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1. 'Estw to s ma

x(t) =

{
A, 0 ≤ t ≤ T
0, alloÔ

(1)

(aþ) Na upologÐsete to metasq. Fourier tou.

(bþ) Na upologÐsete to metasq. Laplace tou. Epibebai¸ste to apotèlesma tou
prohgoÔmenou erwt matoc, qrhsimopoi¸ntac ton metasq. Laplace.

LÔsh:
EÐnai

(aþ) EÐnai

x(t) = Arect
( t− T

2

T

)
↔ X(f) = ATsinc(fT )e−j2πT/2f = ATsinc(ft)e−jπfT (2)

(bþ) EÐnai

X(s) =

∫ T

0
Ae−stdt =

A

−s
e−st

∣∣∣T
0

= −A
s

(e−sT − 1) =
A

s
(1− esT ) (3)

Epeid  to s ma eÐnai peperasmènhc di�rkeiac, to pedÐo sÔgklis c tou eÐnai ìlo to s-epÐpedo.
Epeid  to pedÐo sÔgklishc perilamb�nei to fantastikì �xona, ac broÔme to metasq. Fourier
mèsw tou metasq. Laplace pou mìlic upologÐsame. EÐnai

X(s)
∣∣∣
σ=0

=
A

j2πf
(1− e−j2πfT ) =

A

j2πf
e−jπfT (ejπfT − e−jπfT )

=
A

j2πf
e−jπfT 2j sin(πfT )

=
A

πf
e−jπfT sin(πfT )

=
AT

πfT
e−jπfT sin(πfT )

= ATsinc(fT )e−jπfT (4)

pou eÐnai to Ðdio akrib¸c apotèlesma me autì pou upologÐsame parap�nw.
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2. UpologÐste to metasq. Laplace tou s matoc

x(t) = eαtu(t) + e2αtu(−t), α > 0 (5)

UpologÐzetai gia to s ma autì o metasq. Fourier mèsw tou metasq. Laplace?
An nai, breÐte ton. An ìqi, exhgeÐste.

LÔsh:
EÐnai

X(s) =

∫ ∞
−∞

x(t)e−stdt =

∫ ∞
0

e(a−s)tdt+

∫ 0

−∞
e(2a−s)tdt

=
1

a− s
e(a−s)t

∣∣∣∞
0

+
1

2a− s
e(2a−s)t

∣∣∣0
−∞

=
1

a− s
0− 1

a− s
+

1

2a− s
− 1

2a− s
0

= − 1

a− s
+

1

2a− s

=
a− s− 2a+ s

(2a− s)(a− s)

=
−a

(s− 2a)(s− a)
(6)

an a−<{s} < 0 kai 2a−<{s} > 0⇔ a < <{s} < 2a.

Ta duo pedÐa sÔgklishc proèkuyan ap' touc gnwstoÔc periorismoÔc sta oloklhr¸mata, ìtan t =
±∞, ¸ste aut� na sugklÐnoun. Epeid  èqoume �jroisma shm�twn, to pedÐo sÔgklishc ja eÐnai h
tom  twn epimèrouc pedÐwn sÔgklishc.
O metasqhmatismìc Fourier den mporeÐ na upologisteÐ mèsw tou metasq. Laplace, giatÐ to pedÐo
sÔgklishc den perilamb�nei to fantastikì �xona <{s} = σ = 0.

