we re-introduce a time-varying model referred to as QHM which is able to
adjust its frequency values closer to the true frequency values. We further show that an iterative
scheme based on QHM produce statistically efficient sinusoidal parameter estimation. Moreover,
we extend QHM to chirp QHM (cQHM) which is able to capture linear evolution of instantaneous
frequency quite satisfactorily.

However, neither QHM nor cQHM are not able to represent highly non-stationary signals
adequately. Thus, we further extend QHM to adaptive QHM (aQHM) which uses time-domain
frequency information. aQHM is able to adjust its non-parametric basis functions to the time-
varying characteristics of the signal. This results to reduction of the estimation error of the
instantaneous components. Moreover, an adaptive AM-FM decomposition algorithm based on
aQHM is proposed. Results on synthetic signals as well in voiced speech showed that aQHM
greatly reduce the reconstruction error compared to QHM or sinusoidal model of McAulay and
Quatieri [1].

Concentrating on speech applications, we develop an analysis/synthesis speech system based
on aQHM. Actually, aQHM is used for the representation of the quasi-periodicities of speech
while the aperiodic part of speech is modeled as a time- and frequency-modulated noise. The
resynthesized speech signal produced by the proposed system is indistinguishable from the origi-
nal. Finally, another application of speech analysis where aQHM can be applied is the extraction
of vocal tremor characteristics. Since vocal tremor is defined as modulations of the instantaneous
components of speech, aQHM is the appropriate model for the representation of these modula-
tions. Indeed, results showed that the reconstructed signals are close to the original signals which

validate our method.
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Chapter 1

Introduction

One of the most important aspects in signal processing is the extraction of useful information from
measurements obtained from physical or mechanical systems. Physical systems include speech
production [2], musical instruments [3], marine mammals [4] while, mechanical systems include
radars and sonars [5], [6] or digital communication systems [7]. In these systems, measurements
are usually called signals which are functions of time or space or any other special domain.
Typically, signals are represented by a parametric model whose parameters should be accurately
estimated. The choice of the model depends crucially on the physical properties of the analyzed
signal as well on the efficiency of the parameter estimation method. Indeed, a simple model
usually has a straightforward and easy estimation solution but it is unable to represent accurately

the signal, while, a very complex model may lead to intractable parameter estimation.

Concentrating on speech processing, an accurate representation of speech by parametric
models is necessary for applications such as speech analysis/synthesis and speech modifica-
tion/transformation. Actually, in such applications, the quality of the output speech is more
significant, to some extend, than the computational burden. Indeed, if the signal is not accu-
rately modeled, then the modeling error produced during the representation/analysis step will
be propagated to the modification/transformation/synthesis step resulting in perceptual degra-
dation of the quality of the resynthesized signal. Another area of speech processing where the
modeling accuracy is crucial is that of voice pathology, where recorded speech is used as a non-
invasive technique for the extraction of information related with the voice-production process
and organs. In all these applications, high quality analysis of speech is required. There, the non-
stationary, nonlinear, and non-Gaussian character of speech signals should be considered. Thus,

the estimation and more generally the whole processing of speech becomes a quite demanding



2 AM-FM Signal Decomposition

task.

In this thesis, signals —most of the times speech— are represented using the sinusoidal
model (SM) which adequately addresses the non-stationarity of speech signals. In sinusoidal
representation, signals are assumed to consist of a superposition of sinusoids whose amplitude
and frequency are time-varying. The goal is to accurately estimate the time-varying components
of each sinusoid. The following Section reviews the sinusoidal representation as well approaches
which have been proposed in the literature for the estimation of the unknown parameters of
SM. The limitations of the estimation methods due to the multi-component and non-stationary
character of the analyzed signals are also presented. Moreover, the connection between the

sinusoidal representation and AM-FM signals is provided.

1.1 Review of Sinusoidal Models

Sinusoidal representation, as it was introduced by McAulay and Quatieri [1], received great
popularity due to its simplicity in formulation and estimation as well its wide applicability in
speech and audio synthesis [1, 8, 9, 10], coding [11, 12] and modification [13]. The estimation
of the instantaneous components in sinusoidal representation engaged a lot of research work
during the last decades. In the original work of McAulay and Quatieri [1], the analyzed signal
is chopped into frames and the basic assumption is that locally each frame consists of sinusoids
with constant amplitudes and constant frequency. Then, the sinusoidal components for one frame
are determined from the maxima of the magnitude of the Fourier transform of the frame. This
algorithm is known as spectral pick-peaking and it is motivated from the fact that periodogram
is asymptotically an efficient frequency and amplitude estimator [14]. Quadratic interpolation is
used for reducing the bias due to the discretization of the frequency-domain. Recently, further
studies [15, 16, 17, 18] on the bias of the pick-peaking estimation algorithm led to improvements
in the accuracy of the quadratically interpolated FFT-based pick-peaking estimation algorithm.

It is noteworthy that SM had been studied earlier by Hedelin [19] and by Almeida and Tribolet
[20] but in a limited framework. Indeed, in [19] and in [20] as well in the work of Serra [9] and Serra
and Smith [21] only the voiced speech was represented by SM while [1] suggested, under certain
conditions that also unvoiced speech can be represented by SM. A second sinusoidal parameter
estimation method has been proposed by George and Smith [22, 23, 24] which is based on an
analysis-by-synthesis scheme. In order to determine the sinusoidal parameters, their method uses

a successive approximation-based analysis-by-synthesis procedure rather than peak-picking.
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A third approach for the estimation of sinusoidal parameters is based on the minimization
of an error function which is usually the weighted sum of squared error between the model and
the analyzed frame. This approach is known as the least squares (LS) method [25], [26] and
for Gaussian noise is equivalent to the maximum likelihood estimator (MLE). In the context of
sinusoidal parameter estimation, the minimization of the LS is highly nonlinear for the frequency
parameters while it is linear for the amplitude and phase parameters. Thus, the estimation is
typically split into two subproblems. The first subproblem is to compute an estimate for the
frequencies using methods such as Pisarenko [27] or Yule-Walker [28]. The second subproblem
is the estimation of the complex amplitudes —which merge both real amplitude and phase—
by linear LS [29], [30]. Moreover, iterative schemes such as Gauss-Newton method [31] can be
applied for further improving the accuracy of the frequency estimation leading to asymptotically
efficient estimation. Particularly in voiced speech, Stylianou [32] assumed that frequencies are
integer multiples of a fundamental frequency and proposed to estimate fundamental frequency by
autocorrelation combined with spectral methods and then the complex amplitudes are computed
by linear LS. In this thesis, we also use linear LS method for the estimation of the parameters of

the suggested models.

Even though the sinusoidal model with FFT-based parameter estimation is widely used be-
cause of its simplicity, there are some limitations in this approach. Indeed, for multicomponent
signals, such as speech, the interference between the components affects the accuracy of the
FFT-based estimation methods. In order to alleviate the errors due to component interference,
the duration of the analysis window should be increased. But then, the assumption of local
stationarity is less valid resulting again in biased estimation, this time, due to the non-stationary
character of the signal. On the other hand, LS amplitude estimation method tackles the problem
of interference by canceling the interfering components, hence, windows with shorter duration
may be used. Even though shorter windows can be used, the stationary assumption is not always
valid within an analysis frame, thus, both amplitude and frequency modulation of the signal
during the frame may produce bias at the parameter estimation, consequently, artifacts at the
signal representation. For instance, one well known artifact in sinusoidal modeling is the pre-echo
effect due to amplitude bursts which is tackled using for instance exponentially damped sinusoids

[33, 34] or filterbank approaches as in [35].

However, the estimation of frequency modulations is more crucial compared with the estima-
tion of amplitude modulations due to the fact that the parametric estimation of the time-varying

amplitude given the time-varying frequency is always linear [36, 37] in the context of LS esti-
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mation. A lot of effort has been put in signal processing community on modeling the frequency
modulation of the analyzed frame. In order to remove the local stationarity assumption within
a frame, the most common extension is to assume linear evolution of the frequency, thus, a chirp
model replaces SM for one frame. Based on the fact that the Gaussian window has Fourier trans-
form which is again a Gaussian function, many studies [38, 39, 40, 41] estimate the chirp rate by
fitting a quadratic function to the log-magnitude spectrum. Other chirp rate estimation methods
include discrete polynomial phase transform [42, 43] which is able to handle even higher-order
frequency modulations, and, in the context of phase vocoder, chirp rate can be estimated from
the slope of the derivative over time of the estimated instantaneous phase [44].

A different way of improving the accuracy of the sinusoidal parameter estimation is to in-
crease the resolution of the Fourier spectrum. Reassignment method [45], [46] is a technique
which refines both time and frequency resolution of the spectrogram. Moreover, variants of the
Fourier transform such as Chirplet transform [47], [48] or fractional Fourier transform [49], [50]
or Fan-Chirp transform [51], [52] are applied for smearing out the non-stationary sinusoids which
are spread exactly due to the non-stationarity. One limitation of these approaches is that the
parameters which determine the non-stationarity (for instance, the chirp rate which determines
the linear evolution of the frequency) should somehow provided a priori. Other time-frequency
distributions, such as Wigner-Ville [53], can be used with optimal results for some special cases.
However, their use is rather limited in the case of multicomponent signals due to high amplitude

interfering components.

1.1.1 AM-FM Signals and Demodulation

The definition of SM is well connected with the definition of an AM-FM signal. Actually, the
mathematical definition of both models are mainly the same, although, there are differences
between them. For instance, the components of an AM-FM signal may cross-over and usually
the carrier frequency is of orders greater than the modulation frequency which is not typical
for SM. Moreover, the number of components in AM-FM signals is usually smaller than the
number of components in SM. In voiced speech, for instance, SM may be applied for modeling
the harmonics, while AM-FM representation models the formants of speech (usually one formant
per kH z). Since we develop an algorithm which is able to decompose both time-varying sinusoids
and AM-FM signals, we will review most of the AM-FM demodulation algorithms presented in
the literature.

The demodulation of an AM-FM signal depends on the number of components it contains.



Chapter 1. Introduction 5

For the mono-component case, analytic signal through Hilbert transform [54, 55] provides an es-
timate of the instantaneous amplitude and instantaneous phase. Instantaneous frequency is then
computed by differentiate the unwrapped instantaneous phase. Another well-known algorithm
for mono-component AF-FM demodulation is the Discrete Energy Separation Algorithm (DESA)
developed by Maragos, Quatieri and Kaiser [56, 57]. DESA utilizes the nonlinear Teager-Kaiser
operator which has fine time-resolution. For a comparison between Hilbert method and DESA,
please refer to [58] and [59]. Phase-locked loops [60], as well extended Kalman filter [61] are also
utilized for the demodulation of mono-component AM-FM signals.

However, the generalization to multi-component AM-FM signals is not a trivial task. Even
the well-posiness of the definition of a multi-component AM-FM signal received great attention
[62, 63, 64]. The most common solution for demodulation of a multicomponent AM-FM signal
is to pass the signal from a filterbank and then apply the preferred mono-component AM-FM
demodulation algorithm to the output of each filter [65, 66, 67, 35]. This approach is similar to
phase vocoder algorithm [68] used in speech processing. However, the interference between the
adjacent filters as well the crossing of a component between different filters add limitations to
this approach. Another AM-FM component-separation approach has been proposed relatively
recently by Santhanam and Maragos [69] which separates the AM-FM components algebraically
based on the periodicity characteristics of the components. This algorithm is very attractive
since the separation is accurate even when the AM-FM components cross each other. The weak
point of this demodulation method is that the period of each AM-FM component should be
correctly computed. Finally, a novel multi-component AM-FM decomposition algorithm was
proposed in [70] which is highly accurate for signal representation, however, the extracted AM-FM
components usually lacks physical meaning especially when the components have approximately

equal strength.

1.2 Contribution of this thesis

The importance of accurate sinusoidal parameter estimation has been highlighted. Different
approaches based on stationary or time-varying models which perform sinusoidal parameter esti-
mation as well their limitations have been presented. The time-varying frequencies of the signals
put a major limitation in the estimation methods since bias is introduced. Thus, a way to
efficiently tackle this issue is of high interest. The main objective of this thesis is to develop time-

varying models which are able to adjust locally their frequency information to the frequency of



6 AM-FM Signal Decomposition

the analyzed signal. This results in reducing the estimation bias since the model representation
is more accurate. Hence, the quality of the signal representation is improved. Then, the novel
models are applied in applications such as speech analysis/synthesis and voice quality assessment.

The major contributions of the work presented in this thesis are:

e A time-varying model which is referred to as Quasi-Harmonic Model (QHM) was revised in
a new basis and its properties have been fully explored [71]. The estimation of the unknown

parameters of QHM is performed using Least Squares (LS) method.

e The most significant property of QHM is its ability to estimate the frequency mismatch
between the original frequency and the initially provided frequency for each component of
the signal. This is achieved by proper decomposition of the estimated QHM parameters.
Thus, an iterative algorithm called iQHM similar to Gauss-Newton (GN) method is de-
veloped for the estimation of sinusoidal parameters given an initial estimate of frequencies

[72]. Statistical efficiency of iQHM is also tested.

e The region of convergence of the iterative algorithm i.e., bounds on the maximum allowed
frequency mismatch is provided. It is shown that the frequency mismatch should be less

than one third of the bandwidth of the squared analysis window.

e An extension of QHM referred to as chirp QHM (cQHM) [73] which is able to capture
linear evolution of the frequency without the need of providing a priori the chirp rate is

also presented. Basic properties of cQHM are given.

e Another even more powerful extension of QHM, referred to as adaptive QHM (aQHM)
is proposed. Instead of initially estimated frequencies, aQHM uses an estimate of the
instantaneous phase. Thus, time information is added to the model which results in an

adaptive to the input signal and a non-stationary signal representation.

e An AM-FM decomposition algorithm is suggested [73], [74]. This algorithm is initialized
by QHM, which serves as a frequency tracker, providing, thus, an initial estimate of the

instantaneous components of the signal. The accuracy of the estimation is then improved

by aQHM.

e An interpolation scheme for the instantaneous phase is proposed. It is based on the integra-
tion of the instantaneous frequency plus a correction term which guarantees the continuity

of phase and of frequency.
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e Analysis/synthesis of speech based on separation of speech into two parts, the determin-
istic part and the stochastic part. The deterministic part is modeled by the sinusoidal
representation and the instantaneous components are estimated using a variant of the sug-
gested AM-FM decomposition algorithm. The stochastic part is modeled as a time- and
frequency-modulated noise. Time-modulation of noise is based on an estimation of the

energy envelope [75] .

e Extraction of vocal tremor characteristics of sustained vowels based on the suggested AM-
FM decomposition algorithm [76] is developed. The decomposition algorithm is applied for
the estimation of the instantaneous components of speech signals as well for the extraction
of acoustic characteristics of vocal tremor such as modulation frequency and modulation

level.

1.3 Thesis Organization

The organization of this thesis is as follows. In Chapter 2, QHM, which is an extension of SM,
is introduced. Parameter estimation of QHM is performed through LS. The properties of QHM
both in time-domain and in frequency-domain are provided. Moreover, an iterative scheme is
presented which is able of unbiased estimation of sinusoidal parameters. The convergence of the
iterative algorithm are also investigated. Finally, an extension of QHM which is called chirp
QHM (cQHM) is provided.

Chapter 3 shows that stationary sinusoidal analysis is inappropriate for the case where the
analyzed frame is non-stationary. Thus, a novel model is introduced, namely aQHM, which is
able to adaptively estimate the time-varying characteristics of the frame. We show that aQHM
is fundamentally different from QHM. Furthermore, aQHM suggests an AM-FM decomposition
algorithm which is also presented. The performance of the new AM-FM decomposition algorithm
is tested on synthetic signals and on real voiced speech.

Chapter 4 presents an analysis/synthesis speech system based on the decomposition of speech
into two parts. The deterministic part, which accounts for the quasi-periodicities of speech, is
modeled by the sinusoidal representation whose parameters is estimated from the suggested AM-
FM decomposition algorithm. The stochastic part, which accounts for the aperiodicities of speech,
is modeled as time-modulated and frequency-modulated noise. Details on the implementation
issues are given.

Chapter 5 applies the proposed AM-FM decomposition algorithm for the estimation of vocal
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tremor properties. Thus, vocal tremor in sustained phonation is defined and an algorithm based
on the suggested AM-FM decomposition is used for the extraction of acoustical vocal tremor
characteristics such as modulation frequency and modulation level.

Chapter 6 resumes the major contributions and results of this thesis and gives some directions
for further research on sinusoidal parameter estimation, on AM-FM signal decomposition methods
as well on extensions of the presented speech applications.

Finally, Appendix A presents various computational tricks for faster estimation of QHM
unknown parameters while Appendix B shows the equivalence between iQHM and a sequential

version of GN method.



