
Kef�laio 8

Metasqhmatismìc Laplace

8.1 Orismìc tou metasqhmatismoÔ Laplace

O metasqhmatismìc Laplace apoteleÐ genÐkeush tou metasqhmatismoÔ Fourier gia ta s mata
suneqoÔc qrìnou. O metasqhmatismìc Laplace tou suneqoÔc s matoc x(t) orÐzetai wc ex c

X(s) =
∫ ∞

−∞
x(t)e−stdt,

ìpou s eÐnai migadik  metablht . E�n jèsoume s = iω, dhlad  e�n periorisjoÔme sto fan-
tastikì �xona, lamb�noume to metasqhmatismì Fourier tou s matoc. To sÔnolo twn tim¸n thc
metablht c s gia tic opoÐec to olokl rwma up�rqei, onom�zetai perioq  sÔgklishc. Prìkeitai
gia to sÔnolo twn tim¸n thc metablht c s gia tic opoÐec up�rqei to akìloujo olokl rwma

∫ ∞

−∞
|x(t)|e−<[s]tdt < ∞

Epomènwc h perioq  sÔgklishc orÐzetai sto migadikì epÐpedo me lwrÐdec par�llhlec sto fan-
tastikì �xona. Gia s mata peperasmènhc di�rkeiac kai apìluta oloklhr¸sima h perioq 
sÔgklishc eÐnai olìklhro to migadikì epÐpedo. Gia aitiat� s mata, h perioq  sÔgklishc eÐnai
èna dexiì hmiepÐpedo orizìmeno apì <[s] > γ. Ikan  sunj kh gi' autì eÐnai |x(t)| 6 µeγt, t > 0.

Par�deigma 8.1.1. E�n x(t) = eiω0tu(t), tìte |x(t)| 6 1, t > 0. 'Ara up�rqei to parap�nw
olokl rwma gia <[s] > 0. E�n ìmwc x(t) = eiω0t, ∀t, tìte to olokl rwma den up�rqei, afoÔ
ja apaitoÔntan gia th sÔgklish gia t < 0 na eÐnai <[s] < 0. Den mporeÐ epomènwc na sugklÐnei
tautìqrona gia t > 0 kai t < 0.

O metasqhmatismìc Laplace ja mporoÔse na sundejeÐ kai me to metasqhmatismì Z mèsw thc
apeikìnishc z = es, pou apeikonÐzei eujeÐec par�llhlec sto fantastikì �xona apì to epÐpedo
s se kÔklouc me kèntro thn arq  sto epÐpedo z. O Ðdioc o fantastikìc �xonac apeikonÐzetai
sto monadiaÐo kÔklo tou epipèdou z.

O antÐstrofoc metasqhmatismìc Laplace dÐdei to arqikì s ma

x(t) =
1

i2π

∫ σ+i∞

σ−i∞
X(s)estds,
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ìpou h olokl rwsh gÐnetai p�nw se mia eujeÐa par�llhlh sto fantastikì �xona pou an kei
sthn perioq  sÔgklishc.

O metasqhmatismìc Laplace tou kroustikoÔ s matoc δ(t) orÐzetai se ìlo to migadikì
epÐpedo kai eÐnai 1.

Par�deigma 8.1.2. Ac jewr soume to s ma

x(t) = e−αtu(t).

O metasqhmatismìc Laplace ja eÐnai

X(s) =
∫ ∞

0
e−αte−stdt =

1
s + α

,

me perioq  sÔgklishc <[s] > −α. E�n jèsoume α = 0 lamb�noume to metasqhmatismì Laplace
tou bhmatikoÔ s matoc

X(s) =
1
s
, <[s] > 0.

Par�deigma 8.1.3. Ac jewr soume to s ma

x(t) = −e−αtu(−t).

O metasqhmatismìc Laplace ja eÐnai

X(s) = −
∫ 0

−∞
e−αte−stdt = −

∫ ∞

0
e(α+s)tdt =

1
s + α

,

me perioq  sÔgklishc <[s] < −α.

Par�deigma 8.1.3. Ac eÐnai o metasqhmatismìc Laplace

X(s) =
1

(s + α)(s + β)
,

me α > β. MporoÔme na analÔsoume se kl�smata wc ex c

X(s) =
1

β − α

(
1

s + α
− 1

s + β

)
.

E�n <[s] > −β,

x(t) =
e−αt − e−βt

β − α
u(t).

E�n −β > <[s] > −α,

x(t) =
1

β − α
(e−αtu(t) + e−βtu(−t)).

E�n <[s] < −α,

x(t) =
e−βt − e−αt

β − α
u(−t).
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8.2 Idiìthtec tou metasqhmatismoÔ Laplace

Ac èljoume t¸ra se merikèc idiìthtec tou metasqhmatismoÔ Laplace.