3. DeÐxte ìti o metasq. Laplace tou s matoc

x(t) = teαtu(t), α > 0

eÐnai o

X(s) =
1

(s + α)2
, <{s} > −α

DÐnetai ìti

∫
te−αtdt =

1

α2
e−αt

(
− αt− 1

)
LÔsh:
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EÐnai

X(s) =

∫ ∞
−∞

x(t)e−stdt =

∫ ∞
−∞

teatu(t)e−stdt =

∫ ∞
0

te−(a+s)tdt

=
e−(a+s)t

(a+ s)2

(
− (a+ s)t− 1

)∣∣∣+∞
0

= lim
t→+∞

(
− te−(a+s)t

a+ s
− e−(a+s)t

(a+ s)2

)
+

1

(a+ s)2

= lim
t→+∞

−te(a+s)t

a+ s
− lim
t→+∞

e−(a+s)t

(a+ s)2
+

1

(a+ s)2

=
1

a+ s
lim

t→+∞

−t
e(a+s)t

− 0 +
1

(a+ s)2

=
1

(a+ s)2
lim

t→+∞

−1

e(a+s)t
+

1

(a+ s)2

= 0 +
1

(a+ s)2
=

1

(a+ s)2
, an <{s}+ a > 0⇔ <{s} > −a. (7)

Ed¸, to pedÐo sÔgklishc proèkuye apì touc gnwstoÔc periorismoÔc, ¸ste ta ìria na fjÐnoun sto
mhdèn. EpÐshc, sto teleutaÐo ìrio, efarmìsame ton kanìna tou De L’ Hospital gia na to lÔsoume.

4. DeÐxte ìti o metasq. Laplace tou s matoc

x(t) = tu(t)

eÐnai

X(s) =
1

s2
, <{s} > 0.

DÐnetai ìti

∫
te−αtdt =

1

α2
e−αt

(
− αt− 1

)
LÔsh:
EÐnai

X(s) =

∫ ∞
−∞

tu(t)e−stdt =

∫ ∞
0

te−stdt =
e−st

s2
(−st− 1)

∣∣∣∞
0

=
(
− te−st

s
− e−st

s2

)∣∣∣∞
0

= − te
−st

s

∣∣∣∞
0
− e−st

s2

∣∣∣∞
0

= − lim
t→+∞

te−st

s
+

1

s2
= lim

t→+∞

t

est
+

1

s2

= lim
t→+∞

1

sest
+

1

s2
= 0 +

1

s2
=

1

s2
, <{s} > 0. (8)

Ed¸ kai p�li qrhsimopoi same ton kanìna tou De L’ Hospital, en¸ to pedÐo sÔgklishc prokÔptei
kat� ta gnwst� (plèon :-) ).

5. DeÐxte ìti o metasq. Laplace tou s matoc 1 eÐnai o

X(s) =
2

s2
(e−s − e−2s)− 2

s
e−4s

DÐnetai ìti

∫
te−αtdt =

1

α2
e−αt

(
− αt− 1

)
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Sq ma 1: Sq ma 'Askhshc 5.5

LÔsh:
1oc trìpoc:
EÐnai

X(s) =

∫ 2

1
(2t− 2)e−stdt+

∫ 4

2
2e−stdt =

∫ 2

1
2te−stdt−

∫ 2

1
2e−stdt+

∫ 4

2
2e−stdt

= 2
e−st

s2
(−st− 1)

∣∣∣2
1

+ 2
e−st

s

∣∣∣2
1
− 2

e−st

s

∣∣∣4
2

= −2
e−2s

s2
+ 2

e−s

s2
− 2

e−4s

s

=
2

s2
(e−s − e−2s)− 2

s
e−4s (9)

To pedÐo sÔgklishc eÐnai ìlo to s-epÐpedo, afoÔ to x(t) eÐnai peperasmèno.

2oc trìpoc:
EÐnai

Sq ma 2: Par�gwgoc 'Askhshc 5.5

dx(t)

dt
= 2rect

( t− 3
2

1

)
− 2δ(t− 4)⇒  L{dx(t)

dt
} =

2

s
e−

3
2
s(e

s
2 − e−

s
2 )− 2e−4s

=
2

s
e−s − 2

s
e−2s − 2e−4s (10)
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IsqÔei ìti

 L{dx(t)

dt
} = sX(s)− x(0−) = sX(s)

'Ara
2

s
(e−s − e−2s)− 2e−4s = sX(s)− x(0−)⇔ X(s) =

2

s2
(e−s − e−2s)− 2

s
e−4s (11)

O deÔteroc trìpoc lÔshc eÐnai pio eÔkoloc, me thn proôpìjesh ìti ja paragwgisteÐ swst� to sq ma
kai ja efarmìsete swst� thn idiìthta.

