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1. Dedomènou ìti
∫ T
0 cos(ωt)dt =

∫ T
0 sin(ωt)dt = 0 kai ω = 2π

T èqoume:

(a)
∫ T

0
cos(ωt + φ)dt =

∫ T

0
cos(ωt)cos(φ)dt−

∫ T

0
sin(ωt)sin(φ)dt

= cos(φ)
∫ T

0
cos(ωt)dt− sin(φ)

∫ T

0
sin(ωt)dt

= cos(φ)0− sin(φ)0
= 0

To apotèlesma genikeÔtai sto
∫ T
0 cos(kωt + φ)dt = 0 me k ∈ Z \ {0}.

(b) Apì trigwnometrÐa gnwrÐzoumai ìti cos(a)cos(b) = 1
2(cos(a + b) + cos(a− b)). Opìte

∫ T

0
cos(kωt + φ)cos(lωt + ψ)dt =

1
2

∫ T

0
cos((k + l)ωt + φ + ψ) + cos((k − l)ωt + φ− ψ)dt

=
1
2

∫ T

0
cos((k + l)ωt + φ + ψ)dt +

1
2

∫ T

0
cos((k − l)ωt + φ− ψ)dt

An k = l èqoume
∫ T

0
cos(kωt + φ)cos(lωt + ψ)dt =

1
2

∫ T

0
cos((k + l)ωt + φ + ψ)dt +

1
2

∫ T

0
cos(φ− ψ)dt

=
1
2
0 +

1
2

∫ T

0
cos(φ− ψ)dt

=
T

2
cos(φ− ψ)

An k = −l antÐstoiqa èqoume
∫ T

0
cos(kωt + φ)cos(lωt + ψ)dt =

T

2
cos(φ + ψ)

An k 6= l èqoume
∫ T

0
cos(kωt + φ)cos(lωt + ψ)dt =

1
2

∫ T

0
cos((k + l)ωt + φ + ψ)dt +

1
2

∫ T

0
cos((k − l)ωt + φ− ψ)dt

=
1
2
0 +

1
2
0

= 0

ParathreÐste ìti kai stic treic upoperiptÿseic sto deÔtero băma qrhsimopoiăsame to (genikeumèno)
apotèlesma tic 1(a).
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(g) Me to Ðdio skeptikì ∫ T

0
ej(kωt)+φe−j(lωt+ψ)dt =

∫ T

0
ej((k−l)ωt+φ−ψ)dt

An k = l èqoume

∫ T

0
ej(kωt)+φe−j(lωt+ψ)dt =

∫ T

0
ej(φ−ψ)dt

= Tej(φ−ψ)

An k 6= l èqoume

∫ T

0
ej(kωt)+φe−j(lωt+ψ)dt =

1
j(k − l)ω

∫ T

0
(ej((k−l)ωt+φ−ψ))′dt

=
1

j(k − l)ω
(ej((k−l)ωT+φ−ψ) − ej((k−l)ω0+φ−ψ))

=
1

j(k − l)ω
(ej(2π(k−l)+φ−ψ) − ej(φ−ψ))

=
1

j(k − l)ω
(ej(φ−ψ) − ej(φ−ψ))

= 0

2. ’Eqoume

∫ T

0
cos(ωt)sin(ωt)dt =

∫ T

0
cos(ωt)cos(

π

2
− ωt)dt

= cos(0 +
π

2
)

= 0

Sto deÔtero băma qrhsimopoiăsame to 1(b) me k = 1, l = −1, φ = 0 kai ψ = π
2 .

3. ’Eqoume

1
T

< x(t), ejkωt > =
1
T

∫ T

0
x(t)e−jkωtdt

=
1
T

∫ T

0
(

∞∑

l=−∞
(ale

jlωt)) e−jkωtdt

=
1
T

∫ T

0

∞∑

l=−∞
(ale

jlωte−jkωt)dt

=
1
T

∞∑

l=−∞
(al

∫ T

0
ejlωte−jkωtdt)

To oloklărwma
∫ T
0 ejlωte−jkωtdt isoutai me T ìtan k = l kai 0 diaforetika, ìpwc apodeÐxame sthn 1(g). ’Ara

1
T

< x(t), ejkωt >=
1
T

akT +
1
T

∞∑

l=−∞
l 6=k

al0 = ak
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4. UpologÐzoume xeqwristĹ ta a0 kai ak.

a0 =
1
T0

< x(t), ej0ω0t >

=
1
T0

∫ T0

0
x(t)dt

=
∫ T0/4

0
Adt +

∫ 3T0/4

T0/4
−Adt +

∫ T0

T0/4
Adt

= A(T0/4− 0)−A(3T0/4− T0/4) + A(T0 − 3T0/4)
= AT0/2−AT0/2
= 0

kai

ak =
1
T0

< x(t), ejkω0t >

=
1
T0

∫ T0

0
x(t)e−jkω0tdt

=
1
T0

(
∫ T0/4

0
Ae−jkω0tdt +

∫ 3T0/4

T0/4
(−A)e−jkω0tdt) +

∫ T0

3T0/4
Ae−jkω0tdt)

=
A

−jkω0T0

∫ T0/4

0
(e−jkω0t)′dt +

−A

−jkω0T0

∫ 3T0/4

T0/4
(e−jkω0t)′dt +

A

−jkω0T0

∫ T0

3T0/4
(e−jkω0t)′dt

=
A

−jk2π
(e−jkω0T0/4 − e−jkω00) +

A

jk2π
(e−jkω03T0/4 − e−jkω0T0/4) +

A

−jk2π
(e−jkω0T0 − e−jkω03T0/4)

=
A

−jk2π
(e−jk2π/4 − e0) +

A

jk2π
(e−jk2π3/4 − e−jk2π/4) +

A

−jk2π
(e−jk2π − e−jk2π3/4)

=
A

−jk2π
((−j)k − 1) +

A

jk2π
(jk − (−j)k) +

A

−jk2π
(1− jk)

=
A

jkπ
(jk − (−j)k)

= {
0 , k αρτιoς

2A (−1)
k−1
2

kπ , k περιττoς
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