
Kef�laio 6

Metasqhmatismìc Fourier shm�twn
diakritoÔ qrìnou

6.1 Orismìc metasqhmatismoÔ Fourier

Wc apotèlesma thc deigmatolhyÐac enìc s matoc x(t) lamb�netai to s ma twn deigm�twn x(nT ).
To f�sma suqnot twn tou s matoc twn deigm�twn ja eÐnai periodikì, me perÐodo th suqnìthta
thc deigmatolhyÐac 2π

T ,

Xs(ω) =
∞∑

n=−∞
Xa(ω − 2πn

T
).

Apì th sqèsh aut  prokÔptei ìti

Xs(ω) = T
∞∑

n=−∞
x(nT )e−inωT .

Kanonikopoi¸ntac wc proc thn perÐodo thc deigmatolhyÐac, dhlad  jètontac T = 1, prokÔ-
ptei to diakritì s ma x(n). O metasqhmatismìc Fourier tou s matoc x(n) eÐnai kat� ta anwtèrw
mia periodik  sun�rthsh thc suqnìthtac ω me perÐodo 2π,

X(ω) =
∞∑

n=−∞
x(n)e−iωn.

H Ôparxh tou metasqhmatismoÔ proôpojètei ìti oi timèc tou s matoc ikanopoioÔn th sunj kh

∞∑
n=−∞

|x(n)| < ∞.

O antÐstrofoc metasqhmatismìc Fourier dÐdei to arqikì s ma

x(n) =
1
2π

∫ π

−π
X(ω)eiωndω.

O metasqhmatismìc Fourier tou kroustikoÔ s matoc δ(n) eÐnai Ðsoc me 1 gia k�je suqnìthta
ω.
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Par�deigma 6.1. To s ma
x(n) = αnu(n), |α| < 1,

èqei metasqhmatismì Fourier

X(ω) =
∞∑

n=0

αne−iωn =
1

1− αe−iω
, |α| < 1.

Par�deigma 6.2. To s ma

x(n) = u(n)− u(n−N), N > 0,

èqei metasqhmatismì Fourier

X(ω) =
N−1∑

n=0

e−iωn =
1− e−iωN

1− e−iω
= e−iω N−1

2
sin Nω

2

sin ω
2

, N > 0.

6.2 Idiìthtec tou metasqhmatismoÔ Fourier

O metasqhmatismìc Fourier èqei tic akìloujec idiìthtec, parìmoiec me tic idiìthtec tou metasqh-
matismoÔ Fourier suneq¸n shm�twn.

1. Grammikìthta
K�je grammikìc sunduasmìc shm�twn metasqhmatÐzetai ston antÐstoiqo grammikì sun-
duasmì twn metasqhmatism¸n Fourier twn shm�twn.

2. Qronik  metatìpish

∞∑
n=−∞

x(n− n0)e−iωn = e−iωn0X(ω)

3. Antistrof  tou qrìnou
E�n X(ω) eÐnai o metasqhmatismìc tou s matoc x(n), tìte o metasqhmatismìc tou
s matoc x(−n) eÐnai X(−ω).

4. Stajer  tim 

X(0) =
∞∑

n=−∞
x(n).

5. Sqèsh suzugÐac
Gia pragmatik� s mata x(n) isqÔei X(−ω) = X(ω). E�n to s ma eÐnai epiplèon �rtio,
tìte o metasqhmatismìc Fourier ja eÐnai pragmatikìc, en¸ e�n to s ma eÐnai perittì,tìte
o metasqhmatismìc Fourier ja eÐnai kajar� fantastikìc.

6. Metatìpish suqnìthtac
O pollaplasiasmìc enìc s matoc x(n) me to fantastikì ekjetikì s ma eiω0n sunep�getai
th metatìpish sth suqnìthta X(ω − ω0).
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7. Parag¸gish sth suqnìthta
Me parag¸gish wc proc th suqnìthta prokÔptei

iX ′(ω) =
∞∑

n=−∞
nx(n)e−iωn

pou dÐdei to metasqhmatismì Fourier tou s matoc nx(n).

