
EFARMOSMENA
MAJHMATIKA

GIA MHQANIKOUS

Gi¸rgoc TzirÐtac, Kajhght c

PANEPISTHMIO KRHTHS
Tm ma Epist mhc Upologist¸n

'Anoixh 2015



Kef�laio 1

StoiqeÐa migadik c an�lushc

1.1 MigadikoÐ arijmoÐ

Oi migadikoÐ arijmoÐ orÐzontai wc diatagmèna zeÔgh pragmatik¸n arijm¸n (x, y). To sÔsthma
twn migadik¸n arijm¸n, C, eÐnai to sÔnolo R2 efodiasmèno me thn pr�xh thc prìsjeshc di-
anusm�twn

(x1, y1) + (x2, y2) = (x1 + x2, y1 + y2),

tou pollaplasiasmoÔ pragmatikoÔ arijmoÔ α me di�nusma

α(x, y) = (αx, αy)

kai tou migadikoÔ pollaplasiasmoÔ

(x1, y1)(x2, y2) = (x1x2 − y1y2, x1y2 + y1x2).

O �xonac twn x onom�zetai pragmatikìc kai o �xonac twn y onom�zetai fantastikìc. To
shmeÐo (0, 1) sumbolÐzetai me i. Me qr sh tou migadikoÔ pollaplasiasmoÔ prokÔptei ìti

i2 = −1.

Oi migadikoÐ arijmoÐ gr�fontai

z = x + iy = <z + i=z.
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Sq ma 1.1: Gewmetrik  par�stash migadik¸n arijm¸n.
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H prìsjesh èqei thn antimetajetik  kai thn prosetairistik  idiìthta kai oudètero stoiqeÐo
to 0. O pollaplasiasmìc èqei thn antimetajetik  kai thn prosetairistik  idiìthta, en¸ isqÔei
kai h epimeristik  idiìthta. To oudètero stoiqeÐo tou pollaplasiasmoÔ eÐnai to 1 kai up�rqei
o antÐstrofoc k�je migadikoÔ arijmoÔ, plhn tou 0,

z−1 =
x

x2 + y2
− iy

x2 + y2
, z 6= 0.

Dedomènou ìti oi migadikoÐ arijmoÐ èqoun mia dianusmatik  anapar�stash, mporoÔn na
parastajoÔn kai se polik  morf . Onom�zetai mètro tou migadikoÔ arijmoÔ z to m koc tou
antÐstoiqou dianÔsmatoc,

|z| =
√

x2 + y2.

H gwnÐa pou sqhmatÐzei to di�nusma (x, y) me to jetikì pragmatikì hmi�xona onom�zetai ìrisma,
θ, tou migadikoÔ arijmoÔ. To ìrisma orÐzetai monadik� gia k�je mh mhdenikì migadikì arijmì
se èna gwniakì di�sthma 2π. H prwteÔousa tim  tou orÐsmatoc dÐdetai wc ex c

Argz = θ ⇔ tan θ =
y

x
,−π < θ 6 π, z 6= 0.

Me thn polik  anapar�stash aplopoieÐtai h èkfrash gia to ginìmeno dÔo migadik¸n arij-
m¸n. Ja isqÔei

|z1z2| = |z1||z2|, Arg(z1z2) = Arg(z1) + Arg(z2) (mod 2π).

Mèsw aut c thc idiìthtac prokÔptei o tÔpoc tou de Moivre pou dÐdei th n−ost  dÔnamh enìc
migadikoÔ arijmoÔ. An eÐnai z = ρ(cos θ + i sin θ), tìte

zn = ρn(cosnθ + i sinnθ).

Katìpin autoÔ oi n−ostèc rÐzec tou z = ρ(cos θ + i sin θ) eÐnai

zk = ρ1/n

(
cos

θ + 2kπ

n
+ i sin

θ + 2kπ

n

)
, k = 0, 1, . . . , n− 1.

Epomènwc oi n−ostèc rÐzec thc mon�dac eÐnai

wk = cos
2kπ

n
+ i sin

2kπ

n
, k = 0, 1, . . . , n− 1.

