
HU215 - Frontist rio : Epanalhptikì pro telikoÔ

Epimèleia: Gi¸rgoc Kafentz c

4-6-2011

1. BreÐte to an�ptugma se ekjetik  seir� Fourier tou parak�tw s matoc:

LÔsh:

O analutikìc upologismìc thc seir�c mèsw twn tÔpwn eÐnai qronobìroc. MporoÔme na p�me

mèsw tou Metasq. Fourier. Gnwstì je¸rhma lèei ìti h eÔresh twn suntelest¸n thc ekjetik c

seir�c Fourier mporeÐ na gÐnei mèsw tou metasq. Fourier se mia perÐodo, dhl.

Xk =
1

T0
XT0(f)

∣∣∣
f= k

T0

ìpou XT0(f) eÐnai o metasq. Fourier tou s matoc se mia perÐodo (dhl. jewroÔme to s ma

wc mh periodikì, krat¸ntac mìno mia perÐodì tou). Profan¸c h perÐodoc tou s matoc eÐnai

T0 = 3T . 'Estw xT0(t) h mia perÐodoc tou x(t). O metasq. Fourier autoÔ tou s matoc mporeÐ

na upologisteÐ arket� eÔkola mèsw thc idiìthtac twn parag¸gwn:

F{dxT0(t)
dt

} ↔ j2πfXT0(f)

ParagwgÐzontac loipìn to s ma, paÐrnoume to parak�tw s ma:
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Auto mporei na grafeÐ wc:
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'Ara telik� Xk =
1

T0
XT0(f)
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Opìte h ekjetik  seir� Fourier mporeÐ na grafeÐ wc ex c:

x(t) =
∞∑
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pou eÐnai kai to zhtoÔmeno.
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2. 'Estw pragmatikì s ma x(t) me metasq. Fourier ìpwc sto parak�tw sq ma:

To s ma autì pern�ei apì to parak�tw sÔsthma:

me to H(f) ìpwc sto parak�tw sq ma:

kai δTs(t) =
+∞∑

k=−∞

δ(t− kTs)

a) BreÐte to y(t) mèsw tou Y (f)

b) BreÐte to w(t) kai sqedi�ste to f�sma tou. Poi� gnwst  sac diadikasÐa sac jumÐzei h

kataskeuh tou w(t)?

g) BreÐte thn el�qisth suqnìthta deigmatolhyÐac fs gia na mporeÐ na anakataskeuasteÐ to

y(t) apì to w(t).

LÔsh:
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a) EÐnai u(t) = x(t) cos(2πf0t) ↔ U(f) = X(f) ∗ (1
2
δ(f + f0) +

1
2
δ(f − f0)) ⇔ U(f) =

1
2
X(f + f0) +

1
2
X(f − f0), apì gnwst  idiìthta thc sunèlixhc s matoc me sunart seic dèlta.

To parap�nw lèei ousiastik� ìti to f�sma tou U(f) apoteleÐtai ap'to f�sma tou X(f) me-

tatopismèno gÔrw ap'th suqnìthta f = −f0 (X(f + f0)) kai gÔrw ap'th suqnìthta f = f0

(X(f − f0)), me pl�toc 1/2 to kajèna. Sqhmatik�, faÐnetai parak�tw:

O pollaplasiasmìc twn duo shm�twn, U(f) kai H(f), sth suqnìthta ja mac d¸sei to Y (f)

ìpwc faÐnetai parak�tw:

Prèpei na broÔme t¸ra to Y (f). Up�rqoun duo trìpoi gia na to k�noume autì.

1oc trìpoc:

ParathroÔme ìti to f�sma apoteleÐtai apì 2 par�jura, pou èqoun kèntro th suqnìthta

fc = ±(f0 + f1+f2
2

). 'Ara qrhsimopoi¸ntac thn idiìthta x(t)e±j2πfct ↔ X(f ∓ fc), ja èqoume

ìti:

Y (f) = rect
( f + fc
f2 − f1

)
+ rect

( f − fc
f2 − f1

)
↔

y(t) = (f2 − f1)sinc((f2 − f1)t)e−j2πfct + (f2 − f1)sinc((f2 − f1)t)ej2πfct

2oc trìpoc:

'Enac deÔteroc trìpoc eÐnai na parathr soume ìti ta duo par�jura mporoÔn na prokÔyoun an

jewr soume èna meg�lo par�juro pou xekin�ei apì to −f0− f2 kai telei¸nei sto f0 + f2, kai

apì autì na afairèsoume èna lÐgo mikrìtero, pou xekin�ei apì to −f0 − f1 kai telei¸nei sto

f0 + f1. Autì ja mac d¸sei:
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Y (f) = rect
( f

2(f0 + f2)

)
− rect

( f

2(f0 + f1)

)
↔

y(t) = 2(f0 + f2)sinc(2(f0 + f2)t)− 2(f0 + f1)sinc(2(f0 + f1)t)

b) EÐnai w(t) = δTs(t)y(t) = y(t)
∞∑

k=−∞

δ(t − kTs) =
∞∑

k=−∞

y(kTs)δ(t − kTs). O pollaplasia-

smìc enìc s matoc me mia �peirh seir� apì sunart seic dèlta, oi opoÐec isapèqoun metaxÔ touc

kat� qrìno Ts, eÐnai h gnwst  mac diadikasÐa thc deigmatolhyÐac. PerÐodoc deigmatolhyÐac

eÐnai h Ts kai suqnìthta deigmatolhyÐac h fs =
1
Ts
. Gia na broÔme to f�sma, èqoume:

