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Kef�laio 1

Mia eisagwg  sto m�jhma

HU215-Efarmosmèna Majhmatik�

gia MhqanikoÔc

1.1 LÐga lìgia wc eisagwg ...

Kalws rjate sto m�jhma HU215-Efarmosmèna Majhmatik� gia MhqanikoÔc! To mikrì autì

eisagwgikì kef�laio prosdok� na sac d¸sei mia genik  idèa sqetik� me to m�jhma, all� kai sqetik�

me ton polÔ endiafèrwn eurÔtero tomèa thc EpexergasÐac S matoc (ston opoÐo an kei to m�jhma -

all� ìqi mìno se autìn).

'Enac �lloc skopìc eÐnai na apotin�xei apì p�nw sac (ìso autì eÐnai efiktì :-) ) to fìbo enìc

��majhmatikoeidoÔc �� maj matoc. H empeirÐa tìswn qrìnwn, kurÐwc tou did�skonta, all� kai twn

bohj¸n, katadeiknÔei ìti oi foithtèc ��foboÔntai�� kai duskoleÔontai arket� sto m�jhma autì, pr�gma

pou ofeÐletai perissìtero sta arket� - all� sqetik� ��aj¸a�� - majhmatik� pou perièqei, kai ligìtero

sthn antikeimenik  duskolÐa tou. Fusik� o fìboc autìc de ja exaleifjeÐ apì èna mikrì eisagwgikì

keÐmeno, all� sÐgoura mporeÐ na sac prokalèsei na deÐte k�poia pr�gmata apì diaforetik  optik 

gwnÐa. Pollèc forèc to endiafèron enìc foitht  gia èna episthmonikì antikeÐmeno aux�netai ìtan tou

apokalufjeÐ h ��megalÔterh eikìna��, komm�ti thc opoÐac apoteleÐ èna eisagwgikì m�jhma ìpwc to

HU215. Den eÐnai lÐgec oi forèc pou èqoume akoÔsei apì foithtèc th fr�sh ��ti ta qreiazìmaste aut�?

EmeÐc Plhroforik   rjame na spoud�soume, ìqi Majhmatik�!��. SÐgoura h qrhsimìthta enìc tètoiou

maj matoc den eÐnai profan c, ìpwc gia par�deigma tou HU120-Yhfiak  SqedÐash,   tou HU150-

Programmatismìc. Idèa thc dhmiourgÐac autoÔ pou diab�zete t¸ra eÐnai na sac deÐxei ti krÔbetai pÐsw,

sto background, sta parask nia, enìc tètoiou maj matoc, kai na sac deÐxei ìti apoteleÐ th b�sh

gia polÔ ìmorfa, diaforetik�, kai endiafèronta pr�gmata (nai, se èna tm ma H/U up�rqoun ki �lla

pr�gmata na dei kaneÐc ektìc apì software kai hardware :-) ), pou Ðswc nomÐzete ìti den èqoun kamÐa

sqèsh me Majhmatik�. An ja petÔqoume autì to skopì, ja faneÐ sto tèloc tou exam nou   sth
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sunèqeia twn spoud¸n sac. Proc to parìn, jèloume apl� na kentrÐsoume to endiafèron sac. :-)

1.2 MpaÐnontac sto jèma...

O tÐtloc, loipìn, tou maj matoc eÐnai Efarmosmèna Majhmatik� gia MhqanikoÔc. Omologou-

mènwc entupwsiakìc! :-P Sta panepist mia tou exwterikoÔ, to antÐstoiqo m�jhma sunhjÐzetai na

lègetai S mata kai sust mata (Signals and Systems), kai h antÐstoiqh bibliografÐa titloforeÐtai

parìmoia. Akìma ènac �lloc tÐtloc ja mporoÔse na eÐnai Analogik  EpexergasÐa S matoc (Analog

Signal Processing). PaÐrnontac aform  ap'touc enallaktikoÔc autoÔc tÐtlouc, ac doÔme pr¸ta ti

eÐnai èna s ma. O ìroc s ma orÐzei genik� k�ti pou metafèrei plhroforÐa. S mata, gia par�deig-

ma, mporoÔn na fèroun plhroforÐa gia thn kat�stash   th sumperifor� enìc fusikoÔ sust matoc.

S mata qrhsimopoioÔntai gia thn metafor� plhroforÐac metaxÔ anjr¸pwn   metaxÔ anjr¸pou kai

mhqan c. Nai, swst� fantast kate, h fwn  eÐnai èna s ma. 'Opwc kai o  qoc, to bÐnteo, h eikìna

(aut� ja mac apasqol soun kat� kÔrio lìgo), ta s mata kapnoÔ, oi qeironomÐec, kai to �rwma twn

louloudi¸n. To anjr¸pino s¸ma kajodhgeÐtai apì qhmik� s mata. Oi mèlissec epikoinwnoÔn mèsw

enìc ��protÔpou qoroÔ��. H metabol  thc èntashc tou fwtoc se mia optik  Ðna eÐnai epÐshc èna s ma.

SkefteÐte to lÐgo. 'Oloi mac ��epiplèoume�� se mia j�lassa apì s mata. Apì ton pio mikrì zwntanì

organismì, mèqri ton pio perÐploko, ìloi mac deqìmaste kai epexergazomaste s mata. An kai, ìpwc

blèpete, ta s mata mporoÔn na p�roun di�forec ��morfèc ��, se ìlec tic peript¸seic h plhroforÐa

perièqetai se èna sq ma apì metabolèc (metabol  tou  qou, thc eikìnac, thc èntashc, klp). Ta

s mata ekfr�zontai me majhmatik  morf  wc sunart seic miac (monodi�stata s mata:  qoc, fwn )

metablht c   perissotèrwn (poludi�stata s mata: eikìna, bÐnteo). Gia par�deigma, èna s ma fwn c

anaparÐstatai majhmatik� wc mia sun�rthsh tou qrìnou, kai mia fwtografik  eikìna anaparÐstatai

wc mia sun�rthsh fwteinìthtac se èna q¸ro duo diast�sewn - m koc kai pl�toc.

Perissìtera gia ta s mata ja deÐte sta sqetik� maj mata - thn pr¸th ìmwc ��kru�da�� ja thn p�rete

sto HU215. :) Autì to m�jhma apoteleÐ th b�sh p�nw sthn opoÐa ja ��qtÐsete�� gia na m�jete -ìsoi

epijumeÐte- perissìtera sqetik� me thn EpexergasÐa S matoc, ta DÐktua, tic ThlepikoinwnÐec, kai

poll� �lla. KatalabaÐnete loipìn to pìso shmantikì eÐnai èna tètoio m�jhma, kaj¸c apoteleÐ to

skeletì episthm¸n pou sqetÐzontai me pr�gmata pou ta blèpoume sthn kajhmerinìtht� mac! Ac poÔme

ìmwc merik� akìma pr�gmata sqetik�, gia na mpaÐnete perissìtero sto pneÔma. ?-)

To m�jhma loipìn perilamb�nei epigrammatik� ta ex c:

1. Seirèc Fourier - Idiìthtec: Met� apì lÐgec eisagwgikèc ènnoiec, pou ja sac jumÐsoun

touc ìrouc ��suqnìthta��, ��pl�toc ��, ��f�sh��, tic opoÐec prwtakoÔsate sth Fusik  tou LukeÐou,

majaÐnete pwc na gr�fete mia periodik  sun�rthsh wc �jroisma hmitìnwn kai sunhmitìnwn.

Periodik  lègetai mia �peirhc di�rkeiac sun�rthsh tou qrìnou h opoÐa epanalamb�netai an�

takt� qronik� diast mata. An mia opoiad pote (  m�llon, sqedon opoiad pote - gia na mh lème

kai yèmmata :-) ) periodik  sun�rthsh x(t) mporeÐ na grafeÐ wc �jroisma k�poiwn hmitìnwn

  sunhmitìnwn me sugkekrimèna pl�th kai suqnìthtec, tìte mporeÐ kaneÐc na pei ìti to s ma
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x(t) (tic sunart seic ja tic lème s mata sta plaÐsia tou maj matoc) apoteleÐtai apì  

perièqei aut� ta hmÐtona   sunhmÐtona, �ra ousiastik� perièqei autèc tic suqnìthtec! To

ergaleÐo pou ja sac d¸sei thn anapar�stash aut  lègetai An�ptugma se Seir� Fourier.

An to skefteÐte lÐgo, Ðswc antilhfjeÐte oti h qrhsimìthta miac tètoiac diadikasÐac ègkeitai sto

ìti perigr�fei èna periodikì shma me lÐgouc mìno arijmoÔc (suqnìthtec, pl�th, kai f�seic twn

hmitìnwn). Den eÐnai l�joc mia tètoia skèyh, all� to shmantikìtero eÐnai ìti h anapar�stash se

seir� Fourier mac dÐnei plhroforÐa gia mia �llh anapar�stash tou s matoc, thn anapar�stash

sto q¸ro thc suqnìthtac! GnwrÐzete asfal¸c ìloi sac gia thn anapar�stash enìc shmatoc

(dhl. sun�rthshc) sto q¸ro tou qrìnou. GnwrÐzete, gia par�deigma, ton kumatismì pou k�nei

h grafik  par�stash enìc hmitìnou sin(t), ìtan to anaparistoÔme wc proc t. Sta plaÐsia

tou maj matoc, ja m�jete mia nèa anapar�stash, sthn opoÐa o orizìntioc �xonac ja eÐnai oi

suqnìthtec kai o katakìrufoc ta pl�th (  h f�seic) twn hmitìnwn pou apoteloÔn to s ma. H

anapar�stash aut  lègetai ��f�sma�� kai ja sac faneÐ polÔ qr simh! Ac shmeiwjeÐ oti autèc

oi suqnìthtec twn hmitìnwn pou suzht�me, den eÐnai tuqaÐec: eÐnai ìlec akèraiec pollapl�siec

miac sugkekrimènhc, h opoÐa lègetai kai ��jemeli¸dhc �� suqnìthta kai sqetÐzetai �mesa me thn

perÐodo tou periodikoÔ s matoc.

2. Metasqhmatismìc Fourier - Idiìthtec: Sthn pr�xh ìmwc, periodik� s mata me thn

austhr  ènnoia tou ìrou den up�rqoun. M�lista, ta perissìtera s mata pou up�rqoun sth

fÔsh eÐnai mh periodik�. K�pwc prèpei na mporoÔme na brÐskoume to suqnotikì perieqìmeno

kai tètoiwn shm�twn. Mèsa apì mia polÔ ìmorfh epèktash twn seir¸n Fourier, majaÐnete to

Metasqhmatismì Fourier, pou afor� mh periodik� s mata (all� mporeÐ na qrhsimopoihjeÐ

kai gia periodik� s mata, ìpwc ja deÐte). An�loga, o metasqhmatismìc Fourier dÐnei thn Ðdia

plhroforÐa pou dÐnei h seir� Fourier gia ta periodik� s mata: apokalÔptei poièc suqnìthtec

perièqontai sta mh periodik� s mata. H qr simìthta tou metasqhmatismoÔ Fourier brÐsketai

pragmatik� PANTOU, apì thn Astrofusik , thn OikonomÐa, kai th QhmeÐa, mèqri tic B�seic

Dedomènwn, ta Rant�r, kai th SqedÐash Kerai¸n! :-)

3. Metasqhmatismìc Laplace - Idiìthtec: Sthn poreÐa tou maj matoc, ja deÐte ìti u-

p�rqoun s mata gia ta opoÐa o metasqhmatismìc Fourier den up�rqei. Autì to kenì èrqetai na

sumplhr¸sei o metasqhmatismìc Laplace, o opoÐoc èqei shmantikèc efarmogèc sta Sust -

mata Autom�tou Elègqou kai sth SqedÐash Yhfiak¸n-apì-Analogik� FÐltrwn (metaxÔ �llwn).

O metasqhmatismìc Laplace den eÐnai tÐpota perissìtero apì mia epèktash tou metasqhmatismoÔ

Fourier,   alli¸c, o metasqhmatismìc Fourier eÐnai mia upoperÐptwsh tou metasqhmatismoÔ La-

place.

4. TuqaÐa S mata: Mia mikr  eisagwg  sta tuqaÐa s mata, pou ousiastik� eÐnai s mata

pou den èqoun pragmatopoihjeÐ akìma. 'Iswc sac xenÐzei to gegonìc ìti asqoloÔmaste me k�ti

pou den èqei pragmatopoihjeÐ akìma, me k�ti pou ousiastik� den up�rqei! 'Omwc kai oi migadikoÐ

arijmoÐ den up�rqoun - an èqei kaneÐc 1000 + i500 eur¸ sthn tr�peza, na mac to pei! :-) - all�
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tìsa biblÐa èqoun grafteÐ, en¸ kai oi efarmogèc touc eÐnai amètrhtec. 'Etsi kai me ta tuqaÐa

s mata, mporoÔme na ex�goume qr sima sumper�smata melet¸ntac ta, qrhsimopoi¸ntac fusik�

tic statistikèc idiìthtèc touc. Gia par�deigma, h thlepikoinwniak  diadikasÐa eÐnai mia kajar�

statistik  diadikasÐa. To giatÐ, eÐnai profanèc ìtan skefteÐte ìti DEN mporoÔme na gnwrÐzoume

ek twn protèrwn OLA ta s mata pou ja metadojoÔn mèsw enìc kanalioÔ. MporoÔme ìmwc,

k�nontac eÔlogec upojèseic, na bg�loume sumper�smata mèsw twn statistik¸n idiot twn touc

(mèsh tim , diaspor�, tupik  apìklish, sun�rthsh puknìthtac pijanìthtac klp). Ousiastik�,

to kef�laio autì eÐnai mia polÔ mikr  eisagwg  sta Thlepikoinwniak� Sust mata kai ston trìpo

pou douleÔoun - ki ac mhn tou faÐnetai! ?-)

5. DeigmatolhyÐa: KleÐnete melet¸ntac th metatrop  tou analogikoÔ s matoc se s ma dia-

kritoÔ qrìnou (OQI yhfiakì!). Gia na mporeÐ na epexergasteÐ ènac H/U èna s ma, prèpei na

mporeÐ na metatrapeÐ apì s ma analogikoÔ qrìnou se diakritoÔ qrìnou. H metatrop  aut 

gÐnetai me th diadikasÐa thc DeigmatolhyÐac kai apoteleÐ thn eisagwg  sthn Yhfiak  Epe-

xergasÐa S matoc. Kentrikì rìlo sto jèma thc DeigmatolhyÐac paÐzei to gnwstì (ìqi akìma

se sac :-) ) Je¸rhma tou Shannon. Se adrèc grammèc, to je¸rhma autì mac plhroforeÐ gia to

pìso suqn� prèpei na paÐrnoume deÐgmata (timèc) apì mia suneq  sun�rthsh-s ma, ¸ste na thn

k�noume diakrit , all� na mporoÔme met� na thn anakataskeu�soume apì ta deÐgmat� thc. Me

�lla lìgia, mac perigr�fei to giatÐ mporoÔme na akoÔme mousik  apì èna CD Player! :-) Tèloc,

gia ìsouc anarwt jhkan, h DeigmatolhyÐa se sunduasmì me tic diadikasÐec tou KbantismoÔ

(Quantization) kai thc Katanom c Bit (Bit Allocation), metatrèpoun èna shma apì analogikì

se pl rwc yhfiakì. :-)

'Ola aut� loipìn sunistoÔn to ��enarkt rio l�ktisma�� gia ènan tomèa idiaÐtera endiafèrwn, pou

ìpwc proeÐpame, lègetai EpexergasÐa S matoc - Signal Processing. H ploÔsia istorÐa kai oi mel-

lontikèc uposqèseic tou tomèa thc EpexergasÐac S matoc proèrqontai apì mia dunat  sunergasÐa

metaxÔ auxanìmena perÐplokwn efarmog¸n, nèwn jewrhtik¸n exelÐxewn, kai suneq¸c anaduìmenwn

nèwn arqitektonik¸n ston tomèa tou ulikoÔ (hardware). Efarmogèc thc EpexergasÐac S matoc peri-

lamb�noun ènan aqan  q¸ro o opoÐoc perilamb�nei touc tomeÐc thc diaskèdashc (entertainment), twn

epikoinwni¸n (communications), thc exereÔnhshc tou diast matoc (space exploration), thc iatrikhc

(medicine), thc arqaiologÐac (archaeology), thc gewfusik c (geophysics), apl� gia na anafèroume

merikoÔc. Algìrijmoi kai ulikì epexergasÐac s matoc kuriarqoÔn se èna eurÔ pedÐo susthm�twn, a-

pì uyhl c exeidÐkeushc stratiwtik� sust mata kai biomhqanikèc efarmogèc, mèqri qamhloÔ kìstouc,

uyhl c katan�lwshc hlektronik� sust mata tou emporÐou.

An kai sun jwc paÐrnoume wc dedomènh thn ekplhktik  epÐdosh twn susthm�twn polumèswn, ìpwc

to bÐnteo uyhl c poiìthtac (high definition video), o  qoc uyhl c pistìthtac (high fidelity audio), kai

ta diadrastik� paiqnÐdia (interactive games), aut� ta sust mata p�nta basÐzontan se meg�lo bajmì se

teleutaÐac teqnologÐac epexergasÐa s matoc. Exeligmènoi epexergastèc yhfiakoÔ s matoc brÐskontai

ston pur na ìlwn twn montèrnwn kinht¸n thlef¸nwn. To prìtupo eikìnac kai  qou MPEG, kaj¸c
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kai to prìtupo sumpÐeshc eikìnac JPEG basÐzontai polÔ se gnwstèc arqèc kai teqnikèc epexergasÐac

s matoc. Suskeuèc apoj keushc uyhl c puknìthtac kai oi nèec mn mec stere�c kat�stashc (solid

state memories) douleÔoun epeid  akrib¸c up�rqoun teqnikèc epexergasÐac s matoc pou epitrèpoun

thn paroq  sunèpeiac kai eurwstÐac se, kat� ta �lla, eÔjraustec teqnologÐec. Kaj¸c koit�zoume

proc to mèllon, eÐnai emfanèc ìti o rìloc thc EpexergasÐac S matoc epekteÐnetai, odhgoÔmenoc en

mèrei apì th sÔgklish twn Thlepikoinwni¸n, twn Upologist¸n, kai thc EpexergasÐac S matoc, tìso

sthn katanalwtik  arèna ìso kai stic proqwrhmènec biomhqanikèc kai kubernhtikèc efarmogèc.

1.3 Efarmogèc - Mia gr gorh mati�

O auxanìmenoc arijmìc twn efarmog¸n kai h apaÐthsh gia exeligmènouc algorÐjmouc p�ne qèri-qèri

me thn taqÔtath an�ptuxh teqnologik¸n suskeu¸n gia ulopoÐhsh susthm�twn epexergasÐac s matoc.

SÔmfwna me ektim seic, h ikanìthta epexergasÐac tìso twn exeidikeumènwn mikroepexergast¸n s -

matoc ìso kai ton proswpik¸n upologist¸n pijanìtata ja auxhjeÐ kat� pollèc t�xeic megèjouc sta

epìmena 10 qrìnia. Xek�jara, o rìloc kai h shmasÐa thc EpexergasÐac S matoc ja suneqÐsei na

epekteÐnetai se auxanìmenouc rujmoÔc sto mèllon.

H EpexergasÐa S matoc èqei na k�nei me thn anapar�stash, to metasqhmatismì, kai th qeirag¸gi-

sh shm�twn kai thc plhroforÐac pou aut� perièqoun. Ed¸ ja doÔme merik� paradeÐgmata, gia na

katal�bete kalÔtera perÐ tÐnoc prìkeitai - fusik� de ja epektajoÔme se b�joc...

1.3.1 Hlektrokardiograf mata

Ac xekin soume apì ta legìmena biologik� s mata. H hlektrik  drasthriìthta thc kardi�c a-

naparÐstatai apì to Hlektrokardiogr�fhma (Electrocardiography (ECG) Signal). 'Ena tupikì hle-

ktrokardiogr�fhma faÐnetai sto Sq ma 1.1aþ. To hlektrokardiogr�fhma eÐnai (proseggistik�) èna

(aþ) Hlektrokardiogr�fhma (bþ) Mia perÐodoc tou hlektrokardiograf matoc

Sq ma 1.1: StoiqeÐa Hlektrokardiograf matoc

periodikì s ma - jumhjeÐte thn ènnoia thc periodikìthtac: periodikì lègetai èna s ma pou epanalam-

b�netai an� takt� diast mata. Mia tètoia perÐodoc tou hlektrokardiograf matoc faÐnetai sto Sq ma

1.1bþ, kai anaparist� ènan kÔklo metafor�c tou aÐmatoc apo thn kardi� stic arthrÐec. Autì to tm ma
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tou s matoc par�getai apo mia hlektrik  diègersh pou proèrqetai apì to flebìkombo, sto dexiì

kìlpo thc kardi�c (nai, qrei�zetai kai lÐgo KardiologÐa gia na ta melet sete aut� :-) ). H diègersh

aut  prokaleÐ sustol  twn kìlpwn, pou wjeÐ to aÐma se k�je kìlpo stic koilÐec. To apotèlesma

faÐnetai sto sq ma wc to kÔma-R (P-wave). O kolpokoiliakìc kìmboc kajustereÐ th diègersh mèqri

na oloklhrwjeÐ h metafor� tou aÐmatoc apì touc kìlpouc stic koilÐec, me apotèlesma to di�sthma

P-R sto hlektrokardiogr�fhma. H diègersh met� prokaleÐ sustol  twn koili¸n, pou prowjoÔn to

aÐma stic arthrÐec. Aut  h diadikasÐa par�gei to tm ma QRS sto hlektrokardiogr�fhma. Kata th

di�rkeia aut c thc f�shc, oi kìlpoi qalar¸noun kai gemÐzoun me aÐma. To kÔma-T (T-wave) thc ku-

matomorf c anaparist� th qal�rwsh twn koilÐwn. 'Olh aut  h diadikasÐa epanalamb�netai periodik�,

xan� kai xan�. K�je tm ma tou hlektrokardiograf matoc fèrei di�forec plhroforÐec gia ton iatrì

pou analÔei thn kat�stash thc kardi�c tou asjenoÔc. Gia par�deigma, to pl�toc kai o qrìnoc pou

sumbaÐnei to kÔma-P kai to tm ma QRS deÐqnoun thn kat�stash thc kardiak c muik c m�zac.

Ap¸leia pl�touc deÐqnei muik  zhmi�, en¸ auxhmèno pl�toc eÐnai èndeixh mh omal¸n kardiak¸n

rujm¸n. Meg�lh kajustèrhsh tou kolpokoiliakoÔ kìmbou katadeiknÔetai apì èna makrÔ di�sthma

P-R. Parìmoia, merik    olik  diakop  twn diegèrsewn sustol c antanakl�tai apì diakoptìmeno

sugqronismì metaxÔ twn kum�twn R kai QRS. Oi perissìterec apì autèc tic anwmalÐec mporoÔn na

jerapeutoÔn me di�fora f�rmaka, kai h apotelesmatikìthta aut¸n mporeÐ na epopteujeÐ me thn para-

koloÔjhsh tou nèou hlektrokardiograf matoc, met� th qor ghsh tou farm�kou.

Sthn pr�xh, up�rqoun diafìrwn eid¸n exwterikèc parembolèc pou alloi¸noun to hlektrokardiogra-

fikì s ma. An autèc oi parembolèc den afairejoÔn, eÐnai dÔskolo gia ènan iatrì na k�nei swst 

di�gnwsh. Mia koin  phg  jorÔbou eÐnai oi grammèc reÔmatoc twn 60 Hz pou qrhsimopoioÔntai gia

th mètrhsh tou kardiograf matoc. 'Allec phgèc parembol¸n eÐnai ta hlektromuografik� s mata,

pou eÐnai diaforèc dunamikoÔ pou anaptÔssontai me th sustol  twn mu¸n. Autèc ìlec oi parembolèc

mporoÔn na afairejoÔn me di�forec teqnikèc epexergasÐec s matoc. MporeÐte na tic didaqjeÐte sto

sqetikì metaptuqiakì (sthn ¸ra tou) m�jhma HU528-Bioðatrik  TeqnologÐa.

