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Last time

@ The unit type
o Pairs, the product type T x T
@ Binary unions, the sum type T+ T
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The unit type

@ Syntax
e = ...|()’61;62
v o= ... ()
T == ...| Unit
o Typing
't e : Unit
T'Fe: T
-U T-S
[T-Unir} L'k (): Unit [T-seq] I'-e;e: T
@ Semantics
e1—>e’1
();ie2 = e e;; 6 — € e
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Pairs: the product type

@ Syntax
e u= ...|elle2]|(ee)
= (v v)
T o= ...|TxT
o Typing
[T—PAIR] FI—elle F|_62:T2
F"(el,EQ)ITlXTQ
(1-Fs] TFe: TxT (1-Sx0] TFe: TxT
i I'Fel:T ‘ I'e2: T
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Pairs: the product type (cont'd)

@ Semantics

(Vl, V2).1 — V]

61—)6/1

(Vl, V2).2 — V9

e — €,

(el’ e2) — (e/l’ e2)

e—¢€

(V17 e2) — (Vl’ e/2)

e— €

el— €.l

e2 —€.2
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Binary unions: the sum type

@ Syntax
e == ...|inle|inre|caseeofinl x=>¢€linrx=>¢e
n= ... |inlv]inrv
T o= ... |T+T
e Typing
(-131) 'te: T (1] 'kFe: Ty
TRl Tt T T T Einre: T+ T
I'Fe: T1+ T,

F,X1:T1|—61:T
F,Xg:Tgl—egtT
I'Fcaseeofinl x; = e infxo=ey: T

[T-CasEe-UnioN]
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Binary unions: the sum type (cont'd)

@ Semantics

e— ¢ e— ¢
inl e — inl € inre —inr €

e— €
case eof inl x; => ej] inrxg => ey —
case € of inl x; => e1] inr xo => ey

case (inl v) of inl x; => e1] inr xa => e2 — e1[v/x]

case (inr v) of inl x; => e1] inr xo => e2 — e2[v/xq]

Pratikakis (CSD) The Simply Typed Lambda-Calculus CS546, 2024-2025 7/17



Let bindings

@ Syntax
e u= ...|letx=ceine
e Typing
I'Fe: Ty Tox:Tikey:Ty

[r-Lex] TFletx—=eine: Ty

@ Semantics

let x=vin e — e[v/X|

61—>e,1

let x=e; inex — let x= €] in &
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Let bindings (cont’d)

In untyped calculus defined as syntactic sugar (preprocessed):
let x= e in &2 = (Ax.e2) €
@ Now, functions are annotated with types:

let x=e;ine = (Ax: T1.62) €

What is the type 177

Answer: ask the typechecker!

Let-binding not exactly syntactic sugar in typed calculus
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Tuples

@ Generalize pairs to tuples of n items

@ Syntax
s= | ed|{en,...,en}
n= [ {viy e, vl
T o= ... |[{Tix...xTp}
o Typing
[TT ] Vlgign,Fl—e;:T,-
U T e, e T X X T}
Fe:{Ti x...xT,
[T-ProyJ] e:{n n}

I'Fei:T;
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Tuples (cont'd)

@ Semantics

e— €
ei—€.i {1,y vab i = v
ej—>e5-

{vl,...,vj_l,ej,...e,,}—>{vl,...,vj_l,e;-,...en}
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Records

@ Generalize tuples with arbitrary labels: structs

@ Syntax
s= o ]ell{h=e,....lh=-en}
= ...|{/1=V1,...,/n=Vn}
T o= . |{h:T,....0h: Ty}
o Typing
Vlgign,Fl—e;:T,-
[T-RECORD]

Pl—{/lzel,...,/n:en}:{/liTl,...,/nt Tn}

Prhe:{h:Ty,...lh: Ty}

[T-Prod] TFel:T,
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Records (cont'd)

@ Semantics

e—~¢
e.l,-—>e’./,- {/1: V1,...,/n:Vn}./,'—> Vi
ej—>e§-

{11=v1,...,/j_1=vj_1,IJ-=ej,...l,,=e,,}—>

{/1:V1,...,/j_1:\/j_1,/':e, ..l,,:e,,

7
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Variants

o Generalization of unions (sums)

@ Syntax
e = ...|I{e) as T|case eof {/;(x;) => e]}'!=/="
v = ... |I{v)as T
T == ... </,- : T}§i§">

@ Typing

'+ € TJ
D) as (s THT) o (s 550

[T-VarianT]

I‘I—e:<l,-: T}S’S"> Vi<i<n D,x:TiFe:T

[T-CASE-VAR] |
I' F case eof {/;i{x;) = ei}lglgn T
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Variants (cont'd)

@ Semantics

case ([ (vj) as T) of {li(x)) => e]}'="=" = ¢[vj/x]]

e— €
ISisn _y case € of {li (x;) => e}

case e of {l/j{x;) => e;} 1<i<n

e — €
li{ei) as T— li(€) as T
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Lists

@ Syntax

... | nil [T] | cons [T]e e| case e of {nil => e|cons x x=> e}

v = ... |nil [T]| cons [T]vv

T == ...|ListT
o Typing
'kFe: T
N i e O o cl;n: f/ﬂ eL Z’Str Zist T

I'Fe:List T
ke : T DUyxp:T,xp: List THey: T
'k case eof {nil = ej|cons xp xt = e} : T

[T-CasE-List]
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Lists (cont'd)

@ Semantics

e1—>e’1 62—)6/2

cons [T]e; e; — cons [T]€| e cons [T]v e; — cons [T]v &,

e— €
case eof {nil => ej|cons x, xt => e} —
case € of {nil => ej|cons x; x¢ => ey}

case nil [T] of {nil => ej|cons x4 xt => e2} — €1

case cons [T]v; vy of {nil => ej|cons xp xr => e2} — ea[v1/Xxp, va/x¢]
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