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ÊåöÜëáéï 1

ÁíáðáñÜ�á�ÓçìÜôùí

1.1 Åé�ãùãÞ

ÓÞìáôá åßíáé ïé áíé÷íåý�ìåò öõ�êÝò ðï�ôçôåò Þ ìåôáâëçôÝò, ìÝ�ôùí ïðïßùí ìåôáöÝñåôáé
ðëçñïöïñßá (ìçíýìáôá). Ìéá ìåãÜëç êáôçãïñßá�ìÜôùí ðáßæåé�ìáíôéêü ñüëï�çðåñéãñáöÞ
öõ�êþí öáéíïìÝíùí. Ðáñáäåßãìáôá ôÝôïéùí �ìÜôùí åßíáé ç áíèñþðéíç öùíÞ, ç åéêüíá ôçò
ôçëåüñá�ò, âéïúáôñéêÜ�ìáôá êáé åéêüíåò, áôìï�áéñéêÞ èåñìïêñá�á, ê.á. Óôéò ðåñé�üôåñåò
ðåñéðôþ�éò ôá �ìáôá ìåôáôñÝðïíôáé �çëåêôñéêÜ �ìáôá, åö' ü�í ôá ôåëåõôáßá åßíáé ðïëý
ðéü åýêïëï íá ìåôñçèïýí êáé �ç�íÝ÷åéá íá åðåîåñãá�ïýí.
Ôá �ìáôá ðåñé�Üíïíôáé ùò �íáñôÞ�éò ìéáò ç ðåñé�üôåñùí áíåîÜñôçôùí ìåôáâëçôþí. Ãéá
ðáñÜäåéãìá, ç öùíÞ åßíáé ìéá�íÜñôç�ìéáò áíåîÜñôçôçò ìåôáâëçôÞò (÷ñüíïò), åíþ ç åéêüíá
åßíáé ìéá�íÜñôç�äýï áíåîÜñôçôùí ìåôáâëçôþí (x êáé y �íôåôáãìÝíåò). Óôï ðáñüí êåßìåíï
èá å�éÜ�õìå ôç ðñï�÷Þ ìáò ��ìáôá ìéáò áíåîÜñôçôçò ìåôáâëçôÞò, ç ïðïßá èá èåùñåßôáé
ï ÷ñüíïò, áí êáé ìðïñåß íá åßíáé ïôéäÞðïôå �äéáöïñåôéêÝò åöáñìïãÝò.

1.2 Êáôçãïñßåò (Åßäç) ÓçìÜôùí

ÕðÜñ÷ïõí ðïëëïß ôñüðïé ôáîéíüìç�ò ôùí �ìÜôùí áíÜëïãá ìå ôï åßäïò (ðåäßï ïñé�ïý) êáé/Þ
ôç äéÜ�á�ôçò áíåîÜñôçôçò ìåôáâëçôÞò, ôï ðåäßï ôéìþí êáé/Þ ôç äéÜ�á�ôïõ �ìáôïò, ôç
ðåñéïäéêüôçôá ôïõ�ìáôïò, ê.á. Ïé ðéü�íçèé�Ýíïé ôñüðïé ôáîéíüìç�òôùí�ìÜôùíöáßíïíôáé
�ç�íÝ÷åéá:

Óõíå÷ïýò ×ñüíïõ Äéáêñéôïý ×ñüíïõ
x(t) ãéá t �íå÷Ýò 2 < t = kTs, k 2 Z, x(kTs)

ÁíáëïãéêÜ ØçöéáêÜ
Ç �íÜñôç�x(t) ðáßñíåé Ç �íÜñôç�åßíáé êâáíôé�Ýíç
êÜèå ôéìÞ �ï <

ÌïíïäéÜ�áôá (1-D) ÄéäéÜ�áôá (2-D) ÐïëõäéÜ�áôá(m-D)
ÖùíÞ, ECG Åéêüíá, X-Ray CT
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2 ÊÅÖÁËÁÉÏ 1. ÁÍÁÐÁÑÁÓÔÁÓÇ ÓÇÌÁÔÙÍ

ÌïíïêáíáëéêÜ ÐïëõêáíáëéêÜ
Åéêüíá Åã÷ñùìç åéêüíá

ÄïñõöïñéêÞ åéêüíá

ÐåñéïäéêÜ ÁðåñéïäéêÜ (Ìç-ÐåñéïäéêÜ)

x(t) = x(t+ nT )
üðïõ n = 1; 2; : : :

ÐáñÜäåéãìá ðåñéïäéêïý�ìáôïò åßíáé ç x(t) = A sin(ù0t+ö). Ïñßæïõìå�í èåìåëéþäç ðåñßïäï
ôçí Ô0 =

2�
ù0
êáé ðáñáôçñïýìå üôé Ýíá ðåñéïäéêü �ìá åßíáé åðß�ò ðåñéïäéêü ãéá mT0, üðïõ

m = 1; 2; : : :.

1.3 ÅíÝñãåéá ÓÞìáôïò

Ãéá äéÜ�çìá ÷ñüíïõ 2L ç åíÝñãåéá ôïõ �ìáôïò x(t) èá åßíáé:

Å2L =
Z L

�L
jx(t)j2 dt (1.1)

Áí t 2 (�1;+1) ôüôå ðáßñíïõìå ôçí ïëéêÞ åíÝñãåéá ôïõ �ìáôïò, äçëáäÞ:

Å = lim
L!1

Z L

�L
jx(t)j2 dt (1.2)

Ç ìÝ�é�ýò ïñßæåôáé ùò:

P = lim
L!1

"
1

2L

Z L

�L
jx(t)j2 dt

#
(1.3)

Ãéá ðåñéïäéêü �ìá ïñßæïõìå ôç ìÝ�é�ý�ìßá ðåñßïäï:

P =
1

T

Z T

0
jx(t)j2 dt (1.4)

1.4 Ìåôá�çìáôé�ïß ÁíåîÜñôçôçò ÌåôáâëçôÞò

1.4.1 Ìåôáôüðé��ï ×ñüíï

Å�ù�ìá x(t). Ìéá ìåôáôüðé��ïí ÷ñüíï (time shift) x(t)! x(t� t0) åßíáé êáèõ�Ýñç�
åöü�í t0 > 0 êáé ðñïÞãç�åöü�í t0 < 0 (âëÝðå Ó÷ 1.1).

ÐáñÜäåéãìá 1.1. Äýï áé�çôÞñåò (sensors) Ý÷ïõí ôïðïèåôçèåß �ïí ìðñï�éíü êáé ðß�Üîïíá
åíüò áõôïêéíÞôïõ. Ôá�ìáôá ðïõ äßíïõí ïé äýï áé�çôÞñåò åßíáé áõôÜ ðïõ öáßíïíôáé�ïÓ÷ 1.2.
Áí ç áðü�á�ôùí áîüíùí åßíáé d = 2m íá âñåèåß ç ôá÷ýôçôá ôïõ áõôïêéíÞôïõ.
ÁðÜíôç�: ÎÝñïõìå üôé d = ut Üñá u = d

t
= 2m

0:12sec = 16:7 m/sec.



1.4. ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÉ ÁÍÅÎÁÑÔÇÔÇÓ ÌÅÔÁÂËÇÔÇÓ 3

-t1 0 t1 t

A

x(t) x(t  -  t0)

A

 0 t0 - t1 t0 t0 + t1 t

Ó÷Þìá 1.1: Ìåôáôüðé��ï ÷ñüíï.

x(t)

90 t (ms)

Front axle sensor

60 t (ms)

x(t - 120)

180 210

Rear axle sensor

Ó÷Þìá 1.2: ÓÞìáôá ôùí äýï áé�çôÞñùí.

1.4.2 ÁíôáíÜêëá�

Ôï �ìá x(�t) ðáßñíåôáé áðü ôï �ìá x(t) ìÝ�ìéáò áíôáíÜêëá�ò (re
ection) ãýñù áðü ôï
t = 0 [äçëáäÞ ìå ôçí áíôé�ñïöÞ ôïõ x(t)]. (âëÝðå Ó÷ 1.3).

x(t)

3

-1  0 1 2 t

3

x(-t)

-2 -1 0 1 t

Ó÷Þìá 1.3: ÁíôáíÜêëá�.

1.4.3 Ðïëëáðëá�á�üò�ï ×ñüíï

Ï ðïëëáðëá�á�üò�ï ÷ñüíï (time-scaling) ïñßæåôáé ùò ç êëéìÜêù�ôçò áíåîÜñôçôçò ìåôá-
âëçôÞò êáôÜ Ýíá ðáñÜãïíôá �, x(t) ! x(�t) (âëÝðå Ó÷ 1.4). Áõôü Ý÷åé ùò áðïôÝëå�á ôç
�ññßêíù�Þ ôçí åðÝêôá�ôïõ �ìáôïò áíÜëïãá ìå ôï áí � > 1 Þ � < 1.
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(a)

x(t)

2

1

-1  0  1 t

(c)(b)

x(3t)

1

2

 0 t  0-2 2 t

1

2

x(t/2)

-1/3 1/3

Ó÷Þìá 1.4: Ðïëëáðëá�á�üò�ï ÷ñüíï.

1.5 Óôïé÷åéþäç ÓÞìáôá

ÕðÜñ÷ïõí ðïëëÜ�ïé÷åéþäç�ìáôá (elementary signals) ôá ïðïßá ü÷é ìüíï �íáíôþíôáé�÷íÜ
�éò åöáñìïãÝò, áëëÜ ÷ñç�ìåýïõí êáé ãéá ôçí áíáðáñÜ�á�Üëëùí�ìÜôùí. Óôçí ðáñÜãñáöï
ðïõ áêïëïõèåß èá ìåëåôÞ�õìå �ïé÷åéþäç �ìáôá ðïõ ïñßæïíôáé �ï �íå÷Þ ÷ñüíï, åíþ �çí
åðüìåíç ðáñÜãñáöï èá áíáöåñèïýìå ��ïé÷åéþäç�ìáôá ðïõ ïñßæïíôáé �ï äéáêñéôü ÷ñüíï.
Óôç�íÝ÷åéá, êáé ëüãù ôçò ìåãÜëçò�ïõäáéüôçôÜò ôïõ, ìåëåôïýìå ôï åêèåôéêü�ìá�ìéá áíå-
îÜñôçôç ðáñÜãñáöï. ÊáôÜ �ìâá�,�ç ðåñßðôù�ôïõ �íå÷ïýò ÷ñüíïõ èá �ìâïëßæïõìå ôçí
áíåîÜñôçôç ìåôáâëçôÞ ìå t êáé èá ÷ñç�ìïðïéïýìå ðáñåíèÝ�éò (ð.÷. x(t)), åíþ �ç ðåñßðôù�
ôïõ äéáêñéôïý ÷ñüíïõ èá �ìâïëßæïõìå ôçí áíåîÜñôçôç ìåôáâëçôÞ ìå n êáé èá ÷ñç�ìïðïéïýìå
ãùíéáêÝò ðáñåíèÝ�éò (ð.÷. x[n]).

1.5.1 Óôïé÷åéþäç ÓÞìáôá Óõíå÷ïýò ×ñüíïõ

ÓõíÜñôç�Ìïíáäéáßïõ ÂÞìáôïò

Ç�íÜñôç�ìïíáäéáßïõ âÞìáôïò (unit step function) ïñßæåôáé ùò:

u(t) =

(
0 t < 0
1 t > 0

(1.5)

Ðáñáôçñïýìå üôé ôï �ìá åßíáé á�íå÷Ýò�ï t = 0. Ç�íÜñôç�ìïíáäéáßïõ âÞìáôïò áðåéêï-
íßæåôáé �ï Ó÷ 1.5.

1

0 t

u(t)

Ó÷Þìá 1.5: ÓõíÜñôç�ìïíáäéáßïõ âÞìáôïò.
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Ôåôñáãùíéêüò Ðáëìüò

Ï ôåôñáãùíéêüò ðáëìüò (rectangular pulse) (âëÝðå Ó÷ 1.6) ïñßæåôáé ùò:

rect
�
t

2

�
= u(t+ 1)� u(t� 1) (1.6)

Ï ôåôñáãùíéêüò ðáëìüò �åôßæåôáé ìå ôç �íÜñôç�ìïíáäéáßïõ âÞìáôïò �ìöùíá ìå ôç �Ý�

Á � rect
�
t

2a

�
= A � [u(t+ a)� u(t� a)] (1.7)

0

2

-1 1 t

2rect(t/2)

Ó÷Þìá 1.6: Ôåôñáãùíéêüò ðáëìüò.

ÓõíÜñôç�Ðñï�ìïõ

Ç�íÜñôç�ðñï�ìïõ (sign function) åßíáé ìéá äßôéìç�íÜñôç�ðïõ ïñßæåôáé ��Ý�ìå ôç
�íÜñôç�ìïíáäéáßïõ âÞìáôïò

sgn(t) =

( �1 + 2u(t) t 6= 0
0 t = 0

(1.8)

Ðáñáôçñïýìå üôé ôï �ìá åßíáé á�íå÷Ýò �ï t = 0. Ç �íÜñôç�ðñï�ìïõ áðåéêïíßæåôáé �ï
Ó÷ 1.7.

sgn(t)

1

0

-1

t

Ó÷Þìá 1.7: ÓõíÜñôç�ðñï�ìïõ.

ÃñáììéêÞ ÓõíÜñôç�

Ç ãñáììéêÞ�íÜñôç�(ramp function), öáßíåôáé�ïÓ÷ 1.8 êáé ïñßæåôáé�ìöùíá ìå ôç�Ý�:

r(t) =

(
0 t < 0
t t � 0 (1.9)
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0 t

r(t)

1

1

Ó÷Þìá 1.8: ÃñáììéêÞ �íÜñôç�.

ÓõíÜñôç�Äåéãìáôïëçøßáò

Ìéá�íÜñôç�ðïõ åìöáíßæåôáé�÷íÜ�ðñïâëÞìáôá öá�áôéêÞò áíÜëõ�ò åßíáé ç �íÜñôç�
äåéãìáôïëçøßáò (sampling function) Sa(x) ðïõ ïñßæåôáé ùò:

Sa(x) =
sin x

x
(1.10)

Þ ÷ñç�ìïðïéþíôáò ôç �íÜñôç�sinc

Sa(�x) =
sin �x

�x
= sinc x (1.11)

Ç ãñáöéêÞ áðåéêüíé�ôùí �íáñôÞ�ùí äåéãìáôïëçøßáò êáé sinc öáßíåôáé �ï Ó÷ 1.9.

0

1

−2π 0 π 2π−π

1

Sa(x)

sinc(x)

x

x

(a)

1 2 3-1-2-3

(b)

Ó÷Þìá 1.9: (á) ÓõíÜñôç�äåéãìáôïëçøßáò, (â) �íÜñôç�sinc.

ÓõíÜñôç��

Ç�íÜñôç�� (dirac delta) ïñßæåôáé íá éêáíïðïéåß ôç �Ý�:

Z t2

t1
x(t)�(t)dt = x(0) ; t1 < 0 < t2 (1.12)

ÃñáöéêÜ ðáñé�Üíåôáé üðùò öáßíåôáé �ï Ó÷ 1.10.
ÅðéðëÝïí, ïé ðáñáêÜôù éäéüôçôåò éêáíïðïéïýíôáé áðü ôç �íÜñôç��:
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 t 0

t )δ(

Ó÷Þìá 1.10: ÓõíÜñôç��.

1. �(0)!1
2. �(t) = 0 üôáí t 6= 0

3.
R+1
�1 �(t)dt = 1

4. �(t): Üñôéá �íÜñôç�(�(t) = �(�t))
Óôç ðñÜîç, ç �íÜñôç��(t) ðñï�ããßæåôáé ìå ìáèçìáôéêÜ ìïíôÝëá ðïõ åðéäÝ÷ïíôáé åýêïëç
õëïðïßç�(Ó÷ 1.11).

p
1

(t)

1/ε

)(p (t)
3

= π  t
1

sin
πt
εp (t)

2

−ε/2 ε/20 t

1/ε

−ε 0 ε t ε−2ε −ε 2ε

Ó÷Þìá 1.11: MáèçìáôéêÜ ìïíôÝëá ôçò �íÜñôç�ò �(t).

1.5.2 Óôïé÷åéþäç ÓÞìáôá Äéáêñéôïý ×ñüíïõ

Ïé ôéìÝò ðïõ ðáßñíåé ôï n �áõôÞ ôçí ðåñßðôù�åßíáé äéáêñéôÝò, äçëáäÞ ìÝ�áðü ôï �íïëï
ôùí áêåñáßùí áñéèìþí Z.

ÓõíÜñôç�Ìïíáäéáßïõ ÂÞìáôïò

Ç �íÜñôç�ìïíáäéáßïõ âÞìáôïò ïñßæåôáé êáôÜ ôñüðï áíÜëïãï üðùò êáé �ç ðåñßðôù�ôïõ
�íå÷ïýò ÷ñüíïõ:

u[n] =

(
0; n < 0
1; n � 0 (1.13)
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Ç ãñáöéêÞ ôçò áðåéêüíé�öáßíåôáé �ï Ó÷ 1.12.

0

1

n

u[n]

Ó÷Þìá 1.12: ÓõíÜñôç�ìïíáäéáßïõ âÞìáôïò.

ÓõíÜñôç��

Ç�íÜñôç�� �ç ðåñßðôù�ôïõ äéáêñéôïý ÷ñüíïõ ïñßæåôáé ùò Ýíáò ðáëìüò ìïíáäéáßïõ ðëÜ-
ôïõò �ï ìçäÝí:

�[n] =

(
0; n 6= 0
1; n = 0

(1.14)

Ç ãñáöéêÞ ôçò áðåéêüíç�öáßíåôáé �ï Ó÷ 1.13.

0 n

1
δ[n]

Ó÷Þìá 1.13: ÓõíÜñôç��.

Ïé ðáñáêÜôù éäéüôçôåò éêáíïðïéïýíôáé áðü ôç �íÜñôç�� êáé ôç �íÜñôç�ìïíáäéáßïõ âÞìá-
ôïò:

1. x[n]�[n] = x[0]�[n]

2. �[n] = u[n]� u[n� 1]

3. u[n] =
Pn

m=�1 �[m]

4. u[n] =
P+1

k=0 �[n� k]
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1.5.3 Åêèåôéêü ÓÞìá

Óõíå÷Þò ÷ñüíïò

Ôï åêèåôéêü �ìá ïñßæåôáé ùò:

x(t) = Ce�t (1.15)

Óôç ãåíéêÞ ðåñßðôù�C;� 2 C êáé � = r + j!0, ïðüôå ôï x(t) ìðïñåß íá ãñáöåß ùò:

x(t) = Cert+j!0t

= Certej!0t

= Cert(cos!0t+ j sin!0t) (1.16)

üðïõ, ç ôåëåõôáßá é�ôçôá ðñïêýðôåé áðü ôç �Ý�ôïõ Euler. Áí C;� 2 < ôüôå Ý÷ïõìå Ýíá
ðñáãìáôéêü åêèåôéêü �ìá ôï ïðïßï áðåéêïíßæåôáé �ï Ó÷ 1.14. Óôç ãåíéêÞ ðåñßðôù�ðïõ ôï
C 2 C, C = jCj ej�, êáé � = r + j!0 èá Ý÷ïõìå:

Ce�t = jCj ej�e(r+j!0)t
= jCj ertej(!0t+�)
= jCj ert cos(!0t+ �) + j jCj ertsin(!0t+ �) (1.17)

Ãéá r = 0, ôï ðñáãìáôéêü êáé öáíôá�éêü ìÝñïò ôïõ åêèåôéêïý �ìáôïò åßíáé çìéôïíïåéäÞ. Ãéá
r < 0, ðáßñíïõìå ðñáãìáôéêü êáé öáíôá�éêü ìÝñïò ùò öèßíïí åêèåôéêü � çìéôïíïåéäÝò, åíþ
ãéá r > 0, ðáßñíïõìå áýîïí åêèåôéêü � çìéôïíïåéäÝò (âëÝðå Ó÷ 1.14).

Ðåñéïäéêüôçôá: Ôï êáèáñÜ öáíôá�éêü åêèåôéêü �ìá x(t) = ej!0t = cos!0t + j sin!0t
åßíáé ðåñéïäéêü. Áõôü åßíáé áñêåôÜ åýêïëï íá äéáðé�ùèåß: ãéá íá é�ýåé ðñÝðåé êáé áñêåß
ej!0(t+T ) = ej!0t, ôï ïðïßï åßíáé é�äýíáìï ìå ôç �Ý�ej!0tej!0T = ej!0t Þ ej!0T = 1.
Ç ôåëåõôáßá áõôÞ �Ý�é�ýåé åö' ü�í: (á) áí !0 = 0 ôüôå x(t) = 1 êáé Üñá ôï �ìá åßíáé
ðåñéïäéêü 8T , (â) áí !0 6= 0 ôüôå äéáëÝãïõìå ùò T0 =

2�
j!0j êáé e

j!0T0 = ej2� = 1.

Äéáêñéôüò ×ñüíïò

Å�ù � 2 C, ôï ïðïßï ãñÜöåôáé �ðïëéêÝò�íôåôáãìÝíåò ùò � = rej
. Ôï åêèåôéêü �ìá�ï
äéáêñéôü ÷ñüíï ïñßæåôáé ùò (âëÝðå Ó÷ 1.15):

x[n] = �n = rnej
n ; �1 < n < +1
= rn cos
n + jrn sin 
n (1.18)

Ðåñéïäéêüôçôá: Ôï êáèáñÜ öáíôá�éêü �ìá ej
0n = cos
0n + j sin 
0n ðñïÝñ÷åôáé áðü
äåéãìáôïëçøßá ôïõ �íå÷ïýò ej
t ìå Ts = 1 (ðåñßïäïò äåéãìáôïëçøßáò). Ãéá íá åßíáé áõôü ôï
�ìá ðåñéïäéêü ìå ðåñßïäï Í > 0, áñêåß ej
0(n+N) = ej
0n, äçëáäÞ ej
0N = 1. Ç ôåëåõôáßá
áõôÞ �Ý�é�ýåé üôáí 
0N = 2�m, m 2 Z, Üñá áñêåß 
0

2� =
m
N
.
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Ó÷Þìá 1.14: Åêèåôéêü �ìá (�íå÷Þò ÷ñüíïò).

ÓõìðÝñá�á: Ôï ej
0n äåí åßíáé ðåñéïäéêü 8 
0. Åßíáé ðåñéïäéêü áí ôï 
0
2�

åßíáé ñçôüò
áñéèìüò.
ð.÷. cos(2�

12
n) ðåñéïäéêü

cos(8�
31n) ðåñéïäéêü

cos(n
6
) ìç ðåñéïäéêü

Ïñßæïõìå ôç âá�êÞ�÷íüôçôá ôïõ ej
0n íá åßíáé ç 2�
N
= 
0

m
êáé âá�êÞ ðåñßïäï N = m( 2�
0 ).

Âá�êÞ Éäéüôçôá ôïõ ej
0n: Ôï åêèåôéêü �ç�÷íüôçôá (
0+ 2�) åßíáé áêñéâþò ôï ßäéï ìå
ôï ej
0n, äçëáäÞ

ej(
0+2�)n = ej
0nej2�n = ej
0n

Óõíåðþò, ÷ñåéÜæåôáé ìüíï íá èåùñïýìå ôï äéÜ�çìá [0; 2�] üôáí èåùñïýìå äéáêñéôÜ åêèåôéêÜ
�ìáôá. Áðü ôï 0 ! � ç �÷íüôçôá áõîÜíåé êáé áðü ôï � ! 2� îáíáìåéþíåôáé. Óôï 2� åßíáé
ßäéá ìå ôï 0 (âëÝðå êáé Ó÷ 1.16).
Ïé äéáöïñÝò ìåôáîý ôùí åêèåôéêþí �ìÜôùí �íå÷ïýò (ej!0t) êáé äéáêñéôïý ÷ñüíïõ (ej
0n)
�íïøßæïíôáé �ï Ðßíáêá 1.1.
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......

x[n]

n(b)

...
n

...

x[n]

(a)

... ...

x[n]

n

(d)

......

x[n]

n

(c)

Ó÷Þìá 1.15: Åêèåôéêü �ìá (äéáêñéôüò ÷ñüíïò). (a) a > 1, (b) 0 < a < 1, (c) �1 < a < 0,
(d) a < �1.

2-D Åêèåôéêü ÓÞìá

Óõíå÷Þò ×ñüíïò: Å�ù x(t1; t2) äéäéÜ�áôï �ìá ãéá ôï ïðïßï é�ýåé x(t1; t2) = es1t1+s2t2

üðïõ s1 = r1 + j!1 êáé s2 = r2 + j!2. É�ýåé

x(t1; t2) = er1t1+r2t2+j(!1t1+!2t2)

= er1t1+r2t2(cos(!1t1 + !2t2) + j sin(!1t1 + !2t2)) (1.19)

Ôï öáíôá�éêü 2-D åêèåôéêü ej(!1t1+!2t2) åßíáé ðåñéïäéêü ìå ðåñéüäïõò 2�
!1
êáé 2�

!2
.

Äéáêñéôüò ×ñüíïò: Ôï åêèåôéêü �ìá�ï äéáêñéôü ÷ñüíï åßíáé ôçò ìïñöÞò

x[n1; n2] = an11 an22 (1.20)

Ôï öáíôá�éêü åêèåôéêü �ìá åßíáé

x[n1; n2] = ej
1n1ej
2n2 = ej(
1n1+
2n2) (1.21)

Ôï ôåëåõôáßï åßíáé ðåñéïäéêü áí 
1 =
2�k1
N1

êáé 
2 =
2�k2
N2
.

ÐáñÜäåéãìá 1.2. Å�ù x(t) ôï �ìá ðïõ öáßíåôáé �ï Ó÷ 1.17. Ôï �ìá ìåôáöÝñåôáé êáé
õöß�áôáé ðáñáìüñöù�. Ôï ëáìâáíüìåíï �ìá åßíáé ôï y(t) = x(t) + 0:5x(t� T

2 ) + 0:25x(t�
T ) ; T � 2.
Ôï y(t) åðåîåñãÜæåôáé üðùò öáßíåôáé �ï Ó÷ 1.18. Æçôåßôáé íá �åäéá�ïýí ôá y(t) êáé z(t).
ÁðÜíôç�: Ôï y(t) öáßíåôáé �ï Ó÷ 1.19(a) êáé ôï z(t) �ï Ó÷ 1.19(b).
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...

(a)

πx[n]=cos[7   n / 4]

...

x[n]=cos[   n / 4]πx[n]=cos[   n / 8]

... ...

x[n]=cos[   n / 2] x[n]=cos[   n]π

(e)

...

x[n]=cos[0 n]=1

......

x[n]=cos[3   n / 2]π

(f)

... ...

π

(c)

...

(b)

......

(d)

π

... ...

(g)

...

(h)

x[n]=cos[15   n / 8]π

...

x[n]=cos[2   n]π

(i)

Ó÷Þìá 1.16: ÇìéôïíïåéäÞ �ìáôá äéáêñéôïý ÷ñüíïõ ãéá äéÜöïñåò �÷íüôçôåò.

1-1

1

x(t)

Ó÷Þìá 1.17: ÓÞìá x(t).

ÐáñÜäåéãìá 1.3. Å�ùZ0 ìéãáäéêüò áñéèìüò ìå êáñôå�áíÝò�íôåôáãìÝíåò (x0; y0) êáé ðïëéêÝò
�íôåôáãìÝíåò (r0; �0). Èåùñïýìå ôïõò ìéãáäéêïýò áñéèìïýò:
Z1 = r0e

�j�0

Z2 = r0
Z3 = r0e

j(�0+�)

Z4 = r0e
j(��0+�)

Z5 = r0e
j(�0+2�)

Âñåßôå ôéò êáñôå�áíÝò �íôåôáãìÝíåò ôùí Z1; : : : ; Z5. Åðß�ò, �åäéÜ�å ôá Z1; : : : ; Z5 ãéá
r0 = 2 ; � = �

2 êáé r0 = 2 ; � = �
4 .

ÁðÜíôç�:
Z1 = x0 � jy0
Z2 =

q
x20 + y20

Z3 = �x0 � jy0 = �Z0

Z4 = �x0 + jy0
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Ðßíáêáò 1.1: ÄéáöïñÝò ìåôáîý ôùí �ìÜôùí ej!0t êáé ej
0n

ej!0t ej
0n

Distinct signals for distinct Identical signals for exponentials
values of !0 at frequencies separated by 2�
Periodic for any choice of !0 Periodic only if


0 =
2�m
N

for some integers N > 0 and m
Fundamental frequency Fundamental frequency y

!0

0

m
Fundamental period Fundamental period y

!0 = 0 : unde�ned 
0 = 0 : unde�ned

!0 6= 0 :
2�

!0

0 6= 0 : m

�
2�


0

�
y These statements assume that m and N
do not have any factors in common.

Z5 = x0 + jy0 = Z0

Ç ãñáöéêÞ ðáñÜ�á�ôùí Z1; : : : ; Z5 öáßíåôáé �ï Ó÷ 1.20.

z(t)

y(t) Delay
T/2

Delay
T

1 -1/2 1/8

+ +

Ó÷Þìá 1.18: Åðåîåñãá�á ôïõ �ìáôïò y(t).
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5 101-1

0.5
0.25

1

y(t)

(á)

1

1/16
1/32

z(t) = y(t)-0.5y(t-5)+0.125y(t-15)

-1 1 20 25

(â)

Ó÷Þìá 1.19: (á) ÓÞìá y(t), (â) �ìá z(t).

1.6 Ïñèïãþíéá ÁíáðáñÜ�á�ÓçìÜôùí

Å�ù�ìá x(t) ôï ïðïßï ðáñß�áôáé�í�éñÜ áðü ïñèïãþíéåò êõìáôïìïñöÝò �k(t), a < t < b.
Ïé �i ; i 2 Z ëÝãïíôáé ïñèïãþíéåò êõìáôïìïñöÝò �ï (a; b) áí:

Z b

a
�k(t)�

�
l (t)dt =

(
El ; k = l
0 ; k 6= l

= El�(l� k) (1.22)

Áí El = 1 ; 8l ôüôå ïé �i ëÝãïíôáé ïñèïêáíïíéêÝò.

ÐáñÜäåéãìá 1.4. Å�ù ïé �íáñôÞ�éò �m(t) = sinmt ; m = 1; 2; 3; : : : , �� < t < �. É�ýåéZ �

��
�m(t)�

�
n(t)dt =

Z �

��
sinmt sinntdt

=
1

2

Z �

��
cos(m� n)tdt� 1

2

Z �

��
cos(m+ n)tdt

=

(
� ; m = n
0 ; m 6= n
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Re

Im

(2,0)

(0,2)

(0,-2)
z1; z3

z2

z0; z4; z5

r0 = 2
� = �=2

Re

Im

(2,0)

z2

r0 = 2
� = �=4

z4 z0; z5
(
p
2;
p
2)

z3 z1

(�p2;
p
2)

(�p2;�p2) (
p
2;�p2)

Ó÷Þìá 1.20: ÃñáöéêÞ ðáñÜ�á�ôùí ìéãáäéêþí Z1 : : :Z5.

Óõíåðþò ïé sin t ; sin 2t ; sin 3t ; : : : áðïôåëïýí ïñèïãþíéï �íïëï �ï (��; �) êáé ïé
sin tp
�
; sin2tp

�
; sin3tp

�
; : : : áðïôåëïýí ïñèïêáíïíéêü �íïëï �ï ßäéï äéÜ�çìá.

ÐáñÜäåéãìá 1.5. Æçôåßôáé íá åîåôá�åß áí åßíáé ïñèïêáíïíéêü ôï �íïëïn
�k(t) = e

j2�kt
T ; k 2 Z ; 0 < t < T

o
ÁðÜíôç�: Z T

0
�l(t)�

�
k(t)dt =

Z t

0
ej

2�lt
T e�j

2�kt
T dt

=

(
T ; l = k
0 ; l 6= k

Óõíåðþò ïé �íáñôÞ�éò 1p
T
e
j2�kt
T áðïôåëïýí ïñèïêáíïíéêü �íïëï �ï (0 ; T ).

Ãåíéêüò Êáíüíáò: Áí �i(t) åßíáé Ýíá ïñèïêáíïíéêü �íïëï �ï äéÜ�çìá a < t < b ôüôå
êÜèå �ìá x(t) ãñÜöåôáé ùò

x(t) =
+1X
i=�1

ci�i(t) (1.23)

üðïõ

ck =
Z b

a
x(t)��k(t)dt ; k 2 Z (1.24)

Áí ôï �íïëï �i(t) åßíáé ïñèïãþíéï áëëÜ ü÷é ïñèïêáíïíéêü ôüôå

ck =
1

Ek

Z b

a
x(t)��k(t)dt (1.25)
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ÊåöÜëáéï 2

Óõãêåñá�üò

2.1 Óõíå÷Þò ×ñüíïò

Å�ù ôá �ìáôá x(t) ; h(t). Ïñßæïõìå �í�ãêåñá�ü (convolution) áõôþí ôùí �ìÜôùí, ôï
�ìá y(t) ðïõ äßíåôáé áðü ôç �Ý�:

y(t) =
Z +1

�1
x(� )h(t� � )d� (2.1)

Ôï ïëïêëÞñùìá �ç�Ý�(2.1) ïíïìÜæåôáé ïëïêëÞñùìá �ãêåñá�ïý (convolution integral)
ôùí x(t) ; h(t). Ï �ãêåñá�üò ôùí �ìÜôùí x(t) ; h(t) �ìâïëßæåôáé ùò y(t) = x(t) ? y(t).

Ïñé�üò: Ìßá �íÜñôç�x(t) ëÝãåôáé áðïëýôùò ïëïêëçñþ�ìç�ï [a; b] áí

Z b

a
jx(t)j dt <1 (2.2)

Ãéá íá õðÜñ÷åé ï �ãêåñá�üò äýï �ìÜôùí x(t) ; h(t) áñêåß íá éêáíïðïéïýíôáé ïé ðáñáêÜôù
�íèÞêåò (ðéèáíþò êáé íá õðÜñ÷åé ÷ùñßò íá éêáíïðïéïýíôáé):

1. Ôá x(t) ; h(t) ðñÝðåé íá åßíáé áðïëýôùò ïëïêëçñþ�ìåò�íáñôÞ�éò�ï (�1 ; 0].

2. Ôá x(t) ; h(t) ðñÝðåé íá åßíáé áðïëýôùò ïëïêëçñþ�ìåò�íáñôÞ�éò�ï [0 ; 1).
3. ÊÜðïéá áðü ôéò x(t) ; h(t) Þ êáé ïé äýï ðñÝðåé íá åßíáé áðïëýôùò ïëïêëçñþ�ìåò �ï
(�1 ; +1)

ÐáñÜäåéãìá 2.1. Ôá cos!t ? cos!t êáé et ? e�t äåí õðÜñ÷ïõí.