1.3.2 Hlektroegkefalograf mata

To sÔnolo thc hlektrik c drasthriìthtac, pou prokaleÐtai apì thn tuqaÐa ekpursokrìthsh dise-

katommurÐwn anex�rthtwn neur¸nwn ston egkèfalo, anaparÐstatai apì to hlektroegkefalogr�fhma

- Electroencephalographic Signal - EEG. Se pollaplèc eggrafèc hlektroegkefalografhm�twn, h-

lektrìdia topojetoÔntai se di�forec jèseic sto kranÐo, me duo koin� hlektrìdia na brÐskontai stouc

loboÔc twn auti¸n, kai oi diaforèc dunamikoÔ an�mesa sta di�fora hlektrìdia katagr�fontai. 'Ena

tupikì eÔroc z¸nhc (ja m�jete ti eÐnai autì :-) ) tètoiwn egkefalografhm�twn kumaÐnetai apì 0.5

wc 100Hz, kai ta pl�th kumaÐnontai apì 2 wc 100mV. 'Ena par�deigma pollapl c mètrhshc egke-

falograf matoc faÐnetai sto Sq ma 1.2aþ. Teqnikèc an�lushc tìso sto q¸ro tou qrìno ìso kai

sto q¸ro thc suqnìthtac èqoun anaptuqjeÐ gia th di�gnwsh thc epilhyÐac, diataraqèc tou Ôpnou,

yuqiatrikèc diataraqèc, klp. Gi' autì to skopì, to f�sma (ki autì ja m�jete ti eÐnai :-) ) tou h-

lektroegkefalograf matoc qwrÐzetai stic akìloujec pènte perioqèc: (1) thn perioq  Dèlta, pou



Kef�laio 1. Mia eisagwg  sto m�jhma HU215-Efarmosmèna Majhmatik� gia
MhqanikoÔc 7

(aþ) Mètrhsh pollaploÔ Hlektroegkefalograf matoc (bþ) Ta di�fora kÔmata tou hlektroegkefalo-
graf matoc

Sq ma 1.2: StoiqeÐa Hlektroegkefalograf matoc

kalÔptei to eÔroc apì 0.5 wc 4Hz, (2) thn perioq  J ta, pou kalÔptei to eÔroc apì 4 wc 8Hz, (3)

thn perioq  'Alfa, pou kalÔptei to eÔroc apì 8 wc 13Hz, (4) thn perioq  B ta, pou kalÔptei to eÔroc

apì 13 wc 22Hz, kai (5) thn perioq  G�mma, pou kalÔptei to eÔroc apì 22 wc 30Hz. Ta s mata sto

qrìno pou antistoiqoÔn se autèc tic perioqèc faÐnontai sto Sq ma 1.2bþ. To s ma Dèlta emfanÐzetai

kanonik� se paidi� kai en likec kat� th di�rkeia tou Ôpnou. An emfanisteÐ se en lika se �grupnh

kat�stash, eÐnai èndeixh sugkekrimènwn egkefalik¸n asjenei¸n. To s ma J ta sun jwc apant�tai

se paidi�, an kai èqei emfanisteÐ kai se �grupnouc en likec. To s ma 'Alfa eÐnai koinì se ìlouc touc

fusiologikoÔc anjr¸pouc kai eÐnai perissìtero emfanèc se qalaroÔc, �grupnouc en likec me kleist�

m�tia.

Parìmoia, to s ma B ta eÐnai parathrÐsimo se fusiologikoÔc en likec. To hlektroegkefalogr�-

fhma parousi�zei taqeÐa, qamhl c èntashc kÔmata, pou lègontai kÔmata REM - Rapid Eye Movement,

se èna �tomo pou oneireÔetai ìtan koim�tai. To hlektroegkefalogr�fhma enìc epilhptikoÔ asjenoÔc

parousi�zei diafìrwn eid¸n anwmalÐec, an�loga me ton tÔpo thc epilhyÐac pou prokaleÐtai apì mh

elegqìmenec neurikèc diataraqèc. 'Opwc katalabaÐnete, k�poioc pou èqei thn ikanìthta na ex�gei

ta di�fora s mata me akrÐbeia, parousÐa jorÔbou   �llwn parembol¸n, mèsa apì thn epexergasÐa

touc, eÐnai idiaÐtera qr simoc! :-) 'Opwc proanafèrjhke, up�rqei sqetikì metaptuqiakì m�jhma pou

asqoleÐtai me ta biologik� s mata (HU528).

1.3.3 Seismik� s mata

Ta seismik� s mata prokaloÔntai apì thn kÐnhsh twn petrwm�twn wc apotèlesma k�poiou seismoÔ,

miac hfaisteiak c èkrhxhc,   miac upìgeiac èkrhxhc. H kÐnhsh tou ed�fouc prokaleÐ elastik� kÔmata

pou diadÐdontai mèsa apì to s¸ma thc Ghc se ìlec tic kateujÔnseic xekin¸ntac apì thn phg  thc
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kÐnhshc. TreÐc basikoÐ tÔpoi elastik¸n kum�twn par�gontai apì thn kÐnhsh tou ed�fouc.

Duo apì aut� diadÐdontai sto s¸ma thc Ghc, me to èna na eÐnai taqÔtero apì to �llo. To taqÔtero

autì s ma lègetai prwteÔon kÔma (P-wave), en¸ to pio argì lègetai deutereÔon kÔma (S-wave).

Sq ma 1.3: Oi treic tÔpoi elastik¸n kum�twn

To trÐto kÔma eÐnai gnwstì wc kÔma epif�neiac,

pou kineÐtai kat� m koc thc epif�neiac tou e-

d�fouc (sq ma 1.3). Aut� ta seismik� kÔmata

metatrèpontai se hlektrik� s mata apì èna sei-

smogr�fo kai katagr�fontai se èna qartÐ   se

magnhtik  tainÐa.

Lìgw thc trisdi�stathc kÐnhshc tou ed�fouc,

o seismogr�foc sun jwc apoteleÐtai apì treic

xeqwristèc suskeuèc katagraf c pou parèqoun

plhroforÐec gia thn kÐnhsh stic duo orizìntiec

kateujÔnseic kai sth mia k�jeth. K�je mia tè-

toia eggraf  eÐnai èna monodi�stato s ma. Apì

tic eggrafèc autèc, eÐnai dunatìn na kajorÐsei

kaneÐc thn èntash tou seismoÔ   miac purhnik c

èkrhxhc, kaj¸c kai to epÐkentro tou seismoÔ. Ta

seismik� s mata epÐshc paÐzoun shmantikì rìlo

sth gewfusik  exereÔnhsh gia petrèlaio kai aèria. Se autèc tic efarmogèc, grammikèc diat�xeic apì

seismikèc phgèc, ìpwc ekrhktik� uyhl c enèrgeiac, topojetoÔntai an� takt� diast mata sthn epif�-

neia tou ed�fouc. Ta ekrhktik� par�goun seismik� kÔmata pou diadÐdontai mèsw twn upoepifaneiak¸n

gewlogik¸n dom¸n, kai antanakl¸ntai pÐasw sthn epif�neia. Ta anakl¸mena kÔmata metatrèpontai

se hlektrik� me mia di�taxh gewf¸nwn topojethmèna se sugkekrimènouc sqhmatismoÔc kai apeiko-

nÐzontai wc disdi�stata s mata se sun�rthsh tou q¸rou kai tou qrìnou. Prin analujoÔn aut� ta

s mata, gÐnontai k�poiec diorj¸seic sta pl�th kai stouc qronismoÔc. QwrÐc na jèloume na sac ste-

naqwr soume, to tm ma mac den asqoleÐtai ereunhtik� me jèmata ìpwc autì. Potè den eÐnai arg�

ìmwc... :-)

1.3.4 S mata Fwn c

H grammik  akoustik  jewrÐa thc paragwg c fwn c èqei odhg sei se majhmatik� montèla gia thn

anapar�stash twn shm�twn fwn c. 'Ena s ma fwn c sqhmatÐzetai apì th diègersh thc fwnhtik c

odoÔ kai sunÐstatai apì duo eÐdh  qwn: èmfwnouc kai �fwnouc. Oi èmfwnoi  qoi, pou perilamb�noun

ta fwn enta kai ènan arijmì apì sÔmfwna, ìpwc ta B,D,L,M,N,R, diegeÐrontai apì èna kÔma aèra

pou par�getai apì touc pneÔmonec kai diamorf¸netai apì tic anoigokleiìmenec fwnhtikèc qordèc.

Apì thn �llh, oi �fwnoi  qoi par�gontai apì thn elèujerh dièleush tou �era mèsa apì tic qalarèc

fwnhtikèc qordèc, diamorf¸nontai kurÐwc apì th stomatik  koilìthta, kai perilamb�noun  qouc ì-

pwc oi F, S, SH. 'Ena s ma fwn c faÐnetai sto Sq ma 1.4, to opoÐo eikonÐzei th fr�sh Should we
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chase, se diadoqikèc grafikèc parast�seic. H sunolik  di�rkeia tou s matoc eÐnai 0.6 deuterìlepta.

MporeÐte na parathr sete to f¸nhma SH, sthn arq  thc prìtashc, to opoÐo èqei akanìnisth, ��jo-

rub¸dh�� morf , kai eÐnai s ma uyhl c suqnìthtac (all�zei polÔ gr gora sth mon�da tou qrìnou).

EpÐshc, deÐte to f¸nhma I, to opoÐo eÐnai qamhl c suqnìthtac s ma (all�zei arg� sth mon�da tou

qrìnou), me k�poia periodikìthta kai omoiomorfÐa. To Ðdio isqÔei kai gia to f¸nhma EY, ìpwc kai

ìmoio me to arqikì f¸nhma SH faÐnetai kai to f¸nhma CH kai to f¸nhma S. H qronik  dom  touc

eÐnai tètoia pou mac epitrèpei na qwrÐzoume ta fwn mata se (sqedìn) periodik� (quasi-periodic) kai

aperiodik� (aperiodic). 'Eqei deiqjeÐ ìti ta sqedìn periodik� s mata mporoÔn na anaparastajoÔn

apì èna �jroisma peperasmènou arijmoÔ sunhmitìnwn - nai, ta gnwst� sunhmÐtona pou gnwrÐzete apì

th deuterob�jmia ekpaÐdeush kai xanaeÐdate ston Apeirostikì Logismì 1! H qamhlìterh suqnìthta

tal�ntwshc aut¸n twn shm�twn lègetai jemeli¸dhc suqnìthta kai h eÔres  thc me akrÐbeia apoteleÐ

akìma hot jèma sthn EpexergasÐa Fwn c. :-) Ta aperiodik� s mata den èqoun stajer  qronik  dom 

kai moi�zoun perissìtero me jìrubo, ìpwc faÐnetai kai sto sq ma.

En gènei, mporoÔme na poÔme ìti sthn EpexergasÐa Fwn c up�rqoun duo t�seic, duo ��stratìpeda��:

Sq ma 1.4: To s ma fwn c Should we chase

to pr¸to exet�zei to s ma fwn c me b�sh to anjr¸pino sÔsthma paragwg c fwn c: mia diègersh pou

pern�ei ap'tic fwnhtikèc qordèc, diatrèqei th fwnhtik  odì, ft�nei sth stomatik  koilìthta, kai dia-

morf¸netai telik� apì ta qeÐlh. B�sh aut c thc diadikasÐac eÐnai to gnwstì montèlo Phg c - FÐltrou

(source-filter model). H qr sh autoÔ tou montèlou eÐnai �krwc qr simh sthn An�lush Fwn c, sthn

AnÐqneush Pajologi¸n, sth melèth tou anjr¸pinou sust matoc paragwg c fwn c, kai alloÔ. To

�llo ��stratìpedo�� blèpei to s ma thc fwn c wc mia apl  qronoseir�, qwrÐc na poluendiafèretai gia

ton trìpo paragwg c thc. 'Etsi, to s ma fwn c sun jwc montelopoieÐtai apì èna �jroisma hmitìnwn

me pl�th kai suqnìthtec pou metab�llontai me thn p�rodo tou qrìnou. Tètoia montèla perilamb�noun

to Hmitonoeidèc montèlo (Sinusoidal Model, SM), to Armonikì+Jìruboc Montèlo(Harmonic Plus

Noise Model, HNM - èqei anaptuqjeÐ to 1995 apì ton kajhght  tou tm matoc, k. StulianoÔ), kai
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to prìsfato Sqedìn Armonikì Montèlo (Quasi-Harmonic Model, QHM - èqei anaptuqjeÐ apì ton

pr¸hn didaktorikì foitht  tou tm matoc, k. Pantaz ), to opoÐo eÐnai pijanìtata ap'ta kalÔtera pou

kukloforoÔn pagkosmÐwc se an�lush shm�twn pollapl¸n sunistws¸n (multi-component signals),

ìpwc eÐnai h fwn .

'Opwc katal�bate, mia apì tic spoudaiìterec efarmogèc sthn EpexergasÐa S matoc eÐnai sth genik 

perioq  thc EpexergasÐac Fwn c (kai eÐste tuqeroÐ, èqoume tètoio m�jhma sto prìgramma spoud¸n

mac - HU578). Ta probl mata pou antimetwpÐzoume sthn perioq  aut  qwrÐzontai en gènei se treic

kathgorÐec: (1) An�lush Fwn c, (2) SÔnjesh Fwn c, kai (3) An�lush kai SÔnjesh Fwn c. Mèjodoi

An�lushc Fwn c qrhsimopoioÔntai sthn Autìmath Anagn¸rish OmilÐac (Automatic Speech Reco-

gnition), sthn TautopoÐhsh Omilht  (Speaker Verification), kai sthn Anagn¸rish Omilht  (Speaker

Identification). EpÐshc sqetik� prìsfata up�rqoun efarmogèc sthn Iatrik  kai sth di�gnwsh pa-

j sewn tou sust matoc paragwg c fwn c. Efarmogèc thc SÔnjeshc Fwn c parousi�zontai sth

Metatrop  Keimènou se OmilÐa (Text-to-Speech Synthesis), kai sthn Exìruxh Dedomènwn apì Upo-

logistèc se morf  omilÐac (Data Retrieval), metaxÔ �llwn. 'Ena par�deigma An�lushc kai SÔnjeshc

Fwn c (3h kathgorÐa) eÐnai h Kruptogr�fhsh Fwn c gia asfaleÐc epikoinwnÐec (Voice Scrambling for

Secure Transmission). 'Ena akìma par�deigma eÐnai h SumpÐesh Fwn c (Speech Compression), pou

qrei�zetai gia th gr gorh kai apotelesmatik  met�dosh mèsw enìc mèsou. 'Ena trÐto par�deigma eÐnai

h BeltÐwsh Fwn c (Speech Enhancement), pou aposkopeÐ sth beltÐwsh thc poiìthtac tou s matoc

thc fwn c, me thn ènnoia tou ìti gÐnetai pio antilhptì sto autÐ mac. 'Ena tètarto, polÔ dhmofilèc

par�deigma, eÐnai h TropopoÐhsh Fwn c (Speech Modification), kai h Metatrop  Fwn c (Voice Co-

nversion). TropopoÐhsh fwn c orÐzetai wc h allag  twn di�forwn qarakthristik¸n thc fwn c enìc

atìmou, ìpwc h tonikìthta, o rujmìc �rjrwshc, h èntash, kai �lla. Metatrop  fwn c orÐzetai wc h

allag  twn qarakthristik¸n thc fwn c enìc omilht  (source speaker) ¸ste na faÐnetai ìti h fwn 

proèrqetai apì k�poion �llo, sugkekrimèno, omilht  (target speaker). MporeÐte ed¸ na breÐte kai na

akoÔsete paradeÐgmata tropopoÐhshc fwn c (sthn par�grafo VTLN-Based Voice Conversion), pou

èqoun dhmiourghjeÐ me mia polÔ apl  teqnik , pou lègetai KanonikopoÐhsh tou M kouc thc Fwnh-

tik c OdoÔ (Vocal Tract Length Normalization). Merik� apì aut� eÐnai arket� asteÐa. :-) Fusik�,

tètoiec teqnikèc, pou basÐzontai se allag  enìc mìno qarakthristikoÔ, den èqoun idiaÐterh euelixÐa,

oÔte idiaÐtera kal  apìdosh. To Hmitonoeidèc Montèlo, pou  dh anafèrame, èqei qrhsimopoihjeÐ

gia tropopoÐhsh fwn c, me arket� kal� apotelèsmata. Akìma kalÔtera apotelèsmata sto pedÐo thc

tropopoÐhshc fwn c èqei to Armonikì+Jìruboc Montèlo, en¸ èqei qrhsimopoihjeÐ epituq¸c kai gia

metatrop  fwn c. ElpÐzoume ìti to prìsfato Sqedon Armonikì Montèlo ja d¸sei akìma kalÔtera

apotelèsmata (autì exart�tai kurÐwc ap'ton upogr�fonta :-) ).

To Ergast rio Polumèswn pou diajètei to tm ma, se sunergasÐa me to Ergast rio Thlepikoinw-

ni¸n kai DiktÔwn tou I.T.E, asqoloÔntai ereunhtik� me jèmata ìpwc ta parap�nw. 'Eqoume thn tÔqh

na diajètoume sto tm ma kajhghtèc me spoudaÐo kai diejn¸c anagnwrismèno ereunhtikì èrgo stouc

tomeÐc autoÔc, kai eidikìtera ston tomèa thc An�lushc Fwn c, èqoume kataskeu�sei state-of-the-art

algorÐjmouc me exairetik� apotelèsmata.

http://suendermann.com/su/misc/vc/sample/index.html
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1.3.5 S mata 'Hqou/Mousik c

To hlektronikì sunjes�izer eÐnai èna par�deigma thc qr shc sÔgqronwn teqnik¸n epexergasÐac

s matoc sth mousik . O fusikìc  qoc pou par�getai apì ta perissìtera mousik� ìrgana par�getai,

en gènei, apì mhqanikèc don seic pou prokaloÔntai apì k�poiou eÐdouc talantwt . 'Olec autèc oi

don seic mazÐ se èna mousikì ìrgano par�goun th mousik . Gia par�deigma, se èna biolÐ, o kÔrioc

talantwt c eÐnai oi qordèc. 'Otan kinoÔntai, k�noun to xÔlino s¸ma tou biolioÔ na doneÐtai, to opoÐo

metèpeia prokaleÐ don seic sta mìria tou aèra mèsa kai èxw apì to biolÐ. O  qoc twn org�nwn mporeÐ

na qwristeÐ se duo kathgorÐec: sqedìn periodikoÐ kai aperiodikoÐ  qoi. Oi sqedìn periodikoÐ  qoi mpo-

roÔn na anaparastajoÔn wc èna �jroisma apì peperasmènou pl jouc sunhmÐtona me metaballìmena

pl�th kai suqnìthtec. Oi aperiodikoÐ  qoi sunhjÐzetai na montelopoioÔntai me kat�llhlh epexerga-

sÐa leukoÔ jorÔbou. Arket� montèla an�lushc  qou pou qrhsimopoioÔn parìmoio diaqwrismì èqoun

anaptuqjeÐ sto pareljìn, me arket  epituqÐa. Gnwstìtero ìlwn eÐnai to Hmitonoeidèc Montèlo (SM),

pou anafèrame kai sthn par�grafo sqetik� me th fwn .

'Enac �lloc tomèac me arketì ereunhtikì endiafèron eÐnai h SumpÐesh 'Hqou (Audio Compression).

Sq ma 1.5: Par�deigma Sumpiestik c DeigmatolhyÐac: (a) Arqikì s ma. (b) Anapar�stash tou
s matoc sto q¸ro twn wavelets, ìpou to s ma eÐnai araiì. Oi shmantikèc timèc sto q¸ro autì eÐnai
sqetik� lÐgec, ìpwc faÐnetai ap'to sq ma. (c) H anakataskeu  tou s matoc me qr sh twn 25000
shmantikìterwn ap'tic 106 sunolik� timèc tou s matoc sto q¸ro twn wavelets

'Ena par�deigma pou eÐnai gnwstì se ìlouc sac eÐnai to prìtupo  qou MPEG-Layer III, to gnwstì

MP3. H sumpÐesh  qou sto MP3 epitugq�netai me th meÐwsh   ex�leiyh sugkekrimènwn tmhm�twn

tou  qou, pou jewreÐtai ìti eÐnai ektìc thc akoustik c embèleiac twn perissìterwn anjr¸pwn. Aut 

h mèjodoc lègetai Yuqoakoustik  KwdikopoÐhsh (Perceptual Coding), kai qrhsimopoieÐ yuqoakou-

stik� montèla gia na aporrÐyei   na mei¸sei thn akrÐbeia kommati¸n  qou pou eÐnai ligìtero antilhpt�

apì thn anjr¸pinh ako , kai ta tm mata pou apomènoun katagr�fontai kai kwdikopoioÔntai me apo-

telesmatikì trìpo, epitugq�nontac sumpÐesh pou ft�nei mèqri kai 11 forèc to mègejoc tou arqikoÔ

s matoc (èna CD  qou perièqei mousik  pou èqei 44100 deÐgmata an� deuterìlepto, me 16 bit akrÐbeia,

se 2 kan�lia, �ra apaitoÔntai 1411200 bit/sec. To Ðdio arqeÐo mousik c, kwdikopoihmèno me MP3 sta
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128 kb/sec, apaiteÐ 128000 bit/sec. O lìgoc twn duo eÐnai 1411200/128000 = 11.025, �ra to MP3

arqeÐo eÐnai 11 forèc mikrìtero se mègejoc).

EpÐshc, mia polÔ prìsfath, idiaÐtera endiafèrousa, kai ragdaÐwc anaptussìmenh ereunhtik  perioq 

eÐnai aut  thc Sumpiestik c DeigmatolhyÐac (Compressive Sampling - C.S). AxÐzei na anafèroume

lÐga pr�gmata, polÔ sunoptik�. Prìkeitai loipìn gia mia jewrÐa pou anafèrei ìti èna s ma ( qoc,

fwn , eikìna, opoiod pote s ma) mporeÐ na anakataskeuasteÐ apì polÔ ligìtera deÐgmata ap�osa

qrhsimopoioÔn oi paradosiakèc teqnikèc pou basÐzontai sto je¸rhma tou Shannon - to opoÐo kai ja

m�jete sto m�jhma! To jèwrhma tou Shannon jètei èna k�tw ìrio sto pìsa deÐgmata (timèc) prèpei

na p�roume apì mia suneq  sun�rthsh (analogikì s ma) gia na mporoÔme na to anakataskeu�soume

tèleia apì aut� ta deÐgmata. Fusik� h jewrÐa thc Sumpiestik c DeigmatolhyÐac den parabi�zei autì

to ìrio gia thn tèleia anakataskeu  tou s matoc, apl� qrhsimopoioÔntai di�forec teqnikèc ��anapl -

rwshc �� twn deigm�twn pou leÐpoun, kai fusik� h anakataskeu  tou s matoc den eÐnai tèleia, ìpwc

aut  pou upakoÔei sto je¸rhma tou Shannon. 'Omwc, ìpwc faÐnetai kai sto Sq ma 1.5, h diafo-

r� metaxÔ tou aujentikoÔ kai tou anakataskeuasmènou s matos-eikìnac eÐnai polÔ dÔskola diakrit 

(prosèxte ta malli� tou eikonizìmenou gia na deÐte th diafor�). KÔria proôpìjesh gia thn ��kal ��

anakataskeu  tou s matoc eÐnai autì na eÐnai araiì (sparse) se k�poio q¸ro. To ti shmaÐnei autì, an

kai mporeÐte na k�nete eÔlogec upojèseic, ja to m�jete ìtan èrjei h ¸ra. :-)

'Allec efarmogèc perilamb�noun ton Trisdi�stato 'Hqo (3D Audio), ton Eikonikì 'Hqo (Virtual

Audio), ta Polukanalik� Sust mata 'Hqou (Multichannel Audio Systems), to Tuflì Diaqwrismì

Phg¸n 'Hqou (Blind Source Separation), thn ApojorubopoÐhsh 'Hqou (Audio Denoising), kai poll�

�lla. 'Ena diaskedastikì par�deigma mporeÐte na breÐte ed¸, ìpou qrhsimopoieÐtai h polÔ apl  te-

qnik  thc Fasmatik c AfaÐreshc (Spectral Subtraction) gia thn afaÐresh tou enoqlhtikìtatou  qou

apì tic boubouzèlec stic metadìseic tou PagkosmÐou Kupèllou PodosfaÐrou, pou ègine sth Nìtia

Afrik , to 2010! :-) AkoÔste th diafor�! Na shmeiwjeÐ ìti o k¸dik�c pou ulopoieÐ ton algìrijmo

den xepern� tic 200-250 grammèc.