Par�deigma 1.1.1. Dedomènou ìti oi migadikoÐ arijmoÐ antistoiqoÔn se shmeÐa sto epÐpedo,
epÐpedec grammèc   kampÔlec mporoÔn na parastajoÔn me qr sh migadik¸n arijm¸n. H z =
z0+wt (t ∈ R) parist�nei mia eujeÐa pou pern� apì to shmeÐo z0 kai èqei klÐsh w. H |z−z0| = r
eÐnai h exÐswsh tou kÔklou, en¸ h èlleiyh dÐdetai apì thn exÐswsh |z − a|+ |z + a| = 2r. ¤

Par�deigma 1.1.2. Ac eÐnai w (w 6= 1) mÐa n−ost  rÐza tou 1. IsqÔei ìti

1 + w + . . . + wn−1 =
1− wn

1− w
= 0. ¤

OrÐzetai o suzug c enìc migadikoÔ arijmoÔ

z̄ = x− iy.

IsqÔoun oi akìloujec idiìthtec:
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• z1 + z2 = z1 + z2

• z1z2 = z̄1z̄2

• zz̄ = |z|2

• |z| = |z̄|
• z−1 = z̄

|z|2 , z 6= 0

Par�deigma 1.1.3. IsqÔei h tautìthta tou parallhlogr�mmou,

|a− b|2 + |a + b|2 = (a− b)(a− b) + (a + b)(a + b) = 2|a|2 + 2|b|2. ¤

Gia to mètro isqÔoun oi ex c anisìthtec:

• |z1 + z2| 6 |z1|+ |z2|
• |z1 − z2| > ||z1| − |z2||

• |∑N
n=1 znwn| 6

√∑N
n=1 |zn|2

√∑N
n=1 |wn|2

1.2 Migadikèc sunart seic

Ac eÐnai A ⊂ C. Mia sun�rthsh pou orÐzetai sto A antistoiqeÐ k�je shmeÐo tou se èna migadikì
arijmì.

Par�deigma 1.2.1. To eurÔtero pedÐo orismoÔ thc sun�rthshc

f(z) =
1

z2 + 1

eÐnai to sÔnolo twn migadik¸n arijmì ektìc twn ±i. ¤

H ekjetik  sun�rthsh orÐzetai sto C wc

ez = ex(cos y + i sin y).

H ekjetik  sun�rthsh èqei tic akìloujec idiìthtec:

• ez1+z2 = ez1ez2

• ez = 1 ⇔ z = 2kπi

• eπi/2 = i, eiπ = −1, e3πi/2 = −i, e2iπ = 1

• |ez| = ex

Oi trigwnometrikèc sunart seic orÐzontai sto C wc

sin z =
eiz − e−iz

2i
, cos z =

eiz + e−iz

2
.

Oi trigwnometrikèc sunart seic èqoun tic akìloujec idiìthtec:
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(a) (b)

Sq ma 1.2: Grafik  par�stash tou pragmatikoÔ kai tou fantastikoÔ mèrouc thc ekjetik c
sun�rthshc.

• sin2 z + cos2 z = 1

• sin(z1 + z2) = sin z1 cos z2 + cos z1 sin z2

• cos(z1 + z2) = cos z1 cos z2 − sin z1 sin z2

• | sin z|2 = sin2 x + sinh2 y

• | cos z|2 = cos2 x + sinh2 y

Par�deigma 1.2.2. O upologismìc tou hmitìnou kai tou sunhmitìnou gia th fantastik 
mon�da dÐdei

sin i =
e−1 − e

2i
=

i

2

(
e− 1

e

)
kai cos i =

e−1 + e

2
. ¤
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Sq ma 1.3: Grafik  par�stash tou pragmatikoÔ kai tou fantastikoÔ mèrouc thc sun�rthshc
hmitìnou.
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(b)

Sq ma 1.4: Grafik  par�stash tou pragmatikoÔ kai tou fantastikoÔ mèrouc thc logarijmik c
sun�rthshc.

H logarijmik  sun�rthsh orÐzetai gia ìlouc touc migadikoÔc arijmoÔc, plhn tou mhdenìc,
me pedÐo tim¸n tètoio ¸ste to migadikì mèroc na ekteÐnetai se di�sthma 2π. O kÔrioc kl�doc
thc logarijmik c sun�rthshc orÐzetai gia timèc ¸ste −π < =Logz 6 π, opìte

Logz = ln |z|+ iArgz,

ìpou Argz periorÐzetai ìpwc anwtèrw. H logarijmik  sun�rthsh eÐnai antÐstrofh thc ek-
jetik c me ton parap�nw periorismì gia to pedÐo tim¸n.