Chapter 2

Quasi-Harmonic Model

In this Chapter, we introduce the Quasi-Harmonic Model (QHM) for the representation of almost
(or quasi) periodic signals. QHM is not a novel model since it has been firstly introduced by
Laroche [77] back in 1989 for the representation of percussive sounds and, later, for modeling
of voiced speech by Stylianou [32]. However, the main properties of QHM were not extensively
explored. For instance, it was known that QHM contains frequency information ([32], pg. 83)
but it was not known why and, furthermore, how this information can be extracted correctly.
Recently, Valin et al. [78] defined a variant of QHM using linear approximations of trigonometric
functions. In this Chapter, we derive the time-domain and, most importantly, the frequency-
domain properties of QHM. We show that a proper decomposition of QHM’s parameters results
in estimation of the frequency mismatch between the analysis frequency and the true frequency
of a sinusoid, whenever there is a frequency mismatch. Furthermore, an iterative algorithm is
derived for the estimation of sinusoidal parameters using QHM and Least-Squares (LS) method.
However, some approximations are performed for the estimation of the frequency mismatch,
hence, we present the effects and the limitations of these approximations. Also the robustness
of the estimation process under noisy conditions is explored. Finally, a variant of QHM which is
able to capture not only frequency mismatches but also the chirp rate of the analyzed signal is

presented.
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2.1 Preliminaries

In the context of sinusoidal representation, the real signal to be analyzed is viewed as a sum of

amplitude-modulated and frequency-modulated sinusoids given by

K(t)

s(t) = +22Ak cos(op(t) Z Ak t)ed?x®) (2.1)

where Ag(t) is the instantaneous amplitude, while ¢y (t) is the instantaneous phase of the kth
component, respectively. Instantaneous frequency is defined as the derivative of instantaneous

phase with respect to time scaled by 1/(27), i.e

1 doy(t)
21 dt

Ju(t) = (2.2)

Note also that the number of components is not constant over time which is necessary for the
representation of non-stationary signals such as music or speech.
In a frame-by-frame sinusoidal analysis, signal s(¢) is chopped into pieces called frames which

are denoted by

si(t) = s(t — t)w(t) (2.3)

where ¢; is the center of the frame and w(t) be the analysis window function with support in
t € [T}, T;]. Typically, the window function vanish at the limits of its support so as to alleviate
the discontinuities at the boundaries of the frame as well to eliminate the side-lobe interference
between the components. Note also that the window length may depend on the particular frame
and, in speech analysis for instance, it is usual to depend on the local pitch period.

Sinusoidal modeling assumes that one frame has stationary components, meaning that it
consists of a superposition of sinusoids with constant amplitudes and constant frequencies, i.e.,

one frame is modeled as!
K
Z ape? ™Ikl (t), te[-T,T] (2.4)

where K is the local number of components while fi and ai are the local frequency and local

complex amplitude of the kth sinusoid, respectively. As stated in Chapter 1, there is a vast

n order to be consistent with (2.3), we should add a subscript to each parameter to denote the particular
frame number. However, it is not necessary for this chapter and it is dropped for simplicity. The additional frame
indexing is applied in Chapter 3 where the AM-FM decomposition algorithm is presented.
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literature on the estimation of the unknown sinusoidal parameters.

A wusual restriction of the admissible frequency values of SM which is utilized in many real
signals results in the harmonic model (HM). In HM, the frequencies are not arbitrary, rather they

are determined as integer multiples of a fundamental frequency. Hence, HM is given by
K .
h(t) = Y ape??™00u(t), te[-T,T) (2.5)
k=—K

where fy is the local fundamental frequency and a; is again the local complex amplitude of kth
sinusoid. The typical estimation approach for HM’s unknown parameters is to firstly estimate
the local fundamental frequency using time-domain and/or frequency-domain techniques and
then estimate the complex amplitudes using linear LS [32]. However, this estimation approach
suffers from the fact that it produces bias in the estimation of complex amplitudes whenever the
local fundamental frequency is erroneous or whenever the frequencies of the real signal are not
exactly integer multiples of fundamental frequency. In QHM, which follows, the goal is again the
estimation of the complex amplitudes using LS method without the limitations due to inaccurate
frequency estimation. As we will show, QHM is able to correct frequency estimation errors, thus,

it produces unbiased estimates for the complex amplitudes.

2.2 Definition of Quasi-Harmonic Model, QHM

As in sinusoidal model (2.4), one frame is assumed to consist of a superposition of sinusoids
with constant frequencies and constant amplitudes. Nevertheless, we suggest modeling one frame
using a time-varying model referred to as QHM, which is defined by

K

ha(t) = " (ag + thy)e?> itw (1), te[-T,T] (2.6)
k=—K

where K is the number of sinusoidal components, fk is the analysis frequency for the kth com-
ponent which are assumed to be known, a; is the complex amplitude while b; is the complex
slope of the kth component, respectively. Please note that a_p = a; and b_; = by, as well that
ao, bp € R when the analyzed signal is real. Hence, QHM has 4K + 2 unknown real variables in
the real signal case. Analysis window, w(t), has support in [-7,7]. We assume that the true

frequencies of the analyzed signal are not known, but an estimate of them is provided. Hence,
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there is a frequency mismatch error given by

= fr — fr (2.7)

where f are the true frequency of the kth component. It is very common in speech the a
priori provided frequencies, fk, being integer multiples of an estimated fundamental frequency,
ie. fk =k fo.

The estimation of QHM unknown parameters is performed by minimizing the Least Squares

(LS) error. The error is defined by

n=N
e(a,b) = > Is(tn) = hy(ta)[’
e (2.8)
—(s—E | THIwHws-E |7
b b
where a = [a_f,...,ax]" and b = [b_k,...,bg]T are the unknown vectors of size (2K + 1) x 1,
s = [s(t_n),...,s(tn)]" is the samples of the analyzed frame of size (2N + 1) x 1, E = [Eg|FE1] is
the matrix with the exponentials of size (2N + 1) x (4K + 2). Furthermore, submatrices Ey and
E; have elements which are given by (Ey),r = 327 fitn and (E)ni = tneﬂ“fkt" = tn(E0)n k>
respectively, while W is a diagonal (2N +1) x (2N +1) matrix with entries the window values. The
superscript  denotes the Hermitian operator. It is noteworthy that while we used continuous-
time in (2.6), we switch to discrete-time in (2.8) in order to perform the LS computation. Please
note that in this thesis, discrete-time formulation is used only for the estimation of unknown
parameters of the models. In any other case, continuous-time will be used since it is easier for
mathematical manipulation.
The minimization of the error function is linear with respect to the complex unknown param-
eters given that the analysis frequencies, fk, are known. The solution in matrix notation is given

by

Q>

= (EfWHWE) 'EFWHW s (2.9)

o

Appendix A shows the fully discrete formulation and how the solution can be speed up by, firstly,
using some explicit formulas and, secondly, by taking advantage of the properties of the derived
matrices. Furthermore, we show in Appendix A that the time-consuming part of LS estimation

is not so much the inversion of the involved matrix but mostly its construction.
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Finally, for an objective evaluation of the modeling performance, we propose to reconstruct
the signal and then measure the Signal-to-Reconstruction Error Ratio (SRER) which is defined
as

Is(t)
s(t)—s(t

where o4 denotes the standard deviation of s(t), and §(¢) is the reconstructed signal. Please
note that SRER is measured in decibel (dB). For QHM, the reconstructed signal —actually,
reconstructed frame— is given by

K

()= (an + thy) e rtuw(t), te[-T,T] (2.11)
k=—K

2.2.1 Motivation Example

The advantage of QHM over HM is revealed when the analysis (or input, or a priori provided)
frequencies are different from the true ones. In such cases, the estimation of the complex ampli-
tude is biased due to the frequency mismatch and the representation of the analyzed signal is not
accurate. This is depicted in Figure 2.1 where a pure sinusoid with frequency 100H z (line with
circles) is modeled with HM (solid line) and QHM (dashed line) with analysis frequency at 90H z.
The duration of the signal is 40ms (T = 20ms) and Hamming window is used. Obviously, HM is
incapable of modeling the original signal while QHM is able to remedy the frequency mismatch
quite satisfactorily. Indeed, SRER for QHM is 20.5dB while SRER for HM is 8.5dB. In the
following Sections, we provide a solid theoretical analysis of this behavior and we suggest ways

to exploit it for the estimation of sinusoidal parameters in the context of LS estimation.

2.3 Properties of QHM

In this Section, we study the time-domain and frequency-domain properties of QHM showing in

parallel the differences between QHM and SM.

2.3.1 Time-Domain Properties

The time-domain characteristics of the model are discussed in this subsection. From (2.6), it is
easily seen that the instantaneous amplitude of the kth component is a time-varying function

which is given by

Mi(t) = lag + th] = \/(aff + b2 + (af + tb])? (2.12)
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0.7 T
—©6— Original
Harmonic
0.6 — — — Quasi—Harmonic [H
0.5 B
304 B
2
e
=3
©
= 03 i
0.2 B
0.1 B
o = o .
0 0 100 150 200 250

Frequency (Hz)

Figure 2.1: The Fourier spectra of the original signal (line with circles), of the reconstruction of
HM (solid line) and of the reconstruction of QHM (dashed line). Obviously, QHM representation
is closer to the original signal compared with HM.

where 2% and z! denote the real and the imaginary part of x, respectively.
Since both amplitudes and slopes {ay, by} are complex variables, instantaneous phase and
instantaneous frequency are not constant functions over time. Indeed, instantaneous phase for

the kth component is given by

p A ai + tbi
k k
while instantaneous frequency is given by
1 R 1 Rb[ _ IbR
Fi(t) = o= ®}(t) = fy + o k2h— Tk0% (2.14)

2m 2m M,?(t)

Substituting (2.12) to (2.14), it is easily observed that the instantaneous frequency is a bell-
shaped curve similar to Cauchy distribution. Figure 2.2 shows the instantaneous frequency of
QHM (dashed line) as it is computed from (2.14). Obviously, it is closer to the true frequency
(line with circles) especially at the middle of the analysis window even though the analysis is
performed at a wrong frequency (solid line). From the same Figure, it is also obvious that
the overall shape of the instantaneous frequency of QHM has no correlation with the original
instantaneous frequency of the sinusoid, which is constant in this example. Finally, a feature of

the model worth noting is that the 2nd term of the instantaneous frequency in (2.14) depends
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on the instantaneous amplitude which means that the accuracy of frequency estimation (or,
the estimation of phase function) depends on the amplitude strength. This observation is in

accordance with the Cramer-Rao lower bound of frequency estimation [26].

105 T T
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- - g > ~
_ ~
~ e ~
N - ~
I -~ ~
= _ ~
) P N
S 9 _ - S
=] - ~
o
1<
(TR
90
85 1 1 1 1 1 1 1
-20 -15 -10 -5 0 5 10 15 20

Time (ms)

Figure 2.2: A frame of 40ms duration which contains a pure sinusoid with frequency 100H z (line
with circles) is analyzed at 90H z (solid line). Instantaneous frequency of QHM (dashed line)
tries to adjust to the true frequency of the sinusoid.

2.3.2 Frequency-Domain Properties

Let us consider the Fourier transform of hy(t) in (2.6) given by

K .
. ; Jbk 7
Hy(f) = kZ_l (akW(f —fo)+ 5 W[ - fk>> (2.15)
where W (f) is the Fourier transform of the analysis window, w(t), and W’(f) is the derivative

of W(f) with respect to f. For simplicity, we will only consider the kth component of H(f)

Hya(f) = aeW (f = fi) + 25w (7 — fi) (2.16)

To reveal the main properties of QHM, we suggest the projection of by onto ai as illustrated in

Figure 2.3. Accordingly,
b = p1kak + p2,kjok (2.17)
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where jaj, denotes the perpendicular (vector) to ax, while py ; and pyj are computed as

RiR Il
apbl + apby

Pk =
lax|?
and
akaI — akbR
P2,k = 5
|a]

(2.18)

(2.19)

Figure 2.3: The projection of by into one parallel and one perpendicular to a component. Com-

plex numbers are thought as vectors on the plane.

Thus, the kth component of H,(f) is rewritten as

Hya(f) = aeW (7 — i) = 225w (5 — fi) + 250 g fy)

Considering the Taylor series expansion of W (f — fk — ’)227’“) we obtain

W = f= 225) = W(f = fi) = ZEW/(F = o) + O3, W (f = )
W(f - fi) - ka W'(f — fr)

Consequently, from (2.20) and (2.21) it follows that

Hop(F) = a [W(S = fo = 25) + 552

2

(f = fr)

(2.20)

(2.21)

(2.22)



Chapter 2. Quasi-Harmonic Model 17

Going back in the time-domain, (2.6) (i.e., QHM) is approximated as

K
he(t) = > ay [ej@”fﬁm)t+p1,kteﬂ”fkt w(t) (2.23)
k=—K

From (2.23), it is clear that p;—;rk can be thought as an estimate of the frequency mismatch
between the actual frequency of the kth component and the provided frequency, fk, while pq
accounts for the normalized amplitude slope of the kth component. Another way to see this
relationship, is to associate the time-domain and the frequency-domain properties of QHM. From

(2.14) and (2.19), it follows that

P2,k 2

— = F.(0) — 2.24

25 £(0) - fi (224
Therefore, p;—;rk accounts for a frequency deviation between the initially estimated frequency, fk,

and the value of the instantaneous frequency of QHM at the center of the analysis window (¢t = 0).

Similarly, for pq 1, we have
dML())
PlLk = =0
’ M,(0)

(2.25)

which shows that p;; provides the normalized slope of the amplitude for the kth component,

considering the instantaneous amplitude of QHM at the center of the analysis window.
Presumably, the decomposition of by gives a way to estimate the frequency mismatch be-

tween the true frequency and the analysis frequency. Thus, it is straightforward to construct an

algorithm which performs sinusoidal parameter estimation.

2.4 Application to Sinusoidal Parameter Estimation

Previous Section suggests that an estimate of the frequency mismatch of the kth sinusoidal

component is given by

ik = p2.k/2m (2.26)

Thus, an algorithm which is able to iteratively estimate the frequency mismatches and correct
the frequencies is suggested. We name this iterative algorithm iQHM and it is given in pseudo-

code by

Iterative Sinusoidal Parameter Estimation
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1. Initialization

i. Get an initial estimate of frequencies, { fk}szl

ii. Estimate {a,bx}5__ . given {fk}l{,{:l using (2.9)
2. Do iterations

i. For each kth component:

a. Estimate 7 using (2.26)
b. Update frequencies: fk — fk + Nk

ii. Reestimate {ax, bx}5 | given {fk}szl using (2.9)

The above iterative algorithm converges to the true parameters when the frequency mismatch,
Nk, i1s adequately small. In the next Section we will provide the necessary conditions of the
frequency mismatch for the convergence of iQHM. Once the frequency mismatch is within the
appropriate region of convergence, the number of iterations needed for reaching a stable estimate
is very low. Typically two to four iterations are enough. Alternatively, a convergence criterion
can be used for stopping the iterative algorithm. For instance, a convergence criterion may be:
if |fpew—fgd|

fold
k

amplitude of the kth sinusoid is provided by ay.

< € is satisfied for all k, then stop. Please note that an estimate of the complex

Finally, using Taylor series expansion, it can be shown that QHM is a linearization of the
frequency mismatch. This linearization in conjunction with LS method make iQHM similar to
other iterative sinusoidal estimation method. Indeed, iQHM can be viewed as a variant of the
Gauss-Newton (GN) optimization method which is developed in Appendix B. In Appendix B,
the similarities and the differences between iQHM and GN method are explored.

2.5 Effects of approximations on the frequency estimation pro-

cess and noise robustness

In the previous Section, we showed that py;/(27) is an estimator, under certain conditions, of

the frequency mismatch between the true and the initially provided analysis frequencies of the
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underlying sine-wave. In this Section, we explicitly refer to these conditions and investigate their
effects. Namely, these are the effect of the analysis window and the effect of the approximation

in (2.21). Finally, we discuss the robustness of the frequency estimator under noise.

2.5.1 Effect and Importance of Window Duration

Since QHM has 4K + 2 unknown real parameters, the length of the analysis window should be
at least 4K + 2 (in samples) in order to obtain stable LS solutions. Moreover, low frequency

components need larger windows, and an empirical choice for the analysis window length is that

this should be at least 2Lmifrf | where [-] denotes the floor operator while f; is the sampling
k

frequency. Furthermore, when the original signal is contaminated by noise, more samples (i.e.
larger window) are needed in order to perform more robust and accurate estimation of the un-
known parameters [26], [30]. On the other hand, when larger windows are used, the possibility of
the signal being non-stationary is higher, which may introduce errors and biases in the estimation
process. Additionally, we will show in the following subsection that the smaller the window length
the more valid is the approximation in (2.21). From the above discussion, it should be clear that
the length of the analysis window is very important and there is a trade-off between the accuracy
of the proposed iterative sinusoidal parameter estimation algorithm and its robustness. As a rule

of thumb, we suggest the use of as small as possible window length.