H EpexergasÐa 'Hqou eÐnai arket� energ  ereunhtik� sto tm ma mac, me arket� dunatì group apì

ereunhtèc, se metaptuqiakì kai didaktorikì epÐpedo, en¸ dÐnetai kai wc sqetikì metaptuqiakì m�jhma

(HU572-Yhfiak  EpexergasÐa 'Hqou), ìpou kai ja èqete thn eukairÐa -pijanìtata- na sqedi�sete th

dik  sac ekdoq  tou MP3, se sqetik  ergasÐa (project) tou maj matoc! :-)

1.3.6 Qronoseirèc

Ta s mata pou èqoume perigr�yei wc t¸ra eÐnai suneq  sto qrìno, dhl. orÐzontai gia k�je qronik 

stigm . Se pollèc peript¸seic, ta s mata pou mac endiafèroun eÐnai diakritoÔ qrìnou, dhl. orÐzontai

mìno se akèraiec qronikèc stigmèc (fusik�, kai ta s mata  qou, fwn c, egkef�lou, kai kardi�c eÐnai

kai aut� diakritoÔ qrìnou ìtan ta epexergazìmaste ston H/U. Apì th fÔsh touc ìmwc eÐnai suneq 

sto qrìno - praktik�, k�je s ma epexerg�simo se H/U apoteleÐ mia qronoseir�). Suqn� aut� ta

s mata eÐnai peperasmènhc di�rkeiac. Gia par�deigma, tètoia s mata eÐnai oi hmer siec kin seic twn

metoq¸n, o et sioc plhjusmìc an� penthkontaetÐa, oi epib�tec aeroporik¸n etairi¸n an� ètoc, kai

http://soundcloud.com/choc29/vuvuzela-correction-with-matlab
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�lla. AutoÔ tou eÐdouc ta s mata, pou sun jwc apokaloÔntai qronoseirèc, emfanÐzontai suqn� stic

epiqeir seic, sta oikonomik�, se fusikèc epist mec, koinwnikèc epist mec, sth mhqanik , sthn iatrik ,

kai se poll� �lla pedÐa. Up�rqoun polloÐ lìgoi pou h an�lush qronoseir¸n eÐnai shmantik . Se

merikèc efarmogèc, prokÔptei h an�gkh an�ptuxhc enìc montèlou gia ton prosdiorismì thc fÔshc

thc ex�rthshc twn dedomènwn apì mia anex�rthth metablht , kai h qr sh autoÔ tou montèlou gia

mellontikèc problèyeic. Par�deigma, ston epiqeirhmatikì sqediasmì, oi problèyeic pwl sewn eÐnai

aparaÐthtec. K�poiou eÐdouc seirèc èqoun periodikèc sunist¸sec, kai eÐnai shmantikì na mporoÔme na

ex�goume autèc tic sunist¸sec. H melèth twn hliak¸n kil dwn eÐnai, gia par�deigma, shmantik  gia

thn prìbleyh twn klimatik¸n allag¸n. 'Ena shmantikì stoiqeÐo eÐnai ìti ta dedomèna qronoseir¸n

eÐnai jorub¸dh, kai h anapar�stas  touc apaiteÐ montèla pou eÐnai basismèna se statistikèc idiì-

thtec. Statistik  EpexergasÐa Shm�twn ja deÐte -ìsoi epijumeÐte- sto m�jhma HU570-Statistik 

EpexergasÐa Shm�twn.

1.3.7 Eikìnec

'Opwc èqoume  dh anafèrei, h eikìna eÐnai èna disdi�stato s ma, tou opoÐou h èntash se k�je sh-

meÐo eÐnai mia sun�rthsh duo qwrik¸n metablht¸n. ParadeÐgmata apoteloÔn h fwtografÐa, h akÐnhth

eikìna bÐnteo, eikìnec apì rant�r kai sìnar, kaj¸c kai aktinografÐec st jouc   odontostoiqeÐac. Mia

akoloujÐa eikìnwn, ìpwc autèc pou blèpete sthn thleìrash, eÐnai ousiastik� èna trisdi�stato s ma

gia to opoÐo h èntash thc eikìnac se k�je shmeÐo eÐnai sun�rthsh tri¸n metablht¸n: duo qwrik¸n

metablht¸n, kai mia trÐthc - tou qrìnou.

Ta basik� probl mata sthn EpexergasÐa Eikìnac eÐnai h Anapar�stash kai MontelopoÐhsh s matoc

eikìnac (Image Signal Representation and Modeling), h BeltÐwsh Eikìnac (Image Enhancement),

h Anakataskeu  Eikìnac apì probolèc (Image Reconstruction from projections), h Apokat�stash

Eikìnac (Image Restoration), h An�lush Eikìnac (Image Analysis), kai h KwdikopoÐhsh Eikìnac

(Image Coding). K�je stoiqeÐo miac eikìnac anaparist� mia fusik  posìthta - o qarakthrismìc tou

stoiqeÐou lègetai anapar�stash eikìnac. Gia par�deigma, mia fwtografÐa anaparist� th fwteinìthta

enìc antikeimènou ìpwc autì faÐnetai sthn k�mera. Mia eikìna uperÔjrwn parmènh apì dorufìro

  aeropl�no anaparist� th jermokrasÐa miac topojesÐac. An�loga tou eÐdouc thc eikìnac kai twn

efarmog¸n thc, di�fora montèla eikìnac orÐzontai. Tètoia montèla basÐzontai epÐshc sthn antÐlhyh,

kai se topik�   kajolik� qarakthristik�. H fÔsh kai h apìdosh twn algorÐjmwn epexergasÐac ei-

kìnac exart¸ntai apì to montèlo eikìnac pou qrhsimopoieÐtai. 'Ena par�deigma epexergasÐac eikìnac

faÐnetai sto Sq ma 1.6, ìpou sta arister� kai dexi� faÐnetai mia eikìna pou st�ljhke apì ton plan th

'Arh, sthn prosed�fish tou oq matoc Viking, stic 20 IoulÐou 1976, sta plaÐsia tou progr�mmatoc tou

kèntrou ereun¸n JPL - Jet Propulsion Laboratory thc NASA. H arister  fwtografÐa deÐqnei ton

'Arh ìpwc èqoume sunhjÐsei na ton blèpoume se fwtografÐec pou èqoun dhmosieujeÐ. H fwtografÐa

sta dexi� deÐqnei ènan plan th pou moi�zei perissìtero me th Gh - èqei mple ouranì kai gkrizokìkkino

pètrwma. JruleÐtai ìti aut  h fwtografÐa  tan h aujentik , h pr¸th pou st�ljhke apì ton plan th

'Arh, en¸ h fwtografÐa sta arister� emfanÐsthke lÐga lept� argìtera - kai fusik� aut  dìjhke
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sth dhmosiìthta - met� apì epexergasÐa thc pr¸thc, epexergasÐa pou apodìjhke sth ��diìrjwsh twn

arqik¸n mhqanik¸n problhm�twn apìdoshc qr¸matoc ��. :-)

Algìrijmoi BeltÐwshc Eikìnac qrhsimopoioÔntai gia na tonÐsoun sugkekrimèna qarakthristik� thc

(aþ) Eikìna 1 (bþ) Eikìna 2

Sq ma 1.6: FwtografÐec apì ton 'Arh

eikìnac, gia na belti¸soun thn poiìthta thc eikìnac,   gia bohj soun sthn an�lush thc eikìnac

gia peraitèrw exagwg  qarakthristik¸n. AutoÐ perilamb�noun mejìdouc gia beltÐwsh antÐjeshc, anÐ-

qneush akm¸n, ��akìnisma��, grammikì kai mh grammikì filtr�risma, megèjunsh, kai afaÐresh jorÔbou.

'Enac polÔ aplìc algìrijmoc, pou sthrÐzetai sto median filter, kai mporeÐ na afairèsei jìrubo tÔpou

��alatioÔ kai piperioÔ�� (salt and pepper noise) faÐnetai sto Sq ma 1.7. MporeÐte na krÐnete oi Ðdioi

thn apìdos  tou. :-) Oi algìrijmoi pou qrhsimopoioÔntai gia exoudetèrwsh   meÐwsh upob�jmishc

thc eikìnac, ìpwc to jìlwma (blurring)   h diataraq  lìgw tou perib�llontoc   tou sust matoc

katagraf c, eÐnai gnwstoÐ wc Apokat�stash Eikìnac. H Anakataskeu  Eikìnac apì probolèc afor�

thn kataskeu  miac disdi�stathc eikìnac - ��fètac �� apì èna trisdi�stato antikeÐmeno, lamb�nontac

upìyh ènan arijmì apì probolèc pou proèrqontai apì diaforetikèc gwnÐec. Kataskeu�zontac ènan

arijmì apì suneqìmenec ��fètec ��, mporeÐ na dhmiourghjeÐ mia trisdi�stath eikìna pou deÐqnei to pe-

rieqìmeno tou antikeimènou. H An�lush Eikìnac analamb�nei na anaptÔxei mia posotik  perigraf 

kai taxinìmish enìc   perissotèrwn antikeimènwn se mia eikìna. H KwdikopoÐhsh Eikìnac analamb�nei

na mei¸sei ton sunolikì arijmì apì bits se mia eikìna, qwrÐc kami� upob�jmish sthn poiìtht� thc. O

tomèac EpexergasÐac Eikìnac eÐnai arket� aneptugmènoc kai sto tm ma mac, me arket� maj mata se

proptuqiakì kai metaptuqiakì epÐpedo (HU471, HU571, HU576), se sunduasmì me maj mata Upolo-

gistik c 'Orashc (Computer Vision). KleÐnontac, ena mikrì, endiafèron, parask nio sqetik� me thn

eikìna sto Sq ma 1.7, eÐnai to ex c: h fwtografÐa aut  l fjhke to Noèmbrh tou 1972, kai èktote

dhmosieÔetai taktik� se episthmonik� papers, wc eikìna p�nw sthn opoÐa efarmìzontai di�foroi al-

gìrijmoi, en¸ up�rqei se ìla ta klasik� biblÐa EpexergasÐac Eikìnac, gia ton Ðdio lìgo. To ìnom�

thc kurÐac eÐnai Lenna. Mia anaz thsh sto Google sqetik� me Lenna Story ja sac ekpl xei, ìson
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afor� thn proèleus  thc - gia lìgouc pou ja sac gÐnoun profaneÐc ìtan to k�nete, den mporoÔme na

poume ed¸ perissìtera... ?-)

Sq ma 1.7: AfaÐresh jorÔbou (prin kai met�)

1.3.8 Thlepikoinwniak� Sust mata

Apì tic shmantikìterec efarmogèc thc EpexergasÐac S matoc. H b�sh twn thlepikoinwni¸n,

sto qamhlìtero epÐpedo (to perÐfhmo physical layer - fusikì epÐpedo, pou ja deÐte sto m�jhma twn

DiktÔwn), sthrÐzetai pragmatik� se ìsa majaÐnete sto HU215, eidikìtera oi analogikèc (pou plèon

den eÐnai polÔ dhmofileÐc :-) ) epikoinwnÐec. SÐgoura ìloi èqete akoÔsei gia th radiofwnÐa AM kai

FM (kurÐwc). DeÐte pìso apl  eÐnai h jewrÐa pÐsw apì autoÔc touc trìpouc met�doshc.

Kat' arq�c na poÔme ìti ta arqik� AM kai FM proèrqontai apì tic lèxeic Amplitude Modulation-

Diamìrfwsh Pl�touc, kai Frequency Modulation-Diamìrfwsh Suqnìthtac. 'Estw m(t) to s ma

plhroforÐac pou jèloume na steÐloume (mporeÐ na eÐnai otid pote, ìqi aparaÐthta thlefwnik  kl sh).

H majhmatik  anapar�stash � den  jela na gr�yw majhmatik� se auto to eisagwgikì keÐmeno, all� o

peirasmìc eÐnai meg�loc :-D � twn duo aut¸n trìpwn met�doshc, dhl. to s ma pou lamb�nei o dèkthc

(to radiìfwnì sac, en prokeimènw), dÐnetai wc:

yAM = (1 + kAMm(t)) cos(2πfct)

yFM = Ac cos(2πfct+ kPM

∫
m(u)du)

Oi stajerèc kAM , kPM , kai h suqnìthta fc ac mh sac apasqoloÔn en prokeimènw. Autì pou axÐzei

na deÐte eÐnai ìti to m numa m(t) sthn pr¸th perÐptwsh (AM) ��apojhkeÔetai�� sto pl�toc tou sunh-

mitìnou, en¸ sth deÔterh perÐptwsh (FM) ��apojhkeÔetai�� sth f�sh tou sunhmitìnou. 'Otan loipìn

rujmÐzete to koumpÐ sto radiìfwnì sac, ousiastik� prospajeÐte na to suntonÐsete sth suqnìthta fc

pou blèpete parap�nw. :-)
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H ìlh thlepikoinwniak  diadikasÐa eÐnai arket� perÐplokh sthn pr�xh. Ac doÔme èna aplì, analogikì

(ìqi yhfiakì) par�deigma ed¸, gia na apokalufjeÐ poÔ akrib¸c bohj� h EpexergasÐa S matoc sthn

ìlh diadikasÐa. Ac upojèsoume ìti k�noume mia kl sh apì to kinhtì mac thlèfwno se èna stajerì

thlèfwno, ìpwc faÐnetai sto sq ma 1.8. H anjr¸pinh fwn  eÐnai analogikì s ma, opìte prèpei pr¸ta

Sq ma 1.8: Mia apl  thlefwnik  kl sh: h epexergasÐa sta blocks gÐnetai yhfiak� en¸ h metafor�
metaxÔ twn blocks gÐnetai analogik�

na metatrapeÐ se yhfiak  morf  ap' to kinhtì thlèfwno, na gÐnei mia epexergasÐa (kwdikopoÐhsh), kai

met� ja staleÐ apì ton pompì èna analogikì, hlektromagnhtikì s ma sthn thn keraÐa ekpomp c tou.
1 To radiokÔma ja taxidèyei mèsw tou aèra sto stajmì b�shc, ìpou kai apodiamorf¸netai gia na

anakthjeÐ to s ma fwn c (  opoiod pote s ma stèlnoume, eikìna, bÐnteo, klp - ta montèrna kinht�

èqoun aut  th dunatìthta). H kl sh, wc yhfiakì s ma, suneqÐzei na taxideÔei mèsa apì èna diakìpth

hlektrik¸n shm�twn kai mpaÐnei wc eÐsodoc se mia optik  Ðna wc analogikì s ma fwtìc. To kÔma

taxideÔei t¸ra mèsa sto dÐktuo kai h diadikasÐa antistrèfetai mèqri na paraqjeÐ o analogikìc  qoc

sto akoustikì tou dèkth.

Ta sust mata epikoinwni¸n eÐnai arket� pio perÐploka sthn pr�xh, ìpwc eÐpame. Par�gontec ìpwc

h exasjènish tou s matoc, o jìruboc tou kanalioÔ met�doshc/epikoinwnÐac, to eÐdoc tou kanalioÔ,

kai �lloi, paÐzoun shmantikì rìlo sthn eurwstÐa thc epikoinwnÐac. 'Ola aut� èqoun melethjeÐ kai

montelopoihjeÐ kat�llhla, ètsi ¸ste k�je epikoinwnÐa na mporeÐ na prosomoiwjeÐ se H/U protoÔ e-

farmosteÐ. Melèth all� kai sqediasmìc tètoiwn susthm�twn mporeÐte na deÐte sta maj mata HU330,

HU430, HU431, HU530, ìpou kai Ðswc èqete thn eukairÐa na sqedi�sete to dikì sac sÔsthma kuye-

loeidoÔc (kinht c) thlefwnÐac. :-)

1Nai, kal� (Ðswc) to mantèyate. :-) 'Ena analogikì   yhfiakì s ma mporeÐ na metadojeÐ me analogik�   yhfiak�
mèsa. Den up�rqei k�poia dèsmeush tou enìc apènanti sto �llo.
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1.4 I.T.E - InstitoÔto Plhroforik c - SunergasÐec

'Oloi oi parap�nw jematikoÐ tomeÐc den eÐnai anex�rthtoi. EÐnai ìloi upì thn aigÐda tou -  dh

anaferjèntoc se k�poiec paragr�fouc - ErgasthrÐou Polumèswn (Multimedia Informatics Lab) tou

Tm matoc Epist mhc Upologist¸n, plhroforÐec gia to opoÐo mporeÐte na breÐte ed¸ - lÐgo outda-

ted all� ja to fti�xoume :-) . To ergast rio autì eÐnai se sten  sunergasÐa me to Ergast rio

Thlepikoinwni¸n kai DiktÔwn (Telecommunications and Networks Lab - T.N.L) 2 tou InstitoÔ-

tou Plhroforik c (Institute of Computer Science - I.C.S), tou IdrÔmatoc TeqnologÐac kai 'Ereunac

(I.T.E - Foundation for Research and Technology Hellas - FO.R.T.H). To I.T.E apoteleÐ to korufaÐo

ereunhtikì Ðdruma sthn Ell�da kai èna apì ta pio anagnwrismèna sthn Eur¸ph. Mèsw tou T.N.L,

mporeÐte (se proqwrhmèno proptuqiakì kai metaptuqiakì epÐpedo) na doulèyete se pragmatik� spou-

daÐa ereunhtik� projects, Ellhnik c kai Eurwpaðk c qrhmatodìthshc. EpÐshc, to I.C.S sunerg�zetai

suqn� mèsw twn mel¸n tou me etairÐec tou idiwtikoÔ tomèa (France Telecom, SAGEM, British Te-

lecom, FORTHnet, GRnet, Google k.a.), pr�gma idiaÐtera enjarruntikì gia gnwrimÐec kai metèpeita

epaggelmatik  stadiodromÐa. All� proc to parìn, den prèpei na sac apasqoloÔn aut� - prèpei pr¸ta

na per�sete to HU215 (kai na p�rete kai ptuqÐo)... :-)

1.5 KleÐnontac...

H EpexergasÐa S matoc kai oi teqnikèc thc èqoun  dh prokalèsei epanastatikèc proìdouc se

k�poia pedÐa efarmog¸n. 'Ena exèqon par�deigma eÐnai sthn perioq  twn Thlepikoinwni¸n, ìpou h

Yhfiakh EpexergasÐa S matoc (pou ja th deÐte sto m�jhma HU370-Yhfiak  EpexergasÐa Shm�twn

?-) ), se sunduasmì me th Mikrohlektronik , kai thn met�dosh dedomènwn mèsw Optik¸n In¸n, �llaxan

th fÔsh twn epikoinwni¸n. Mia parìmoia epÐdrash mporeÐ kaneÐc na anamènei kai se �llouc tomeÐc.

Pr�gmati, h EpexergasÐa S matoc  tan, eÐnai, kai ja eÐnai ènac tomèac pou eudokimeÐ se nèec efarmogèc.

Oi an�gkec enìc nèou pedÐou efarmog¸n mporoÔn na kalufjoÔn apì gn¸seic pou proèrqontai apì �lla

pedÐa, all� suqn� oi nèec efarmogèc qrei�zontai nèouc algìrijmouc kai nèa sust mata ulikoÔ pou

ja touc ulopoioÔn. Gia par�deigma, palaiìtera, efarmogèc thc SeismologÐac, twn Rant�r, kai twn

Epikoinwni¸n, èdwsan th b�sh gia thn an�ptuxh nèwn teqnik¸n se diaforetikoÔc tomeÐc. SÐgoura, h

EpexergasÐa S matoc ja parameÐnei sthn kardi� twn efarmog¸n sthn Ejnik  'Amuna, sth diaskèdash,

stic epikoinwnÐec, sthn iatrik  frontÐda kai di�gnwsh. Prìsfata, eÐdame efarmogèc epexergasÐac

s matoc se tomeÐc tìso diaforetikoÔc metaxÔ touc ìpwc ta Oikonomik� kai h An�lush Akolouji¸n

DNA.

An kai eÐnai dÔskolo na problèpei kaneÐc pou ja anaptuqjeÐ èdafoc gia nèec efarmogèc, den up�rqei

amfibolÐa ìti ja eÐnai emfaneÐc se autoÔc pou ja eÐnai kat�llhla proetoimasmènoi na tic anagnwrÐsoun.

To kleidÐ gia thn etoimìthta k�poiou na lÔsei nèa probl mata epexergasÐac s matoc eÐnai - kai p�nta

 tan - h se b�joc katanìhsh twn jemeliwd¸n majhmatik¸n twn Shm�twn kai Susthm�twn (k�ti mac

2To opoÐo prìsfata diasp�sthke se duo � mèsa apì to TNL proèkuye to Ergast rio EpexergasÐac S -

matoc (Signal Processing Laboratory, gia to opoÐo mporeÐte na diab�sete ed¸), ìpou kai an koume pia.

http://www.csd.uoc.gr/~mmilab
http://www.ics.forth.gr/spl/index_main.php?l=e&c=619
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jumÐzei è? :-) ).

1.6 EpÐlogoc

Autìc eÐnai kai o skopìc autoÔ tou maj matoc. Na sac d¸sei touc jemèliouc autoÔc lÐjouc gia na

stadiodrom sete sto sqetikì tomèa tou endiafèrontìc sac! EÐnai sÐgouro ìti ìla ìsa diab�sate sac

k�noun anupìmonouc na ta deÐte ìla aut� sthn pr�xh � ed¸ up�rqei èna m�llon ìqi tìso euq�risto

nèo gia sac, pou krat same epÐthdec gia to tèloc: de ja deÐte sqedìn tÐpota apì ìla ta parap�nw

sto m�jhma autì. :-( Toul�qiston ìqi se ìso b�joc kai leptomèreia ja jèlate, par� mìno k�poia

apì aut�, epidermik�. To m�jhma autì eÐnai to pr¸to skalop�ti. Koit�zont�c to, den promhnÔei

k�ti tromer� endiafèron all� qwrÐc autì de ja mporèsete POTE na ft�sete stouc ��orìfouc ��, pou

diab�sate parap�nw. Ki autoÐ up�rqoun sto tm ma, se maj mata epilog c E3 kai E7 kurÐwc. Sto

HU215 k�nete to pr¸to b ma, kai k�je taxÐdi xekin� me èna kai mìno b ma. Kalì taxÐdi loipìn sta

monop�tia twn Efarmosmènwn Majhmatik¸n gia MhqanikoÔc! 3

3Apì to epìmeno kef�laio kai pèra, ja prospaj soume na exhg soume �ìqi ta anex ghta :-) � k�poia komm�tia
thc Ôlhc tou maj matoc HU215 pou qrei�zontai prosoq . To m�jhma eÐnai m�jhma mhqanikoÔ, opìte prèpei k�poia
pr�gmata na katal�bete ìti den eÐnai xer� majhmatik�. Prèpei na deÐte ti shmaÐnoun, pwc ermhneÔontai, p¸c epe-
kteÐnontai, kai pwc sundèontai metaxÔ touc. Ed¸ loipìn ja diab�sete gi' aut� ta jèmata... Na shmeiwjeÐ ìti DEN
prìkeitai gia mia ANALUTIKH perigraf  thc Ôlhc, den eÐnai dhlad  èna set shmei¸sewn. EpÐshc, den perilamb�nei
OLA ìso prèpei na prosèxete sto m�jhma (den eÐnai ta SOS dhlad  :-) ), oÔte mporeÐ kaneÐc na diab�sei MONO aut�
kai ìqi th jewrÐa sto m�jhma. Oi shmei¸seic autèc èqoun SUMPLHRWMATIKO qarakt ra kai apl� ja bohj soun
na katano sete kalÔtera aut� pou diab�zete sto m�jhma. Ac xekin soume!! :-)



Kef�laio 2

Eisagwgh sta S mata kai ta

Sust mata

Se autì to kef�laio, ja suzht soume orismèna basik� jèmata twn shm�twn. Epiplèon, ja eis�-

goume merikèc basikèc ènnoiec kai poiotikèc exhg seic tou ��p¸c kai giatÐ�� thc jewrÐac susthm�twn,

qtÐzontac ètsi èna stereì upìbajro katanìhshc thc posotik c an�lushc pou akoloujeÐ sta epìmena

kef�laia.

2.1 S mata

'Ena s ma den eÐnai tÐpota allo apì èna sÔnolo apì plhroforÐec   apì dedomèna. Merik�

paradeÐgmata perilamb�noun èna thlefwnikì   thleoptikì s ma, tic mhniaÐec pwl seic miac etairÐac,

  tic hmerÐsiec timèc miac metoq c tou qrhmatisthrÐou. Se ìla aut� ta paradeigmata, ta s mata eÐnai

sunarthseic miac anex�rththc metablht c: tou qrìnou. Autì den eÐnai kanìnac � ìtan èna hlektrikì

s ma diatrèqei to anjr¸pino swma, to shma einai h puknìthta tou fortÐou, pou eÐnai sun�rthsh tou

q¸rou par� tou qrìnou. Se autì to m�jhma, ja mac apasqol soun apokleistik� s mata pou eÐnai

sunarthseic tou qrìnou.