Par�deigma 1.2.3.
e2Log(−1) = e2(ln 1+iπ) = 1. ¤

Par�deigma 1.2.4. Na lujeÐ h exÐswsh cos z =
√

2. H exÐswsh eÐnai isodÔnamh me

eiz + e−iz

2
=
√

2.

Jètoume w = eiz kai paÐrnoume thn exÐswsh

w2 + 1 = 2
√

2w ⇔ (w −
√

2)2 = 1

LÔseic thc exÐswshc aut c eÐnai

w =
√

2± 1 ⇔ eiz =
√

2± 1

Telik� oi lÔseic thc exÐswshc eÐnai

z = −i ln(
√

2± 1) + 2kπ. ¤

Gia tic sunart seic endiafèroun oi ènnoiec thc sunèqeiac kai thc parag¸gishc. Kai gia tic
dÔo autèc ènnoiec apaiteÐtai tìso o orismìc thc geitoni�c enìc shmeÐou, ìso kai h dunatìthta
prosdiorismoÔ tou sunìlou epÐ tou opoÐou eÐnai suneq c kai paragwgÐsimh. 'Ena sÔnolo A ⊂ C
onom�zetai anoiktì, an den sumperilamb�nei to �sÔnorì� tou. To sumpl rwma enìc anoiktoÔ
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sunìlou eÐnai kleistì. Gia èna arijmì r > 0, h geitoni� r enìc shmeÐou z0 eÐnai o anoiktìc
dÐskoc me kèntro to shmeÐo kai aktÐna r (|z − z0| < r). Mia �truphmènh� geitoni� eÐnai ènac
dÐskoc ìpwc prin, ìpou ìmwc eqei afairejeÐ to kèntro (0 < |z − z0| < r).

To ìrio miac sun�rthshc f(z) s' èna shmeÐo z0 isoÔtai me a, an h tim  thc sun�rthshc
plhsi�zei to a, ìtan to z plhsi�zei to z0. H sun�rthsh ja onom�zetai suneq c se èna shmeÐo,
e�n kai mìno e�n, to ìrio thc se autì to shmeÐo isoÔtai me thn tim  thc se autì. Mia sun�rthsh
orismènh se èna anoiktì sÔnolo A ⊂ C ja onom�zetai suneq c se autì e�n eÐnai suneq c se
k�je shmeÐo tou A.

1.3 Analutikèc sunart seic

O ìroc �analutik � anafèretai se mia sun�rthsh diaforÐsimh kat� th migadik  ènnoia. Mia
sun�rthsh f orismènh sto anoiktì sÔnolo A ⊂ C eÐnai paragwgÐsimh sto shmeÐo z0 ∈ A, e�n
up�rqei to ìrio

lim
z→z0

f(z)− f(z0)
z − z0

,

To ìrio sumbolÐzetai f ′(z0). H sun�rthsh onom�zetai analutik , e�n eÐnai analutik  sto
anoiktì sÔnolo ìpou orÐzetai.

E�n f kai g eÐnai analutikèc sunart seic epÐ tou A, to Ðdio isqÔei kai gia opoiod pote
grammikì sunduasmì touc kai gia to ginìmenì touc. E�n ∀z ∈ A, g(z) 6= 0, h f/g eÐnai
analutik  kai isqÔei (

f

g

)′
(z) =

f ′(z)g(z)− g′(z)f(z)
g2(z)

.

IsqÔei epÐshc o kanìnac thc alusÐdac gia sÔnjetec sunart seic

d

dz
f ◦ g(z) = f ′(g(z))g′(z),

ìpou to pedÐo tim¸n thc g eÐnai uposÔnolo tou pedÐou orismoÔ thc f .
Opoiod pote polu¸numo eÐnai analutik  sun�rthsh se olìklhro to C. Opoiad pote rht 

sun�rthsh eÐnai analutik  sto anoiktì sÔnolo pou apoteleÐtai apì ìla ta z, plhn aut¸n sta
opoÐa o paranomast c mhdenÐzetai.

H ekjetik  sun�rthsh eÐnai analutik  sto C kai isqÔei

dez

dz
= ez.

Ac eÐnai A to anoiktì sÔnolo pou prokÔptei ìtan apì to sÔnolo C afairejeÐ o arnhtikìc
pragmatikìc hmi�xonac sumperilambanomènou tou mhdenìc. Tìte o log�rijmoc eÐnai analutik 
sun�rthsh sto parap�nw sÔnolo kai isqÔei

dLogz

dz
=

1
z
.

