
Kef�laio 3

Anapar�stash periodik¸n shm�twn
me seirèc Fourier

3.1 Orismìc seir�c Fourier

H akìloujh seir� onom�zetai trigwnometrik 

∞∑
n=−∞

c(n)einω0t.

H gwniak  suqnìthta ω0 > 0 eÐnai stajer� kai oi migadikoÐ arijmoÐ c(n) eÐnai oi suntelestèc
tou anaptÔgmatoc. E�n h trigwnometrik  seir� sugklÐnei, to �jroisma ja eÐnai mia periodik 
sun�rthsh me perÐodo

T =
2π

ω0
.

TÐjetai kat� sunèpeia to er¸thma an gia dosmèno periodikì s ma f(t), me perÐodo T , up�rqei
trigwnometrik  seir� pou na sugklÐnei se autì. Se perÐptwsh pou up�rqei, ja onom�zetai seir�
Fourier. Oi suntelestèc thc seir�c dÐdontai apì th sqèsh

c(n) =
1
T

∫ T
2

−T
2

f(t)e−inω0tdt.

Oi suntelestèc prokÔptoun lamb�nontac upìyh thn orjogwniìthta twn kajar� migadik¸n ek-
jetik¸n shm�twn

1
T

∫ T
2

−T
2

e−inω0tdt = δ(n).

Sto kef�laio autì ja asqolhjoÔme apokleistik� me pragmatik� periodik� s mata kai ja
jèsoume

c(n) =
1
2
(a(n)− ib(n)),

opìte
c(−n) = c̄(n) =

1
2
(a(n) + ib(n)).
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Se aut  thn perÐptwsh mporoÔme na gr�youme

f(t) =
a(0)
2

+
∞∑

n=1

a(n) cos nω0t +
∞∑

n=1

b(n) sinnω0t.

Kat� sunèpeia ja eÐnai

a(n) =
2
T

∫ T
2

−T
2

f(t) cos nω0tdt,

b(n) =
2
T

∫ T
2

−T
2

f(t) sinnω0tdt.

Oi sunj kec Dirichlet exasfalÐzoun thn Ôparxh thc seir�c Fourier.

• To s ma eÐnai apìluta oloklhr¸simo se mia perÐodo,

∫ T
2

−T
2

|f(t)|dt < ∞.

• Se opoiod pote peperasmèno di�sthma, to s ma èqei peperasmènh metabol , dhlad  kat�
th di�rkeia miac periìdou to pl joc twn mègistwn kai twn el�qistwn tou s matoc eÐnai
peperasmèno.

• To pl joc twn asuneqei¸n tou s matoc kat� th di�rkeia miac periìdou eÐnai peperasmèno.
Epiplèon oi asunèqeiec, an up�rqoun, eÐnai peperasmènou eÔrouc.

Par�deigma 3.1.1. To s ma x(t) = 2 cos(10t + 1) − sin(4t − 1) eÐnai periodikì me perÐodo
T = π kai ω0 = 2 (Sq ma 3.1). Ja eÐnai

x(t) = ei(10t+1) + e−i(10t+1) +
i

2

(
ei(4t−1) − e−i(4t−1)

)
.

'Ara up�rqoun tèsseric ìroi sth seir� gia n = ±2 kai n = ±5. Epomènwc c(n) = 0, n 6=

−6 −4 −2 0 2 4 6

−3

−2

−1

0

1

2

3

t

2 cos(10 t+1)−sin(4 t−1)

Sq ma 3.1: To periodikì s ma tou ParadeÐgmatoc 3.1.1.
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Sq ma 3.2: MÐa perÐodoc tou s matoc tou ParadeÐgmatoc 3.1.2 (T = 4, T1 = 2).

±2,±5, kai

c(2) =
i

2
e−i =

1
2
(sin 1 + i cos 1) = 0, 42 + i0, 27 kai c(−2) = c̄(2)

c(5) = ei = cos 1 + i sin 1 = 0, 54 + i0, 84 kai c(−5) = c̄(5). ¤

Sthn perÐptwsh ìpou to s ma eÐnai �rtio, f(t) = f(−t), tìte ìloi oi suntelestèc eÐnai
pragmatikoÐ, dhlad  b(n) = 0, ∀n. En¸ sthn perÐptwsh pou to s ma eÐnai perittì, f(t) =
−f(−t), tìte ìloi oi suntelestèc eÐnai fantastikoÐ, dhlad  a(n) = 0,∀n.

Par�deigma 3.1.2. To s ma

x(t) =
{

1, |t| 6 T1
2

0, T1
2 < |t| 6 T

2

eÐnai �rtio kai parousi�zei dÔo peperasmènec asunèqeiec sth di�rkeia miac periìdou (Sq ma 3.2).
Oi suntelestèc thc seir�c ja eÐnai

a(0) =
2T1

T

a(n) =
2
T

∫ T1
2

−T1
2

cos
2nπt

T
dt = 2

∫ T1
2T

− T1
2T

cos 2nπτdτ =
2 sinnπ T1

T

nπ
, n 6= 0.