2.2 Sust mata

Ta s mata mporoÔn na epexergastoÔn peraitèrw apì sust mata, ta opoÐa mporoÔn na tropo-

poi soun   na ex�goun plhroforÐa apì aut�. 'Ena sÔsthma epexerg�zetai èna sunolo apì s mata

(eÐsodoi) kai dÐnei èna sÔnolo apì alla s mata (èxodoi). 'Ena sÔsthma mporeÐ na apoteleÐtai apì

fusik� stoiqeÐa, ìpwc hlektrik�, mhqanik�,   udraulik� sust mata (ulopoÐhsh se ulikì),   apì ènan

algìrijmo pou upologÐzei thn èxodo apì èna s ma eisìdou (ulopoÐhsh se logismikì).
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2.3 Mègejoc S matoc

To mègejoc miac ontìthtac eÐnai ènac arijmìc pou deÐqnei th dÔnamh thc ontìthtac. En gènei,

to pl�toc enìc s matoc all�zei me thn p�rodo tou qrìnou. P¸c gÐnetai èna s ma pou up�rqei mìno

se èna sugkekrimèno qronikì di�sthma, kai to pl�toc tou metab�lletai, na metrhjeÐ me ènan arijmì

pou ja mac upodeiknÔei to mègejìc tou   th dÔnam  tou? 'Enac tetoioc arijmìc prèpei na lamb�nei

upìyh tou oqi mìno to pl�toc all� kai th di�rkeia tou s matoc. Gia par�deigma, an qrei�zetai na

epino soume ènan arijmì V wc mètro tou megèjouc enìc anjr¸pou, prèpei ìqi mìno na sumperil�boume

to pl�toc (thn perifèrei� tou), all� kai to Ôyoc tou. Aplopoi¸ntac ta pr�gmata, an upojèsoume ìti

to sq ma enìc anjr¸pou einai ènac kÔlindroc me metaballìmenh aktÐna r (h opoÐa metab�lletai me to

Ôyoc h), tote ènac eÔlogoc arijmìc pou metr� to mègejoc enìc anjr¸pou Ôyouc H eÐnai o ìgkoc tou,

V = π

∫ H

0
r2(h)dh (2.1)

2.3.1 Enèrgeia S matoc

Skeftomenoi me ton Ðdio trìpo, mporoÔme na jewrhsoume thn perioq  k�tw apì to s ma f(t) wc

mia pijan  metrik  tou megèjouc tou s matoc, epeidh lamb�nei upìyh tou ìqi mìno to pl�toc all� kai

th di�rkeia tou s matoc. 'Omwc mia tètoia metrik  ja  tan elattwmatik . GiatÐ? Diìti èna meg�lhc

di�rkeiac s ma mporeÐ na èqei perioqèc p�nw apì ton �xona kai perioqèc k�tw apì ton �xona pou

allhloanairoÔntai, me apotèlesma h metrik  na mac dhl¸nei oti prìkeitai gia mikroÔ megèjouc s ma.

Aut  h duskolÐa mporei na xeperasteÐ an orÐsoume to mègejoc tou s matoc wc thn perioq  k�tw apì

thn kampÔlh f2(t), h opoÐa eÐnai p�nta jetik . Aut  h metrik  lègetai enèrgeia s matoc, Ef , kai

orÐzetai wc

Ef =

∫ ∞
−∞
|f(t)|2dt (2.2)

gia migadik� s mata, en¸ gia pragmatik� s mata, h parap�nw sqèsh gÐnetai

Ef =

∫ ∞
−∞

f2(t)dt (2.3)

K�poioc ja mporoÔse na skefteÐ kai �llec metrikèc, ìpwc h perioq  k�tw apì thn |f(t)|. H metrik 

pou epilèxame ìmwc eÐnai ìqi mìno pio eÔkolh na upologisteÐ all� kai èqei perissìtero nìhma (ìpwc

ja faneÐ sth sunèqeia), giatÐ eÐnai endeiktik  thc enèrgeiac pou mporeÐ na exaqjeÐ apì to s ma.

2.3.2 IsqÔc S matoc

H enèrgeia enìc s matoc prèpei na eÐnai peperasmènoc arijmìc ¸ste na èqei nìhma. Mia anagkaia

sunj kh gia autì eÐnai to pl�toc tou s matoc na teÐnei sto 0 ìtan |t| → ∞. Alli¸c, to olokl rwma

2.3 de sugklÐnei.

Se orismènec peript¸seic, ìtan to pl�toc tou s matoc den teinei sto 0 ìtan |t| → ∞, h enèrgeia
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tou s matoc eÐnai �peirh. Tìte, mia metrik  me perissìtero nìhma ìson afor� to mègejoc tou s matoc

ja  tan h qronik  mèsh tim  thc enèrgeiac, an up�rqei. Aut  h metrik  lègetai isqÔc s matoc.

Gia èna pragmatikì s ma f(t), orÐzoume thn isqÔ, Pf , wc

Pf = lim
T→∞

1

T

∫ T/2

−T/2
f2(t)dt (2.4)

kai fusik� mporoÔme na genikeÔsoume thn parap�nw sqèsh kai gia migadik� s mata wc

Pf = lim
T→∞

1

T

∫ T/2

−T/2
|f(t)|2dt (2.5)

Parathr ste oti h isquc tou s matoc Pf eÐnai h mèsh tim  tou pl�touc tou s matoc sto tetr�gwno.

H mèsh tim  miac ontìthtac se èna meg�lo di�sthma pou plhsi�zei to �peiro up�rqei an h ontìthta

eÐnai eÐte periodik  eÐte eqei statistik  kanonikìthta. An mia tètoia sunj kh den ikanopoieÐtai, h tim 

aut  mporeÐ na mhn up�rqei. Gia par�deigma, to s ma f(t) = t aux�nei suneq¸c ìso t→∞, kai oÔte

h enèrgeia oÔte h isqÔc orÐzetai gia autì to s ma.

Prosèxte, oi metrikèc thc enèrgeiac kai thc isquoc pou orÐsame den èqoun mon�da mètrhshc (ìpwc

Ðswc ja perimènate), giatÐ den tic orÐsame me bash thn ènnoia pou gnwrÐzete apì th Fusik . Oi mon�dec

enèrgeiac kai isqÔoc, ìpwc orÐsthkan edw, exart¸ntai apì th fÔsh tou s matoc f(t). An to f(t) eÐnai

èna s ma t�shc, profan¸c h enèrgeia èqei mon�dec mètrhshc V 2s (Volts sto tetr�gwno epÐ seconds),

kai h isqÔc tou èqei mon�dec mètrhshc V 2 (Volt sto tetr�gwno). An to s ma f(t) eÐnai s ma èntashc,

oi mon�dec autèc ja eÐnai A2s (Ampere sto tetr�gwno epÐ seconds) kai A2 (Ampere sto tetr�gw-

no), antÐstoiqa. Sta plaÐsia tou maj matoc de ja mac apasqol soun tìso oi mon�dec mètrhshc, mia

kai h enèrgeia kai h isquc enìc s matoc ja èqoun thn pio... afhrhmènh :-) ènnoia pou orÐsame parap�nw.

Par�deigma:

BreÐte tic katallhlec metrikèc megèjouc twn shm�twn pou fainontai sto Sq ma 2.1. Sto sq ma

2.1(a), to pl�toc tou s matoc teinei sto mhdèn, ìso |t| → ∞. 'Etsi, mia kat�llhlh metrik  tou

megèjouc tou eÐnai h enèrgei� tou.

Ef =

∫ ∞
−∞

f2(t)dt =

∫ 0

−1
22dt+

∫ ∞
0

4e−tdt = 4 + 4 = 8 (2.6)

Sto sq ma 2.1)(b), to pl�toc tou s matoc DEN teinei sto mhdèn, ìso to |t| → ∞. 'Omwc eÐnai

periodikì, kai ètsi up�rqei h isqÔc tou. MporoÔme na qrhsimopoi soume th sqèsh 2.4 gia na broÔme

thn isqÔ tou, all� mporoÔme na aplopoi soume th diadikasia gia periodik� s mata, apl� parathr¸ntac

ìti èna periodikì s ma epanalamb�netai periodik� (k�je 2 deuterolepta, en prokeimènw). 'Etsi, to na

broÔme th mèsh tim  tou f2(t) se ena �peiro di�sthma eÐnai ìmoio me to na broÔme th mèsh tim  se mia
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Sq ma 2.1: Par�deigma Shm�twn Enèrgeiac - IsqÔoc

mìno perÐodo. 'Etsi,

Pf =
1

2

∫ 1

−1
f2(t)dt =

1

2

∫ 1

−1
t2dt =

1

3
(2.7)

pou eÐnai kai to zhtoÔmeno.

Par�deigma:

BreÐte thn isqÔ twn parak�tw shm�twn:

1. f(t) = C cos(ω0t+ θ)

2. f(t) = C1 cos(ω1t+ θ1) + C2 cos(ω2t+ θ2), ω1 6= ω2

3. f(t) = Dejω0t

Ja eÐnai

1. To s ma eÐnai periodikì me perÐodo T0 = 2π/ω0. H pio bolik  metrik  gia autì to s ma eÐnai h

isqÔc tou. Epeid  to s ma eÐnai periodikì, mporoÔme na upologÐsoume thn isqÔ tou metr¸ntac

thn enèrgei� tou se mia perÐodo T0. 'Omwc, ja qrhsimopoi soume edw ton orismì, gia na deÐte

pwc douleuei. EÐnai

Pf = lim
T→∞

1

T

∫ T/2

−T/2
C2 cos2(ω0t+ θ)dt = lim

T→∞

C2

2T

∫ T/2

−T/2
[1 + cos(2ω0t+ 2θ)]dt

= lim
T→∞

C2

2T

∫ T/2

−T/2
dt+ lim

T→∞

C2

2T

∫ T/2

−T/2
cos(2ω0t+ 2θ)dt (2.8)

O pr¸toc ìroc einai Ðsoc me C2/2. EpÐshc, o deÔteroc ìroc eÐnai mhdèn, giatÐ to olokl rwma

anaparist� èna embadì k�tw apì to hmÐtono se polÔ èna meg�lo di�sthma T , me T →∞. Autì

to embadì eÐnai to polÔ Ðso me to embadì thc mis c periìdou, lìgw twn akur¸sewn metaxÔ
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twn jetik¸n kai arnhtik¸n perioq¸n tou hmitìnou. O deÔteroc oroc eÐnai autì to embadì

pollaplasiasmèno me C2/2T , me T →∞. EÐnai xek�jaro ìti autìc o oroc eÐnai mhdèn, �ra

Pf =
C2

2
(2.9)

Autì mac deÐqnei ìti èna hmÐtono me pl�toc C èqei isqÔ C2/2, �sqeta me thn tim  thc suqnìthtac

ω0 (fusik� prèpei ω0 6= 0) kai thc f�shc θ. Se perÐptwsh pou ω0 = 0, deÐxte eseic � ex�skhsh!

:-) � ìti h isqÔc eÐnai Ðsh me C2.

2. Ja èqoume

Pf = lim
T→∞

1

T

∫ T/2

−T/2
[C1 cos(ω1t+ θ1) + C2 cos(ω2t+ θ2)]2dt

= lim
T→∞

1

T

∫ T/2

−T/2
C2

1 cos2(ω1t+ θ1)dt+ lim
T→∞

1

T

∫ T/2

−T/2
C2

2 cos2(ω2t+ θ2)dt

+ lim
T→∞

2C1C2

T

∫ T/2

−T/2
cos(ω1t+ θ1) cos(ω2t+ θ2)dt (2.10)

Ta duo pr¸ta oloklhr¸mata eÐnai oi isqeÐc twn duo sunhmitìnwn, �ra eÐnai Ðsa me C2
1/2 kai

C2
2/2, mia kai to deÐxame sto prohgoÔmeno er¸thma. 'Omoia me to pr¸to er¸thma, blèpoume oti

to trito olokl rwma eÐnai mhdèn, �ra1

Pf =
C2

1

2
+
C2

2

2
(2.11)

To apotèlesma autì mporeÐ na genikeuteÐ se èna �jroisma hmitìnwn me diakritèc suqnìthtec

x(t) =
∞∑
n=1

Cn cos(ωnt+ θn) (2.12)

kai tote h isqÔc ja eÐnai

Pf =
1

2

∞∑
n=1

C2
n (2.13)

3. Se aut n thn perÐptwsh, to shma einai migadikì, kai �ra ja èqoume

Pf = lim
T→∞

1

T

∫ T/2

−T/2
|Dejω0t|2dt (2.14)

'Omwc isquei ìti |ejω0t| = 1, kai ètsi |Dejω0t|2 = |D|2 kai tèloc

Pf = |D|2 (2.15)

1Autì isqÔei mìnon an ω1 6= ω2. Ti sumbaÐnei ìtan ω1 = ω2? :-)
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2.4 Taxinìmhsh Shm�twn

Up�rqoun pollèc kathgorÐec shm�twn. Edw ja jewr soume mìno tic parak�tw kathgorÐec, pou

mac endiafèroun �mesa:

1. SuneqoÔc qrìnou kai diakritoÔ qrìnou s mata

2. Analogik� kai yhfiak� s mata

3. Periodik� kai aperiodik� s mata

4. S mata isqÔoc kai enèrgeiac

5. Nteterministik� kai Stoqastik� s mata

Sq ma 2.2: Pardeigmata shm�twn: a) analogikì, suneqoÔc qrìnou, b) yhfiakì, suneqoÔc qrìnou, c)
analogikì, diakritoÔ qrìnou, d) yhfiakì, diakritoÔ qrìnou

2.4.1 SuneqoÔc qrìnou kai diakritoÔ qrìnou s mata

'Ena s ma pou orÐzetai gia k�je tim  tou t eÐnai èna s ma suneqoÔc qrìnou, kai èna s ma pou

orÐzetai mìno gia diakritèc timèc tou t eÐnai èna s ma diakritoÔ qrìnou. To thlefwnikì s ma, to s ma

miac binteok�merac, kaj¸c kai to thleoptikì s ma2 eÐnai s mata suneqoÔc qrìnou. To et sio AEP

se mia eikosaetÐa, oi mhniaÐec pwl seic miac epiqeÐrhshc, kai oi hmer siec diakum�nseic twn metoq¸n

eÐnai s mata diakritoÔ qrìnou.

2Prin th Digea :-)
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2.4.2 Analogik� kai yhfiak� s mata

H ènnoia tou analogikoÔ s matoc suqn� mperdeÔetai me aut n tou suneqoÔc qrìnou. 'Ena s ma tou

opoÐou to pl�toc mporeÐ na p�rei opoiadhpote tim  se èna suneqèc di�sthma eÐnai èna analogikì s ma.

Autì shmaÐnei oti to pl�toc enìc analogikoÔ s matoc mporeÐ na p�rei �peirec timèc. 'Ena yhfiakì

s ma, ap' thn �llh, eÐnai ekeÐno tou opoÐo to pl�toc mporeÐ na p�rei timèc apì èna peperasmèno sunolo

tim¸n. 'Ena yhfiakì s ma tou opoÐou to pl�toc mporeÐ na p�rei apì M timèc, onom�zetai M -adikì

s ma. To duadikì s ma (M = 2) eÐnai mia upoperÐptwsh tou M -adikoÔ s matoc. Oi ìroi s ma

suneqoÔc qrìnou kai diakritoÔ qrìnou diakrÐnoun th fÔsh tou s matoc kat� m koc tou orizìntiou

axona (qrìnoc). Oi ìroi analogikì kai yhfiakì s ma diakrÐnoun th fÔsh tou s matoc kat� m koc

tou katakìrufou �xona (pl�toc). 'Etsi, eÐnai xek�jaro ìti èna analogikì s ma den eÐnai aparaÐthta

diakritoÔ qrìnou, kai èna yhfiakì s ma den eÐnai aparaÐthta diakritoÔ qrìnou. To sq ma 2.2 deÐqnei

merik� endeiktik� s mata diafìrwn kathgori¸n. Sta plaÐsia tou maj matoc ja mac apasqol soun

kat� kanìna s mata suneqoÔc qrìnou.

2.4.3 Periodik� kai aperiodik� s mata

'Ena shma x(t) lègetai periodikì an gia mia stajer� T0 isqÔei

x(t) = x(t+ T0), ∀t (2.16)

H mikrìterh tim  tou T0 pou ikanopoieÐ thn parap�nw sqèsh onom�zetai perÐodoc tou s matoc. 'Ena

s ma eÐnai aperiodikì ìtan den eÐnai periodikì. Ex' orismoÔ, ena periodikì s ma paramènei amet�blhto

ìtan metakinhjeÐ sto qrìno kat� T0. Gi' autì, ena periodikì s ma prèpei na xekin�ei apì to −∞.

'Etsi, ex' orismoÔ èna periodikì s ma prèpei na xekin�ei apì to t = −∞ kai na suneqÐzetai gia p�nta.

Profan¸c, tètoia s mata den up�rqoun sth fÔsh oÔte mporoÔn na dhmiourghjoÔn teqnht�. 'Ena

periodikì shma faÐnetai sto sq ma 2.3.

Sq ma 2.3: Periodikì s ma me perÐodo T0
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2.4.4 S mata Isquoc kai Enèrgeiac

'Ena s ma me peperasmènh enèrgeia lègetai s ma enèrgeiac, en¸ èna shma me peperasmènh kai mh

mhdenik  isqÔ lègetai s ma isqÔoc. Parathr ste oti èna s ma den mporei na eÐnai kai s ma enèrgeiac

kai s ma isqÔoc tautìqrona. 'Ena s ma enèrgeiac èqei mhdenik  isqÔ kai èna s ma isqÔoc èqei �peirh

enèrgeia (prokÔptei ap' touc orismoÔc pou èqoume d¸sei). 'Omwc, up�rqoun kai s mata pou den eÐnai

oÔte s mata enèrgeiac oÔte s mata isqÔoc. To s ma x(t) = t eÐnai èna tètoio s ma. Fusik�, sthn

pr�xh den up�rqoun s mata isqÔoc, ìla ta s mata pou mporoÔme na dhmiourghsoume eÐnai s mata

enèrgeiac.

2.4.5 Nteterministik� kai Stoqastik� s mata

'Ena s ma tou opoÐou h fusik  perigraf  eÐnai pl rwc gnwsth, eÐte se majhmatik  morf  eÐte

se grafik  morf , lègetai nteterministikì s ma. 'Ena shma pou den mporeÐ na problefjeÐ akrib¸c

all� eÐnai gnwsto mìno mèsw pijanotik c perigraf c, ìpwc h mèsh tim , h diaspor�, h sun�rthsh

puknìthtac pijanìthtac klp, lègetai stoqastikì   tuqaÐo s ma.

2.5 Qr simec aplèc idiìthtec shm�twn

Ed¸ ja suzht soume treic qr simec idiìthtec twn shm�twn: olÐsjhsh, klim�kwsh, kai antistrof .

2.5.1 Qronik  OlÐsjhsh

Jewr ste to s ma f(t) tou sq matoc 2.4 kai to idio s ma kajusterhmèno kata T deuterìlepta, to

opoÐo sumbolÐzoume me φ(t). 'O,ti sumbaÐnei sto s ma f(t), sumbaÐnei kai sto s ma φ(t) me kajustèrhsh

T deuterìlepta. 'Ara

φ(t+ T ) = f(t) (2.17)

kai

φ(t) = f(t− T ) (2.18)

'Etsi, gia na olisj soume qronik� èna s ma kat� T , antikajistoÔme to t me to t−T . 'Etsi, to f(t−T )

antiproswpeÔei to f(t), èqontac upostei olÐsjhsh kat� T deuterìlepta. An to T eÐnai jetikì, h o-

lÐsjhsh eÐnai proc ta dexi� (kajustèrhsh), alli¸c h olÐsjhsh eÐnai proc ta arister� (pro ghsh).

'Etsi, to f(t− 2) eÐnai to f(t) kajusterhmèno kata 2 deuterìlepta, kai to f(t+ 2) eÐnai to f(t) pou

prohgeÐtai 2 deuterìlepta. Ac doÔme èna par�deigma:

Par�deigma:

Mia ekjetik  sun�rthsh f(t) = e−2t pou faÐnetai sto sq ma 2.5 kajustereÐ kat� 1 deuterìlepto.

Sqedi�ste kai perigr�yte majhmatik� thn olisjhmènh sun�rthsh. Epanal�bate an h f(t) prohgeÐtai



Kef�laio 2. Eisagwgh sta S mata kai ta Sust mata 27

Sq ma 2.4: Qronik  olÐsjhsh enìc s matoc

kat� 1 deuterìlepto.

Sq ma 2.5: Par�deigma qronik c olÐsjhshc enìc s matoc: a) s ma f(t), b) f(t) kajusterhmèno kata
1 deuterìlepto, c) f(t) prohgoÔmeno kat� 1 deuterìlepto

H sun�rthsh tou sq matoc mporeÐ na parastajeÐ majhmatik� wc

f(t) =

{
e−2t, t ≥ 0

0, t < 0
(2.19)
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'Estw ìti fd(t) = f(t − 1) eÐnai h kajusterhmènh sun�rthsh (metatopismènh proc ta dexi�) kata 1

deuterìlepto, ìpwc sto sq ma 2.5. H majhmatik  thc perigraf  prokÔptei antikajistwntac ìpou t

to t− 1. 'Ara

f(t) =

{
e−2(t−1), t− 1 ≥ 0⇔ t ≥ 1

0, t− 1 < 0⇔ t < 1
(2.20)

'Estw ìti fa(t) = f(t + 1) eÐnai h sun�rthsh pou prohgeÐtai (metatìpish proc ta arister�) kat� 1

deuterìlepto, ìpwc sto sq ma 2.5. H majhmatik  thc perigraf  prokÔptei antikajist¸ntac to t me

to t+ 1. 'Ara

f(t) =

{
e−2(t+1), t+ 1 ≥ 0⇔ t ≥ −1

0, t+ 1 < 0⇔ t < −1
(2.21)

2.5.2 Qronik  Klim�kwsh

H sumpÐesh   h diastol  enìc s matoc sto qrìno eÐnai gnwst  wc qronik  klim�kwsh. Jewr ste

to s ma f(t) tou sq matoc 2.6. To shma φ(t) eÐnai to f(t) sumpiesmèno sto qrìno me par�gonta 2.

Sq ma 2.6: Qronik  klim�kwsh enìc s matoc

'Etsi, ì,ti sumbaÐnei sto s ma f(t) se k�poio qrìno t, epÐshc sumbaÐnei sto φ(t) all� se qrìno t/2,

ètsi ¸ste

φ(t/2) = f(T ) (2.22)

kai

φ(t) = f(2t) (2.23)
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Parathr ste oti epeid  f(t) = 0 sto t = T1 kai T2, prèpei na èqoume epÐshc φ(t) = 0 sto t = T1/2

kai T2/2, ìpwc sto sq ma 2.6(b). An to f(t)  tan grammèno se mia magnhtotainÐa, thn opoÐa paÐzame

se dipl�sia taqÔthta, tìte ja eÐqame to f(2t). En gènei, an to f(t) eÐnai sumpiesmèno sto qrìno kat�

èna par�gonta a > 1, to apotèlesma ja einai èna φ(t) tètoio ¸ste

φ(t) = f(at) (2.24)

Me parìmoio sullogismì, mporoÔme na deÐxoume ìti to f(t) an epektajeÐ sto qrìno kat� ènan par�-

gonta a > dÐnetai wc

φ(t) = f(
t

a
) (2.25)

To sq ma 2.6(c) deÐqnei to f(t) diastalmèno kat� èna par�gonta 2. Parathr ste ìti kata th qronik 

klim�kwsh, h arq  twn axìnwn t = 0 eÐnai to shmeio anafor�c, pou paramènei amet�blhto, giatÐ sto

t = 0 isqÔei f(t) = f(at) = f(0).

SunoyÐzontac, gia na k�noume qronik  klim�kwsh enìc s matoc kat� ena par�gonta a, antika-

jistoÔme to t me to at. An a > 1, h klim�kwsh metatrèpetai se qronik  sumpÐesh, en¸ an a < 1, h

klim�kwsh gÐnetai qronik  diastol .

Par�deigma:

To sq ma 2.7(a) deÐqnei èna s ma f(t). Sqedi�ste kai perigr�yte majhmatik� to sumpiesmèno kata

par�gonta 3 s ma. Epanal�bate gia to diestalmèno kat� par�gonta 2 s ma.