6. Na upologisteÐ o metasq. Laplace tou s matoc pou faÐnetai sto sq ma 3.

Sq ma 3: Sq ma 'Askhshc 5.6

LÔsh:
ParagwgÐzontac, èqoume to s ma tou sq matoc 4. EÐnai

Sq ma 4: Par�gwgoc sq matoc 'Askhshc 5.6

sX(s)− x(0−) =  L{dx(t)

dt
} =  L{δ(t− 1)− rect

( t− 3
2

1

)
}+ rect

( t− 5
2

1

)
− δ(t− 3)}

= e−s − 1

s
(1− e−s) +

1

s
(1− e−s)e−2s − e−3s ⇔

sX(s) = e−s − 1

s
e−s +

1

s
e−2s +

1

s
e−2s − 1

s
e−3s − e−3s

= e−s
(

1− 1

s

)
+ e−2s

(1

s
+

1

s

)
− e−3s

(1

s
+ 1
)
⇔

X(s) =
e−s(s− 1)

s2
+ 2

e−2s

s2
− e−3s(s+ 1)

s2
(12)
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To s ma eÐnai peperasmènhc di�rkeiac, �ra to pedÐo sÔgklishc eÐnai ìlo to s-epÐpedo.

7. 'Estw

X(s) =
3s + 5

s2 + 3s + 2

me ROC : −2 < <{s} < −1. BreÐte ton antÐstrofo metasq. Laplace, x(t).

LÔsh:
Profan¸c de ja qrhsimopoi soume ton orismì gia na broÔme ton antistr. metasq. Laplace, all�
ja qrhsimopoi soume  dh gnwst� mac zeÔgh metasqhmatism¸n, sp�zontac to meg�lo kl�sma se
mikrìtera. IsqÔei ìti h t�xh tou poluwnÔmou tou arijmht  eÐnai mikrìterh ap' thn antÐstoiqh tou
paronomast , �ra mporoÔme na efarmìsoume an�ptugma se merik� kl�smata.
EÐnai:

X(s) =
3s+ 5

s2 + 3s+ 2
=

3s+ 5

(s+ 1)(s+ 2)
=

A1

s+ 1
+

A2

s+ 2

A1 = X(s)(s+ 1)
∣∣∣
σ=−1

=
3s+ 5

s+ 2

∣∣∣
σ=−1

= 2

A2 = X(s)(s+ 2)
∣∣∣
σ=−2

=
3s+ 5

s+ 1

∣∣∣
σ=−2

= 1

'Ara ja eÐnai

X(s) = 2
1

s+ 1
+

1

s+ 2

To pedÐo sÔgklishc dÐdetai ìti eÐnai

ROC : −2 < <{s} < −1⇔ <{s} > −2 ∩ <{s} < −1

'Ara, gnwrÐzontac ìti to X(s) eÐnai �jroisma duo shm�twn thc parap�nw morf c, me pedÐa sÔgklishc
ta duo parap�nw, jèloume na broÔme ta duo s mata sto qrìno. Apì touc pÐnakec twn zeug¸n
metasqhmatism¸n, èqoume ìti:

e−2tu(t)↔ 1

s+ 2
, <{s} > −2

−e−tu(−t)↔ 1

s+ 1
, <{s} < −1

'Ara telik�
x(t) = e−2tu(t)− 2e−tu(−t) (13)

eÐnai to s ma pou y�qnoume.

8. Na upologisteÐ o antÐstrofoc metasq. Laplace tou s matoc

X(s) =
−3

(s + 2)(s− 1)

ìtan:

(aþ) ROC : −2 < <{s} < 1

(bþ) ROC : <{s} > 1
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(gþ) ROC : <{s} < −2

Se k�je perÐptwsh, sqedi�ste thn perioq  sÔgklishc.

