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'Askhsh 1.

H monadiaÐa apìkrish tou grammikoÔ sust matoc (gia eÐsodo x(t) = ε(t)) eÐnai:

y(t) = x(t) ∗ h(t) = ε(t) ∗ h(t) =
∫ t

−∞
h(τ)dτ =

(
2e−2t − 1

)
ε(t) ⇒

⇒ d

dt
y(t) =

d

dt

(∫ t

−∞
h(τ)dτ

)
⇒ d

dt
y(t) = h(t) ⇒

⇒ h(t) =
d

dt

[(
2e−2t − 1

)
ε(t)

]
=

(
d

dt

(
2e−2t − 1

))
ε(t) +

(
2e−2t − 1

) d

dt
ε(t) =

d
dt

ε(t)=δ(t)
= −4e−2tε(t) +

(
2e−2t − 1

)
δ(t) =

= −4e−2tε(t) + 2e−2tδ(t)− δ(t) =

= δ(t)
(
2e−2t − 1

)
− 4e−2tε(t).

'Ara, h nèa èxodoc (gia x1(t) = tε(t)) tou sust matoc ja eÐnai:

y1(t) = x1(t) ∗ h(t) =
(
tε(t)

)
∗ h(t) =

(
tε(t)

)
∗

(
δ(t)

(
2e−2t − 1

)
− 4e−2tε(t)

)
. (1)

'Ara, ja èqoume:
(
tε(t)

)
∗

[
δ(t)

(
2e−2t − 1

)]

︸ ︷︷ ︸
δ(t)

=
(
tε(t)

)
∗ δ(t) = tε(t). (2)

kai
(
tε(t)

)
∗

(
− 4e−2tε(t)

)
=

∫ ∞

−∞
uε(u)(−4e−2(t−u)ε(t− u))du =

∫ t

0
−4ue−2te2udu =

= −4e−2t

∫ t

0
ue2udu

kat� par�gontec olìklhrwsh= −4e−2t
[1
2
ue2u

∣∣∣∣∣
t

0

−
∫ t

0
e2udu

]
=

= −4e−2t
[1
2
te2t −

∫ t

0
e2udu

]
= −4e−2t

[1
2
te2t − 1

2
e2t +

1
2

]
=

= −2t + 2− 2e−2t, (3)

Opìte, telik¸c ja eÐnai
y1(t) = tε(t)− 2t + 2− 2e−2t.
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'Askhsh 2.

'Eqoume ìti:

x(t) = |t| =
{

t, t > 0
−t, t < 0

⇒ d

dt
x(t) =

{
1, t > 0
−1, t < 0

= 2ε(t)− 1 ⇒

⇒ d2

dt2
x(t) =

d

dt

(
2ε(t)− 1

) d
dt

ε(t)=δ(t)
= 2δ(t). (4)

EpÐshc, apì jewrÐa eÐnai gnwstì ìti:

F
{

d2

dt2
x(t)

}
= (j2πf)2X(f). (5)

F
{

δ(t)
}

= 1. (6)

Apì tic sqèseic (4),(5),(6) prokÔptei ìti

(j2πf)2X(f) = 2 ⇒ X(f)
j2=−1

= − 1
2π2f2

.

'Askhsh 3.

'Eqoume ìti:

F
{

x2(t)
}

= F
{

x(t)x(t)
}

= X(f) ∗X(f) =
∫ ∞

−∞
X(u)X(f − u)du.

Opìte, to olokl rwma ja lamb�nei mh mhdenikèc timèc gia
−f1 ≤ u ≤ f1 kai −f1 ≤ f − u ≤ f1,
dhlad  (prosjètontac kat� mèlh)
−2f1 ≤ u ≤ 2f1.
Opìte, to eÔroc twn mh mhdenik¸n tim¸n tou metasqhmatismoÔ Fourier tou s matoc x2(t) ja
eÐnai

−2f1 ≤ u ≤ 2f1.

'Askhsh 4.

Jèloume na broÔme ton metasqhmatismì Fourier tou s matoc

x(t) = 2A
sin(πt) sin(πt/2)

π2t2
= A

sin(πt)
πt︸ ︷︷ ︸

x1(t)

sin(πt/2)
πt/2︸ ︷︷ ︸
x2(t)

= x1(t) x2(t).