2.5.2 Estimation Error of Frequency Mismatch

Due to the approximation in (2.21), the suggested estimator for the frequency mismatch, ps 1, /(27),
is generally not an unbiased estimator. Moreover, frequency mismatch estimator cannot be, in
the general case, computed analytically. Nevertheless, it is important to examine the adequacy
and the validity of the proposed algorithm. In the case where the signal has multiple components
and/or is characterized as non-stationary, the estimation of frequency mismatch will be analyzed
numerically. However, in the case where the input signal is mono-component and stationary, the
estimation of the frequency mismatch can be derived analytically. Note also that the frequency
parameter is by far the most significant one. Indeed, if the correct value of the frequency of
a component of the input signal is known, then, unbiased estimates of the corresponding com-
plex amplitude is obtained through LS [26], [30]. Thus, the focus is on the frequency mismatch

estimation.
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Let us consider the mono-component case of a stationary signal where one frame is given by

s(t) = A2 ity (1) = Alej(27rf1t+27rn1t)w(t) o
. 2.27
= Ay (cos(2mmt) + jsin(2mmit))e’> ™t (t), te[-T,T)

where A is the complex amplitude, f; is the true frequency, fi is the estimated frequency and 7,

is the frequency mismatch between them to be estimated.

In the context of QHM, the original signal is modeled as
he(t) = (a1 + tby)e?2 ita(t), te[-T,T) (2.28)

where a1 and b; are the unknown complex amplitude and slope, respectively, which are estimated
through LS as presented in Section 2.2. It can be shown that the LS method involves the
projection of the input signal onto two orthogonal basis functions: €727/ th(t) and tes2mf tap(t).

Thus, for a rectangular window the complex amplitude is obtained by

< w(t)s(t), w(t)el? ht >
1= — —
< w(t)es2mhit (t)es2rrt > (2.29)
sin(2mm T)
! 2mmT

where < .,. > denotes the inner product between functions, defined as

T
< 331(75),1’2@) >= /T afl(t).fg(t)dt

The complex slope is obtained by

< w(t)z(t), w(t)tes? Nt >
1= o f on
< w(t)tel Nt w(t)te?mfit > (2.30)
sin(2rmT)  cos(2mm T)

=3jA -
i (27m1)2T3 2 T2 )

Then, the estimated value for 7; is given by

. 1 1 cot(2mmT)
= =3 — 2.31
=g hr <771(27rT)2 onT (2:31)

To inquire the properties of this estimator, it is worth computing its error in estimating the
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frequency mismatch (i.e., estimation error)

er(m)=m — (2.32)
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Figure 2.4: Upper panel: Estimation error of frequency mismatch for a rectangular window
computed analytically (solid line) and numerically (dashed line). Middle panel: The estimation
error for a rectangular (solid line) and Hamming window (dashed line). Lower panel: The
estimation error using the Hamming window (as in b) without (solid line) and with two iterations
(dashed line). Note that the iterative estimation fails when || > B/3.

In the case of a mono-component signal and using a rectangular window, the estimation
error can be computed analytically as above. Figure 2.4(a) depicts the error for a rectangular
window of 16ms (T = 8ms) obtained analytically via (2.31) (solid line), and numerically through
LS computation of {aj,b;} and then applying (2.19) (dashed line). Both ways to compute the
estimation error provide the same result. Although there is no guarantee that this will be true
in the general case, we suggest computing numerically the estimation error to infer its analytical

value, whenever the latter is not computationally tractable. In Figure 2.4(a), the estimation error
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is small? (see the bold line) if the frequency mismatch is below 50H z. For a Hamming window,
the error is small if the frequency mismatch is below 135H z as shown on Figure 2.4(b).

In order to get further insight on the role played by the analysis window, we can first notice
from (2.29) and (2.30), that the Fourier Transform of the square of the analysis window appears in
the LS estimates of a; and b; and consequently in the denominator of p ;. Thus, the frequency
mismatch must be smaller than the bandwidth (i.e. the width of the main lobe [54]) of the
squared analysis window. Note also that the bandwidth of a (squared) rectangular window of
length 27" is B = 1/T = 125Hz (T = 8ms) while for a squared Hamming window we have
B = 3/T = 375Hz, which may explain why the region with small estimation error is about 3
times larger for a Hamming window than for a rectangular window in Figure 2.4. After testing
a variety of window types and window lengths, we found that for mono-component stationary
signals the estimation error is small when the frequency mismatch is smaller than one third of

the bandwidth of the squared analysis window, i.e., when
|m| < B/3 (2.33)

where B is the bandwidth of the squared analysis window.

Applying the iterative scheme (IQHM), it is expected to reduce the estimation error of fre-
quency mismatch to zero at least for the cases where the frequency mismatch is less than B/3 H z.
Indeed, in Figure 2.4(c) the estimation error is depicted for no iteration (solid line) and after two
iterations (dashed line). Again, Hamming window of duration 27" = 16ms is used as in Fig-
ure 2.4(b). We observe that the estimation error is considerably reduced (mainly is zero) if
the initial frequency mismatch is smaller than B/3. It is worth noting that two iterations are
adequate for reducing the estimation error of frequency mismatch, thus, the frequency error to

Zero.

2.5.3 Robustness in Noise

In this subsection, the performance of QHM and iQHM is assessed for the case when a signal
with multiple sinusoidal components is contaminated by white Gaussian noise. Concisely, the
ability of the proposed model to improve the accuracy of the frequency estimation — hence the
accuracy of the complex amplitude estimation — is tested. The signal consists of 4 sinusoids and

it is corrupted by noise while window’s duration is 16ms (T = 8ms) and sampling frequency

By small, we mean that |er(n1)| < |m|.
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16000H z (i.e, so the duration of the window duration in samples is 257). Moreover, Hamming
window is used, thus, the maximum allowed frequency mismatch is 125Hz. In Table 2.1, the
frequency and the amplitude of each component are given. Two closely-spaced sinusoids and two
well-separated sinusoids are considered. Monte Carlo simulations are used for the assessment of
the robustness of the proposed method. For each simulation, the frequency mismatch of each

sinusoid is sampled uniformly on the intervals defined in Table 2.1.

’ Sinusoid H 1st ‘ 2nd ‘ 3rd 4th
Frequency (Hz) 100 200 1000 2000
Amplitude eI™/10 eIm/4 eI™/3 eI/

Freq. Mismatch interval (Hz) || [—20,20] | [—20,20] | [-75,75] | [-75,75]

Table 2.1: Parameters of a synthetic sinusoidal signal with four components and intervals of
allowed frequency mismatch per component.

Figures 2.5 and 2.6 respectively depict the mean squared error (MSE) of the complex ampli-
tude and frequency of each component after 10° Monte Carlo simulations. Please note that MSE
for a parameter 6 is generally given by

M

MSE(6) = ﬁZ 0 — 60|

i=1

(2.34)

where M is the number of simulations while () is the estimated parameter at the ith simulation.
Moreover, Cramer-Rao lower bound (CRLB) [79, 14] for the amplitude and for the frequency
are depicted at both Figures. CRLB for the amplitude of the kth component is given by

2
o
LB = 2.
CRLB(a) = 30— (235)
while CRLB for the frequency of the kth component is given by
fs 1202
CRLB(fx) = (2.36)

"~ 27 |ag2(2N) (2N + 1)(2N + 2)

where o2 is the variance of the white noise while 2V + 1 is the duration of the analysis window
in samples. Figures indicate that the estimation of both complex amplitudes and frequencies
asymptotically reaches the CRLB after three iterations which means that iQHM is a statistically
efficient sinusoidal estimator. This result is expected since iQHM is closely related with GN

method (see Appendix B) which is a statistically efficient sinusoidal parameter estimator.
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Figure 2.5: MSE of the four amplitudes as a function of SNR. Please note that no iterations

refers to QHM while 3 iterations refers to iQHM.

100 O e e S e e e S e
- >
g g
@ 107 ]
= =
CRLB
—%— no iter
" —6— 3Ziter
10
0 20 40 60 80
SNR (dB)
0 HH—K KKKk kK
10
> =
pimg ping
@ 107 ]
= =
CRLB
—%— no iter
" —o— 3iter
10
0 20 40 60 80
SNR (dB)

*
*
*
*
*
*
*
*
*

10°

*
*
*
*
*
*
*

CRLB
—%— no iter
—6— 3iter

0 20 60 80

40
SNR (dB)

CRLB
—%— no iter
—Oo— 3iter
0 20 40 60 80
SNR (dB)

Figure 2.6: MSE of the four frequencies as a function of SNR. Please note that no iterations

refers to QHM while 3 iterations refers to iQHM.



Chapter 2. Quasi-Harmonic Model 25

2.6 QHM and Real Signals

There is a vast literature in coding, synthesis, modification, etc. where both speech and music
signals are modeled frame-by-frame as a sum of harmonically related sinusoids. However, looking
at the magnitude spectrum of short-term Fourier transform it is easily seen that the local maxima
(peaks) are not exactly at the integer multiples of the fundamental frequency. This inharmonicity
— also called detuning — induces biased estimation of the complex amplitudes. Furthermore, even
if the frequencies of the real signals were perfect harmonics, errors may occur in the estimation
of the fundamental frequency, hence once again, bias is introduced in the amplitude estimation.

Previously, we showed theoretically and on synthetic signals that QHM is able to tackle
with small frequency errors. Hence, we are interested to compare its performance with HM for
real signals. For that purpose we select a 30ms frame from a reasonably stationary section of
speech. The magnitude spectra computed by FFT and estimated using the classic harmonic
representation as in [32] as well QHM are shown in Figure 2.7. Interestingly, the harmonics
between 1.5kHz and 2kHz where the second formant takes place are greatly detuned and are
missed by a purely harmonic model. By contrast, QHM provides a better spectral estimation. In
terms of Signal-to-Reconstruction Error Ratio (SRER), the improvement is 3.9d B. Moreover, the
iterative scheme is not necessary in these case since the estimation of the fundamental frequency
is accurate enough. However, when the estimation of fundamental frequency is inaccurate the
iterative scheme is applied to correct the frequency estimation. Similarly, Figure 2.8 depicts the
comparison between QHM and HM for a 30ms frame from a saxophone sound (i.e. musical
signal). Again, QHM represents the sinusoidal components more accurately compared with HM.
In terms of SRER the improvement is 3.9dB.

Finally, these observations are consistent by testing more than 5 minutes of voiced speech

from both male and female voices where the average SRER improvement is found to be 4.3dB.

2.7 Capturing Chirp Signals: A variant of QHM

QHM, as SM, assumes that locally the analyzed frame is stationary. However, this is rarely
the case. The frequencies as well the amplitudes are time-varying during the period of few ms
(one frame duration) for natural sounds like speech. In order to remove the local stationarity
assumption, a very common extension is to assume that frequencies are varying linearly over
time, which means that one frame is modeled as a chirp signal. In this Section, we investigate

the representation of chirp signals by an extension of QHM which is called chirp QHM (cQHM).
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Figure 2.7: Upper panel: speech modeling using QHM. Lower panel: speech modeling using HM.
The estimated fundamental frequency is 138.9H z.
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Figure 2.8: Upper panel: music modeling using QHM. Lower panel: music modeling using HM.
The estimated fundamental frequency is 217.5H z.

To begin, the multi-component chirp signal is defined for a frame as

K
s(t) = Z A2t st na i)y ), te[-T,T)] (2.37)
k=—K

where K is the number of harmonics, fk and A are the initially provided frequency and the

complex amplitude of the kth component, respectively, while 7, ;. is, as in QHM, the frequency
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mismatch (i.e. fy = fe4ny is the true frequency) and 2y 1, is the chirp rate of the kth component,
respectively.

The estimation of the unknown parameters of the chirp signal in (2.37) is a highly nonlinear
procedure. In order to obtain a linear estimation problem, a simple, yet powerful, technique is
to approximate the signal in (2.37) by Taylor series expansion. Thus, for the kth component, the

first order Taylor series approximation gives
su(t) ~ Ap[l + 2 (st + napt?)]e2 rtw(t), te[-T,T) (2.38)

Motivated by the above approximation as well by QHM, we propose to model a frame of the
original signal by a second order polynomial with complex coefficients given by
K

he(t) = Y (ag + byt + ext?)eP? it 1), te[-T,T) (2.39)
k=—K

where, as before, K is the number of harmonics and fk is the estimated frequency of the kth
component, while {ag, bg, cx}5__ - are complex coefficients which contain both amplitude and
phase/frequency information.

The estimation of the complex unknown parameters {ak,bk,ck}kK:_ i is performed again

through linear LS. In matrix form, the solution is given by

Q>

= (EfWHWE)'EFWHW s (2.40)

o>

o>

where a, b, ¢ and s are the vectors constructed from ag, by, ¢ and s(t), respectively, while W
is a diagonal matrix whose elements are the values of the analysis window function. Finally,
E = [Ey|E1|E>] where the elements of submatrices E; for ¢ = 0,1,2 are given by (E;)pr =

(tn)ieﬂﬂf ktn  The reconstruction of the analyzed frame is then given by

K ~
8() = Y (g + byt + ext®)e > (t), te =TT (2.41)
k=—K

Finally, please note that cQHM has 6 K 4+ 3 unknown real parameters in the real signal case
which means that cQHM requires larger analysis windows compared to QHM, for robust estima-

tion of its parameters. Consequently, the computational load for cQHM parameter estimation is
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about 8 times more compared with the corresponding QHM computational load. This may put
a limitation on the use of cQHM for real-time applications. Nevertheless, cQHM combines both
the linear evolution of frequency as well the frequency mismatch as it is shown in the following

subsections.

2.7.1 Time-domain Properties

From (2.39), the instantaneous amplitude for the kth component is given by

Mi() = lag + thy, + 2ci| = 1/ (aff + b + £2¢)2 + (af + tb], + 12c] )2 (2.42)

while the instantaneous phase is computed as

ak + th I
R
+ b +t2 cf

q)k(t) = 27Tfkt + L(ak + tby + tQCk) = QWfkt + atan (2.43)

Finally, instantaneous frequency which is the derivative of instantaneous phase over time is given
by

Fk(t) = i(I) ( ) fk 4+ — - ( bI bR) + 2t(ak ?\]}g—( C;kck) + t2(bR bkck)

- (2.44)

Obviously, the instantaneous frequency of ¢cQHM is richer compared to QHM. Figure 2.9
shows the instantaneous frequency of a chirp signal (line with circles) as well the instantaneous
frequency of cQHM as it is computed by (2.44). Even though the analysis have been performed
with constant frequency (solid line), the instantaneous frequency of cQHM is able to follow the

original instantaneous frequency at least around the center of the analysis window.

2.7.2 Towards the target model

Following similar ideas as in Section 2.3, the decomposition of by and ¢ into two components

one collinear and one orthogonal to a; yields

b = p1kak + p2,kjok (2.45)

and

Ck = 01 0k + 02 1 J %, (2.46)
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Figure 2.9: A frame of 20ms duration which contains a chirp sinusoid with instantaneous fre-
quency f1(t) = 200+ 4000tH z (line with circles) is analyzed at 190H z (solid line). Instantaneous
frequency (dashed line) tries to adjust to the true instantaneous frequency of the sinusoid. Ham-
ming window of 20ms duration was used.

where p1 1, p2k, 01k, and o9 are the projections of by and ¢; onto aj and jay, respectively.

Mathematically, the projections are given by

RpR RpR Ryl IpR

PLE = W and P2,k = ‘%‘2 (2.47)
while R_.R R_.R R_.I I_.R
oLk = W and  o09) = % (2.48)
With this notation, (2.39) can be rewritten as
K
he(t) = Z ar [1+ (o1 + Gpos)t + (01 + joo )] eIt (2.49)
k=—K

Finally, from (2.38) and (2.49), an estimate of the kth frequency mismatch and kth chirp rate
are obtained by

~ P2k
Mk =75 " (2.50)
T
and
R 02,k
Mk = 5 (2.51)
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Note that p;  and o7 can be used for the estimation of the slope and higher-order quantities

of the instantaneous amplitude.

2.7.3 Iterative Estimation

Once the instantaneous phase parameters {1 i, 72} of the frame have been computed using
(2.50) and (2.51), they can be used to define a new model which takes into account the estimated
parameters leading to a more accurate representation of the signal. Hence, we suggest an iterative
procedure where, at each iteration, one frame is modeled as

K £ 2

hie(t) = Y (ag + bet + cpt?) el TURTHIAETR L) (1), te|-T,T] (2.52)
k=—K

where ag, by and ¢ are again complex coefficients estimated by LS method. Technically, sub-
matrices E; has elements (E;),; = (tn)iej2“(fkt"+’71,kt+ﬁ27kt2). This procedure is repeated until
convergence, i.e., once a criterion based on the evolution of the LS error or based on the relative
chance of the estimated parameters is satisfied. Then, the reconstruction of the analyzed frame
is provided by

K

st)= > (g + byt + &4t2) e 2m Uittt it g (4 te[-T,T] (2.53)
k=—K

Region of Convergence of iterative cQHM

The convergence of iterative cQHM is very difficult to analyze analytically because the model is
changing at each iteration since the estimates of the previous iteration are used. Nevertheless,
we explore numerically the estimation error of both frequency mismatch and chirp rate for a
mono-component chirp signal and then some clues about the region of convergence (ROC) of
iterative cQHM are provided.

Figure 2.10 shows the estimation error of frequency mismatch when cQHM and (2.50) is ap-
plied. Analysis window is a Hamming window of 16ms duration. Frequency mismatch takes val-
ues in the interval [—400, 400]H z, while chirp rate takes values in the interval [—100, 100]H z/ms.
Have in mind that a chirp rate of 50H z/ms means that in one millisecond, instantaneous fre-
quency changes 50 Hertz. It is obvious from Figure 2.10 that the error is not a convex function,
however, there are regions where the convexity holds and in these regions we expect the iterative

cQHM to converge. Figure 2.11 shows with white color the region where the estimation error is
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less than the initial frequency mismatch. In this region, iterative cQHM is expected to converge

since the frequency mismatch is reduced.