8. Sunèlixh
H sunèlixh y(n) thc h(n) me thn x(n) èqei metasqhmatismì Fourier

Y (ω) = H(ω)X(ω),

ìpou H(ω) eÐnai o metasqhmatismìc Fourier thc h(n).

9. Pollaplasiasmìc
O metasqhmatismìc Fourier tou ginomènou dÔo shm�twn, x(n) kai y(n), dÐdetai wc ex c

∞∑
n=−∞

x(n)y(n)e−jωn =
1
2π

∫ π

−π
X(u)Y (ω − u)du,

ìpou X(ω) kai Y (ω) eÐnai oi dÔo antÐstoiqoi metasqhmatismoÐ.

10. Eswterikì ginìmeno

∞∑
n=−∞

x(n)y(n) =
1
2π

∫ π

−π
X(ω)Y (ω)dω.

11. Enèrgeia
H enèrgeia enìc s matoc diathreÐtai met� to metasqhmatismì,

∞∑
n=−∞

x2(n) =
1
2π

∫ π

−π
|X(ω)|2dω.

Prìkeitai gia th sqèsh tou Parseval gia diakrit� s mata.

AkoloujoÔn paradeÐgmata analutik¸n ekfr�sewn gia to metasqhmatismì Fourier.

Par�deigma 6.3. Ac eÐnai to s ma

x(n) = α|n|, |α| < 1.

MporeÐ na grafeÐ
x(n) = αnu(n) + α−nu(−n)− δ(n).

Me b�sh tic idiìthtec thc grammikìthtac kai thc antistrof c tou qrìnou brÐsketai ìti

X(ω) =
1

1− αe−iω
+

1
1− αeiω

− 1 =
1− α2

1− 2α cosω + α2
.
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Sq ma 6.1: To s ma tou ParadeÐgmatoc 6.3 kai o metasqhmatismìc tou.

Sto Sq ma 6.1 dÐdetai o metasqhmatismìc Fourier.

Par�deigma 6.4. Ac eÐnai to s ma

x(n) = u(n + N)− u(n−N − 1), N > 0.

IsqÔei ìti
x(n) = u(n + N)− u(n− 2N − 1 + N),

pou èqei metasqhmatismì Fourier

X(ω) = e−iωN sin
(
N + 1

2

)
ω

sin ω
2

eiωN =
sin(N + 1

2)ω
sin ω

2

.

Sto Sq ma 6.2 dÐdetai o metasqhmatismìc Fourier.
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Sq ma 6.2: To s ma tou ParadeÐgmatoc 6.4 kai o metasqhmatismìc tou.

DÐdontai sth sunèqeia metasqhmatismoÐ pou emplèkoun tic genikeumènec sunart seic. Se
ìlec tic peript¸seic dÐdontai oi metasqhmatismoÐ sto kÔrio di�sthma [−π, π], ìntac periodikèc
sunart seic me perÐodo 2π.

x(n) X(ω)
1 2πδ(ω)

eiω0n, |ω0| 6 π 2πδ(ω − ω0)
cosω0n, |ω0| 6 π π(δ(ω − ω0) + δ(ω + ω0))
sinω0n, |ω0| 6 π iπ(δ(ω + ω0)− δ(ω − ω0))

u(n) 1
1−e−iω + πδ(ω)
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6.3 Diakritìc metasqhmatismìc Fourier

E�n jewrhjeÐ èna diakritì kai periodikì s ma, tìte afenìc to f�sma twn suqnot twn ja
eÐnai mia periodik  sun�rthsh, ki afetèrou, afoÔ kai to s ma eÐnai periodikì, to f�sma twn
suqnot twn ja eÐnai diakritì. Se aut  thn perÐptwsh orÐzetai o diakritìc metasqhmatismìc
Fourier. O diakritìc metasqhmatismìc Fourier orÐzetai gia opoiod pote diakritì s ma pepera-
smènhc di�rkeiac, upojètontac èmmesa ìti eÐnai periodikì, me kajorismènh perÐodo.