Par�deigma 1.3.1. Na dojeÐ h par�gwgoc kai to antÐstoiqo pedÐo orismoÔ thc sun�rthshc

f(z) = sin(Logz2)
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H logarijmik  sun�rthsh, o kÔrioc kl�doc ìpwc orÐsjhke sto 1.2 eÐnai analutik  pantoÔ,
plhn tou arnhtikoÔ pragmatikoÔ hmi�xona. To z2 apeikonÐzetai ston arnhtikì hmi�xona, an to
z brÐsketai sto jetikì fantastikì hmi�xona. 'Ara

f ′(z) = cos(Logz2)
2
z
,

pantoÔ, plhn tou jetikoÔ fantastikoÔ hmi�xona (z 6= iy, y > 0). ¤
An h sun�rthsh f jewrhjeÐ wc sun�rthsh tou diatagmènou zeÔgouc (x, y), mporoÔme na

gr�youme f(x, y) = u(x, y) + iv(x, y). H sun�rthsh f eÐnai analutik , an

∂u

∂x
=

∂v

∂y
kai

∂u

∂y
= −∂v

∂x
.

Oi exis¸seic autèc eÐnai gnwstèc wc Cauchy-Riemann.

Par�deigma 1.3.2.

• H sun�rthsh f(z) = z den eÐnai analutik . Pr�gmati an gr�youme f(x, y) = x − iy,
diapist¸noume ìti ∂u

∂x 6= ∂v
∂y .

• H sun�rthsh f(z) = |z|2 eÐnai analutik  mìno sto 0. Pr�gmati an gr�youme f(x, y) =
x2 + y2, ja prèpei ∂u

∂x = 2x = 0 kai ∂u
∂y = 2y = 0.

1.4 Migadik� epikampÔlia oloklhr¸mata

Mia suneq c kampÔlh sto C eÐnai mia suneq c apeikìnish γ : [a, b] → C. H kampÔlh kaleÐtai
kat� tm mata leÐa, an mporoÔme na qwrÐsoume to ìlo di�sthma se peperasmèno arijmì upo-
diasthm�twn, ¸ste sta anoikt� upodiast mata up�rqei h γ′(t), en¸ sta kleist� h γ(t) eÐnai
suneq c. To olokl rwma thc f kat� m koc thc kampÔlhc orÐzetai wc

∫

γ
f(z)dz =

N−1∑

n=0

∫ an+1

an

f(γ(t))γ′(t)dt,

ìpou ta an(n = 0, 1, . . . , N) orÐzoun ta �kra twn upodiasthm�twn.

Par�deigma 1.4.1. Ac eÐnai γ o monadiaÐoc kÔkloc me kèntro thn arq  twn axìnwn se mia
pl rh diadrom . ZhteÐtai to olokl rwma

∫
γ zdz. Jètoume z = cos t + i sin t, opìte dz =

(− sin t + i cos t)dt. 'Ara
∫

γ
zdz =

∫ 2π

0
(cos t− i sin t)(− sin t + i cos t)dt = 2πi. ¤

Me to jemeli¸dec je¸rhma gia ta epikampÔlia migadik� oloklhr¸mata apodeiknÔetai ìti gia
mia tmhmatik� leÐa kampÔlh γ : [0, 1] → C kai gia mia sun�rthsh F analutik  s' èna anoiktì
sÔnolo pou perièqei th γ, ∫

γ
F ′(z)dz = F (γ(1))− F (γ(0)).
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'Estw mia suneq c sun�rthsh f orismènh s' èna anoiktì sunektikì sÔnolo G, ìpou sunek-
tikì noeÐtai èna sÔnolo pou apoteleÐtai apì èna mìno mèroc,   alli¸c opoiad pote dÔo shmeÐa
tou sunektikoÔ sunìlou sundèontai me mÐa suneq  kampÔlh pou an kei se autì. Sto je¸rhma
anexarthsÐac tou epikampÔliou oloklhr¸matoc apì to drìmo apodeiknÔetai ìti oi akìloujec
prot�seic eÐnai isodÔnamec.

• An dÔo diaforetikoÐ drìmoi γ1 kai γ2 sundèoun dÔo shmeÐa tou G kai an koun sto G,
tìte ∫

γ1

f(z)dz =
∫

γ2

f(z)dz.