Figures 2.12 and 2.13 shows the estimation error and the convergence region of chirp rate
parameter, 7y, respectively. Now, the region of convergence (white color) is considerably smaller
compared with the corresponding ROC for the frequency mismatch which limits the maximum
allowed chirp rate value. Nevertheless, motivated by Figures 2.11 and 2.13, different iterative
schemes may be suggested. For instance, one suggestion could be to iteratively reduce the fre-

quency mismatch and then try to reduce iteratively the chirp rate error.

2.7.4 Application to speech

To test the performance of cQHM for multi-component cases, we apply cQHM on real signals.
In Figure 2.14, one frame of a female voice is analyzed using cQHM. The sampling frequency
of the signal is 16kHz and the number of harmonics is set to 15. In this example, after careful
manual inspection of the evolution of the glottal cycle, it was observed that within the analysis
window, the fundamental frequency approximately increases from 180Hz to 220Hz. It must be
also pointed out that for speech signal the chirp rate is larger for higher harmonics. Actually,
it is expected to be k times the chirp rate of the fundamental frequency. Consequently, there
may be cases in which the Taylor approximation in (2.38) is not valid. This is noticeable in
Figure 2.14 where some partials has opposite slope than the expected. To handle such cases, it
is recommendable to use a single fan-chirp rate 7y estimated from the chirp rates of the first Ky
components. We will refer to this as restricted chirp rate estimation procedure. As an estimate of
the single chirp rate, 72, is used a weighted average of the chirp rate of the first Ky components

given by

1 Ko
g — — 1 k 2.54
12 Ko;%,k/ ( )

Then, the iterative analysis is carried out using chirp rate 7y = k)2 for the kth harmonic.
Figure 2.15 shows the same frame analyzed with the restricted chirp rate estimation approach for
each component. Kj is set to 3. Now, the frequency evolution is consistent for each component
which results in higher accuracy. Indeed, in this example, the SRER is improved 2dB when the

single chirp rate parameter is used.
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Figure 2.10: Absolute value of the frequency mismatch estimation error using cQHM. Please note
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tive cQHM. It is worth noting that almost for any chirp signal the frequency mismatch will be
corrected.
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Figure 2.13: Region of convergence (white region) for the chirp rate using the iterative cQHM.

2.8 Conclusion

In this Chapter, we re-introduced a time-varying model which is referred to as QHM. The esti-

mation of the unknown parameters was performed through linear LS. Then, the main properties
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Figure 2.14: 40ms of female speech. Upper panel: Original (solid) and reconstructed (dashed)
signals (SRER = 11.1dB). Sinusoidal components may have arbitrary chirp rates. Lower panel:
The estimated frequency evolution of the 15 first harmonics.
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Figure 2.15: 40ms of female speech. Upper panel: Original (solid) and reconstructed (dashed)
signals (SRER = 13.1dB). Sinusoidal components have chirp rates which are integer multiples
of a fundamental chirp rate. Lower panel: The estimated frequency evolution of the 15 first
harmonics.

of QHM were presented. We showed that an important property of QHM is its ability to de-

tect frequency mismatch errors and then correct them. Thus, an iterative algorithm (iQHM),
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which efficiently estimates the sinusoidal parameters, was proposed. The region of convergence
of the iterative algorithm was provided and the importance of the window type and duration
was highlighted. Moreover, the robustness of QHM and iQHM under additive noisy conditions
was demonstrated. Furthermore, QHM was tested on real signals such as voiced speech and
music signals showing its superiority over HM. Finally, an extension of QHM, namely chirp QHM
(cQHM), was presented which is able to model not only the frequency mismatch but also the
linear evolution of the frequency. Iterative parameter estimation was also applied for this model

in order to reduce the estimation error.
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Chapter 3
Adaptive QHM

In previous Chapter, we showed that QHM is able, under certain conditions, to correct frequency
mismatch errors efficiently when the analyzed frame is locally stationary. In practice however,
even for frames of duration of few ms, the natural signals like speech are non-stationary. The
use of cQHM, which is a more complex model than simple QHM or SM, is not satisfactory due
to the fact that computation cost becomes very high as well the convergence of iterative cQHM
is not guaranteed in the multi-component case. In this Chapter, we propose a non-parametric
and adaptive model referred to as adaptive QHM (aQHM) which is able to model efficiently
the non-stationarity of the analyzed frame. Furthermore, an algorithm for the decomposition of
AM-FM signals based on aQHM is developed. Then, the AM-FM decomposition algorithm is
tested on synthetic signals with highly non-stationary characteristics as well under noise. Finally,
the application of aQHM to voiced speech reveals its superiority in terms of SRER against QHM
and FFT-based SM.

3.1 Limitations of QHM

We showed that if the analyzed frame is a sum of stationary sinusoids, QHM is able to correct the
frequency mismatch! between the initially provided frequencies and the true frequencies. More-
over, applying iQHM, we showed that both frequency and amplitude estimation errors approach
the CRLB, which means that iQHM is a statistically efficient estimator of sinusoidal parame-
ters. However, even locally the sinusoids have variations both in amplitude and in frequency. In

Section 2.7, we further expanded QHM to cQHM in order to represent chirp signals, thus, we

! As presented in previous Chapter, the maximum allowed frequency mismatch depends on the bandwidth of
the analysis window.
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manage to model linear evolution of frequency within a frame with the additional cost of more
parameters, larger analysis windows, and higher computational cost. As concerns the ability of
QHM and cQHM in capturing amplitude modulations, QHM is able to model linear evolution
of amplitude while cQHM is able to capture quadratic amplitude evolution. Nevertheless, the
frequency estimation of non-stationary signals is by far more important and the performance of
the models presented in the previous Chapter is not satisfactory. This is shown in the following
example where a more complex mono-component signal is considered. One frame of the signal is

given by
l‘(t) = (1 + a1t + ()42t2 + Oé3t3)ej27r(f1t+771t+772t2+773t3)w(t), te [—T, T] (3.1)

where the amplitude coefficients, {a;}3_;, as well as the phase coefficients, {n;}?_,, are real
numbers. Again, f1 is an estimate of the signal frequency which is used for the computation of
the unknown complex parameters of QHM (or cQHM). In order to test whether QHM is able to
correctly estimate the frequency mismatch parameter, n;, we resort to numerical computations
and Monte Carlo simulations. Thus, each parameter in (3.1) takes values uniformly distributed

on the intervals provided in Table 3.1. The analysis window is a Hamming window of duration

’ H min ‘ max ‘
a1 —2/T 2/T
s | —2/17 | 2/T?
asz || —2/T3 | 2/T3
m || —16/T | 16/T
ne | —2/T? | 2/17
ns | —2/73 | 2/1°

Table 3.1: Intervals for each parameter in (3.1).

2T = 16ms. Note that the synthetic signal under consideration changes its characteristics very
fast. For example, if all the coefficients in (3.1) are set to zero except for ay, which is set to %,
then the instantaneous amplitude starts from 0 at the beginning of the frame and ends (after
16ms) at the value of 2A. Figure 3.1(a) depicts the estimation error of frequency mismatch
for 105 Monte-Carlo runs. It can be seen that a reasonable estimate of frequency mismatch is
obtained if the frequency mismatch is smaller than 100H z, which is less than in the stationary
case (125Hz) that corresponds to the specific window type and length. Hence, the region of

convergence of iIQHM is smaller for non-stationary signals. More importantly, even for very low
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frequency mismatch, a persistent error is present. This is why further updates of the frequencies
(depicted in Figure 3.1(b)) provide only marginal refinements but do not systematically decrease
the estimation error at each iteration as is the case for the mono-component stationary signal.
Similar results are obtained when cQHM is used instead of QHM. Figure 3.2(a) shows the
estimation error of frequency mismatch, 71, using cQHM. Even though the region of convergence
using cQHM is almost doubled (actually, the maximum allowed frequency mismatch is 175H z),
a pertinent error in the estimation of frequency mismatch remains, even if the iterative scheme is
applied (Figure 3.2(b)). As a conclusion, neither QHM nor cQHM are able to model adequately
the non-stationarity of the analyzed frame. Thus, a different approach should be utilized for
highly non-stationary signals. In the following Section, an adaptive model, which extends QHM,
is suggested. We show that the new model uses time-dependent frequency information at the
estimation level and it is able to represent non-stationary signals with higher accuracy using the

same number of parameters as in SM and using .

3.2 Definition of adaptive QHM, aQHM

In this Section, we suggest a different approach where the basis functions of the model are not re-
stricted to be chirp or exponential functions but can adapt to the locally estimated instantaneous
frequency/phase components. More specifically, one frame is projected in a space generated by
time varying non-parametric sinusoidal basis functions. We will refer to this modeling approach
as adaptive QHM (aQHM).

Lets assume for the moment that an estimate of the instantaneous components of the signal,
{Ak(t), fr (1), ék(t)}’]z: - are given. Then, one frame, s;(t), of the signal centered at time instant

t; is modeled as®

K; . .
() = Y (af + b)) e <13, T (3.2)
k=—K;

where aﬁc and bf,c are again complex numbers. The term bfc plays the same role as in QHM,; it
provides a means to update the frequency of the underlying sine wave at the center of the analysis
window, t;. The suggestions regarding the type and size of the analysis window made for QHM,
are also valid for aQHM, since the same update mechanism is used. Note also that the old phase

value at t; (i.e., br (t1)) is subtracted from the instantaneous phase, so as the argument of the basis

2The frame indexing is necessary for aQHM, so, it reappears here.
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Figure 3.1: Upper panel: The estimation error of 71 using QHM and a Hamming window of 16ms
length, after 10° Monte-Carlo simulations of (3.1). Lower panel: Same as above, but with two
iterations for the estimation of ;.

400

erln,) (Hz)

-100 0 100
n, (Hz)
(a)

er(n,) (Hz)

-300 -200  -100 0 100 200 300 400
n, (Hz)
(b)

Figure 3.2: Upper panel: The estimation error of n; using cQHM and a Hamming window of
16ms length, after 10> Monte-Carlo simulations of (3.1). Lower panel: Same as above, but with
two iterations for the estimation of n;.

function has zero value at the center of the analysis. Thus, a new phase estimate at time-instant
t; is obtained from the argument of ai,.

The estimation of the unknown parameters of aQHM is similar to the QHM’s parameter
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estimation. The mean squared error between the signal and the model is minimized. The solution

is straightforward and it is provided by

a
| = (EEWHIWE) ' EfWHW s (3.3)
b

where now submatrices F;, i = 0,1 of matrix £ = [Ey|E;] have elements given by (Ep)pk =

2 (Gr(tatt)=dr(t) and (E1)ng = tned2m(Gk(tntt)—di(t) = tn(Eo)nk- Unfortunately, most of
the improvements for the computation of the above linear equation system presented in the
Appendix A are not applicable to aQHM because the basis functions are non-parametric. The
only applicable improvement is to diagonalize the submatrices of Ef WHW E which results in
speed-ups of its construction and its inversion. The reconstruction of the frame is given by

K

5(t) = Z (ak, + tl;ic)ej(g’k(ﬂrtl)*g’k(tl))w(t)7 te [Ty, (3.4)
k=—K,

3.2.1 Difference between aQHM and QHM or cQHM

In contrast to QHM or cQHM, where the argument of the basis functions is parametric and/or
stationary, in aQHM the argument of the basis functions is non-parametric neither necessarily
stationary. Moreover, since the aQHM basis functions use the instantaneous phases which have
been estimated from the input signal, these are also adaptive to the current characteristics of the
signal. In other words, they are adaptive to the analyzed signal. This is depicted in Figure 3.3
where the original instantaneous frequency (line with circles) is shown for the frame centered
at time ¢;, along with the frequency track used by QHM (solid line) as well the frequency track
used by aQHM (dashed line). It is obvious from Figure 3.3 that aQHM will produce less error in
the estimation of afk and bgﬂ compared to QHM because the signal is projected to basis functions

which are closer to the original instantaneous frequency.

Indeed, an interpretation of LS estimation method is that the instantaneous frequency (or
more correctly instantaneous phase) of the basis function is subtracted from the original instan-
taneous frequency and then an averaging is performed in order to provide the estimates of the
unknown parameters. Looking at Figure 3.3 the difference between the original and the instanta-
neous frequency of the models reveals that it is smaller for aQHM rather than for QHM. Finally,
note that aQHM needs an initial estimation for the instantaneous phase. This is provided by

QHM which acts as a frequency tracker as it will be shown next.
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f A —o— Original frequency
QHM'’s analysis frequency
— — —aQHM’s analysis frequency

Figure 3.3: QHM vs aQHM. The instantaneous frequency of the mono-component signal (line
with circles) is assumed to be constant for QHM (solid line) while aQHM (dashed line) does not
make any assumption about the shape of instantaneous frequency.

3.2.2 Initialization of aQHM

In order to apply aQHM, we actually need an estimate for the instantaneous phase for each
sinusoidal component. Any algorithm that produces such an estimate can be used as an ini-
tialization for aQHM. In this thesis, we suggest initial estimate of the instantaneous phase (and
amplitude/frequency) to be provided by QHM. Since QHM is able to correct small frequency
mismatch errors, it can also be used as a frequency tracker. Indeed, assuming that the analysis
is moved from time-instant ¢;_; to time-instant ¢;, the estimated frequency at time-instant ¢; 1
can be used as an initial estimate of the frequency for QHM. Thus, let fi(¢;), Ax(t;), and ¢y (%),
denote the frequency, the corresponding amplitude and phase at time-instant ¢; (center of anal-
ysis window) of the kth component, with [ = 1,..., L where L be the number of frames. These

parameters are estimated using QHM as

~ A p 7k
fet) = fultia) + 5 (3.5)
T
Ap(t)) = |ak] (3.5b)
Pi(ty) = Zaj, (3.5¢)
Considering now all the estimations made at ¢;, with [ = 1,--- L, we may construct the

corresponding time series for the instantaneous amplitude, frequency and phase, for each of the
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components of the signal. Then, we should consider the effect of the step size, or otherwise the

distance between the centers of the analysis frames, t;, in the performance of aQHM.

Effect and importance of step size

For applications in speech analysis such as voice function assessment (i.e., voice disorders, anal-
ysis of vocal tremor) or voice modification, one sample time-step is accepted. In this case, the
instantaneous values of frequency, amplitude, and phase are just provided, since at each sample
an estimate of these parameters are computed. In other applications however, such as speech
synthesis, larger time-steps are required. In SM, between two consecutive synthesis instants,
linear interpolation for the amplitudes and cubic interpolation for the phases were suggested [1].
In aQHM, many interpolation schemes can be considered for the estimation of the intermedi-
ate samples. For instantaneous amplitude we suggest linear interpolation because it guarantees
that the instantaneous amplitude will be always positive which is a necessary condition for the
well-posiness of the instantaneous amplitude. Cubic or spline interpolation unfortunately do not
guarantee positiveness of the instantaneous amplitude. For the instantaneous frequency, we sug-
gest using spline interpolation because it provides smooth estimates of the frequency trajectories
(which is considered to be representative of the typical voiced speech; in other types of sounds
different approaches may be applied). However, such simple solutions are not possible for the
interpolation of instantaneous phase. For this purpose, we will describe in the following a non-
parametric approach based on the integration of instantaneous frequency, as an alternative to

the cubic phase interpolation method suggested in [1].

Phase interpolation

Based on the definition of phase, the instantaneous phase for the kth component can be computed
as the integral of the computed instantaneous frequency. For instance, between two consecutive
analysis time-instants ¢;_; and t;, the instantaneous phase of the kth component can be computed

as

d(t) = dr(ti_1) + / t om fi,(u)du (3.6)

ti—1
This solution, however, does not take into account the frame boundary conditions at t;, which
means that there is no guarantee that ¢y (t;) = dr(t;) + 2rM, where M is the closet integer to
o (t1) — dr(t))]/(27). We suggest modifying (3.6) in order to guarantee phase continuation over
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frame boundaries as following

5 2 ! 2 P [(mu—ti1)
oult) = dulti) + [ 2mfulw) +rfsin [ D=0 gy (3.7)
t1 ty— 1t
In (3.7), the continuation of instantaneous frequency at the frame boundaries is also guaranteed
by the use of the sine function (although other choices may be used as well). Please note that
the instantaneous frequency is re-estimated as the derivative of the modified instantaneous phase
with respect to time. Moreover, it can be easily shown that the instantaneous phase of (3.7) at
t; will be equal to q@k(tl) + 27 M if ri: is selected to be
m (P (t1) + 20 M — §i(tr))

I
L 2(t —t1-1) (38)

where M is computed as before. Moreover, 7“2 is not just a correction factor and it can be thought
as a measure of how valid is the assumption that the analyzed signal is a superposition of time-
varying sinusoids. To be more specific, ré is used for correcting small errors due to discretization
of the instantaneous components as well estimation errors of frequency or phase. Whenever the
signal is indeed an AM-FM signal, then the correction factor should be small. On the other hand,
when the signal is not an AM-FM signal and contains wide-band information, then the correction
factor should be high.