ÐáñÜäåéãìá 2.2. Íá âñåèåß ï �ãêåñá�üò ôùí x(t) = e��tu(t) ; � > 0 êáé h(t) = u(t). Ôá
äýï �ìáôá öáßíïíôáé �ï Ó÷ 2.1.

ÁðÜíôç�: Ãéá t < 0 ; x(� )h(t� � ) = 0. Ãéá t > 0, ôï h(t� � ) öáßíåôáé �ï Ó÷ 2.2.

17
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h(  )

1

0 τ

τ

Ó÷Þìá 2.1: Äýï �ìáôá x(t) = e��tu(t) ; � > 0 êáé h(t) = u(t).

τh(t-  )

0 τ

1

t

t>0

Ó÷Þìá 2.2: Áíôé�ñïöÞ ôïõ �ìáôïò h(� ) ôïõ ðñïçãïýìåíïõ �Þìáôïò.

x(� )h(t� � ) =

(
e��� ; 0 < � < t
0 ; äéáöïñåôéêÜ

Áñá

y(t) =
Z t

0
e���d� = � 1

�
e���

���t0 = 1

�
(1 � e��t)

êáé �íåðþò y(t) = 1
�
(1 � e��t)u(t) ;8t. Ôï áðïôÝëå�á ôïõ �ãêåñá�ïý, y(t), öáßíåôáé

ãñáöéêÜ �ï Ó÷ 2.3.

Éäéüôçôåò �ãêåñá�ïý

� ÁíôéìåôáèåôéêÞ (Commutative) : x(t) ? h(t) = h(t) ? x(t)

� Ðñï�ôáéñé�éêÞ (Assosiative) : x(t)?h1(t)?h2(t) = [x(t)?h1(t)]?h2(t) = x(t)? [h1(t)?
h2(t)]

� Åðéìåñé�éêÞ (Distibuteve) : x(t) ? [h1(t) + h2(t)] = x(t) ? h1(t) + x(t) ? h2(t)
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-at
 y(t)=    (1-e )u(t)

a
1

1/a

 0 t

Ó÷Þìá 2.3: ÁðïôÝëå�á ôïõ �ãêåñá�ïý ôïõ ðáñáäåßãìáôïò 2.2.

Ïé éäéüôçôåò áõôÝò Ý÷ïõí �ïõäáßåò åöáñìïãÝò �á��Þìáôá üðùò öáßíåôáé �ï Ó÷ 2.4.

ÐáñÜäåéãìá 2.3. Å�ù ôï ��çìá ìå êñïõ�éêÞ áðüêñé��(t). Ôï ��çìá áõôü åßíáé ôï
ôáõôïôéêü ��çìá (ç Ýîïäüò ôïõ åßíáé ßäéá ìå ôçí åß�äï):

x(t) ? �(t) =
Z +1

�1
x(� )�(t� � )d� = x(t) (2.3)

Å�ù ôï ��çìá ìå êñïõ�éêÞ áðüêñé�u(t). Ôï ��çìá áõôü åßíáé ï éäáíéêüò ïëïêëçñùôÞò
(ç Ýîïäüò ôïõ åßíáé ôï ïëïêëÞñùìá ôçò åé�äïõ ôïõ):

x(t) ? u(t) =
Z +1

�1
x(� )u(t� � )d� =

Z t

�1
x(� )d� (2.4)

ÐáñÜäåéãìá 2.4. Å�ù üôé ç �Ý�ìåôáîý åé�äïõ x(t) êáé åîüäïõ y(t) åíüò ��Þìáôïò åßíáé
y(t) =

R t
t�T x(� )s(T � t+ � )d� ; 0 � t � T , üðïõ s(t) ãíù�ü�ìá äéÜñêåéáò Ô.

Áðü ôïí ïñé�ü ôïõ �ãêåñá�ïý Ý÷ïõìå

h(t� � ) =

(
s(T � t+ � ) ; 0 < t� � < T

0 ; äéáöïñåôéêÜ
Þ

h(t) =

(
s(T � t) ; 0 < t < T

0 ; äéáöïñåôéêÜ

Ôï ��çìá äçëáäÞ áðïêñßíåôáé ìå s(t) áíáêëþìåíï êáé ìåôáôïðé�Ýíï êáôÜ Ô [ôï ��çìá
\ôáéñéÜæåé" ìå ôï �ìá s(t)]. Ôï��çìá áõôü ïíïìÜæåôáé \ôáéñéá�ü ößëôñï" (matched �lter).

ÃñáöéêÞ ðáñÜ�á�ôïõ �ãêåñá�ïý

ÕðÜñ÷åé Ýíáò (�åôéêÜ) åýêïëïò, ãñáöéêüò ôñüðïò íá õðïëïãß�õìå (ìå êÜðïéá ðñï�ããé�)
ôï �ãêåñá�ü äýï �ìÜôùí. Êáô' áõôüí, ãéá äýï �íáñôÞ�éò x(t) êáé h(t), åñãáæüìá�å ùò
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     h (t)1 2h  (t) 

     h (t)1

2h  (t) 

y(t)    x(t)x(t)    h(t)

x(t)

x(t)  + y(t)x(t) 1 2h (t)+h  (t)

y(t)x(t) 1 2h (t)*h  (t)

y(t)                 

y(t)                 

y(t)                           h(t)

(c)

  (b)

(a)

Ó÷Þìá 2.4: Éäéüôçôåò ôïõ �ãêåñá�ïý�íå÷ïýò ÷ñüíïõ.

åîÞò: áíôé�ñÝöïõìå ôç �íÜñôç�h(t) êáé ôçí ïëé�Ýíïõìå �ï ÷ñüíï. Óå êÜèå �ìåßï t, ç
ôéìÞ ôïõ �ãêåñá�ïý (ïëïêëçñþìáôïò) êáèïñßæåôáé áðü ôçí åðéöÜíåéá ôùí äýï �íáñôÞ�ùí
ðïõ Ý÷ïõìå áëëçëïêáëýøåé.

ÐáñÜäåéãìá 2.5. Ôï ðáñÜäåéãìá áõôü áíáöÝñåôáé �á äýï �ìáôá ðïõ áðåéêïíßæïíôáé �ï
Ó÷ 2.5, üðïõ öáßíåôáé êáé ï ãñáöéêüò õðïëïãé�üò ôïõ �ãêåñá�ïý ôùí.

ÐáñÜäåéãìá 2.6. Ôï ðáñÜäåéãìá áõôü áíáöÝñåôáé �á äýï �ìáôá ðïõ áðåéêïíßæïíôáé �ï
Ó÷ 2.6, üðïõ öáßíåôáé êáé ï ãñáöéêüò õðïëïãé�üò ôïõ �ãêåñá�ïý ôùí.

ÐáñÜäåéãìá 2.7. Ôï ðáñÜäåéãìá áõôü áíáöÝñåôáé �á äýï �ìáôá ðïõ áðåéêïíßæïíôáé �ï
Ó÷ 2.7, üðïõ öáßíåôáé êáé ï ãñáöéêüò õðïëïãé�üò ôïõ �ãêåñá�ïý ôùí.

y(t) =

8>>>>>><
>>>>>>:

0 ; t < 0
t2

2 ; 0 < t < 1
3t� t2 � 3

2 ; 1 < t < 2
3�t2
2

; 2 < t < 3
0 ; t > 3
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      0 t

   tt-T

   tt-T

x(τ)  h(t- τ)

 0 τ

x(τ)  h(t- τ)

x(τ)  h(t- τ)

x(t)=A exp[-t]

1

 0 T             t

h(t)

(a)

      0 τ

h(t-T)

      0 τ  0 τt

 0 τ      t-T   t  0 τt-T     t

 0 t T

x(t)*h(t)

A(T-1-exp([-T])/T

(b)

(c)

(d)

(e)

Ó÷Þìá 2.5: Ãñáöéêüò õðïëïãé�üò ôïõ �ãêåñá�ïý (�íå÷Þò ÷ñüíïò).
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h(t- τ)

x(τ)

0 a-a

0 a-a 0 a-a

y(t)

2a

-2a 0 2a t

1

0 a-at-3a t

t=-2a

0 a-a t

-2a<t<-a

0 a t

-a<t<0

t

1

t-a

    0<t<a

t

t  t 3a

1

   a<t<2a  t=2a

Ó÷Þìá 2.6: (Ïðùò �ï ðñïçã.)
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x( )τ

0 1 2 t

1

1

   0 t-1 t t+1 τ

-1  0  1 t

1

h(t)

1 2 τ0 tt-1 t+1

1

τ

0 1 2

1

1

   0t-1  t t+1 τ

t-1 τt+1 t

0

1

1 2 τ t0 1 2

  1

t-1   t    t+1

(a) (b)

(c) (d)

(e)
(f)

Ó÷Þìá 2.7: (Ïðùò �ï ðñïçã.)

2.2 Äéáêñéôüò ×ñüíïò

Óôç ðåñßðôù�ôïõ äéáêñéôïý ÷ñüíïõ ôï ïëïêëÞñùìá áíôéêáèß�áôáé áðü Üèñïé�á (Üèñïé�á
�ãêåñá�ïý { convolution sum). Åô�, ï �ãêåñá�üò äýï �ìÜôùí x[n]; h[n] õðïëïãßæåôáé
ùò:

y[n] =
+1X

k=�1
x[k]h[n� k] (2.5)

êáé �ìâïëßæåôáé ùò

y[n] = x[n] ? h[n] (2.6)

Ï õðïëïãé�üò ìå ãñáöéêü ôñüðï åßíáé ôåëåßùò áíÜëïãïò ìå ôçí ðåñßðôù�ôïõ �íå÷ïýò
÷ñüíïõ, üðùò áðåéêïíßæåôáé êáé �ï Ó÷ 2.8.
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-1

1

-1

1

k

2

3
x[k]

-1

1

 n

2

3
x[n]

 n

1

 n

x[-1]  [n+1]δ

1

 n

 n

x[0] [n]δ

2

 n

 n

3

x[1] [n-1]δ

 n

 n

x[2] [n-2]δ

-1

 n

-1

x[2]h[n-2]

-2

1

 n

k

2

h[1-k]

h[n]

-1

2

-1

2

1

x[-1]h[n+1]

2

-2

4
x[0]h[n]

3

-3

6

x[1]h[n-1]

1

 3

7

-2

y(n)

(a) (b)

Ó÷Þìá 2.8: Ãñáöéêüò õðïëïãé�üò ôïõ �ãêåñá�ïý (äéáêñéôüò ÷ñüíïò).
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ÐáñÜäåéãìá 2.8. Ôï ðáñÜäåéãìá áõôü áíáöÝñåôáé �á äýï�ìáôá x[n]; h[n] ðïõ áðåéêïíßæïíôáé
�ï Ó÷ 2.9, üðïõ öáßíåôáé êáé ï ãñáöéêüò õðïëïãé�üò ôïõ �ãêåñá�ïý ôùí.

x[n] h[n]

y[n]

. . .

Ó÷Þìá 2.9: (Ïðùò �ï ðñïçã.)

2.3 Ðåñéïäéêüò Óõãêåñá�üò

Áí x(t) êáé h(t) åßíáé ðåñéïäéêÜ �ìáôá , ôüôå x(t) ? h(t) äåí �ãêëßíåé. Óôçí ðåñßðôù�áõôÞ
ïñßæïõìå ôçí ðñÜîç ôïõ ðåñéïäéêïý �ãêåñá�ïý (periodic convolution)

y(t) =
Z T0

0
x(� )h(t� � )d� = x(t)
? h(t) (2.7)

ÏëïêëÞñù��ìéá ðåñßïäï: É�ýåé y�(t) = y(t) üðïõ y�(t) =
R �+T0
� x(� )h(t� � )d� êáé

ç y(t) åßíáé ðåñéïäéêÞ ìå ðåñßïäï Ô0.

Ðáñüìïéá é�ýïõí êáé ãéá ôçí ðåñßðôù�äéáêñéôïý ÷ñüíïõ. Ãéá x[n] êáé h[n] ðåñéïäéêÜ ìå
ðåñßïäï Í é�ýåé:

y[n] =
N�1X
k=0

x[k]h[n� k] (2.8)

ÐáñÜäåéãìá 2.9. Å�ù x[n] = f1; 2; 0;�1g h[n] = f1; 3;�1;�2g. Ï õðïëïãé�üò ôïõ
ðåñéïäéêïý �ãêåñá�ïý ôùí x[n] êáé h[n] öáßíåôáé �ï ðáñáêÜôù ðßíáêá:
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n 0 1 2 3
x[n] 1 2 0 -1

x[n-1] -1 1 2 0
x[n-2] 0 -1 1 2
x[n-3] 2 0 -1 1

h[0]x[n] 1 2 0 -1
h[1]x[n-1] -3 3 6 0
h[2]x[n-2] 0 1 -1 -2
h[3]x[n-3] -4 0 2 -2

y[n] -6 6 7 -5

ÐáñÜäåéãìá 2.10. Æçôåßôáé íá õðïëïãé�åß ï �ãêåñá�üò x(t) ? h(t) üðïõ x(t) = 2e�2tu(t)
êáé h(t) = e�tu(t).

ÁðÜíôç�:

y(t) = x(t) ? h(t) =
Z +1

�1
2e�2�u(� )e�(t��)u(t� � )d�

Ãéá t < 0 ; u(t� � )u(� ) = 0

Ãéá t > 0 ; 2e�2�u(� )e�(t��)u(t� � ) =

(
2e�2�e�(t��) ; 0 < � < t

0 ; äéáöïñåôéêÜ

y(t) =
Z t

0
2e�2�e�te�d�

= 2e�t
Z t

0
e��d�

= �2e�t
h
e��

i ���t0
= �2e�t(e�t � 1) = 2e�t(1 � e�t) ; t > 0

=) y(t) = 2e�t(1� e�t)u(t) 8t

ÐáñÜäåéãìá 2.11. Æçôåßôáé íá õðïëïãé�åß ï �ãêåñá�üò x(t)?h(t) üðïõ x(t) = te�2tu(t) êáé
h(t) = e�tu(t).

ÁðÜíôç�: ÊÜíïíôáò ôïí ßäéï �ëëïãé�ü ìå ôçí ðñïçãïýìåíç Ü�ç�êáé ìå äåäïìÝíï üôéR
te�tdt = �(1 + t)e�t âëÝðïõìå üôé

y(t) =
Z +1

�1
�e�2�u(� )et��u(t� � )d�
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= e�t
Z t

0
�e��d� = e�t

h
�(1 + � )e��

���t0 i
= e�t

h
�(1 + t)e�t + (1 + 0)1

i
= e�t

h
1 � (1 + t)e�t

i
; t > 0

=) y(t) = e�t
h
1 � (1 + t)e�t

i
u(t) ; 8t

ÐáñÜäåéãìá 2.12. Ôï ðáñÜäåéãìá áõôü áíáöÝñåôáé�áäýï�ìáôá x[n]; h[n] ðïõ áðåéêïíßæïíôáé
�ï Ó÷ 2.10, üðïõ öáßíåôáé êáé ï ãñáöéêüò õðïëïãé�üò ôïõ �ãêåñá�ïý ôùí.

0 1 2 3 4 5-1

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

x[n]

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

h[n]

x[n] * h[n]

Ó÷Þìá 2.10: Ãñáöéêüò õðïëïãé�üò ôïõ �ãêåñá�ïý (äéáêñéôüò ÷ñüíïò).
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ÊåöÜëáéï 3

ÓåéñÝò Fourier Óõíå÷ïýò ×ñüíïõ

3.1 ÁíáðáñÜ�á�ìå �éñÜ Fourier

ÎÝñïõìå üôé êÜèå �ìá ìðïñåß íá ðáñá�áèåß �Ýíá äéÜ�çìá (a; b) �í �éñÜ ïñèïãþíéùí
�íáñôÞ�ùí �k(t). Ìéá ðïëý âïëéêÞ åêëïãÞ ãéá ôéò �k(t) åßíáé ïé ìéãáäéêÝò åêèåôéêÝò �íáñ-
ôÞ�éò ðïõ �åôßæïíôáé ìå ôçí ej!0t ç ïðïßá åßíáé ðåñéïäéêÞ ìå ðåñßïäï T0 =

2�
!0
.

Ìå ôçí ðáñáðÜíù�íÜñôç��åôßæïõìå ôçí ïéêïãÝíåéá

�k(t) = ejk!0t ; k = 0;�1;�2; : : : (3.1)

ÊÜèå �k(t) åßíáé ðåñéïäéêÞ ìå ðåñßïäï Ô0. Óôï�ìåßï áõôü ìðïñåß âÝâáéá êáíåßò íá áíáñùôçèåß
ãéáôß äéáëÝîáìå ôçí ïéêïãÝíåéá ôùí �íáñôÞ�ùí �k(t) = ejk!0t ãéá ôçí áíáðáñÜ�á�ôùí
�ìÜôùí. Ç áðÜíôç��áõôü ôï åñþôçìá âñß�åôáé�ï ãåãïíüò üôé ôá ãñáììéêÜ, áíåîÜñôçôá
÷ñüíïõ (linear time-invariant { LTI) ��Þìáôá áðïêñßíïíôáé �ôÝôïéåò �íáñôÞ�éò ÷ùñßò íá
ôéò ìåôáâÜëëïõí!

est
LTI�! H(s)est

Óýìöùíá ìå ü�Ý÷ïõìå äåé ðåñß ïñèïãþíéáò áíáðáñÜ�á�ò, ç x(t) =
P+1
�1 �ke

jk!0t, áí
�ãêëßíåé, åßíáé ðåñéïäéêÞ ìå ðåñßïäï Ô0. Åô�, áíÜëïãá ìå ôéò ôéìÝò ôïõ k ðáßñíïõìå ôïõò
åîÞò üñïõò (�íôåëå�Ýò �k) ôïõ áèñïß�áôïò:
Ï üñïò ãéá k = 0 : dc �áèåñüò üñïò
Ïé üñïé ãéá k = �1 : âá�êÞ ðåñßïäïò Ô0, ðñþôïé áñìïíéêïß
Ïé üñïé ãéá k = �2 : âá�êÞ ðåñßïäïò Ô0

2 , äåýôåñïé áñìïíéêïß
...

Ïé üñïé ãéá k = �Í : âá�êÞ ðåñßïäïò T0
N
, N-ï�ïß áñìïíéêïß

ÐáñÜäåéãìá 3.1. èåùñïýìå ôï �ìá x(t) =
P3

k=�3 �ke
jk2�t, üðïõ

�0 = 1
�1 = ��1 = 1

4

�2 = ��2 = 1
2

�3 = ��3 = 1
3

29
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Ôï x(t) ìðïñåß ëïéðüí íá ðáñá�áèåß ùò �éñÜ üðùò öáßíåôáé �ç�íÝ÷åéá

x(t) = 1 +
1

4
(ej2�t + e�j2�t) +

1

2
((ej4�t + e�j4�t) +

1

3
(ej6�t + e�j6�t)

x(t) = 1 +
1

2
cos 2�t+ cos 4�t+

2

3
cos 6�t

ÃñáöéêÞ ðáñÜ�á�: Ôï �ìá x(t) ìðïñåß íá èåùñçèåß ùò ç õðÝñèå�ôùí \áñìïíéêþí"
ôïõ, üðùò áõôÝò õðïëïãß�çêáí ðáñáðÜíù. Áõôü öáßíåôáé �çìáôéêÜ�ï Ó÷ 3.1.

Ó÷Þìá 3.1: Êáôá�åõÞ ôïõ x(t) �í ãñáììéêüò �íäõá�üò ôùí áñìïíéêþí ôïõ.
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ÓåéñÜ Óõíçìéôüíùí. Ç ðñïçãïýìåíç Ýêöñá�ôïõ x(t) ùò Üèñïé�á�íçìéôüíùí åßíáé ìßá
Üëëç, é�äýíáìç áíáðáñÜ�á�ðñáãìáôéêþí �ìÜôùí. Å�ù x(t) ðñáãìáôéêü �ìá. Ôüôå

x�(t) = x(t)) x(t) =
+1X

k=�1
��ke

�jk!0t (3.2)

Áíôéêáèé�ïýìå k ìå �k êáé Ý÷ïõìå:

x(t) =
+1X

k=�1
���ke

jk!0t (3.3)

Åî' ïñé�ïý

x(t) =
+1X

k=�1
�ke

jk!0t ) ��k = ��k (3.4)

ÁíáäéáôÜ�õìå ôï Üèñïé�á:

x(t) = �0 +
+1X
k=1

h
�ke

jk!0t + ��kejk!0t
i

= �0 +
+1X
k=1

h
�ke

jk!0t + ��ke
�jk!0t

i

= �0 +
+1X
k=1

2<ef�kejk!0tg (�k = Ake
j�k (A))

= �0 +
+1X
k=1

2<e
n
Ake

j(k!0t+�k)
o

= �0 + 2
+1X
k=1

Ak cos(k!0t+ �k)

Áí áíôß ãéá ôçí (Á) ÷ñç�ìïðïéÞ�õìå ôçí: �k = Bk + jCk ôüôå

x(t) = �0 + 2
+1X
k=1

[Bk cos(k!0t)�Ck sin(k!0t)] (3.5)

Õðïëïãé�üò ôùí �íôåëå�þí �k. èåùñþíôáò üôé ôï x(t) ãñÜöåôáé ùò �éñÜ Fourier

x(t) =
+1X

k=�1
�ke

jk!0t

x(t)e�jn!0t =
+1X

k=�1
�ke

jk!0te�jn!0t
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Z T0

0
x(t)e�jn!0tdt =

Z T0

0

+1X
k=�1

�ke
jk!0te�jn!0tdt

=
+1X

k=�1
�k

"Z T0

0
ej(k�n)!0tdt

#

é�ýåé üìùò
Z T0

0
ej(k�n)!0tdt =

(
T0 k = n
0 k 6= n

)
Z T0

0
x(t)e�jn!0tdt = T0�n )

�n =
1

T0

Z T0

0
x(t)e�jn!0tdt (3.6)

Ôï ïëïêëÞñùìá
R T0
0 x(t)e�jn!0tdt ìðïñåß íá åßíáé �ïðïéïäÞðïôå äéÜ�çìá ìÞêïõò Ô0 . Áõôü

äçëþíåôáé ìå ôïí �ìâïëé�ü
R
T0
.

Ïëïêëçñþíïíôáò, áí ôï x(t) ãñÜöåôáé�í�éñÜFourier, ôüôå ïé�íôåëå�Ýò ôçò�éñÜò äßíïíôáé
áðü ôçí åîß��(3.6). Ç åîß��áíáðáñÜ�á�ò ôïõ x(t) êáèþò êáé ç åîß��ðïõ äßíåé ôïõò
�íôåëå�Ýò ïñßæïõí ôç �éñÜ Fourier åíüò ðåñéïäéêïý �ìáôïò:

x(t) =
+1X

k=�1
�ke

jk!0t åîß���íèå�ò

�k =
1

T0

Z T0

0
x(t)e�jk!0tdt åîß��áíÜëõ�ò

(3.7)

Ïé �k ëÝãïíôáé �íôåëå�Ýò ôçò �éñÜò Fourier Þ öá�áôéêïß �íôåëå�Ýò ôïõ x(t) (spectral
coe�cients). Åéäéêüôåñá, ï �0 é�ýôáé ìå �0 =

1
T0

R
T0
x(t)dt, åßíáé äçëáäÞ ç ìÝ�ôéìÞ ôïõ x(t)

�ìéá ðåñßïäï.

ÐáñÜäåéãìá 3.2. Å�ù ôï �ìá x(t) = sin !0t. Æçôåßôáé íá ãñáöåß �í�éñÜ Fourier.

ÁðÜíôç�: Ôï çìßôïíï ìðïñåß íá áíáëõèåß �í Üèñïé�á åêèåôéêþí �íáñôÞ�ùí

sin !0t =
1

2j
ej!0t � 1

2j
e�j!0t )

ïðüôå ïé �íôåëå�Ýò ôçò �éñÜò äßíïíôáé ùò

�1 =
1

2j
; ��1 = � 1

2j
; �k = 0 ãéá k 6= 1;�1

ÐáñÜäåéãìá 3.3. Å�ù ôï �ìá

x(t) = 1 + sin !0t+ 2 cos !0t+ cos
�
2!0t+

�

4

�
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Æçôåßôáé íá ãñáöåß �í�éñÜ Fourier.

ÁðÜíôç�:

x(t) = 1 +
1

2j

h
ej!0t � e�j!0t

i
+
h
ej!0t + e�j!0t

i
+
1

2

h
ej(2!0t+

�
4 ) + e�j(2!0t+

�
4 )
i

=) x(t) = 1 +

 
1 +

1

2j

!
ej!0t +

 
1� 1

2j

!
e�j!0t +

�
1

2
ej

�
4

�
ej2!0t +

�
1

2
e�j

�
4

�
e�j2!0t

=)

8>>>>>>>>><
>>>>>>>>>:

�0 = 1
�1 = 1 + 1

2j
= 1 � 1

2
j

��1 = 1 � 1
2j
= 1 + 1

2
j

�2 = 1
2
ej

�
4 =

p
2
4
(1 + j)

��2 = 1
2
e�j

�
4 =

p
2
4
(1� j)

�k = 0 ; jkj > 2

ÂëÝðå Ó÷ 3.2.

a k

-3

0

1

2-1

-2

 -3 3

|a  |k

k

k

-2  -1   0     1     2  -3

Ó÷Þìá 3.2: ÐëÜôïò êáé öÜ�ôùí �íôåëå�þí Fourier ôïõ ðáñáäåßãìáôïò 3.3.

ÐáñÜäåéãìá 3.4. Å�ù ôï �ìá

x(t) =

(
1; jtj < T1
0; T1 < jtj < T0

2

ïñé�üò ãéá ìéá ðåñßïäï T0

ôï ïðïßï öáßíåôáé êáé �ï Ó÷ 3.3. Æçôåßôáé íá ãñáöåß �í�éñÜ Fourier.
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-2T 0 -T 0 -T 0
2

-T 1 T1 T0
2

T0 2T 0

... ...

x(t)

t

Ó÷Þìá 3.3: ÓÞìá (áêïëïõèßá áðü ðáëìïýò) ôïõ ðáñáäåßãìáôïò 3.4.

ÁðÜíôç�: Ðáñáôçñïýìå üôé åßíáé âïëéêü íá ïëïêëçñþ�õìå�ï
�
�T0
2
;
T0
2

�
.

�0 =
1

T0

Z T1

�T1
dt =

2T1
T0

(ìÝ�ôéìÞ �ï äéÜ�çìá Ô0)

�k =
1

T0

Z T1

�T1
e�jk!0tdt = � 1

jk!0T0
e�jk!0t

�����
T1

�T1
=

2

k!0T0

"
ejk!0T1 � e�jk!0T1

2j

#

) �k =
2 sin k!0T1
k!0T0

=
sin k!0T1

k�
; k 6= 0

Ç ãñáöéêÞ ðáñÜ�á�ôùí �k ãéá äéÜöïñåò ôéìÝò ôïõ Ô0 öáßíåôáé �ï Ó÷ 3.4.

k

k

-2      0       2

-4                 0                 4

 0                                      8-8

(b)

(a)

(c)
k

Ó÷Þìá 3.4: Ïé �íôåëå�Ýò ôçò �éñÜò Fourier ôïõ ðáñáäåßãìáôïò 3.4.
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3.2 ÓõíèÞêåò Óýãêëé�ò

ÓõíèÞêåò Dirichlet: To x(t) (ðïõ ðñïêýðôåé áðü ôçí �éñÜ) åßíáé ß�ìå ôï ðñáãìáôéêü
x(t) åêôüò áðü ìåìïíùìÝíåò ôéìÝò ôïõ t, üðïõ ç Üðåéñç �éñÜ �ãêëßíåé �ç \ìÝ�ôéìÞ" ôçò
á�íÝ÷åéáò, äçëáäÞ �ïí ìÝ�üñï ôùí ôéìþí áðü ôéò äýï ðëåõñÝò ôçò á�íÝ÷åéáò. Ç ßäéá ç
�ãêëé�ôçò �éñÜò åîá�áëßæåôáé áðü ôéò ðáñáêÜôù �íèÞêåò, ïé ïðïßåò äéáôõðþèçêáí áðü
ôïí P.L. Dirichlet êáé öÝñïõí ôï üíïìÜ ôïõ. Åíá åõôõ÷Ýò ãåãïíüò åßíáé üôé ïé �íèÞêåò áõôÝò
éêáíïðïéïýíôáé áðü üëá �åäüí ôá �ìáôá ðïõ �íáíôþíôáé �ç ðñÜîç.

ÓõíèÞêç 1: Ôï x(t) ðñÝðåé íá åßíáé áðïëýôùò ïëïêëçñþ�ìï�ìßá ðåñßïäï, äçëáäÞ ðñÝðåé
íá é�ýåé Z

T0
jx(t)jdt <1 (3.8)

ÐáñÜäåéãìá ðåñéïäéêïý �ìáôïò ðïõ äåí åêðëçñåß ôç �íèÞêç 1 åßíáé ôï x(t) = 1
t
; 0 < t � 1

(Ó÷ 3.5).

-1 0 1 2 t

1

x(t)

Ó÷Þìá 3.5: Åíá �ìá ðïõ äåí åêðëçñåß ôç �íèÞêç 1.

ÓõíèÞêç 2: Óå êÜèå ðåðåñá�Ýíï ÷ñïíéêü äéÜ�çìá, ç x(t) ðñÝðåé íá Ý÷åé ðåðåñá�Ýíï
áñéèìü ìÝãé�ùí êáé åëÜ÷é�ùí. ÐáñÜäåéãìá �ìáôïò ðïõ ðëçñåß ôç �íèÞêç 1 áëëÜ ü÷é ôç
�íèÞêç 2 åßíáé ôï x(t) = sin(2�

t
) ; 0 < t � 1 (Ó÷ 3.6).

ÓõíèÞêç 3: Óå êÜèå ðåðåñá�Ýíï ÷ñïíéêü äéÜ�çìá ðñÝðåé íá õðÜñ÷åé ðåðåñá�Ýíïò áñéèìüò
á�íå÷åéþí. ÅðéðëÝïí, êÜèå ìßá áðü áõôÝò ôéò á�íÝ÷åéåò ðñÝðåé íá åßíáé ðåðåñá�Ýíç. Ãéá
ðáñÜäåéãìá, ç x(t) ôïõ Ó÷ 3.7 äåí ðëçñåß ôçí 3.

Óçìåßù�: Ïðùò öáßíåôáé êáé áðü ôá Ó÷ 3.5, 3.6, 3.7, ïé �íáñôÞ�éò ðïõ äåí ðëçñïýí ôéò
�íèÞêåò 1,2,3 åßíáé ãåíéêÜ \ðáèïëïãéêÝò" ïðüôå äåí èá á�ïëçèïýìå ðåñé�üôåñï ìå ôï èÝìá
ôçò �ãêëé�ò. Ïé �íáñôÞ�éò ðïõ ìáò åíäéáöÝñïõí �ç ðñÜîç ðëçñïýí ôéò �íèÞêåò.

ÐáñÜäåéãìá 3.5. Öáéíüìåíï Gibbs. Ç áðïêïììÝíç (truncated) áíáðáñÜ�á�ìå�éñÜ Fourier
åíüò á�íå÷ïýò �ìáôïò x(t) èá ðáñïõ�Üæåé �íÞèùò ôáëáíôþ�éò õøçëÞò �÷íüôçôáò êïíôÜ
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Ó÷Þìá 3.6: Åíá �ìá ðïõ ðëçñåß ôç �íèÞêç 1 áëëÜ ü÷é ôç �íèÞêç 2.

x(t)

t

1

1/2

1/4

8 16

... ... ...    ...

Ó÷Þìá 3.7: Åíá �ìá ðïõ äåí ðëçñåß ôç �íèÞêç 3.

�éò á�íÝ÷åéåò. Ãé' áõôü, ôï N ðñÝðåé íá åßíáé ðïëý ìåãÜëï þ�å ç åíÝñãåéá ôùí á�íå÷åéþí
íá åßíáé áìåëçôÝá. Áõôü áðåéêïíßæåôáé �ï Ó÷ 3.8 ãéá ôïí ôåôñáãùíéêü ðáëìü.
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Ó÷Þìá 3.8: Óýãêëé�ôçò �éñÜò Fourier ãéá ôï ôåôñáãùíéêü ðáëìü: ðáñïõ�á�ôïõ öáéíü-
ìåíïõ Gibbs. Óôï �Þìá áðåéêïíßæåôáé ç ðñï�ããé�ôïõ �ìáôïò ìå ôç ðåðåñá�Ýíç �éñÜ

xN(t) =
NX

k=�N
�ke

jk!0t ãéá äéÜöïñåò ôéìÝò ôïõ N .
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ÊåöÜëáéï 4

Ìåôá�çìáôé�üò Fourier Óõíå÷ïýò

×ñüíïõ

4.1 ÁíáðáñÜ�á�Ìç-Ðåñéïäéêþí ÓçìÜôùí

Ãéá íá ìðïñÝ�õìå íá ìåëåôÞ�õìå ôçí áíáðáñÜ�á�ìç-ðåñéïäéêþí �ìÜôùí, êáôáöåýãïõìå
�ï åîÞò ôÝ÷íá�á: èåùñïýìå Ýíá ìç-ðåñéïäéêü �ìá �í ôï üñéï åíüò ðåñéïäéêïý üôáí ç
ðåñßïäïò !1.
Å�ù ìç-ðåñéïäéêü �ìá x(t) ðåðåñá�Ýíçò äéÜñêåéáò, x(t) = 0 áí jtj > T1. Áðü ôï x(t)
ìðïñïýìå íá öôéÜîïõìå Ýíá ðåñéïäéêü �ìá ~x(t) üðùò öáßíåôáé �ï Ó÷ 4.1.

-T T

 ~
x(t)

-T T-2T -T T 2T t
0 0 1 1 0 0

1 1

x(t)

(a)

(b)

Ó÷Þìá 4.1: (á) Ìç-ðåñéïäéêü �ìá x(t), (â) ðåñéïäéêü �ìá ~x(t).