LÔsh:
EÐnai

X(s) =
−3

(s+ 2)(s− 1)
=

A1

s+ 2
+

A2

s− 1

me

A1 = X(s)(s+ 2)
∣∣∣
s=−2

=
−3

s− 1

∣∣∣
s=−2

= 1

A2 = X(s)(s− 1)
∣∣∣
s=1

=
−3

s+ 2

∣∣∣
s=1

= −1

An�loga me ta pedÐa sÔgklishc pou dÐnontai, ja kajoristeÐ kai to s ma sto qrìno pou ja prokÔyei.

(aþ) 'Ara

X(s) =
1

s+ 2
− 1

s− 1

−2<<{s}<1={−2<<{s}}∩{<{s}<1}−−−−−−−−−−−−−−−−−−−−−−−→
L−1

x(t) = e−2tu(t) + etu(−t) (14)

To pedÐo sÔgklishc faÐnetai sto sq ma 5.

Sq ma 5: 1o PedÐo SÔgklishc 'Askhshc 5.8

(bþ) 'Ara

X(s) =
1

s+ 2
− 1

s− 1

<{s}>1={<{s}>−2}∩{<{s}>1}−−−−−−−−−−−−−−−−−−−−→
L−1

x(t) = e−2tu(t)− ettu(t) (15)

To pedÐo sÔgklishc faÐnetai sto sq ma 6.

(gþ) 'Ara

X(s) =
1

s+ 2
− 1

s− 1

<{s}<−2={<{s}<−2}∩{<{s}<1}−−−−−−−−−−−−−−−−−−−−−→
L−1

x(t) = −e−2tu(−t) + ettu(−t) (16)

To pedÐo sÔgklishc faÐnetai sto sq ma 7.
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Sq ma 6: 2o PedÐo SÔgklishc 'Askhshc 5.8

Sq ma 7: 3o PedÐo SÔgklishc 'Askhshc 5.8

9. O metasq. Laplace dÐnetai apì th sqèsh

X(s) =
s + 2

s2 − 2s− 3

(aþ) Gia ìla ta dunat� pedÐa sÔgklishc, breÐte ton antÐstrofo metasq. Laplace,
x(t).

(bþ) Se poi� perÐptwsh upologÐzetai o metasq. Fourier? UpologÐste ton.

LÔsh:
EÐnai

(aþ) Oi pìloi tou paronomast  eÐnai oi s1 = 3, s2 = −1, ìpwc eÔkola diapist¸noume. 'Ara

X(s) =
s+ 2

(s− 3)(s+ 1)
=

A1

s− 3
+

A2

s+ 1
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Ta A1, A2 dÐnontai apì tic sqèseic

A1 = X(s)(s− 3)
∣∣∣
s=3

=
s+ 2

s+ 1

∣∣∣
s=3

=
5

4

A2 = X(s)(s+ 1)
∣∣∣
s=−1

=
s+ 2

s− 3

∣∣∣
s=−1

= −1

4

'Ara èqoume

X(s) = −1

4

1

s+ 1
+

5

4

1

s− 3

me pijan� pedÐa sÔgklishc ta

ROC =


<{s} < −1,
<{s} > 3,
−1 < <{s} < 3

• Gia thn perÐptwsh <{s} < −1, qreiazìmaste h tom  twn pedÐwn sÔgklishc twn duo shm�-
twn na mac dÐnei to hmiepÐpedo σ < −1. Autì gÐnetai mìnon an {<{s} < 3}∩{<{s} < −1}.
Gi' aut� ta duo pedÐa sÔgklishc, ja èqoume

−1

4
e−tu(−t) <{s}<−1−−−−−−→

L

1

4

1

s+ 1

−5

4
e3tu(−t) <{s}<3−−−−−→

L

5

4

1

s− 3

'Ara to s ma sto qrìno ja eÐnai to

x(t) =
1

4
e−tu(−t)− 5

4
e3tu(−t) (17)

• Gia thn perÐptwsh <{s} > 3, qreiazìmaste h tom  twn pedÐwn sÔgklishc twn duo shm�twn
na mac dÐnei to hmiepÐpedo σ > 3. Autì gÐnetai mìnon an {<{s} > 3} ∩ {<{s} > −1}. Gi'
aut� ta duo pedÐa sÔgklishc, ja èqoume