In Figure 3.4, (3.6) and (3.7) are compared on a synthetic example. The signal was analyzed
frame-by-frame using QHM at time-instants %1, ...,%;,...,t;, with time-step 4ms and estimates
of the instantaneous components at these instants are obtained. Figure 3.4(a) shows the true
instantaneous frequency contour (dashed line) of the AM-FM signal along with the estimated
instantaneous frequency which is computed as the derivative of the instantaneous phase computed
by (3.6). Figure 3.4(b) shows the same but, now, (3.7) has been used for the instantaneous phase
computation. It is obvious that in the former case there are spikes at the frame boundaries while

in the latter case, the estimated instantaneous frequency is free of these spikes.

3.3 AM-FM decomposition algorithm

Summarizing, aQHM suggests a non-parametric AM-FM decomposition algorithm which pro-
ceeds by successive adaptations of the basis functions of the model to the characteristics of the
underlying sine-waves of the input signal. Initial estimate of the instantaneous phase necessary

for aQHM is provided by QHM. A pseudo-code of the algorithm is presented below.
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Figure 3.4: Actual instantaneous frequency (dashed line) and estimated instantaneous frequency
(solid line) as the derivative of the instantaneous phase computed from (3.6) (upper panel) and

(3.7) (lower panel).

Adaptive AM-FM Decomposition Algorithm

1. Initialization step:
Provide initial frequency estimate fp(¢;)

Fori=1,2,....L

(a) Compute al, b} using f2(¢) as initial frequency estimates in (2.6)

(b) Update fQ(t;) using (3.5a) and (2.19)

(c) Compute A)(t;) and ¢)(t;) using (3.5b) and (3.5¢), respectively

(d) fAtipr) = fAt)

end

Interpolate flg(t), flg(t), ég(t) as described

2. Adaptation step:
Fori=1,2,..
Forl=1,2,...,.L
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(a) Compute al, b’ using gZA)Zfl(t) in (3.2)

(b) Update f,@(tl) using (3.5a) and (2.19)

(¢) Compute 1212(755) and gZ)}C(tl) using (3.5b) and (3.5¢), respectively
end
Interpolate fé(t), A}C(t), gZ;}c(t) as described

end

The aQHM-based AM-FM decomposition algorithm is intuitively simple, and, as concerns
its complexity, the most time-consuming part is the computation of af,c and bi via LS at each
time-step. For comparison purposes, when there is only one component, the complexity of each
time-step is O(N) where 2N +1 is the duration of the analysis window. This order of complexity
is comparable to AM-FM decomposition algorithms with very low complexity such as the DESA
algorithm [56]. For multi-component signals, the complexity of each step is O((N + K)K?)
where K is the number of components. Please note also that the window duration may be
frame-dependent and usually it depends on the smallest frequency.

The signal is reconstructed by summing the time-varying components, i.e.

K
sy=3 A(t)elh® (3.9)
k=—K

An objective measure on how close the reconstructed signal is to the original signal is given by
SRER at it is defined by (2.10). Now, SRER measures the overall performance of the AM-FM
decomposition algorithm, hence, it is considered as a global measure3. Thus, the adaptation step
can be iterated until changes in the SRER are not significant. As we will show, the number of

adaptations depends on the amount of non-stationarity of the signal.

3.4 Validation on Synthetic Signals

In this Section, the performance of the suggested adaptive AM-FM decomposition algorithm will
be validated on two AM-FM synthetic signals. The first signal is a chirp signal with a second
order polynomial for AM, while the second signal has two sinusoidally time-varying AM-FM

components. Moreover, we will consider the case with additive noise in order to further validate

3Up to now, SRER measured the modeling error for one frame, hence, it was considered as a local measure.
Nevertheless, SRER is able to measure the total performance of a method/model.
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the robustness of the proposed algorithm. For all synthetic examples, please note that we consider
a sampling frequency of fs = 8000H z and the time-step will be fixed to one sample (¢;—t;_1 = 1).
Thus, interpolation of the instantaneous components is not necessary.

For comparison purposes, we suggest comparing the AM-FM decomposition algorithm which
we denote it by aQHM with QHM (i.e. only the initialization step of the AM-FM decomposition
algorithm) and the estimation procedure used in the sinusoidal modeling of [1]. Regarding SM,
at each analysis frame, we compute the Fourier transform of the windowed signal and determine
the frequency and amplitude of each component of the signal by performing peak-picking in the
magnitude spectrum. To improve the frequency resolution of this standard approach, parabolic
interpolation in the magnitude spectrum is used. The Fourier transform of the signal is computed
at 2048 frequency bins.

Since the synthetic signals are parametric in AM-FM components, we will use as a validation
metric the Mean Absolute Error (MAE) between the true and the estimated AM-FM components.
MAE for a time-varying parameter 6(t) with support in [0, 7] is defined as

MAE(9 Z/ t) — 09 (t)|dt (3.10)

where M is the number of simulations while §(®) (t) is the estimated time-varying parameter at

the ith simulation.

3.4.1 Mono-component AM-FM signal

Firstly, let us consider the following mono-component chirp signal with a 2nd order amplitude

modulation given by
2(t) = (11 — 340t + 4000¢2) /27 (1006:+195006%) t€0,0.1] (3.11)

whose instantaneous frequency is f1(t) = 100+39000¢ (Hz). Note that the chirp rate is significant
and starting from 100H z, it reaches 4000H z in 0.1s, which is the maximum allowed frequency
since the sampling frequency is 8000H z. Figure 3.5(a) shows the real part of the chirp signal
while Figure 3.5(b) shows its spectrogram.

Based on the analysis presented before (Section 2.5), the maximum frequency mismatch
between the initial estimate and the actual frequency of the signal is defined as one third of

the bandwidth of the squared analysis window. In this experiment, we use a 8ms (T" = 4ms)
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Hamming window, so the squared window has bandwidth B = 3/T = 750Hz. Therefore the
maximum frequency mismatch is +250H z. The center of the first analysis window is located at
4ms, where the actual instantaneous frequency is 256 H z. We set the initial frequency estimate to
200H z which means that there is frequency mismatch of 56 H z. The upper plots of Figure 3.6 show
the original (line with circles) and the estimated using aQHM (bold dashed line) instantaneous
components of the chirp signal. Three adaptation passes are enough for aQHM to converge. The
lower plots of Figure 3.6 show the estimation error of the instantaneous components not only for
aQHM (dashed line) but also for SM (solid line) and QHM (dotted line). The performance of
QHM and SM is similar which is expected since both methods use stationary basis functions. On
the other hand, aQHM adapts to the characteristics of the analyzed signal, thus, its estimation

error is greatly reduced.

We now consider the case of complex additive white Gaussian noise of 30dB and 10dB local
SNR*. Then, the average performance of each algorithm was measured based on 10* simulations
of noise realization. Table 3.2 reports the MAE between the estimated and the actual AM and
FM component, for QHM, aQHM, and SM. Please note that two or three adaptations were used
for aQHM. First, we observe that aQHM outperforms all the other approaches, while QHM and
SM present about the same performance. When there is no additive noise, aQHM efficiently
resolves the non-stationary character of the signal in contrast to the other two approaches. As
the local SNR decreases, the performance of aQHM decreases too, while the performance of QHM
and SM remains about the same. In this experiment, estimation error has mainly two sources.
One stems from the non-stationarity characteristics of the input signal while the other stems from
the additive noise. The former source seems to be more important for the case of QHM and SM,
while the latter affects more aQHM. However, even for 10dB local SNR, aQHM is more than
200% and 60% better than SM (in terms of MAE) in estimating the AM and FM components,
respectively. Finally, in the case of additive noise, the reported SRER suggests that aQHM is not
an overdetermined method (i.e. aQHM does not model the noise) since SRER is approximately

equal to the local SNR.

4By local SNR, we mean that SNR is constant at any time instant, i.e. SNR is independent from the instanta-
neous amplitude of the analyzed signal. This is achieved by multiplying the additive noise with the instantaneous
amplitude of the signal.
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Figure 3.5: Upper panel: The real part of the mono-component AM-FM signal. Lower panel: Its
STFT with squared Hamming window of 8ms as analysis window and the time-step is set to 1

sample.
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Figure 3.6: Upper panels: The true and the

estimated by aQHM instantaneous components.

Lower panels: The error between the true and the estimated components by aQHM (dashed
line), by SM (solid line) and QHM (dotted line). Note that the estimation error for aQHM is
mainly zero for both AM and FM components.
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| SNR | Method [ AM | FM (Hz) | SRER (dB) |

o | QEM [ 0.19 2.21 15.0
S | aQHM [0.006 | 0.002 61.8

SM 0.19 2.69 13.1
o | QEM [ 0.20 2.30 14.8
= [ aQHM | 0.02 0.66 29.5
i SM 0.19 2.73 13.0
o | QEM [ 0.23 5.04 10.1
= [ aQOM | 0.22 6.23 10.1
- SM 0.23 5.23 8.2

Table 3.2: MAE of AM and FM components for QHM, aQHM and SM without noise, and with
complex additive white Gaussian noise at 30dB and 10dB local SNR. SRER is also reported.

3.4.2 Two-component AM-FM signal
Let us consider a two-component AM-FM signal of the form

s(t) =2(1+ 0.4005(2773015))ej(2”700t+cos(2”130t))
(3.12)

+ 2(1 + 0'3008(271_50”)ej(27r1000t+cos(27r130t))

where instantaneous amplitudes and frequencies present sinusoidally time-varying characteristics.
Note that the AM of the second component (AM?2) varies faster than the corresponding AM of
the first component (AM1), and that frequency modulation for both components is high: 130
cycles per second. Figure 3.7(a) shows the real part of the two-component AM-FM signal while
Figure 3.7(a) shows its spectrogram. It is worth-noting that the two components cannot be

distinguished from the spectrogram.

For the proposed AM-FM decomposition algorithm, a Hamming window of length 16ms
(T = 8ms) is used. In case of QHM, an initial frequency mismatch of 32Hz is assumed for
both components, which is below the maximum allowable mismatch (namely B/3 = 125Hz in
this example). The performance of the proposed AM-FM decomposition algorithm is shown in
Figure 3.8 where the original (solid line) as well the estimated by aQHM (bold dashed line)
instantaneous components after 14 adaptations are presented. Figure 3.9 shows the modeling
error of each instantaneous component estimated by SM (solid line), by QHM (dotted line) and
by aQHM (dashed line). Even though the estimation error of aQHM is not fully eliminated, it is

greatly reduced compared to the estimation error of the other two methods.

Moreover, the performance of the algorithms is tested with complex additive white Gaussian
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Figure 3.7: Upper panel: The real part of the two-component AM-FM signal. Lower panel: Its
STFT with squared Hamming window of 16ms as analysis window and the time-step is set to 1
sample. It is noteworthy that the two components are not well-separated.

noise of 10dB local SNR. As previously, in case of additive noise, the average performance of
each algorithm was measured based on 10* simulations of noise realization. In Table 3.3, the
performance of QHM, aQHM, and SM is shown in terms of MAE as well in terms of SRER.
Indeed, aQHM is about 500% better than SM or QHM in terms of MAE for the noiseless case
and more than 300% for the 10dB noise level. It is worth noting here, that over the duration
of the window length, the signal components change quickly, therefore, it may be seen as a
highly non-stationary signal. Specifically, in 16ms, about 2 periods of the FM components are
observed. Regarding amplitude modulation, this is about half of one period for AM1 and about
one period for AM2. Therefore, more iterations in aQHM are expected in order to reduce MAE
for each of these components. Indeed, aQHM required 14 adaptations to converge (meaning that
no significant changes in SRER were observed) in case of clean data while 8 adaptations are
required in case of additive noise.

As in the mono-component signal, QHM and SM have similar performance regarding the AM
components, while for the FM components, QHM performs better than SM. It seems that the
presence of two components affects more SM than QHM due to the interference between the
components. Also, aQHM outperforms both QHM and SM for all the parameters and under all
conditions. Furthermore, in contrast to the mono-component case, aQHM is not so sensitive to

the additive noise. In this case, the source of the estimation error due to the highly non-stationary
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Figure 3.9: Upper panels: The error between the true and the estimated by SM (solid line), by
QHM (dotted line) and by aQHM (dashed line) instantaneous amplitude and frequency for the
first AM-FM component. Lower panels: The same but for the second AM-FM component.

character of the input signal is more important than the corresponding error source due to the
presence of noise. Therefore, decreasing the SNR, does not significantly affect the performance

of aQHM.
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| SNR | Method || AM1 | AM2 | FM1 (Hz) | FM2 (Hz) | SRER (dB) |

9 QHM [ 0.36 | 0.38 70.02 69.81 5.4
“§ aQHM | 0.07 | 0.10 17.11 16.54 20.1

SM 0.30 | 0.34 88.02 78.84 5.4
9 QHM | 0.36 | 0.08 71.02 69.81 4.6
= [ «QHM | 0.10 | 0.12 22.80 20.55 10.0
- SM 0.31 | 0.34 88.39 79.46 4.2

Table 3.3: Mean Absolute Error for QHM, aQHM and SM for the two-component synthetic
AM-FM signal, without noise, and with complex additive white Gaussian noise at 10dB local
SNR.

3.5 Application to Voiced Speech

The suggested adaptive AM-FM decomposition algorithm based on aQHM can be applied on
voiced speech signals in a straightforward way. Actually, the aQHM algorithm can be applied
on large voiced speech segment. The only modification in the previously presented the AM-
FM decomposition algorithm in order to work, is that instead of tracking each frequency, a
fundamental frequency is tracked and then the analysis frequencies for QHM are provided as
integer multiples of the estimated fundamental frequency, i.e. fo(t;) = kfo(t;) for each k. The
reason is that voiced speech could be highly non-stationary and sinusoidal components are born
or die making the tracking of each frequency extremely difficult while fundamental frequency
is a quantity which is always present in voiced speech. Thus, providing just the fundamental
frequency for the first frame of the voiced segment and the number of components, the whole
voiced segment is analyzed by the suggested AM-FM decomposition algorithm. It is worth noting
that the accuracy of the fundamental frequency estimator is not crucial for QHM, since frequency
mismatches are easily corrected (of course, we exclude cases of fundamental frequency doubling
or halving).

In this Section, we compare aQHM with QHM and SM in terms of SRER for voiced speech
signal reconstruction. If time-step is one sample, then all algorithms have an estimation of the
instantaneous amplitude and phase as these are estimated at the center of their analysis windows.
For SM, parabolic interpolation in the magnitude spectrum is used in order to improve frequency
resolution. Phases are then computed from the phase spectrum by considering the phase at the
point nearest the interpolated frequency. As previously, the Fourier transform of the signal is

computed at 2048 frequency bins.

In Figure 3.10(a), a segment from a voiced speech signal generated by a male speaker is shown
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(sampling frequency 16kHz). The analysis was performed using a Hamming window of 24ms and
with one sample as time-step. For QHM, we set fo(t1) = 140Hz (the average fundamental
frequency of the segment) and K = 40. The results from QHM were used as an initialization
for aQHM, where three adaptations were performed. Regarding SM, the most prominent 40
components in the magnitude spectrum were selected after peak picking and parabolic interpo-
lation. We verified that the frequency of the selected peaks were closely related to the updated
frequencies, fk of QHM. The estimated instantaneous amplitude and phase information for all
the methods (QHM, aQHM, and SM) were then used to reconstruct the speech signal as in (3.9).
The reconstruction error for each method is depicted in Figure 3.10(b), (c) and (d), for QHM,
aQHM, and SM, respectively. Again, aQHM provides the best reconstruction compared to the
other two alternatives even if only one iteration is applied. The SRER is 19.5dB for SM, 24.1dB
for QHM, and 30.5dB for aQHM.

3.5.1 Large-scale Objective Test

In case the time-step is bigger than one sample, then the instantaneous amplitudes and phases
should be computed from the estimated parameters at the analysis time-instances. The instan-
taneous phase of QHM and aQHM is computed from (3.7). For SM, instantaneous amplitude
is computed with linear interpolation while for the instantaneous phase, cubic interpolation is
used [1]. Using three different step sizes, namely 1ms, 2ms, and 4ms, we analyze and reconstruct
about 200 minutes of voiced speech from 20 male and 20 female speakers (about 5 minutes per
speaker) from the TIMIT database. The sampling frequency of the speech signals is 16000H z.
Assuming an average pitch of 100Hz and 160H z for male and female speakers, respectively, we
use Hamming windows of fixed length; 2.5 times the average pitch period. Thus, we used a fixed
length analysis window: 25ms for male and 15ms for female speakers. The same windows is
used for all the algorithms. The number of components is set to K = 40 for male voices and to
K = 30 for female voices. The average and standard deviation of the SRER (in dB) is provided in
Table 3.4 along with various time-steps. Table 3.4 also presents the mean number of adaptations
(NoA) needed for aQHM to converge. Since only aQHM suggests an adaptive algorithm, this
column of the table is considered only for aQHM.