Ïôáí ôï T0 ìåãáëþíåé ôï ~x(t) ôáõôßæåôáé ìå ôï x(t) ãéá üëï êáé ìåãáëýôåñï äéÜ�çìá. Óôï üñéï
T0 ! 1, êáé ~x(t) = x(t) ãéá êÜèå ðåðåñá�Ýíç ôéìÞ ôïõ t. Áðü ôçí áíáðáñÜ�á���éñÜ

39
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ôïõ ~x(t) Ý÷ïõìå

~x(t) =
+1X

k=�1
ake

jkù0t (4.1)

ak =
1

T0

Z T0=2

�T0=2
~x(t)e�jkù0tdt (4.2)

Ïìùò ~x(t) = x(t) �ï jtj < T0=2 êáé x(t) = 0 �ï jtj > T0=2 êáé �íåðþò

ak =
1

T0

Z T0=2

�T0=2
x(t)e�jk!0tdt =

1

T0

Z +1

�1
x(t)e�jkù0tdt (4.3)

ïñßæïíôáò X(ù) =
R+1
�1 x(t)e�jùtdt ðáßñíïõìå

ak =
1

T0
X(kù0) (4.4)

~x(t) =
+1X

k=�1

1

T0
X(kù0)e

jkù0tdt
�
2ð

T0
= ù0

�
(4.5)

=) ~x(t) =
1

2ð

+1X
k=�1

X(kù0)e
jkù0tù0 (4.6)

Ãéá Ô0 !1, ~x(t)! x(t), ù0! 0 êáé êáôáëÞãïõìå �éò åîé��éò:

x(t) =
1

2ð

Z +1

�1
X(ù)ejùtdù áíôß�ñïöïò ìåôá�. Fourier

X(ù) =
Z +1

�1
x(t)e�jùtdt ìåôá�. Þ ïëïêëÞñùìá Fourier

(4.7)

Ïé äõï ðáñáðÜíù åîé��éò áðïôåëïýí ôï ìåôá�çìáôé�ü Fourier. To X(ù) ëÝãåôáé öÜ�á
(spectrum) ôïõ x(t).

4.2 ÓõíèÞêåò Óýãêëé�ò

Ïðùò êáé �ç ðåñßðôù�ôùí �éñþí Fourier, Ýô�êáé �ï ìåôá�çìáôé�ü Fourier ç �ãêëé�
åîá�áëßæåôáé áí éêáíïðïéïýíôáé êÜðïéåò�íèÞêåò, ïé ïðïßåò êáé ðÜëé áíáöÝñïíôáé ùò�íèÞêåò
Dirichlet:

1. x(t) áðïëýôùò ïëïêëçñþ�ìç Z +1

�1
jx(t)j <1

2. Óå êÜèå ðåðåñá�Ýíï äéÜ�çìá, ç x(t) ðñÝðåé íá Ý÷åé ðåðåñá�Ýíï áñéèìü åëÜ÷é�ùí êáé
ìÝãé�ùí
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3. Óå êÜèå ðåðåñá�Ýíï äéÜ�çìá, ç x(t) ðñÝðåé íá Ý÷åé ðåðåñá�Ýíï áñéèìü á�íå÷åéþí.
ÊÜèå á�íÝ÷åéá ðñÝðåé íá åßíáé ðåðåñá�Ýíç.

É�ýåé âÝâáéá êáé ðÜëé üôé ïé�íèÞêåò áõôÝò éêáíïðïéïýíôáé�çðñÜîç áðü üëåò ôéò�íáñôÞ�éò
ðïõ ìáò åíäéáöÝñïõí (ìüíï \ðáèïëïãéêÝò" �íáñôÞ�éò äåí ôéò éêáíïðïéïýí).

4.3 Ðáñáäåßãìáôá

ÐáñÜäåéãìá 4.1. Å�ù�ìá x(t) = e�átu(t) , á > 0. Æçôåßôáé íá âñåèåß ï ìåôá�çìáôé�üò
Fourier ôïõ x(t).

ÁðÜíôç�:

X(ù) =
Z +1

0
e�áte�jùtdt = � 1

á + jù
e�(á+jù)t

�����
+1

0

) X(ù) =
1

á + jù
; a > 0

jX(ù)j = 1p
á2 + ù2

; 6 X(ù) = �tan�1
�
ù

á

�

üðïõ ìå jX(ù)j �ìâïëßæïõìå ôï ìÝôñï (magnitude) ôïõ X(ù) êáé ìå 6 X(ù) ôç öÜ�ôïõ.
(âëÝðå Ó÷ 4.2).

ÐáñÜäåéãìá 4.2. Å�ù x(t) = ä(t) Ôüôå,

X(ù) =
Z +1

�1
ä(t)e�jùtdt = 1

äçëáäÞ ç ä(t) Ý÷åé öÜ�á ðïõ áðïôåëåßôáé áðü �íé�þ�ò�üëåò ôéò �÷íüôçôåò.

ÐáñÜäåéãìá 4.3. Æçôåßôáé íá âñåèåß ï ìåôá�çìáôé�üò Fourier ôïõ �ìáôïò (ôåôñáãùíéêüò
ðáëìüò)

x(t) =

(
1 if jtj < T1
0 if jtj > T1

ÁðÜíôç�:

X(ù) =
Z T1

�T1
e�jùtdt = 2

sin(ùT1)

ù

(âëÝðå Ó÷ 4.3).
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-a a

1/a

1/a  2

Χ(ω)

ω

(a)

Χ(ω)

π/2

π/4

−π/4

−π/2

ω-a

a

(b)

Ó÷Þìá 4.2: Ìåôá�çìáôé�üò Fourier ôïõ �ìáôïò x(t) = e�átu(t) , á > 0 (ðáñÜäåéãìá 4.1).

ÐáñÜäåéãìá 4.4. Å�ù

X(ù) =

(
1 if jùj < W
0 if jùj > W

Ôüôå (âëÝðå Ó÷ 4.4),

x(t) =
1

2ð

Z W

�W
ejùtdù =

sin(Wt)

ðt

Óáí Ýíá ôåëåõôáßï �üëéï �áõôü ôï �ìåßï, ðáñáôçñïýìå üôé ìðïñïýìå íá êáôáëÜâïõìå êá-
ëýôåñá ôç �Ý�áíÜìå��ï ÷ñüíï êáé �éò�÷íüôçôåò áðü ôï ðñïçãïýìåíï Ó÷ 4.4, ôï ïðïßï
Ý÷ïõìå îáíáæùãñáöß�é ãéá äéÜöïñåò ôéìÝò ôïõW �ïÓ÷ 4.5. Áðü ôï�Þìá áõôü ðáñáôçñïýìå
üôé ü�ôï W áõîÜíåé, ôï X(ù) ãßíåôáé ðéü öáñäý åíþ ï êýñéïò ëïâüò ôïõ x(t) �ï t = 0 ãßíåôáé
ðéü �åíüò êáé ðéü øçëüò. Óôçí ðñáãìáôéêüôçôá, �ï üñéï W !1;X(ù) = 1 8 ù, êáé ôï x(t)
�ãêëßíåé �ìéá �íÜñôç�äÝëôá (�). Ç �ìðåñéöïñÜ áõôÞ (üðùò áðåéêïíßæåôáé �ï Ó÷ 4.5)
åßíáé Ýíá ðáñÜäåéãìá ôçò áíôß�ñïöçò�Ý�ò ðïõ õðÜñ÷åé ìåôáîý ÷ñüíïõ êáé �÷íïôÞôùí (ìéá
ðáñüìïéá �ìðåñéöïñÜ èá ìðïñïý�íá äåé êáíåßò �ï Ó÷ 4.3).
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1

t
(a)

T1-T 1

x(t)

Ó÷Þìá 4.3: Ï ôåôñáãùíéêüò ðáëìüò êáé ï ìåôá�çìáôé�üò Fourier áõôïý (ðáñÜäåéãìá 4.3).

4.4 Ìåôá�çìáôé�üò Fourier Ðåñéïäéêþí ÓçìÜôùí

Åíá ðåñéïäéêü �ìá x(t) ìðïñåß íá áíáðôõ÷èåß ùò �éñÜ Fourier

x(t) =
+1X

k=�1
ake

jkù0t (4.8)

Óôç ðåñßðôù�áõôÞ, ï ìåôá�çìáôé�üò Fourier ôïõ ðåñéïäéêïý �ìáôïò x(t) (ìðïñåß íá áðï-
äåé÷èåß üôé) äßíåôáé ùò

×(ù) =
+1X

k=�1
2�ak�(ù� kù0) (÷ùñßò derivation) (4.9)

Ðáñáôçñïýìå üôé �áõôÞ ôç ðåñßðôù�ï ìåôá�çìáôé�üò Fourier åßíáé �éñÜ áðü ðïëý �åíïýò
ðáëìïýò (impulses).
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Ó÷Þìá 4.4: Ìåôá�çìáôé�üò Fourier (æåõãÜñé) ôïõ ðáñáäåßãìáôïò 4.4.

ÐáñÜäåéãìá 4.5. Å�ù ôï çìéôïíéêü�ìá x(t) = sin !0t. ÎÝñïõìå üôé ïé�íôåëå�Ýò ôçò�éñÜò
Fourier ôïõ x(t) äßíïíôáé ùò

a1 =
1

2j

a�1 = � 1

2j

êáé ak = 0 ãéá k 6= 1 ; k 6= �1. Ï ìåôá�çìáôé�üò Fourier ôïõ x(t) áðåéêïíßæåôáé�ïÓ÷ 4.6.

ÐáñÜäåéãìá 4.6. Å�ù ôï �íçìéôïíéêü �ìá x(t) = cos!0t. ÎÝñïõìå üôé ïé �íôåëå�Ýò ôçò
�éñÜò Fourier ôïõ x(t) äßíïíôáé ùò

a1 = a�1 =
1

2

êáé ak = 0 ãéá k 6= 1 ; k 6= �1. Ï ìåôá�çìáôé�üò Fourier ôïõ x(t) áðåéêïíßæåôáé�ïÓ÷ 4.7.

ÐáñÜäåéãìá 4.7. Å�ù ôï �ìá x(t) ðïý áðïôåëåßôáé áðü Ýíá ôñÝíï áðü ðáëìïýò

x(t) =
+1X

k=�1
�(t� kT )
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Ó÷Þìá 4.5: Ìåôá�çìáôé�üò Fourier (æåõãÜñé) ôïõ ðáñáäåßãìáôïò 4.4ãéá äéÜöïñåò ôéìÝò ôïõ
W .
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ωω

−ω

−π/

π/

Χ(ω)

0

j

j

0

 0

Ó÷Þìá 4.6: Ìåôá�çìáôé�üò Fourier ôïõ x(t) = sin!0t.

−ω0 ωω

Χ(ω)

0  0

π π

Ó÷Þìá 4.7: Ìåôá�çìáôé�üò Fourier ôïõ x(t) = cos!0t.

Ïé �íôåëå�Ýò ôçò �éñÜò Fourier ôïõ x(t) äßíïíôáé ùò

ak =
1

T

Z T=2

�T=2
�(t)e�jk!0tdt =

1

T

ïðüôå ï ìåôá�çìáôé�üò Fourier ôïõ x(t) åßíáé (âëÝðå êáé Ó÷ 4.8):

X(!) =
2�

T

+1X
k=�1

�(! � 2�k

T
)

Ðáñáôçñïýìå üôé �áõôÞ ôç ðåñßðôù�ôü�ôï�ìá ü�êáé ï ìåôá�çìáôé�üò ôïõ åßíáé ç ßäéá
�íÜñôç�(ôñÝíï áðü ðáëìïýò), ìå äéáöïñåôéêÝò âÝâáéá ðáñáìÝôñïõò.
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0

π

Χ(ω)

ω4π/Τ−4π/Τ −2π/Τ 0 2π/Τ

2π/Τ

t

x(t)

-2T -T T 2T

1

(a)

(b)

Ó÷Þìá 4.8: Ìåôá�çìáôé�üò Fourier ôïõ ôñÝíïõ áðü ðáëìïýò (ðáñÜäåéãìá 4.7).

4.5 ÉäéüôçôåòÌåôá�çìáôé�ïý Fourier Óõíå÷ïýò ×ñü-
íïõ

Óôç �íÝ÷åéá õéïèåôïýìå ôï �ìâïëé�ü ãéá ôï ìåôá�çìáôé�ü Fourier

x(t)
F ! X(!) (4.10)

äçëáäÞ, �ìâïëßæïõìå Ýíá ïðïéïäÞðïôå �ìá ìå êÜðïéï \ìéêñü" ëáôéíéêü ãñÜììá êáé �ìâïëß-
æïõìå ôï ìåôá�çìáôé�ü ôïõ ìå ôï áíôß�ïé÷ï \êåöáëáßï" ãñÜììá.

Ãñáììéêüôçôá (Linearity):

ax1(t) + bx2(t)
F ! aX1(!) + bX2(!) (4.11)

Éäéüôçôá Óõììåôñßáò: Áí x(t) åßíáé ðñáãìáôéêü (real) �ìá, ôüôå é�ýåé

X(�!) = X�(!) (4.12)

üðïõ � äçëþíåé �æõãÞ ìéãáäéêü. Ãéá ðáñÜäåéãìá, áí

x(t) = e�atu(t)
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èá Ý÷ïõìå

X(!) =
1

a+ j!

) X(�!) = 1

a� j!
= ×�(!)

ÎÝñïõìå ôþñá üôé êÜèå ðñáãìáôéêÞ �íÜñôç�ìðïñåß íá ãñáöåß �í Üèñïé�á ìéáò Üñôéáò
(even) êáé ìéáò ðåñéôôÞò (odd) �íÜñôç�ò:

x(t) real =) x(t) = xe(t) + x0(t) (4.13)

üðïõ

xe(t) = Evfx(t)g ; Evfx(t)g = 1

2
[x(t) + x(�t)]

x0(t) = Odfx(t)g ; Odfx(t)g = 1

2
[x(t)� x(�t)]

É�ýïõí:

x(t)
F ! X(!)

Evfx(t)g F ! <efX(!)g

Odfx(t)g F ! j=mfX(!)g

Ïëß�ç��ï ÷ñüíï (Time shifting): Ç ïëß�ç��ï ÷ñüíï áöÞíåé ôï ðëÜôïò ôïõ ìå-
ôá�çìáôé�ïý Fourier áíáëïßùôï êáé åé�ãåé ìéá ïëß�ç��ç öÜ�ç ïðïßá åßíáé ãñáììéêÞ
�íÜñôç�ôïõ !.

x(t� t0))
F ! e�j!t0X(!) (4.14)

Ðáñáãþãé�/ÏëïêëÞñù�: Ç ðáñáãþãé��ï ÷ñüíï áíôéêáèß�áôáé ìå ðïëëáðëá�á�ü
�éò�÷íüôçôåò

dx(t)

dt
F ! j!X(!) (4.15)

Áíôß�ïé÷á, ç ïëïêëÞñù��ï ÷ñüíï åé�ãåé äéáßñå��éò �÷íüôçôåò êáèþò êáé Ýíá üñï
(ðáëìüò) ðïõ áíôé�ïé÷åß �ç dc (ìÝ�) ôéìÞ ðïõ ìðïñåß íá ðñïêýøåé áðü ôçí ïëïêëÞñù�

Z t

�1
x(� )d�

F ! 1

j!
X(!) + �X(0)�(!) (4.16)
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Ðïëëáðëá�á�üò�ï ÷ñüíï/�÷íüôçôá: Ï ðïëëáðëá�á�üò �ï ÷ñüíï Ý÷åé ùò áðï-
ôÝëå�á ôïí ðïëëáðëá�á�ü�ç�÷íüôçôá ìå Ýíá áíôß�ñïöï ðáñÜãïíôá (êáé áíôß�ñïöá)

x(at)
F ! 1

jajX
�
!

a

�
(4.17)

Äõú�üò: Óõãêñßíïíôáò ôïí åõèý ìå ôïí áíôß�ñïöï ìåôá�çìáôé�üFourier ðáñáôçñïýìå üôé
õðÜñ÷åé ìéá ìåãÜëç�ììåôñßá ìåôáîý ôïõò. Ç�ììåôñßá áõôÞ Ý÷åé ùò áðïôÝëå�á ìéá éäéüôçôá
ðïõ ëÝãåôáé äõú�üò (duality). Ôçí éäéüôçôá áõôÞ ìðïñïýìå íá ôç äïýìå áí èåùñÞ�õìå ìéá
�Ý�ìåôáîý äýï �íáñôÞ�ùí f; g ùò

f(u) =
Z +1

�1
g(v)e�juvdv (4.18)

ÈÝôïíôáò u = !; v = t ðáßñíïõìå

f(!) = Ffg(t)g (4.19)

Áíôß�ïé÷á, èÝôïíôáò u = t; v = ! ðáßñíïõìå

g(�!) = 1

2�
Fff(t)g (4.20)

ÂëÝðïõìå äçëáäÞ üôé �ç ãåíéêÞ ðåñßðôù�é�ýåé üôé

áí: g(t)
F ! f(!) ôüôå: f(t)

F ! 2�g(�!) (4.21)

ÐáñÜäåéãìá 4.8. Áíáöåñüìåíïé �á�ìáôá ðïõ ðáñïõ�Ü�çêáí�á Ó÷ 4.3,4.4, ìðïñïýìå íá
åðéäåßîïõìå ôçí éäéüôçôá ôçò �ììåôñßáò üðùò öáßíåôáé �ï Ó÷ 4.9).

Ó÷Ý�Parseval: Ç�Ý�Parseval äßíåé ôçí ïëéêÞ åíÝñãåéá åíüò �ìáôïò ùò

Z +1

�1
jx(t)j2dt = 1

2�

Z +1

�1
jX(!)j2d! (4.22)

ÐñáêôéêÜ, ç �Ý�áõôÞ äßíåé ôç äõíáôüôçôá íá õðïëïãßæïõìå ôçí ïëéêÞ åíÝñãåéá åßôå �ï
÷ñüíï åßôå �éò�÷íüôçôåò. Óôç ðåñßðôù�ðåñéïäéêþí �ìÜôùí, ç �Ý�Parseval �íäÝåé ôçí
åíÝñãåéá �ìéá ðåñßïäï ìå ôïõò �íôåëå�Ýò ôçò �éñÜò Fourier

1

T0

Z
T0
jx(t)j2dt =

+1X
�1
jakj2 ak : Fourier serier coe�cients (4.23)
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Ó÷Þìá 4.9: Éäéüôçôá äõú�ïý ôïõ ìåôá�çìáôé�ïý Fourier.

Éäéüôçôá Óõãêåñá�ïý: Ìéá ðïëý âá�êÞ éäéüôçôá ��Ý�ìå ôç ÷ñÞ�ôïõ ìåôá�çìá-
ôé�ïý Fourier �LTI ��Þìáôá åßíáé ç éäéüôçôá ôïõ �ãêåñá�ïý (convolution property). Ç
éäéüôçôá áõôÞ áíôéêáèé�Ü ôï �ãêåñá�ü�ï ÷ñüíï ìå ðïëëáðëá�á�ü�éò�÷íüôçôåò:

y(t) = h(t) ? x(t)
F ! Y (!) = H(!) �X(!) (4.24)

ÐáñÜäåéãìá 4.9.

x(t) ! H1(!) ! H2(!) ! y(t)

x(t) ! H1(!)H2(!) ! y(t)

x(t) ! H2(!) ! H1(!) ! y(t)

Ôá ðáñáðÜíù åßíáé é�äýíáìá��Þìáôá.

ÐáñÜäåéãìá 4.10. Å�ù x(t) = u(t), h(t) = e�atu(t). Æçôåßôáé íá õðïëïãé�åß ôï y(t) =
x(t) ? h(t).
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ÁðÜíôç�:

Y (!) = Ffu(t)g _Ffe�atu(t)g
=

"
��(!) +

1

j!

# "
1

a+ j!

#
=
�

a
�(!) +

1

j!(a+ j!)

=
1

a

"
��(!) +

1

j!

#
� 1

a

1

a+ j!

) y(t) = F�1fY (!)g = 1

a
u(t)� 1

a
e�atu(t) =

1

a

�
1 � e�at

�
u(t)

ÐáñÜäåéãìá 4.11. Ï ìåôá�çìáôé�üò Fourier ôïõ ôñéãùíéêïý �ìáôïò ìðïñåß íá âñåèåß èåù-
ñþíôáò ôï ôñéãùíéêü �ìá ùò �ãêåñá�ü äýï ôåôñáãùíéêþí �ìÜôùí.

�(t=� ) =
1p
�
rect(t=� ) ?

1p
�
rect(t=� )

F f�(t=� )g =
 
F
(
1p
�
rect(t=� )

)!2

= �
�
sinc

!�

2

�2

Éäéüôçôá Äéáìüñöù�ò: Ç éäéüôçôá äéáìüñöù�ò (modulation property) ��åôßæåé ôï
ðïëëáðëá�á�ü (äéáìüñöù�)�ï ÷ñüíï ìå ôï �ãêåñá�ü�éò�÷íüôçôåò (áíôß�ñïöá áðü
ôçí éäéüôçôá �ãêåñá�ïý):

r(t) = s(t)p(t)
F ! R(!) =

1

2�
[S(!) ? P (!)] (4.25)

ÐáñÜäåéãìá 4.12. Ôï öÜ�á S(!) åíüò �ìáôïò s(t) åßíáé üðùò öáßíåôáé �ï Ó÷ 4.10a. Å�ù
Ýíá Üëëï �ìá p(t) = cos!0t, P (!) = ��(! � !0) + ��(! + !0) (âëÝðå Ó÷ 4.10b). Ðïëëá-
ðëá�Üæïíôáò ôï s(t) ìå ôï p(t) ðáßñíïõìå ôï öÜ�á

R(!) =
1

2�
S(!) ? P (!) =

1

2
S((! � !0) +

1

2
S((! + !0)

ôï ïðïßï öáßíåôáé �ï Ó÷ 4.10c. Îáíá-ðïëëáðëá�Üæïíôáò ìå ôï p(t), ðáßñíïõìå ôï g(t) =
r(t)p(t) ìå öÜ�á G(!) ðïõ öáßíåôáé �ï Ó÷ 4.11.

ÐáñÜäåéãìá 4.13. Å�ù�ìá s(t) ìå öÜ�á S(!) êáé p(t) ðåñéïäéêü ôñÝíï ðáëìþí

p(t) =
+1X

k=�1
�(t� kT )

P (!) =
2�

T

+1X
k=�1

�

 
! � 2�k

T

!
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−ω0 ω 0
−ω0 ω 0

−ω1 ω1

−ω0 −ω1( ) −ω0 ω1( + ) ( 1ω0 −ω ) ω1(ω0 + )

R( ) = [S(  ) * P(  )]/ 2πω ω ω

Α

ω0

S(ω)

(a)

0 ω

A/2

0 ω

Ρ(ω)

(b)

ππ

(c)

Ó÷Þìá 4.10: ÅöáñìïãÞ ôçò éäéüôçôáò äéáìüñöù�ò.

Å�ù

r(t) = s(t)p(t) =
+1X

k=�1
s(t) � �(t� kT )

Ãéá Ýíá ôõ÷áßï s(t), ôï r(t) öáßíåôáé �ï Ó÷ 4.12.
Ôï öÜ�á R(!) ôïõ r(t) äßíåôáé ùò

R(!) =
1

2�
[S(!) ? P (!)]

=
1

T

+1X
k=�1

S(!) ? �

 
! � 2�k

T

!
(4.26)

=
1

T

+1X
k=�1

S

 
! � 2�k

T

!
(4.27)

Ôï áðïôÝëå�á�éò�÷íüôçôåò åßíáé ç åðáíÜëçøç ôïõ S(!) �äéá�Þìáôá 2�
T
(Ó÷ 4.13).
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−ω0 ω 0

−ω0

ω 02ω 02-

G(  )ω

0 ω

A/2

R( )ω

0 ω

ππ Ρ(ω)

(a)

(b)

A/2

0−ω ω11 ω
(c)

Ó÷Þìá 4.11: ÖÜ�áôá ôùí �ìÜôùí ôïõ ðáñáäåßãìáôïò 4.12.

s(t)

(a)
0 t

0 t-2T-2T -T T 2T 3T

p(t)

(b)

0 t-2T -T T 3T2T

r(t)

(c)

Ó÷Þìá 4.12: Ãéíüìåíï ôïõ �ìáôïò s(t) ìå Ýíá ðåñéïäéêü ôñÝíï ðáëìþí.
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π/Τ π/Τ π/Τπ/Τπ/Τ ω1− ω1

P(  )ω

R(  )ω

ω1− ω1

S(  )ω

0 ω

0

0

A/T

π/Τ π/Τ2 4 6π/Τ

2 4 6-4 -2

(a)

(b)

(c)

Ó÷Þìá 4.13: Ôï áðïôÝëå�á �éò �÷íüôçôåò áðü ôï ðïëëáðëá�á�ü åíüò �ìáôïò ìå Ýíá
ðåñéïäéêü ôñÝíï ðáëìþí.



4.6. ÐÉÍÁÊÅÓ ÉÄÉÏÔÇÔÙÍ { ÂÁÓÉÊÙÍ ÌÅÔÁÓ×ÇÌÁÔÉÓÌÙÍ 55

4.6 Ðßíáêåò ÉäéïôÞôùí { Âá�êþí Ìåôá�çìáôé�þí

Ðßíáêáò 4.1: Éäéüôçôåò ôùí Óåéñþí Fourier Óõíå÷ïýò ×ñüíïõ
Periodic signal Fourier series coe�cients

x(t)
y(t)

)
periodic with period T0

ak
bk

Ax(t) +By(t) Aak +Bbk
x(t� t0) ake

�jk(2�=T0)t0

ejM(2�=T0)tx(t) ak�M
x�(t) a��k
x(�t) a�k

x(at); a > 0
�
periodic with period

T0
a

�
akZ

T0
x(� )y(t� � )d� T0akbk

x(t)y(t)
+1X
t=�1

atbk�t

dx(t)

dt
jk 2�

T0
akZ t

�1
x(t)dt

 
�nite-valued and

periodic only if a0 = 0

!  
1

jk(2�=T0)

!
ak

x(t) real

8>>>>>><
>>>>>>:

ak = a��k
<efakg = <efa�kg
Imfakg = �Imfa�kg
jakj = ja�kj
<) ak = � <) a�k

xe(t) = Evfx(t)g [x(t) real] <efakg
xo(t) = Odfx(t)g [x(t) real] jImfakg

Parseval's Relation for Periodic Signals
1

T0

Z
T0
jx(t)j2dt =

+1X
k=�1

jakj2
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Ðßíáêáò 4.2: Éäéüôçôåò ôïõ Ìåôá�çìáôé�ïý Fourier Óõíå÷ïýò ×ñüíïõ

Aperiodic signal Fourier transform
x(t) X(!)
y(t) Y (!)
ax(t) + by(t) aX(!) + bY (!)
x(t� t0) e�jwt0X(ù)
ejwt0x(t) X(ù� ù0)
x�(t) X�(�ù)
x(�t) X(�ù)
x(at)

1

jajX(
ù

á
)

x(t) � y(t) X(!)Y (!)
x(t)y(t) 1

2�X(!) � Y (!)
d

dt
x(t) j!X(!)Z t

�1
x(t)dt

1

j!
X(!) + �X(0)�(!)

tx(t) j
d

d!
X(!)

x(t) real

8>>>>>><
>>>>>>:

X(!) = X�(�!)
<efX(!)g = <efX(�!)g
ImfX(!)g = �ImfX(�!)g
jX(!)j = jX(�!)j
<) X(!) = <) �X(�!)

xe(t) = Evfx(t)g [x(t) real] <efX(!)g
xo(t) = Odfx(t)g [x(t) real] j ImfX(!)g

Duality

f(u) =
Z 1

�1
g(v)e�juvdv

g(t)
F ! f(!)

f(t)
F ! 2�g(�!)

Parseval's relation for Aperiodic SignalsZ 1

�1
jx(t)j2dt = 1

2�

Z 1

�1
jX(!)j2d!
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Ðßíáêáò 4.3: Âá�êÜ Æåýãç Ìåôá�çìáôé�þí êáé Óåéñþí Fourier

Fourier series coe�cients
Signal Fourier transform (if periodic )
+1X

k=�1
ake

jk!0t 2�
+1X

k=�1
ak�(! � k!0) ak

ej!0t 2��(! � !0)
a1 = 1
ak = 0; otherwise

cos !0t �[�(! � !0) + �(! + !0)]
a1 = a�1 = 1

2

ak = 0; otherwise

sin!0t
�

j
[�(! � !0)� �(! + !0)]

a1 = �a�1 = 1
2j

ak = 0; otherwise

x(t) = 1 2��(!)

a0 = 1; ak = 0; k 6= 00
B@
has this Fourier series
representation for any
choice of T0 > 0

1
CA

Periodic square wave

x(t) =

(
1; jtj < T1
0; T1 < jtj � T0

2

+1X
k=�1

2 sin k!0T1
k

�(! � k!0)
!0T1
�

sinc

 
k!0T1
�

!
=
sin k!0T1

k�

and x(t+T0)=x(t)
+1X

k=�1
�(t� kT )

2�

T

+1X
k=�1

�(! � 2�k

T
) ak =

1

T
for all k

x(t) =

(
1; jtj < T1
0; jtj > T1

2T1sinc(
!T1
�
) =

2 sin !T1
!

-

W
�
sinc(Wt

�
) = sinWt

�t
x(!) =

(
1; j!j < W
0; j!j > W

-

�(t) 1 -

u(t)
1

j!
+ ��(!) -

�(t� t0) e�j!t0 -

e�atu(t);<efag > 0
1

a+ j!
-

te�atu(t);<efag > 0
1

(a+ j!)2
-

tn�1

(n�1)!e
�jatu(t);

<efag > 0

1

(a+ j!)n
-
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ÐáñÜäåéãìá 4.14. Ïé �íôåëå�Ýò Fourier ãéá Ýíá ðåñéïäéêü �ìá (ðåñßïäïò Ô) åßíáé

cn =

(
0; n = 0

(1 + e�
jn�
3 � 2e�jn�); n 6= 0

Åßíáé ðñáãìáôéêü ôï �ìá; Áðü ôç ìïñöÞ ôùí �íôåëå�þí cn íá âñåèåß ôï x(t).

ÁðÜíôç�: Ôï �ìá åßíáé ðñáãìáôéêü ãéáôß

c�n = 1 + ejn�=3 � 2ejn� = c�n

Ïé cn äßíïíôáé áðü ôç �Ý�

cn =
1

T

Z
T
x(t)e�jn!tdt

ÎÝñïíôáò ôïõò cn ìðïñïýìå íá \åîÜãïõìå" ôï x(t) ðïõ \èá Ýäéíå" áõôïýò ôïõò cn. Åöü�í

Z +1

�1
e�jn!t�(t� t1)dt = e�jn!t1

îÝñïõìå üôé ôï x(t) èá Ý÷åé � �íáñôÞ�éò

x(t) = �(t) + �
�
t� T

6

�
� 2�

�
t� T

2

�

ÐáñÜäåéãìá 4.15. Å�ù ôá äýï �ìáôá ðïõ öáßíïíôáé �ï Ó÷ 4.14. ÐïéÜ�Ý�\�íäÝåé" ôïõò
�íôåëå�Ýò Fourier ôùí äýï áõôþí �ìÜôùí;

ÁðÜíôç�: Óõìâïëßæïíôáò ôá äýï �ìáôá ùò xa(t) êáé xb(t), ðáñáôçñïýìå üôé áõôÜ �íäÝïíôáé
ìå ôç �Ý�

xb(t) = 1 + xa

�
2
�
t� �

2

��

ïðüôå, âÜ�é ôùí ãíù�þí éäéïôÞôùí

x(t� t0)$ ake
�jk
�
2�
T0

�
t0

x(at); a > 0$ ak

ðáßñíïõìå ãéá ôïõò �íôåëå�Ýò

=) ab0 = 1 + aa0e
0 = 1 + aa0

=) abn = aane
�jn�=2
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π2π2- π-

π2π2- π-

x(t)

π0

1

-1

t

(a)

x(t)

π0

2

t

(b)

Ó÷Þìá 4.14: Äýï \ðñéïíùôÜ" �ìáôá.

ÐáñÜäåéãìá 4.16. Íá âñåèåß ï ìåôá�çìáôé�üò Fourier ôïõ �ìáôïò

x(t) = sinc
!0t

2�
= Sa

!0t

2

ÁðÜíôç�:

F
�
Sa
!0t

2

�
=
Z +1

�1
Sa
!0t

2
e�j!tdt

Ôï ðáñáðÜíù üìùò ïëïêëÞñùìá åßíáé ðïëý äý�ïëï íá õðïëïãé�åß. Ãíùñßæïõìå üìùò ãéá ôï
ìåôá�çìáôé�ü Fourier ôïõ ôåôñáãùíéêïý ðáëìïý üôé

rect(t=� )$ � sinc
�
!�

2�

�
= �Sa

!�

2

ÂÜ�é ôçò éäéüôçôáò äõú�ïý
x(t)$ X(!)

) X(t)$ 2�x(�!)
ðáßñíïõìå

F
�
Sa
!0t

2

�
=
2�

!0
rect(�!=!0) = 2�

!0
rect(!=!0) (Üñôéï �ìá)

Óçìåßù�: ÔïX(!) åßíáé 0 Ýîù áðü ôï äéÜ�çìá (�!0=2; !0=2). ÄçëáäÞ, ôï�ìá åßíáé ðåñéïñé-
�Ýíï �éò�÷íüôçôåò (band-limited), áëëÜ äåí åßíáé ðåñéïñé�Ýíï �ï ÷ñüíï (time-limited).
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Áõôü åßíáé áðüññïéá åíüò ãåíéêüôåñïõ êáíüíá âÜ�é ôïõ ïðïßïõ Ýíá �ìá ðåñéïñé�Ýíï �ï
÷ñüíï äåí åßíáé ðïôÝ ðåñéïñé�Ýíï�éò�÷íüôçôåò, åíþ Ýíá�ìá ðåñéïñé�Ýíï�éò�÷íüôçôåò
äåí åßíáé ðïôÝ ðåñéïñé�Ýíï�ï ÷ñüíï.

ÐáñÜäåéãìá 4.17. Óôï ðáñÜäåéãìá áõôü èá ìåëåôÞ�õìå ôç ôå÷íéêÞ ðïëõðëåîßáò ìå äéáßñå�
�éò�÷íüôçôåò (Frequency Division Multiplexing { FDM). Å�ù ôá�ìáôá x1(t); x2(t); x3(t)
ìå öÜ�áôá X1(!);X2(!);X3(!) üðùò öáßíïíôáé �ï Ó÷ 4.15.

W 1 W 2W 1- W 2- W 3-

| 1X  (    ) ω | | X  (    ) ω |2
| X  (    ) ω |3

ω ω ωW 3

1 1 1

Ó÷Þìá 4.15: ÐëÜôç ôùí öá�Üôùí ôñéþí �ìÜôùí x1(t); x2(t); x3(t).

Å�ù ôþñá üôé ðïëëáðëá�Üæïõìå ôá �ìáôá ìå �íçìßôïíá êáé áèñïßæïõìå ïðüôå ðáßñíïõìå
Ýíá �ìá y(t) (ôï ïðïßï êáé ìåôáäßäïõìå)

y(t) = x1(t) cos!1t+ x2(t) cos!2t+ x3(t) cos!3t

Ôï öÜ�á ôïõ y(t) åßíáé (âëÝðå êáé Ó÷ 4.16)

Y (!) =
1

2
[X1(! � !1) +X1(! + !1)] +

1

2
[X2(! � !2) +X2(! + !2)] +

+
1

2
[X3(! � !3) +X3(! + !3)]

ω 1 ω 2 ω 3−ω 1 −ω 2 −ω 3

1/2

0 ω

|Υ(ω)|

Ó÷Þìá 4.16: ÐëÜôïò ôïõ öÜ�áôïò ôïõ �ìáôïò y(t).