• Ta oloklhr¸mata kat� m koc kleist¸n kampul¸n eÐnai 0.

• Up�rqei mia sun�rthsh F orismènh kai analutik  sto G, ¸ste F ′(z) = f(z) gia ìla ta
shmeÐa tou G.

H sun�rthsh F onom�zetai par�gousa thc f .
Ac jewr soume to olokl rwma ∫

γ
(z − a)ndz,

ìpou γ eÐnai kÔkloc me aktÐna r kai kèntro a kai n opoiosd pote akèraioc. Ac eÐnai kat' arq n
n > 0. Tìte

(z − a)n =
1

n + 1
d

dz
(z − a)n+1,

dhlad  par�gwgoc miac analutik c sun�rthshc. 'Ara
∫

γ
(z − a)ndz = 0, n > 0.

An n < −1, h par�gousa eÐnai analutik  pantoÔ, ektìc tou a. Epomènwc o kÔkloc eÐnai
sto qwrÐo ìpou h par�gousa eÐnai analutik . Opìte to olokl rwma eÐnai ìpwc prohgoÔmena.
Mènei h perÐptwsh n = −1, gia thn opoÐa jètoume z = reit + a, 0 < t 6 2π, opìte

∫

γ

dz

z − a
=

∫ 2π

0
idt = 2πi

SÔmfwna me to je¸rhma Cauchy-Goursat, an mia sun�rthsh f eÐnai analutik  sto eswterikì
kai p�nw se mia apl  kleist  kampÔlh γ, tìte

∫

γ
f(z)dz = 0.

Katìpin autoÔ prokÔptei o oloklhrwtikìc tÔpoc tou Cauchy. An h sun�rthsh f eÐnai
analutik  sto eswterikì kai p�nw se mia apl  kleist  kampÔlh γ kai z0 eÐnai èna shmeÐo sto
eswterikì, tìte

f(z0) =
1

2πi

∫

γ

f(z)dz

z − z0
.
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Me b�sh ta parap�nw prokÔptei ìti an mia sun�rthsh eÐnai analutik  se èna shmeÐo, tìte ìlec
oi par�gwgoÐ thc up�rqoun kai eÐnai analutikèc ekeÐ. Epiplèon o oloklhrwtikìc tÔpoc tou
Cauchy genikeÔetai gia mh arnhtikoÔc akeraÐouc n,

f (n)(z0) =
n!
2πi

∫

γ

f(z)dz

(z − z0)n+1
.

Par�deigma 1.4.2. An γ eÐnai o monadiaÐoc kÔkloc

• H ekjetik  sun�rthsh eÐnai analutik  pantoÔ ki epomènwc
∫

γ

ez

z2
dz = 2πie0 = 2πi.

• Oi trigwnometrikèc sunart seic eÐnai analutikèc pantoÔ ki epomènwc
∫

γ

sin z

z4
dz =

2πi

6
(− cos 0) = −πi

3
.

Par�deigma 1.4.3. An γ eÐnai o kÔkloc |z| = 2,

• Gia to olokl rwma pou akoloujeÐ qrei�zontai oi rÐzec tou poluwnÔmou z2 + 2z − 3 tou
paranomast : 1,−3.

∫

γ

dz

z2 + 2z − 3
=

1
4

∫

γ

dz

z − 1
− 1

4

∫

γ

dz

z + 3
=

πi

2
.

• Kai sto parak�tw olokl rwma qrei�zetai na prosdiorisjoÔn oi rÐzec tou poluwnÔmou
tou paranomast  pou eurÐskontai entìc tou kÔklou

∫

γ

dz

z2(z2 + 16)
=

∫

γ

f(z)dz

z2
= 2πif ′(0) = 0.

Par�deigma 1.4.4. An γ eÐnai o kÔkloc |z − 1| = 2, gia to olokl rwma pou akoloujeÐ
qrei�zontai oi rÐzec tou poluwnÔmou tou paranomast : 1 + i,−(1 + i).

∫

γ

dz

z2 − 2i
=

∫

γ

1
z+1+i

z − 1− i
dz =

2πi

2(1 + i)
= πi

1− i

2
=

π

2
(1 + i).

1.5 Anapar�stash sunart sewn me seirèc

H akoloujÐa migadik¸n arijm¸n zn, n = 1, 2, 3, . . . sugklÐnei sto z, e�n, kai mìno e�n, gia k�je
ε > 0 up�rqei akèraioc N , ¸ste ∀n > N , |zn − z| < ε. Mia akoloujÐa sugklÐnei, an, kai mìno
an, tìso to pragmatikì mèroc, ìso kai to fantastikì mèroc, sugklÐnei.

