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Last time

The unit type
Pairs, the product type T × T
Binary unions, the sum type T + T
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The unit type

Syntax
e ::= . . . | () | e1; e2
v ::= . . . | ()
T ::= . . . | Unit

Typing

[T-Unit]
Γ ⊢ () : Unit

[T-Seq]

Γ ⊢ e1 : Unit
Γ ⊢ e2 : T

Γ ⊢ e1; e2 : T

Semantics

(); e2 → e2
e1 → e′1

e1; e2 → e′1; e2
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Pairs: the product type

Syntax
e ::= . . . | e.1 | e.2 | (e, e)
v ::= . . . | (v, v)
T ::= . . . | T × T

Typing

[T-Pair]
Γ ⊢ e1 : T1 Γ ⊢ e2 : T2

Γ ⊢ (e1, e2) : T1 × T2

[T-Fst] Γ ⊢ e : T × T′

Γ ⊢ e.1 : T [T-Snd] Γ ⊢ e : T × T′

Γ ⊢ e.2 : T′
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Pairs: the product type (cont’d)

Semantics

(v1, v2).1 → v1 (v1, v2).2 → v2

e1 → e′1
(e1, e2) → (e′1, e2)

e2 → e′2
(v1, e2) → (v1, e′2)

e → e′
e.1 → e′.1

e → e′
e.2 → e′.2
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Binary unions: the sum type

Syntax

e ::= . . . | inl e | inr e | case e of inl x => e| inr x => e
v ::= . . . | inl v | inr v
T ::= . . . | T + T

Typing

[T-Inl]
Γ ⊢ e : T1

Γ ⊢ inl e : T1 + T2
[T-Inr]

Γ ⊢ e : T2

Γ ⊢ inr e : T1 + T2

[T-Case-Union]

Γ ⊢ e : T1 + T2

Γ, x1 : T1 ⊢ e1 : T
Γ, x2 : T2 ⊢ e2 : T

Γ ⊢ case e of inl x1 ⇒ e1| inr x2 ⇒ e2 : T
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Binary unions: the sum type (cont’d)

Semantics

e → e′
inl e → inl e′

e → e′
inr e → inr e′

e → e′
case e of inl x1 => e1| inr x2 => e2 →

case e′ of inl x1 => e1| inr x2 => e2

case (inl v) of inl x1 => e1| inr x2 => e2 → e1[v/x1]

case (inr v) of inl x1 => e1| inr x2 => e2 → e2[v/x2]
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Let bindings

Syntax
e ::= . . . | let x = e in e

Typing
[T-Let]

Γ ⊢ e1 : T1 Γ, x : T1 ⊢ e2 : T2

Γ ⊢ let x = e1 in e2 : T2

Semantics
let x = v in e → e[v/x]

e1 → e′1
let x = e1 in e2 → let x = e′1 in e2
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Let bindings (cont’d)

In untyped calculus defined as syntactic sugar (preprocessed):

let x = e1 in e2 .
= (λx.e2) e1

Now, functions are annotated with types:

let x = e1 in e2 .
= (λx : T1.e2) e1

What is the type T1?
Answer: ask the typechecker!
Let-binding not exactly syntactic sugar in typed calculus
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Tuples

Generalize pairs to tuples of n items
Syntax

e ::= . . . | e.i | {e1, . . . , en}
v ::= . . . | {v1, . . . , vn}
T ::= . . . | {T1 × . . .× Tn}

Typing

[T-Tuple]
∀1 ≤ i ≤ n, Γ ⊢ ei : Ti

Γ ⊢ {e1, . . . , en} : {T1 × . . .× Tn}

[T-Proj]
Γ ⊢ e : {T1 × . . .× Tn}

Γ ⊢ e.i : Ti
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Tuples (cont’d)

Semantics

e → e′
e.i → e′.i {v1, . . . , vn} .i → vi

ej → e′j
{v1, . . . , vj−1, ej, . . . en} →

{
v1, . . . , vj−1, e′j, . . . en

}
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Records

Generalize tuples with arbitrary labels: structs
Syntax

e ::= . . . | e.l | {l1 = e1, . . . , ln = en}
v ::= . . . | {l1 = v1, . . . , ln = vn}
T ::= . . . | {l1 : T1, . . . , ln : Tn}

Typing

[T-Record]
∀1 ≤ i ≤ n, Γ ⊢ ei : Ti

Γ ⊢ {l1 = e1, . . . , ln = en} : {l1 : T1, . . . , ln : Tn}

[T-Proj]
Γ ⊢ e : {l1 : T1, . . . ln : Tn}

Γ ⊢ e.li : Ti
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Records (cont’d)

Semantics

e → e′
e.li → e′.li {l1 = v1, . . . , ln = vn} .li → vi

ej → e′j
{l1 = v1, . . . , lj−1 = vj−1, lj = ej, . . . ln = en} →{

l1 = v1, . . . , lj−1 = vj−1, lj = e′j, . . . ln = en
}
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Variants
Generalization of unions (sums)
Syntax

e ::= . . . | l ⟨e⟩ as T | case e of {li ⟨xi⟩ => ei}1≤i≤n

v ::= . . . | l ⟨v⟩ as T
T ::= . . . |

⟨
li : T1≤i≤n

i

⟩
Typing

[T-Variant]
Γ ⊢ ej : Tj

Γ ⊢ lj ⟨ej⟩ as
⟨

li : T1≤i≤n
i

⟩
:
⟨

li : T1≤i≤n
i

⟩

[T-Case-Var]
Γ ⊢ e :

⟨
li : T1≤i≤n

i

⟩
∀1 ≤ i ≤ n, Γ, xi : Ti ⊢ ei : T

Γ ⊢ case e of {li ⟨xi⟩ ⇒ ei}1≤i≤n : T
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Variants (cont’d)

Semantics

case (lj ⟨vj⟩ as T) of {li ⟨xi⟩ => ei}1≤i≤n → ej[vj/xj]

e → e′
case e of {li ⟨xi⟩ => ei}1≤i≤n → case e′ of {li ⟨xi⟩ => ei}1≤i≤n

ei → e′i
li ⟨ei⟩ as T → li ⟨e′i⟩ as T
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Lists

Syntax

e ::= . . . | nil [T] | cons [T]e e | case e of {nil => e|cons x x => e}
v ::= . . . | nil [T] | cons [T]v v
T ::= . . . | List T

Typing

[T-Nil]
Γ ⊢ nil [T] : List T [T-Cons]

Γ ⊢ e : T
Γ ⊢ e′ : List T

Γ ⊢ cons [T]e e′ : List T

[T-Case-List]

Γ ⊢ e : List T
Γ ⊢ e1 : T′ Γ, xh : T, xt : List T ⊢ e2 : T′

Γ ⊢ case e of {nil ⇒ e1|cons xh xt ⇒ e2} : T′
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Lists (cont’d)

Semantics

e1 → e′1
cons [T]e1 e2 → cons [T]e′1 e2

e2 → e′2
cons [T]v e2 → cons [T]v e′2

e → e′
case e of {nil => e1|cons xh xt => e2} →
case e′ of {nil => e1|cons xh xt => e2}

case nil [T] of {nil => e1|cons xh xt => e2} → e1

case cons [T]v1 v2 of {nil => e1|cons xh xt => e2} → e2[v1/xh, v2/xt]
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