Ðáñáôçñïýìå üôé ôá åðéìÝñïõò öÜ�áôá ôùí �ìÜôùí äåí åðéêáëýðôïíôáé (êáé Üñá ìðïñïýìå
íá ôá îå÷ùñß�õìå) áí:

!1 +W1 < !2 �W2

!2 +W2 < !3 �W3
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Óå ðåñßðôù�áìöéâïëßáò ãéá ôï áí ôá åðéìÝñïõò öÜ�áôá åðéêáëýðôïíôáé Þ ü÷é, êáëü åßíáé íá
ðåñíÜìå ôá �ìáôá áðü Ýíá ößëôñï äéÝëåõ�ò ÷áìçëþí �÷íïôÞôùí ðñéí ôç äéáìüñöù�. Óôï
äÝêôç ÷ñç�ìïðïéïýìå æùíïðåñáôÜ (bandpass) ößëôñá ãéá íá áíáêáôá�åõÜ�õìå ôá �ìáôá.
Åíá ��çìá FDM èá åßíáé ëïéðüí üðùò �ï Ó÷ 4.17.

1x (t)

2x (t)

3x (t)

2x (t)

3x (t)

1x (t)

Channel

BPF

BPF

BPF

LPF

LPF

LPF

ω tcos

ω tcos

ω1 tcos ω1 tcos

ω tcos

ω tcos

2

3 3

2

+

X

X

X

X

X

X

Ó÷Þìá 4.17: Óý�çìá ðïëõðëåîßáò ìå äéáßñå��éò�÷íüôçôåò (FDM).

ÐáñÜäåéãìá 4.18. Íá âñåèåß ï ìåôá�çìáôé�üò Fourier ôùí�ìÜôùí x(�t), xe(t), xo(t), x�(t),
<efx(t)g, =mfx(t)g��Ý�ìå ôï X(!), ôï ìåôá�çìáôé�ü ôïõ x(t).

ÁðÜíôç�:

x(�t) ! X(�!)

xe(t) = (x(t) + x(�t))=2 ! (X(!) +X(�!))=2
xo(t) = (x(t)� x(�t))=2 ! (X(!)�X(�!))=2

x�(t) ! X�(�!)
<efx(t)g = (x(t) + x�(t))=2 ! (X(!) +X�(�!))=2
=mfx(t)g = (x(t)� x�(t))=2j  ! (X(!) �X�(�!))=2j

ÐáñÜäåéãìá 4.19. Íá äåé÷èåß üôé ôï X(!) ìðïñåß íá ãñáöåß ùò

X(!) =
+1X
n=0

(�j)nmn
!n

n!
; mn =

Z +1

�1
tnx(t)dt
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ÁðÜíôç�:

X(!) =
Z +1

�1
x(t)e�j!tdt

=
Z +1

�1
x(t)

+1X
n=0

[�j!t]n
n!

dt

=
+1X
n=0

(�j)nmn
!n

n!

ÐáñÜäåéãìá 4.20. Íá äåé÷èåß üôé ôï

1

2�

Z +1

�1
ej!td!

\�ìðåñéöÝñåôáé"�í ìïíáäéáßïò ðáëìüò.

ÁðÜíôç�: Z +1

�1

�
1

2�

Z +1

�1
ej!td!

�
g(t)dt =

1

2�

Z +1

�1

�Z +1

�1
g(t)ej!tdt

�
d!

=
1

2�

Z +1

�1
G(�!)d!

=
1

2�

Z +1

�1
G(!)d! = g(0)

ÐáñÜäåéãìá 4.21. Å�ù ôá�ìáôá x(t) = e�2jtj êáé y(t) = x(2t� 3). Íá�åäéá�ïýí ôá x(t),
y(t) êáé íá âñåèïýí ïé ìåôá�çìáôé�ïß Fourier áõôþí.

ÁðÜíôç�: Ôá x(t) êáé y(t) öáßíïíôáé �ï Ó÷ 4.18. Ïé ìåôá�çìáôé�ïß ôùí �ìÜôùí äßíïíôáé
ùò:

x(t)

1.0 1.0

y(t)

3/2

Ó÷Þìá 4.18: ÓÞìáôá x(t) êáé y(t) ôïõ ðáñáäåßãìáôïò 4.21.

X(!) =
Z 0

�1
e2te�j!tdt+

Z +1

0
e�2te�j!tdt

=
1

2� j!
+

1

2 + j!
=

4

4 + !2
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ÃåíéêÜ é�ýåé: x(t) = e�ajtj ! 2a
a2+!2

y(t) = x(2t� 3) = x(2(t� 3

2
)) ! 1

2
X
�
!

2

�
e�j

!
2
3
2 =

1

2

4

4 + (!
2
)2
e�j

3
4! =

1

2

4
16
4
+ !2

4

e�j
3
4! =

8

16 + !2
e�j

3
4!
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ÊåöÜëáéï 5

ÓåéñÝò Fourier Äéáêñéôïý ×ñüíïõ

5.1 Åé�ãùãÞ

ÁíÜëïãá ìå ôçí ðåñßðôù��íå÷ïýò ÷ñüíïõ, áíáæçôïýìå íá ðáñá�Þ�õìå ôï ðåñéïäéêü �ìá
x[n] (x[n] = x[n + N ]) �í Üèñïé�á ìéãáäéêþí åêèåôéêþí �íáñôÞ�ùí. Ôï ej(2�=N)n åßíáé
ðåñéïäéêü ìå ðåñßïäï Í. H ïéêïãÝíåéá üëùí ôùí öáíôá�éêþí åêèåôéêþí�íáñôÞ�ùíìå ðåñßïäï
Í äßíåôáé áðü ôç �Ý�

�k[n] = ejk(2�=N)n ; k 2 Z (5.1)

ÎÝñïõìå üôé õðÜñ÷ïõí Í ìüíï ôÝôïéá äéáöïñåôéêÜ �ìáôá.

�0[n] = �N [n] ; �1[n] = �N+1[n] ; :::;

�k[n] = �k+rN [n]

Áíáæçôïýìå áíáðáñÜ�á�ôçò ìïñöÞò

x[n] =
X
k

ak�k[n] =
X
k

ake
jk(2�=N)n (5.2)

Ðéï �ãêåêñéìÝíá, ôï k ðñÝðåé íá êõìáßíåôáé ìÝ��ìéá ðåñßïäï

x[n] =
X

k=<N>

ak�k[n] =
X

k=<N>

ake
jk(2�=N)n (5.3)

ÐñÝðåé íá õðïëïãß�õìå ôïõò �íôåëå�Ýò ak. Ãéá ôï �ïðü áõôü èá äåßîïõìå ðñþôá üôé:

N�1X
n=0

ejk(2�=N)n =

(
N; k = 0;�N � 2N; :::
0; äéáöïñåôéêÜ

(5.4)

Ôï Üèñïé�á áõôü åßíáé ôçò ìïñöÞò

N�1X
n=0

an ; a = ejk(2�=N)

65
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ôï ïðïßï õðïëïãßæåôáé ùò

N�1X
n=0

an =

(
N; a = 1
1�aN
1�a ; a 6= 1

(5.5)

ÎÝñïõìå üôé ejk(2�=N) = 1 ìüíï üôáí ôï k åßíáé ðïëëáðëÜ�ï ôïõ Í, k = 0;�N � 2N; :::, Üñá
N�1X
n=0

ejk(2�=N)n =

(
N; k = 0;�N � 2N; :::
1�ejk(2�=N)N

1�ejk(2�=N) ; äéáöïñåôéêÜ
(5.6)

Ïìùò (ejk(2�=N)Í = ejk2� = 1) êáé Üñá

N�1X
n=0

ejk(2�=N)n =

(
N; k = 0;�N � 2N; :::
0; ; äéáöïñåôéêÜ

(5.7)

O. Å. Ä.

Ôï ðáñáðÜíù áðïôÝëå�á öáßíåôáé ãñáöéêÜ �ï Ó÷ 5.1.

(a)

60
o

n=5
n=4

n=3

n=2 n=1

n=0 R

S

e

m

R

S

e

m

n=0, 3

120
o

(b)

n=1,4 

n=2, 5

60
o

n=3 n=0 R

S

e

m

n=5

n=1

n=4

n=2

(e)

R

S

e

m

n=0, 2, 4n=1, 3, 5

(c)

R

S

e

m

n=0, 3

n=1,4 

n=2, 5

(d)

R

S

e

m

n=0, 1..5

(f)

Ó÷Þìá 5.1: Ç ìéãáäéêÞ åêèåôéêÞ áêïëïõèßá �k[n] = ejk(2�=6)n �ìéá ðåñßïäï (n = 0; 1; : : : ; 5)
ãéá äéáöïñåôéêÝò ôéìÝò ôïõ k: (a) k = 1, (b) k = 2, (c) k = 3, (d) k = 4, (e) k = 5, (f) k = 6.
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5.2 ÁíáðáñÜ�á�ìå �éñÜ Fourier

Èåùñïýìå ôçí ðáñÜ�á�ôïõ x[n] ùò �éñÜ

x[n] =
X

k=<N>

ake
jk(2�=N)n (5.8)

Ðïëëáðëá�Üæïõìå êáé ôá äýï ìÝëç åðß e�jr(2�=N)n êáé áèñïßæïõìå Í üñïõò

X
n=<N>

x[n]e�jr(2�=N)n =
X

n=<N>

X
k=<N>

ake
j(k�r)(2�=N)n =

(áëëÜæïíôáò ôç �éñÜ ôùí áèñïé�Üôùí)

X
k=<N>

ak
X

n=<N>

ej(k�r)(2�=N)n = Nar (5.9)

áöïý
P

n=<N> e
j(k�r)(2�=N)n = 0 åêôüò áí k � r = mN ;m = 0;�1;�2:::. Áñá

ar =
1

N

X
n=<N>

x[n]e�jr(2�=N)n (5.10)

Óõíïøßæïíôáò Ý÷ïõìå

x[n] =
X

k=<N>

ake
jk(2�=N)n åîß���íèå�ò

ak =
1

N

X
n=<N>

x[n]e�jk(2�=N)n åîß��áíÜëõ�ò

(5.11)

Tá ak ëÝãïíôáé öá�áôéêïß�íôåëå�Ýò (spectral coe�cients).

Áí ðÜñïõìå ôþñá ôï k = 0:::N � 1 Ý÷ïõìå

x[n] = a0�0[n] + a1�1[n] + � � � + aN�1�N�1[n]

ãéá k = 1; ::; N

x[n] = a1�1[n] + a2�2[n] + � � � + aN�N [n]

ÎÝñïõìå üôé �N = �0 ) a0 = aN . Ìå ðáñüìïéï �ëëïãé�ü êáôáëÞãïõìå �ï üôé ák =
ak+N8k. Ç áêïëïõèßá ak ïñßæåôáé ãéá üëá ôá k áëëÜ åßíáé ðåñéïäéêÞ êáé ðáßñíåé äéáöïñåôéêÝò
ôéìÝò ìüíï ãéá Í �íå÷üìåíåò ôéìÝò ôïõ k.
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5.3 Ðáñáäåßãìáôá

ÐáñÜäåéãìá 5.1. Íá âñåèïýí ïé öá�áôéêïß �íôåëå�Ýò ôïõ x[n] = sin 
0n

ÁðÜíôç�: Èåùñïýìå ôéò ðåñéðôþ�éò 2�

0
=

8><
>:
áêÝñáéïò = Í (1)
ñçôüò (2)
Üññçôïò (3)

(1) 
0 =
2�
N

x[n] =
1

2j
ej(2�=N)n � 1

2j
e�j(2�=N)n

Üñá

a1 =
1

2j
; a�1 = � 1

2j

ãéá Í = 5 ïé �íôåëå�Ýò öáßíïíôáé �ï Ó÷ 5.2.

-6

-4

-1

1

4 9

0 2-2-3-5-7-8 3 5 6 7 8 10 11

1/2j

-1/2j

k

... ...

Ó÷Þìá 5.2: Öá�áôéêïß �íôåëå�Ýò ôïõ x[n] = sin(2�=5)n.

(2) 
0
2�
= m

N
) 
0 =

2�m
N

x[n] =
1

2j
ejm(2�=N)n � 1

2j
e�jm(2�=N)n

Üñá

am =
1

2j
; a�m = � 1

2j

ãéá m = 3; N = 5 ïé �íôåëå�Ýò öáßíïíôáé �ï Ó÷ 5.3.

ÐáñÜäåéãìá 5.2. Å�ù ï ðåñéïäéêüò ôåôñáãùíéêüò ðáëìüò äéáêñéôïý ÷ñüíïõ ðïõ öáßíåôáé �ï
Ó÷ 5.4. Æçôåßôáé íá âñåèåß ôï áíÜðôõãìÜ ôïõ ��éñÜ Fourier.
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1/2j

-1/2j

...

k-2-7 3 8-1 4 9

2

10 5 6

7

10 11-5-6

-3

-4

12

13 14

...
-8

Ó÷Þìá 5.3: Öá�áôéêïß �íôåëå�Ýò ôïõ x[n] = sin 3(2�=5)n.

0 N N-N-N 1 1

1

...
...

n

Ó÷Þìá 5.4: Ðåñéïäéêüò ôåôñáãùíéêüò ðáëìüò äéáêñéôïý ÷ñüíïõ.

ÁðÜíôç�:

ak =
1

N

N1X
n=�N1

e�jk(2�=N)n

êÜíïõìå ôçí áíôéêáôÜ�á�ìåôáâëçôÞò m = n+N1 ïðüôå

ak =
1

N

2N1X
m=0

e�jk(2�=N)(m�N1)

=
1

N
ejk(2�=N)Í1

2N1X
m=0

e�jk(2�=N)m (5.12)

Ôï
P2N1

m=0 e
�jk(2�=N)m åßíáé Üèñïé�á ôùí 2Í1 + 1 ðñþôùí üñùí ãåùìåôñéêÞò �éñÜò, Üñá

ak =
1

N
ejk(2�=N)Í1

 
1 � e�jk2�(2N1+1)=N

1 � e�jk(2�=N)

!

=
1

N

e�jk(2�=2N)
h
ejk2�(N1+

1
2 )=N � e�jk2�(N1+

1
2 )=N

i
e�jk(2�=2N) [ejk(2�=2N) � e�jk(2�=2N)]

=

8<
:

1
N

sin[2�k(N1+
1
2 )=N ]

sin(2�k=2N) ; k 6= 0;�N � 2N; :::
2N1+1
N

; k = 0;�N � 2N; :::
Óõíåðþò

Nak =
sin[(2N1 + 1)
=2]

sin(
=2)

����� 
=2�k=N
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2π
10

π 2π0

(a)

π 2π0 2π
20

(b)

π 2π0

(c)

2π
40

Ó÷Þìá 5.5: Öá�áôéêïß �íôåëå�Ýò ôïõ ðåñéïäéêïý ôåôñáãùíéêïý ðáëìïý ôïõ ðáñáäåßãìáôïò
5.2. Óôï �Þìá öáßíåôáé ôï N�k ãéá 2N1 + 1 = 5 êáé (á) N = 10, (â) N = 20, (ã) N = 40.

(âëÝðå Ó÷ 5.5).

Óçìåßù�: Ç ìåñéêÞ áíáêáôá�åõÞ (partial reconstruction) ôïõ ôåôñáãùíéêïý ðáëìïý äßíåôáé
ùò

x̂[n] =
MX

n=�M
ake

jk(2�=N)n

Óôï Ó÷ 5.6 öáßíåôáé ç ìåñéêÞ áíáêáôá�åõÞ ôïõ ôåôñáãùíéêïý ðáëìïý ÷ñç�ìïðïéþíôáò üëï
êáé ðåñé�üôåñïõò�íôåëå�Ýò. Óôç ðåñßðôù�áõôÞ, ôï Üèñïé�á äåí åßíáé Üðåéñï êáé �íåðþò
äåí õðÜñ÷åé êÜôé áíôß�ïé÷ï ôïõ öáéíüìåíïõ Gibbs (ìðïñïýìå íá Ý÷ïõìå \ðëÞñç" áíáêáôá�åõÞ
ôïõ �ìáôïò).
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0-18 -9 9 18

(a)

0

x̂(n)

x̂(n)

x̂(n)

x(n)^

-18 -9 9 18

(b)

0-18 -9 9 18

(c)

0-18 -9 9 18

(d)

Ó÷Þìá 5.6: ÌåñéêÞ áíáêáôá�åõÞ ôïõ ôåôñáãùíéêïý ðáëìïý ìå N = 9 êáé 2Í1 + 1 = 5. (á)
M = 1, (â) M = 2, (ã) M = 3, (ä) M = 4.
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ÊåöÜëáéï 6

Ìåôá�çìáôé�üò Fourier Äéáêñéôïý

×ñüíïõ

6.1 ÁíáðáñÜ�á�ìç-Ðåñéïäéêþí ÓçìÜôùí

Áêïëïõèïýìå ðáñüìïéïõò �ëëïãé�ïýò üðùò êáé �çí ðåñßðôù��ìÜôùí �íå÷ïýò ÷ñüíïõ.
Å�ù ëïéðüí �ìá x[n] ðåðåñá�Ýíçò ÷ñïíéêÞò äéÜñêåéáò êáé �ìá ~x[n], ðåñéïäéêü, ðïõ êáôá-
�åõÜæåôáé áðü ôï x[n] üðùò öáßíåôáé �ï Ó÷ 6.1.

-N 1
N1

x[n]

0
n

x[n]~

0

-N 1 N1

-N N n

. . . . . . . . 

Ó÷Þìá 6.1: (á) ÓÞìá x[n] ðåðåñá�Ýíçò ÷ñïíéêÞò äéÜñêåéáò, (â) ðåñéïäéêü �ìá ~x[n] êáôá-
�åõá�Ýíï þ�å íá åßíáé ß�ìå ôï x[n] �ìéá ðåñßïäï.

Åö' ü�í ôï ~x[n] åßíáé ðåñéïäéêü ìðïñåß íá ãñáöåß ùò �éñÜ Fourier

~x[n] =
X

k=<N>

ake
jk(2�=N)n (6.1)

ak =
1

N

X
n=<N>

~x[n]e�jk(2�=N)n (6.2)

73
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Óôï äéÜ�çìá [�Í1;Í1] ôï ~x[n] ìðïñåß íá áíôéêáôá�áèåß áðü ôï x[n], ïðüôå

ak =
1

N

N1X
n=�N1

x[n]e�jk(2�=N)n =
1

N

+1X
n=�1

x[n]e�jk(2�=N)n (6.3)

Ïñßæïíôáò ôï öÜêåëï (envelope) X(
) ôïõ Nak �í

X(
) =
+1X

n=�1
x[n]e�j
n (6.4)

Ý÷ïõìå üôé

ak =
1

N
X(k
0) ; 
0 =

2�

N
(6.5)

Áðü ôéò ðáñáðÜíù åîé��éò�íåðÜãåôáé üôé

~x[n] =
X

k=<N>

1

N
X(k
0)e

jk
0n =
1

2�

X
k=<N>

1

N
X(k
0)e

jk
0n
0 (6.6)

üôáí Í !1 ôï ~x[n] é�ýôáé ìå ôï x[n] ãéá üëï êáé ðåñé�üôåñåò (ðåðåñá�Ýíåò) ôéìÝò ôïõ n
êáé 
0 ! 0. Åô��ï üñéï ôï Üèñïé�á ôåßíåé �ïëïêëÞñùìá

x[n] =
1

2�

Z
2�
X(
)ej
nd
 åîß���íèå�ò

X(
) =
+1X

n=�1
x[n]e�j
n åîß��áíÜëõ�ò

(6.7)

Ïé ðáñáðÜíù ôýðïé áðïôåëïýí ôï ìåôá�çìáôé�ü Fourier äéáêñéôïý ÷ñüíïõ. Tï X(
) ëÝãåôáé
öÜ�á (spectrum) ôïõ x[n].

Áí êáé öôÜ�ìå �éò ðáñáðÜíù åîß��éò èåùñþíôáò x[n] ãéá ðåðåñá�Ýíï n, áõôÝò é�ýïõí
ãéá ìéá ðïëý ìåãÜëç êëÜ��ìÜôùí ìç-ðåðåñá�Ýíùí �ï ÷ñüíï (üëá ôá �ìáôá ðïõ ìáò
åíäéáöÝñïõí ðñáêôéêÜ).

6.1.1 ÄéáöïñÝò ìåôáîý Óõíå÷ïýò êáé Äéáêñéôïý ×ñüíïõ

Ïé ìåôá�çìáôé�ïß Fourier �íå÷ïýò êáé äéáêñéôïý ÷ñüíïõ Ý÷ïõí ðïëëÝò ïìïéüôçôåò ìåôáîý
ôïõò. ÕðÜñ÷ïõí üìùò êáé äýï �ìáíôéêÝò äéáöïñÝò:

� Ôï X(
) åßíáé ðåñéïäéêü åíþ ôï X(!) äåí åßíáé.

� Ôï ïëïêëÞñùìá ôïõ áíôß�ñïöïõ ìåôá�çìáôé�ïý åßíáé �ðåðåñá�Ýíï äéÜ�çìá
�Z

2�

�

�ç ðåñßðôù�ôïõ äéáêñéôïý ÷ñüíïõ, åíþ åßíáé�Üðåéñï äéÜ�çìá
�Z 1

1

�
�ç ðåñßðôù�

ôïõ �íå÷ïýò ÷ñüíïõ.
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Åðß�ò, üðùò Ý÷ïõìå äåé, �ç ðåñßðôù�ôïõ äéáêñéôïý ÷ñüíïõ ôï � äåß÷íåé õøçëÝò�÷íüôçôåò.
Áõôü öáßíåôáé �ï Ó÷ 6.2.

n0

x [n]
1

(a)

x [n]

0 n

(c)

2

X (Ω)

Χ (Ω)

1

2

−2π −π 0 π 2π

0 π 2π−π−2π Ω

Ω

(d)

(b)

Ó÷Þìá 6.2: (á) ÓÞìá äéáêñéôïý ÷ñüíïõ ìå (â) ìåôá�çìáôé�ü Fourier ãýñù áðü ôï 
 =
0;�2�;�4� : : :, (ã) �ìá äéáêñéôïý ÷ñüíïõ ìå (ä) ìåôá�çìáôé�ü Fourier ãýñù áðü ôï 
 =
��;�3�; : : :.

ÐáñÜäåéãìá 6.1. Íá âñåèåß ï ìåôá�çìáôé�üò Fourier ôïõ x[n] = anu[n] ; jaj < 1.

ÁðÜíôç�: Ôï X(
) (ìÝôñï êáé öÜ�) öáßíïíôáé �ï Ó÷ 6.3 ãéá a > 0 êáé a < 0, êáé äßíåôáé
ùò

X(
) =
+1X

n=�1
anu[n]e�j
n =

+1X
n=0

�
ae�j


�n
=

1

1 � ae�j


ÐáñÜäåéãìá 6.2. Å�ù

x[n] =

(
1; jnj <= N1

0; jnj > N1

Ï ìåôá�çìáôé�üò Fourier ôïõ x[n] äßíåôáé ùò (âëÝðå Ó÷ 6.4).

X(
) =
N1X

n=�N1

e�j
n =
sin 
(N1 +

1
2)

sin(
=2)

Åö' ü�íôï äéÜ�çìá ïëïêëÞñù�ò åßíáé ðåðåñá�Ýíï ãéá ôï ìåôá�çìáôé�üFourier äéáêñéôïý
÷ñüíïõ, äåí õðÜñ÷ïõí ðñïâëÞìáôá�ãêëé�ò�áõôÞ ôçí ðåñßðôù�. Áí ëïéðüí ðñï�ããß�õìå
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Ó÷Þìá 6.3: ÌÝôñï êáé öÜ�ôïõ ìåôá�çìáôé�ïý Fourier ôïõ ðáñáäåßãìáôïò 6.1. (á) a > 0,
(â) a < 0.
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0-N N1 1

1

x[n]

n

(a)

Χ(Ω)

Ω
−2π −π π 2π

5

(b)

0

Ó÷Þìá 6.4: ÓÞìá êáé ìåôá�çìáôé�ïò Fourier ôïõ ðáñáäåßãìáôïò 6.2.

ôç x[n] ìå ïëïêëÞñùìá �ï äéÜ�çìá j
j � W

x̂[n] =
1

2�

Z W

�W
X(
)ej
nd


ôüôå x̂[n] = x[n] ãéáW = �: Óõíåðþò äåí õðÜñ÷åé êÜôé áíôß�ïé÷ï ìå ôï öáéíüìåíï Gibbs.
Áõôü öáßíåôáé êáé �ï åðüìåíï ðáñÜäåéãìá.

ÐáñÜäåéãìá 6.3. Ãéá x[n] = �[n] ðáßñíïõìå X(
) = 1. Áí õðïëïãß�õìå ôïí áíôß�ñïöï
ìåôá�çìáôé�ü�ï äéÜ�çìá j
j � W , ôï x̂[n] Ý÷åé ôç ìïñöÞ öèßíïíôïò çìéôüíïõ

x̂[n] =
1

2�

Z W

�W
X(
)ej
nd
 =

sinWn

�n

Áõôü öáßíåôáé�ïÓ÷ 6.5. Êáèþò ôï W ìåãáëþíåé (�áíôéäéá�ïëÞ ìå ôçí ðåñßðôù��íå÷ïýò
÷ñüíïõ) ôï ðëÜôïò ôùí ôáëáíôþ�ùí ìåéþíåôáé�åôéêÜ ìå ôçí ôáëÜíôù�ôïõ x̂[0]. ÔåëéêÜ, ãéá
W = � ïé ôáëáíôþ�éò åîáöáíßæïíôáé êáé x̂[0] = 1.

6.2 Ìåôá�çìáôé�üò Fourier Ðåñéïäéêþí ÓçìÜôùí

Áí ôï x[n] åßíáé ðåñéïäéêü ôüôå ìðïñåß íá ãñáöåß �í�éñÜ Fourier

x[n] =
X

k=<N>

ake
jk(2�=N)n (6.8)

Åðß�ò,�çðåñßðôù�áõôÞ ï ìåôá�çìáôé�üòFourier ôïõ x[n] äßíåôáé�íÝíá Üðåéñï Üèñïé�á
áðü ðáëìïýò �:
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^
x[n] ^

x[n]

^
x[n]

0 n

(e)

7/8

W = 7π/8

^
x[n]

(c)

W = 

n
0

π/21/2

πW = 

^
x[n]

^
x[n]

1/4

0

W = π/4

n

(a)

W = 3π/8

n
0

3/8

(b)

0 n

(f)

W = 3π/8

n
0

(d)

3/4

1

Ó÷Þìá 6.5: Äéáäï÷éêÝò ðñï�ããß�éò ôïõ ìïíáäéáßïõ ðáëìïý.

X(
) =
+1X

k=�1
2�ak�

 

� 2�k

N

!
ìåôá�çìáôé�üò Fourier
ðåñéïäéêþí �ìÜôùí

(6.9)

ÐáñÜäåéãìá 6.4. Å�ù

x[n] =
+1X

k=�1
�[n� kN ] ; ak =

1

N

Ôüôå

X(
) =
2�

N

+1X
k=�1

�

 

� 2�k

N

!

(âëÝðå Ó÷ 6.6).

6.3 Éäéüôçôåò Ìåôá�çìáôé�ïý Fourier Äéáêñéôïý

×ñüíïõ

Áíôß�ïé÷á ìå ôç ðåñßðôù�ôïõ �íå÷ïýò ÷ñüíïõ, õéïèåôïýìå ôï �ìâïëé�ü x[n]
F ! X(
).
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~x[n]

0 Ν 2Ν−Ν

1

n

Ω0(Ω  − 2π)  0  0(Ω  − 4π)   0(Ω  + 2π)   0(Ω  + 4π)

|Χ(Ω)|

2π

Ω

Ó÷Þìá 6.6: ÓÞìá êáé ìåôá�çìáôé�üò Fourier ôïõ ðáñáäåßãìáôïò 6.4.

Ðåñéïäéêüôçôá: Ôï X(
) åßíáé ðÜíôá ðåñéïäéêü ìå ðåñßïäï 2�.

Ãñáììéêüôçôá:

ax1[n] + bx2[n]
F ! aX1(
) + bX2(
) (6.10)

Éäéüôçôá �ììåôñßáò: Ãéá x[n] ðñáãìáôéêü é�ýïõí

X(
) = X�(�
) (6.11)

Evfx[n]g F ! <efX(
)g (6.12)

Odfx[n]g F ! j=mfX(
)g (6.13)

Ïëß�ç��ï ÷ñüíï/�÷íüôçôá:

x[n� n0]
F ! e�j
n0X(
) (6.14)

ej
0nx[n]
F ! X(
 � 
0) (6.15)

ÄéáöïñÜ/Áèñïé�:

x[n]� x[n� 1] F ! (1 � e�j
)X(
) (6.16)

nX
m=�1

x[m]
F ! 1

1 � e�j

X(
) + �X(0)

+1X
k=�1

�(
� 2�k) (6.17)
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Ðïëëáðëá�á�üò�ï÷ñüíï/�÷íüôçôá:

x(k)[n] =

(
x[n=k]; áí n ðïëëáðëÜ�ï ôïõ k
0; äéáöïñåôéêÜ

x(k)[n]
F ! X(k
) (6.18)

Äéáöüñé��ç�÷íüôçôá:

nx[n]
F ! j

dX(
)

d

(6.19)

Ó÷Ý�Parseval:

+1X
n=�1

jx[n]j2 = 1

2�

Z
2�
jX(
)j2d
 (6.20)

Éäéüôçôá �ãêåñá�ïý: Áí y[n] = x[n] � h[n], ôüôå
Õ(
) = X(
)H(
) (6.21)

Ðïëëáðëá�á�éêÞ éäéüôçôá: Áí y[n] = x1[n] � x2[n], ôüôå

Y (
) =
1

2�

Z
2�
X1(�)X2(
� �)d� (6.22)

ÐáñÜäåéãìá 6.5. Å�ù h[n] = �[n� n0]. Ãéá ôõ÷áßï x[n] íá âñåèåß ôï y[n] = x[n] � h[n].

ÁðÜíôç�: Ôï H(
) äßíåôáé ùò

H(
) =
+1X

n=�1
�[n� n0]e

�j
n = e�j
n0

Áñá

Y (
) = e�j
n0X(
)

) y[n] = x[n� n0]

ÐáñÜäåéãìá 6.6. Å�ù h[n] = anu[n] êáé x[n] = bnu[n]. Íá âñåèåß ôï y[n] = x[n] � h[n].

ÁðÜíôç�: Ôá H(
) êáé X(
) äßíïíôáé ùò

H(
) =
1

1 � ae�j


X(
) =
1

1 � be�j
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ïðüôå

Y (
) = H(
)X(
) =
1

(1� ae�j
) (1� be�j
)

ìå áíÜëõ��áðëÜ êëÜ�áôá (partial fraction expansion) ç ôåëåõôáßá �Ý�ãñÜöåôáé ùò

Y (
) =
A

1� ae�j

+

B

1 � be�j


üðïõ

A =
a

a� b
êáé B = � b

a� b

Üñá

y[n] =
a

a� b
anu[n]� b

a� b
bnu[n] ; a 6= b
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6.4 Ðßíáêåò ÉäéïôÞôùí { Âá�êþí Ìåôá�çìáôé�þí

Ðßíáêáò 6.1: Éäéüôçôåò ôùí Óåéñþí Fourier Äéáêñéôïý ×ñüíïõ
Periodic signal Fourier series coe�ciens

x[n]
y[n]

)
periodic with
period N

�k
bk

)
periodic with
period N

Ax[n] +By[n] A�k +Bbk
x[n� no] ake

�jk(2�=N)n0

ejM(2�=N)nx[n] ak�M
x�[n] a��k
x[�n] a�k

x(m)[n] =

(
x[n=m]
0

if n is a multiple of m
if n is not a multiple of m

1

m
ak

 
viewed as periodic
with period mN

!