1. Grammikìthta
E�n X1(s) eÐnai o metasqhmatismìc Laplace tou s matoc x1(t) me perioq  sÔgklishc R1

kai X2(s) eÐnai o metasqhmatismìc Laplace tou s matoc x2(t) me perioq  sÔgklishc R2,
tìte o metasqhmatismìc Laplace enìc grammikoÔ sunduasmoÔ twn dÔo a1x1(t) + a2x2(t)
eÐnai a1X1(s) + a2X2(s) me perioq  sÔgklishc pou egkleÐei thn tom  R1

⋂
R2.

2. Qronik  metatìpish
∫ ∞

−∞
x(t− t0)e−stdt = e−st0X(s),

me thn Ðdia perioq  sÔgklishc.

3. Antistrof  qrìnou
An X(s) eÐnai o metasqhmatismìc Laplace tou s matoc x(t) me perioq  sÔgklishc R+,
tìte o metasqhmatismìc Laplace tou s matoc x(−t) eÐnai X(−s), me perioq  sÔgklishc
thn antÐjeth thc arqik c, pou sumbolÐzoume R−. E�n èna s ma eÐnai �rtio, x(t) = x(−t),
tìte X(s) = X(−s). E�n èna s ma eÐnai perittì, x(t) = −x(−t), tìte X(s) = −X(−s).
Kai stic dÔo peript¸seic h perioq  sÔgklishc ja eÐnai R+

⋂
R−.

4. Allag  klÐmakac qrìnou
An X(s) eÐnai o metasqhmatismìc Laplace tou s matoc x(t), tìte o metasqhmatismìc
Laplace tou s matoc x(at) eÐnai 1

|a|X( s
a), me perioq  sÔgklishc ¸ste to s

a na an kei sthn
perioq  sÔgklishc tou X(s).

5. Metatìpish sto migadikì epÐpedo
∫ ∞

−∞
es0tx(t)e−stdt = X(s− s0),

me perioq  sÔgklishc ¸ste to s− s0 na an kei sthn perioq  sÔgklishc tou X(s).

6. Sunèlixh
O metasqhmatismìc Laplace thc y(t), pou prokÔptei wc sunèlixh thc h(t) me th x(t) èqei
wc ex c

Y (s) = H(s)X(s)

ìpou H(s) eÐnai o metasqhmatismìc Laplace thc h(t). E�n h(t) eÐnai h kroustik  apìkrish
enìc sust matoc, h H(s) onom�zetai sun�rthsh metafor�c tou sust matoc. H pe-
rioq  sÔgklishc tou metasqhmatismoÔ Y (s) egkleÐei thn tom , R1

⋂
R2, twn perioq¸n

sÔgklishc twn dÔo mel¸n thc sunèlixhc.

7. Parag¸gish sto qrìno
IsqÔei ìti ∫ ∞

−∞

dx(t)
dt

e−stdt = sX(s).
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8. Parag¸gish sto migadikì epÐpedo
IsqÔei ìti ∫ ∞

−∞
tx(t)e−stdt = −dX(s)

ds
.

9. Olokl rwsh sto qrìno
IsqÔei ìti ∫ ∞

−∞

(∫ t

−∞
x(τ)dτ

)
e−stdt =

X(s)
s

.

Par�deigma 8.2.1. Ac jewr soume to s ma (Sq ma 4.2)

x(t) = e−α|t| = e−αtu(t) + eαtu(−t).

O metasqhmatismìc Laplace ja eÐnai

X(s) =
1

s + α
+

1
−s + α

=
2α

α2 − s2
,

me perioq  sÔgklishc α > <[s] > −α. 'Ara ja prèpei na eÐnai α > 0.

Par�deigma 8.2.2. Ac jewr soume to s ma

x(t) = cos(ω0t)u(t) =
1
2

(
eiω0t + e−iω0t

)
u(t).

O metasqhmatismìc Laplace me perioq  sÔgklishc <[s] > 0 ja eÐnai

X(s) =
1
2

(
1

s− iω0
+

1
s + iω0

)
=

s

s2 + ω2
0

.

Par�deigma 8.2.3. Ac jewr soume to s ma

x(t) = sin(ω0t)u(t) =
1
2i

(
eiω0t − e−iω0t

)
u(t).

O metasqhmatismìc Laplace me perioq  sÔgklishc <[s] > 0 ja eÐnai

X(s) =
1
2i

(
1

s− iω0
− 1

s + iω0

)
=

ω0

s2 + ω2
0

.

Par�deigma 8.2.4. Ac jewr soume to s ma (Sq ma 2.6(a))

x(t) = e−αt cos(ω0t)u(t) =
1
2

(
e−α+iω0t + e−α−iω0t

)
u(t).