To s ma f(t) mporeÐ na perigrafeÐ wc

f(t) =


2, −1.5 ≤ t < 0

2e−t/2, 0 ≤ t < 3

0, alli¸c

(2.26)

To sq ma 2.7(b) deÐqnei to s ma fc(t), pou eÐnai sumpiesmèno kata par�gonta 3. Kat� sunèpeia,

mporeÐ na perigrafeÐ majhmatik� wc f(3t), pou prokÔptei an antikatast soume to t me to 3t, ètsi:

fc(t) =


2, −1.5 ≤ 3t < 0⇔ −0.5 ≤ t < 0

2e−3t/2, 0 ≤ 3t < 3⇔ 0 ≤ t < 1

0, alli¸c

(2.27)

Parathr ste ìti tic qronikèc stigmèc t = −1.5 kai t = 3 sto f(t) antapokrÐnontai stic qronikèc

stigmèc t = −0.5 kai t = 1 sto sumpiesmèno s ma f(3t).

To sq ma 2.7(c) deÐqnei to s ma fe(t), pou einai to f(t) me qronik  diastol  kat� paragonta 2.

Kata sunèpeia, mporeÐ na perigrafeÐ majhmatik� wc f(t/2), pou prokÔptei antikajistwntac to t me
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Sq ma 2.7: Par�deigma qronik c klim�kwshc enìc s matoc

to t/2. 'Etsi:

fe(t) = f(t/2) =


2, −1.5 ≤ t/2 < 0⇔ −3 ≤ t < 0

2e−t/4, 0 ≤ t/2 < 3⇔ 0 ≤ t < 6

0, alli¸c

(2.28)

Parathr ste ìti tic qronikèc stigmèc t = −1.5 kai t = 3 sto f(t) antapokrÐnontai stic qronikèc

stigmèc t = −3 kai t = 6 sto sumpiesmèno s ma f(t/2).

2.5.3 Qronik  Antistrof 

Jewr ste to shma f(t) tou sq matoc 2.8(a). Gia na antistrèyoume qronik� to f(t), peristrè-

foume kat� 180 moÐrec gÔrw apì ton katakìrufo �xona. Aut  h antistrof  mac dÐnei to φ(t) tou

sq matoc 2.8(b). Parathr ste ìti ì,ti sumbaÐnei sto sqhma 2.8(a) se èna qronikì shmeÐo t sumbainei

sto sqhma 2.8(b) sto qronikì shmeÐo −t. 'Etsi

φ(−t) = f(t) (2.29)

kai

φ(t) = f(−t) (2.30)
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Sq ma 2.8: Qronik c antistrof c enìc s matoc

'Ara, gia na antistreyoume qronik� èna s ma, antikajistoÔme to t me to −t. 'Etsi, h antistrof 

qrìnou tou f(t) mac dÐnei to f(−t).

Par�deigma:

Gia to s ma tou sq matoc 2.9(a), sqedi�ste to f(−t), pou eÐnai to anestrammèno f(t).

Sq ma 2.9: Par�deigma qronik c antistrof c enìc s matoc

Tic qronikèc stigmèc −1 kai −5 tou f(t) antistoiqoÔn stic qronikèc stigmèc 1 kai 5 sto f(−t).
Epeid  f(t) = et/2, èqoume f(−t) = e−t/2. To s ma f(−t) faÐnetai sto sq ma 2.9(b). MporoÔme na
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perigr�youme ta s mata wc majhmatik� wc

f(t) =

{
et/2, −1 ≥ t > −5

0, alli¸c
(2.31)

kai h antestrammènh èkdosh tou f(t), dhl. to f(−t) prokÔptei an antikatast soume to t me to −t
sto f(t) wc

f(−t) =

{
e−t/2, −1 ≥ t > −5⇔ 1 ≤ t < 5

0, alli¸c
(2.32)



Kef�laio 3

Seirèc Fourier

3.1 Eisagwgik�

Sto eisagwgikì kef�laio pou (prèpei na :-) ) diab�sate prin ft�sete ed¸, anaferj kame se poll�

pr�gmata. EÐdame to ��dèndro�� thc epexergasÐac s matoc, me autì to m�jhma wc ��rÐza�� kai ��kormì��

(an kai ja mporoÔsame na poÔme ìti to epìmenì tou, to HU370, eÐnai o kormìc � sÐgoura p�ntwc to

HU215 eÐnai h rÐza :-) ), kai touc di�forouc tomeÐc pou anafèrjhkan wc ��kladi���, pou sta �kra touc

fèroun polÔqrwma ��froÔta��, tic praktikèc efarmogèc.

3.1.1 GiatÐ Seirèc Fourier?

'Ena er¸thma ìmwc pou DEN apant same eÐnai GIATI qrhsimopoioÔme ��bari��� (lème t¸ra :-R)

majhmatik� gia na ft�soume se ìlec autèc tic efarmogèc. Af' enìc, giatÐ den èqoume brei kanèna pio

eÔkolo trìpo (den èqoume kanèna bÐtsio na asqoloÔmaste me oloklhr¸mata s¸nei kai kal� :-) ), af'

etèrou giatÐ h qr sh touc parèqei èna panÐsquro plaÐsio an�lushc kai ��tupopoÐhshc �� twn mejìdwn

pou qrhsimopoioÔntai. Den peist kate? Ja sac d¸soume èna qarakthristikì par�deigma. :-)

Mìlic lÐgec selÐdec met�, ja diab�sete gia thn an�lush se Seirèc Fourier, pou � an den to èqete

hdh akoÔsei sto m�jhma � eÐnai apl� mia mèjodoc allag c optik c gwnÐac :-) . Nai, tìso apl�!

H mèjodoc aut  mac epitrèpei na doÔme èna s ma, mia kumatomorfh, se ènan diaforetikì q¸ro, to

q¸ro twn suqnot twn. To p¸c, ja to diab�sete parak�tw. To GIATI ìmwc eÐnai to er¸thma, ìpwc

proeÐpame, kai to parak�tw par�deigma pisteÔw ja sac peÐsei.

'Estw ìti èqoume èna s ma fwn c ìpwc autì tou sq matoc 3.1. Prìkeitai gia th Gallik  lèxh

magnifique. :-) Ac upojèsoume oti gia k�poio lìgo, èna isqurì hmÐtono pl�touc 0.5, twn 500 Hz

(jumhjeÐte, 500 Hz shmaÐnei ìti se èna deuterìlepto, to hmÐtono èqei epanal�bei th basik  tou periodo

500 forèc) prostÐjetai sto shma fwn c, kai to opoÐo hmÐtono jewreÐtai wc anepijÔmhto, dhlad  wc

��jìruboc ��1. To apotèlesma sto q¸ro tou qrìnou faÐnetai sto sq ma 3.2. 'Opwc mporeÐte na deÐte,

1To par�deigma autì den apèqei ap' thn pragmatikìthta � sta aeropl�na, ìtan bgaÐnei mia anakoÐnwsh apì ta
mikrìfwna tou pilothrÐou, akoÔgetai p�nw sth fwn  tou pilìtou èna hmÐtono sta 400 Hz, lìgw tou ìti h hlektrik 
isqÔc einai sta 400 Hz, en antijèsei me ta spÐtia mac, pou eÐnai 50 − 60 Hz... fant�zomai ìti mèqri s mera bèbaia ja
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Sq ma 3.1: S ma Fwn c sto pedÐo tou qrìnou
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Sq ma 3.2: S ma Fwn c sto pedÐo tou qrìnou me prostijèmeno hmÐtono sta 500 Hz

eÐnai tromer� dÔskolo sthn pr�xh na xeqwrÐsoume/anakt soume to s ma mac sto pedio tou qrìnou,

mia kai faÐnetai na èqei jafteÐ mèsa sto ��jìrubo�� tou sunhmitìnou. OMWS, an qrhsimopoi soume ta

ergaleÐa pou ja m�jete sto m�jhma, dhladh thn ìyh tou pedÐou thc suqnìthtac, tìte gia to kajarì

to èqoun fti�xei... :-R
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s ma, ja èqete to di�gramma tou sq matoc 3.3 en¸ gia to ��alloiwmèno�� s ma, ja èqete to di�gramma
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Sq ma 3.3: S ma Fwn c sto pedÐo twn suqnot twn

tou sq matoc 3.4. Parathr ste duo pr�gmata:
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Sq ma 3.4: Alloiwmèno s ma Fwn c sto pedio twn suqnot twn

1. O orizìntioc �xonac eÐnai plèon h suqnìthta sta diagr�mmata 3.3, 3.4, kai ìqi pia o qrìnoc.
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Prìkeitai gia AKRIBWS ta Ðdia s mata twn diagramm�twn 3.1, 3.2, mìno pou ta blèpoume se

ènan �llo q¸ro, autìn twn suqnot twn. To giatÐ oi grafikèc parast�seic èqoun autì to

sq ma, ìpwc epÐshc kai giatÐ èqoume autèc tic ��exwtikèc �� arnhtikèc suqnìthtec :-) , ja to

m�jete sthn poreÐa.

2. Prosèxte epÐshc thn allag  thc klÐmakac sta diagr�mmata aut�. Epiplèon, sto di�gramma 3.4

parathroÔme ìti gÔrw sta ±500 Hz up�rqei mia isqur  sunist¸sa, h opoÐa moi�zei ektìc thc

omalìthtac pou parathroÔme sto sq ma 3.3. SÐgoura loipìn aut  h meg�lh katakìrufh ��gram-

m �� ofeÐletai sto hmÐtono pou prostejhke met�. ?-) To upìloipo s ma eÐnai to Ðdio an�mesa sta

duo graf mata, apl� èqei all�xei h klÐmaka gia na ��qwrèsoun�� sto sq ma oi sunist¸sec twn

500 Hz.

Blèpoume loipìn t¸ra ìti autìc o nèoc q¸roc, o q¸roc twn suqnot twn eÐnai polÔ pio bohjhtikìc

sthn prosp�jei� mac na anakt soume to s ma mac. To mìno pou èqoume na k�noume eÐnai na mhdenÐ-

soume thn tim  0.25 pou faÐnetai sta ±500 Hz. 'Etsi, ja mporèsoume na exafanÐsoume to enoqlhtikì

s ma, kai na krat soume mìno to ��qr simo�� s ma. Pr�gmati, an mhdenÐsoume aut  th suqnìthta, kai

antistrèyoume th diadikasÐa pÐsw sto qrìno, ja p�roume to sq ma 3.5!
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Sq ma 3.5: Kajarismèno S ma Fwn c

Poiìc  tan o skopìc ìlou autoÔ tou � uperaplousteumènou, eÐnai h al jeia � paradeÐgmatoc? O

skopìc sunoyÐzetai sthn ex c parathrhsh: An mporoÔsame na èqoume èna majhmatikì ergaleÐo pou mac

metatrèpei èna opoiod pote s ma sto q¸ro tou qrìnou se èna antÐstoiqo sto q¸ro twn suqnot twn,

dhl. ja mporoÔse na mac gr�yei to ìpoio s ma x(t) wc sun�rthsh hmitìnwn k�poiwn sugkekrimènwn

suqnot twn (h opoÐa mporeÐ na parastajei grafik� ìpwc sto sq ma 3.3   sto sq ma 3.4), tìte polÔ
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eÔkola ja mporoÔsame na k�noume pr�gmata pou sto pedio tou qrìnou ja  tan adÔnata! To parap�nw

par�deigma, ìpou apl� mhdenÐzoume mia suqnìthta (dhl. mhdenÐzoume to pl�toc tou antÐstoiqou

hmitìnou) h opoÐa eÐnai anepijÔmhth, eÐnai ENA mìno apì ta qili�dec, ìpou h allag  q¸rou mac lÔnei

ta qèria. E, autì to majhmatikì ergaleÐo mac eÐnai  dh gnwstì ed¸ kai poll� qrìnia kai den eÐnai

�llo apì thn An�lush Fourier...2

3.1.2 'Ena aplì par�deigma

P¸c loipìn ja mporoÔsame na èqoume mia grafik  parastash enìc s matoc sto q¸ro twn suqno-

t twn? Autì to er¸thma eÐpame ìti isodunameÐ me to p¸c ja mporoÔsame na èqoume mia majhmatik 

èkfrash sto q¸ro twn suqnot twn enìc s matoc pou mac dÐdetai sto qrìno. H pio apl  tètoia

anapar�stash fusik� den eÐnai �llh apì tou aploÔ migadikoÔ ekjetikoÔ suqnìthtac f0:

x(t) = Aej2πf0t (3.1)

EÐnai èna s ma pou orÐzetai sto qrìno, me pl�tocA, kai me suqnìthta f0, h opoÐa eÐnai stajer . Opìte,

gi' autì to s ma, to di�gramma sto q¸ro thc suqnìthtac ja eÐnai ìpwc sto sq ma 3.6. Duo �xonec,
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Sq ma 3.6: Aplì par�deigma suqnotik c an�lushc

me orizìntio ton �xona twn suqnot twn kai katakìrufo ton �xona tou pl�touc, me mia katakìrufh

2Epeid  Ðswc to skeft kate... an to s ma x(t) èqei apì mìno tou plhroforÐa sth suqnìthta ±500 Hz prin thn
prìsjesh tou hmitìnou, tìte profan¸c aut  h plhroforÐa ja qajeÐ me thn parap�nw diadikasÐa, kai �ra to s ma pou
ja p�roume de ja eÐnai akribwc Ðdio me to arqikì.
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gramm  sth suqnìthta f0, Ôyouc A. Aut  eÐnai h anapar�stash pou zht�me! :-) Fusik� to s ma pou

epilèxame mporeÐ na eÐnai to aploÔstero pou mporoÔsame na skeftoÔme, all� den paÔei na eÐnai èna

migadikì s ma! An eÐqame èna pragmatikì s ma opwc to

x(t) = A cos(2πf0t) (3.2)

tìte p¸c ja sqedi�zame aut  th grafik  anapar�stash? PolÔ apl�, gnwrÐzoume ìti

x(t) = A cos(2πf0t) =
A

2
ej2πf0t +

A

2
e−j2πf0t (3.3)

sÔmfwna me touc tÔpouc tou Euler. Na loipìn pou t¸ra èqoume èna �jroisma apì duo ekjetik�, opìte

ja èqoume èna di�gramma me duo katakìrufec grammèc. Mia sth suqnìthta −f0 kai mia sth suqnìthta

f0 Hz, me pl�th A/2. Ac doÔme aut� ta sq mata mazÐ, tìso sto qrìno ìso kai sth suqnìthta, sto

sq ma 3.7. Ja jèlame fusik� h plhroforÐa pou mac dÐnetai apì th suqnotik  anapar�stash tou
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Sq ma 3.7: Aplì par�deigma an�lushc s matoc stouc duo q¸rouc

s matoc na eÐnai isodÔnamh me aut  tou qrìnou. Sto par�deigm� mac, eÐnai? ArkeÐ h suqnìthta kai

to pl�toc pou anagr�fontai sth suqnotik  anapar�stash gia na perigr�yei pl rwc èna hmÐtono? H

ap�nthsh eÐnai ìqi. Diìti èna hmÐtono sth genik  tou morf  gr�fetai wc

x(t) = A cos(2πf0t+ φ) (3.4)
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'Ara qrei�zetai me k�poio trìpo na anaparistoÔme kai th f�sh φ wc sun�rthsh thc suqnìthtac.

Opìte, h pl rhc perigraf  enìc hmitìnou sto q¸ro thc suqnìthtac perilamb�nei duo diagr�mmata:

ena pou afora to pl�toc wc sun�rthsh thc suqnìthtac (autì pou èqoume dei wc t¸ra) KAI èna

pou afora th f�sh wc sun�rthsh thc suqnìthtac. Autèc oi duo anaparast�seic lègontai f�sma

pl�touc kai f�sma f�shc, antÐstoiqa. Ac doÔme èna par�deigma.

'Estw to s ma

x(t) = 2 cos(2π200t+ π/3) + cos(2π500t− π/6) (3.5)

ProtoÔ sqedi�soume ta antÐstoiqa f�smata, ac doÔme pwc analÔetai autì to s ma. EÐnai

x(t) = 2 cos(2π200t+ π/3) + cos(2π500t− π/6) (3.6)

= ej2π200tejπ/3 + e−j2π200te−jπ/3 +
1

2
ej2π500te−jπ/6 +

1

2
e−j2π500tejπ/6 (3.7)

Apì aut n thn anapar�stash, mac eÐnai xek�jaro p¸c na sqedi�soume to f�sma pl�touc kai to f�sma

f�shc. DeÐte to sq ma 3.8.
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Sq ma 3.8: Par�deigma an�lushc s matoc

Profan¸c mporoÔme na sqedi�soume ta f�smata pl�touc kai f�shc opoiwnd pote hmitìnwn   sun-

duasmoÔ touc. Den katal goun, profan¸c, omwc ìloi oi sunduasmoÐ hmitìnwn se periodikì s ma. Gia

par�deigma, to parap�nw shma x(t) eÐnai periodikì me jemeli¸dh suqnìthta f0 = M.K.D{200, 500} =

100 Hz, kai �ra perÐodo T0 = 1
f0

= 0.01 deuterìlepta. 'Omwc, to s ma y(t) = cos(2π50t)− sin(5t−
π/4) DEN eÐnai periodikì, giatÐ den up�rqei o M.K.D twn duo suqnot twn. EmeÐc ìmwc endiafero-
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maste idiaÐtera gia ta periodik� s mata, se pr¸th fash. 'Otan to s ma pou mac dÐnetai eÐnai se morf 

ajroÐsmatoc/ginomènou hmitìnwn, tote mporoÔme me qr sh trigwnometrik¸n tautot twn kai tÔpwn

tou Euler, na to gr�youme se morfh ajroÐsmatoc hmitìnwn   ekjetik¸n kai na sqedi�soume f�smata

pl�touc kai f�shc shm�twn, opwc parap�nw, �sqeta an eÐnai to s ma periodikì   ìqi.

3.1.3 Mìno hmÐtona?

'Omwc ta periodik� s mata, opwc autì thc sqèshc 3.5, èqoun mia qarakthristik  idiìthta ìtan

ta anaptÔsoume se �jroisma migadik¸n ekjetik¸n. Aut� ta ekjetik� èqoun suqnìthtec pou einai

akèraiec pollapl�siec thc jemeli¸douc suqnìthtac tou s matoc! EÐdate oti h jemeli¸dhc suqnìthta

tou s matoc 3.5 eÐnai 100 Hz. Oi suqnìthtec tou s matoc eÐnai akèraiec pollapl�siec tou 100, dhl.

±200,±500. Autì akrib¸c antikatoptrÐzetai kai sto f�sma pl�touc kai f�shc.

Ti gÐnetai ìmwc an to periodikì s ma pou mac dÐnetai DEN eÐnai se morf  ajroÐsmatoc/ginomènou/phlÐkou

hmitìnwn? An eÐnai ènac periodikìc trigwnikìc   tetragwnikìc palmìc, p¸c ja energ soume? P¸c ja

to analÔsoume se ekjetik� s mata, ¸ste na doÔme to suqnotikì touc perieqìmeno? Ed¸ èrqetai h

jewrÐa thc An�lushc se seirèc Fourier !

3.2 An�lush se Seirèc Fourier

H An�lush Fourier eÐnai Ðswc to basikìtero ergealeÐo an�lushc shm�twn, h opoÐa mac dÐnei

plhroforÐec gia to suqnotikì touc perieqìmeno, dhl. gia to POIES suqnìthtec up�rqoun sto s ma.

Autì praktik� shmaÐnei ìti mac plhroforeÐ gia to POSA kai POIA hmÐtona (dhl. me poiì pl�toc,

suqnìthta, kai f�sh) prèpei na prosjèsoume metaxÔ touc gia na p�roume to sunolikì s ma pou

analÔoume. 'Ena optikì par�deigma faÐnetai sto sq ma 3.9. Q�rin eukolÐac, xekin�me th melèth mac

apì s mata ta opoÐa lègontai periodik�. Asfal¸c gnwrÐzete ti eÐnai èna periodikì s ma kai epÐshc

gnwrÐzete ìti periodik� s mata, me thn austhr  ènnoia, sthn pragmatikìthta DEN UPARQOUN.

Poujen� sth fÔsh. :-) Opìte giatÐ asqoloÔmaste? Af' enìc gia lìgouc genikìterhc melèthc, af'

etèrou giatÐ k�poia komm�tia ap'th melèth tètoiwn shm�twn, kaj¸c kai o trìpoc skèyhc aut c thc

melèthc, mac eÐnai qr sima sthn pr�xh.

Ti eÐnai loipìn h an�lush se Seirèc Fourier? 'Opwc eÐpame, den eÐnai tÐpota parap�nw apì èna

majhmatikì ergaleÐo pou mac epitrèpei na gr�foume èna opoid pote (  m�llon, sqedìn opoiod pote

:-) ) periodikì s ma wc èna �jroisma hmitìnwn. Ac p�me lÐgo sta majhmatik�, gia na arqÐsoume na

xedialÔnoume k�poia pr�gmata... èna periodikì s ma x(t), me perÐodo T0, analÔetai se seir� Fourier

me qr sh twn sqèsewn

x(t) = X0 +
∞∑

k=−∞
Xke

j2πkf0t (3.8)
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Sq ma 3.9: An�lush s matoc se �jroisma hmitìnwn

ìpou

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt, k 6= 0 (3.9)

X0 =
1

T0

∫ T0

0
x(t)dt, (3.10)

f0 =
1

T0
(3.11)

ìpou Xk eÐnai oi perÐfhmoi suntelestèc Fourier, kai thn f0 th lème jemeli¸dh suqnìthta, giatÐ ìla

ta ekjetik� sthn exÐswsh (3.8) èqoun suqnìthtec pou eÐnai akèraiec pollapl�siec thc f0. EÐdame

loipìn ed¸ pwc gr�foume èna opoiod pote s ma wc �jroisma EKJETIKWN migadik¸n shm�twn. Ma

èna leptì. Prin eÐpame ìti h an�lush Fourier mac analÔei to s ma se hmÐtona. Ma fusik�. Ap'tic

gnwstèc sqèseic tou Euler, mporoÔme na metatrèyoume k�je ekjetik  anapr�stash, pou èqei prokÔyei

apì PRAGMATIKO s ma, se hmitonoeid  anapar�stash. JumhjeÐte:

cos θ =
ejθ + e−jθ

2
, sin θ =

ejθ − e−jθ

2j
(3.12)

'Ara ousiastik� ta migadik� ekjetik� eÐnai ki aut� hmÐtona. :-) Ac xekin soume t¸ra tic parathr seic

mac sqetik� me thn an�lush se seirèc Fourier...

1. Ac xekin soume ap'to teleutaÐo pou anafèrame. OLES oi suqnìthtec thc sqèshc (3.8) eÐnai

AKERAIES POLLAPLASIES miac sugkekrimènhc, thc jemeli¸douc suqnìthtac, pou orÐzetai

¸c to antÐstrofo thc periìdou tou s matoc.
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2. To olokl rwma sth sqèsh (3.9) lèei ìti gia na broÔme touc suntelestèc Xk k�je ekjetikoÔ

prèpei na pollaplasi�soume to x(t) me tic perÐfhmec sunart seic b�shc e−j2πkf0t kai na olo-

klhr¸soume to apotèlesma se mia perÐodo. Prosoq ! Se mia opoiad pote perÐodo tou s matoc!

'Oqi aparaÐthta apì 0 wc T0! 'Opoio di�sthma jèlete mporeÐte na b�lete sta �kra tou olo-

klhr¸matoc, ìpoio sac boleÔei, ARKEI na apoteleÐ mia perÐodo tou s matoc! Perissìtera gia

touc suntelestèc Fourier se epìmenh parat rhsh...

3. 'Iswc parathr sate ìti, gia pragmatik� s mata, to X0 ex' orismoÔ den eÐnai tÐpota �llo par� to

embadì miac periìdou tou s matoc. 'Ara to X0 eÐnai apl� h mèsh tim  tou s matoc. Pragmatikìc

arijmìc PANTA, gia pragmatik� s mata!

4. AntÐjeta, oi suntelestèc Xk, k 6= 0 den eÐnai aparaÐthta pragmatikoÐ arijmoÐ, sun jwc m�lista

eÐnai migadikoÐ. Gia to lìgo autì, oi suntelestèc Xk mporoÔn na grafoÔn se polik  morf 

(mètro-f�sh):

Xk = |Xk|ej∠Xk (3.13)

To |Xk| to lème mètro (eÐnai PANTA jetikì) kai to ∠Xk to lème f�sh tou suntelest  Xk.