(periodic with period mN)X
r=<N>

x[r]y[n� r] Nakbk

x[n]y[n]
X

l=<N>

albk�l

x[n]� x[n� 1] (1 � e�jk(2�=N))ak
nX

k=�1
x[k]

 
�nite-valued and periodic

only if a0 = 0

! �
1

1� e�jk(2�=N)

�
ak

x[n] real

8>>>>>><
>>>>>>:

ak = a��k
<efakg = <efa�kg
Imfakg = �Imfa�kg
jakj = ja�kj
<) ak = � <) a�k

xe[n] = Eufx[n]g [x[n] real] <efakg
xo[n] = Odfx[n]g [x[n] real] jImfakg

Parseval's Relation for Periodic Signals
1

N

X
n=<N>

jx[n]j2 = X
k=<N>

jakj2
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Ðßíáêáò 6.2: Éäéüôçôåò ôïõ Ìåôá�çìáôé�ïý Fourier Äéáêñéôïý ×ñüíïõ

Aperiodic signal Fourier transform

x[n]
y[n]

X(
)
Y (
)

)
periodic with
period 2�

ax[n] + by[n] �X(
) + bY (
)
x[n� no] e�j
n0X(
)
ej
0nx[n] X(
 � 
0)
x�[n] X�(�
)
x[�n] X(�
)
x(k)[n] =

(
x[n=k];
0;

if n is a multiple of k
if n is not a multiple of k

X(k
)

x[n] ? y[n] X(
)Y (
)

x[n]y[n]
1

2�

Z
2�
X(�)Y (
 � �)d�

x[n]� x[n� 1]
�
1� e�j


�
X(
)

nX
k=�1

x[k]
1

1 � e�j

X(
) + �X(0)

+1X
k=�1

�(
� 2�k)

nx[n] j
dX(
)

d


x[n] real

8>>>>>><
>>>>>>:

X(
) = X�(�
)
<efX(
)g = <efX(�
)g
ImfX(
)g = �ImfX(�
)g
jX(
)j = jX(�
)j
<)X(
) = � <)X(�
)

xe[n] = Eufx[n]g [x[n] real] <efX(
)g
xo[n] = Odfx[n]g [x[n] real] jImfX(
)g

Parseval's Relation for Aperiodic Signals
+1X

n=�1
jx[n]j2 = 1

2�

Z
2�
jX(
)j2d
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Ðßíáêáò 6.3: Âá�êïß Ìåôá�çìáôé�ïß { ÓåéñÝò Fourier Äéáêñéôïý ×ñüíïõ

Fourier series coe�cients
Signal Fourier transform (if periodic )X
k=<N>

ake
jk( 2�

N
)n 2�

+1X
k=�1

ak�

�

� 2�k

N

�
ak

(a) 
0 = 2�m
N

ej
0N 2�

+1X
l=�1

�(
� 
0 � 2�l) ak =

n
1; k = m;m�N;m� 2N; :::
0; otherwise

(b)

0

2�
irrational) the signal is aperiodic

(a) 
0 = 2�m
N

cos
0N �

+1X
l=�1

f�(
� 
0 � 2�l) + �(
 + 
0 � 2�l)g ak =

n 1
2 ; k = �m;�m� N;�m� 2N; :::
0; otherwise

(b)

0

2�
irrational) the signal is aperiodic

(a) 
0 = 2�r
N

sin
0N
�

j

+1X
l=�1

f�(
� 
0 � 2�l) + �(
 + 
0 � 2�l)g ak =

( 1
2j ; k = r; r� N;r � 2N; :::

� 1
2j ; k = �r;�r � N;�r � 2N; :::

0; otherwise

(b)

0

2�
irrational) the signal is aperiodic

x[n] = 1 2�

+1X
l=�1

�(
� 2�l) ak =

n
1; k = 0;�N;�2N; :::
0; otherwise

Periodic square wave

x[n] =

�
1; jnj � N1

0;N1 < jnj � N
2

2�

+1X
k=�1

ak�

�

� 2�k

N

�
ak =

sin[(2�k=N)(N1 +
1
2 )]

Nsin[2�k=2N ]
; k 6= 0;�N;�2N; :::

and x[n+ N ] = x[n] ak =
2N1 + 1

N
; k = 0;�N;�2N; :::

+1X
k=�1

�(n� kN)
2�

N

+1X
k=�1

�

�

� 2�k

N

�
ak = 1

N
for all k

anu[n]; jaj < 1
1

1� ae�j

{

x[n] =

n
1; jnj � N1

0; jnj > N1

sin[
(N1 +
1
2 )]

sin(
=2)
{

sinWn

�n
=

W

�
sinc

�
Wn

�

�
x(
) =

n
1; 0 � j
j � W
0; W < j
j � �

{

0 < W < � x(
) periodic with period 2�
�[n] 1 {

u[n]
1

1� e�j

+

+1X
k=�1

��(
 � 2�k) {

�[n� n0] e�j
n0 {

(n+ 1)anu[n]; jaj < 1
1

(1� ae�j
)2
{

(n+ r � 1)!

n!(r� 1)!
anu[n]; jaj < 1

1

(1� ae�j!)r
{
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6.5 Ìåôá�çìáôé�üò Fourier ÌåôÜ áðü Äåéãìáôïëç-

øßá

Ïðùò åßíáé ãíù�ü, ìðïñïýìå íá ðÜñïõìå Ýíá�ìá äéáêñéôïý ÷ñüíïõ x[n] ìå ôç äåéãìáôïëçøßá
(sampling) åíüò �íå÷ïýò x(t):

x[n] = xa(nT ) (6.23)

Óå õâñéäéêÝò (hybrid) åöáñìïãÝò åßíáé ðñïôéìüôåñï íá ìç èåùñïýìå ôï �ìá ìåôÜ ôç äåéãìá-
ôïëçøßá ùò �ìá äéáêñéôïý ÷ñüíïõ. Ó'áõôÞ ôç ðåñßðôù�ôï �ìâïëßæïõìå ùò xs(t). Áðü ôéò
åîé��éò ìåôá�çìáôé�ïý Fourier �íå÷ïýò ÷ñüíïõ Ý÷ïõìå

xa(t) =
1

2�

Z +1

�1
Xa(!)e

j!td! (6.24)

êáé

x[n] = xa(nT ) =
1

2�

Z +1

�1
Xa(!)e

j!nTd! (6.25)

Ôï x[n] ìðïñåß üìùò íá ãñáöåß êáé �ìöùíá ìå ôï ìåôá�çìáôé�ü äéáêñéôïý ÷ñüíïõ

x[n] =
1

2�

Z +�

��
X(
)ej
nd
 (6.26)

ÈÝëïõìå íá âñïýìå ôþñá ôç �Ý�ðïõ �íäÝåé ôïõò äýï ìåôá�çìáôé�ïýò 6.25, êáé 6.25.
Äéáéñïýìå ôç ðåñéï÷Þ �1 < ! < +1�äéá�Þìáôá ìÞêïõò 2�=T

x[n] =
1

2�

+1X
r=�1

Z (2r+1)�=T

(2r�1)�=T
Xa(!)e

j!nTd! (6.27)

áíôéêáèé�ïýìå ôï ! ìå ! + 2�r=T

x[n] =
1

2�

+1X
r=�1

Z �=T

��=T
Xa

�
! +

2�

T
r
�
ej(!+

2�r
T )nTd! (6.28)

=
1

2�

Z �=T

��=T

"
+1X

r=�1
Xa

�
! +

2�

T
r
�#

ej!nTd! (6.29)

áíôéêáèé�ïýìå �ç�íÝ÷åéá ôï ! ìå 
=T

x[n] =
1

2�

Z �

��

"
1

T

+1X
r=�1

Xa

�



T
+
2�

T
r
�#

ej
nd
 (6.30)
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Óõãêñßíïíôáò ôç ðáñáðÜíù åîß��(6.30 ìå ôçí (6.26) ðáßñíïõìå

×(
) =
1

T

+1X
r=�1

Xa

�



T
+
2�

T
r
�

(6.31)

Xs(!) = X(
)j
=!T (6.32)

üðïõ ç �÷íüôçôá äåéãìáôïëçøßáò åßíáé !s = 2�=T . Áñá

Xs(!) =
1

T

+1X
r=�1

Xa(! + r!s) (6.33)

Áðü ôçí ðáñáðÜíù åîß��(6.33) âëÝðïõìå üôé �ï ÷þñï ôùí�÷íïôÞôùí ç äåéãìáôïëçøßá ôïõ
�ìáôïò Ý÷åé ùò áðïôÝëå�á ôçí ðåñéïäéêÞ åðáíÜëçøç ôïõ öÜ�áôïò. Áõôü öáßíåôáé �ï Ó÷ 6.7
(Óõãêñßíáôå ìå ðïëëáðëá�á�ü ìå ôñÝíï �).

|Χ (ω)|
s

0
−ω ω

0

|Χ (ω)|
α

ω0

−2ω −ω 0 ω 2ω−ω ωs s s s0 0

1/T

−ω −ω ω −ω ω −ω ω +ω
0s s0 s s0 0

ω

(a)

1

Ó÷Þìá 6.7: ÖÜ�á�ìáôïò ìåôÜ áðü äåéãìáôïëçøßá.

6.6 Äõú�üò

Å÷ïõìå Þäç äåé ôï äõú�ü ðïõ õðÜñ÷åé áíÜìå��çí åîß��áíÜëõ�ò êáé �íèå�ò ôïõ ìåôá-
�çìáôé�ïý Fourier �íå÷ïýò ÷ñüíïõ. Óôç ðåñßðôù�äéáêñéôïý ÷ñüíïõ äåí õðÜñ÷åé ôÝôïéïò
äõú�üò. Åíôïýôïéò, õðÜñ÷åé äõú�üò �éò åîé��éò áíáðôýãìáôïò ��éñÜ äéáêñéôïý ÷ñü-
íïõ êáèþò êáé ìåôáîý ôïõ ìåôá�çìáôé�ïý Fourier äéáêñéôïý ÷ñüíïõ êáé ôçò �éñÜò Fourier
�íå÷ïýò ÷ñüíïõ.
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ÓåéñÝò Fourier äéáêñéôïý ÷ñüíïõ. Å�ù f; g ðåñéïäéêÝò ìå ðåñßïäï N êáé Ý�ù ç �Ý�
ðïõ ôéò �íäÝåé

f [m] =
1

N

X
r=<N>

g[r]e�jr(2�=N)m (6.34)

ÈÝôïíôáò m = k ; r = n ðáßñíïõìå

f [k] =
1

N

X
n=<N>

g[n]e�jk(2�=N)n (6.35)

Ç ðáñáðÜíù åîß��äåß÷íåé üôé ïé f [k] åßíáé ïé�íôåëå�Ýò ôçò�éñÜò Fourier ôïõ g[n], äçëáäÞ

g[n]
F$ f [k] (6.36)

Áí âÜëïõìå m = n ; r = �k, ôüôå

f [n] =
X

k=<N>

1

N
g[�k]ejk(2�=N)n (6.37)

Ç ôåëåõôáßá åîß��äåß÷íåé üôé ïé 1
N
g[�k] åßíáé ïé �íôåëå�Ýò ôçò �éñÜò Fourier ôïõ f [n],

äçëáäÞ

f [n]
F$ 1

N
g[�k] (6.38)

Óõìðåñá�áôéêÜ, ìéáò êáé ïé �íôåëå�Ýò �k åíüò ðåñéïäéêïý �ìáôïò x[n] åßíáé êáé áõôïß ìéá
ðåñéïäéêÞ áêïëïõèßá, ìðïñïýìå íá ôïõò åðåêôåßíïõìå ��éñÜ Fourier. Ïé êáéíïýñãéïé �íôå-
ëå�Ýò (ôùí �k) åßíáé ç ôéìÝò

1
N
x[�n].

ÐáñÜäåéãìá 6.7. Æçôåßôáé íá âñåèïýí ïé �íôåëå�Ýò ôïõ �ìáôïò

x[n] =
1

N

sin
h
(2�n=N)

�
N1 +

1
2

�i
sin (2�n=2N)

Ôá x[n] åßíáé ïé �íôåëå�Ýò ôïõ ðåñéïäéêïý ôåôñáãùíéêïý ðáëìïý äéáêñéôïý ÷ñüíïõ. Áñá, ïé
�íôåëå�Ýò ôïõ x[n] èá åßíáé 1=N öïñÝò ï ðåñéïäéêüò ôåôñáãùíéêüò ðáëìüò áíôå�ñáììÝíïò
�ï n (ôï ôåëåõôáßï äåí áëëÜæåé ôßðïôá ãéáôß ï ðåñéïäéêüò ôåôñáãùíéêüò ðáëìüò åßíáé Üñôéï
�ìá).

Ìåôá�çìáôé�üòFourier Äéáêñéôïý ×ñüíïõ êáé ÓåéñÝò Fourier Óõíå÷ïýò ×ñüíïõ.
Èõìßæïõìå êáô' áñ÷Þí ôéò åîé��éò ðïõ é�ýïõí ãéá ôï ìåôá�çìáôé�ü Fourier äéáêñéôïý
÷ñüíïõ êáé ãéá ôéò �éñÝò Fourier �íå÷ïýò ÷ñüíïõ:

x[n] =
1

2�

Z
2�
X(
)ej
nd
 (6.39)
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X(
) =
+1X

n=�1
x[n]e�j
n (6.40)

x(t) =
+1X

k=�1
�ke

jk!0t (6.41)

�k =
1

T0

Z
T0
x(t)e�jk!0tdt (6.42)

(6.43)

Èåùñïýìå äýï �íáñôÞ�éò f(u) êáé g[m], üðïõ f(u) �íå÷Þò êáé ðåñéïäéêÞ ìå ðåñßïäï 2�,
g[m] äéáêñéôÞ, êáé Ý�ù üôé �íäÝïíôáé ìå ôç �Ý�

f(u) =
+1X

m=�1
g[m]e�jum (6.44)

ÈÝôïíôáò u = 
 ; m = n, âëÝðïõìå üôé ç f(
) = åßíáé ï ìåôá�çìáôé�üò Fourier äéáêñéôïý
÷ñüíïõ ôçò g[n]. Áñá

g[n]
F$ f(
) (6.45)

êáé �íåðþò

g[m] =
1

2�

Z
2�
f(u)ejumdu (6.46)

ÈÝôïíôáò u = t ; m = �k, êáé åðåéäÞ ç f(t) åßíáé ðåñéïäéêÞ ìå T0 = 2�, !0 = 2�=T0 = 1, ïé
g[�k] åßíáé ïé �íôåëå�Ýò Fourier ôçò f(t). Áñá

f(t)
F$ g[�k] (6.47)

ÄçëáäÞ, Ý�ù x[n] ìå ìåôá�çìáôé�ü Fourier X(
). Ç X(
) åßíáé ðåñéïäéêÞ ïðüôå ìðïñåß íá
áíáðôõ÷èåß ��éñÜ ìå !0 = 1. Ïé �íôåëå�Ýò ôïõ X(
) èá åßíáé ôï áñ÷éêü �ìá áíôå�ñáì-
ìÝíï �ï n.

Óôï ðáñáêÜôù ðßíáêá ðáñïõ�Üæïíôáé �íïðôéêÜ ïé �éñÝò êáé ìåôá�çìáôé�ïß Fourier �ï
�íå÷Þ êáé äéáêñéôü ÷ñüíï.
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Ð
ßíáêáò
6.4:
Á
íáêåöáëáßù�
ôùí
Å
êöñÜ�
ùí
Ì
åôá�
çìáôé�
þí
êáéÓ
åéñþí
Fourier

C
ontinuous-tim
e

D
iscrete-tim
e

T
im
e
dom
ain

Frequency
dom
ain

T
im
e
dom
ain

Frequency
dom
ain

Fourier

x(t)=
+
1

Xk=
�

1

a
k
e jk!
0 t

a
k
=
1T

0 Z
T
0

x(t)e
�

jk!
0 t

x[n]=

Xk=
<
N
>

a
k
e jk(2�
=N
)n

a
k
=
1N

Xn
=
<
N
>

x[n]e
�

jk(2�
=N
)n

Series

continuous
tim
e

discrete
frequency

discrete
tim
e

discrete
frequency

periodic
in
tim
e

aperiodic
in
frequency

periodic
in
tim
e

periodic
in
frequency

Fourier

x(t)=
12� Z

+
1

�

1

X
(!)e j!
td
!

X
(!)
= Z

+
1

�

1

x(t)e
�

j!
td
t

x[n]=
12� Z

2�
X
(!)e j

n
d


X
(

)=

+
1

Xn
=
�

1

x[n]e
�

j

n

Transform

continuous
tim
e

continuous
frequency

discrete
tim
e

continuous
frequency

aperiodic
in
tim
e

aperiodic
in
frequency

aperiodic
in
tim
e

periodic
in
frequency

duality

duality

duality
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ÐáñÜäåéãìá 6.8. Å�ù�ìá x(t) ðåñéïäéêü ìå ðåñßïäï 2�. Ïé �íôåëå�Ýò Fourier ôïõ x(t)
äßíïíôáé ùò

�k =

(
1; jkj � N1

0; äéáöïñåôéêÜ

Ïé �k áðïôåëïýí ôïí ôåôñáãùíéêü ðáëìü äéáêñéôïý ÷ñüíïõ ìå ìåôá�çìáôé�ü Fourier

X(
) =
sin


�
N1 +

1
2

�
sin (
=2)

Áñá, ôï x(t) äßíåôáé ùò

x(t) =
sin

�
N1 +

1
2

�
t

sin (t=2)

Åðß�ò, Ý�ù X(
) ðïõ ïñßæåôáé �ç ðåñßïäï �� � 
 � � ùò

X(
) =

(
1; j
j �W
0; W < j
j � �

Áõôüò åßíáé ï ðåñéïäéêüò ôåôñáãùíéêüò ðáëìüò ìå �íôåëå�Ýò

�k =
sinkW

k�

Óõíåðþò, ôï �ìá x[n] äßíåôáé ùò

x[n] =
sinWn

�n
=
W

�
sinc

�
Wn

�

�

ÐáñÜäåéãìá 6.9. (á) Å�ù x[n] ðåñéïäéêü ìå ðåñßïäï N êáé �íôåëå�Ýò �éñÜò Fourier ak.
Íá âñåèïýí ïé �íôåëå�Ýò bk ôïõ y[n] �í�íÜñôç�ôùí ak �éò ðáñáêÜôù ðåñéðôþ�éò:

(á) y[n] = (�1)nx[n]. Äéáêñßíïõìå äýï õðïðåñéðôþ�éò, áíÜëïãá ìå ôï áí ôï N åßíáé Üñôéï Þ
ðåñéôôü:

N

(
Üñôéï : y[n] ðåñéïäéêü ìå ðåñßïäï Í
ðåñéôôü : y[n] ðåñéïäéêü ìå ðåñßïäï 2Í

N Üñôéï:

bk =
1

N

X
n=<N>

(�1)nx[n]e� jk2�
N

n

=
1

N

X
n=<N>

x[n]ej�ne�
jk2�
N

n
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=
1

N

X
n=<N>

x[n]e�j(k�
N
2 )

2�
N
n = a(k�N

2 )

N ðåñéôôü:

bk =
1

2N

2N�1X
n=0

(�1)nx[n]e�jk �
N
n

=
1

2N

"
N�1X
n=0

x[n]e�j(
k�N
2 )

2�
N
n +

2N�1X
n=N

x[n]e�j(
k�N
2 )

2�
N
n

#

=
1

2

"
a( k�N2 ) +

1

N

N�1X
m=0

x[m+N ]e�j(
k�N
2 )

2�
N
(m+N)

#

=
1

2

�
a(k�N2 ) + e�j(k�N)�a( k�N2 )

�

Áöïý ï N åßíáé ðåñéôôüò, ôï (k � N) èá åßíáé ðåñéôôü ãéá k Üñôéï, åíþ èá åßíáé Üñôéï ãéá k
ðåñéôôü. Óõíåðþò

bk =

(
a( k�N2 )

; k ðåñéôôü

0; k Üñôéï

(â)

y[n] =

(
x[n]; n Üñôéï
0; n ðåñéôôü

Ôï y[n] ìðïñåß íá ãñáöåß �áõôÞ ôç ðåñßðôù�ùò

y[n] =
1

2
x[n] +

1

2
(�1)nx[n]

Áñá ïé �íôåëå�Ýò bk äßíïíôáé ùò

bk =

8>><
>>:

1
2ak +

1
2a(k�N

2 )
; N Üñôéï

1
2ak +

1
2a( k�N2 )

; N ðåñéôôü, k ðåñéôôü
1
2ak; N ðåñéôôü, k Üñôéï

(ã)

y[n] =

(
x[n]; n ðåñéôôü
0; n Üñôéï
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y[n] =
1

2
x[n]� 1

2
(�1)nx[n]

bk =

8>><
>>:

1
2ak � 1

2a(k�N
2 )
; N Üñôéï

1
2
ak � 1

2
a(k�N2 ); N ðåñéôôü, k ðåñéôôü

1
2
ak; N ðåñéôôü, k Üñôéï

ÐáñÜäåéãìá 6.10. Å�ù�ìá x1[n] ôïõ ïðïßïõ ï ìåôá�çìáôé�üò Fourier X1(
) åßíáé üðùò
öáßíåôáé �ï Ó÷ 6.8a. Èåùñïýìå �ìá x2[n] ìå ìåôá�çìáôé�ü Fourier X2(
) üðùò öáßíåôáé
�ï Ó÷ 6.8b. Íá åêöñá�åß ôï x2[n] ��Ý�ìå ôï x1[n].

Χ  (Ω)2

Χ (Ω) 1 Re{          }

−π/3 −π/6 π/6 π/3 π−π

1

Ω

Χ (Ω) 1 Im{         }

−π/3 −π/6 π/6 π−π Ωπ/3

1

-1

1

−π π/3 π Ω

(b)

−π/3

(a)

Ó÷Þìá 6.8: Ìåôá�çìáôé�ïß Fourier äýï �ìÜôùí x1[n]; x2[n].

ÁðÜíôç�:

X2(
) = <e [X1(
)] + <e
�
X1

�

� 2�

3

��
+ <e

�
X1

�

 +

2�

3

��

) x2[n] = Ev fx1[n]g
h
1 + ej2�n=3 + e�j2�n=3

i

ÐáñÜäåéãìá 6.11. Å�ù �ìá x[n] ôïõ ïðïßïõ ï ìåôá�çìáôé�üò Fourier X(
) åßíáé üðùò
öáßíåôáé �ï Ó÷ 6.9. Ná âñåèåß ôï x[n].
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1

Ω−3π/8 3π/8

Χ(Ω)

2

−π/8 π/8 π 2π−π

Ó÷Þìá 6.9: Ìåôá�çìáôé�üò Fourier åíüò �ìáôïò x[n].

ÁðÜíôç�: Ï ìåôá�çìáôé�üò Fourier X(
) ìðïñåß íá åêöñá�åß�í Üèñïé�á äýï ðåñéïäé-
êþí ôåôñáãùíéêþí ðáëìþí. Óõíåðþò

x[n] =
sin (3�n=8)

�n
+
sin (�n=8)

�n
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ÊåöÜëáéï 7

Äéáêñéôüò Ìåôá�çìáôé�üò Fourier

ÐñáãìáôéêÜ ðåñéïäéêÜ �ìáôá åìöáíßæïíôáé ðïëý �Üíéá �ðñáêôéêÝò åöáñìïãÝò. Ìç-
ðåñéïäéêÜ �ìáôá, �êÜðïéï ðåðåñá�Ýíï ÷ñïíéêü äéÜ�çìá, åìöáíßæïíôáé ðïëý ðéï �÷íÜ
�ç ðñÜîç. Ïðùò Ý÷ïõìå Þäç äåé, Ýíá ôÝôïéï �ìá x[n] Ý÷åé ìåôá�çìáôé�ü Fourier X(
) ðïõ
åßíáé�íå÷Þò�íÜñôç��çìåôáâëçôÞ 
. Ôï ãåãïíüò áõôü êÜíåé äý�ïëç ôçí åðåîåñãá�á ìå
õðïëïãé�Þ ôÝôïéùí�ìÜôùí�ï ÷þñï ôùí�÷íïôÞôùí. Åßíáé ëïéðüí åðéèõìçôü íá ðÜñïõìå ìéá
\äéáêñéôÞ" Ýêöñá�ôïõ ìåôá�çìáôé�ïý Fourier. Áõôü åðéôõã÷Üíåôáé ìå ôï äéáêñéôü ìåôá�ç-
ìáôé�ü Fourier (discrete Fourier transform { DFT). Ï äéáêñéôüò ìåôá�çìáôé�üò Fourier
åíüò �ìáôïò x[n], N �ìåßùí (0 � n � Í � 1), åßíáé ìéá áêïëïõèßá ~X[k], N �ìåßùí �éò
�÷íüôçôåò, êáé äßíåôáé áðü ôï æåõãÜñé åîé��ùí

~X[k] =
N�1X
n=0

x[n]e�jk(2�=N)n ; k = 0; 1; � � � ; N � 1 åîß���íèå�ò

x[n] =
1

N

N�1X
k=0

~X [k]ejk(2�=N)n åîß��áíÜëõ�ò

(7.1)

Óôéò ðáñáðÜíù åîé��éò ìðïñïýìå íá êáôáëÞîïõìå åýêïëá èåùñþíôáò ìéá ðåñéïäéêÞ åðÝêôá�
~x[n] ôïõ x[n]. ÄçëáäÞ, ôï ~x[n] åßíáé ðåñéïäéêü ìå ðåñßïäï N êáé ìÝ��êÜèå ðåñßïäï é�ýôáé
ìå ôï x[n]. Áíáðôý�ïíôáò ôï ~x[n] ��éñÜ Fourier ðáßñíïõìå ãéá ôïõò �íôåëå�Ýò ak

ak =
1

N

X
n=<N>

~x[n]e�jk(2�=N)n (7.2)

=
1

N

N�1X
n=0

x[n]e�jk(2�=N)n (7.3)

Óôçí ôåëåõôáßá åîß��êáôáëÞãïõìå áöïý ôï ~x[n] åßíáé ß�ìå ôï x[n] ìÝ��ìéá ðåñßïäï.
Ðáñáôçñïýìå üôé ïé �íôåëå�Ýò Fourier ôïõ ~x[n], ðïëëáðëá�á�Ýíïé åðß N1, åßíáé ï DFT ôïõ

1Óçìåéþíåôáé üôé õðÜñ÷ïõí äéÜöïñïé ïñé�ïß ôïõ DFT �ç âéâëéïãñáößá ðïõ äéáöÝñïõí ìåôáîý ôïõò �ï
ðáñÜãïíôá 1

N
êáé áêüìç �ï ðñü�ìï ôïõ åêèÝôç. Ðáñüëá áõôÜ äåí õðÜñ÷ïõí ïõ�á�éêÝò äéáöïñÝò ìåôáîý

áõôþí ôùí ïñé�þí.

95
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x[n]. Åíá ðïëý âá�êü ÷áñáêôçñé�éêü ôïõ DFT åßíáé üôé ìåôá�çìáôßæåé Ýíá �ìá N �ìåßùí
�ï ÷ñüíï �áêñéâþò N ôéìÝò �éò�÷íüôçôåò. Åô�, ôï �ìá ìðïñåß é�äýíáìá íá ðáñá�áèåß
áðü ôéò ôéìÝò ôïõ ãéá 0 � n � Í � 1 åßôå áðü ôéò N ôéìÝò ôïõ DFT. Áõôü åßíáé áðüññïéá
ôïõ èåùñÞìáôïò äåéãìáôïëçøßáò�éò�÷íüôçôåò,�ìöùíá ìå ôï ïðïßï Ýíá�ìá ðåñéïñé�Ýíçò
÷ñïíéêÞò äéÜñêåéáò T0 secs ìðïñåß íá ðáñá�áèåß ìå äåßãìáôá �éò �÷íüôçôåò ðïõ áðÝ÷ïõí
ìåôáîý ôïõò ôï ðïëý 1=T0 Hz. Åö' ü�í ôï �ìá áðïôåëåßôáé áðü N �ìåßá, T0 = NT , üðïõ
T ç áðü�á�ìåôáîý äýï äåéãìÜôùí. Åô�, ôï öÜ�á ìðïñåß íá ðáñá�áèåß ìå äåßãìáôá �
áðü�á�1=NT Hz Þ 2�=NT rads/sec. ×ñç�ìïðïéþíôáò ôç �Ý�
 = !T ðáñáôçñïýìå
üôé ôá äéá�Þìáôá �ï 
 åßíáé 2�=N . Åö' ü�í ôï öÜ�á åßíáé ðåñéïäéêü �ï 
, áñêåß íá
èåùñÞ�õìå ôá äåßãìáôá�ìéá ðåñßïäï, êáé �íåðþò ðáñáôçñïýìå üôé ÷ñåéÜæïíôáé N äåßãìáôá
�éò�÷íüôçôåò ãéá íá ðáñá�Þ�õìå ôï öÜ�á. Ï DFT õëïðïéåß áêñéâþò áõôü, êÜíïíôáò ôçí
ïéêïíïìéêüôåñç äõíáôÞ äåéãìáôïëçøßá ôïõ X(
). Ç äåéãìáôïëçøßá áõôÞ öáßíåôáé �çìáôéêÜ
�ï Ó÷ 7.1.

Ôï Ó÷ 7.1a äåß÷íåé Ýíá�ìá äéáêñéôïý ÷ñüíïõ x[n] êáé ôï öÜ�á ôïõ X(
). Ç ðåñéïäéêÞ åðá-
íÜëçøç ôïõ �ìáôïò ~x[n] ìáæß ìå ôïõò�íôåëå�Ýò ôçò �éñÜò Fourier ak öáßíåôáé �ï Ó÷ 7.1b.
Ïðùò öáßíåôáé �ï�Þìá, ìßá ðåñßïäïò ôùí ak åßíáé ï DFT ôïõ x[n], åíþ ï áíôß�ñïöïò DFT
(IDFT) áíáêáôá�åõÜæåé ìßá ðåñßïäï ôïõ ~x[n], äçëáäÞ ôï x[n].

n 

|Χ(Ω)|

DFT

n Ω

X[n]

0 k 

0
π 2π 3π

X[n]
(b)

(a)

|Χ[κ]|
IDFT

Ó÷Þìá 7.1: Ó÷Ý�ìåôáîý åíüò �ìáôïò (ðåñéïñé�Ýíïõ �ï ÷ñüíï) äéáêñéôïý ÷ñüíïõ, ôïõ
ìåôá�çìáôé�ïý Fourier, ôïõ DFT êáé ôïõ IDFT.

Åíá ðïëý �ìáíôéêü ÷áñáêôçñé�éêü ôïõ DFT åßíáé ç ýðáñîç ãñÞãïñùí áëãüñéèìùí ãéá ôïí
õðïëïãé�ü ôïõ. Ïé áëãüñéèìïé áõôïß åßíáé ãíù�ïß ìå ôçí ïíïìá�á \ÃñÞãïñïé Ìåôá�çìáôé-
�ïß Fourier" (Fast Fourier Transforms { FFT).
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7.1 ÃñÞãïñïò Ìåôá�çìáôé�üò Fourier (FFT)

ÐñÝðåé êáô'áñ÷Þí íá�ìåéùèåß üôé äåí õðÜñ÷åé êÜôé ðïõ íá ëÝãåôáé \ï áëãüñéèìïò FFT". Áíôß-
èåôá, õðÜñ÷åé ìéá ïéêïãÝíåéá áëãüñéèìùí ãéá ãñÞãïñç õëïðïßç�ôïõ DFT. Oé ðåñé�üôåñïé
áðü áõôïýò ôïõò áëãüñéèìïõò áíÞêïõí �ìéá áðü ôéò äýï êáôçãïñßåò:

� ÁðïäåêÜôé��ï ÷ñüíï (Decimation In Time { DIT)

� ÁðïäåêÜôé��ç�÷íüôçôá (Decimation In Frequency { DIF)

Åìåßò èá á�ïëçèïýìå ìüíï ìå DIT áëãüñéèìïõò.

O DFT \öáßíåôáé" íá åßíáé ðïëõðëïêüôçôáò Ï(Í2) ìéáò êáé õëïðïéåß ôçí åîß��

~X[k] =
N�1X
n=0

x[n]W kn
N (7.4)

üðïõ

WN = e�j2�=N (7.5)

Ôï Üíõ�á x[n] ðïëëáðëá�Üæåôáé ìå ôïí ðßíáêá WN(k; n) ôïõ ïðïßïõ ôï (k; n) �ïé÷åßï åßíáé
ï WN �ç kn äýíáìç. Áõôüò ï ðïëëáðëá�á�üò ðßíáêá áðáéôåß N2 ðïëëáðëá�á�ïýò (�í
êÜðïéåò Üëëåò ðñÜîåéò) Üñá Ý÷ïõìå ðïëõðëïêüôçôá O(N2). Èá äïýìå üìùò Ýíá ôñüðï õðïëï-
ãé�ïý ôïõ DFT �O(N log2N)!! [Ç äéáöïñÜ ìåôáîý (N log2N) êáé N

2 åßíáé ôåñÜ�éá. Ãéá
N = 106 äßíåé ìéá äéáöïñÜ 30sec êáé 2 åâäïìÜäùí CPU ÷ñüíï �ìéá ôõðéêÞ ìç÷áíÞ].
Ç åëÜôôù��çí ðïëõðëïêüôçôá ïöåßëåôáé �çí ðáñáôÞñç�üôé ï DFT ìÞêïõò N ìðïñåß íá
õðïëïãé�åß �í ôï Üèñïé�á äýï DFTs, êÜèå Ýíáò ìÞêïõò N=2: Ï Ýíás �çìáôßæåôáé áðü ôá
Üñôéá �ìåßá ôïõ áñ÷éêïý N êáé ï Üëëïò áðü ôá ðåñéôôÜ.

~X [k] =
N�1X
n=0

x[n]W kn
N

=
N=2�1X
n=0

x[2n]W 2nk
N +

N=2�1X
n=0

x[2n+ 1]W (2n+1)k
N

=
N=2�1X
n=0

x[2n](W 2
N)

kn +W k
N

N=2�1X
n=0

x[2n+ 1](W 2
N )

kn (7.6)

üðïõ

W 2
N = e(�j2�=N)2 = e

�j 2�
N=2 = WN=2 (7.7)

Áñá,

~X[k] =
N=2�1X
n=0

x[2n]W kn
N=2+W k

N

N=2�1X
n=0

x[2n+ 1]W kn
N=2

= Xe[k] +W k
NX

o[k] (7.8)
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Åô�Ý÷ïõìå åêöñÜ�é ôïí áñ÷éêü DFT N �ìåßùí�í Üèñïé�á äýï N=2�ìåßùí DFTs, Xe[k]
êáéX0[k]. O Xe[k] åßíáé ï ìåôá�çìáôé�üò ôùí Üñôéùí�ìåßùí êáé ï X0[k] ï ìåôá�çìáôé�üò
ôùí ðåñéôôþí �ìåßùí. Áõôü ìðïñåß íá åðáíáëçöèåß áíáäñïìéêÜ: ÊÜèå N=2 ìåôá�çìáôé�üò
õðïëïãßæåôáé ùò Üèñïé�á äýï N=4 ìåôá�çìáôé�þí ê.ï.ê. Ãéá ðáñÜäåéãìá, Xee[k];Xeo[k]
åßíáé ïé DFTs ôùí �ìåßùí ðïõ åßíáé áíôß�ïé÷á Üñôéá-Üñôéá êáé Üñôéá-ðåñéôôÜ.
Aí Í = 2ë ôüôå

Xeoee���ee[k] = x[n] ãéá êÜðïéï n

To êüëðï åßíáé íá âñïýìå ðïéá ôéìÞ ôïõ n áíôé�ïé÷åß�ðïéï �íäõá�ü e êáé o. Áõôü ãßíåôáé
ìå ìéá ìÝèïäï ðïõ ëÝãåôáé \áíôé�ñïöÞ-bit" (bit reversal).

Áëãüñéèìïò bit-reversal

1. ÁíôÝ�ñåøå ôá e êáé o

2. ÂÜëå üðïõ e = 0 êáé üðïõ o = 1

3. ï äõáäéêüò ðïõ ðñïêýðôåé åßíái o n

Áõôü öáßíåôáé �ï Ó÷ 7.2 ãéá Ýíá ðßíáêá ìÞêïõò 8.

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

000

001

010

011

100

101

110

111

(b)(a)

Ó÷Þìá 7.2: ÁíáäéÜôáîç åíüò ðßíáêá ìÞêïõò 8 ìå áíôé�ñïöÞ-bit (á) ìå ôç ÷ñÞ�åíüò äåýôåñïõ
ðßíáêá, (â) åðß ôüðïõ (in place).

Ïðüôå, ï FFT Ý÷åé äýï êýñéá êïììÜôéá. Óôï ðñþôï ãßíåôáé ç áíôé�ñïöÞ bit êáé �ï äåý-
ôåñï õðÜñ÷åé Ýíá loop ðïõ ãßíåôáé log2N öïñÝò êáé õðïëïãßæïíôáé �ç�éñÜ ìåôá�çìáôé�ïß
2; 4; 8; � � � ; N . Ç äïìÞ ôïõ äåýôåñïõ êïììáôéïý ãéá Ýíá�ìá ìÞêïõòN = 8 öáßíåôáé�ïÓ÷ 7.3.
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 W
8
0

 W
8
1

 W
8
2

 W
8
3

 W0
2

 W0
2

 W0
2

 W0
2

x(0)

x(4)

x(6)

x(1)

x(3)

x(5)

x(7)

X(0)

X(1)

X(2)

X(3)

X(4)

X(5)

X(6)

X(7)

x(2)

Ó÷Þìá 7.3: ÄïìÞ ôïõ DIT FFT ìÞêïõò 8.