1

4
e−tu(t)

<{s}>−1−−−−−−→
L

1

4

1

s+ 1
5

4
e3tu(t)

<{s}>3−−−−−→
L

5

4

1

s− 3

'Ara to s ma sto qrìno ja eÐnai to

x(t) = −1

4
e−tu(t) +

5

4
e3tu(t) (18)

• Gia thn perÐptwsh −1 < <{s} < 3, qreiazìmaste h tom  twn pedÐwn sÔgklishc twn
duo shm�twn na mac dÐnei to hmiepÐpedo −1 < σ < 3. Autì gÐnetai mìnon an {<{s} <
3} ∩ {<{s} > −1}. Gi' aut� ta duo pedÐa sÔgklishc, ja èqoume

1

4
e−tu(t)

<{s}>−1−−−−−−→
L

1

4

1

s+ 1

−5

4
e3tu(−t) <{s}<3−−−−−→

L

5

4

1

s− 3

'Ara to s ma sto qrìno ja eÐnai to

x(t) = −1

4
e−tu(t)− 5

4
e3tu(−t) (19)
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(bþ) O metasqhmatismìc Fourier upologÐzetai mìno sthn perÐptwsh ROC = −1 < <{s} < 3, giatÐ
mìno se autì to pedÐo perilamb�netai o �xonac twn fantastik¸n, σ = 0.
'Ara gia σ = 0, ja èqoume

X(s)
∣∣∣
σ=0

=
2(jπf + 1)

(j2πf + 1)(j2πf − 3)
(20)

10. UpologÐste th lÔsh thc diaforik c exÐswshc

d2y(t)

dt2
+ 7

dy(t)

dt
+ 12y(t) = x(t)

me arqikèc sunj kec y(0) = 0, dy(t)dt

∣∣∣
t=0

= −2 kai x(t) = u(t).

LÔsh:
PaÐrnoume to metasq. Laplace twn duo mer¸n thc exÐswshc:

 L{d
2y(t)

dt2
}+ 7 L{dy(t)

dt
}+ 12 L{y(t)} =  L{x(t)}

s2Y (s)− sy(0−)− y′(0) + 7sY (s)− 7y(0−) + 12Y (s) = X(s)

s2Y (s)− (−2) + 7sY (s) + 12Y (s) = X(s)

Y (s)(s2 + 7s+ 12) = X(s)− 2

Y (s) =
1− 2s

s(s2 + 7s+ 12)

Y (s) =
A

s
+

B

s+ 4
+

C

s+ 3
(21)

Ja eÐnai

A = Y (s)s
∣∣∣
s=0

=
1

12

B = Y (s)(s+ 4)
∣∣∣
s=−4

=
9

4

C = Y (s)(s+ 3)
∣∣∣
s=−3

= −7

3

'Ara

Y (s) =
1

12

1

s
+

9

4

1

s+ 4
− 7

3

1

s+ 3
→

y(t) =
1

12
u(t) +

9

4
e−4tu(t)− 7

3
e−3tu(t)

=
( 1

12
+

9

4
e−4t − 7

3
e−3t

)
u(t) (22)

Parat rhsh:
Qrhsimopoi same thn idiìthta

 L{d
nx(t)

dtn
} = snX(s)− sn−1x(0−)− · · · − x(n−1)(0−)
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11. Na brejeÐ o antÐstrofoc metasq. Laplace thc

X(s) =
3s + 2

s2 + 2s + 10

LÔsh:
EÐnai

X(s) =
3s+ 2

s2 + 2s+ 10
=

3s+ 2

(s− (−1 + 3j))(s− (−1− 3j))

=
A

s− (−1 + 3j)
+

A∗

s− (−1− 3j)

Ta A,A∗ dÐnontai apì

A = X(s)(s− (−1 + 3j))
∣∣∣
s=−1+3j

=
3s+ 2

s− (−1− 3j)