H f�sh PANTA ekfr�zetai sto di�sthma [−π, π]. Up�rqoun pollèc idiìthtec sqetik� me

touc suntelestèc Xk an�loga me to eÐdoc tou s matoc x(t). Gia par�deigma, an to s ma eÐnai

pragmatikì, tìte isqÔei ìtiX∗k = X−k, dhl. oi suntelestèc gia arnhtik� k eÐnai apl� oi suzugeÐc

suntelestèc twn jetik¸n k. Prosoq ! Autì isqÔei mìno gia PRAGMATIKA, periodik� s mata

x(t)!

3.2.1 'Uparxh Seir�c Fourier

EÐpame pio prin ìti mporoÔme na gr�youme SQEDON opoiod pote periodikì s ma wc an�ptugma

Fourier. Poièc eÐnai autèc oi sunj kec pou kajorÐzoun pìte mporoÔme na gr�youme èna periodikì

s ma wc seir� Fourier kai pìte oqi? Profan¸c ta s mata pou den mporoÔn na anaptuqjoÔn kat�

Fourier prèpei na èqoun èna bajmì ��anwmalÐas�� :-) . An kai apì th skopi� tou mhqanikoÔ de mac

endiafèroun tètoia s mata, mia kai up�rqoun mìno sth jewrÐa, endiafèron eÐnai na doÔme poièc eÐnai

oi sunj kec pou kajorÐzoun thn Ôparxh   ìqi tou anaptÔgmatoc Fourier.

Up�rqoun DUO basikèc sunj kec gia thn Ôparxh thc seir�c Fourier.

1. Oi suntelestèc Xk prèpei na eqoun peperasmèno mètro, dhl. |Xk| < ∞. Autì apodeiknÔetai

ìti sumbaÐnei mìnon ìtan ∫
T0

|x(t)|dt <∞ (3.14)

H sqèsh 3.14 onom�zetai asjen c sunj kh tou Dirichlet. An mia sun�rthsh x(t) ikanopoieÐ thn

asjen  sunj kh tou Dirichlet, h Ôparxh thc seir�c Fourier eÐnai egguhmènh, all� mporeÐ h seir�

na mh sugklÐnei se k�je shmeÐo. Gia par�deigma, an èna shma x(t) apeirÐzetai se k�poio shmeÐo,

tìte profan¸c kanèna �jroisma hmitìnwn den mporei na anaparast sei aut n thn perioq , opìte
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h seir� pou ja anaparist� to s ma ja eÐnai ��problhmatik �� se aut n thn perioq , me �lla lìgia,

de ja sugklÐnei. Parìmoia, an èna s ma èqei �peira shmeÐa megistou-elaqÐstou se mia perÐodì

tou3. Autì shmaÐnei ìti oi suqnìthtec pou perièqontai sto s ma teÐnoun sto �peiro kai DEN

èqoun suntelestec Xk pou fjÐnoun kat� mètro, ìso f → ∞. 'Etsi, apaitoÔme mia akìma

sunj kh.

2. To s ma x(t) prèpei na eqei peperasmèno arijmì megÐstwn kai elaqÐstwn se mia perÐodì tou,

kai peperasmèno arijmì peperasmènwn asuneqei¸n se mia perÐodì tou. Autèc oi duo sunj kec

lègontai isqurèc sunj kec tou Dirichlet. AxÐzei na shmeiwjeÐ oti opoiod pote s ma mporoÔme

na par�xoume sto ergast rio ikanopoieÐ tic isqurèc sunj kec tou Dirichlet, kai �ra èqei seir�

Fourier pou sugklÐnei. 'Etsi, sthn pr�xh, h fusik  Ôparxh tou s matoc einai mia ikan  kai

anagkaÐa sunj kh gia thn Ôparxh thc seir�c Fourier tou. ?-)

3.2.2 Idiìthtec Seir¸n Fourier

Up�rqoun pollèc qr simec idiìthtec twn seir¸n Fourier, pou ja sac lÔsoun ta qèria se pollèc

efarmogèc. O pÐnakac 3.1 apeikonÐzei tic perissìterec.

3.2.3 Merikèc akìma parathr seic

1. Ta majhmatik� pou perigr�foun thn an�lush Fourier prèpei na sac eÐnai xek�jara, san apl�

majhmatik�. To prìblhma eÐnai ìti den prèpei na arkeÐste se autì. Prèpei na katal�bete

p¸c aut� ermhneÔontai ap'th skopi� tou mhqanikoÔ. Dustuq¸c h ermhneÐa apì thn praktik 

skopi� thc an�lushc Fourier ètsi ìpwc thn èqoume gr�yei, den eÐnai bolik . Ac all�xoume

stul. ApodeiknÔetai � deÐte stic shmei¸seic sac � ìti k�je pragmatikì, periodikì s ma mporeÐ

na grafeÐ sth morf :

x(t) = A0 +

∞∑
k=1

Ak cos(2πkf0t+ φk) (3.15)

ìpou A0 = X0, Ak = 2|Xk|, kai φk = ∠Xk. EÐnai profanèc ìti h sqèsh (3.15) prokÔptei

AMESA, an èqoume brei ìlouc touc agn¸stouc thc sqèshc (3.8). ?-) Aut  h sqèsh eÐnai

PLHRWS isodÔnamh me thn antÐstoiqh sqèsh twn ekjetik¸n. M�lista up�rqoun tÔpoi gia ton

upologismì twn Ak qwrÐc th qr sh tou Xk. Ed¸ loipìn eÐnai polÔ pio fanerì ìti èna periodikì,

pragmatikì s ma, analÔetai se èna �jroisma hmitìnwn, me suqnìthtec akèraiec pollapl�siec

miac jemeli¸douc f0. To sq ma 3.10 deÐqnei èna polÔ gnwstì s ma kai to p¸c autì proseggÐzetai

sig� sig� apì to �jroisma twn hmitìnwn, ta opoÐa èqoun suqnìthtec pollapl�siec thc f0 = 1
2π .

2. P¸c proèkuyan autoÐ oi tÔpoi ìmwc? Eidik� oi tÔpoi me ta oloklhr¸mata twn Xk eÐnai arket�

perÐergoi. Ti shmaÐnoun? GiatÐ ekeÐna ta oloklhr¸mata dÐnoun touc suntelestèc Xk? GiatÐ

pollaplasi�zoume to x(t) me e−j2πkf0t kai met� oloklhr¸noume? H ap�nthsh dÐnetai apì thn

3EÐpame, aut� ta s mata èqoun k�poiec ��anwmalÐec �� :-)
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Idiìthtec seir¸n Fourier

Idiìthta Periodikì s ma Suntelestèc Fourier

x(t) periodikì me perÐodo T0 Xk

y(t) periodikì me perÐodo T0 Yk
Grammikìthta Ax(t) +By(t) AXk +BYk

Qronik  metatìpihsh x(t− t0) Xke
−j2πkt0/T0

Metatìpish sth suqnìthta ej2πMt/T0x(t) Xk−M
Suzugèc s ma sto qrìno x∗(t) X∗−k
Antistrof  sto qrìno x(−t) X−k
St�jmish sto qrìno x(at), a > 0 Xk, me perÐodo T0/a

Periodik  sunèlixh

∫
T0

x(τ)y(t− τ)dτ T0XkYk

Pollaplasiasmìc x(t)y(t)

∞∑
l=−∞

XlYk−l

Parag¸gish
dx(t)

dt
j2πkXk/T0

Olokl rwsh

∫ t

−∞
x(τ)dτ

Xk

j2πk/T0

Suzug c summetrÐa x(t) pragmatikì


Xk = X∗−k,
<{Xk} = <{X−k},
={Xk} = −={X−k},
|Xk| = |X−k|,
∠Xk = −∠X−k

'Artio mèroc xe(t) = Ev{x(t)}, x(t) pragmatikì <{Xk}
Perittì mèroc xo(t) = Od{x(t)}, x(t) pragmatikì j={Xk}

Je¸rhma tou Parseval
1

T0

∫
T0

|x(t)|2dt
∞∑

k=−∞
|Xk|2

PÐnakac 3.1: PÐnakac Idiot twn twn seir¸n Fourier

ènnoia thc probol c.

Ac poÔme, entel¸c eklaðkeumèna, ìti eÐste se èna dwm�tio me mia l�mpa sthn orof . Profan¸c,

sto p�twma ja up�rqei mia ski� sac, lìgw tou fwtismoÔ. Aut  h ski� sac ja eÐnai eÐte meg�lh

eÐte mikr  � an�loga th jèsh sac sto q¸ro. H l�mpa ��prob�llei�� ton eautì sac sto p�twma,

mèsw thc ski�c sac. H ski� sac eÐnai dhlad  mia probol  tou eautoÔ sac sto p�twma. An t¸ra

k�nete tic antikatast�seic

� p�twma == sunart seic b�shc e−j2πkf0t,

� eautìc == periodikì s ma,

� l�mpa == olokl rwma, kai

� suntelestèc Xk == ski�,

èqete thn analogÐa. :-) 'Opwc h l�mpa prob�llei es�c sto p�twma mèsw thc ski�c sac, ètsi to

olokl rwma twn suntelest¸n Fourier prob�llei to x(t) se èna q¸ro apì ekjetik� e−j2πkf0t.
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Sq ma 3.10: An�lush pragmatikoÔ s matoc se hmÐtona

An to apotèlesma Xk eÐnai meg�lo, shmaÐnei ìti perièqetai ��polÔ�� ap'to e−j2πkf0t mèsa sto

periodikì s ma. Sth dik  mac analogÐa, h ski� sac eÐnai arket� meg�lh sto p�twma tou dwma-

tÐou. :-) AntÐstoiqa, ìtan to apotèlesma eÐnai mikrì. 'Otan to s ma den perièqei kajìlou mia

sugkekrimènh suqnìthta, dhl. èna sugkekrimèno ekjetikì, tìte to olokl rwma ja prèpei na

eÐnai mhdèn. AntÐstoiqa, sto dikì mac par�deigma, brÐskeste akrib¸c k�tw ap'th l�mpa, �ra h

ski� sac den prob�lletai poujen� sto p�twma. :-)

Fusik�, gia k�je k sun jwc up�rqei diaforetik  tim  tou Xk. Autì shmaÐnei ìti to x(t) pou

prob�lloume èqei diaforetikì mègejoc ��ski�c ��, Xk, p�nw se k�je e−j2πkf0t, gia k�je tim  tou

k = k0. 'Ara to sugkekrimèno ekjetikì e−j2πk0f0t perièqetai ��polÔ��   ��lÐgo�� sto periodikì

s ma, an�loga me thn tim  tou Xk0 . Autì mporoÔme na to ekfr�soume sth dik  mac analogÐa

wc metakÐnhsh thc l�mpac se diaforetik� shmeÐa tou q¸rou. K�je metakÐnhsh dhl¸nei mia dia-

foretik  tim  tou k = k0, �ra h skia pou par�getai ja èqei èna sugkekrimèno ��mègejoc ��, Xk0 .

MporoÔme loipìn telik� na poÔme ìti to periodikì sq ma analÔetai se mia �peirh, en gènei,

seir� apì ekjetik�, twn opoÐwn to ��b�roc ��, dhl. to pìso ��polÔ��   ��lÐgo�� perièqontai sto



46 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

periodikì s ma, sqetÐzetai me thn probol  tou s matoc p�nw sthn oikogèneia aut¸n twn ekje-

tik¸n shm�twn. Akrib¸c ìmoia eÐnai h istorÐa an sth jèsh twn ekjetik¸n b�loume ta hmÐtona,

ìpwc apodeiknÔei h sqèsh (3.15).

Gia par�deigma, èstw oti analÔoume èna periodikì s ma, kai ènac suntelest c Fourier eÐnai

X3 = 2ejπ/4, tìte autì ti mac lèei? Dedomènou ìti to periodikì s ma suntÐjetai apì migadik�

ekjetik� wc

x(t) =
∞∑

k=−∞
Xke

j2πkf0t (3.16)

o proanaferjèntac suntelest c mac lèei ìti to ekjetikì ej2π3f0t suneisfèrei sth sÔnjesh tou

s matoc me pl�toc 2 kai f�sh π/4. An autì sac fant�zei k�pwc dusnìhto (an kai de ja

èprepe), tìte afoÔ to s ma einai pragmatikì, ja èqei kai èna suntelest  X∗(3) = 2e−jπ/4. An

prosjèsoume ta ekjetik� X3e
j2π3f0t +X∗3e

−j2π3f0t ja èqoume:

X3e
j2π3f0t +X∗3e

−j2π3f0t = 2ej2π3f0t+π/4 + 2e−j2π3f0t−π/4 = 4 cos(2π3f0t+ π/4) (3.17)

Autì xek�jara dhl¸nei ìti to periodikì s ma pou analÔoume perièqei ton ìro 4 cos(2π3f0t +

π/4), me �lla lìgia, gia na kataskeu�soume to s ma pou analÔoume eÐnai anagkaÐo na qrhsi-

mopoi soume èna hmÐtono me suqnìthta f3 = 3f0, pl�toc A = 4, kai f�sh φ = π/4 (metaxÔ

�llwn hmitonwn, pijanìtata). 'Etsi loipìn, t¸ra sac einai xek�jaro ti akrib¸c shmaÐnoun oi

suntelestèc Fourier ìson afor� th shmasia touc sthn an�lush kai sth sÔnjesh.

3. Fusik� parathreÐte ìti h seir� Fourier apoteleÐtai apì �peira ekjetik� (  hmÐtona). Sthn pr�xh,

den mporoÔme na èqoume �peira hmÐtona. Anagkastik� krat�me ènan arijmì apì aut�. DeÐte

parak�tw th sqetik  par�grafo Seirèc Fourier sthn pr�xh, gia to pwc h prìsjesh ìlwn aut¸n

twn hmitìnwn dÐnei to arqikì, periodikì s ma. Gia mia gr gorh mati�, deÐte to sq ma 3.11.

4. Parathr ste sto sq ma 3.11 ìti sta �kra tou palmoÔ up�rqei mia tal�ntwsh. Aut  h tal�ntwsh

onom�zetai fainìmeno Gibbs kai den exaleÐfetai sthn pr�xh, lìgw tou ìti p�nta qrhsimopoioÔme

peperasmèno arijmì hmitìnwn gia na proseggÐsoume to periodikì s ma. OfeÐletai sto gegonìc

ìti h asunèqeia tou palmoÔ (autèc oi akariaÐec �nodoi kai k�jodoi tou periodikoÔ s matoc) den

mporeÐ na proseggisteÐ apì peperasmèno arijmì suneq¸n sunart sewn.

5. H an�lush se seirèc Fourier efarmìzetai se periodik� s mata, dhl. se s mata �peirhc di�rkeiac

pou èqoun to qarakt ra thc periodikìthtac. Aut� ta s mata lègontai s mata isqÔoc, diìti

èqoun peperasmènh isqÔ kai �peirh enèrgeia.

6. EpÐshc, mia bolik  anapar�stash thc an�lushc se seirèc Fourier eÐnai h sqedÐash tou f�smatoc

pl�touc kai tou f�smatoc f�shc. Oi fasmatikèc anaparast�seic (kai oi duo mazÐ) mac dÐnoun

OLH thn aparaÐthth plhroforÐa gia to periodikì s ma. Me �lla lìgia, an èqoume tic fasma-

tikèc anaparast�seic, mporoÔme na gr�youme thn seir� Fourier pou autèc antiproswpeÔoun.
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Sq ma 3.11: Prosèggish tetragwnikoÔ periodikoÔ palmoÔ apì 49 hmÐtona

Shmantikì! JumÐzetai ìti sto f�sma pl�touc anaparistoÔme to |Xk|, dhl. to pwc all�zei to

pl�toc twn suntelest¸n an� suqnìthta, en¸ sto f�sma f�shc to ∠Xk, pou dhl¸nei to pwc

all�zei h f�sh twn suntelest¸n an� suqnìthta. Gia par�deigma, sto sq ma 3.12, blèpete to

f�sma pl�touc kai f�sma f�shc enìc periodikoÔ s matoc. Oi suqnìthtec stouc orizìntiouc

�xonec ed¸ parousi�zontai se mon�da mètrhshc rad/sec (dhl. sth legìmenh gwniak  suqnìthta

ω = 2πf), ki ìqi Hz, en¸ h f�sh metriètai se aktÐnia (rad). Gia thn akrÐbeia, h kuklik  suqnì-

thta ω = 2πf kai h suqnìthta f qrhsimopoioÔntai eurèwc kai enall�x sth bibliografÐa. EmeÐc

protimoÔme thn suqnìthta f pou metriètai se Hz. Blèpete ìti oi mple timèc tou |Xk| antistoi-
qoÔn sta jetik� k, en¸ oi pr�sinec timèc tou |Xk| antistoiqoÔn sta arnhtik� k. H kìkkinh tim 

eÐnai h mèsh tim  tou s matoc, to X0. 'Omoia kai gia tic timèc thc f�shc, ∠Xk. Blèpete ìti

gia tic timèc k = ±k0, oi timèc tou f�smatoc |Xk0 | eÐnai Ðdiec, kai oi timèc tou f�smatoc f�shc

∠Xk0 eÐnai antÐjetec. 'Ara ta f�smata aut� antistoiqoÔn se pragmatikì s ma, giatÐ ikanopoioÔn

thn idiìthta X∗k = X−k. Opìte prèpei na èqete upìyh sac ìti èna pragmatikì s ma èqei �rtio

f�sma pl�touc kai perittì f�sma f�shc. ?-)

7. Prosèxte ìti to mètro twn suntelest¸n Fourier, |Xk|, eÐnai stajerì   fjÐnei kai teÐnei sto 0

ìso to k → +∞. Autì eÐnai KANONAS sto f�sma pl�touc, ìtan èqoume �peira Xk. De

ja mporoÔsan ta |Xk| na aux�nontai, giatÐ èna tètoio �jroisma |Xk| ja èdine sunolik� �peiro

pl�toc sto periodikì s ma. 'Eqontac autì sto mualì sac, kai thn prohgoÔmenh parat rhsh,
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Sq ma 3.12: F�sma pl�touc (p�nw) kai f�sma f�shc (k�tw) enìc periodikoÔ s matoc

mporeÐte na elègqete tic apant seic sac sto f�sma pl�touc se jewrhtikèc ask seic. TonÐzetai

ìti to parap�nw isqÔei ìtan analÔoume èna periodikì s ma se APEIRA hmÐtona. 'Otan p.q.

èqoume èna �jroisma

x(t) = A0 +

N∑
k=1

Ak cos(2πkf0t+ φk) (3.18)

 

x(t) =

N∑
k=−N

Xke
j2πkf0t (3.19)

tìte èqoume peperasmènou pl jouc hmÐtona (N sthn pr¸th perÐptwsh, pìsa sth deÔterh? �

quiz � :-) ), �ra ta Ak   ta Xk mporoÔn na èqoun ìpoia katanom  jèloun, ìso aux�nei to k.

8. SÐgoura èna stoiqeÐo pou ja sac xenÐzei arket� eÐnai autì twn arnhtik¸n suqnot twn sta

ekjetik�. Xèroume ìti suqnìthta eÐnai o arijmìc epanal yewn enìc s matoc sth mon�da tou

qrìnou, kai anamfÐbola autìc o arijmìc eÐnai mia jetik  posìthta. Den mporoÔme na èqoume −4

epanal yeic an� deuterìlepto! :-) P¸c ermhneÔetai mia arnhtik  suqnìthta? Qrhsimopoi¸ntac

mia gnwst  tautìthta, mporoÔme na ekfr�soume èna hmÐtono arnhtik c suqnìthtac −f0 wc

cos(−2πf0t+ θ) = cos(−(2πf0t− θ)) = cos(2πf0t− θ) (3.20)
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Aut  h exÐswsh deÐqnei kajar� ìti h suqnìthta tou hmitìnou eÐnai |f0|, kai eÐnai jetik . P¸c

t¸ra ìmwc ermhneÔoume tic fasmatikèc grammèc stic arnhtikèc suqnìthtec? 'Enac asfal c

trìpoc eÐnai na poÔme apl� ìti to f�sma eÐnai mia grafik  anapar�stash twn suntelest¸n |Xk|
sunart sei tou f . H parousÐa arnhtik¸n suqnot twn apl� shmaÐnei ìti up�rqei èna ekjetikì

miac tètoiac arnhtik c suqnìthtac sth seir� Fourier pou analÔoume. Aplì, ètsi den eÐnai? :-D

EpÐshc, èqete upìyh sac ìti duo ekjetik� stic suqnìthtec kf0 kai −kf0, idÐou mètrou A, dÐnoun

èna hmÐtono pl�touc 2A sth suqnìthta kf0.

9. Ac poÔme kai duo koubèntec gia to perÐfhmo je¸rhma tou Parseval. Ac xanagr�youme ed¸ tic

anaparast�seic kat� Fourier pou èqoume dei:

x(t) = A0 +

∞∑
k=1

Ak cos(2πkf0t+ φk) (3.21)

x(t) = X0 +

∞∑
k=−∞,k 6=0

Xke
j2πkf0t (3.22)

Ac doÔme th sqèsh 3.21 pr¸ta. K�je ìroc sto dexiì mèroc eÐnai èna periodikì s ma, dhl. èna

s ma isqÔoc. ApodeiknÔetai ìti h isqÔc tou ajroÐsmatoc sunhmitìnwn isoÔtai me to �jroisma

twn isqÔwn twn epimèrouc sunhmitìnwn. 'Ara h isqÔc tou x(t) eÐnai Ðsh me to �jroisma twn

epimèrouc isqÔwn twn sunhmitìnwn pou to apoteloÔn. Autì shmaÐnei ìti

Px = A2
0 +

∞∑
k=1

A2
k

2
(3.23)

kai anafèretai sth bibliografÐa wc to je¸rhma tou Parseval: dhl¸nei ìti h isqÔc enìc periodikoÔ

s matoc eÐnai Ðsh me to �jroisma twn isqÔwn twn suntelest¸n Fourier.

Fusik� mporoÔme na gr�youme to Ðdio kai gia to ekjetikì an�ptugma Fourier:

x(t) = X0 +

∞∑
k=−∞,k 6=0

Xke
j2πkf0t ⇒ Px =

∞∑
k=−∞

|Xk|2 (3.24)

3.3 Oi seirèc Fourier sthn pr�xh

H par�grafoc aut  den èqei skopì tìso na sac deÐxei p¸c anaptÔssetai jewrhtik� èna periodikì

s ma se seir� Fourier, all� na deÐxei p¸c SQHMATIZETAI èna periodikì s ma apì ta sunhmÐtona

thc seir�c Fourier kai ti ennooÔme ìtan lème ìti èna s ma PERIEQEI k�poiec suqnìthtec.

'Estw loipìn to periodikì s ma x(t) pou perigr�fetai se mia perÐodì tou T0 wc:

x(t) =

{
2A, 0 ≤ t < T0

2

A, T0
2 ≤ t < T0
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to opoÐo jèloume na to anaptÔxoume se seir� Fourier. Tèsseric perÐodoi tou sq matoc autoÔ faÐnontai

parak�tw, sto sq ma 3.13. ApodeÐxte mìnoi sac - ex�skhsh! :-) - ìti:

Sq ma 3.13: Tèsseric perÐodoi enìc periodikoÔ s matoc

X0 =
3A

2
, Xk =

A

2πk
e−j

π
2 (1− (−1)k) =

{
A
πke
−j π

2 , k odd

0, k even
(3.25)

'Estw loipìn ìti apodeÐxate ta parap�nw. :-) 'Etsi, to periodikì s ma pou suzht�me anaptÔssetai se

seir� Fourier wc ex c:

x(t) =
3A

2
+

+∞∑
k=−∞,k odd

A

πk
e−j

π
2 ej2πkf0t =

3A

2
+

+∞∑
l=1

2A

π(2l − 1)
cos(2π(2l − 1)f0t−

π

2
) (3.26)

(ousiastik� jèsame parap�nw k = 2l− 1. O sumbolismìc me to l antÐ gia k ègine gia na mporoÔme na

xeqwrÐzoume se poiì deÐkth anaferìmaste sth di�rkeia tou keimènou - den eÐnai l�joc na krat soume

to deÐkth k pantoÔ) Ja qrhsimopoi soume MATLAB gia na doÔme pwc sqhmatÐzetai to s ma apì to

�jroisma aut¸n twn sunhmitìnwn. Gia praktikoÔc lìgouc, ac orÐsoume ìti A = 2 kai T0 = 2 ⇒
f0 = 1

2Hz. Gr�fontac kat�llhlo k¸dika, ac doÔme pwc sqhmatÐzetai sig� sig� to periodikì s ma mac

apì to �jroisma aut¸n twn sunhmitìnwn pou br kame parap�nw. ProtoÔ to doÔme autì, ac doÔme

èna-èna ta pr¸ta lÐga sunhmÐtona tou parap�nw ajroÐsmatoc sta sq mata 3.14, 3.15. 'Ola aut� ta

sunhmÐtona èqoun suqnìthta akèraia pollapl�sia thc jemeli¸douc suqnìthtac f0 = 0.5 Hz. Blèpete

ìti ìso proqwr�me proc tic uyhlìterec armonikèc suqnìthtec, tìso h suqnìthta twn sunhmitìnwn

megal¸nei kai to pl�toc touc fjÐnei. Logikì, an skeftoÔme autì pou mìlic eÐpame gia tic armonikèc

kai thn parat rhsh gia ta pl�th se prohgoÔmenh par�grafo. To pr¸to sunhmÐtono tou ajroÐsmatoc
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(aþ) Pr¸to sunhmÐtono thc seir�c Fourier (bþ) TrÐto sunhmÐtono thc seir�c Fourier

Sq ma 3.14: SunhmÐtona pou sunjètoun to periodikì s ma - 1

(aþ) Pèmpto sunhmÐtono thc seir�c Fourier (bþ) 'Ebdomo sunhmÐtono thc seir�c Fourier

Sq ma 3.15: SunhmÐtona pou sunjètoun to periodikì s ma - 2

èqei suqnìthta (2l − 1)f0 = (2 ∗ 1 − 1)f0 = f0, to deÔtero èqei suqnìthta (2 ∗ 2 − 1)f0 = 3f0, to

trÐto 5f0, ..., to 21o èqei suqnìthta 41f0.