Óôá Ó÷ 7.4,7.5 öáßíåôáé �çìáôéêÜ ðùò ï FFT ìÞêïõò 8 õðïëïãßæåôáé ùò äýï DFT ìÞêïõò 4
êáé �ç�íÝ÷åéá ï êáèÝíáò ùò äýï DFT ìÞêïõò 2.

Óôï Ó÷ 7.6 äßíåôáé ìéá õëïðïßç��C ôïõ ðáñáðÜíù áëãüñéèìïõ.

ÐáñÜäåéãìá 7.1. Óôï ðáñÜäåéãìá áõôü èá ìåëåôÞ�õìå ôïí DIT FFT ��ìá x[n] ìÞêïõò 8.

~X = ~Xe +W k
8
~Xo

= ~Xee +W 2k
8
~Xeo +W k

8

�
~Xoe +W 2k

8
~Xoo
�

= ~Xeee +W 4k
8
~Xeeo +W 2k

8

�
~Xeoe +W 4k

8
~Xeoo

�
+

+W k
8

h
~Xoee +W 4k

8
~Xoeo +W 2k

8

�
~Xooe +W 4k

8
~Xooo

�i
)

~X[k] = x[0] +W 4k
8 x[4] +W 2k

8

�
x[2] +W 4k

8 x[6]
�
+

+W k
8

h
x[1] +W 4k

8 x[5] +W 2k
8

�
x[3] +W 4k

8 x[7]
�i

üðïõ

W k
8 = e�

j2�
8 k

W 2k
8 = e�

j2�
8 2k = e

� j2�
8=2 k = e�

j2�
4 k = W k

4

W 4k
8 = e�

j2�
8 4k = e�

j2�
8=4 k = e�

j2�
2 k = W k

2
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N/2-point

DFT

N/2-point

DFT

N
0 W

N
 W7

N
 W6

N
 W5

N
 W4

N
 W3

N
 W2

N
 W1

x(0)

x(2)

x(4)

x(6)

x(1)

x(3)

x(5)

x(7)

G(0)

G(1)

G(2)

G(3)

H(0)

H(1)

H(2)

H(3)

X(0)

X(1)

X(2)

X(3)

X(4)

X(5)

X(6)

X(7)

Ó÷Þìá 7.4: Õðïëïãé�üò ôïõ FFT ìÞêïõò 8 ùò äýï DFT ìÞêïõò 4 ï êáèÝíáò.

7.2 FFT �äýï Äéá�Ü�éò

Óå äýï äéá�Ü�éò, ï DFT ïñßæåôáé ùò

H(n1; n2) =
N2�1X
k2=0

N1�1X
k1=0

e�2�jk2n2=N2e�2�jk1n1=N1h(k1; k2) (7.9)

Ðáñáôçñïýìå üôé ïé äåßêôåò k2 ìðïñïýí íá âãïõí Ýîù áðü ôï Üèñïé�á ùò ðñïò k1 Þ áíôßèåôá,
ïðüôå ï 2-äéÜ�áôïò DFT ìðïñåß íá õðïëïãé�åß ðáßñíïíôáò ìïíïäéÜ�áôïõò FFT ôïí Ýíá ìåôÜ
ôïí Üëëï �êÜèå äåßêôç:

H(n1; n2) = FFT � on � index� 1 (FFT � on � index� 2[h(k1; k2)])
= FFT � on � index� 2 (FFT � on � index� 1[h(k1; k2)])
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0 W
N/2

 W1
N/2

 W2
N/2

 W3
N/2

 W7
N/2

 W6
N/2

 W5
N/2

 W4
N/2

x(0)

x(2)

x(4)

x(6)

DFT

DFT

N/4-point

N/4-point
G(0)

G(1)

G(2)

G(3)

x(1)

x(7)

DFT

DFT

N/4-point

N/4-point

H(0)

H(1)

H(2)

H(3)

(a)

(b)

x(3)

x(5)

Ó÷Þìá 7.5: Õðïëïãé�üò ôïõ FFT ìÞêïõò 4 ùò äýï DFT ìÞêïõò 2 ï êáèÝíáò.
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fft(data, nn, isign)

double data[];

unsigned long nn;

int isign;

{

unsigned long n,mmax,m,j,istep,i;

double wtemp,wr,wpr,wpi,wi,theta;

double tempr,tempi;

n=nn << 1;

j=1;

for (i=1; i<n; i+=2) {

if (j > i) {

SWAP (data[j-1],data[i-1]);

SWAP (data[j],data[i]);

}

m=n >> 1;

while (m >= 2 && j > m) {

j -= m;

m >>= 1;

}

j += m;

}

/* Here begins the Danielson-Lanczos section of the routine. */

mmax = 2;

while (n > mmax) {

istep = mmax << 1;

theta = isign*(6.28318530717959/mmax);

wtemp = sin(0.5*theta);

wpr = -2.0*wtemp*wtemp;

wpi = sin(theta);

wr = 1.0;

wi = 0.0;

for (m=1; m<mmax; m+=2) {

for (i=m; i<=n; i+=istep) {

j=i+mmax;

tempr=wr*data[j-1]-wi*data[j];

tempi=wr*data[j]+wi*data[j-1];

data[j-1]=data[i-1]-tempr;

data[j]=data[i]-tempi;

data[i-1] += tempr;

data[i] += tempi;

}

wr=(wtemp=wr)*wpr-wi*wpi+wr;

wi=wi*wpr+wtemp*wpi+wi;

}

mmax=istep;

}

}

Ó÷Þìá 7.6: Õëïðïßç��C ôïõ DIT FFT.



ÊåöÜëáéï 8

Ìåôá�çìáôé�üò Laplace

Ç áíÜëõ�Fourier åßíáé ðïëý ÷ñÞ�ìç ãéá ìåëÝôç �ìÜôùí êáé LTI ��çìÜôùí. ÕðÜñ÷ïõí
üìùò �ìáôá ðïõ äåí Ý÷ïõí ìåôá�çìáôé�ü Fourier, üðùò ãéá ðáñÜäåéãìá ôá

eatu(t) ; a > 0 ; �1 < t < +1
e�at ; �1 < t < +1
tu(t)

Ç äõ�ïëßá áõôÞ îåðåñíéÝôáé ìå ôçí åðÝêôá�ôïõ ìåôá�çìáôé�ïý Fourier Ýô�þ�å íá åêöñÜ-
æïõìå ôï x(t) �í Üèñïé�á est ; s = � + j! (é�äýíáìï ìå ôï íá ðïëëáðëá�Üæïõìå ôï �ìá
ìå Ýíá åêèåôéêü ðáñÜãïíôá \�ãêëé�ò"), áíôß íá ðïëëáðëá�Üæïõìå ìå ej!t. Ãéá ðáñÜäåéãìá
ôï

e��teatu(t)

éêáíïðïéåß ôéò �íèÞêåò Dirichlet ãéá � > a êáé èá ðñÝðåé íá Ý÷åé Ýíá \ãåíéêåõìÝíï" ìåôá�ç-
ìáôé�ü Fourier (ï ïðïßïò öÝñåé ôï üíïìá \ìåôá�çìáôé�üò Laplace").

8.1 Äßðëåõñïò Ìåôá�çìáôé�üò Laplace

Ï äßðëåõñïò ìåôá�çìáôé�üò Laplace (bilateral Laplace transform) ïñßæåôáé ùò

XB(s) =
Z +1

�1
x(t)e�stdt (8.1)

üðïõ s = � + j!. Áí � = 0; s = j! êáé �íåðþò ï ìåôá�çìáôé�üò Laplace ôáõôßæåôáé ìå
ôï ìåôá�çìáôé�ü Fourier. Ãéá � 6= 0 ï ìåôá�çìáôé�üò Laplace åßíáé ï ìåôá�çìáôé�üò
Fourier ôïõ x(t)e��t. Ï �ìâïëé�üò ðïõ èá ÷ñç�ìïðïéïýìå ãéá ôï äßðëåõñï ìåôá�çìáôé�ü
Laplace åíüò �ìáôïò x(t) åßíáé ï LBfx(t)g. Åðß�ò, ç áíôé�ïé÷ßá åíüò �ìáôïò êáé ôïõ
ìåôá�çìáôé�ïý ôïõ èá åêöñÜæåôáé ìå ôï ãíù�ü�ìâïëé�ü

x(t)$ XB(s)
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ÐáñÜäåéãìá 8.1. Æçôåßôáé íá âñåèåß ï äßðëåõñïò ìåôá�çìáôé�üò Laplace ôïõ x(t) = e�atu(t).

ÁðÜíôç�:

XB(s) =
Z +1

�1
e�ate�stu(t)dt =

Z +1

0
e�(s+a)tdt =

1

s+ a

Å÷ïõìå Þäç äåé üôé ï äßðëåõñïò ìåôá�çìáôé�üò Laplace ôïõ x(t) = e�atu(t) åßíáé ï ìåôá-
�çìáôé�üò Fourier ôïõ e�ate��tu(t). O ôåëåõôáßïò õðÜñ÷åé áí � > �a. Óõíåðþò, ï XB(s)
õðÜñ÷åé ìüíï ãéá <efsg > �a. Ãéá a = 0; x(t) = u(t) êáé XB(s) =

1
s
; <efsg > 0.

Óôç ãåíéêÞ ðåñßðôù�ï äßðëåõñïò ìåôá�çìáôé�üò Laplace �ãêëßíåé ãéá êÜðïéåò ôéìÝò ôïõ
<efsg. Ïé ôéìÝò áõôÝò ïñßæïõí ìéá \ðåñéï÷Þ�ãêëé�ò" (Region Of Convergence) ROC. Óôçí
ðåñßðôù�ðïõ

XB(s) =
N(s)

D(s)
(8.2)

ï XB(s) äåí �ãêëßíåé �éò ñßæåò ôïõ D(s) êáé �íåðþò ïé ðüëïé ôïõ XB(s) áðïêëåßïíôáé áðü
ôï ROC.

ÐáñÜäåéãìá 8.2. Å�ù

x(t) = �e�atu(�t)

Ôüôå

XB(s) = �
Z +1

�1
e�(s+a)tu(�t)dt =

Z 0

�1
e�(s+a)tdt

=
1

s+ a

Ãéá íá õðïëïãß�õìå ôï ROC ðáñáôçñïýìå üôé ðñÝðåé <efs+ ag < 0 Þ <efsg < �a.

Ôá äýï ðñïçãïýìåíá ðáñáäåßãìáôá äåß÷íïõí ßäéá áíáëõôéêÞ Ýêöñá�ôïõ XB(s) (ãéá äýï
äéáöïñåôéêÜ �ìáôá) áëëÜ äéáöïñåôéêÜ ROCs. Áñá ãéá íá êáèïñé�åß ðëÞñùò ï äßðëåõñïò
ìåôá�çìáôé�üò Laplace áðáéôåßôáé ç áíáëõôéêÞ ôïõ Ýêöñá�êáé ôï ROC.

Ôï ROC åßíáé ðÜíôá ìéá ðåñéï÷Þ �ï öáíôá�éêü ÷þñï s. Ï ôñüðïò ðáñÜ�á�ò ôïõ ðïõ áêï-
ëïõèåßôáé åßíáé ìå ôç ãñáììï�ßá�ôçò áíôß�ïé÷çò ðåñéï÷Þò üðùò áðåéêïíßæåôáé �ï Ó÷ 8.1.

ÐáñÜäåéãìá 8.3. Å�ù�ìá x(t) ðïõ äßíåôáé ùò Üèñïé�á 2 åêèåôéêþí �íáñôÞ�ùí

x(t) = 3e�2tu(t) + 4etu(�t)
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0

s plane s plane

(b)(a)

−α Re{s} −α 0 Re{s}

Im{s}Im{s}

Ó÷Þìá 8.1: ÐáñÜ�á�ôïõ ROC ãéá ôï äßðëåõñï ìåôá�çìáôé�ü Laplace.

Ï äßðëåõñïò ìåôá�çìáôé�üò Laplace ôïõ x(t) äßíåôáé ùò

XB(s) =
Z +1

0
3e�(s+2)tdt+

Z 0

�1
4e�(s�1)tdt

Ôï ðñþôï ïëïêëÞñùìá �ãêëßíåé ãéá <efsg > �2 êáé ôï äåýôåñï ãéá <efsg < 1. Ïðüôå

XB(s) =
3

s+ 2
� 4

s� 1 =
�s� 11

(s+ 2)(s � 1) ; �2 < <efsg < 1

Ãéá XB(s) =
N(s)
D(s)

åßíáé âïëéêü íá ÷áñáêôçñßæïõìå ôï ×Â(s) ìå ôéò ôéìÝò ôïõ s �éò ïðïßåò ìç-

äåíßæåôáé (èá ôéò ïíïìÜæïõìå \ìçäÝí"), ôéò ôéìÝò ôïõ s �éò ïðïßåò ìçäåíßæåôáé ï ðáñïíïìá�Þò
(èá ôéò ïíïìÜæïõìå \ðüëïõò"), êáèþò êáé ôï ROC. Áõôü ëÝãåôáé pole-zero plot. Ôï pole-zero
plot ìáæß ìå ôï ROC ÷áñáêôçñßæåé ôåëåßùò ôï ×Â(s) åêôüò áðü Ýíá �íôåëå�Þ êëßìáêáò.

ÐáñÜäåéãìá 8.4. Óôï ðáñÜäåéãìá áõôü ìåëåôïýìå Ýíá áðëü �ìá ãéá íá ðáñïõ�Ü�õìå ôï
pole-zero plot.

x(t) = e�tu(t) + e�2tu(t)$ XB(s) =
1

s+ 1
+

1

s+ 2
; <efsg > �1

) XB(s) =
2s + 3

s2 + 3s+ 2
; <efsg > �1
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Ôï pole-zero plot öáßíåôáé �ï Ó÷ 8.2.

Re

s-plane

Im

X   X
-2 -1

-3/2

Ó÷Þìá 8.2: Pole-zero plot ãéá ôï ðáñÜäåéãìá 8.4. \O" õðïäçëþíïõí ôá ìçäÝí åíþ \×"
õðïäçëþíïõí ôïõò ðüëïõò. Ç ãñáììï�éá�Ýíç ðåñéï÷Þ õðïäçëþíåé ôï ROC.

ÐáñÜäåéãìá 8.5. (Ïðùò êáé �ï ðñïçãïýìåíï ðáñÜäåéãìá).

x(t) = �(t)� 4

3
e�tu(t) +

1

3
e2tu(t)$ XB(s) = 1� 4

3

1

s+ 1
+
1

3

1

s� 2 ; <efsg > 2

) XB(s) =
(s� 1)2

(s+ 1)(s� 2) ; <efsg > 2

Ôï pole-zero plot öáßíåôáé �ï Ó÷ 8.3.

8.2 ROC Ìåôá�çìáôé�ïý Laplace

Ôï ROC äåí ìðïñåß íá åßíáé ìéá ïðïéáäÞðïôå ðåñéï÷Þ�ïí s-÷þñï, áëëÜ õðáêïýåé�ïñé�Ýíåò
éäéüôçôåò ïé ïðïßåò �íïøßæïíôáé �áõôÞ ôç ðáñÜãñáöï:

1. To ROC áðïôåëåßôáé áðü \æþíåò" ðáñÜëëçëåò �ïí j! Üîïíá �ïí s-÷þñï. (Ôï ROC
áðïôåëåßôáé áðü åêåßíåò ôéò ôéìÝò ðïõ ï ìåôá�çìáôé�üò Fourier ôïõ x(t)e��t �ãêëßíåé
êáé Üñá åîáñôÜôáé ìüíï áðü ôï ðñáãìáôéêü ìÝëïò ôïõ s).

2. Ãéá ×Â(s) =
N(s)

D(s)
, ôï ROC äåí ðåñéÝ÷åé ðüëïõò.
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X X

s-plane

-1 +1 +2 Re

Im

Ó÷Þìá 8.3: Pole-zero plot ãéá ôï ðáñÜäåéãìá 8.5.

3. Áí x(t) ðåðåñá�Ýíï�ï ÷ñüíï êáé ôï ROC ðåñéÝ÷åé ôïõëÜ÷é�ï 1 ôéìÞ, ôüôå ôï ROC èá
åßíáé üëïò ï s-÷þñïò.

4. Áí x(t) äåîéüðëåõñï (right-sided) êáé <efsg = �0 2 ROC ) üëá ôá s : <efsg > �0
áíÞêïõí �ï ROC.
Óôï Ó÷ 8.4 öáßíåôáé Ýíá äåîéüðëåõñï �ìá. Óå áíáöïñÜ ìå áõôü ôï �ìá Ý÷ïõìå

T1
t

x(t)

Ó÷Þìá 8.4: Åíá äåîéüðëåõñï �ìá.

Z +1

�1
jx(t)je��0tdt <1 (8.3)

)
Z +1

T1
jx(t)je��0tdt <1 (8.4)
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Ãéá �1 > �0 Z +1

T1
jx(t)je��1tdt =

Z +1

T1
jx(t)je��0te�(�1��0)tdt

� e�(�1��0)T1
Z +1

T1
jx(t)je��0tdt � 1 (8.5)

áöïý ôo e�(�1��0)T1 åßíáé �áèåñü êáé ôï
R+1
T1
jx(t)je��0tdt <1

Áõôü ðïõ ìáò ëÝíå äéáé�çôéêÜ ïé ðáñáðÜíù åîé��éò åßíáé üôé áöïý ôï e��1t öèßíåé ðéï
ãñÞãïñá áðü ôï e��0t êáé ôï ïëïêëÞñùìá ìå ôï e��0t �ãêëßíåé, Üñá êáé ôï ïëïêëÞñùìá
ìå ôï e��1t èá �ãêëßíåé.

5. Áí x(t) áñé�åñüðëåõñï (left-sided) (âëÝðå Ó÷ 8.5) êáé <efsg = �0 2 ROC )
üëá ôá s : <efsg < �0 áíÞêïõí �ï ROC (Ç áðüäåéîç åßíáé ðáñüìïéá ìå ðñéí).

T2 t

x(t)

Ó÷Þìá 8.5: Åíá áñé�åñüðëåõñï�ìá.

6. Aí x(t) äßðëåõñï (two-sided) êáé <efsg = �0 2 ROC ôüôå ôï ROC åßíáé ìéá æþíç �ïí
s-÷þñï ðïõ ðåñéÝ÷åé ôç ãñáììÞ <efsg = �0 (âëÝðå Ó÷ 8.6).

ÐáñÜäåéãìá 8.6. Å�ù ôï �ìá

x(t) =

(
e�at; 0 < t < T
0; äéáöïñåôéêÜ

Åßíáé

XB(s) =
Z T

0
e�ate�stdt =

1

s+ a

h
1� e�(s+a)T

i

Ïðùò Ý÷ïõìå Þäç äåé, üôáí ôï x(t) åßíáé ðåðåñá�Ýíï �ï ÷ñüíï ôüôå ôï ROC åßíáé üëïò ï
s-÷þñïò. Ïìùò, �ï ðáñÜäåéãìá áõôü öáßíåôáé êáèáñÜ üôé õðÜñ÷åé ðüëïò �ï s = �a ãåãïíüò
ðïõ áíôéêñïýåôáé ìå ôçí ðáñáôÞñç�éäéüôçôá áõôÞ. ÅîåôÜæïíôáò üìùò êáëýôåñá ôç ðáñáðÜíù
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T0 t

x(t)

(a)

T0

 Rx  (t)

t(b)

T0

x  (t) L

t
(c)

Re

Im

s-plane

σR σ L

Ó÷Þìá 8.6: Áñé�åñÜ: Åíá äßðëåõñï �ìá ÷ùñé�Ýíï ùò ôï Üèñïé�á åíüò áñé�åñüðëåõñïõ
êáé åíüò äåîéüðëåõñïõ. ÄåîéÜ: ROC's ôùí äýï (õðï)�ìÜôùí êáé ç êïéíÞ ðåñéï÷Þ üðïõ áõôÜ
åðéêáëýðôïíôáé.

�Ý�ãéá ôï XB(s) ðáñáôçñïýìå üôé õðÜñ÷åé êáé ìçäÝí �ï s = �a. Ïðüôå, ÷ñç�ìïðïéþíôáò
ôï êáíüíá ôïõ L'Hopital

lim
s!�aXB(s) = lim

s!�a

"
d
ds
(1 � e�(s+a)T )

d
ds
(s+ a)

#
= lim

s!�a Te
�aTe�sT = T

Áðü ôçí ðáñáðÜíù �Ý�ðñïêýðôåé üôé ôo x(t) äåí Ý÷åé ðüëïõò. Ï ðüëïò �ï s = �a
åîïõäåôåñþíåôáé áðü ôï ìçäÝí �ï ßäéï �ìåßï. Ôï x(t) Ý÷åé ìçäÝí �á�ìåßá üðïõ

1� e�(s+a)T = 0

Þ é�äýíáìá

e�(s+a)T = 1 = e�j2�k; k áêÝñáéïò)

(s+ a)T = j2�k )

s = �a+ j
2�k

T
; k = 0;�1;�2; :::

(âëÝðå Ó÷ 8.7).

ÐáñÜäåéãìá 8.7. Å�ù ôï �ìá x(t) = e�bjtj ðïõ áðåéêïíßæåôáé ãñáöéêÜ �ï Ó÷ 8.8.
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2π
T

-a

Im

Re

s-plane

Ó÷Þìá 8.7: Pole-zero plot ãéá ôï ðáñÜäåéãìá 8.6. Ïðùò öáßíåôáé, ï ðüëïò �ï s = ��
åîïõäåôåñþíåôáé áðü ôï ìçäÝí �ï�ìåßï áõôü.

e�btu(t) L ! 1

s+ b
; <efsg > �b

e+btu(�t) L ! �1
s� b

; <efsg < +b

a : b < 0 ; ROC = ; (äåí õðÜñ÷åé êïéíÞ ðåñéï÷Þ �ãêëé�ò)
b : b > 0 ; ROC = f�b < <efsg < +bg

e�bjtj L ! 1

s+ b
� 1

s� b
=

2b

s2 � b2
; �b < <efsg < +b

Ôï pole-zero plot öáßíåôáé �ï Ó÷ 8.9.

Óõíïøßæïíôáò, êÜèå�ìá x(t) Þ äåí Ý÷åé ìåôá�çìáôé�ü Laplace Þ ôï ROC ôïõ ìåôá�çìáôé-
�ïý ôïõ åßíáé Ýíá áðü ôá ðáñáêÜôù:

� üëïò ï s-÷þñïò.
� Ýíáò áñé�åñüò çìé÷þñïò.
� Ýíáò äåîéüò çìé÷þñïò.
� ìéá æþíç �ïí s-÷þñï.

Óôïí ðáñáêÜôù ðßíáêá 8.1 ðáñáôßèåíôáé ïé äßðëåõñïé ìåôá�çìáôé�ïß Laplace ïñé�Ýíùí âá-
�êþí�ìÜôùí.
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Ó÷Þìá 8.8: ÓÞìá x(t) = e�bjtj ãéá b > 0 êáé b < 0.

8.3 Ìïíüðëåõñïò Ìåôá�çìáôé�üò Laplace

Óôçí ðñÜîç üëá ôá �ìáôá åßíáé áéôéáôÜ (causal), äçëáäÞ \îåêéíïýí" êÜðïéá �ãêåêñéìÝíç
÷ñïíéêÞ �éãìÞ (�íÞèùò t = 0). ÅðéðëÝïí, áí ðåñéïñé�ïýìå �áéôéáôÜ �ìáôá åé�äïõ
êáé ��Þìáôá, ôüôå êáé ïé Ýîïäïé ðïõ ðáßñíïõìå åßíáé áéôéáôïß. Ï äßðëåõñïò ìåôá�çìáôé-
�üò Laplace åíüò áéôéáôïý�ìáôïò ëÝãåôáé ìïíüðëåõñïò ìåôá�çìáôé�üò Laplace (unilateral
Laplace transform):

XU (s) =
Z +1

0�
x(t)e�stdt (8.6)

Ïñé�Ýíåò öïñÝò, áíôß ãéá ôï 0� ùò êÜôù üñéï �ï ïëïêëÞñùìá ÷ñç�ìïðïéåßôáé ôï 0+ Þ ôï 0.
Åíôïýôïéò, üëá áõôÜ åßíáé é�äýíáìá áí ç �íÜñôç�x(t) äåí åßíáé \éäéÜæïõ�"�ï 0.
Åíþ �ï äßðëåõñï ìåôá�çìáôé�ü Laplace ç áíôé�ïé÷ßá ìåôáîý x(t) êáé ×Â(s) äåí åßíáé ìï-
íï�ìáíôç ðáñÜ ìüíï áí ïñß�õìå ôï ROC, áõôü äåí é�ýåé�ï ìïíüðëåõñï. Óôï ìïíüðëåõñï
ìåôá�çìáôé�ü Laplace, ãéá êÜèå XU (s) õðÜñ÷åé ìüíï Ýíá x(t).

ÐáñÜäåéãìá 8.8. ð.÷. (Soliman ex.5.3.1, p.233) Å�ù x1(t) = A ; x2(t) = �(t) ; x3(t) =
ej2t ; x4(t) = cos 2t ; x5(t) = sin 2t. Æçôåßôáé íá õðïëïãé�ïýí ïé ìïíüðëåõñïé ìåôá�çìáôé-
�ïß Laplace áõôþí ôùí �ìÜôùí.

ÁðÜíôç�:

XU1(s) =
Z +1

0�
Ae�stdt =

A

s
; <efsg > 0

XU2(s) =
Z +1

0�
�(t)e�stdt = 1 ; 8s
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Re

s-plane

-b b
X X

Im

Ó÷Þìá 8.9: Pole-zero plot êáé ROC ôïõ ðáñáäåßãìáôïò 8.7.

XU3(s) =
Z +1

0�
ej2te�stdt =

1

s� j2
=

s

s2 + 4
+ j

2

s2 + 4
; <efsg > 0

cos 2t = <e
n
ej2t

o
) XU4(s) = <e

(
1

s� j2

)
=

s

s2 + 4
; <efsg > 0

sin 2t = =m
n
ej2t

o
) XU5(s) = =m

(
1

s� j2

)
=

2

s2 + 4
; <efsg > 0

Óôïí ðáñáêÜôù ðßíáêá 8.2 öáßíïíôáé ïé ìïíüðëåõñïé ìåôá�çìáôé�ïß Laplace ïñé�Ýíùí âá-
�êþí�ìÜôùí.

8.3.1 Äßðëåõñïò Ìåôá�çìáôé�üò Laplace ìå ×ñÞ�ôïõ Ìïíü-

ðëåõñïõ Ìåôá�çìáôé�ïý Laplace

Ï äßðëåõñïò ìåôá�çìáôé�üò ìðïñåß íá õðïëïãé�åß ìå ÷ñÞ�ôïõ ìïíüðëåõñïõ áí åêöñÜ�õìå
ôï x(t) �í Üèñïé�á äýï �ìÜôùí

x(t) = x+(t)u(t) + x�(t)u(�t) (8.7)
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Ðßíáêáò 8.1: Äßðëåõñïé Ìåôá�çìáôé�ïß Laplace Âá�êþí ÓçìÜôùí

Transform
pair Signal Transform ROC
1. �(t) 1 All s

2. u(t)
1

s
<efsg > 0

3. �u(�t) 1

s
<efsg < 0

4.
tn�1

(n � 1)!u(t)
1

sn
<efsg > 0

5. � tn�1

(n� 1)!u(�t)
1

sn
<efsg < 0

6. e��tu(t)
1

s+ �
<efsg > ��

7. �e��tu(�t) 1

s+ �
<efsg < ��

8.
tn�1

(n � 1)!e
��tu(t)

1

(s+ �)n
<efsg > ��

9. � tn�1

(n� 1)!e
��tu(�t) 1

(s+ �)n
<efsg < ��

10. �(t� T ) e�sT All s

11. [cos!0t]u(t)
s

s2 + !2
0

<efsg > 0

12. [sin!0t]u(t)
!0

s2 + !2
0

<efsg > 0

13. [e��t cos!0t]u(t)
s+ �

(s+ �)2 + !2
0

<efsg > ��
14. [e��t sin !0t]u(t)

!0
(s+ �)2 + !2

0

<efsg > ��

Ðáßñíïíôáò äßðëåõñï ìåôá�çìáôé�ü êáé áðü ôá äýï ìÝñç

XB(s) = XU+(s) +
Z 0�

�1
x�(t)e�stdt (8.8)

êáé êÜíïíôáò ôçí áíôéêáôÜ�á�ìåôáâëçôÞò t = ��

XB(s) = XU+(s) +
Z 1

0+
x�(�� )es�d�

= XU+(s) + Lfx�(�t)u(t)gs!�s (8.9)

Óçìåéþíåôáé üôé áí x�(�t)u(t) Ý÷åé ùò ROC ôï <efsg > � , ôüôå ôï x�(t)u(�t) Ý÷åé ùò ROC
ôï <efsg < ��.
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Ðßíáêáò 8.2: Ìïíüðëåõñïé Ìåôá�çìáôé�ïß Laplace Âá�êþí ÓçìÜôùí

Signal Transform ROC

1. u(t)
1

s
<efsg > 0

2. u(t)� u(t� a)
1 � e�as

s
<efsg > 0

3. �(t) 1 All s

4. �(t� a) e�as All s

5. tnu(t)
n!

sn+1
; n = 1; 2; ::: <efsg > 0

6. exp[-at]u(t)
1

s+ a
<efsg > �a

7. tnexp[-at]u(t)
n!

(s+ a)n+1
<efsg > �a

8. cos !t u(t)
s

s2 + !2
<efsg > 0

9. sin !t u(t)
!

s2 + !2
<efsg > 0

10. cos2!t u(t)
s2 + 2!2

s(s2 + 4!2)
<efsg > 0

11. sin2!t u(t)
2!2

s(s2 + 4!2)
<efsg > 0

12. exp[-at] cos !t u(t)
s+ a

(s+ a)2 + !2
<efsg > 0

13. exp[-at] sin !t u(t)
!

(s+ a)2 + !2
<efsg > 0

14. t cos !t u(t)
s2 � !2

(s2 + !2)2
<efsg > 0

15. t sin !t u(t)
2!s

(s2 + !2)2
<efsg > 0
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ÐáñÜäåéãìá 8.9. Å�ù ôï �ìá x(t) = eatu(�t) ; a > 0. Åßíáé

XB(s) = Lfe�atu(t)gs!�s =
�

1

s+ a

�
s!�s

=
�1
s� a

; <efsg < a

Óçìåßù�: Ï ìïíüðëåõñïò ìåôá�çìáôé�üò Laplace ôïõ x(t) åßíáé ìçäÝí.

ÐáñÜäåéãìá 8.10. Å�ù ôï �ìá

x(t) = Áe�atu(t) +Bt2e�btu(�t) ; a; b > 0

Åßíáé

XB(s) =
A

s+ a
+ L

n
B(�t)2ebtu(t)

o
s!�s

=
A

s+ a
+

 
B

2!

(s � b)3

!
s!�s

; (<efsg > �a)\(<efsg < �b)
=

A

s+ a
� 2B

(s+ b)3
; �a < <efsg < �b

ÐáñÜäåéãìá 8.11. Å�ù ôï ðåñéïäéêü åêèåôéêü �ìá x(t) = ej!0t. Åßíáé

XB(s) =
Z +1

�1
e�(s�j!0)tdt

=
Z 0

�1
e�(s�j!0)tdt+

Z +1

0
e�(s�j!0)tdt

Ôï ðñþôï ïëïêëÞñùìá �ãêëßíåé ãéá <efsg < 0 åíþ ôï äåýôåñï �ãêëßíåé ãéá <efsg > 0.
Óõíåðþò, ï ìåôá�çìáôé�üò äåí �ãêëßíåé ãéá êáìéÜ ôéìÞ ôïõ s.

8.4 Éäéüôçôåò Ìåôá�çìáôé�ïý Laplace

Óôçí ðáñáêÜôù áíÜðôõîç ôùí éäéïôÞôùí, üðïõ äåí áíáöÝñåôáé �ãêåêñéìÝíá ôï åßäïò ôïõ ìå-
ôá�çìáôé�ïý, ç éäéüôçôá é�ýåé êáé ãéá ôï äßðëåõñï êáé ãéá ôï ìïíüðëåõñï ìåôá�çìáôé�ü.
Åðß�ò ãéá x(t) ! X(s) èåùñåßôáé ROC = R.

Ãñáììéêüôçôá:

x1(t) ! X1(s) ; ROC = R1

x2(t) ! X2(s) ; ROC = R2

ax1(t) + bx2(t) ! aX1(s) + bX2(s) ; ROCðåñéÝ÷åé R1

\
R2 (8.10)
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ÐáñÜäåéãìá 8.12. Ôï ðáñÜäåéãìá áõôü áöïñÜ äßðëåõñïõò ìåôá�çìáôé�ïýò. Å�ù

×1(s) =
1

s+ 1
; <efsg > �1

×2(s) =
1

(s+ 1)(s+ 2)
; <efsg > �1

êáé Ý�ù

x(t) = x1(t)� x2(t)

Ôüôå, ï ìåôá�çìáôé�üò ôïõ x(t) äßíåôáé ùò

X(s) = X1(s)�X2(s) =
1

s+ 1
� 1

(s+ 1)(s+ 2)
=

s+ 1

(s+ 1)(s + 2)
=

1

s+ 2
;<efsg > �2

(ÂëÝðå Ó÷ 8.10).

RR2R1

X X XX

s-plane s-planes-plane

(a) (b) (c)

ImImIm

Re Re Re-2-2 -1-1

Ó÷Þìá 8.10: Pole-zero plots êáé ROCs ãéá ôï ðáñÜäåéãìá 8.12.

Ïëß�ç��ïí ×ñüíï: Ç ïëß�ç��ï ÷ñüíï Ý÷åé ùò áðïôÝëå�á ìéá äéáöïñÜ öÜ�ò�ï
ìåôá�çìáôé�ü.

x(t� t0) ! e�st0X(s) ; ßäéï ROC ; t0 > 0 (8.11)

ÐáñÜäåéãìá 8.13. Å�ù ï ôåôñáãùíéêüò ðáëìüò

x(t) = rect
�
t� a

2a

�
= u(t)� u(t� 2a)

Ï ìïíüðëåõñïò ìåôá�çìáôé�üò ôïõ ìðïñåß íá âñåèåß ùò

X(s) =
1

s
� e�2as

1

s
=
1 � e�2as

s
; <efsg > 0
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Ïëß�ç��ïí s-×þñï:

es0tx(t) ! X(s� s0) ; ROC Rs = R+ <efs0g (8.12)

ÄçëáäÞ ôï ROC åßíáé ôï ROC ôïõ X(s) ìåôáôïðé�Ýíï êáôÜ <efs0g (âëÝðå Ó÷ 8.11).