O metasqhmatismìc Laplace me perioq  sÔgklishc <[s] > −α ja eÐnai

X(s) =
1
2

(
1

s + α− iω0
+

1
s + α + iω0

)
=

s + α

(s + α)2 + ω2
0

.
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Par�deigma 8.2.5. Ac jewr soume to s ma

x(t) = e−αt sin(ω0t)u(t) =
1
2i

(
e−α+iω0t − e−α−iω0t

)
u(t).

O metasqhmatismìc Laplace me perioq  sÔgklishc <[s] > −α ja eÐnai

X(s) =
1
2i

(
1

s + α− iω0
− 1

s + α + iω0

)
=

ω0

(s + α)2 + ω2
0

.

Par�deigma 8.2.6. Ac jewr soume to s ma

x(t) = e−αtu(t).

O metasqhmatismìc Laplace tou y(t) = tx(t) ja eÐnai

Y (s) =
1

(s + α)2
.

O metasqhmatismìc Laplace tou tnx(t) ja eÐnai

n!
(s + α)n+1

.

8.3 Metasqhmatismìc Laplace kai grammik� qronik� amet�blhta
sust mata

Ac jewr soume t¸ra ta aitiat� sust mata me �peirh kroustik  apìkrish, pou dÐdontai apì mÐa
diaforik  exÐswsh

N∑

k=0

a(k)
dky(t)

dt
=

M∑

k=0

b(k)
dkx(t)

dt
.

Efarmìzontac thn idiìthta thc parag¸gishc sto qrìno gia to metasqhmatismì Laplace prokÔptei
ìti h sun�rthsh metafor�c autoÔ tou sust matoc eÐnai Ðsh me to lìgo dÔo poluwnÔmwn thc
migadik c metablht c s,

H(s) =
Y (s)
X(s)

=
B(s)
A(s)

=
∑M

k=0 b(k)sk

∑N
k=0 a(k)sk

Oi rÐzec tou B(s) onom�zontai mhdenik� tou sust matoc, en¸ oi rÐzec tou poluwnÔmou tou
paranomast  onom�zontai pìloi tou sust matoc.

Par�deigma 8.3.1. Ac jewr soume th diaforik  exÐswsh

dy(t)
dt

= −αy(t) + u(t), t > 0, y(0) = 0, α > 0.

Qrhsimopoi¸ntac to metasqhmatismì Laplace brÐskoume

sY (s) = −αY (s) +
1
s
,
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Sq ma 8.1: H bhmatik  apìkrish tou sust matoc pr¸thc t�xhc tou ParadeÐgmatoc 8.3.1.

Y (s) =
1

s(s + α)
=

1
α

(
1
s
− 1

s + α

)
.

'Ara h apìkrish ja eÐnai

y(t) =
1
α

(1− e−αt)u(t).

Par�deigma 8.3.2. To sÔsthma me sun�rthsh metafor�c

H(s) =
ω0

(s + α)2 + ω2
0

=
ω0

(s + α + iω0)(s + α− iω0)
,

èqei dÔo pìlouc: −α + iω0,−α− iω0.
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Sq ma 8.2: Oi pìloi tou sust matoc deÔterhc t�xhc tou ParadeÐgmatoc 8.3.2.

Ikan  kai anagkaÐa sunj kh gia thn eust�jeia enìc sust matoc eÐnai h Ôparxh tou metasqh-
matismoÔ Laplace p�nw sto fantastikì �xona,

∫ ∞

−∞
|h(t)|dt < ∞.

'Ara ja prèpei h perioq  sÔgklishc tou metasqhmatismoÔ Laplace thc kroustik c apìkrishc
tou sust matoc na perilamb�nei to fantastikì �xona. EÐnai fanerì apì ton orismì thc
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eust�jeiac, ìti ìla ta sust mata me peperasmènh kroustik  apìkrish eÐnai eustaj . Opìte,
gia ta sust mata pou orÐzontai mèsw miac diaforik c exÐswshc, h sunj kh eust�jeiac mporeÐ
na ekfrasjeÐ me b�sh th jèsh twn riz¸n tou poluwnÔmou A(s). 'Ena fÐltro me sun�rthsh
metafor�c ìpwc parap�nw eÐnai eustajèc, e�n, kai mìno e�n,

A(s) 6= 0 gia <[s] > 0,

dhlad  e�n ìloi oi pìloi èqoun arnhtikì pragmatikì mèroc.
Gia èna sÔsthma pr¸thc t�xhc (Par�deigma 8.3.1) h sunj kh thc eust�jeiac eÐnai α < 0.

Gia èna sÔsthma deÔterhc t�xhc me dÔo migadikèc rÐzec, ìpwc autì tou ParadeÐgmatoc 8.3.2, h
sunj kh thc eust�jeiac eÐnai epÐshc α < 0.
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