Mia seir� migadik¸n arijm¸n
∞∑

n=1

zn
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sugklÐnei sto �jroisma S, an h akoloujÐa twn merik¸n ajroism�twn

SN =
N∑

n=1

zn

sugklÐnei sto S. H apìluth sÔgklish miac seir�c sunep�getai th sÔgklish thc seir�c aut c.

Par�deigma 1.5.1. An |z| < 1,
∞∑

n=0

zn =
1

1− z
.

Pr�gmati mporoÔme na gr�youme

N∑

n=0

zn =
1− zN+1

1− z
=

1
1− z

− zN+1

1− z
.

H akoloujÐa zN+1 sugklÐnei sto 0, gia |z| < 1, opìte h seir� ajroÐzetai ìpwc anwtèrw. ¤
H akoloujÐa migadik¸n sunart sewn fn(z) orismènh sto anoiktì sÔnolo A ⊂ C sugklÐnei

omoiìmorfa sth sun�rthsh f(z), an gia k�je z ∈ A up�rqei akèraioc N , ¸ste ∀n > N ,
|fn(z) − f(z)| < ε. AntÐstoiqa orÐzetai h omoiìmorfh sÔgklish miac seir�c sunart sewn∑∞

n=1 fn(z).
An mia akoloujÐa analutik¸n sunart sewn sugklÐnei omoiìmorfa, tìte h sun�rthsh ìrio

eÐnai analutik . To Ðdio isqÔei kai gia thn akoloujÐa twn merik¸n ajroism�twn kai to �jroisma
thc seir�c pou eÐnai analutik  sun�rthsh.

Par�deigma 1.5.2. AfoÔ gia |z| < 1,

∞∑

n=0

zn =
1

1− z

kai h sun�rthsh zn eÐnai analutik , mporoÔme na gr�youme

∞∑

n=1

nzn−1 =
1

(1− z)2
. ¤

Ja endiaferjoÔme idiaÐtera gia tic dunamoseirèc

∞∑

n=0

an(z − z0)n,

ìpou an eÐnai mia akoloujÐa migadik¸n arijm¸n kai z0 ènac stajerìc migadikìc arijmìc.
H perioq  analutikìthtac miac dunamoseir�c eÐnai to eswterikì enìc kÔklou me kèntro z0.

Autì shmaÐnei ìti up�rqei R > 0, Ðswc kai ∞, ¸ste h dunamoseir� na sugklÐnei gia k�je
|z− z0| < R kai na apoklÐnei gia k�je |z− z0| > R. H dunamoseir� eÐnai analutik  sun�rthsh
sto eswterikì tou kÔklou sÔgklishc.
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E�n mia sun�rthsh f eÐnai analutik , tìte se k�je dÐsko tou pedÐou orismoÔ thc isoÔtai me
mia sugklÐnousa dunamoseir�,

f(z) =
∞∑

n=0

f (n)(z0)
n!

(z − z0)n.

H seir� aut  onom�zetai seir� Taylor gÔrw apì to shmeÐo z0. DÐdontai katwtèrw merikèc
gnwstèc seirèc Taylor.

• Ekjetik  sun�rthsh

ez =
∞∑

n=0

zn

n!
, ∀z ∈ C.

• Trigwnometrikkèc sunart seic

sin z =
∞∑

n=0

(−1)n z2n+1

(2n + 1)!
, ∀z ∈ C.

cos z =
∞∑

n=0

(−1)n z2n

(2n)!
, ∀z ∈ C.

• AntÐstrofo monwnÔmou
1

ρ− z
=

∞∑

n=0

zn

ρn+1
, |z| < |ρ|.

Par�deigma 1.5.3. H seir� Taylor tou antistrìfou enìc poluwnÔmou apaiteÐ thn eÔresh twn
riz¸n tou poluwnÔmou.

1
z2 + 2z − 3

=
1
4

(
1

z − 1
− 1

z + 3

)
=

1
4

( ∞∑

n=0

(−1)n+1 zn

3n+1
−

∞∑

n=0

zn

)

1
z2 + 2z − 3

=
1
4

∞∑

n=0

(
(−1)n+1

3n+1
− 1

)
zn.