R
R1

r    + Re {s  } 0 1
r    + Re {s  }2  0 

s-plane
s-plane

Re Rer r2 1

(a) (b)

Im Im

Ó÷Þìá 8.11: ÁëëáãÞ ôïõ ROC�í áðïôÝëå�á ôçò ïëß�ç�ò�ïí s-÷þñï.

Ðïëëáðëá�á�üò�ï ×ñüíï: O ðïëëáðëá�á�üò�ï ÷ñüíï åðéöÝñåé äéáßñå��ç ìå-
ôáâëçôÞ s.
Äßðëåõñïò: (âëÝðå Ó÷ 8.12).

x(at) ! 1

jajX
�
s

a

�
; ROC Rt =

R

a
(8.13)

Ìïíüðëåõñïò:

x(at) ! 1

a
X
�
s

a

�
; á > 0 ; <efsg > a�1 (8.14)

Ðáñáãþãé��ï ×ñüíï: Ç ðáñáãþãé��ï ÷ñüíï Ý÷åé ùò áðïôÝëå�á ôïí ðïëëáðëá�á-
�ü�ïí s-÷þñï.
Äßðëåõñïò:

dx(t)

dt
 ! sX(s) ; ROC ðåñéÝ÷åé R (8.15)

Ìïíüðëåõñïò:

dx(t)

dt
 ! sX(s) � ÷(0�) (8.16)
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R

(a) (b)

s-plane s-plane

- r1/ar2/a1rr2

Im Im

Re Re

Ó÷Þìá 8.12: ÁëëáãÞ ôïõ ROC�í áðïôÝëå�á ôïõ ðïëëáðëá�á�ïý�ï ÷ñüíï.

dnx(t)

dtn
 ! snX(s)� sn�1x(0�)� � � � � sx(n�2)(0�)� x(n�1)(0�) (8.17)

Ç ðáñáðÜíù éäéüôçôá åßíáé ðïëý �ïõäáßá êáé ÷ñÞ�ìç �çí åðßëõ�äéáöïñéêþí åîé��ùí
ãéáôß ìåôáôñÝðåé ôéò äéáöïñéêÝò åîé��éò�áëãåâñéêÝò åîé��éò.

ÐáñÜäåéãìá 8.14. Æçôåßôáé íá âñåèåß ï ìåôá�çìáôé�üò ôïõ x(t) = sin2 !t �u(t) ; x(0�) = 0.

ÁðÜíôç�: Õðïëïãßæïõìå ôï ìåôá�çìáôé�ü ôçò ðáñáãþãïõ ôïõ x(t) êáé âÜ�é ôçò éäéüôçôáò
õðïëïãßæïõìå ôï ìåôá�çìáôé�ü ôïõ x(t).

x0(t) = 2! � sin !t � cos!t � u(t) = ! � sin 2!t � u(t)

Lf! sin 2!t u(t)g = 2!2

s2 + 4!2

Óõíåðþò

Lfsin2 !t u(t)g = 2!2

s(s2 + 4!2)

ÐáñÜäåéãìá 8.15. Íá ëõèåß ç äéáöïñéêÞ åîß��

y00(t) + 3y0(t) + 2y(t) = 0 ; y(0�) = 3 ; y0(0�) = 1

Lfy0(t)g = sY (s)� y(0�) = sY (s)� 3
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Lfy00(t)g = s2Y (s)� sy(0�)� y0(0�) = s2Y (s)� 3s � 1
Ðáßñíïõìå ìåôá�çìáôé�ü Laplace êáé áðü ôéò äýï ðëåõñÝò ôçò äéáöïñéêÞò åîß��ò:

s2Y (s) + 3sY (s) + 2Y (s) = 3s+ 10

Y (s) =
3s+ 10

(s+ 1)(s + 2)
=

7

s+ 1
� 4

s+ 2

) y(t) = 7e�tu(t)� 4e�2tu(t)

Ðáñáãþãé��ïí s-×þñï: Ç ðáñáãþãé��ïí s-÷þñï Ý÷åé ùò áðïôÝëå�á ôï ðïëëáðëá-
�á�ü�ï ÷ñüíï.

�tx(t) ! dX(s)

ds
; ßäéï ROC (8.18)

êáé ãåíéêüôåñá

(�t)nx(t) ! dnX(s)

dsn
(8.19)

ÐáñÜäåéãìá 8.16. Æçôåßôáé íá âñåèåß ï ìåôá�çìáôé�üò ôïõ x(t) = te�atu(t).

ÁðÜíôç�: ÎÝñïõìå üôé

e�at � u(t) ! 1

s+ a
; <efsg > �a

êáé �íåðþò

te�atu(t) !� d

ds

�
1

s+ a

�
=

1

(s+ a)2
; <efsg > �a

Ãåíéêüôåñá, ìå åðáíáëçðôéêÞ åöáñìïãÞ ðáßñíïõìå

t(n�1)

(n� 1)!e
�atu(t) ! 1

(s+ a)n
; <efsg > �a

ÏëïêëÞñù��ï ×ñüíï: Ç ïëïêëÞñù��ï ÷ñüíï Ý÷åé ùò áðïôÝëå�á ôç äéáßñå��ïí
s-÷þñï.
Äßðëåõñïò: Z t

�1
x(� )d�  ! 1

s
X(s) , ROC ðåñéÝ÷åé R

T<efsg > 0 (8.20)

Ìïíüðëåõñïò: Z t

0�
x(� )d�  ! 1

s
X(s) (8.21)

üðïõ ôï ïëïêëÞñùìá ôïõ x(t) äåí ìåãáëþíåé ãñçãïñüôåñá êÜðïéï åêèåôéêü ôçò ìïñöÞò Áe�at.
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Ðïëëáðëá�á�éêÞ Éäéüôçôá: Ìåëåôïýìå áõôÞ ôçí éäéüôçôá ìüíï ãéá ôï ìïíüðëåõñï êáé
ìüíï ãéá �íáñôÞ�éò äéáìüñöù�ò cos êáé sin.

x(t) cos!t ! 1

2
[X(s + j!) +X(s� j!)] (8.22)

x(t) sin!t ! j

2
[X(s + j!)�X(s� j!)] (8.23)

ÐáñÜäåéãìá 8.17. Ï ìåôá�çìáôé�üò ôïõ cos !t � u(t) ìðïñåß íá åîá÷èåß áðü ôïí ìåôá�çìá-
ôé�ü ôïõ u(t)

Lfcos!t � u(t)g = 1

2

 
1

s+ j!
+

1

s� j!

!
=

s

s2 + !2

Ðáñüìïéá ãéá ôï e�at � sin !t � u(t)

Lfe�at � sin !t � u(t)g = j

2

 
1

s+ j! + a
� 1

s� j! + a

!
=

!

(s+ a)2 + !2

Éäéüôçôá Óõãêåñá�ïý: Ï�ãêåñá�üò�ï÷ñüíï Ý÷åé ùò áðïôÝëå�áôï ðïëëáðëá�á�ü
�ïí s-÷þñï.

x1(t) ? x2(t) ! X1(s)X2(s) , ROC ðåñéÝ÷åé R1
T
R2 (8.24)

ÐáñÜäåéãìá 8.18. Ìðïñïýìå íá áðïäåßîïõìå ôçí éäéüôçôá ïëïêëÞñù�ò áðü ôçí éäéüôçôá �-
ãêåñá�ïý

Z t

�1
x(� )d� = x(t) ? u(t) ! X(s) � 1

s

8.4.1 ÈåùñÞìáôá Áñ÷éêÞò êáé ÔåëéêÞò ÔéìÞò

Ôá èåùñÞìáôá áñ÷éêÞò êáé ôåëéêÞò ôéìÞò (Initial and Final Value Theorems) åßíáé ðïëý�ìá-
íôéêÜ ãéá ôç ìåëÝôç ôçò \áñ÷éêÞò" êáé \ôåëéêÞò" (ìåôÜ áðü Üðåéñï ÷ñüíï) �ìðåñéöïñÜò ôùí
��çìÜôùí.

Èåþñçìá Áñ÷éêÞò ÔéìÞò:

x(0+) = lim
s!1 sX(s) (8.25)

Ãåíéêüôåñá, áí x(n)(0+) = 0 ãéá n < N ôüôå

x(N)(0+) = lim
s!1 sN+1X(s) (8.26)
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ÐáñáôÞñç�: Ôï äåîß ìÝëïò ìðïñåß êáé íá õðÜñ÷åé áêüìç êáé �ðåñéðôþ�éò ðïõ ôï áñé�åñü
äåí õðÜñ÷åé. Ãéá ôï ëüãï áõôü, ðñÝðåé íá åëÝã÷ïõìå ôçí ýðáñîç ôïõ x(0+) ðñéí ôçí åöáñìïãÞ
ôïõ èåùñÞìáôïò.

ÐáñÜäåéãìá 8.19. Ç áñ÷éêÞ ôéìÞ åíüò �ìáôïò ìðïñåß íá âñåèåß áðü ôï ìåôá�çìáôé�ü ôïõ.
Å�ù

X(s) =
cs+ d

(s� a)(s� b)
; a 6= b

ÂÜ�é ôïõ èåùñÞìáôïò ðáßñíïõìå

x(0+) = lim
s!1 s

cs+ d

(s� a)(s� b)
= c

Èåþñçìá ÔåëéêÞò ÔéìÞò:

lim
t!1x(t) = lim

s!0
sX(s) (8.27)

Ç ðáñáðÜíù�Ý�åßíáé ðïëý âá�êÞ ãéáôß ìáò åðéôñÝðåé íá âñß�ïõìå ôç ôåëéêÞ ôéìÞ (ôéìÞ �
�áèåñÞ êáôÜ�á�) ôçò åîüäïõ åíüò ��Þìáôïò.

Ïðùò �ç ðåñßðôù�ôïõ èåùñÞìáôïò Áñ÷éêÞò ÔéìÞò, Ýô�êáé �ï èåþñçìá ÔåëéêÞò ÔéìÞò
é�ýåé ç ðáñáôÞñç�üôé ôï äåîéü üñéï ìðïñåß íá õðÜñ÷åé áêüìç êáé �ç ðåñßðôù�ðïõ ôï
áñé�åñü äåí õðÜñ÷åé. Åô�, ðñÝðåé ðñþôá íá åëÝã÷ïõìå ôçí ýðáñîç ôïõ limt!+1 x(t) ðñéí ôçí
åöáñìïãÞ ôïõ èåùñÞìáôïò. Áõôü ìðïñïýìå íá ôï äïýìå åýêïëá áí èåùñÞ�õìå ôï X(s) = s

s2+!2
.

Åô�Ý÷ïõìå

X(s) =
s

s2 + !2
) lim

s!0
sX(s) =

s2

s2 + !2
= 0 (8.28)

É�ýåé üìùò üôé x(t) = cos!t ôï ïðïßï äåí Ý÷åé üñéï ãéá t ! +1. Ç äéáöïñÜ ïöåßëåôáé �ï
üôé ôï s = 0 ðñÝðåé íá åßíáé �ï ROC ãéá ôçí åöáñìïãÞ ôïõ èåùñÞìáôïò ÔåëéêÞò ÔéìÞò, Üñá
üëïé ïé ðüëïé ôïõ X(s) ðñÝðåé íá åßíáé �ïí áñé�åñü çìé÷þñï.

ÐáñÜäåéãìá 8.20. Å�ù üôé ôï �ìá x(t) = A � u(t) åöáñìüæåôáé ùò åß�äïò �ï��çìá

H(s) =
c

s(s+ b) + c

Ôüôå ç Ýîïäïò ��áèåñÞ êáôÜ�á�áðü ôï ��çìá ìðïñåß íá âñåèåß ùò

lim
t!1 y(t) = lim

s!0
sY (s) = lim

s!0
sX(s)H(s)

= lim
s!0

s
A

s

c

s(s+ b) + c
= A
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(èåùñþíôáò üôé ôá ìçäåíéêÜ ôçò s2 + sb + c åßíáé �ïí áñé�åñü çìé÷þñï). Ôï ��çìá áõôü
ìåôÜ áðü \êÜðïéï" ÷ñïíéêü äéÜ�çìá \áêïëïõèåß" (tracks) ôçí åß�äï.

Óôïõò ðáñáêÜôù äýï ðßíáêåò 8.3,8.4�íïøßæïíôáé ïé éäéüôçôåò ôïõ äßðëåõñïõ êáé ôïõ ìïíüðëåõ-
ñïõ ìåôá�çìáôé�ïý Laplace, áíôß�ïé÷á.

Ðßíáêáò 8.3: Éäéüôçôåò Äßðëåõñïõ Ìåôá�çìáôé�ïý Laplace

Property Signal Transform ROC
x(t) X(s) R

x1(t) X1(s) R1

x2(t) X2(s) R2

1. ax1(t) + bx2(t) aX1(s) + bX2(s) At least R1
T
R2

2. x(t� t0) e�st0X(s) R

3. es0tx(t) X(s� s0) Shifted version of R
[i.e., s is in the ROC if (s� s0) is in R]

4. x(�t)
1

j�jX
�
s

�

�
\Scaled" ROC [i.e., s is in the ROC

if (s=�) is in the ROC of X(s)]

5. x1(t) ? x2(t) X1(s)X2(s) At least R1
T
R2

6.
d

dt
x(t) sX(s) At least R

7. �tx(t) d

ds
X(s) R

8.
Z t

�1
x(� )d�

1

s
X(s) At least R1

T
R2
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Ðßíáêáò 8.4: Éäéüôçôåò Ìïíüðëåõñïõ Ìåôá�çìáôé�ïý Laplace

Signal Tranform
1. x(t) X(s)

2.
NX
n=1

anxn(t)
NX
n=1

anXn(s)

3. x(t� t0) X(s)e�t0s

4. es0tx(t) X(s � s0)

5. x(�t); � > 0
1

�
X
�
s

�

�

6.
dx(t)

dt
sX(s) � x(0�)

7.
Z t

0�
x(� )d�

1

s
X(s)

8. tx(t) �dX(s)
ds

9. x(t) cos!0t
1

2
[X(s� j!0) +X(s + j!0)]

10. x(t) sin!0t
1

2j
[X(s� j!0)�X(s + j!0)]

11. x(t) ? h(t) X(s)H(s)

12. x(0+) lim
s!1 sX(s)

13. lim
t!1x(t) lim

s!0
sX(s)
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8.5 Ãåùìåôñéêüò Õðïëïãé�üò ôïõ Ìåôá�çìáôé�ïý
Fourier

Ãéá ôçí áðëÞ ðåñßðôù�ðïõ X(s) = (s � a) ìðïñïýìå íá õðïëïãß�õìå ôï X(s) �êÜðïéï
�ìåßï s1 �í Üíõ�á (Ó÷ 8.13).

s1

s1 - a)(s1

-a a Re

s-plane
Im

Ó÷Þìá 8.13: ÁíáðáñÜ�á�ôùí áíõ�Üôùí s1, a êáé s1 � a �ï ìéãáäéêü ÷þñï.

To X(s1) Ý÷åé ìÝôñï ß�ìå ôï ìÝôñï ôïõ
�!

(s1 � a) êáé öÜ�ß�ìå ôçí ãùíßá ôïõ áíý�áôïò ìå
ôïí Üîïíá ôùí ðñáãìáôéêþí. Áí X(s) = 1

s�a ôüôå ôï ìÝôñï ôïõ X(s1) èá åßíáé ôï áíôß�ñïöï

ôïõ ìÝôñïõ ôïõ áíý�áôïò
�!

(s1 � a) êáé ç öÜ�èá åßíáé ôï áñíçôéêü ôçò ãùíßáò ôïõ áíý�áôïò
ìå ôïí Üîïíá ôùí ðñáãìáôéêþí. Ðéï ãåíéêüôåñá áí,

X(s) =M

QR
i=1(s� �i)QP
j=1(s� �j)

(8.29)

ôï ìÝôñï ôïõ X(s1) �ï s1 èá åßíáé ôï ìÝôñï ôïõ Ì, åðß ôï ãéíüìåíï ôùí ìçêþí ôùí \zero-
áíõ�Üôùí" (áíý�áôá áðü ôá ìçäåíéêÜ �i �ï s1), äéá ôï ãéíüìåíï ôùí ìçêþí ôùí \pole-
áíõ�Üôùí" (áíý�áôá áðü ôïõò ðüëïõò áj �ï s1). Ç öÜ�åßíáé ôï Üèñïé�á ôùí ãùíéþí ôùí
zero-áíõ�Üôùí ìåßïí ôï Üèñïé�á ôùí ãùíéþí ôùí pole-áíõ�Üôùí. Áí Ì < 0, ôüôå ðñï�ßèå-
ôáé �ç öÜ�ç ãùíßá �. Áí õðÜñ÷åé ðïëëáðëÞ ñßæá Þ ðüëïò, ôüôå ôá áíôß�ïé÷á ìÞêç/ãùíßåò
õðïëïãßæïíôáé ôü�ò öïñÝò ü�ç ôÜîç ôçò ñßæáò Þ ôïõ ðüëïõ. Áí ïé ðáñáðÜíù õðïëïãé�ïß
ãßíïõí �ïí j! Üîïíá ôüôå ðáßñíïõìå ôïí ìåôá�çìáôé�ü Fourier.

ÐáñÜäåéãìá 8.21.

X(s) =
1

s+ 1
2

; <efsg > �1
2

O ìåôá�çìáôé�üò Fourier äßíåôáé ùò

X(j!) =
1

j! + 1
2
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ôï pole-zero plot öáßíåôáé �ï Ó÷ 8.14.

jX(j!1)j2 =
1

!2
1 + (

1
2
)2

6 X(j!) = � tan�1 2!1

ω  +1/2) 1(j

-1/2

ω = ω1

Im

Re

s-plane

Ó÷Þìá 8.14: Pole-zero plot ôïõ ðáñáäåßãìáôïò 8.21.

8.6 Áíôß�ñïöïò Ìåôá�çìáôé�üò Laplace

Ãéá s = � + j! ; <efsg 2 ROC, ï ìåôá�çìáôé�üò Laplace ôïõ x(t) åñìçíåýåôáé ùò ï
ìåôá�çìáôé�üò Fourier ôïõ x(t)e��t.

X(� + j!) =
Z +1

�1
x(t)e��te�j!tdt (8.30)

ðáßñíïíôáò áíôß�ñïöï ìåôá�çìáôé�ü Fourier

x(t)e��t =
1

2�

Z +1

�1
X(� + j!)ej!td! (8.31)

êáé ðïëëáðëá�Üæïíôáò�ç�íÝ÷åéá ìå e�t êáôáëÞãïõìå �ç�Ý�

x(t) =
1

2�

Z +1

�1
X(� + j!)e(�+j!)td! (s = � + j!) (8.32)

Ç ôåëåõôáßá�Ý�ìáò äßíåé ôï �ìá x(t) áðü ôïí ìåôá�çìáôé�ü ôïõ X(s) êáé áíáöÝñåôáé ùò
ï áíôß�ñïöïò ìåôá�çìáôé�üò Laplace.
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x(t) =
1

2�j

Z �+j1

��j1
X(s)estds (Áíôß�ñïöïò ìåôá�çìáôé�üò Laplace) (8.33)

Ðáñáôçñïýìå üôé �ç ðñïçãïýìåíç �Ý�Ý÷ïõìå ïëïêëÞñù�êáôÜ ìÞêïò ôçò åõèåßáò � + j!.
Áõôü åßíáé ðïëý äý�ïëï íá ãßíåé áíáëõôéêÜ. Óôéò ðåñé�üôåñåò ðåñéðôþ�éò

×(s) =
N(s)

D(s)
(8.34)

üðïõ N(s) êáé D(s) åßíáé ðïëõþíõìá ùò ðñïò s êáé D(s) åßíáé ìåãáëýôåñïõ âáèìïý áðü ôï
N(s). ×ñç�ìïðïéþíôáò áíÜëõ��áðëÜ êëÜ�áôá (partial fraction expansion) ìðïñïýìå íá
õðïëïãß�õìå ôïí áíôß�ñïöï ìåôá�çìáôé�ü Laplace.

ÐáñÜäåéãìá 8.22. Æçôåßôáé íá õðïëïãé�åß ï áíôß�ñïöïò ìåôá�çìáôé�üò Laplace ôïõ

X(s) =
1

(s+ 1)(s + 2)
; <efsg > �1

Åöáñìüæïõìå áíÜëõ��áðëÜ êëÜ�áôá

X(s) =
A

s+ 1
+

B

s+ 2
; A = 1 ; B = �1

êáé êáôáëÞãïõìå åýêïëá �ç�Ý�

X(s) =
1

s + 1
� 1

s+ 2

Ìå�ôùí ðéíÜêùí ìðïñïýìå åýêïëá íá áíôé�ñÝøïõìå ôç ðáñáðÜíù ðáßñíïíôáò

e�tu(t)  ! 1

s+ 1
; <efsg > �1

e�2tu(t)  ! 1

s+ 2
; <efsg > �2

êáé �íåðþò h
e�t � e�2t

i
u(t) ! 1

(s+ 1)(s+ 2)
; <efsg > �1

ÐáñÜäåéãìá 8.23.

X(s) =
2s2 � 3s

s3 � 4s2 + 5s� 2 ; D(s) = (s� 2)(s � 1)2

X(s) =
Â

s� 2 +
A2

(s� 1)2 +
A1

s� 1
ÌåôÜ ôçí áíÜëõ��áðëÜ êëÜ�áôá âñß�ïõìå Â = 2 ; Á2 = 1 ; Á1 = 0, Üñá

X(s) =
2

s� 2 +
1

(s� 1)2
êáé �íåðþò

x(t) = 2e2tu(t) + tetu(t)



ÊåöÜëáéï 9

Ìåôá�çìáôé�üò Z

Ï ìåôá�çìáôé�üò Æ åßíáé ôï áíôß�ïé÷ï ôïõ ìåôá�çìáôéìïý Laplace �ï äéáêñéôü ÷ñüíï.
Åô�, üðùò ï ìåôá�çìáôé�üò Laplace áðïôåëåß ìéá åðÝêôá�ôïõ ìåôá�çìáôé�ïý Fourier
�íå÷ïýò ÷ñüíïõ, Ýô�êáé ï ìåôá�çìáôé�üò Æ áðïôåëåß ìéá åðÝêôá�ôïõ ìåôá�çìáôé�ïý
Fourier äéáêñéôïý ÷ñüíïõ. Êáô' áðüëõôç áíôé�ïé÷ßá åßíáé ÷ñÞ�ìïò ãéá ðåñéðôþ�éò �ìÜôùí
äéáêñéôïý ÷ñüíïõ ðïõ äåí Ý÷ïõí ìåôá�çìáôé�ü Fourier.

9.1 Äßðëåõñïò Ìåôá�çìáôé�üò Z

Ï äßðëåõñïò ìåôá�çìáôé�üò Z ïñßæåôáé ùò

XB(z) =
+1X

n=�1
x[n]z�n ; z 2 C (9.1)

Ï�ìâïëé�üò ðïõ õéïèåôïýìå ãéá Ýíá�ìáêáé ôï ìåôá�çìáôé�ü ôïõ åßíáé ï x[n] ! XB(z).
Áí åêöñÜ�õìå ôï z = rej
, ôüôå

XB(re
j
) =

+1X
n=�1

x[n](rej
)�n

=
+1X

n=�1
fx[n]r�nge�j
n (9.2)

ôï ïðïßï ìïñåß íá ãñáöåß ùò

XB(re
j
) = Ffx[n]r�ng (9.3)

Ç ôåëåõôáßá �Ý�õðïäçëþíåé üôé ï ìåôá�çìáôé�üò Z åßíáé ï ìåôá�çìáôé�üò Fourier ôïõ
x[n] ðïëëáðëá�á�Ýíïõ åðß r�n, ôï ïðïßï ìðïñåß íá öèßíåé Þ íá áõîÜíåé áíÜëïãá ìå ôï áí
r > 1 Þ r < 1. Óôçí åéäéêÞ ðåñßðôù�ðïõ r = 1 (Þ é�äýíáìá jzj = 1), ï ìåôá�çìáôé�üò Æ
ìåôáðßðôåé �ï ìåôá�çìáôé�ü Fourier (âëÝðå Ó÷ 9.1):

XB(z)jz=ej
 = Ffx[n]g (9.4)

127
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1

z-plane

Ω

z=e
jΩIm

unit circle

Re

Ó÷Þìá 9.1: Ìéãáäéêüò z-÷þñïò. Ï ìåôá�çìáôé�üò Z ìåôáðßðôåé �ï ìåôá�çìáôé�ü Fourier
ãéá ôéìÝò ôïõ z �ï ìïíáäéáßï êýêëï.

ÂëÝðïõìå äçëáäÞ üôé õðÜñ÷åé ìéá ðñïöáíÞò áíôé�ïé÷ßá ìåôáîþ ôùí ìåôá�çìáôé�þí Z êáé
Laplace. Ç áíôé�ïé÷ßá áõôÞ �íïøßæåôáé ùò:

Ìåôá�çìáôé�üò Laplace = ìåôá�çìáôé�üò Fourier �ï öáíôá�éêü Üîïíá
Ìåôá�çìáôé�üò Æ = ìåôá�çìáôé�üò Fourier �ï ìïíáäéáßï êýêëï

Åö'ü�í XB(z) = Ffx[n]r�ng, ç �ãêëé�ôïõ ìåôá�çìáôé�ïý Æ åßíáé é�äýíáìç ìå ôç �-
ãêëé�ôïõ ìåôá�çìáôé�ïý Fourier ôçò áêïëïõèßáò x[n]r�n. Oðùò êáé �çí ðåñßðôù�ôïõ
ìåôá�çìáôé�ïý Laplace, ãéá êÜèå x[n] èá õðÜñ÷åé ìéá \ðåñéï÷Þ �ãêëé�ò" (Region Of
Convergence { ROC) üðïõ ï ìåôá�çìáôé�üò Æ èá�ãêëßíåé (ðéèáíüí ôï ROC íá åßíáé êåíü,
ïðüôå ï ìåôá�çìáôé�üò Æ äå �ãêëßíåé ãéá êáìéÜ ôéìÞ z). Aí ôï ROC ðåñéëáìâÜíåé ôï ìï-
íáäéáßï êýêëï, ôüôå êáé ï ìåôá�çìáôé�üò Fourier èá �ãêëßíåé.

ÐáñÜäåéãìá 9.1. Å�ù ôï �ìá x[n] = anu[n]. Ôüôå, ï äßðëåõñïò ìåôá�çìáôé�üò ôïõ Z
äßíåôáé ùò

XB(z) =
+1X

n=�1
anu[n]z�n =

+1X
n=0

(az�1)n

Ãéá íá�ãêëßíåé ï XB(z) ðñÝðåé
P+1

n=0 jaz�1jn <1. Åô�ôï ROC åßíáé ïé ôéìÝò ãéá ôéò ïðïßåò
jaz�1j < 1) jzj > jaj. Óõíåðþò,

XB(z) =
+1X
n=0

(az�1)n =
1

1 � az�1
=

z

z � a
; jzj > jaj

Ðáñáôçñïýìå üôé ï ìåôá�çìáôé�üò Æ�ãêëßíåé ãéá êÜèå ðåðåñá�Ýíç ôéìÞ ôïõ a, åíþ ï ìåôá-
�çìáôé�üò Fourier �ãêëßíåé ìüíï ãéá jaj < 1. Ãéá a = 1 ; x[n] = u[n] ìå ìåôá�çìáôé�ü
Æ

u[n] ! XB(z) =
1

1� z�1
; jzj > 1
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Ðáñáôçñïýìå üôé �áõôÞ ôçí ðåñßðôù�ï ìåôá�çìáôé�üò Æ åßíáé ôçò ìïñöÞò

XB(z) =
N(z)

D(z)

Üñá ìðïñåß, üðùò êáé �çí ðåñßðôù�ôïõ ìåôá�çìáôé�ïý Laplace, íá ÷áñáêôçñé�åß áðü ôá
ìçäÝí êáé ôïõò ðüëïõò, äçëáäÞ áðü ôï pole-zero plot (âëÝðå Ó÷ 9.2).

a 1 Re

z-plane

unit-circle

Im

Ó÷Þìá 9.2: Pole-zero plot êáé ROC ãéá ôï ðáñÜäåéãìá 9.1.

ÐáñÜäåéãìá 9.2. Å�ù ôï �ìá x[n] = �anu[�n� 1]. Ï ìåôá�çìáôé�üò ôïõ äßíåôáé ùò

XB(z) = �
+1X

n=�1
anu[�n� 1]z�n = �

�1X
n=�1

anz�n

= �
+1X
n=1

a�nzn = 1 �
+1X
n=0

(a�1z)n

Ôï ðáñáðÜíù Üèñïé�á�ãêëßíåé ãéá

ja�1zj < 1) jzj < jaj
êáé �íåðþò

XB(z) = 1� 1

1 � a�1z
=

1

1� az�1
=

z

z � a
; jzj < jaj

Ðáñáôçñïýìå üôé êáôáëÞîáìå�çí ßäéá áëãåâñéêÞ Ýêöñá�üðùò�ïðñïçãïýìåíï ðáñÜäåéãìá,
áëëÜ ìå äéáöïñåôéêü ROC, ôï ïðïßï áðåéêïíßæåôáé �ï Ó÷ 9.3.

ÐáñÜäåéãìá 9.3. Å�ù ôï �ìá

x[n] =
�
1

2

�n
u[n] +

�
1

3

�n
u[n]
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Unit circle

z-plane

Im

Re1a

Ó÷Þìá 9.3: Pole-zero plot êáé ROC ãéá ôï ðáñÜäåéãìá 9.2.

Ôüôå

XB(z) =
+1X

n=�1

��
1

2

�n
u[n] +

�
1

3

�n
u[n]

�
z�n

=
+1X

n=�1

�
1

2

�n
u[n]z�n +

+1X
n=�1

�
1

3

�n
u[n]z�n

=
+1X
n=0

�
1

2
z�1

�n
+

+1X
n=0

�
1

3
z�1

�n

=
1

1� 1
2z

�1 +
1

1� 1
3z

�1 =
2� 5

6
z�1

(1 � 1
2z

�1)(1 � 1
3z

�1)
=

z(2z � 5
6
)

(z � 1
2)(z � 1

3)

Åö' ü�í êáé ïé äýï üñïé ôïõ ðáñáðÜíù áèñïß�áôïò ðñÝðåé íá�ãêëßíïõí, jzj > 1
2 êáé jzj > 1

3,
êáé�íåðþò ôï ROC åßíáé jzj > 1

2
. Ôï ðáñáðÜíù áðïôÝëå�áèá ìðïñïý�ìå íá ôï åß÷áìå ðÜñåé

÷ñç�ìïðïéþíôáò ôá áðïôåëÝ�áôá ôùí ðñïçãïýìåíùí ðáñáäåéãìÜôùí êáé ôç ãñáììéêüôçôá ôïõ
ìåôá�çìáôé�ïý Æ (âëÝðå ðáñáêÜôù éäéüôçôåò). Óôï Ó÷ 9.4 áðåéêïíßæïíôáé ôá pole-zero plots
êáé ôá ROCs ôùí îå÷ùñé�þí üñùí êáèþò êáé ôïõ áèñïß�áôïò.

9.2 ROC Ìåôá�çìáôé�ïý Æ

Ïé éäéüôçôåò ôïõ ROC ãéá ôçí ðåñßðôù�ôïõ ìåôá�çìáôé�ïý Æ åßíáé áíôß�ïé÷åò ìå áõôÝò ôïõ
ìåôá�çìáôé�ïý Laplace. ÁõôÝò �íïøßæïíôáé �áõôÞ ôç ðáñÜãñáöï:

1. Ôï ROC áðïôåëåßôáé áðü Ýíá äáêôýëéï (ring) �ï z-÷þñï ìå êÝíôñï ôçí áñ÷Þ (z = 0),
üðùò öáßíåôáé �ï Ó÷ 9.5. Áõôü åßíáé ðïëý åýêïëï íá ôï äïýìå ãéáôß ôï ROC áðïôåëåßôáé
áðü åêåßíåò ôéò ôéìÝò ðïõ ï ìåôá�çìáôé�üò Fourier ôïõ x[n]r�n; z = rej
, �ãêëßíåé,
Üñá åîáñôÜôáé ìüíï áðü ôï ìÝôñï ôïõ z.

2. Ôï ROC äåí ðåñéÝ÷åé ðüëïõò ôïõ XB(z).
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11/3

z-plane

Re

(b)

x1
1/2

Im

z-plane

Re
x

Im

z-plane

Re
x

(a)

(c)

1/3 1/2
x

1

Im

Ó÷Þìá 9.4: Pole-zero plots êáé ROCs ãéá ôï ðáñÜäåéãìá 9.3.

3. Aí ôï x[n] åßíáé ðåðåñá�Ýíï�ï ÷ñüíï, ôüôå ôï ROC åßíáé üëïò ï z-÷þñïò ìå ðéèáíÝò
åîáéñÝ�éò z = 0 êáé=Þ z =1.

4. Aí ôï x[n] åßíáé äåîéüðëåõñï êáé áí ï êýêëïò jzj = r0 áíÞêåé �ï ROC, ôüôå êÜèå
ðåðåñá�Ýíç ôéìÞ ôïõ z ìå jzj > r0 èá áíÞêåé �ï ROC. Ç äéáé�çôéêÞ åîÞãç�áõôïý
Ý÷åé ùò åîÞò: ãéá r1 > r0 ôï x[n]r�n1 öèßíåé ãñçãïñüôåñá áðü ôï x[n]r�n0 . Áñá ôï
Üèñïé�á èá �ãêëßíåé (âëÝðå Ó÷ 9.6).

5. Aí ôï x[n] åßíáé áñé�åñüðëåõñï êáé áí ï êýêëïò jzj = r0 áíÞêåé �ï ROC, ôüôå üëåò ïé
ôéìÝò ôïõ z ìå 0 < jzj < r0 èá áíÞêïõí �ï ROC. (åîÞãç�ðáñüìïéá ìå ôçí åîÞãç�ôçò
éäéüôçôáò 4).

6. Aí ôï x[n] åßíáé äßðëåõñï êáé áí ï êýêëïò jzj = r0 áíÞêåé �ï ROC, ôüôå ôï ROC èá
åßíáé Ýíáò äáêôýëéïò ðïõ ðåñéÝ÷åé ôïí êýêëï jzj = r0. (áðïäåéêíýåôáé åêöñÜæïíôáò ôï
x[n] �í ôï Üèñïé�á åíüò äåîéüðëåõñïõ êáé åíüò áñé�åñüðëåõñïõ�ìáôïò, Ó÷ 9.7).