Ac eÐnai
x(n), n = 0, . . . , N − 1

oi timèc tou s matoc. O diakritìc metasqhmatismìc Fourier ja eÐnai

X(k) =
N−1∑

n=0

x(n)e−i 2π
N

kn, k = 0, . . . , N − 1.

Oi deÐktec k antistoiqoÔn stic suqnìthtec 2πk
N . Epeid 

N−1∑

k=0

ei 2π
N

kn =
{

N n = 0
0 n = 1, . . . , N − 1

o antÐstrofoc metasqhmatismìc dÐdetai apì th sqèsh

x(n) =
1
N

N−1∑

k=0

X(k)ei 2π
N

kn, n = 0, . . . , N − 1.

O diakritìc metasqhmatismìc Fourier eÐnai grammikìc. Gia pragmatik� s mata èqei idiìthtec
summetrÐac

<[X(k)] = <[X(N − k)],=[X(k)] = −=[X(N − k)], k = 1, . . . , N − 1

H kuklik  olÐsjhsh tou s matoc kat� m deÐgmata èqei wc apotèlesma thn allag  sth f�sh
me pollaplasiasmì me e−i 2π

N
km. H kuklik  sunèlixh dÔo shm�twn Ðdiac di�rkeiac èqei wc

apotèlesma to ginìmeno twn dÔo diakrit¸n metasqhmatism¸n Fourier. IsqÔei epÐshc to je¸rhma
diat rhshc thc enèrgeiac tou Parseval

N−1∑

n=0

|x(n)|2 =
1
N

N−1∑

k=0

|X(k)|2.

Me dosmèno ìti ta s mata eÐnai praktik� p�ntote peperasmènhc di�rkeiac o diakritìc
metasqhmatismìc Fourier qrhsimopoieÐtai gia ton upologismì tou metasqhmatismoÔ Fourier gia
ta diakrit� s mata. Gia ton upologismì up�rqei gr goroc algìrijmoc: Fast Fourier Transform
(FFT). Sto Sq ma 6.3 dÐdontai tm ma enìc s matoc mousik c kai h armonik  tou an�lush mèsw
tou FFT.
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Sq ma 6.3: Tm ma s matoc mousik c kai o diakritìc metasqhmatismìc Fourier autoÔ.

6.4 Metasqhmatismìc Fourier kai grammik� qronik� amet�blhta
sust mata

H sqèsh pou sundèei thn eÐsodo kai thn èxodo sto pedÐo twn suqnot twn eÐnai h akìloujh

Y (ω) = H(ω)X(ω).

Epomènwc to grammikì qronik� amet�blhto sÔsthma leitourgeÐ wc fÐltro stic suqnìthtec.
H apìkrish stic suqnìthtec onom�zetai, ìpwc kai sthn perÐptwsh twn suneq¸n susthm�twn,
f�sma tou sust matoc. Efìson to f�sma tou sust matoc eÐnai mia migadik  sun�rthsh mporeÐ
na parastajeÐ me to mètro kai to ìrisma, pou orÐzei th sun�rthsh thc f�shc. Periorizìmenoi
se pragmatik� s mata gnwrÐzoume ìti gia tic arnhtikèc suqnìthtec h apìkrish eÐnai suzug c
aut c pou prokÔptei gia tic antÐstoiqec jetikèc suqnìthtec. Epomènwc to mètro ja eÐnai mia
�rtia sun�rthsh kai h f�sh ja eÐnai mia peritt  sun�rthsh. Kai gia ta dÔo eÐnai arketì
na parastajoÔn mìno gia tic jetikèc suqnìthtec. To |H(ω)|2 onom�zetai f�sma isqÔoc tou
sust matoc.

JewroÔme sth sunèqeia grammik� kai qronik� amet�blhta sust mata ìpou h sqèsh eisìdou-
exìdou tou sust matoc dÐdetai mèsw miac exÐswshc diafor¸n

N∑

k=0

a(k)y(n− k) =
M∑

k=0

b(k)x(n− k).