Oi suntelestèc dÐdontai sto Sq ma 3.3 gia dÔo diaforetikèc timèc tou lìgou T1/T .

Par�deigma 3.1.3. JewroÔme èna periodikì s ma me perÐodo T , ìpou to s ma sthn kÔria
perÐodo eÐnai

x(t) = 1− 2
|t|
T

, |t| 6 T

2
.

To s ma eÐnai �rtio, epomènwc ja èqoume

a(0) =
2
T

∫ T
2

−T
2

(
1− 2

|t|
T

)
dt = 1
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Sq ma 3.3: Oi suntelestèc Fourier c tou s matoc tou ParadeÐgmatoc 3.1.2 (gia T1/T = 0, 5
kai T1/T = 0, 25).

a(n) =
2
T

∫ T
2

−T
2

(
1− 2

|t|
T

)
cos

2nπt

T
dt =

4
T

∫ T
2

0

(
1− 2

t

T

)
cos

2nπt

T
dt

a(n) = 2
∫ 1

0
(1− τ)cosnπτdτ =

2
(nπ)2

(1− (−1)n).

Sto Sq ma 3.4 dÐdetai to s ma gia T = 2 kai oi suntelestèc Fourier c.
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Sq ma 3.4: MÐa perÐodoc tou s matoc tou ParadeÐgmatoc 3.1.3 kai oi suntelestèc Fourier c.

Par�deigma 3.1.4. JewroÔme èna periodikì s ma me perÐodo T , ìpou to s ma sthn kÔria
perÐodo eÐnai

x(t) = cos
πt

T
, |t| 6 T

2
.

To s ma eÐnai �rtio, epomènwc ja èqoume

a(n) =
2
T

∫ T
2

−T
2

cos
πt

T
cos

2nπt

T
dt =

2
π

∫ π
2

−π
2

cos τ cos 2nτdτ
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a(n) =
1
π

∫ π
2

−π
2

(cos(2n + 1)τ + cos(2n− 1)τ)dτ =
2
π

(
sin(2n + 1)π

2

2n + 1
+

sin(2n− 1)π
2

2n− 1

)

a(n) =
2
π

(
(−1)n

2n + 1
+

(−1)n−1

2n− 1

)
=

4(−1)n−1

(4n2 − 1)π
.

Sto Sq ma 3.5 dÐdetai to s ma gia T = 1 kai oi suntelestèc Fourier c.
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Sq ma 3.5: MÐa perÐodoc tou s matoc tou ParadeÐgmatoc 3.1.4 kai oi suntelestèc Fourier c.

Par�deigma 3.1.5. JewroÔme èna periodikì s ma me perÐodo T , ìpou to s ma sthn kÔria
perÐodo eÐnai

x(t) =
1− ρ2

1− 2ρ cos 2πt
T + ρ2

, |t| 6 T

2
, |ρ| < 1.

To s ma eÐnai �rtio, epomènwc ja èqoume c(n) = c(−n). UpologÐzoume gia n > 0

c(n) =
1
T

∫ T
2

−T
2

(1− ρ2)e−i2πn t
T

1− 2ρ cos 2πt
T + ρ2

dt.

Jètoume
z = e−i2π t

T ,

opìte to olokl rwma antistoiqeÐ se èna epikampÔlio migadikì olokl rwma epÐ tou monadiaÐou
kÔklou me for� arnhtik . 'Ara

c(n) =
1− ρ2

2πi

∫

|z|=1

zn−1dz

(1− ρz)(1− ρz−1)
=

1− ρ2

2πi

∫

|z|=1

zndz

(1− ρz)(z − ρ)
.

Gia thn eÔresh tou oloklhr¸matoc mporoÔme na efarmìsoume ton oloklhrwtikì tÔpo tou
Cauchy, afoÔ h sun�rthsh zn

1−ρz eÐnai analutik  sto eswterikì tou monadiaÐou kÔklou. Telik�,
lamb�nontac upìyh kai thn artiìthta tou s matoc, brÐskoume

c(n) = ρ|n|

Sto Sq ma 3.6 dÐdetai to s ma gia ρ = 0, 8 kai oi suntelestèc Fourier c.
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Sq ma 3.6: MÐa perÐodoc tou s matoc tou ParadeÐgmatoc 3.1.5 kai oi suntelestèc Fourier c.

Par�deigma 3.1.6. To s ma

x(t) = T
∞∑

k=−∞
δ(t− kT )

eÐnai periodikì me perÐodo T . MporeÐ epomènwc na parastajeÐ me mia seir� Fourier. Epeid  to
s ma eÐnai �rtio, oi suntelestèc ja eÐnai

c(n) =
∫ T

2

−T
2

δ(t)e
2nπt

T dt = 1.