To an�ptugma autì isqÔei gia |z| < 1. ¤
E�n mia sun�rthsh den eÐnai analutik  se èna shmeÐo den mporeÐ na anaptuqjeÐ se seir�

Taylor. Gi' autèc tic sunart seic up�rqei suqn� èna �llo an�ptugma, h seir� Laurent. E�n
mia sun�rthsh eÐnai analutik  se èna daktulioeidèc qwrÐo R1 < |z − z0| < R2, tìte gia k�je
z sto qwrÐo h sun�rthsh anaptÔssetai se seir�, wc akoloÔjwc

f(z) =
∞∑

n=0

an(z − z0)n +
∞∑

n=1

bn

(z − z0)n

Oi suntelestèc tou anaptÔgmatoc dÐdontai apì tic sqèseic

an =
1

2πi

∫

γ

f(z)dz

(z − z0)n+1
, n > 0,
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bn =
1

2πi

∫

γ

f(z)dz

(z − z0)−n+1
, n > 1,

ìpou h kampÔlh γ eÐnai kleist  gÔrw apì to z0 kai an kei sto qwrÐo.
Wstìso oi suntelestèc thc seir�c Laurent brÐskontai sun jwc me �llo trìpo, ki ìqi me

ton upologismì twn oloklhrwm�twn, ìpwc faÐnetai sta parak�tw paradeÐgmata.

Par�deigma 1.5.4. ZhteÐtai to an�ptugma thc seir�c Laurent gÔrw apì to z0 = 0.

• Gia 0 < |z| < 1,

1
z(z + 1)

=
z + 1− z

z(z + 1)
=

1
z
− 1

1 + z
=

1
z
−

∞∑

n=0

(−1)nzn

• Gia 0 < |z| < 1,

z

z + 1
= z

1
z + 1

= z
∞∑

n=0

(−1)nzn =
∞∑

n=1

(−1)n−1zn

• Gia 1 < |z| < ∞,
z

z + 1
=

1
1 + 1

z

=
∞∑

n=0

(−1)nz−n

Par�deigma 1.5.5. JewroÔme to antÐstrofo tou poluwnÔmou z2 + 2z − 3. To polu¸numo
autì èqei dÔo rÐzec: 1,−3. GÔrw apì to z0 = 0 diakrÐnontai trÐa daktulioeid  qwrÐa. Sto
pr¸to (|z| < 1) h sun�rthsh eÐnai analutik  kai efarmìzetai to an�ptugma Taylor pou dÐdetai
sto Par�deigma 1.5.3. Ac jewr soume t¸ra to deÔtero qwrÐo 1 < |z| < 3. Gr�foume

1
z2 + 2z − 3

=
1
4

(
1

z − 1
− 1

z + 3

)
=

1
4

(
1

z(1− 1
z )
− 1

3(1 + z
3)

)

1
z2 + 2z − 3

=
1
4

(
1
z

∞∑

n=0

z−n − 1
3

∞∑

n=0

(−1)n
(z

3

)n
)

Ac jewr soume tèloc to qwrÐo 3 < |z|. Gr�foume

1
z2 + 2z − 3

=
1
4

(
1

z(1− 1
z )
− 1

z(1 + 3
z )

)

1
z2 + 2z − 3

=
1
4

(
1
z

∞∑

n=0

z−n − 1
z

∞∑

n=0

(−3)nz−n

)
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Par�rthma : An�lush antistrìfou poluwnÔmou se merik� kl�smata

Tìso o upologismìc oloklhrwm�twn, ìso kai to an�ptugma se seir�, efìson prìkeitai gia
mia sun�rthsh antÐstrofo enìc poluwnÔmou, dieukolÔnetai me thn an�lush se apl� kl�smata.
DÐdetai sth sunèqeia h an�lush gia thn perÐptwsh pou ìlec oi rÐzec tou poluwnÔmou eÐnai
aplèc. Ac eÐnai

f(z) =
1∏N

n=1(ρn − z)
.

MporeÐ na grafeÐ wc

f(z) =
N∑

n=1

An

ρn − z
.

Proc toÔto apaiteÐtai ìpwc isqÔei

N∑

n=1

An

N∏

k=1,k 6=n

(ρk − z) = 1.

Katìpin autoÔ oi suntelestèc An dÐdontai wc ex c

An =
1∏N

k=1,k 6=n(ρk − ρn)
.
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