Tìte ja isqÔei
N∑

k=0

a(k)e−iωkY (ω) =
M∑

k=0

b(k)e−iωkX(ω).

'Ara

H(ω) =
Y (ω)
X(ω)

=
∑M

k=0 b(k)e−iωk

∑N
k=0 a(k)e−iωk

.

Ja jewr soume idiaÐtera thn perÐptwsh ìpou b(0) = 1,M = 0, opìte h apìkrish stic
suqnìthtec prokÔptei wc to antÐstrofo enìc poluwnÔmou tou e−iω. O bajmìc tou poluwnÔmou
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tautÐzetai me thn t�xh thc exÐswshc diafor¸n kai kat' epèktash tou sust matoc. To sÔsthma
pr¸thc t�xhc parousi�sjhke sto Par�deigma 6.1. Sto Sq ma 6.4 dÐdontai ta diagr�mmata tou
mètrou kai thc f�shc gia thn apìkrish sth suqnìthta gia α = 0, 75.
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Sq ma 6.4: Ta diagr�mmata mètrou kai f�shc gia èna sÔsthma pr¸thc t�xhc.

Ja exet�soume sth sunèqeia sust mata deÔterhc t�xhc. Ac jewr soume pr¸ta thn perÐptwsh
ìpou to polu¸numo tou paranomast  èqei dÔo pragmatikèc rÐzec

H(ω) =
1

(1− α1e−iω)(1− α2e−iω)
, α1 6= α2, |α1| < 1, |α2| < 1.

H apìkrish stic suqnìthtec mporeÐ na grafeÐ

H(ω) =
α1

(α1 − α2)(1− α1e−iω)
− α2

(α1 − α2)(1− α2e−iω)

H kroustik  apìkrish autoÔ tou sust matoc eÐnai

h(n) =
αn+1

1 − αn+1
2

α1 − α2
u(n).

H kroustik  apìkrish dÐdetai sto Sq ma 6.5 gia α2 = 0, 975 kai α2 = 0, 75. Gia tic Ðdiec timèc
twn paramètrwn dÐdontai ta diagr�mmata mètrou kai f�shc sto Sq ma 6.6.

Sthn perÐptwsh miac dipl c rÐzac h kroustik  apìkrish tou sust matoc eÐnai

h(n) = (n + 1)αnu(n).

Sthn perÐptwsh dÔo suzug¸n migadik¸n riz¸n ja èqoume

H(ω) =
1

1− 2r cos θe−iω + r2e−i2ω
, 0 < r < 1, 0 < θ < π,

pou gr�fetai

H(ω) =
1

(1− reiθe−iω)(1− re−iθe−iω)
.
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Sq ma 6.5: H kroustik  apìkrish enìc sust matoc deÔterhc t�xhc me dÔo pragmatikèc rÐzec.
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Sq ma 6.6: Ta diagr�mmata mètrou kai f�shc gia èna sÔsthma deÔterhc t�xhc me dÔo prag-
matikèc rÐzec.
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H an�lush se dÔo kl�smata, afoÔ oi rÐzec diafèroun, dÐdei

H(ω) =
1

2i sin θ

(
eiθ

1− reiθe−iω
− e−iθ

1− re−iθe−iω

)

H kroustik  apìkrish autoÔ tou sust matoc eÐnai

h(n) = rn sin(n + 1)θ
sin θ

u(n).

H kroustik  apìkrish dÐdetai sto Sq ma 6.7 gia r = 0, 975 kai θ = π
2 . Gia tic Ðdiec timèc twn

paramètrwn dÐdontai ta diagr�mmata mètrou kai f�shc sto Sq ma 6.8.
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Sq ma 6.7: H kroustik  apìkrish enìc sust matoc deÔterhc t�xhc me dÔo migadikèc rÐzec.
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Sq ma 6.8: Ta diagr�mmata mètrou kai f�shc gia èna sÔsthma deÔterhc t�xhc me dÔo migadikèc
rÐzec.
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