∣∣∣
s=−1+3j

=
3

2
+ j

1

6

A∗ =
3

2
− j 1

6

Opìte

X(s) =
(3

2
+ j

1

6

) 1

s− (−1 + 3j)
+
(3

2
− j 1

6

) 1

s− (−1− 3j)

Oi pijanoÐ pìloi eÐnai oi s0 = −1 − 3j, s1 = s∗0 = −1 + 3j, oi opoÐoi brÐskontai p�nw sthn Ðdia
eujeÐa, σ = −1. 'Ara ta pijan� pedÐa sÔgklishc eÐnai ta <{σ} > −1,<{σ} < −1. An�loga me aut�
ta pedÐa sÔgklishc, ja èqoume kai ta antÐstoiqa x(t). BreÐte ta! :-)

12. Gia èna s ma kai to metasq. Laplace tou gnwrÐzete ìti:

(aþ) to s ma sto qrìno eÐnai pragmatikì kai �rtio

(bþ) èqei 4 pìlouc kai kanèna mhdenikì sto migadikì epÐpedo

(gþ) ènac pìloc brÐsketai sto s = 1
2e

jπ
4

(dþ)

∫ ∞
−∞

x(t)dt = 4

BreÐte to X(s).

LÔsh:
Profan¸c to X(s) ja eÐnai thc morf c:

X(s) =
A

(s− s1)(s− s2)(s− s3)(s− s4)

DÐdetai ìmwc ìti to s ma eÐnai pragmatikì kai �rtio, �ra ja eÐnai

x(t) = x∗(t)↔ X(s) = X∗(s∗) kai x(t) = x(−t)↔ X(s) = X(−s)

'Ara an èqei ènan pìlo sth jèsh sk, ja èqei epÐshc ènan pìlo sth jèsh −sk (apì th sqèsh tou
�rtiou s matoc). 'Omoia, an èqei ènan pìlo sth jèsh −sk ja èqei epÐshc ènan pìlo sth jèsh −s∗k
(apì th sqèsh tou pragmatikoÔ s matoc). GnwrÐzoume ìti èqei ènan pìlo s1, �ra ja èqei ki ènan
−s1, ki ènan −s∗1 kai ènan s∗1. Opìte to s ma ja gr�fetai:

X(s) =
A

(s− s1)(s− s∗1)(s+ s1)(s+ s∗1)

11



Mènei na broÔme to A.
DÐnetai ìti ∫ ∞

−∞
x(t)dt = 4

'Omwc xèroume ìti

X(0) =

∫ ∞
−∞

x(t)e−0tdt =

∫ ∞
−∞

x(t)dt = 4⇔

4 =
A

(0− s1)(0− s∗1)(0 + s1)(0 + s∗1)
=

A

|s1|2|s1|2
=

A
1
4
1
4

=
A
1
16

⇒ A =
1

4

'Ara to s ma pou y�qnoume eÐnai to

X(s) =
1
4

(s− 1
2e
j π
4 )(s+ 1

2e
j π
4 )(s− 1

2e
−j π

4 )(s+ 1
2e
−j π

4 )
(23)

13. Sac dÐnontai ta parak�tw stoiqeÐa gia èna pragmatikì s ma x(t) kai to metasq.
Laplace tou.

(aþ) To X(s) èqei akrib¸c duo pìlouc

(bþ) To X(s) den èqei kanèna mhdenikì

(gþ) To X(s) èqei pìlo sto s = −1 + j

(dþ) To e2tx(t) den eÐnai apolÔtwc oloklhr¸simo

(eþ) X(0) = 8

BreÐte to X(s) kai thn perioq  sÔgklishc.

LÔsh:
LÔste to! :-)
Hint: BreÐte pr¸ta th majhmatik  morf  tou X(s). BreÐte ta pijan� pedÐa sÔgklishc. Tèloc, to
(d') stoiqeÐo axiopoi ste to gia na breÐte to pedÐo sÔgklishc. ErmhneÔste swst� ti shmaÐnei to
e2tx(t) den eÐnai apolÔtwc oloklhr¸simo.