'Ara, ja isqÔei ìti

X(f) = F
{

x1(t) x2(t)
}

= X1(f) ∗X2(f),

ìpou,

X1(f) = A rect(f)

X2(f) = A rect

(
f

1/2

)
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faÐnontai sto sq ma (1). To X(f) pou eÐnai kai to apotèlesma thc sunèlixhc, telik¸c ja
orÐzetai sto di�sthma [−3/4, 3/4]. 'Ara, ja èqoume ìti

X(f) =
∫ ∞

−∞
X1(u)X2(f − u)du =

∫ ∞

−∞
Arect(u)rect

(f − u

1/2

)
du.

Sqhmatik�, h sunèlixh qwrÐzetai se treic peript¸seic ìpwc faÐnontai sto sq ma (3).

−1/2 0 1/2

A

Frequency

A
m

pl
itu

de

X
1
(f)
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X
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Sq ma 1: �skhsh 4.
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Sq ma 2: �skhsh 4, diadikasÐa sunèlixhc.
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1. to apotèlesma thc sunèlixhc eÐnai mh mhdenikì gia

f + 1
4 > −1

2

f − 1
4 < −1

2

}
⇒ f > −3

4

f < −1
4

}

kai,
∫ f+1/4

−1/2
Adu = A

(3
4

+ f
)
.

2. to apotèlesma thc sunèlixhc eÐnai mh mhdenikì gia

f − 1
4 > −1

2

f + 1
4 < 1

2

}
⇒ f > −1

4

f < 1
4

}

kai,
∫ f+1/4

f−1/4
Adu =

A

2
.

3. to apotèlesma thc sunèlixhc eÐnai mh mhdenikì gia

f − 1
4 < 1

2

f + 1
4 > 1

2

}
⇒ f < 3

4

f > 1
4

}

kai,
∫ 1/2

f−1/4
Adu = A

(3
4
− f

)
.

'Ara, telik¸c

X(f) =





A
(
f + 3

4

)
, f ∈ [−3

4 ,−1
4 ]

A
2 , f ∈ [−1

4 , 1
4 ]

A
(

3
4 − f

)
, f ∈ [14 , 3

4 ]
0, alli¸c

Sto sq ma (3) faÐnetai h sun�rthsh X(f).
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Sq ma 3: �skhsh 4, telikì apotèlesma sunèlixhc: X(f).
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Sq ma 4: �skhsh 5.

'Askhsh 5.

To s ma x(t) èqei sunist¸sec se akèraia pollapl�sia thc f0 ìpwc faÐnetai sto sq ma (4).
Epeid  to x(t) eÐnai pragmatikì isqÔei ìti Xk = X∗

−k. O metasqhmatismìc Fourier tou x(t)
eÐnai

F
{

x(t)
}

=
∑

k

Xkδ(f − kf0).

Opìte, o metasqhmatismìc Fourier tou y(t) ja eÐnai

F
{

y(t)
}

= F
{

cos(2πf1t)x(t)
}

=

(
1
2
δ(f − f1) +

1
2
δ(f + f1)

)
∗

(∑

k

Xkδ(f − kf0)

)
=

=
1
2

(∑

k

(
Xkδ(f − f1 − kf0) + Xkδ(f + f1 − kf0)

))
=

=
1
2

(∑

k

Xkδ(f − f1 − kf0)
)

+
1
2

(∑

k

Xkδ(f + f1 − kf0)
)

=

=
1
2

(∑

−k

(X−kδ(f − f1 − (−k)f0)
)

+
1
2

(∑

k

(Xkδ(f + f1 − kf0)
)

=

=
1
2

(∑

k

(
X−kδ(f − f1 + kf0) + Xkδ(f + f1 − kf0)

))
.

Gia k = 6 kai f1 = 6f0 eÐnai

F
{

y(t)
}

=
1
2
(X−6 + X6)

Xk=X∗
−k=

1
2
(X∗

6 + X6) =

=
1
2
2<{X6} =

= <{X6}

Dhlad  apì −f0/2 wc f0/2 to fÐltro ja af sei na per�sei mìno to <{X6} afoÔ autì mìno
brÐsketai metaxÔ aut¸n twn orÐwn.