Blèpete ìti oi suqnìthtec eÐnai epÐshc perittèc akèraiec pollapl�seic thc jemeli¸douc. EÐnai

anamenìmeno, miac kai eÐdame parap�nw ìti to an�ptugm� mac apoteleÐtai mìno apì peritt� k. Ta

�rtia k èqoun pl�toc mhdèn, �ra ta antÐstoiqa sunhmÐtona eÐnai mhdenik� - prosèxte, mil�me gia ta k,

ìqi gia ta l, ta opoÐa paÐrnoun ìlec tic akèraiec timèc all� dÐnoun mìno peritt� k!

Prosoq  xan� ìmwc! :-) 'Otan mil�me gia armonikèc suqnìthtec kai gia ta antÐstoiqa sunhmÐto-

na, anaferìmaste stic akèraiec pollapl�seic thc jemeli¸douc, �sqeta an to antÐstoiqo pl�toc tou

sunhmitìnou eÐnai mhdèn! Dhl. gia par�deigma, h pr¸th armonik  èqei pl�toc 4
π kai suqnìthta f0, h

deÔterh èqei pl�toc mhdèn kai suqnìthta 2f0, h trÐth armonik  èqei pl�toc 4
3π kai suqnìthta 3f0, h

tètarth èqei pl�toc mhdèn kai suqnìthta 4f0, h pèmpth èqei pl�toc 4
5π kai suqnìthta 5f0, k.o.k.

Tèloc, an upologÐsete ta pl�th twn parap�nw sunhmitìnwn apì ton tÔpo thc seir�c Fourier, ja

breÐte antÐstoiqa 4
π = 1.2732, 4

3π = 0.4244, 4
5π = 0.2546, 4

7π = 0.1819, 4
41π = 0.0311, pou sumbadÐzoun

apìluta me ta pl�th twn sunhmitìnwn sta parap�nw sq mata.

Opìte autì pou mac lèei h jewrÐa twn seir¸n Fourier eÐnai ìti an ajroÐsoume OLA aut� ta

sunhmÐtona (kai prosjèsoume sto tèloc kai th mèsh tim  X0) to apotèlesma pou ja p�roume ja eÐnai
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Ðdio ki apar�llakto me to periodikì s ma pou eÐqame ex' arq c! Fusik� gia na eÐnai apìluta Ðdio,

prèpei na ajroÐsoume �peira sunhmÐtona � ètsi lèei h jewrÐa. Sthn pr�xh fusik� autì den mporeÐ

na gÐnei. Ja ajroÐsoume k�poia apì aut�, ìsa jèloume emeÐc, me b�sh k�poio optikì, majhmatikì,  

�llo krit rio. Autì shmaÐnei ìti to s ma pou ja p�roume ja èqei k�poiec diaforèc me to arqikì. To

pìso meg�lec ja eÐnai, exart�tai apì to pl joc twn sunhmitìnwn pou ja ajroÐsoume. Ac xekin soume

loipìn na ajroÐzoume èna-èna ta sunhmÐtona gia na doÔme p¸c sqhmatÐzetai to arqikì s ma. DeÐte

to apotèlesma sta sq mata 3.16, 3.17, 3.18, 3.19. Blèpete ìti gia 1000 armonikèc, to apotèlesma

(aþ) 'Ajroisma enìc hmitìnou thc seir�c Fou-
rier

(bþ) 'Ajroisma tri¸n hmitìnwn thc seir�c
Fourier

Sq ma 3.16: SÔnjesh s matoc apì sunhmÐtona - 1

(aþ) 'Ajroisma pènte sunhmitìnwn thc seir�c
Fourier

(bþ) 'Ajroisma ept� sunhmitìnwn thc seir�c
Fourier

Sq ma 3.17: SÔnjesh s matoc apì sunhmÐtona - 2

eÐnai ousiastik� olìidio sto m�ti me to arqikì s ma - sthn ousÐa den eÐnai ìmwc.

T¸ra loipìn eÐnai pia xek�jaro giatÐ h an�lush se seirèc Fourier mac dÐnei thn ap�nthsh gia

to poiì eÐnai to suqnotikì perieqìmeno enìc s matoc, dhl. me �lla lìgia poièc suqnìthtec perièqei

èna s ma. Perièqei autèc tic suqnìthtec twn opoÐwn ta sunhmÐtona èqoun mh mhdenikì pl�toc sto

an�ptugma kat� Fourier, dhl. sto par�deigm� mac tic suqnìthtec f0, 3f0, 5f0, · · · = 0.5, 1.5, 4.5, · · ·
Hz.

B�sei aut¸n, mporoÔme eÔkola na sqedi�soume amfÐpleuro f�sma pl�touc kai f�sma f�shc, mia kai
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(aþ) 'Ajroisma tri�nta sunhmitìnwn thc sei-
r�c Fourier

(bþ) 'Ajroisma diakosÐwn sunhmitìnwn thc
seir�c Fourier

Sq ma 3.18: SÔnjesh s matoc apì sunhmÐtona - 3

(aþ) 'Ajroisma qilÐwn sunhmitìnwn thc sei-
r�c Fourier

(bþ) 'Ajroisma X0+ qilÐwn sunhmitìnwn thc
seir�c Fourier

Sq ma 3.19: SÔnjesh s matoc apì sunhmÐtona - 4

èqoume thn ekjetik  anapar�stash tou anaptÔgmatoc. To pl�toc Xk eÐnai Ðso me Xk = A
πke
−j π

2 , gia

peritt� k. 'Ara jètontac perittèc timèc sto k, èqoume ta antÐstoiqa pl�th gia tic perittèc suqnìthtec

f0, 3f0, 5f0, · · · . Prosoq  ìmwc, giatÐ afoÔ to pl�tocXk eÐnai migadikìc arijmìc, ja prèpei sto f�sma

pl�touc na b�lete to |Xk|. 'Omoia gia to f�sma f�shc, to opoÐo eÐnai stajerì kai Ðso me −π
2 gia tic

jetikèc perittèc suqnìthtec, en¸ eÐnai mhdèn gia tic jetikèc �rtiec suqnìthtec, kai Ðso me π
2 gia tic

arnhtikèc perittèc suqnìthtec (kai p�li mhdèn gia tic arnhtikèc �rtiec suqnìthtec). KatalabaÐnete

to giatÐ? Sqedi�ste ta! :-)

3.4 'Omwc...

EÐdame � sth jewrÐa sac kai ed¸ � mia mèjodo anapar�stashc enìc periodikoÔ s matoc wc èna

�jroisma ekjetik¸n shm�twn twn opoÐwn oi suqnìthtec eÐnai akèraia pollapl�sia miac jemeli¸douc.

Aut  h anapar�stash (seir� Fourier), kaj¸c kai ta sumper�smat� thc, eÐnai polÔtimh se pollèc

efarmogèc. 'Omwc, èqei ta parak�tw meionekt mata:

1. H seir� Fourier mporeÐ na qrhsimopoihjeÐ mìno gia periodik� s mata. 'Ola ìmwc ta s mata sthn
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pr�xh eÐnai mh periodik� (jumhjeÐte ìti èna periodikì s ma xekin� apì to −∞).

2. H teqnik  aut  mporeÐ na efarmosteÐ se asumptwtik� eustaj  sust mata, all� ìqi tìso eÔkola

se astaj    oriak� eustaj  sust mata. Proc to parìn, de gnwrÐzete ti shmaÐnoun ìla aut�,

all� ja to m�jete. :-)

To pr¸to meionèkthma mporeÐ na uperkerasteÐ me thn anapar�stash mh periodik¸n shm�twn wc �-

jroisma ekjetik¸n shm�twn. Autì den eÐnai �llo apì ton perÐfhmo metasqhmatismì Fourier, pou

ja deÐte amèswc met�. To deÔtero meionèkthma mporeÐ na uperkerasteÐ me th qr sh ekjetik¸n thc

morf c e−st, ìpou to s den eÐnai aparaÐthta Ðso me j2πkf0, all� mporeÐ na p�rei ki �llec timèc. Aut 

th genÐkeush ja th deÐte sÔntoma, ston perÐfhmo metasqhmatismì Laplace. ?-)
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3.5 Ask seic

1. Na sqedi�sete to f�sma pl�touc kai to f�sma f�shc tou s matoc

x(t) = 2 + cos(2πt)− sin(πt)− 3 cos(3πt)

LÔsh:

Ja qreiastoÔme tic tautìthtec:

sin(θ) = cos(θ − π/2), (3.27)

− sin(θ) = cos(θ + π/2), (3.28)

cos(θ + π) = − cos(θ). (3.29)

Ja metatrèyoume ta sin se cos kai ja frontÐsoume ta prìshma na eÐnai ìla jetik�, eis�gontac

ìpou qrei�zetai thn kat�llhlh f�sh. EÐnai:

x(t) = 2 + cos(2πt)− sin(πt)− 3 cos(3πt)

= 2 + cos(2πt) + cos(πt+ π/2) + 3 cos(3πt+ π)

= 2 +
1

2
ej2πt +

1

2
e−j2πt +

1

2
ejπtejπ/2 +

+
1

2
e−jπte−jπ/2 +

3

2
ej3πtejπ +

3

2
e−j3πte−jπ. (3.30)

To f�sma pl�touc kai to f�sma f�shc faÐnontai sta parak�tw sq mata 3.20aþ kai 3.20bþ antÐ-

stoiqa.

(aþ) F�sma pl�touc 2.1 (bþ) F�sma f�shc 2.1

Sq ma 3.20: F�sma pl�touc kai f�shc 'Askhshc 2.1
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2. 'Estw to s ma

x(t) = sin2(5πt) cos(22πt)

BreÐte thn perÐodo T0 tou s matoc kai upologÐste to olokl rwma:

∫ T0

0
x2(t)dt

LÔsh:

Gia na broÔme thn perÐodo, ja prèpei na gr�youme to x(t) wc �jroisma hmitìnwn  /kai sunhmi-

tìnwn.

EÐnai:

x(t) = sin2(5πt) cos(22πt) =
( 1

2j
ej5πt − 1

2j
e−j5πt

)2(1

2
ej22πt +

1

2
e−j22πt

)
=

( 1

4j2
ej10πt − 2

1

2j

1

2j
ej5πte−j5πt +

1

4j2
e−j10πt

)(1

2
ej22πt +

1

2
e−j22πt

)
=

(
− 1

4
ej10πt +

1

2
− 1

4
e−j10πt

)(1

2
ej22πt +

1

2
e−j22πt

)
= −1

8
ej32πt − 1

8
e−j12πt +

1

4
ej22πt +

1

4
e−j22πt − 1

8
e−j32πt − 1

8
ej12πt

= −1

4
cos(12πt) +

1

2
cos(22πt)− 1

4
cos(32πt)

= −1

4
cos(2π6t) +

1

2
cos(2π11t)− 1

4
cos(2π16t)

=
1

4
cos(2π6t+ π) +

1

2
cos(2π11t) +

1

4
cos(2π16t+ π) (3.31)

'Enac diaforetikìc trìpoc lÔshc ja  tan na qrhsimopoi soume tic trigwnometrikèc tautìthtec:

sin2(θ) =
1

2
− 1

2
cos(2θ)

kai

cos(θ) cos(ω) =
1

2
cos(θ + ω) +

1

2
cos(θ − ω)

Tìte ja eÐnai:(1

2
− 1

2
cos(10πt)

)
cos(22πt) =

1

2
cos(22πt)− 1

2
cos(22πt) cos(10πt)

=
1

2
cos(22πt) +

1

4
cos(32πt+ π) +

1

4
cos(12πt+ π)

Profan¸c, h jemeli¸dhc suqnìthta ja eÐnai: f0 = MKD(6, 11, 16) = 1. 'Ara T0 = 1
f0

= 1.

T¸ra, to zhtoÔmeno olokl rwma eÐnai dÔskolo na upologisteÐ kateujeÐan sto pedÐo tou qrìnou.
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'Omwc h sqèsh tou Parseval mac lèei ìti:

1

T0

∫ T0

0
x2(t)dt =

+∞∑
k=−∞

|Xk|2 = A2
0 +

+∞∑
k=1

(Ak)
2

2

ìpou Xk oi suntelestèc tou dÐpleurou anaptÔgmatoc (sqèsh 1) kai Ak oi suntelestèc tou

monìpleurou anaptÔgmatoc (sqèsh 2). Epilèxte ìpoio sac boleÔei.

'Ara ja eÐnai:

∫ T0

0
x2(t)dt = T0

+∞∑
k=−∞

|Xk|2 = 4
∣∣∣− 1

8

∣∣∣2 + 2
∣∣∣− 1

4

∣∣∣2 =
4

64
+

2

16
=

12

64
=

3

16
(3.32)

Sto Ðdio apotèlesma katal goume kai me ton tÔpo

T0

(
A2

0 +

+∞∑
k=1

(Ak)
2

2

)
= 2

((1
4

)2

2

)
+

((1
2

)2

2

)
=

1

16
+

1

8
=

3

16
(3.33)

3. AnaptÔxte se Seir� Fourier to periodikì, me perÐodo T0, s ma:

x(t) =

{
1, 0 ≤ t < T0

2

2− 2 t
T0
, T0

2 ≤ t < T0

Sac dÐnetai ìti: ∫
teαtdt =

eαt

α
(t− 1

α
)

LÔsh:

Ja anaptÔxoume to s ma kat� thn ekjetik  seir� Fourier. GnwrÐzoume ìti:

X0 =
1

T0

∫ T0

0
x(t)dt kai Xk =

1

T0

∫ T0

0
x(t)e−j2πkf0tdt
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EÐnai qr simo na jumìmaste ìti f0T0 = 1, e±j2πk = 1, kai e−jπk = −1. Ja eÐnai loipìn:

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

(∫ T0
2

0
1dt+

∫ T0

T0
2

(
2− 2

T0
t
)
dt
)

=
1

T0
t
∣∣∣T0

2

0
+

1

T0
2t
∣∣∣T0

T0
2

− 1

T0

∫ T0

T0
2

2

T0
tdt

=
1

T0

(T0

2
− 0
)

+
2

T0

(
T0 −

T0

2

)
− 1

T0

∫ T0

T0
2

2

T0
tdt

=
1

2
+ 1− 2

T 2
0

( t2
2

)∣∣∣T0

T0
2

=
3

2
− 2

T 2
0

(T 2
0

2
− T 2

0

8

)
=

3

2
− 2
(1

2
− 1

8

)
=

3

2
− 2

3

8

=
3

2
− 6

8
=

3

4
⇐⇒ X0 =

1

T0

∫ T0

0
x(t)dt =

3

4
(3.34)

EpÐshc,

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

(∫ T0

0
1e−j2πkf0tdt+

∫ T0

0
(2− 2

T0
t)e−j2πkf0tdt

)
=

1

T0

e−j2πkf0t

−j2πkf0

∣∣∣∣∣
T0
2

0

+
1

T0

∫ T0

T0
2

2e−j2πkf0tdt− 2

T 2
0

∫ T0

T0
2

te−j2πkf0tdt

=
1

−j2πk
(e−jπk − 1) +

2

T0

e−j2πkf0t

−j2πkf0

∣∣∣∣∣
T0

T0
2

− 2

T 2
0

(e−j2πkf0t

−j2πkf0

(
t− 1

−j2πkf0

)∣∣∣∣∣
T0

T0
2

)
=

1

−j2πk
(e−jπk − 1) +

2

T0

( e−j2πk

−j2πkf0
− e−jπk

−j2πkf0

)
− 2

T 2
0

( e−j2πk

−j2πkf0

(
T0 −

1

−j2πkf0

)
−

− e−jπk

−j2πkf0

(T0

2
− 1

−j2πkf0

))
=

1

−j2πk
(e−jπk − 1) +

2

−j2πk
− 2e−jπk

−j2πk
− 2

−j2πk
− 2

T 2
0 (−j2πkf0)(j2πkf0)

+
e−jπk

−j2πk
+

+
2e−jπk

T 2
0 (−j2πkf0)(j2πkf0)

=
1

−j2πk
(e−jπk − 1) +

2

−j2πk
− 2e−jπk

−j2πk
− 2

−j2πk
− 1

2π2k2
+

e−jπk

−j2πk
+
e−jπk

2π2k2

= −e
−jπk

j2πk
+

1

j2πk
+ 2

e−jπk

j2πk
− 1

2π2k2
− e−jπk

j2πk
+
e−jπk

2π2k2

=
1

j2πk
− 1

2π2k2
(1− e−jπk)

=
1

2πk
e−j

π
2 − 1

2π2k2
(1− e−jπk). (3.35)
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Opìte telik� oi suntelestèc Fourier eÐnai oi:

X0 =
3

4
kai Xk =

1

2πk
e−j

π
2 − 1

2π2k2
(1− e−jπk).

MporoÔme na gr�youme t¸ra ìti:

x(t) = X0 +
+∞∑

k=−∞,k 6=0

Xke
j2πkf0t =

3

4
+

+∞∑
k=−∞,k 6=0

( 1

2πk
e−j

π
2 − 1

2π2k2
(1− e−jπk)

)
ej2πkf0t

=
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
e−j

π
2 ej2πkf0t −

+∞∑
k=−∞,k 6=0

1

2π2k2
(1− e−jπk)ej2πkf0t

=
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
ej(2πkf0t−π2 ) −

+∞∑
k=−∞,k 6=0

1

2π2k2
(1− e−jπk)ej2πkf0t. (3.36)

ParathroÔme ìti (1− e−jπk) = 1− (−1)k, �ra:

(1− e−jπk) =

{
2, k odd

0, k even

'Ara ja eÐnai:

x(t) =
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
ej(2πkf0t−π2 ) −

+∞∑
k odd

1

2π2k2
2ej2πkf0t

=
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
ej(2πkf0t−π2 ) −

+∞∑
k=−∞

2

2π2(2k − 1)2
ej2π(2k−1)f0t (3.37)

An jèloume na proqwr soume akìma lÐgo kai na anaptÔxoume to s ma mac se monìpleurh seir�

Fourier tìte ja èqoume:

x(t) =
3

4
+

+∞∑
k=−∞,k 6=0

1

2πk
ej(2πkf0t−π2 ) −

+∞∑
k=−∞

2

2π2(2k − 1)2
ej2π(2k−1)f0t

=
3

4
+

+∞∑
k=1

2

2πk
cos(2πkf0t−

π

2
)−

+∞∑
k=1

4

2π2(2k − 1)2
cos(2π(2k − 1)f0t)

=
3

4
+

+∞∑
k=1

1

πk
sin(2πkf0t)−

+∞∑
k=1

2

π2(2k − 1)2
cos(2π(2k − 1)f0t) (3.38)

giatÐ xèroume ìti gia touc suntelestèc tou monìpleurou anaptÔgmatoc se seir� Fourier isqÔei

ìti:

Ak = 2|Xk|
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4. 'Estw èna pragmatikì, perittì kai periodikì s ma x(t), pou anaptÔssetai se

seir� Fourier me suntelestèc Xk. DeÐxte ìti

Xk = −X−k

LÔsh:

To s ma mac eÐnai perittì, �ra ja isqÔei x(t) = −x(−t). EÐnai:

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0

0
−x(−t)e−j2πkf0tdt

Jètw u = −t⇒ du = −dt. EpÐshc, u1 = 0, u2 = −T0.

'Ara ja eÐnai

Xk =
1

T0

∫ −T0

0
x(u)ej2πkf0udu = − 1

T0

∫ 0

−T0

x(u)e−j2π(−k)f0udu = −X−k (3.39)

5. DÐdontai tria pragmatik�, periodik� s mata me mikrì arijmì armonik¸n. Oi

mh mhdenikoÐ suntelestèc gia k > 0 dÐdontai akoloÔjwc:

a) x1(t) : T0 = 1,X1 = 5,X3 = 2.

b) x2(t) : T0 = 2,X1 = j,X2 = −j
1

2
,X3 = j

1

4
,X4 = −j

1

8
.

BreÐte ta xi(t).

LÔsh:

AfoÔ ta s mata eÐnai pragmatik�, autì shmaÐnei ìti up�rqoun suntelestèc Xk kai gia k < 0,

kai gia autoÔc ja isqÔei ìti X−k = X∗k .

a) EÐnai

x1(t) = X−3e
j2π(−3) 1

T0
t
+X−1e

j2π(−1) 1
T0
t
+X1e

j2π(+1) 1
T0
t
+X3e

j2π(+3) 1
T0
t

= X∗3e
−j2π3 1

T0
t
+X∗1e

−j2π 1
T0
t
+X1e

j2π 1
T0
t
+X3e

j2π3 1
T0
t

= 2e
−j2π3 1

T0
t
+ 5e

−j2π 1
T0
t
+ 5e

j2π 1
T0
t
+ 2e

j2π3 1
T0
t

= 2e−j6πt + 5e−j2πt + 5ej2πt + 2ej6πt

= 2(e−j6πt + ej6πt) + 5(e−j2πt + ej2πt)

= 4 cos(6πt) + 10 cos(2πt). (3.40)
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b) EÐnai

x2(t) = X−4e
j2π(−4) 1

T0
t
+X−3e

j2π(−3) 1
T0
t
+ · · ·+X3e

j2π(+3) 1
T0
t
+X4e

j2π(+4) 1
T0
t

= X∗4e
−j2π4 1

T0
t
+X∗3e

−j2π3 1
T0
t
+ · · ·+X3e

j2π3 1
T0
t
+X4e

j2π4 1
T0
t

= j
1

8
e−j2π4 1

2
t − j 1

4
e−j2π3 1

2
t + j

1

2
e−j2π2 1

2
t + · · · − j 1

2
ej2π2 1

2
t + j

1

4
ej2π3 1

2
t − j 1

8
ej2π4 1

2
t

= j
1

8
e−j4πt − j 1

4
e−j3πt + j

1

2
e−j2πt − je−jπt + jejπt − j 1

2
ej2πt + j

1

4
ej3πt − j 1

8
ej4πt

= j
1

8
(e−j4πt − ej4πt)− j 1

4
(e−j3πt − ej3πt) + j

1

2
(e−j2πt − ej2πt)− j(e−jπt − jejπt)

= −j 1

8
2j sin(4πt) + j

1

4
2j sin(3πt)− j 1

2
2j sin(2πt) + j2j sin(πt)

=
1

4
sin(4πt)− 1

2
sin(3πt) + sin(2πt)− 2 sin(πt) (3.41)

6. AnaptÔxte se Seir� Fourier to periodikì, me perÐodo T0, s ma:

x(t) =

{
e−αt, 0 ≤ t < T0

2

0, T0
2 ≤ t < T0

LÔsh:

Ja anaptÔxoume to s ma kat� thn ekjetik  seir� Fourier. GnwrÐzoume ìti:

X0 =
1

T0

∫ T0

0
x(t)dt kai

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt

Ja eÐnai loipìn:

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

∫ T0
2

0
e−αtdt

=
1

T0

1

−α
e−αt

∣∣∣T0
2

0

=
1

T0

1

−α
(e−α

T0
2 − 1)

⇐⇒ X0 =
1

T0

∫ T0

0
x(t)dt =

1

αT0
(1− e−α

T0
2 ) (3.42)



62 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

EpÐshc,

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0
2

0
e−αte−j2πkf0tdt =

1

T0

∫ T0
2

0
e−αt−j2πkf0tdt

=
1

T0

∫ T0
2

0
e−(α+j2πkf0)tdt =

1

T0

1

−(α+ j2πkf0)
e−(α+j2πkf0)t

∣∣∣∣∣
T0
2

0

=
1

T0

1

−(α+ j2πkf0)

(
e−(α+j2πkf0)

T0
2 − 1

)
= − 1

T0

1

(α+ j2πkf0)

(
e−(α

T0
2

+jπk) − 1
)

= − 1

T0

1

(α+ j2πkf0)
(e−α

T0
2 e−jπk − 1) =

1

(αT0 + j2πk)
(1− e−α

T0
2 e−jπk) (3.43)

'Omwc xèroume ìti: e−jπk = cosπk− j sinπk = (−1)k, giatÐ gia k�je k akèraio, to cosπk eÐnai

eÐte 1 gia �rtia k, eÐte -1 gia peritt� k, en¸ to sinπk eÐnai mhdèn gia k�je k.