14. ApodeÐxte ìti èna anti-aitiatì s ma eÐnai eustajèc an kai mìno an ìloi oi pìloi
tou brÐskontai sto dexiì migadikì hmiepÐpedo. GenikeÔste gia èna mh-aitiatì
sÔsthma, apodeiknÔontac ìti to pedÐo sÔgklis c tou prèpei na perilamb�nei
ton fantastikì �xona.

LÔsh:
Gia èna anti-aitiatì sÔsthma ja èqoume

H(s) =
Y (s)

X(s)
=

N∑
k=1

Ak
s− sk

←→ h(t) = −
N∑
k=1

Ake
sktu(−t) (24)
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ìpou sk oi pìloi tou metasqhmatismoÔ Laplace, ja eÐnai∫ ∞
−∞
|h(t)|dt ≤

∫ ∞
−∞

N∑
k=1

|Ak||esktu(−t)|dt

=
N∑
k=1

|Ak|
∫ 0

−∞
|eσkt||ej2πft|dt

=
N∑
k=1

|Ak|
∫ 0

−∞
|eσkt|dt (25)

to opoÐo kai shmaÐnei ìti to sÔsthma eÐnai eustajèc mìno an σk > 0. 'Ara ìloi oi pìloi tou anti-
aitiatoÔ sust matoc prèpei na brÐskontai sto dexiì migadikì hmiepÐpedo.

GenikeÔontac gia èna opoiod pote s ma, ja èqoume

H(s) =
Y (s)

X(s)
=

N∑
k=1

Ak
s− sk

+

L∑
k=1

Bk
s− λk

←→ h(t) =

N∑
k=1

Ake
sktu(t)−

L∑
k=1

Bke
λktu(−t) (26)

ìpou sk, λk oi pìloi tou metasqhmatismoÔ Laplace, ja eÐnai∫ ∞
−∞
|h(t)|dt ≤

∫ ∞
−∞

( N∑
k=1

|Ak||esktu(t)|+
L∑
k=1

| −Bk||eλktu(−t)|
)
dt

<

∫ ∞
−∞

N∑
k=1

|Ak||esktu(t)|dt+

∫ ∞
−∞

L∑
k=1

|Bk||eλktu(−t)|dt

=
N∑
k=1

|Ak|
∫ ∞
0
|eσkt||ej2πft|dt+

L∑
k=1

|Bk|
∫ 0

−∞
|eζkt||ej2πft|dt

=

N∑
k=1

|Ak|
∫ ∞
0
|eσkt|dt+

L∑
k=1

|Bk|
∫ 0

−∞
|eζkt|dt (27)

To pr¸to olokl rwma sugklÐnei ìtan <{sk} = σk < 0 kai to deÔtero ìtan <{λk} = ζk > 0. Autì
shmaÐnei ìti ìloi oi pìloi sk tou aitiatoÔ tm matoc tou s matoc brÐskontai sto aristerì migadikì
hmiepÐpedo, en¸ ìloi oi pìloi λk tou anti-aitiatoÔ tm matoc tou s matoc brÐskontai sto dexiì me-
gadikì hmiepÐpedo. 'Estw sr o dexiìteroc pìloc tou sunìlou twn pìlwn sk kai λl o aristerìteroc
pìloc tou sunìlou twn pìlwn λk. To pedÐo sÔgklishc ja eÐnai σr < <{s} < ζl, kai afoÔ σr < 0
kai ζl > 0, to pedÐo sÔgklishc perilamb�nei to fantastikì �xona.

'Ara krit rio eust�jeiac gia ta sust mata eÐnai h perÐlhyh tou fantastikoÔ �xona mèsa sto pedÐo
sÔgklishc tou metasq. Laplace pou to perigr�fei.

15. DÐnetai h parak�tw grammik  diaforik  exÐswsh 2hc t�xhc:

d2y(t)

dt2
+ 5

dy(t)

dt
+ 6y(t) = x(t)

me arqikèc sunj kec

y(0−) = 2,
dy(t)

dt

∣∣∣
t=0−

= 1
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kai
x(t) = e−tu(t)

BreÐte to y(t).