We observe that the reconstruction error has lower power for the female voices than for the
male voices. This is expected as the duration of analysis window is shorter in this case. As already
mentioned, time-step is a crucial parameter in QHM and in aQHM. Results show that there is

a minor decrease in the performance of these two algorithms when the time-step is increasing.
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Figure 3.10: (a) Original speech signal and reconstruction error for (b) QHM, (c) aQHM after
three adaptations, and (d) SM, using K = 40 components. Obviously, aQHM has the smallest

reconstruction error.

Comparing aQHM with SM, we see that the improvement in SRER is between 56% (for males)

and 55% (for females), thus providing an average improvement of over 55%. Compared to QHM,

aQHM provides an average improvement of 22% in SRER.
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Male Female
Step | Method || Mean ‘ Std | Mean ‘ Std || NoA
w QHM | 239 [ 49 29.1 | 4.7 -
E | aQHM | 291 [44] 341 |43 [ 24
SM 175 [ 5.2 | 211 | 6.0 -
N QHM | 224 [ 55 ] 283 | 4.9 -
S [ eQHM | 283 |43 ] 336 |44 | 26
SM 178 [ 5.1 | 214 [ 5.9 -
w QHM | 199 | 6.1 | 25.7 | 5.7 -
S | eQHM || 262 [ 49 ] 309 | 45 | 28
SM 182 [ 49 209 [ 55 -

Table 3.4: Mean and Standard Deviation of SRER (in dB) for approximately 200 minutes of
voiced speech from TIMIT.

3.6 Conclusion

In this Chapter, we showed that QHM (or cQHM) is not appropriate for modeling highly non-
stationary signals. Thus, we proposed an extension of QHM, which is referred to as adaptive
QHM (aQHM), for the modeling of locally non-stationary signals. In this case, the basis functions
of the model are non-parametric and they are able to adjust to the time-varying characteristics
of the signal.

Moreover, an AM-FM decomposition algorithm based on aQHM was developed. Since aQHM
requires an initial estimate of the instantaneous phase, aQHM is initialized by QHM. Results on
synthetic signals showed that aQHM estimates efficiently the instantaneous components of the
signals. Comparisons with QHM and SM on synthetic AM-FM signals showed that aQHM
outperforms both of them. Finally, similar results were obtained when aQHM was compared to

QHM and SM on voiced speech signals.



Chapter 4

Analysis/Synthesis Speech System
based on aQHM

This Chapter develops an analysis/synthesis (A/S) speech system which is able to produce in-
distinguishable resynthesized speech. Taking into account the different sources that constitute
speech, we choose to follow a hybrid representation of speech. Hybrid models separate speech
into a deterministic component and a stochastic component [80, 9, 81]. The deterministic com-
ponent models the quasi-periodic features of speech while the stochastic component models the
non-periodic characteristics of speech. Voiced speech usually contains both components. The
source separation results in better manipulation of the different components leading to more
flexible and efficient speech modification algorithms.

One well known hybrid model for speech is the Harmonic+Noise model (HNM) developed by
Stylianou [32] and Stylianou et al. [81] and it was used for high quality time-scale/pitch-scale
modification of speech and for voice transformation. HNM decomposes speech into two bands:
the lower band (deterministic part) where the speech signal is modeled as a sum of harmonically
related sinusoids and the upper band (stochastic part) where the speech signal is modeled as
modulated noise. In the literature, the separation of periodic and aperiodic components of speech
has gained a lot of research interest [82, 83]. In our separation scheme, the deterministic part
captures the speech signal up to a maximum voiced frequency and the residual signal between the
speech signal and the reconstructed deterministic component defines the stochastic component.

We suggest modeling the deterministic part using aQHM initialized by QHM as in the AM-
FM decomposition algorithm presented in the previous Chapter. Taking advantage of the time-

varying characteristics of the analyzed signal, aQHM is able to address efficiently the local non-
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stationarity of the speech signal. Compared to HNM or SM, this new approach reduces further
the bias in the estimation of the sinusoidal parameters, yielding a more accurate, compared to
these models, signal representation. However, the AM-FM decomposition algorithm cannot be
applied directly. One reason is that speech is a non-stationary process and some components may
be “born” or “die” and the AM-FM decomposition algorithm is not able to cope with such cases.
Actually, the AM-FM decomposition algorithm assumes that the number of AM-FM components
is known (and constant). Thus, the tracking of the frequency trajectories is very difficult. Another
reason is that not only the frequency tracking is difficult but also the tracking of the fundamental
frequency is not always robust. Actually, it has been observed that sometimes the tracking of the
fundamental frequency is lost which results in deterioration of the quality of the reconstruction.
Thus, we suggest adding a module to the A/S system which performs fundamental frequency
estimation. Having an estimation of the fundamental frequency, both the initialization step and
the definition of the frequency tracks are simplified. Indeed, in the initialization step, QHM uses
as initial frequencies integer multiples of the estimated fundamental frequency up to a maximum

voiced frequency, while the frequency tracks are defined by the number of harmonics.

The stochastic component is modeled as a time-modulated and frequency-modulated Gaussian
noise. Frequency modulation is achieved by AR modeling and LPC analysis while the time
modulation is achieved by a time-domain envelope. The time-domain envelope is very important
for correct fusion of the two components and it was shown in [71] that an energy-based envelope
gives the best perceptual result. Moreover, the analysis of stochastic part can be performed
synchronous or asynchronous to the deterministic part. Our choice is to use an asynchronous

analysis for the stochastic part.

In the synthesis step, the deterministic part is synthesized as a time-varying sum of amplitude-
modulated and frequency-modulated sinusoids. Indeed, in aQHM, frame-by-frame interpolation
of the parameters is more natural than overlap-add (OLA) method. On the other hand, the
stochastic part is synthesized frame-by-frame using the OLA method. Listening tests show that
the reconstructed signal is indistinguishable from the original which validates the high-quality

speech representation.
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4.1 Analysis

The separation of speech signal, s(t), into two additive parts is given by
s(t) = sq(t) + ss(t) (4.1)

where s4(t) denotes the deterministic part while ss(¢) denotes the stochastic part. Voiced seg-
ments contain both parts while deterministic part is zero in unvoiced segments.
Deterministic part which models the periodicities of voiced speech segments as a sum of

time-varying sinusoidal components (i.e. SM) is written as

K(t)
sat) = S A0 (4.2)
k=—K(t)

where K(t) is the time-varying number of components, Ag(t) and ¢y(t) are the instantaneous
amplitude and instantaneous phase of the kth component, respectively. Instantaneous frequency
is once again given by fi(t) = %%t(t).

Stochastic part models the aperiodicities of speech signal as a time- and frequency-modulated
Gaussian noise. As stated above, stochastic part models all the information of unvoiced segments.
For voiced segments, stochastic part is defined as the residual between the speech signal and the
reconstructed deterministic part. However, deterministic part cannot fully represent the period-
icities especially at the extremely non-stationary regions of voiced segment, thus, the residual

signal is highpass filtered. In other words, this processing step asserts that below a frequency,

voiced speech contains only quasi-periodic information. To sum up, stochastic part is given by

ss(t) = (s(t) — 84(t))  p(t) (4.3)

where §4(t) is the reconstructed deterministic part while p(t) is the impulse response of a zero-

phase highpass filter with cutoff frequency F,,, and x denotes convolution.
4.1.1 Deterministic Part

Preliminary Analysis

Recorded speech contains various types of sounds, hence, it is usual to separate a speech file into

speech and nonspeech regions and for the speech regions a further discrimination is performed



60 AM-FM Signal Decomposition

between voiced and unvoiced segments. Then, fundamental frequency estimation is performed for
voiced segments. The detection of speech /non-speech and voiced /unvoiced segments is performed
in a frame-by-frame procedure. The energy of each frame is first computed and if this is above a
threshold Be, then, it is assigned as speech, otherwise it is assigned as nonspeech (silence, in our
case). In Table 4.1.1, parameter values used in our implementation of the A /S speech system are
provided. For the voiced/unvoiced decision, speech signal is lowpass filtered with cutoff frequency
F, and the following condition is tested. If the energy (measured by the standard deviation of
the speech samples) of the speech frame minus the energy of the smoothed speech frame is below
By and if the energy of the smoothed signal is above By, then, the frame is assigned as voiced,
otherwise, it is assigned as unvoiced. The frame duration was set to 30ms while the time-step
was set to Hms. Finally, in order to eliminate isolated decisions, a median filter is applied to the

estimated decisions. An adequate order for the median filter was found to be 5.

Parameter ‘ Value (dB) H Parameter ‘ Value (Hz) H Parameter ‘ Value (#) ‘

B. —60 F, 1000 K, 3
By 10 o, 1500 K. 1
B, —50 Fur 5500H =

By, —55

Table 4.1: Various parameter values used in the implementation of the analysis step.

Pitch Estimation

A novel fundamental frequency estimator based on time-domain information is derived. It is
inspired from the visual inspection of voiced signals and how human eye (not ear) understands
and “measures” the pitch period. Indeed, speech can be viewed as the output of a filter, which
represents the vocal tract, excited by the glottal flow derivative. Thus, the proposed pitch
estimator searches for the local minima of speech which are related with the minima of the
glottal flow derivative waveform. As it will be shown, the suggested pitch estimation algorithm
eliminates doubling or halving problems especially at the beginning or ending of the voiced
segment. Note also that the accuracy of the estimated pitch period is not crucial in our A/S
speech system since QHM is able to correct small frequency mismatch errors.

The description of the algorithm is as follows'. As a first step, and for each voiced segment

the minimum value of the smoothed signal is found. The assumption here is that around the

Note that the estimation of pitch period is performed on the smoothed speech signal.



Chapter 4. Analysis/Synthesis Speech System based on aQHM 61

minimum value the signal is more stationary and, thus, the estimation of pitch period is more
robust. Next, using the autocorrelation function around the minimum value an estimate of the
pitch period is found. Moving forward (or backward) using as a step the locally estimated pitch
period, the next (or previous) local minimum is searched. The search is performed in a region of
5ms and 3.5ms for male and female voices, respectively. Finally, we move to the next expected
minimum value of the signal and continue in this way until the end (forward) or the beginning
(backward) of the voiced segment is reached. Figure 4.1 shows a particular instant of the pitch
estimation algorithm. Fundamental frequency at a point is computed as a weighted sum of the
reciprocals of the two closest to the point pitch periods. Finally, fundamental frequency is passed

through a median filter to smooth out perturbations of the computed fundamental frequency.

0.5
——— Speech
0.4F Smoothed speech
*  Onsets
0.3r =

500 1000 1500
Time

Figure 4.1: The pitch estimation algorithm take advantage of speech production mechanism and
tries to find local minima around a defined area. These local minima are attributed to local
minima of the glottal flow derivative waveform.

Initialization Step: QHM

Within the [th frame which is centered at time instant ¢;, the deterministic component is modeled

by QHM as
K
B(t) = (ah + toh)e>™ otw(t),  te -1}, (4.4)
k=—K,
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where f(l) is the fundamental frequency of /th frame estimated at the previous step. K; specifies
the order of the model, i.e., the number of harmonics which is given by K; = LFTI?J where Fjy
is the maximum voiced frequency and |-| denotes the floor operator. The window is typically a
Hamming window with support in the symmetric interval [—7},T;]. The window length depends
on the local pitch period and it is equal to three pitch periods. We found that this is a good
compromise between the necessary samples for robust estimation of the sinusoidal components

and the non-stationary character of speech signals.

Since mistakes may take place in the estimation of the fundamental frequency, the kth har-
monic may have a frequency error which is k& times the estimation error of the fundamental
frequency. This may lead to problems in the parameter estimation as well in the determination
of the frequency tracks. Thus, once an initial estimation of the frequency mismatch is obtained
for the kth harmonic from péyk, then the local fundamental frequency, f(l), can be updated using

the first Ky harmonics by
1 <L phy,
fo=f+Afo=Ffi+5-D (45)

Ky

where K is a small integer value. In our implementation, we set K¢ to be 3 as Table 4.1.1 reports.
Then, the input signal can be modeled again by QHM using now the updated fundamental
frequency. Figure 4.2 shows a frame of speech in time-domain and in frequency-domain as well
the analysis frequencies before and after applying the correction of fundamental frequency. For
the particular frame shown in Figure 4.2, the initial estimate of the fundamental frequency
(circles) is not accurate, but, after correcting fundamental frequency (stars) the frequency values
are correct and meaningful. However, there are frames (especially at the boundaries of voiced
segments) where the update of the fundamental frequency results in lower accuracy in terms of
reconstruction error. Thus, we suggest keeping the updated fundamental frequency only if the

reconstruction error is improved.

The instantaneous components are estimated at time-instant ¢; from the parameters of QHM

as in the AM-FM decomposition algorithm. Hence,

!
P2k

s

Fe(tr) = kfy + (4.6a)
Ag(tr) = |a| (4.6b)

(1) = Zaj (4.6¢)



Chapter 4. Analysis/Synthesis Speech System based on aQHM 63
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Figure 4.2: Upper plot: A speech frame of three pitch periods. Lower plot: Spectrum of the
upper frame, the analysis frequencies (circles) and the refined analysis frequencies (stars). The
refinement is performed using one iteration of QHM.

One major problem with QHM is the existence of components with very low energy and in par-
ticular when this is combined with high noise level because of the speech production mechanism
(frictions etc.). For instance, nasal phonemes have antiformants which result in frequency bands
with low amplitude. Also there are phonemes with high friction and high noise levels at some fre-
quency bands. In these cases, the assumption of existence of time-varying sinusoids is very weak
and causes problems in the QHM estimation procedure such as incorrect frequency mismatch es-
timation as well matrix ill-conditioning during the LS estimation. To cope with these problems,
we check for two conditions for each harmonic before applying (4.6). First, the amplitude of kth
harmonic should be at most B,, (dB) less than the highest amplitude of the frame and second,

) l

the frequency correction term for each harmonic (i.e. p;—ﬂk) should be at most f—2° If these two
conditions are not satisfied for a sinusoidal component, then we assume that it does not exists.
Finally, the interpolation of the instantaneous components (amplitudes, frequencies, phases) is

exactly the same as it is described in the development of the AM-FM decomposition algorithm.

Adaptation Step: aQHM

In the adaptation step, the analysis is performed on the time-varying basis functions which use

the estimated instantaneous phase. In this way, the signal is projected in functions that are
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adapted to the signal.

Bo(t) = Y (af + ) d D), e [~ Ty (4.7)
ke A;

where A; is a set which contains the index of the time-varying components that exists at time-
instant t;. Note that the instantaneous components have been determined at the initialization step
and their duration cannot be changed at the adaptive step. This means that the conditions used
for the amplitudes are frequencies at the initialization step are adequate for robust estimation of
the instantaneous components. Finally, caution should be put for frames where some components
are born or die. In such cases, the instantaneous frequency is expanded with a constant value
which equals to the boundary frequency value. This is shown in Figure 4.3 where the estimated
frequency trajectories (lines with circles) are depicted and if a component is born or die within

the frame then it is continuously expanded (dashed lines).
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Figure 4.3: Five frequency tracks within a voiced frame. Second and forth trajectories are dying
during the frame while third frequency trajectory is born.

4.1.2 Stochastic Part

Unvoiced segments are modeled frame-by-frame as frequency-modulated Gaussian noise. The
frequency modulation is modeled by an AR filter whose parameters are estimated from linear
prediction (LP) analysis. A Hamming window of duration 30ms and time-step of 5ms is used for
the analysis of both unvoiced and voiced frames. For voiced segments, whatever is not modeled by
the deterministic part, it belongs to the stochastic part. Also remember that the residual signal

between speech and reconstructed deterministic part is highpass filtered at cutoff frequency Fj,.



Chapter 4. Analysis/Synthesis Speech System based on aQHM 65

Stochastic part for one frame is then modeled as

so(t) = e (D' () * ¢'(t)] (4.8)

where u!(t) denotes Gaussian noise process filtered by a time-varying AR filter with impulse
response ¢'(t) while e!(t) is the time-domain envelope. As concerns the frequency modulation,
the estimation of the AR filter is performed by LP analysis as in unvoiced segments, while the
time-domain envelope, which is very important for the fusion of the two components, is an energy-
based envelope represented as a sum of sinusoids. In [75], various time-domain envelopes such
as triangular envelope [32], Hilbert-based envelope [84] and energy-based envelope were tested.
Listening tests showed that the energy-based envelope outperformed all the other considered
envelopes.

The idea behind the energy envelope is to compute the energy variation of the stochastic
component and model it as a low-order sum of sinusoids. The energy envelope of the stochastic
part is computed by a local mean average of the absolute stochastic part. Mathematically, energy

envelope is given by

t+T,
eft) = /t 155(7)|dr (4.9)

_TD
where T, is 1ms. Time-domain envelope for frame [ is then approximated by a sum of sinusoids

as

Ke
ity =Y dier?mt (4.10)
k=—K,

where K. is the number of harmonics which is a small integer, while frequencies, ,i, and complex
amplitudes, d. , are computed by peak picking the spectrum of the time envelope as in sinusoidal
model. An instance of an estimated energy envelope is depicted in Figure 4.4 for the stochastic
part of a voiced frame. Figure 4.4(a) shows the energy envelope (solid line) computed by (4.9)
as well the reconstructed energy envelope (dashed line) from (4.10). While, in Figure 4.4(b), the

frequency contents of the frame as well the estimated frequency envelope are depicted.