W (f) = Y (f) ∗ F{δTs(t)} = Y (f) ∗ 1

Ts

+∞∑
k=−∞

δ(f − kfs) =
1

Ts

+∞∑
k=−∞

Y (f − kfs), lìgw thc

gnwst c idiìthtac X(f) ∗ δ(f − f0) = X(f − f0). Autì mac lèei ìti to f�sma tou W (f) eÐnai

to f�sma tou Y (f) epanalambanìmeno gÔrw apì tic suqnìthtec kfs, pou ja mporoÔsame na

to ex�goume katèujeÐan apì th jewrÐa mac sqetik� me th deigmatolhyÐa - apl� ed¸ to deÐxame

kai me majhmatik�. An to fs eÐnai arket� meg�lo, tìte to f�sma ja eÐnai ìpwc sto parak�tw

sq ma:

g) SÔmfwna me to je¸rhma tou Shannon, gia na mporeÐ na anakataskeuasteÐ èna s ma apì

th deigmatolhpthmènh morf  tou, ja prèpei h suqnìthta deigmatolhyÐac na eÐnai megalÔterh

apì th dipl�sia mègisth suqnìthta tou s matoc pou prìkeitai na deigmatolhpthjeÐ. An koi-

t�xoume to f�sma tou Y (f), blèpoume ìti h mègisth suqnìtht� tou eÐnai h fmax = f0 + f2.

'Ara h fs prèpei na eÐnai gn sia megalÔterh me 2(f0 + f2), gia na mporeÐ na anakthjeÐ to s ma

apì ta deÐgmat� tou. 'Ara prèpei fs > 2(f0 + f2).

5



3. 'Estw H(s) =
2s2e−2s

(s− 2)(s− 3)
, to opoÐo èqei antÐstr. metasq. Laplace èna h(t) pou eÐnai

amfÐpleuro s ma. BreÐte thn perioq  sÔgklishc kai to h(t).

LÔsh:

AfoÔ to H(s) eÐnai amfÐpleuro kai èqei pìlouc, to pedÐo sÔgklis c tou ja eÐnai mia “lwrÐ-

da”sto migadikì epÐpedo. Oi pìloi eÐnai stic jèseic s = 2, s = 3, �ra to pedÐo sÔgklishc (apì

ta 3 pijan�) ja eÐnai to ROC : 2 < <{s} < 3.

EÐnai H(s) =
2s2e−2s

(s− 2)(s− 3)
=

2s2

(s− 2)(s− 3)
e−2s = 2G(s)e−2s ↔ h(t) = 2g(t − 2), me

G(s) =
s2

(s− 2)(s− 3)
.

Opìte arkeÐ na broÔme to g(t) kai na antikatast soume. Ja k�noume an�lush se merik�

kl�smata sto G(s) loipìn. Parathr¸ntac to G(s), blèpoume ìti o bajmìc tou poluwnÔmou

tou paronomast  eÐnai Ðsoc me ton bajmì tou arijmht , �ra den mporoÔme na efarmìsoume

amèswc an�lush se merik� kl�smata. Gia na gÐnei autì, prèpei na èqoume bajmì poluwnÔmou

paronomast  > bajmì poluwnÔmou arijmht . Gia na èrjoume se mia tètoia perÐptwsh, ja

k�noume diaÐresh twn poluwnÔmwn. Opìte ja èqoume:

G(s) =
s2

(s− 2)(s− 3)
= 1 +

5s− 6

(s− 2)(s− 3)
= 1 +

A

s− 2
+

B

s− 3
,

me A =
5s− 6

(s− 2)(s− 3)
(s− 2)

∣∣∣
s=2

= −4 kai

B =
5s− 6

(s− 2)(s− 3)
(s− 3)

∣∣∣
s=3

= 9, �ra telik�: G(s) = 1− 4

s− 2
+

9

s− 3
.

Xèroume ìti 2 < <{s} < 3⇔ <{s} > 2 kai <{s} < 3.

Profan¸c to pr¸to pedÐo antistoiqeÐ ston pr¸to ìro kai to deÔtero pedÐo sto deÔtero ìro.

Koit¸ntac touc pÐnakec me ta zeÔgh twn metasq. Laplace, katal goume ìti:

G(s) = 1− 4

s− 2
+

9

s− 3
↔ g(t) = δ(t)− 4e2tε(t)− 9e3tε(−t).

Opìte telik� ja èqoume:
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h(t) = 2g(t− 2) = 2δ(t− 2)− 8e2(t−2)ε(t− 2)− 18e3(t−2)ε(t− 2)

pou eÐnai to zhtoÔmeno.

4. 'Estw h(t) pragmatikì s ma, pou èqei rhtì metasq. Laplace me 4 pìlouc ek twn opoÐwn ènac

eÐnai sto s1 = −1 + j, kai duo sto s2 = 2. EpÐshc, èqei duo mhdenik� sto s0 = 1. Tèloc,

gnwrÐzoume oti

∫ ∞
−∞

h(t)dt = 1. Na brejoÔn:

a) to H(s).

b) ta pijan� pedÐa sÔgklishc.

g) to h(t), an gnwrÐzete ìti to h(t)e4t EINAI apolÔtwc oloklhr¸simo.

d) pìte to H(s) eÐnai eustajèc?

LÔsh:

Dik  sac. :-)
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