LÔsh:
GnwrÐzoume ìti

dx(t)

dt
←→ sX(s)− x(0−)

d2x(t)

dt2
←→ s2X(s)− sx(0−)− x′(0−)

EÐnai

d2y(t)

dt2
+ 5

dy(t)

dt
+ 6y(t) = x(t)←→

s2Y (s)− sy(0−)− y′(0−) + 5sY (s)− 5y(0−) + 6Y (s) = X(s)

s2Y (s)− 2s− 1 + 5sY (s)− 10 + 6Y (s) = X(s)

Y (s)(s2 + 5s+ 6) = X(s) + 2s+ 11

Y (s) =
1
s+1 + 2s+ 11

s2 + 5s+ 6

Y (s) =
2s2 + 13s+ 12

(s+ 1)(s+ 2)(s+ 3)

AnalÔoume se merik� kl�smata (mporoÔme kateujeÐan, giatÐ h t�xh tou arijmht  eÐnai mikrìterh
aut c tou paronomast ):

Y (s) =
2s2 + 13s+ 12

(s+ 1)(s+ 2)(s+ 3)
=

A

s+ 1
+

B

s+ 2
+

C

s+ 3

me

A = (s+ 1)Y (s)
∣∣∣
s=−1

=
2s2 + 13s+ 12

(s+ 2)(s+ 3)

∣∣∣
s=−1

=
1

2

B = (s+ 2)Y (s)
∣∣∣
s=−2

=
2s2 + 13s+ 12

(s+ 1)(s+ 3)

∣∣∣
s=−2

= 6

C = (s+ 3)Y (s)
∣∣∣
s=−3

=
2s2 + 13s+ 12

(s+ 1)(s+ 2)

∣∣∣
s=−3

= −9

2

'Ara telik�,

Y (s) =
1

2

1

s+ 1
+ 6

1

s+ 2
− 9

2

1

s+ 3
←→

y(t) =
1

2
e−tu(t) + 6e−2tu(t)− 9

2
e−3tu(t) (28)

pou eÐnai kai to zhtoÔmeno.
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16. 'Estw to s ma
x(t) = e−2tu(t) + e−t cos(3t)u(t)

(aþ) Na brejeÐ o metasq. Laplace

(bþ) Na brejeÐ h arqik  sunj kh x(0+) mèsw tou metasq. Laplace

(gþ) Na upologisteÐ to ìrio limt→∞ x(t) mèsw tou metasq. Laplace

(dþ) Epibebai¸ste ta apotelèsmata twn parap�nw duo erwthm�twn upologÐzon-
tac analutik� ta ìria

LÔsh:

(aþ)

X(s) =  L{e−2tu(t)}+  L{e−t cos(3t)u(t)} =
1

s+ 2
+

s+ 1

(s+ 1)2 + 9
, <{s} > −1

kai k�nontac lÐgec pr�xeic, èqoume

X(s) =
2s2 + 5s+ 12

s3 + 5s2 + 14s+ 20

(bþ)

x(0+) = lim
s→∞

sX(s) = lim
s→∞

s
2s2 + 5s+ 12

s3 + 5s2 + 14s+ 20

= lim
s→∞

2s3 + 5s2 + 12s

s3 + 5s2 + 14s+ 20

(De L’ Hospital) = lim
s→∞

6s2 + 10s+ 12

3s2 + 10s+ 14

(De L’ Hospital) = lim
s→∞

12s+ 10

6s+ 10

(De L’ Hospital) = lim
s→∞

12

6
= 2⇐⇒

x(0+) = 2 (29)

(gþ)

lim
t→∞

x(t) = lim
s→0

sX(s) = lim
s→0

2s3 + 5s2 + 12s

s3 + 5s2 + 14s+ 20
= 0⇐⇒ lim

t→∞
x(t) = 0

(dþ) Dikì sac. :-)
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