ÐáñÜäåéãìá 9.4. Å�ù ôï �ìá

x[n] =

8>><
>>:
3n; n < 0�
1
3

�n
; n = 0; 2; 4; :::�

1
2

�n
; n = 1; 3; 5; :::

Ï äßðëåõñïò ìåôá�çìáôé�üò Z ôïõ x[n] äßíåôáé ùò

XB(z) =
�1X

n=�1
3nz�n +

+1X
n=0

n Üñôéïò

�
1

3

�n
z�n +

+1X
n=0

n ðåñéôôüò

�
1

2

�n
z�n
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Re

z-plane

 Im

Ó÷Þìá 9.5: Ôï ROC åßíáé ðÜíôá Ýíáò äáêôýëéïò �ï z-÷þñï. Óå ïñé�Ýíåò ðåñéðôþ�éò ôï
å�ôåñéêü ôïõ äáêôõëßïõ ìðïñåß íá ðñïåêôáèåß ìÝ÷ñé ôçí áñ÷Þ ïðüôå ôï ROC ãßíåôáé äß�ïò.
Óå Üëëåò ðÜëé ðåñéðôþ�éò, ôï åîùôåñéêü ôïõ äáêôõëßïõ ìðïñåß íá ðñïåêôáèåß ìÝ÷ñé ôï Üðåéñï.

ÊÜíïõìå ôéò åîÞò áíôéêáôá�Ü�éò ìåôáâëçôþí:
�ïí 1ï üñï ôïõ áèñïß�áôïò: n := �m
�ïí 2ï üñï ôïõ áèñïß�áôïò: n := 2m
�ïí 3ï üñï ôïõ áèñïß�áôïò: n := 2m+ 1
ïðüôå Ý÷ïõìå

XB(z) =
+1X
m=1

�
1

3
z
�m

+
+1X
m=0

�
1

9
z�2

�m
+
z�1

2

+1X
m=0

�
1

4
z�2

�m

=
1
3
z

1� 1
3z
+

1

1 � 1
9z

�2 +
1
2
z�1

1 � 1
4z

�2

= � z

z � 3 +
z2

z2 � 1
9

+
z=2

z2 � 1
4

Ðüëïõò Ý÷ïõìå �á z = 3; 1
3
;�1

3
; 1
2
;�1

2
. Áñá, ôï ROC ïñßæåôáé áðü ôç �Ý�1

2
< jzj < 3,

üðùò áðåéêïíßæåôáé �ï Ó÷ 9.8.

ÐáñÜäåéãìá 9.5. Å�ù ôï �ìá

x[n] =

(
an; 0 � n � N � 1 ; a > 0
0; äéáöïñåôéêÜ

XB(z) =
N�1X
n=0

anz�n =
N�1X
n=0

�
az�1

�n
=
1� (az�1)N
1� az�1

=
1

zN�1
zN � aN

z � a

Åö'ü�í ôï x[n] åßíáé ðåðåñá�Ýíï �ï ÷ñüíï, ôï ROC èá åßíáé üëïò ï z-÷þñïò ìå ðéèáíÝò
åîáéñÝ�éò ôçí áñ÷Þ êáé/Þ ôï Üðåéñï. ÅðéðëÝïí, áöïý õðÜñ÷åé Ýíáò ðüëïò ôÜîçò Í � 1 �ï
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nN1

x[n]

r -n
0

n

r1
-n

1   r >r 0

n

. . .

. . .

. . .

Ó÷Þìá 9.6: Ãéá r1 > r0 ôï x[n]r
�n
1 öèßíåé ãñçãïñüôåñá áðü ôï x[n]r�n0 . Áñá, áí ôï x[n]r�n0

�ãêëßíåé êáé ôï x[n]r�n1 èá �ãêëßíåé.

z = 0 ç áñ÷Þ áðïêëåßåôáé áðü ôï ROC. Oé ñßæåò ôïõ áñéèìçôÞ åßíáé ôá

zk = aej(2�k=N) ; k = 0; 1; 2; :::; N � 1

Ç ñßæá ãéá k = 0 åîïõäåôåñþíåé ôïí ðüëï �ï z = a. Oðüôå, ïé ìüíïé ðüëïé åßíáé �çí áñ÷Þ.
Tá ìçäÝí âñß�ïíôáé�á

zk = aej(2�k=N) ; k = 1; 2; :::; N � 1

Tï pole-zero plot öáßíåôáé �ï Ó÷ 9.9.

ÐáñÜäåéãìá 9.6. Å�ù ôï �ìá x[n] = bjnj ; b > 0. Ôï x[n] áðåéêïíßæåôáé �ï Ó÷ 9.10 ãéá
b < 1 êáé b > 1.

x[n] = bnu[n] + b�nu[�n� 1]

bnu[n]  ! 1

1 � bz�1
; jzj > b

b�nu[�n� 1]  ! �1
1 � b�1z�1

; jzj < 1

b
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(b)

Re

z-plane

Im

Re

(a)

z-plane

Im

z-plane

Im

Re

(c)

Ó÷Þìá 9.7: (á) ROC ãéá ìéá äåîéüðëåõñç áêïëïõèßá, (â) ROC ãéá ìéá áñé�åñüðëåõñç áêï-
ëïõèßá, (ã) ROC ãéá ìéá äßðëåõñç áêïëïõèßá Üèñïé�á ìéáò äåîéüðëåõñçò êáé ìéáò áñé�åñü-
ðëåõñçò áêïëïõèßáò).

Ôá ROCs êáé pole-zero plots áðåéêïíßæïíôáé �ï Ó÷ 9.11. Ðáñáôçñïýìå üôé ãéá b > 1 äåí
õðÜñ÷åé êïéíü ROC êáé �íåðþò ï ìåôá�çìáôé�üò Æ äåí �ãêëßíåé.

XB(z) =
1

1� bz�1
� 1

1 � b�1z�1
; b < jzj < 1

b
êáé b < 1

9.3 Ìïíüðëåõñïò Ìåôá�çìáôé�üò Æ

Ïðùò êáé�çí ðåñßðôù�ôïõ ìåôá�çìáôé�ïý Laplace, ãéá áéôéáôÜ�ìáôá ï ìåôá�çìáôé�üò
Æ ãßíåôáé

XU (z) =
+1X
n=0

x[n]z�n (9.5)

Áõôüò ï ïñé�üò ïíïìÜæåôáé Ìïíüðëåõñïò Ìåôá�çìáôé�üò Æ (unilateral Z-transform).

ÐáñÜäåéãìá 9.7. Å�ù ôá�ìáôá x[n] = �[n], x[n] = cos 
0n, x[n] = sin 
0n. Ïé ìïíüðëåõñïé
ìåôá�çìáôé�ïß Z áõôþí äßíïíôáé ùò:

x[n] = �[n] ! 1 � z0 = 1
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ROC

Causal poles

Anticausal poles

 1/2

3

Im z

Re z

Ó÷Þìá 9.8: Ðüëïé êáé ROC ãéá ôï ðáñÜäåéãìá 9.4.

Im z

Re 

(N-1)st order pole

a

z-plane

Unit circle

Ó÷Þìá 9.9: Pole-zero plot ãéá ôï ðáñÜäåéãìá 9.5.

x[n] = cos 
0n =
1

2

h
ej
0n + e�j
0n

i

=) XU (z) =
1

z

z

z � ej
0
+
1

z

z

z � e�j
0
=

z(z � cos 
0)

z2 � 2z cos 
0 + 1
; jzj > 1

ðáñüìïéá ãéá ôï x[n] = sin 
0n

XU (z) =
z sin 
0

z2 � 2z cos
0 + 1
; jzj > 1

9.4 Éäéüôçôåò Ìåôá�çìáôé�ïý Z

Óôçí ðáñáêÜôù áíÜðôõîç ôùí éäéïôÞôùí, üðïõ äåí áíáöÝñåôáé �ãêåêñéìÝíá ôï åßäïò ôïõ ìå-
ôá�çìáôé�ïý, ç éäéüôçôá é�ýåé êáé ãéá ôï äßðëåõñï êáé ãéá ôï ìïíüðëåõñï ìåôá�çìáôé�ü.
Åðß�ò ãéá x(t) ! X(z) èåùñåßôáé ROC = R.
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1

......

0<b<1

x[n]=b   |n|

1
......

1<b

x[n]=b   |n|

(a)

(b)
n

n

Ó÷Þìá 9.10: Áêïëïõèßá x[n] ôïõ ðáñáäåßãìáôïò 9.6. (á) jbj < 1, (â) jbj > 1.

Ãñáììéêüôçôá:

x1(t)  ! X1(z) ; ROC = R1

x2(t)  ! X2(z) ; ROC = R2

ax1(t) + bx2(t) ! aX1(z) + bX2(z) ROC ðåñéÝ÷åé R1

\
R2 (9.6)

ÐáñÜäåéãìá 9.8.

x1[n] = anu[n]
x2[n] = anu[n� 1]

)
êáé ïé äýï Ý÷ïõí ROC jzj > jaj

Ç äéáöïñÜ ôùí x1[n], x2[n] Ý÷åé ìåôá�çìáôé�ü Z

anu[n]� anu[n� 1] = �[n] ! 1 ; ROC üëïò ï z-÷þñïò

Ïëß�ç��ï ×ñüíï: Äéáêñßíïõìå äýï ðåñéðôþ�éò:
Äßðëåõñïò:

x[n� n0] ! z�n0XB(z) ;
ROC=R ìå ôçí ðéèáíÞ ðñï�Þêç
Þ åîáßñå�ôçò áñ÷Þò Þ ôïõ Üðåéñïõ

(9.7)

Ìïíüðëåõñïò: (n0 > 0)

x[n� n0] ! z�n0
"
Xu(z) +

�1X
m=�n0

x[m]z�m
#

(9.8)



9.4. ÉÄÉÏÔÇÔÅÓ ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÕ Z 137

1/b

z-plane

Im
Unit circle

Re

(c)

Im

Re

Unit circle

z-plane

Im

Re

Unit circle

z-plane

b b

(a) (b)

Re

Im
Unit circle

z-plane

1/b

(d)

Re

Im
Unit circle

z-plane

1/b

(e)

b

Ó÷Þìá 9.11: Pole-zero plots êáé ROCs ôïõ ðáñáäåßãìáôïò 9.6. Ãéá jbj > 1 ï ìåôá�çìáôé�üò
Z äåí �ãêëßæåé ãéá êáììéÜ ôéìÞ ôïõ z.



138 ÊÅÖÁËÁÉÏ 9. ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ Z

x[n+ n0] ! zn0
"
Xu(z)�

n0�1X
m=0

x[m]z�m
#

(9.9)

ÁõôÞ ç éäéüôçôá åöáñìüæåôáé ðïëý �ç ëý�åîé��ùí äéáöïñÜò.

ÐáñÜäåéãìá 9.9. Íá ëõèåß ç åîß��äéáöïñÜò

y[n]� 1

2
y[n� 1] = �[n]

ìå áñ÷éêÞ �íèÞêç y[�1] = 3.

ÁðÜíôç�: Ðáßñíïõìå ìïíüðëåõñï ìåôá�çìáôé�ü Z êáé áðü ôéò äýï ðëåõñÝò ôçò åîß��ò

Yu(z)� 1

2
z�1[Yu(z) + y[�1]z] = 1

êáé �íåðþò

Yu(z) =
5
2

1 � 1
2z

�1 =
5

2

z

z � 1
2

) y[n] =
5

2

�
1

2

�n
; n � 0

ÐáñÜäåéãìá 9.10. Íá ëõèåß ç åîß��äéáöïñÜò

y[n+ 2]� y[n+ 1] +
2

9
y[n] = u[n] ; y[1] = �1 ; y[0] = 1

ÁðÜíôç�: Ðáßñíïõìå ìïíüðëåõñï ìåôá�çìáôé�ü Z êáé áðü ôéò äýï ðëåõñÝò ôçò åîß��ò

z2[Yu(z)� y[0]� y[1]z�1]� z[Yu(z)� y[0]] +
2

9
Yu(z) = Xu(z) =

z

z � 1

) Yu(z) = z
z2 � z + 1

(z � 1)
�
z � 1

3

� �
z � 2

3

� = z

"
9
2

z � 1 +
7
2

z � 1
3

� 7

z � 2
3

#
=

9
2
z

z � 1 +
7
2
z

z � 1
3

� 7z

z � 2
3

) y[n] =
9

2
u[n] +

7

2

�
1

3

�n
u[n]� 7

�
2

3

�n
u[n]

Ïëß�ç��ç�÷íüôçôá:

ej
0nx[n] ! X(e�j
0z) ; ROC = R (9.10)

Ðïëëáðëá�á�üò�ç�÷íüôçôá:

zn0x[n] ! X
�
z

z0

�
; ROC = z0R (9.11)

ÐáñÜäåéãìá 9.11. Å�ù ôï �ìá y[n] = an � cos 
0n � u[n]. Ï ìåôá�çìáôé�üò ôïõ ìðïñåß íá
õðïëïãé�åß ùò

Y (z) =
a�1z(a�1z � cos 
0)

a�2z2 � 2a�1z cos 
0 + 1



9.4. ÉÄÉÏÔÇÔÅÓ ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÕ Z 139

Áíôé�ñïöÞ�ï ×ñüíï: Ìüíï ãéá ôï äßðëåõñï ìåôá�çìáôé�ü Z

x[�n] ! X
�
1

z

�
;
ROC= 1

R
= R0 äçëáäÞ áí

z0 �ï R ôüôå 1
z0
�ï R0 (9.12)

Ðáñáãþãé��ïí z-÷þñï:

nx[n] !�zdX(z)
dz

(9.13)

êáé ãåíéêüôåñá

nkx[n] ! (�z)k d
kX(z)

dzk
(9.14)

ÐáñÜäåéãìá 9.12. Å�ù ï ìåôá�çìáôé�üò Z

XB(z) = log(1 + az�1) ; jzj > jaj

÷ñç�ìïðïéþíôáò ôçí éäéüôçôá ôçò ðáñáãþãé�ò�ï z-÷þñï

nx[n] !�zdX(z)
dz

=
az�1

1 + az�1

ÎÝñïõìå üôé a(�a)nu[n] ! a
1+az�1 êáé ÷ñç�ìïðïéþíôáò ôçí éäéüôçôá ïëß�ç�ò�ïí ÷ñüíï

a(�a)n�1u[n� 1] ! az�1

1 + az�1
; jzj > jaj

) x[n] =
�(�a)n

n
u[n� 1]

Óõãêåñá�üò:

x1[n] ? x2[n] ! X1(z)X2(z) ; ROC ðåñéÝ÷åé R1

\
R2 (9.15)

9.4.1 ÈåùñÞìáôá Áñ÷éêÞò êáé ÔåëéêÞò ÔéìÞò

Ïðùò�ï ìåôá�çìáôé�ü Laplace, Ýô�êáé�ï ìåôá�çìáôé�ü Z é�ýïõí áíÜëïãá èåùñÞìáôá
áñ÷éêÞò êáé ôåëéêÞò ôéìÞò.

Èåþñçìá Áñ÷éêÞò ÔéìÞò:

x[0] = lim
z!1X(z) (9.16)
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Ðßíáêáò 9.1: Éäéüôçôåò Äßðëåõñïõ Ìåôá�çìáôé�ïý Z

Sequence Transform ROC
x[n] X(z) Rx

x1[n] X1(z) R1

x2[n] X2(z) R2

ax1[n] + bx2[n] aX1(z) + bX2(z) At least the intersection
of R1 and R2

x[n� n0] z�n0X(z) Rx except for the
possible addition or
deletion of the origin

ej
0nx[n] X(e�j
0z) Rx

zn0x[n] X( z
z0
) z0Rx

anx[n] X(a�1z) Scaled version of Rx

(i.e.,jaj �Rx = the
set of points fjajzg for
z in Rx)

x[�n] X(z�1) Inverted Rx (i.e.,R�1
x

= the set of points
z�1 where z is in Rx)

w[n] =

(
x[r]; n = rk
0; n 6= rk

for some r X(zk)
R1=k
x (i.e., the set of

points z1=k where z
is in Rx )

x1[n] ? x2[n] X1(z)X2(z) At least the intersection
of R1 and R2

nx[n] �zdX(z)
dz

Rx except for the

possible addition or
deletion of the origin

nX
k=�1

x[k]
1

1� z�1
X(z) At least the intersection

of Rx and jzj > 1
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Ðßíáêáò 9.2: Éäéüôçôåò Ìïíüðëåõñïõ Ìåôá�çìáôé�ïý Z

Sequence Transform
a1x1(n) + a2x2(n) a1X1(z) + a2X2(z)

x(n� n0) z�n0
"
X(z) +

�1X
m=�n0

x(m)z�m
#

x(n+ n0) zn0
"
X(z)�

n0�1X
m=0

x(m)z�m
#

anx(n) X(a�1z)

nx(n) �z d
dz
X(z)

nkx(k)

 
�z d

dz

!k
X(z)

x1(n) ? x2(n) X1(z)X2(z)

Èåþñçìá ÔåëéêÞò ÔéìÞò:

x[N ]N!1 = lim
z!1

�
1 � z�1

�
Xu(z) (9.17)

Óôïõò åðüìåíïõò äýï ðßíáêåò 9.1,9.2 öáßíïíôáé ïé éäéüôçôåò ãéá ôï äßðëåõñï êáé ôï ìïíüðëåõñï
ìåôá�çìáôé�ü Z, áíôß�ïé÷á.

Óôïõò ðáñáêÜôù äýï ðßíáêåò 9.3,9.4 ðáñáôßèåíôáé ïé äßðëåõñïé êáé ìïíüðëåõñïé ìåôá�çìáôé-
�ïß z ïñé�Ýíùí âá�êþí�ìÜôùí, áíôß�ïé÷á.

9.5 Ãåùìåôñéêüò Õðïëïãé�üò ôïõ Ìåôá�çìáôé�ïý
Fourier

Å�ù

X(z) = Gz(N�M)

QM
i=1(z � zi)QN
i=1(z � pi)

zi = zeros
pi = poles

(9.18)
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Ðßíáêáò 9.3: Äßðëåõñïé Ìåôá�çìáôé�ïß Z Âá�êþí ÓçìÜôùí

Transform pair Signal Transform ROC
1. �[n] 1 All z

2. u[n]
1

1 � z�1
jzj > 1

3. u[�n� 1] 1

1 � z�1
jzj < 1

4. �[n�m] z�m
All z except
0 (if m > 0) or
1 (if m < 0)

5. �nu[n]
1

1� �z�1
jzj > j�j

6. ��nu[�n� 1] 1

1� �z�1
jzj < j�j

7. n�nu[n]
�z�1

(1� �z�1)2
jzj > j�j

8. �n�nu[�n� 1] �z�1

(1� �z�1)2
jzj < j�j

9. [cos
0n]u[n]
1� [cos
0]z�1

1 � [2 cos 
0]z�1 + z�2
jzj > 1

10. [sin 
0n]u[n]
[sin 
0]z�1

1 � [2 cos 
0]z�1 + z�2
jzj > 1

11. [rn cos
0n]u[n]
1� [r cos 
0]z�1

1� [2r cos
0]z�1 + r2z�2
jzj > r

12. [rn sin 
0n]u[n]
1� [r sin 
0]z�1

1� [2r cos
0]z�1 + r2z�2
jzj > r
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Ðßíáêáò 9.4: Ìïíüðëåõñïé Ìåôá�çìáôé�ïß Z Âá�êþí ÓçìÜôùí

Radius of convergence
x[n] for n � 0 X(z) jzj > R

1. �[n] 1 0

2. �[n�m] z�m 0

3. u[n] z
z�1 1

4. n z
(z�1)2 1

5. n2 z(z+1)
(z�1)3 1

6. �n z
z�� j�j

7. n�n �z
(z��)2 j�j

8. (n + 1)�n z2

(z��)2 j�j

9. (n+1)(n+2)���(n+m)�n

m!
zm+1

(z��)m+1 j�j

10. cos
0n
z(z�cos 
0)

z2�2z cos
0+1 1

11. sin 
0n
z sin
0

z2�2z cos
0+1 1

12. �n cos 
0n
z(z�� cos
0)

z2�2z� cos
0+�2
j�j

13. �n sin 
0n
z� sin
0

z2�2z� cos
0+�2
j�j

14. e��nT z
z�e��T je��T j

15. nT Tz
(z�1)2 1

16. nTe��nT Te��T

[z�e��T ]2 je��T j

17. cos n!0T
z(z�cos !0T )

z2�2z cos!0T+1 1

18. sin n!0T
z sin!0T

z2�2z cos!0T+1 1

19. e��nT cos n!0T
z[z�e��T cos!0T ]

z2�2ze��T cos!0T+e�2�T
je��T j

20. e��nT sin n!0T
z[z�e��T sin!0T ]

z2�2ze��T cos!0T+e�2�T
je��T j
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ÈÝôïíôáò z = ej


X(
) = Gej(N�M)


QM
i=1(e

j
 � zi)QN
i=1(e

j
 � pi)
(9.19)

ïðüôå ðáßñíïõìå ãéá ôï ìÝôñï êáé ôç öÜ�ôïõ X(
) (âëÝðå Ó÷ 9.12).

jX(
)j = jGj
QM
i=1

���ej
 � zi
���QN

i=1 jej
 � pij (9.20)

6 X(
) = (N �M)
 +
MX
i=1

6 (ej
 � zi)�
NX
i=1

6 (ej
 � pi)

= (N �M)
 +
MX
i=1

�i �
MX
i=1

�i (9.21)


0
*pi

�i �i
zi

unit circle

z-plane

ej
0

dili

Ó÷Þìá 9.12: ÁíáðáñÜ�á�ôïõ ìÝôñïõ êáé ôçò öÜ�ò ôïõ X(
) êáèþò ôï 
 äéáãñÜöåé ôï
ìïíáäéáßï êýêëï.

Êáèþò ôï 
 êáëýðôåé ôïí ìïíáäéáßï êýêëï áðü ôï 0 ùò ôï 2�, �ï 
 = 
0, ãéá ôá jX(
)j êáé
6 X(
) Ý÷ïõìå

� ôï jX(
)j ìðïñåß íá õðïëïãé�åß áðü ôá li êáé di

� ç 6 X(
) ìðïñåß íá õðïëïãé�åß áðü ôéò ãùíßåò �i êáé �i
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Óçìåßù�: Êáèþò ôï 
 ðëç�Üæåé Ýíá ìçäåíéêü zi, ç áíôß�ïé÷ç áðü�á�li ãßíåôáé ìéêñÞ
êáé äçìéïõñãåß Ýíá \âýèé�á" �ï jX(
)j. Êáèþò ôï 
 ðëç�Üæåé Ýíá ðüëï pi ç áíôß�ïé÷ç
áðü�á�di ãßíåôáé ìéêñÞ êáé äçìéïõñãåß ìéá êïñõöÞ �ï jX(
)j. Åô�ìå ôçí ðáñáôÞñç�
ôïõ pole-zero plot ìðïñïýìå íá ðÜñïõìå ðñï�ããé�éêÜ ôá jX(
)j êáé 6 X(
) ��Ý�ìå ôá
\âõèß�áôá" êáé ôéò \êïñõöÝò".

ÐáñÜäåéãìá 9.13. Å�ù ôï �ìá h[n] = anu[n] ìå ìåôá�çìáôé�ü Z

H(z) =
1

1� az�1
; jzj > a

Ôá zero êáé pole áíý�áôá ãéá ôï ãåùìåôñéêü õðïëïãé�ü ôïõ ìåôá�çìáôé�ïý Fourier öáßíï-
íôáé �ï Ó÷ 9.13. Ôá jX(
)j (ëïãáñéèìéêü) êáé 6 X(
) öáßíïíôáé �ï Ó÷ 9.14.

Ω
v

1

unit circle

Im

v

2

1

z-plane

Re

Ó÷Þìá 9.13: Zero êáé pole áíý�áôá ãéá ôï ãåùìåôñéêü õðïëïãé�ü ôïõ ìåôá�çìáôé�ïý
Fourier ãéá ôï ðáñÜäåéãìá 9.13.

9.6 Áíôß�ñïöïò Ìåôá�çìáôé�üò Z

Ï áíôß�ñïöïò ìåôá�çìáôé�üò Z ìðïñåß íá õðïëïãé�åß èåùñþíôáò ôï ìåôá�çìáôé�ü Z�í
ôïí ìåôá�çìáôé�ü Fourier ôïõ x[n]r�n

X
�
rej


�
= F

n
x[n]r�n

o
(9.22)

ðáßñíïíôáò áíôß�ñïöïõò ìåôá�çìáôé�ïýò Fourier

x[n]r�n = F�1
n
X
�
rej


�o
)

x[n] = rnF�1
n
X
�
rej


�o
= rn

1

2�

Z
2�
X
�
rej


�
ej
nd


=
1

2�

Z
2�
X
�
rej


� �
rej


�n
d
 (9.23)
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Ó÷Þìá 9.14: ÌÝôñï êáé öÜ�ôïõ ìåôá�çìáôé�ïý Fourier ãéá ôï ðáñÜäåéãìá 9.13.

Óôç ðáñáðÜíù �Ý�èÝëïõìå íá áëëÜîïõìå ôç ìåôáâëçôÞ ïëïêëÞñù�ò þ�å íá ïëïêëçñþ-
íïõìå ùò ðñïò z. É�ýåé z = rej
, r �áèåñü, ïðüôå dz = jrej
d
 = jzd
 Þ d
 = (1

j
)z�1dz.

Åöü�í ç ïëïêëÞñù�ùò ðñïò 
 åßíáé�äéÜ�çìá 2�, �ï z èá áíôé�ïé÷åß�ìéá ðåñé�ñïöÞ
ãýñù áðü ôïí êýêëï jzj = r. Óõíåðþò

x[n] =
1

2�j

I
X(z)zn�1dz (9.24)

üðïõ ôï
H
�ìâïëßæåé ôçí ïëïêëÞñù�êáôÜ ìÞêïò êëåé�Þò êõêëéêÞò äéáäñïìÞò ìå êÝíôñï

ôçí áñ÷Þ ôùí áîüíùí êáé öïñÜ áíôßèåôç ôçò êßíç�ò ôùí äåéêôþí ôïõ ñïëïãéïý. Óôçí ðñÜîç,
�íÞèùò äåí õðïëïãßæïõìå ôï êëåé�ü ïëïêëÞñùìá áëëÜ õðïëïãßæïõìå ôïí áíôß�ñïöï ìåôá-
�çìáôé�ü ÷ñç�ìïðïéþíôáò áíÜëõ��áðëÜ êëÜ�áôá êáé ôïõò ðßíáêåò ìåôá�çìáôé�þí.

ÐáñÜäåéãìá 9.14. Æçôåßôáé íá âñåèåß ï áíôß�ñïöïò ìåôá�çìáôé�üò Z ôïõ

X(z) =
z

z � 0:1 ; jzj > 0:1

Ìå äéáßñå�ðïëõùíýìùí (áñéèìçôÞò äéÜ ðáñïíïìá�Þò) ðáßñíïõìå
Áñá

×(z) = 1 + 0:1z�1 + (0:1)2z�2 + (0:1)3z�3 + : : :
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áð' üðïõ ðñïêýðôåé x[0] = 1 ; x[1] = 0:1 ; x[2] = (0:1)2 ; x[3] = (0:1)3; : : : êáé �íåðþò
x[n] = (0:1)nu[n].

ÐáñÜäåéãìá 9.15. Æçôåßôáé íá âñåèåß ï áíôß�ñïöïò ìåôá�çìáôé�üò Z ôïõ

X(z) =
z3 � z2 + z � 1

16

z3 � 5
4
z2 + 1

2
z � 1

16

; jzj > 1

2

ÃñÜöïõìå ôï X(z) ùò

X(z) = 1 +
1
4
z2 + 1

2
z

z3 � 5
4
z2 + 1

2
z � 1

16

= 1 +
1
4
z(z + 2)�

z � 1
2

�2 �
z � 1

4

�

= 1 + z

" �9
z � 1

2

+
5
2

(z � 1
2)

2
+

9

z � 1
4

#

= 1� 9 z

z � 1
2

+ 5
z=2�

z � 1
2

�2 + 9 z

z � 1
4

)

Áðü ôç ôåëåõôáßá �Ý�êáôáëÞãïõìå åýêïëá �çí Ýêöñá�ôïõ x[n]

x[n] = �[n]� 9
�
1

2

�n
u[n] + 5n

�
1

2

�n
u[n] + 9

�
1

4

�n
u[n]

ÐáñÜäåéãìá 9.16. Íá ëõèåß ç åîß��äéáöïñÜò

y[n] + 3y[n� 1] = u[n] ; y[�1] = 1

Ðáßñíïíôáò ìïíüðëåõñïõò ìåôá�çìáôé�ïýò Z êáé áðü ôá äýï ìÝëç ôçò åîß��ò Ý÷ïõìå

Y (z) + 3 + 3z�1Y (z) =
1

1� z�1
)

Y (z) = � 3

1 + 3z�1
+

1

(1 + 3z�1)(1� z�1)

= �
9
4

1 + 3z�1
+

1
4

1� z�1
= �9

4

1

1� (�3)z�1 +
1

4

1

1� z�1
)

y[n] = �9
4
(�3)nu[n] + 1

4
u[n] =

�
1

4
� 9
4
(�3)n

�
u[n]
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9.7 Ó÷Ý�Ìåôáîý Ìåôá�çìáôé�þí Z êáé Laplace

Èåùñþíôáò ôç äåéãìáôïëçøßá åíüò áíáëïãéêïý�ìáôïò xa(t), ùò Ýîïäïò áðü ôïí äåéãìáôïëÞðôç
ìðïñåß íá èåùñçèåß åßôå ôï �ìá �íå÷ïýò ÷ñüíïõ xs(t) åßôå ôï �ìá äéáêñéôïý ÷ñüíïõ x[n],
üðïõ

xs(t) =
+1X

n=�1
xa(nT )�(t� nT ) (9.25)

êáé

x[n] = xa(nT ) (9.26)

Ðáßñíïíôáò ôï ìåôá�çìáôé�ü Laplace ôçò ðñþôçò åîß��ò Ý÷ïõìå

Xs(s) =
+1X

n=�1
xa(nT )e

�nTs (9.27)

ÈÝôïõìå z = eTs, ïðüôå

Xs(s) jz=eTs =
+1X

n=�1
xa(nT )z

�n (9.28)

Ðáñáôçñïýìå üôé ôï äåîß ìÝëïò åßíáé ï ìåôá�çìáôé�üò Z ôïõ x[n]. Åô�, ï ìåôá�çìáôé�üò
Z ìðïñåß íá èåùñçèåß ùò ï ìåôá�çìáôé�üò Laplace ôïõ xs(t) (�ìá ðïõ ðñïÝñ÷åôáé áðü
ôç äåéãìáôïëçøßá) ìå ôçí áëëáãÞ �ç ìåôáâëçôÞ z = eTs. Ç ôåëåõôáßá åîß��ïñßæåé ìéá
áðåéêüíé�ôïõ s-÷þñïõ �ï z-÷þñï. Å�ù s = � + j! Ýô�þ�å z = e�Tej!T . Åöü�í
jzj = e�T , åßíáé öáíåñü üôé áí � < 0; jzj < 1. Åô�, êÜèå �ìåßï �ïí áñé�åñü çìé÷þñï ôïõ s-
÷þñïõ áðåéêïíßæåôáé�êÜðïéï�ìåßï å�ôåñéêÜ ôïõ ìïíáäéáßïõ êýêëïõ�ï z-÷þñï. Ðáñüìïéá,
ãéá � > 0; jzj > 1 Ýô�þ�å êÜèå�ìåßï�ï äåîß çìé÷þñï ôïõ s-÷þñïõ áðåéêïíßæåôáé�êÜðïéï
�ìåßï åîùôåñéêÜ ôïõ ìïíáäéáßïõ êýêëïõ�ï z-÷þñï. Ãéá � = 0 ; jzj = 1 Ýô�þ�åï j!-Üîïíáò
�ïí s-÷þñï áðåéêïíßæåôáé �ï ìïíáäéáßï êýêëï �ï z-÷þñï. Ç áñ÷Þ ôïõ s-÷þñïõ áíôé�ïé÷åß
�ï z = 1.
ÅðéðëÝïí áò èåùñÞ�õìå ôï �íïëï ôùí �ìåßùí sk ðïõ áðÝ÷ïõí êÜèåôá áðü êÜðïéï �ìåßï s�

Ýíá ðïëëáðëÜ�ï ôçò �÷íüôçôáò äåéãìáôïëçøßáò !s =
2�
T
.

sk = s� + jk!s ; k = 0;�1;�2; : : : (9.29)

Ôüôå ðáßñíïõìå

zk = eTsk = eT (s
�+jk!s) = eTs

�

= z� (9.30)

Áñá, ôá �ìåßá sk áðåéêïíßæïíôáé �ï ßäéï z� = eTs
�

�ï z-÷þñï. Ìðïñïýìå ëïéðüí íá ÷ùñß-
�õìå ôïí s-÷þñï �ïñéæüíôéåò æþíåò, êÜèå ìßá ðëÜôïõò !s. ÊÜèå ìßá áðü áõôÝò ôéò æþíåò
áðåéêïíßæåôáé�ïëüêëçñï ôï z-÷þñï. Ôá ðáñáðÜíù�íïøßæïíôáé�ï Ó÷ 9.15 ôï ïðïßï äåß÷íåé
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ω s/2j5

ω sj /2
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-
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-

0

Im
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0
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s plane

z plane

Ó÷Þìá 9.15: Áðåéêüíé�ôïõ s-÷þñïõ �ï z-÷þñï ìå ôï ìåôá�çìáôé�ü z = eTs.

ôçí áðåéêüíé�ôïõ s-÷þñïõ �ï z-÷þñï.

Óçìåßù�: Ôï ãåãïíüò üôé ç áðåéêüíé�ôïõ s-÷þñïõ �ï z-÷þñï äåí åßíáé áìöéìïíï�ìáíôç (ôï
ßäéï�ìåßï�ïí z-÷þñï áíôé�ïé÷åß�ðïëëÜ�ìåßá�ïí s-÷þñï) åßíáé áðüññïéá ôïõ ãåãïíüôïò
üôé ìðïñïýìå íá ��åôß�õìå ðåñé�üôåñá ôïõ åíüò áíáëïãéêÜ�ìáôá�Ýíá äï�Ýíï�íïëï
áðü ôéìÝò äåéãìáôïëçøßáò.

9.8 Ó÷Ý�Ìåôáîý Ìåôá�çìáôé�þí Z êáé DFT

Ãéá ìéá áêïëïõèßá N �ìåßùí

x[n] ; n = 0; 1; : : : ; N � 1 (9.31)

ïé ìåôá�çìáôé�ïß DFT êáé Z äßíïíôáé áíôß�ïé÷á ùò

DFT: ~X[k] =
N�1X
n=0

x[n]e�jk(2�=N)n (9.32)

Z: X(z) =
+1X

n=�1
x[n]z�n (9.33)

Áðü ôéò ðáñáðÜíù äýï �Ý�éò åýêïëá êáôáëÞãïõìå �ç

~X[k] = X(z)
���
z=ejk(2�=N)

(9.34)

ÄçëáäÞ, ï DFT åßíáé ï ìåôá�çìáôé�üò Z õðïëïãé�Ýíïò �N é�ðÝ÷ïíôá�ìåßá ðÜíù �ï
ìïíáäéáßï êýêëï �ï z-÷þñï.
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