4.2 Synthesis

In the synthesis step, the deterministic part is resynthesized as a sum of time-varying sinusoids.
Note that this synthesis method is preferred from overlap-add (OLA) method because the time-

varying frequency trajectories were already used by aQHM in the analysis step. In the case when
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Figure 4.4: Upper plot: A frame of the stochastic part, its energy time-envelope and the es-
timated time-envelope. The envelope has pitch synchronous behavior. Lower plot: Frequency
representation for the upper frame and its AR modeling

a sinusoidal component is born or dying, the instantaneous amplitude vanishes linearly until the
next analysis time-instant while instantaneous frequency remains constant until the component
vanishes.

The stochastic part is resynthesized using OLA method. For each frame, white noise is
passed through the AR filter to obtain the frequency modulation of the stochastic part. Then,
the energy envelope is computed from (4.10) and its multiplication with the frequency-modulated

noise provides the reconstructed stochastic frame.

4.3 Evaluation

The overall performance of the A/S speech system is shown in Figures 4.5-4.9. The original
speech sentence uttered by a male speaker (Figure 4.5), the reconstructed speech (Figure 4.6),
the reconstruction of the deterministic part (Figure 4.7) as well the stochastic part and its recon-
struction (Figures 4.8 and 4.9, respectively) are shown in both time and frequency domains. The

time-step used in the analysis of the deterministic part is 5ms. Evidently, the reconstruction of
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speech is very close to the original speech in both domains.
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Figure 4.5: A speech sentence uttered by a male speaker in both time (a) and frequency (b).
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Figure 4.6: The reconstruction of the speech signal shown in Figure 4.5 in both domains.

4.3.1 Listening Examples

The best way to evaluate the performance of an A /S speech system is to listen to the reconstructed
signals. Table 4.2 presents speech examples from various databases of both male and female speak-
ers. The proposed A/S speech system denoted by aQHM is compared with the SM of McAulay
and Quatieri [1], the HNM of Stylianou [32] and the STRAIGHT of Kuwahara [85]. Further exam-

ples and possibly updates can be found in www.csd.uoc.gr/ pantazis/source/thesis/variousModels.html.
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Figure 4.7: The reconstruction of the deterministic part of the signal shown in Figure 4.5 in both
domains.

Original aQHM HNM SM STRAIGHT

Male 1 @ @ @ @ @
Male 2 @
Female 1 @ (@5

Female 2 @ @

eee
eee
©ee e

Table 4.2: Analysis/Synthesis of speech signals using various methods.

4.4 Conclusion

In this Chapter, we developed an A /S speech system based on a hybrid representation of speech.
Thus, speech was separated into a deterministic part and into a stochastic part. The deterministic
part was modeled as a sum of time-varying sinusoids whose instantaneous components were
estimated using aQHM. Initialization of aQHM was provided by QHM whose initial frequency
estimates were obtained from a novel fundamental frequency estimator. The stochastic part was
modeled as time- and frequency-modulated noise. Time-modulation is achieved using an energy-
based envelope. Listening tests showed that the resynthesized speech was indistinguishable from

the the original signal for both male and female speakers.
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Chapter 5

Vocal Tremor Estimation

Voice quality assessment is another area of speech processing where the accurate representation of
speech is of high importance. Indeed, high-resolution speech analysis in both time and frequency
may reveal interesting properties about the physiology of vocal organs such as vocal folds. In
this Chapter, we suggest applying the developed AM-FM decomposition algorithm presented in
Chapter 3 for voice quality assessment. More specifically, we apply the decomposition algorithm
for the extraction of acoustic vocal tremor characteristics. In the following, the definition of vocal
tremor as well its prominent acoustic characteristics are provided. Then, a three step algorithm
based primarily on the suggested AM-FM decomposition algorithm which estimates the vocal
tremor attributes is constructed. Results indicate that the proposed method is able to accurately

extract the time-varying attributes of vocal tremor.

5.1 Introduction

Typically, tremor in phonation is defined as modulations of the fundamental frequency and mod-
ulations of the amplitude due to the inability of humans to keep constant the tension of their
vocal folds [86]. This phenomenon affects the glottal cycle in voiced speech making the funda-
mental frequency and the amplitude to vary stochastically. Vocal tremor should not be confused
with jitter or shimmer which are also defined as modulations of the fundamental frequency and
of the amplitude, respectively. Vocal tremor refers to modulations whose modulation frequencies
are slow (i.e. below 20Hz) while jitter and shimmer refer to cycle-to-cycle modulations which
are faster (i.e. modulation frequency is around the half of the local fundamental frequency).

Vocal tremor is usually categorized into the physiological tremor which is a slow natural mod-
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ulation of glottal cycle and the pathological tremor which is attributed to neurological diseases
such as Parkinson or tremor of the limbs [87], [88]. Most importantly, while physiological tremor
makes speech sound more natural and possibly more individual, pathological tremor may influ-
ence the quality of patients voice, hence, may influence the ability of patient’s communication.
Moreover, while pathological tremor is characterized by stronger periodical patterns —a property
that vibrato singing style has, too—, physiological tremor is more stochastic [87]. The analysis
of physiological tremor is of great importance since vocal tremor in normophonic speakers may
be an early sign of a neurological disease [89], [90]. Thus, it is useful to develop an estimation al-
gorithm that is able to measure or extract features of vocal tremor even for normal voices. In the
literature, acoustic analysis of tremor is usually based on the accurate estimation of fundamental
frequency and then the characterization of the variations of fundamental frequency is performed
[91], [88]. Modulation frequency which models the periodicity of vocal tremor and modulation
level which models the strength of vocal tremor are the prominent acoustic attributes that are

extracted from the instantaneous fundamental frequency [91], [88].

The objective of this Chapter is to present and validate a novel method for the estimation of
the vocal tremor on sustained vowels uttered by normophonic subjects. The proposed method
assumes speech as a sum of time-varying sinusoids (i.e. SM) whose instantaneous amplitude and
instantaneous frequency are estimated using the suggested AM-FM decomposition algorithm
based on aQHM. Then, the second step of the algorithm is to reveal the higher frequency modu-
lations, hence, we subtract from the analyzed instantaneous component the very slow modulations
(< 2H~z), which are attributed to sources like the cardiac rhythm. This is achieved by filtering
the instantaneous component using a Savinzky-Golay smoothing filter [92]. The final step is to
estimate the modulation frequency and the modulation level which are assumed time-varying
attributes due to the fact that modulations are primarily non-stationary. Thus, the estimation
of these vocal tremor attributes is performed using again the proposed AM-FM decomposition

algorithm.

5.2 Extraction of Vocal Tremor Characteristics

In the following subsections, each step of the vocal tremor extraction algorithm is described in

detail.
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5.2.1 Step 1: Estimation of Instantaneous Components of Speech

Considering speech as a superposition of time-varying sinusoids, the algorithm presented in Sec-
tion 3.5 is applied for the estimation of the instantaneous components of speech. We remind that
the AM-FM decomposition algorithm is initialized by QHM. QHM also needs a rough estimate
of the analysis frequencies. These are assumed as integer multiples of an estimated fundamental
frequency. The fundamental frequency of the first frame can be computed using the autocor-
relation function. Then, in the adaptation step, the use of aQHM refines the estimation of the
instantaneous components. Note that time resolution of aQHM is primarily determined by the
time-step of the algorithm while frequency resolution is determined by the window type and
window length. For vocal tremor analysis, we choose a time-step of bms and Hamming window
as window function. The window duration has been chosen to be three times the pitch period.

Please note that for vocal tremor, all the speech material comes from sustained vowel phonations.

Hlustratively, Figure 5.1 shows the first five harmonics extracted from sustained vowel /a/
using the suggested AM-FM decomposition algorithm. The signal which is reconstructed from
the instantaneous components has SRER of about 32dB which proves that the analysis is very

accurate. Figure 5.1 also shows that the modulations of higher harmonics are more evident.
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Figure 5.1: First five instantaneous frequencies of a normophonic male speaker uttered the sus-
tained vowel /a/.
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5.2.2 Step 2: Removal of Very Slow Modulations

In the literature of vocal tremor analysis, the component associated to the fundamental frequency
is mainly processed. However, in our case, we have the opportunity to choose between any of
the estimated instantaneous components. Based on the voice production theory, vocal tremor
should have similar acoustic attributes for the different instantaneous components. Continuing
the analysis process, one instantaneous component is selected, its mean value is subtracted and
then the zero-mean instantaneous component is downsampled to 1000 Hz since only low frequency
modulations are of our interest. Then, very slow modulations, which refer to as trend and are
less than 2Hz, should be eliminated.

To remove the trend, we apply a smoothing operator. The smoothed instantaneous component
is computed using the Savinzky-Golay (S-G) filter [92], [93]. S-G smoothing filter essentially
performs a local polynomial regression on a distribution of equally spaced points to determine
the smoothed value for each point. The main advantage of this approach is that it tends to
preserve features of the distribution such as relative maxima, minima and width, which are
usually “flattened” by other adjacent averaging techniques like moving averages. The order of
the local polynomial used is 4 while the frame size is set to 1s (1000 samples). Figure 5.2(a)
shows the instantaneous component (solid line) as well its smoothed version (dashed line) for
a sustained vowel. Figure 5.2(b) implies that S-G filter captures the frequencies that are less
than 2Hz. Then, the smoothed instantaneous component is subtracted from the unsmoothed
in order to reveal the remaining modulations of the component (see Figure 5.3(a)). Note that
using different parameters for the S-G filter the smoothed signal will capture more or less of the

signal’s frequencies.

5.2.3 Step 3: Extracting Vocal Tremor Characteristics

The final step of the vocal tremor extraction algorithm is the modeling and estimation of the
remaining modulations. As already stated, these modulations are non-stationary, hence, FFT-
based approaches are not appropriate for this task. We suggest modeling the remaining non-

stationary modulations as a mono-component AM-FM signal. Mathematically, it is given by

a(t) = m(t)cos(¢(t)) (5.1)

where x(t) are the remaining modulations of the instantaneous component, m(t) is the instanta-

neous amplitude while 1(¢) corresponds to the instantaneous phase. Please note that an appro-
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Figure 5.2: (a) First harmonic of Figure 5.1 without its mean value (continuous line) and its
smoothed version (dashed line) are shown. (b) Fourier transform of signals in (a). S-G smoothing
filter captures the frequencies that are below 2H z.

priate scaling of m(t) will correspond to the modulation level of the vocal tremor. The scaling

factor of the modulation level is equal to the mean value of the analyzed instantaneous com-

ponent which has been subtracted at Step 2. Once again, instantaneous frequency is given by
1 dy

¢(t) = ﬂ# and corresponds to the modulation frequency of the vocal tremor.

The proposed AM-FM decomposition algorithm is again applied for the estimation of the
instantaneous components, m(t) and ((t). The initial frequency of the first frame was computed
by the largest peak of the FFT of the first frame while time-step is set to 1ms (i.e. one sample).
Hamming window is used as analysis window and its duration is set to 0.6s. Figure 5.3 shows
the reconstructed signal (dashed line) obtained from the AM-FM decomposition algorithm in
both time and frequency domains. The SRER for this particular example is 7.3dB while the
number of adaptations of the AM-FM decomposition algorithm is 3. Figure 5.3 indicates that the
decomposition algorithm adapts to the non-stationary modulations of the signal. The estimated
modulation frequency as well the estimated modulation level are shown in Figure 5.4. In this
example, modulation frequency takes values between 2H 2z and 13Hz while modulation level is
between 0.15 and 0.55 which are typical values for normophonic speakers.

Finally, an important feature of the proposed method is that any of the instantaneous com-

ponents can be analyzed. Figure 5.5 shows the instantaneous amplitude of the 4th harmonic
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Figure 5.3: (a) Instantaneous component after subtracting its smoothed version (continuous line)
and the reconstruction after applying the AM-FM decomposition algorithm (dashed line). (b)
Fourier transforms of the components in (a).

20

151 1

101 -

Modulation Freq. (Hz)

0 0.5 1 15 2 25 3
Time (s)
(@)
0.6
g 0.5 B
B
o 041 3
3
c
k=l
g 03F il
=
°
(<]
= 02 B
0.1 L L L I L
0.5 1 15 2 25 3
Time (s)

(b)

Figure 5.4: (a) Modulation frequency of the signal in Figure 5.3. (b) Modulation level of the
same signal. Note that neither modulation frequency nor modulation level have constant values
during the phonation.

(solid line) for the same sustained vowel as well its reconstruction (dashed line) while Figure 5.6
shows the estimated modulation frequency and modulation level. Interestingly, both modulation

frequency and modulation level differs from that of Figure 5.4 which indicate that different at-
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Figure 5.5: Similar to Figure 5.3 but for the instantaneous amplitude of the 4th harmonic. Note
that the proposed vocal tremor extraction algorithm can be applied to any of the instantaneous
component.
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Figure 5.6: Similar to Figure 5.4 but for the instantaneous component of Figure 5.5. Similar-
ities and differences can be found between the modulation frequency and modulation level of
instantaneous components.

tributes of vocal tremor are obtained whenever different instantaneous components are analyzed.
This is in contrary to the basic (and simplistic however) voice production theory and therefore

requires further investigation.
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5.3 Large-scale Results

The method is validated on a database of normal voices developed in our recording lab. 11 male
and 5 female healthy subjects whose age varies between 23 and 45 were participated. Sustained
vowels /a/, /e/, /i/, /o/ and Jou/ have been recorded at 48kHz and then downsampled at
16k H z. The duration of sustained vowels varies from 2s to 8s depending primarily on the speaker.
Extended tests on the database confirmed the ability of AM-FM decomposition algorithm to
extract the instantaneous components of the signals accurately. This was quantified by measuring
the modeling error through SRER. Indeed, average SRER for the total database is computed to
be 30.7dB. Moreover, visual inspection of the analyzed instantaneous components shows that
the suggested AM-FM decomposition algorithm at Step 3 captures adequately the remaining
modulations. The average SRER is 4.8d B for the reconstruction of the instantaneous components

(Step 3).

Finally, Table 5.1 reports the averages of fundamental frequency, u(fy), of mean value, u(mf),
and standard deviation, o(mf), of modulation frequency and of mean value, u(ml), and standard
deviation, o(ml), of modulation level for male and female speakers uttering various vowels. It
is evident that the standard deviation of modulation frequency is higher for the male speakers

while the mean value of modulation frequency shows no tendency between the genders.

u(fo) | p(mf) | o(mf) | p(ml) | o(ml)

(Hz) | (Hz) | (Hz) | (%) | (%)

Ja/ || 113 | 44 14 | 025 | 0.11
ol Je/ ][ 116 | 43 12 | 028 | 0.13
Z| i/ | 119 | 41 13 | 025 | 0.11
Jo/ || 121 | 62 1.7 | 022 | 0.09
Jou/ || 122 | 8.0 20 | 0.20 | 0.08
Ja/ || 233 | 66 09 | 036 | 0.14
S Je/ | 228 93 09 | 033 | 0.14
B /i/ [ 239 | 31 08 | 029 | 0.12
= Jo/ |[ 235 | 47 09 | 027 | 0.10
Jou/ | 236 | 34 08 | 0.27 | 0.10

Table 5.1: Summary of modulation features for five vowels and both genders.
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5.4 Conclusion

In this Chapter, we developed a method which is able to extract acoustic vocal tremor character-
istics such as modulation frequency and modulation level from sustained vowels. Due to the fact
that the analyzed signals have time-varying components, we applied the AM-FM decomposition
algorithm devepoled in Chapter 3. Thus, both the instantaneous components of speech and the
acoustic characteristics of vocal tremor were computed using the proposed AM-FM decomposi-
tion algorithm. Results indicated that the proposed method extracts in a robust and efficient

way the vocal tremor characteristics of speech.
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Chapter 6

Summary and Future Research

Directions

6.1 Summary

In this thesis, we developed and tested models and algorithms for the representation of time-
varying sinusoidal signals. For the estimation of the sinusoidal parameters, we reintroduced a
time-varying model with complex parameters referred to as QHM. Parameters of QHM contained
not only amplitude information but also frequency information. A proper decomposition of QHM
parameters revealed the frequency information which could be used for the estimation of the
frequency mismatch between the true frequencies and the provided frequencies. Thus, an iterative
algorithm referred to as iQHM for the estimation of sinusoidal parameters were proposed. The
region of convergence for iQHM is also provided. The performance of iQHM was tested under
noisy conditions and its statistical efficiency was shown. Furthermore, iIQHM was tested in voiced
speech and its supremacy over HM was proved. An extension of QHM referred to as chirp QHM
(cQHM) which is able to capture linear evolution of the frequencies was also presented. cQHM is
a second-order polynomial of time with complex parameters. A similar to QHM decomposition
of the cQHM parameters revealed not only the frequency mismatch but also the chirp rate of the
analyzed signal.