'Ara mporoÔme na gr�youme

T
∞∑

k=−∞
δ(t− kT ) =

∞∑

k=−∞
ei2kπ t

T .

3.2 Idiìthtec seir�c Fourier

H anapar�stash enìc periodikoÔ s matoc me seir� Fourier èqei k�poiec shmantikèc kai qr simec
idiìthtec pou parousi�zontai sth sunèqeia.

Grammikìthta H anapar�stash enìc grammikoÔ sunduasmoÔ dÔo periodik¸n shm�twn pou
èqoun thn Ðdia jemeli¸dh perÐodo isoÔtai me ton Ðdio grammikì sunduasmì twn antÐstoiqwn
anaparast�sewn me seir� Fourier.

Qronik  metatìpish E�n c(n) eÐnai oi suntelestèc tou anaptÔgmatoc gia to periodikì s ma
f(t) me perÐodo T , tìte oi suntelestèc tou anaptÔgmatoc tou s matoc f(t− t0) eÐnai

e−inω0t0c(n), ω0 =
2π

T
.

Antistrof  tou qrìnou E�n c(n) eÐnai oi suntelestèc tou anaptÔgmatoc gia to periodikì
s ma f(t), tìte oi suntelestèc tou anaptÔgmatoc tou s matoc f(−t) eÐnai c(−n).
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Allag  thc klÐmakac tou qrìnou E�n all�xei h klÐmaka tou qrìnou oi suntelestèc tou
anaptÔgmatoc den all�zoun, all�zei ìmwc h perÐodoc kai h suqnìthta. To s ma f(αt)
ja èqei perÐodo T/α.

Periodik  sunèlixh Oi suntelestèc tou anaptÔgmatoc thc sunèlixhc kat� mÐa perÐodo dÔo
periodik¸n shm�twn pou èqoun thn Ðdia jemeli¸dh perÐodo isoÔntai me to ginìmeno twn
antÐstoiqwn suntelest¸n pollaplasiamèno me to T .

Ginìmeno Oi suntelestèc tou anaptÔgmatoc tou ginomènou dÔo periodik¸n shm�twn pou èqoun
thn Ðdia jemeli¸dh perÐodo prokÔptoun apì th sunèlixh twn dÔo antÐstoiqwn akolouji¸n
twn suntelest¸n Fourier.

Mèsh isqÔc H mèsh isqÔc tou s matoc prokÔptei wc to �jroisma thc isqÔoc twn sunistws¸n,

1
T

∫

T
x2(t)dt =

∞∑
n=−∞

|c(n)|2.

Prìkeitai gia th sqèsh tou Parseval gia suneq  periodik� s mata.

Par�deigma 3.2.1. To s ma

x(t) =
{

1, 0 < t 6 T
2

−1, −T
2 < t 6 0

eÐnai perittì kai orÐzei èna periodikì s ma me perÐodo T . To s ma autì prokÔptei wc h diafor�
dÔo shm�twn, ìpwc autì tou ParadeÐgmatoc 3.1.2. To pr¸to paÐrnei thn tim  2, èqei sqèsh
T1/T = 0, 5 kai kajustèrhsh T1/2, dhlad 

x1(t) =
{

2, 0 6 t < T
2

0 −T
2 6 t < 0

Epomènwc oi suntelestèc ja eÐnai
c1(0) = 1,

c1(n) = 2e−i nπ
2

sin nπ
2

nπ
= −2i

sin2 nπ
2

nπ
, n 6= 0.

Oi suntelestèc tou deutèrou (x2(t) = 1) eÐnai mhdèn gia n 6= 0 kai c2(0) = 1. Opìte

b(n) =
{

0, n = 2k
4

nπ , n = 2k + 1

Sto Sq ma 3.7 dÐdetai to s ma gia T = 2 kai ta mètra twn suntelest¸n Fourier |c|.

Par�deigma 3.2.2. Ja efarmìsoume th sqèsh tou Parseval gia thn eÔresh thc mèshc isqÔoc
tou periodikoÔ s matoc tou ParadeÐgmatoc 3.1.5.

P∞ =
1
T

∫ T
2

−T
2

x2(t)dt =
∞∑

n=−∞
ρ2|n|

P∞ =
0∑

n=−∞
ρ−2n +

∞∑

n=0

ρ2n − 1 = 2
∞∑

n=0

ρ2n − 1 =
2

1− ρ2
− 1 =

1 + ρ2

1− ρ2
.
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Sq ma 3.7: MÐa perÐodoc tou s matoc tou ParadeÐgmatoc 3.2.1 kai oi suntelestèc Fourier |c|.
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