However, in the case of fast frequency variations, we showed that QHM and cQHM refinement
of the frequencies could be obtained, but only up to a certain point. This estimation error was
due to the fact that the applied stationary or even chirp basis functions were not adequate to

model the input signal. In order to tackle with the non-stationary character of the analyzed
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signals, we suggested another extension of QHM referred to as adaptive QHM (aQHM). aQHM is
a model which uses non-parametric basis functions, thus, it could take into account any arbitrary
time-domain information. We showed that aQHM is able to adjust by successive adaptations its
basis functions to the local characteristics of the analyzed signal. Thus, the non-stationarity of
the signal was adequately modeled. Consequently, frequency estimation becomes less biased and

the signal representation more accurate.

Furthermore, aQHM suggests an adaptive algorithm for the decomposition of AM-FM signals.
Initialization of aQHM was provided by QHM which acted as a frequency tracker (i.e. QHM acted
as a Kalman filter). Results on synthetic AM-FM signals showed that the use of aQHM greatly
reduce the estimation error of the AM-FM components of the signals. We showed that very fast
frequency modulations can be estimated. Extended tests on voiced speech further validate the
use of aQHM as a model which addresses efficiently the non-stationary character of the analyzed

signals.

Since the application of aQHM in voiced speech analysis resulted in improvements at least in
terms of SRER, we developed an A/S speech system based on aQHM. The A/S speech system
decomposed speech into two parts; the deterministic part which accounted for the periodicities
of the signal and the stochastic part which accounted for the aperiodicities of the signal. The
deterministic part was then modeled by aQHM. Minor changes from the AM-FM decomposition
algorithm were needed for the estimation of the deterministic part. The stochastic part was
modeled as a time-modulated and frequency-modulated white noise. Results on resynthsis showed
that the reconstructed speech signals were indistinguishable from the original signals for both male

and female voices.

Finally, another application presented in this thesis concerns the voice quality assessment.
We developed a method which is able to extract vocal tremor attributes from sustained vow-
els. Since vocal tremor estimation involves the estimation of the time-varying characteristics
of speech signals, the proposed adaptive AM-FM decomposition algorithm was applied for the
estimation of the instantaneous components of speech. The AM-FM decomposition algorithm
was further applied for the extraction of the time-varying characteristics of vocal tremor, namely,
modulation frequency and modulation level, from the estimated instantaneous components. Re-
sults on normophonic speakers, which have more stochastic vocal tremor characteristics compared
to pathological subjects, showed that the suggested method is able to accurately estimate the

modulations attributed to vocal tremor.
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6.2 Future Research Directions

By no means this thesis is a complete presentation of the addressed problems. Presumably, there
are issues that should be further investigated. One such issue is the better understanding of
cQHM. Indeed, the convergence properties of cQHM should be further investigated as well the
behavior of cQHM on multi-component chirp signals should be thoroughly tested. Moreover,
not only QHM or cQHM but also any complex time-varying amplitude model contains frequency
information, and obviously, the frequency information depends on the parametric model. Thus, a
new class of models can be defined, investigate their properties and possibly used in applications.

Another issue for further research is to restate aQHM to a more general framework which for
the author is as a post-processing step of any AM-FM demodulation algorithm. Indeed, in order
to use aQHM, an estimate of the instantaneous phase is needed and not only QHM but also any
AM-FM demodulation algorithm can be used. Thus, aQHM can be considered as a refinement
of any demodulation algorithm used in other areas of signal processing. Furthermore, aQHM
uses only the time-varying frequency information but it does not take into account any time-
varying amplitude information. Hence, a further study on the possibility of adding time-varying
amplitude information in aQHM should be performed.

As concerns the speech applications, the most interesting and challenging open question in
speech synthesis is how to perform speech modifications using the developed A/S speech system
based on aQHM. Since aQHM is able to represent voiced speech very accurately, we expect the
quality of the modifications to be high. Yet, the modification algorithm has to be developed.

Finally, in voice quality assessment, the application of the developed vocal tremor extraction
method to pathological cases should be investigated. Classification of the signals into physiolog-
ical and pathological using the attributes estimated by the proposed method may be a further
application. Moreover, vibrato signing could be analyzed by the proposed method, thus, another

application may be to measure the modulations due to vibrato and use them as a learning tool.
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Appendix A

Fast LS Computations

In sinusoidal representation, LS method for the estimation of complex amplitudes is slower com-
pared to FFT-based approaches putting a limitation to its use in real-time applications. Moreover,
improvements on the computation burden of QHM is crucial for its wide acceptance. Thus, in

any case, improving the computation cost of LS method is very important.

To proceed, discrete-time SM is given for a frame by

K
hs[n| = Z are?2™ e fsqyn), n=-N,.,N (A1)
k=K

while the discrete form of QHM is given for a frame by
K .
hg[n] = Z (ay + nby)e? 2™/ Fsqp[n), n=-N,.,N (A.2)

k=—K

LS solution for the unknown complex amplitudes of SM is given by
a= (EFWHWE)'EFWH"Ws = Ry'so (A.3)

while the LS solution for the complex amplitudes and complex slopes of QHM is given by

-1
B Ry R; S
= ([Eo| 1] "WHW[Eo|Ex)) " Eo| B "W Ws = | 0 (A.4)
Rl RQ S1

Q>

o

where Ry = EHWHWE,, Ry = EFWHWE,, R, = EEFWHWE,, s = EHWHWSs and

s1 = Efl WHWs. Obviously, SM is a sub-case of QHM, hence, we concentrate mostly on the
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computation of the unknown parameters of QHM. Moreover, an important sub-case of both SM
and QHM is when the frequencies are integer multiples of a fundamental frequency. In such a
case, sub-matrices R,,, m = 0, 1,2 are Toeplitz which results in faster element computation and

faster matrix inversion through Levinson-type algorithms.

A.1 Computations

The improvements in the LS computation of QHM parameters is threefold. Firstly, the compu-
tation of the elements of R,,, m = 0,1,2 is done manually, thus, there is no need for matrix
multiplication. Secondly, the computation of the elements of Ej is speed-up using trigonometric

identities. And, thirdly, fast inversion of the matrix is considered.

A.1.1 Faster Computation of R,,, m =0,1,2

The elements of the submatrices Ry, R1 and Ro are given by

N
(Rm)ik = E w?[n)n™ el ¥ fe=fin, m=0,1,2 (A.5)
n=—N

In order to do the summation of the above equations, we have to consider what kind of window
is used. Typically, Hamming window is used but other options like rectangular or Hanning
windows can be applied. These three windows are parametrized into a general class of windows

given by
we[n] = (1 —a) + acos(rn/N) n=-N,.,.N—-1,N (A.6)

Table A.1 shows the relationship between various windows and parameter a. As (A.5) asserts,

the squared window is also necessary, thus,

w?[n] = (1 — a) + acos(nn/N))? = ag + a1 (?™/N + eI™/NY 4 gy (eI2™/N 4 g=32m/NYy (A7)

a

where ag = (1 — a)? + a?/2, a1 = a(1 — a) and az = a?/4.

a=20 Rectangular
a=0.5 Hanning
a=0.46 | Hamming

Table A.1: Different values of a provides various windows.
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Applying the squared window (A.7) to (A.5), we obtain

Rk = ao Z |:e]2ﬂ' (fr— fl] tay Z [enw (fi— fz+2N] ta Z {63277 (fo—fims)]"
+ a5 Z m [ttt i) " 4 o Z wm [t )”
n=—N

(A.8)
thus, the elements of matrices R; have values that are sums of special series. Standard mathe-
matical identity about the sum of geometric series gives that ZnN:o M = % Taking the

derivative with respect of A, the elements of R; show up, thus, they can be computed without
performing the summation. Similarly, taking one more derivative over lambda, the elements of

Ry can be computed. Hence, the elements of the matrices R; are given by

(o) = o (270 = 1) + g (205 = Ji+ 50) ) + g (2005 — fi = 510 )

+ a29m (27T(fk — fi+ )) + asgm (%(fk _ g Jir)) (A.9)

where the auxiliary functions go(z), ¢g1(z) and go(x) are given by

sin((2N+1)xz /2
{%mw$”7x%0

(A.10)
2N + 1, x=0

go(z) =

2sin?(x/2) sin(z/2) » ® 7& 0 (All)

. sin(Nz) cos((2N+1)z/2)
joNe i eos(@N /)
€Tr) =
g1() { 0. e

25sin?(x/2) 2sin3(x/2)

(A.12)
N(N +1)(2N +1)/3, z=0

N2 cos((N+1)z)+(N+1)2 cos(Nz)  sin((2N+1)z/2) T 7& 0
ga(x) =

Finally, due to the fact that the computations of trigonometric functions are expensive, the

computation of (A.9) can be speed up by considering the following identities
cos(0 4 0) = cos(f) — [acos(0) — Bsin(6)] (A.13)

sin(f + 0) = sin(0) — [asin(d) — S cos(6)] (A.14)

where o and 3 are precomputed coefficients given by o = 2sin?(6/2) and 8 = sin(§). Hence,

the sines and cosines of one of the five terms in (A.9) are required and the remaining terms are
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computed using (A.13) and (A.14).

A.1.2 Faster computation of £

Once again, the most time-consuming part for the computation of the elements of matrix Ey is
the computation of sines and cosines. Indeed, the elements of Fy equals to (Eg)g, = ei2mfin/fs —
cos(2m fxn/ fs) + j sin(2w fyn/ fs). Obviously, having computed matrix Fy, the elements of E; are
given by (E1)nx = n(Ep)nk. In this case, the computational speed up stems from the fact that

the solution zx[n] of the following second-order difference equation
zkn] — 2cos(2mfr/f)zuln — 1]+ 2xln —2] =0, n=234,... (A.15)
with initial conditions zx[1] = cos(27 f/ fs) ans z;[2] = cos(4m fi/ fs) is given by
zk[n] = cos(2m fi/ fsm), n=12,... (A.16)

Similarly, using zx[1] = sin(27 f/ fs) and 2x[2] = sin(47 fi./ fs) as initial conditions, the difference

equation has solution given by
zi[n] = sin(27 fi./ fsn), n=12... (A.17)

Thus, using the above iterative equation, the computation of each trigonometric function is

replaced by one multiplication and two additions.

A.1.3 Step 3: Matrix Inversion

Up to now, no approximation or discretization was performed and the LS solution has no ad-
ditional error. However, if we allow small errors, we can achieve faster inversion for the matrix
by discarding elements away from the diagonal. This approximation is valid because sinusoids
which are away from each other has little or no interference. Thus, if we keep Ky diagonals, the

inversion is speed up significantly.

A.2 Evaluation

In this Section, the performance of the improvements is tested in both complexity and execution

time. Complexity is important to understand how the computation scales as the number of
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components or the window duration is increased. On the other hand, execution time is important

because it says exactly the time needed for the parameter estimation.

A.2.1 Complexity

Without any improvement, the total computation cost of LS estimation is O(NK? + K3+ NK),
considering that W is diagonal. The term O(NK?) stems from the computation of R,,, m =
0,1,2, while the term O(K?) stems from the inversion of the matrix. The term O(NK) stems
from the computation of sg and s1. After the first improvement, each element of R, is computed
in constant time, thus, reducing the overall complexity to O(K? + K3 + NK). Adding the
second improvement, we achieve to compute the sequences sin(27fx/fsn) and cos(27 fi/ fsn)
using approximately 8 N K multiplications (2 multiplications per element of Ey). This operation
does not improve the complexity, but as we will see shortly, it greatly reduce the execution time.

As concerns the matrix inversion, in the case of SM where the frequencies are harmonically-
related, matrix Ry has Toeplitz structure. Thus, its inversion through Levinson-type algorithms
has complexity O(K?). In any other case, the matrix inversion remains of order O(K?). However,
if we allowed the “diagonalization” of the matrix to be inverted, then, the complexity is reduced to

O(K3K). Totally, the complexity was reduced from O((NK +K?+N)K) to O((K + K2+ N)K).

A.2.2 Execution Time

We test the performance of the computational improvements using synthetic signals. Synthetic

signals are given by

K
sln] = Zcos(27rfk/fsn), n=-N,.,N (A.18)
k=1

where f; = 16000 which is a typical value for the sampling frequency. Parameters K and N
take values K = 10,20,...,50 and N = 150,175, ...,250, respectively. For the special case of
harmonic frequencies, fr = kfyg,k = 0,... K, fundamental frequency, fy, is chosen uniformly
from the interval [80,280]H z while for the general case, we choose the frequencies uniformly in
[80, fs/2 — 80] Hz, under the conditions that every two frequencies should be at least 80H z apart
and that fir_1 < f&.

The computer used for the experiments was equipped with: Intel Core 2 6600 CPU @ 2.4
GHz and 2GB RAM. Note that only one CPU was used to ensure accuracy of the results. The
operating systems was Windows XP Professional 32 bit. In Tables A.2 and A.3, the average

execution time for each improvement is shown. Note that the average was taken over 1000 runs.
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In Table A.3 the Signal-to-Noise Ratio (SNR) is also reported since approximations take place.
Obviously, the computational gain up to 2nd improvement is 77% for the harmonic case of SM
while it is 66% for the general case of SM. The respective computational gain for QHM is 34%
for the harmonic case while it is 30% for the general case. The difference in the performance
between the harmonic and the general case stems from the fact that matrices R,,,, m = 0,1,2 are
Toeplitz in the former case. When the third improvement takes place, the computational gain

is further improved without significant loss of SNR from turning R,,, m = 0,1,2 into diagonal

matrices.
SM QHM
kfo | fu kfo | fu
No improvement | 4.205 ms | 4.257 ms | 10.871 ms | 10.929 ms
1st improvement | 2.467 ms | 4.227 ms | 4.930 ms | 8.618 ms
2nd improvement || 0.967 ms | 2.792 ms | 3.653 ms | 7.676 ms

Table A.2: Average CPU time of the first and second improvement.

SM
CPU time SNR
kfo | fu kfo | f
No improvement 4.205 ms 4.257 278 dB | 272 dB
3rd improvement (3) || 0.810 ms | 0.923 ms | 88 dB | 83 dB
3rd improvement (5) || 0.813 ms | 0.955 ms | 105 dB | 109 dB
3rd improvement (7) || 0.839 ms | 1.024 ms | 117 dB | 124 dB

Table A.3: Average CPU time and SNR of the third improvement. The number in the parentheses

denotes how many diagonals have been used.



Appendix B

Relation of iQHM with

Gauss-Newton method

This Appendix shows the relation between iQHM and Gauss-Newton (GN) method for a mono-
component signal. To remind, a mono-component stationary signal is written in discrete domain

as

s[n] = Ayed? i/ fayn), n=-N,.,N (B.1)

where A; is the complex amplitude, f; is the frequency, fs is the sampling frequency while wn]
is a symmetric window. We will show that the estimation provided by iQHM is equivalent with

“sequential GN method.

B.1 iQHM Method

In iQHM, an initial estimate of the frequency (denoted fl(o)) is provided. Then, at the ith

step (i = 0,1,...), complex amplitude, agi), and complex slope, bgi) are computed by agi) =
N 2 —jarfPn (@)

2on=—n w[n]s[n]e 1

_ynw? [n]s[n]e 72" f1 "
N
Y=y w[n]

SN 2wl . The amplitude of the signal is given

. N
and bgz) = 2=
by
AP = o (B.2)

while frequency is updated as
(4)
(i+1) G) . P21
B.
h h 27 (B.3)
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where pg)l can be written as

R{aY (0} — Z{a{} RV —ja"pl” - b“

()
P21 =

|a1 |1|

where R{-} and Z{-} denote the real and imaginary parts of a complex number while - denote

conjugation. Thus, the update equation for the frequency becomes

]bm

7TCLl

FD = R~ &) (B.5)

B.2 GN Method

On the other hand, given an initial estimate of the amplitude, ASO), and of the frequency, f1(0)7

GN method has the following updating step (i = 0,1, ...)

A(H'l) A(i)
(1i+1) — (1@ + (JE LIy (B.6)
h 1
where J is a 2N + 1 X 2 matrix given by

w[—N1]es2 N [~ NJAY jor (= N)es2mf O (=N)

w[N]eﬂ“f(i)N w[N]Agi)j%rNejz’Tf(i)N
and r is a 2N + 1 x 1 vector given by

w[-N] (s[-N] - A er2rf 20
wN] (s[N] - A2/ N

Then, (B.6) equals to

_ [ AV Yol w’ln] 0 T2 wtlsile A - AP SN
o (i) + (4))2 2 N 22 (3) 2 —j2nfIn
1 0 ATV |7 (2m)" >y mow[n] R{ —j2n A} Z ~ nw?[n]s[n]e }

(B.9)

)
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which leads to

o)
Sy wi[n)s[nle 72"

A ST | 510
R N PO Ep vy me?fnlslple=?71 " (B.10)
! fl N 27rA§i> 27]:]:71\, n2w?2[n]

Note that the real operator is applied on the frequency update equation because frequency is a

real parameter.

B.3 Relation Between the Two Methods
Using the parameters from iQHM, GN iteration becomes

A(z’—i—l) agi)

£+ = U R{ij(g)l)} (B.11)
ma

which shows that there is a delay of one step on the estimation of the complex amplitude of

the signal. However, if the estimation of the sinusoidal parameters in GN method is performed

sequentially, i.e. firstly update the complex amplitude given the frequency of the previous step

and then update the frequency given the updated complex amplitude, then, iQHM and GN

method are equivalent.
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