'Ara mporoÔme na gr�youme telik� ìti:

Xk =
1

(αT0 + j2πk)

(
1− (−1)ke−α

T0
2

)
Opìte telik� oi suntelestèc Fourier eÐnai oi:

X0 =
1

αT0

(
1− e−α

T0
2

)
kai (3.44)

Xk =
1

(αT0 + j2πk)

(
1− (−1)ke−α

T0
2

)
(3.45)

'Ara to s ma mac ja gr�fetai wc:

x(t) =
+∞∑

k=−∞
Xke

j2πkf0t =
+∞∑

k=−∞

1

(αT0 + j2πk)

(
1− (−1)ke−α

T0
2

)
ej2πkf0t (3.46)

7. 'Ena periodikì s ma ìtan anaptuqjeÐ se seir� Fourier èqei suntelestèc

A2k+1 = 2/3,1/3,1/3,1/5,2/25

ìpou k = 0,1,2, · · · kai ta Ak èqoun upologisteÐ mèsw thc sqèshc

Akejφk =
2

T0

∫ T0

0
x(t)e−j2πkf0tdt

Pìsh sunolik  enèrgeia èqei katanemhjeÐ apì th suqnìthta ω0 èwc kai thn

6ω0?
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LÔsh:

Blèpoume ìti ta Ak eÐnai ta A1, A3, A5, A7, A9, dhl. oi perittoÐ suntelestèc pou emplèkontai

sto monìpleuro an�ptugma se seir� Fourier. JumÐzetai ìti to monìpleuro an�ptugma prokÔptei

apì th sqèsh:

x(t) = A0 + <
{ +∞∑
k=1

Ake
jφkej2πkf0t

}
= A0 + <

{ +∞∑
k=1

Ake
j(2πkf0t+φk)

}
= A0 +

+∞∑
k=1

Ak cos(2πkf0t+ φk) = A0 +
+∞∑
k=1

Ak cos(kω0t+ φk) (3.47)

EpÐshc, èqei deiqjeÐ ìti isqÔei:

x(t) =

+∞∑
k=−∞

Xke
j2πkf0t

= X0 +

+∞∑
k=1

2|Xk| cos(2πkf0t+ φk)

= X0 +
+∞∑
k=1

2|Xk| cos(kω0t+ φk) (3.48)

'Ara blèpoume ìti to Ak eÐnai oi suntelestèc tou monìpleurou anaptÔgmatoc se seir� Fourier

kai sqetÐzontai me ta Xk wc: Ak = 2|Xk|.

Profan¸c ta �rtia Ak eÐnai mhdèn sto par�deigm� mac. 'Ara katalabaÐnoume apì ìla aut�

ìti sthn pr¸th armonik  suqnìthta, ω0, up�rqei pl�toc A1, sthn trÐth armonik  suqnìthta,

3ω0, up�rqei pl�toc A3, sthn pèmpth armonik  suqnìthta 5ω0, up�rqei pl�toc A5, k.o.k.

To je¸rhma tou Parseval mporeÐ na mac d¸sei th sunolik  enèrgeia pou eÐnai katanemhmènh apì

th suqnìthta ω0 (pr¸th armonik ) wc th suqnìthta 6ω0 (èkth armonik  - pou èqei A6 = 0 sthn

perÐptws  mac).

'Ara, qrhsimopoi¸ntac ton tÔpo tou Parseval gia monìpleurh seir� Fourier, ja èqoume:

E = A2
0 +

6∑
k=1

A2
k

2
=
A2

1

2
+
A2

3

2
+
A2

5

2
=

1

3
(3.49)

8. Oi suntelestèc sto an�ptugma se seir� Fourier enìc periodikoÔ s matoc

èqoun upologisteÐ apì th sqèsh

Akejφk =
2

T0

∫ T0

0
x(t)e−j2πkf0tdt (3.50)
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kai eÐnai oi parak�tw gia k > 0

Akejφk = − A

j2πk
[(−1)k − 1] (3.51)

kai A0 = 0. BreÐte to s ma se an�ptugma monìpleurhc seir�c Fourier.

LÔsh:

Xèroume ìti h monìpleurh seir� Fourier dÐnetai apì:

x(t) = A0 +Re{
+∞∑
k=1

Ake
jφkej2πkf0t} = A0 +

+∞∑
k=1

Ak cos(2πkf0t+ φk) (3.52)

ParathroÔme ìti to Ake
jφk eÐnai mh mhdenikì kai Ðso me A

jkπ , gia peritt� k, kai Ake
jφk = 0 gia

�rtia k. 'Ara to Ake
jφk mporeÐ na grafeÐ wc:

Ake
jφk =

{
A
jπk = A

πke
−j π

2 , k odd

0, k even

'Ara eÔkola sumperaÐnoume ìti Ak = A
πk kai φk = −π

2 , gia k peritt�.

'Ara ja eÐnai: (A0 = X0 = 0)

x(t) =
+∞∑

k odd

A

πk
cos(2πkf0t−

π

2
) =

∞∑
k=0

A

π(2k + 1)
cos(2π(2k + 1)f0t−

π

2
)

=

∞∑
k=0

A

π(2k + 1)
sin(2π(2k + 1)f0t) =

A

π

∞∑
k=0

1

2k + 1
sin(2π(2k + 1)f0t) (3.53)

ShmeÐwsh: An dinìtan arqik� ìti Xk = − A
4jπk [(−1)k − 1] (dhl. oi suntelestèc tou dÐpleurou

anaptÔgmatoc), kai zhtoÔse to monìpleuro an�ptugma, tìte polÔ apl�:

Xk =
A

2πk
e−j

π
2 , (3.54)

gia k peritt�, me ton Ðdio sullogismì me parap�nw, kai ja eÐqame:

x(t) =
+∞∑

k odd

2|Xk| cos(2πkf0t−
π

2
) =

+∞∑
k odd

2
A

2πk
sin(2πkf0t)

=

+∞∑
k odd

A

πk
sin(2πkf0t) =

A

π

+∞∑
k=0

1

2k + 1
sin(2π(2k + 1)f0t) (3.55)

to Ðdio dhlad  apotèlesma.



Kef�laio 3. Seirèc Fourier 65

9. BreÐte thn perÐodo tou s matoc:

x(t) = sin2(5πt + φ1) + sin2(2πt + φ2)

LÔsh:

Ja qreiasteÐ na gr�youme to s ma mac wc �jroisma apl¸n hmitìnwn  /kai sunhmitìnwn, ¸ste

na mporoÔme na apofanjoÔme gia thn periodikìtht� tou. EÐnai:

x(t) = sin2(5πt+ φ1) + sin2(2πt+ φ2)

=
( 1

2j
ej5πtejφ1 − 1

2j
e−j5πte−jφ1

)2
+
( 1

2j
ej2πtejφ2 − 1

2j
e−j2πte−jφ2

)2

= −1

4
ej10πtej2φ1 − 2

1

2j

1

2j
− 1

4
e−j10πte−j2φ1 − 1

4
ej4πtej2φ2 − 2

1

2j

1

2j
− 1

4
e−j4πte−j2φ2

= −1

4
(ej10πtej2φ1 + e−j10πte−j2φ1)− 1

4
(ej4πtej2φ2 + e−j4πte−j2φ2) + 1

= 1− 1

4
2 cos(10πt+ 2φ1)− 1

4
2 cos(4πt+ 2φ2)

= 1− 1

2
cos(10πt+ 2φ1)− 1

2
cos(4πt+ 2φ2)

= 1− 1

2
cos(2π5t+ 2φ1)− 1

2
cos(2π2t+ 2φ2) (3.56)

'Ara h jemeli¸dhc suqnìthta tou s matoc ja eÐnai f0 = MKD{5, 2} = 1. 'Ara T0 = 1
f0

= 1 sec.

Alli¸c, ja mporoÔsame na poÔme ìti T0 = EKP{1
5 ,

1
2} =EKP{0.2, 0.5} = 1 sec.

ShmeÐwsh:

(aþ) An mac zhtoÔse na deÐxoume ìti to s ma eÐnai periodikì, kai met� na upologÐsoume thn

perÐodì tou, tìte ja èprepe (gia na eÐmaste apìluta swstoÐ) na poÔme ìti:
T1
T2 =

1
5
1
2

= 2
5 , pou eÐnai lìgoc akeraÐwn arijm¸n, �ra to s ma eÐnai periodikì. 'Epeita, ja

upologÐzame thn perÐodo me ìpoion trìpo jèlame.

'Ena kalì antipar�deigma sqetik� me aut  th shmeÐwsh, ja  tan to

x(t) = 2 + cos(10πt+ φ1)− 1

2
cos(4t− φ2)

Tìte, ja  tan T1
T2 =

1
5
2
π

= π
10 , to opoÐo profan¸c DEN eÐnai lìgoc akeraÐwn arijm¸n, �ra

to s ma DEN eÐnai periodikì.

(bþ) EnnoeÐtai pwc me th diadikasÐa pou akolouj same gia na lÔsoume thn �skhsh, mporoÔme

amèswc (èstw, me el�qistec pr�xeic akìma :) ) na apant soume se erwt mata sqedÐashc

f�smatoc pl�touc kai f�shc, ìpwc kai erwt mata sqetik� me je¸r. Parseval, katanom c

enèrgeiac klp. 'O,ti qreiazìmaste gia na apant soume se aut� up�rqei ètoimo sth lÔsh

parap�nw!
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10. 'Estw x(t) èna pragmatikì s ma. Se pollèc efarmogèc thlepikoinwni¸n,

orÐzetai h analutik  morf , x(t) , tou s matoc x(t) wc:

x(t) = x(t) + jx̂(t)

ìpou x̂(t) eÐnai o metasqhmatismìc Hilbert tou s matoc, kai o opoÐoc orÐzetai

wc:

x̂(t) =
1

π

∫ +∞

−∞

x(t)

t− τ
dτ (3.57)

BreÐte to metasqhmatismì Hilbert tou s matoc

x(t) =

{
A, −T

2 ≤ t ≤
T
2

0, elsewhere

LÔsh:

EÐnai

x̂(t) =
1

π

∫ +∞

−∞

x(t)

t− τ
dτ =

1

π

∫ T
2

−T
2

A

t− τ
dτ =

A

π

∫ T
2

−T
2

1

t− τ
dτ (3.58)

Jètw u = t− τ ⇒ du = −dτ, u1 = t− T
2 , u2 = t+ T

2 .

'Ara ja eÐnai

x̂(t) = −A
π

∫ t−T
2

t+T
2

1

u
du =

A

π

∫ t+T
2

t−T
2

1

u
du =

A

π

(
ln |u|

)∣∣∣t−T2
t+T

2

=
A

π

(
ln
∣∣∣t+

T

2

∣∣∣− ln
∣∣∣t− T

2

∣∣∣) =
A

π
ln
∣∣∣ t+ T

2

t− T
2

∣∣∣ (3.59)

Sqìlio:

To analutikì s ma x(t) eÐnai èna s ma to opoÐo èqei to Ðdio f�sma stic jetikèc suqnìthtec me

to x(t), all� èqei mhdenikì f�sma stic arnhtikèc suqnìthtec. H qrhsimìtht� tou sunÐstatai

sto gegonìc ìti dieukolÔnei tic pr�xeic me s mata, kai sto gegonìc ìti apì thn analutik  morf 

enìc pragmatikoÔ s matoc x(t) mporoÔme p�nta na epistrèyoume sthn arqik  morf  tou x(t)

(ki autì giatÐ to f�sma enìc pragmatikoÔ s matoc eÐnai suzugèc summetrikì). Ousiastik�, o

metasqhmatismìc Hilbert x̂(t) bohj�ei akrib¸c se autì: 'kìbei' tic arnhtikèc sunist¸sec tou

f�smatoc tou s matoc x(t), an sto x(t) prosjèsei kaneÐc to jx̂(t). Opìte to x(t) = x(t)+jx̂(t),

wc èna tètoio �jroisma tou x(t) kai tou jx̂(t), katal gei na èqei mhdenikì f�sma sthn arnhtikèc

suqnìthtec kai mh mhdenikì f�sma mìno stic jetikèc suqnìthtec.

Gia par�deigma, to s ma

x(t) = A cos(2πf0t) =
A

2
ej2πf0t +

A

2
e−j2πf0t
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èqei fasmatikèc sunist¸sec pl�touc A
2 stic suqnìthtec f0 kai −f0. H analutik  tou morf ,

x(t), ja prèpei na èqei fasmatikèc sunist¸sec mìno (!) sth jetik  suqnìthta f0. 'Etsi, eÔkola

(lème :) ) mporoÔme na poÔme ìti h analutik  morf  tou x(t) eÐnai:

x(t) = x(t) + jx̂(t) = A cos(2πf0t) + jA sin(2πf0t) = Aej2πf0t, (3.60)

tou opoÐou to f�sma èqei mìno mia sunist¸sa pl�touc A sth suqnìthta f0, ìpwc blèpete. 'Ara

o metasqhmatismìc Hilbert tou A cos 2πf0t eÐnai x̂(t) = A sin(2πf0t).

H ìlh diadikasÐa thc anapar�stashc se analutik  morf  qrhsimopoieÐtai stic thlepikoinwnÐec,

kurÐwc se mejìdouc diamìrfwshc - apodiamìrfwshc mon c pleurik c z¸nhc. 'Ola aut�, apl�

wc shmeÐwsh, ep' eukairÐa thc �skhshc...

11. 'Ena periodikì s ma x(t) = A cos(2πf0t) me perÐodo 5 sec jèloume na kajuste-

r sei kat� 0.05 sec. Pìsh ja eÐnai h f�sh metatìpis c tou?

LÔsh:

'Estw t0 = 0.05sec. To kajusterhmèno kat� t0 s ma ekfr�zetai wc:

x(t− t0) = A cos(2πf0(t− t0)) = A cos(2πf0t− 2πf0t0) = A cos(2πf0t+ φ)

'Ara

φ = −2πf0t0 = −2π
1

T0
t0 = −2π

1

5
0.05 = −0.02π (3.61)

Profan¸c, an jèlame na prohgeÐtai kat� t0 = 0.05sec, ja eÐqame φ = 0.02π, me parìmoio sul-

logismì me parap�nw (ja zhtoÔsame tìte to x(t+ t0)).

12. 'Estw to s ma

x(t) = 1 +

+∞∑
k=1

βk cos(2(k + 1)πt + φk)

BreÐte thn perÐodì tou.

LÔsh:

Blèpoume ìti gia k = 1, k = 2, k = 3 · · · , paÐrnoume antÐstoiqa suqnìthtec f1 = 2, f2 =

3, f3 = 4 · · · . Profan¸c, ìlec autèc oi suqnìthtec eÐnai pollapl�sia miac jemeli¸douc, thc

f0 = 1. 'Ara h perÐodoc eÐnai T0 = 1
f0

= 1. Prosèxte, to gegonìc ìti den up�rqei sunhmÐtono

me tètoia suqnìthta sthn parap�nw anapar�stash, de shmaÐnei k�ti gia thn perÐodo tou s matoc.
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13. 'Ena chirp s ma monadiaÐou pl�touc x(t) metab�llei th suqnìtht� tou apì

3000 Hz se 0 Hz se qrìno 2 sec.

a) Sqedi�ste thn anapar�stash qrìnou-suqnìthtac gia to x(t).

b) BreÐte th majhmatik  morf  tou s matoc.

LÔsh:

'Ena chirp s ma (s ma seir nac, sta ellhnik� :) ) eÐnai èna s ma to opoÐo DE diathreÐ stajer 

suqnìthta me to pèrasma tou qrìnou (ìpwc k�nei to A cos(2πf0t), pou èqei suqnìthta stajer 

kai Ðsh me f0), all� ìso pern�ei o qrìnoc, h suqnìthta metab�lletai grammik� wc proc to qrì-

no. S mata seir nac mporeÐte na akoÔsete se peripolik�, asjenofìra   purosbestik� oq mata

(makri� apì mac kai ta tria :) ).

To chirp s ma orÐzetai wc x(t) = cos(θ(t)), me θ(t) = 2πmt2 + 2πf0t + φ, me m mia stajer�

pou lègetai stajer� diamìrfwshc.

H stigmiaÐa suqnìthta tou s matoc x(t) orÐzetai wc: fi(t) = 1
2π

dθ(t)
dt = 2mt+ f0.

a) 'Ena s ma pou metab�llei grammik� th suqnìtht� tou apì 3000 Hz wc 0 Hz se 2 sec, è-

qei anapar�stash qrìnou-suqnìthtac ìpwc faÐnetai sto sq ma 3.21.

Sq ma 3.21: S ma seir nac 'Askhshc 2.13

b) AfoÔ to s ma metab�lletai grammik� se qronikì di�sthma T = 2 sec apì f1 = 3000 Hz wc

f2 = 0 Hz, h stigmiaÐa tou suqnìthta ja eÐnai:

fi(t) =
f2 − f1

T
t+ f1 =

0− 3000

2
+ 3000 = −1500t+ 3000
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'Ara h f�sh tou ja eÐnai

θ(t) = 2π

∫ t

0
(−1500u+ 3000)du+ φ = 2π(−1500

t2

2
+ 3000t) + φ = −1500πt2 + 6000πt+ φ

(an den mporeÐte na jum�ste ton tÔpo thc fi(t), mporeÐte apl� na breÐte thn exÐswsh thc eujeÐac

pou pern�ei apì ta (0,3000), (2,0) sto sq ma tou erwt matoc (a). Aut  ja eÐnai h fi(t) ).

'Ara telik� to s ma ja eÐnai to x(t) = cos(−1500πt2 + 6000πt+ φ).

14. AnaptÔxte se seir� Fourier to s ma

x(t) =
sin(2t) + sin(3t)

sin(t)

a) Poi� eÐnai h perÐodoc tou s matoc?

b) Sqedi�ste to f�sma pl�touc kai f�sma f�shc tou s matoc.

LÔsh:

AnaptÔssoume to s ma mac sÔmfwna me touc tÔpouc tou Euler:

x(t) =
sin(2t) + sin(3t)

sin(t)
=

1
2j (e

j2t − e−j2t + ej3t − e−j3t)
1
2j (e

jt − e−jt)

=
1

(ejt − e−jt)
(ej2t − e−j2t + ej3t − e−j3t)

Ja qrhsimopoi soume t¸ra tic tautìthtec:

a2 − b2 = (a− b)(a+ b), (3.62)

a3 − b3 = (a− b)(a2 + ab+ b2) (3.63)

gia ta ekjetik� tou arijmht . Ja eÐnai loipìn:

x(t) =
1

(ejt − e−jt)
(ej2t − e−j2t + ej3t − e−j3t) =

1

(ejt − e−jt)
[(ejt)

2 − (e−jt)
2

+ (ejt)
3 − (e−jt)

3
]

=
1

(ejt − e−jt)
[(ejt − e−jt)(ejt + e−jt) + (ejt − e−jt)(ej2t + 1 + e−j2t)]

=
1

(ejt − e−jt)
(ejt − e−jt)(ejt + e−jt + 1 + ej2t + e−j2t) = ejt + e−jt + 1 + ej2t + e−j2t

= 1 + 2 cos(t) + 2 cos(2t) (3.64)

a) H perÐodoc tou s matoc ja eÐnai T0 = EKP{2π, π} = 2π.

b) To f�sma pl�touc kai f�shc faÐnontai sta sq mata 3.22.
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(aþ) F�sma pl�touc 2.14 (bþ) F�sma f�shc 2.14

Sq ma 3.22: F�sma pl�touc kai f�shc 'Askhshc 2.14

15. 'Ena pragmatikì periodikì s ma x(t) èqei anaptuqjeÐ se seir� Fourier, kai

gia tic suqnìthtec 100,200,300,400 Hz èqei antÐstoiqa migadik� pl�th:

X1 = ej
π
3 ,X2 = 2ej

π
4 ,X3 = 3ej

π
16 ,X4 = 2ej

π
8

'Ena deÔtero pragmatikì s ma y(t) èqei anaptuqjeÐ se seir� Fourier kai gia

tic suqnìthtec 50,100,150,200 Hz èqei antÐstoiqa migadik� pl�th:

Y1 = 3ejπ,Y2 = 2ej
π
3 ,Y3 = ej

π
16 ,Y4 = ej

π
4

'Allec suqnìthtec den up�rqoun sta s mata.

UpologÐste ta:

1

T1

∫ T1

0
x2(t)dt

1

T2

∫ T2

0
y2(t)dt

1

T2

∫ T2

0
x(t)y(t)dt

ìpou T1,T2 oi antÐstoiqec perÐodoi twn x(t),y(t).

LÔsh:

PolÔ qr simo ja mac faneÐ ed¸ to je¸rhma tou Parseval gia èna kai duo s mata:

Gia èna s ma x(t) me perÐodo T0, isqÔei ìti:

1

T0

∫ T0

0
x2(t)dt =

+∞∑
k=−∞

|Xk|2 (3.65)



Kef�laio 3. Seirèc Fourier 71

dhlad  h enèrgeia enìc s matoc se mia perÐodo proc thn perÐodo aut , isoÔtai me to �jroisma

twn apolÔtwn tim¸n sto tetr�gwno twn suntelest¸n Fourier tou dÐpleurou anaptÔgmatoc.

Gia èna s ma x(t) ki èna s ma y(t), me koin  perÐodo T0, isqÔei ìti:

1

T0

∫ T0

0
x(t)y∗(t)dt =

+∞∑
k=−∞

XkY
∗
k

dhlad  to parap�nw olokl rwma isoÔtai me to �jroisma twn ginomènwn twn suntelest¸n Fou-

rier (me ton ènan ek twn dÔo na eÐnai suzug c) tou dÐpleurou anaptÔgmatoc stic IDIES armonikèc

suqnìthtec kf0! To ti akrib¸c shmaÐnei autì, ja to doÔme se lÐgo.

Gia to pr¸to olokl rwma ja eÐnai:

1

T1

∫ T1

0
x2(t)dt =

+∞∑
k=−∞

|Xk|2 = |X−4|2+|X−3|2+|X−2|2+|X−1|2+|X1|2+|X2|2+|X3|2+|X4|2

To s ma mac ìmwc eÐnai pragmatikì, �ra isqÔei: X−k = X∗k . 'Ara ja èqoume:

|X−4|2 + |X−3|2 + |X−2|2 + |X−1|2 + |X1|2 + |X2|2 + |X3|2 + |X4|2

= |X∗4 |2 + |X∗3 |2 + |X∗2 |2 + |X∗1 |2 + |X1|2 + |X2|2 + |X3|2 + |X4|2

= |2e−j
π
8 |2 + |3e−j

π
16 |2 + |2e−j

π
4 |2 + |e−jπ|2 + |ejπ|2 + |2ej

π
4 |2 + |3ej

π
16 |2 + |2ej

π
8 |2

GnwrÐzoume ìmwc ìti |Aejφ|2 = |A|2|ejφ|2 = |A|2, giatÐ eÐnai |ejφ|2 = | cos(φ) + j sin(φ)|2 =

cos2(φ) + sin2(φ) = 1 (mètro migadikoÔ arijmoÔ sto tetr�gwno). 'Ara telik� ja èqoume:

|2e−j
π
8 |2 + |3e−j

π
16 |2 + |2e−j

π
4 |2 + |e−jπ|2 + |ejπ|2 + |2ej

π
4 |2 + |3ej

π
16 |2 + |2ej

π
8 |2

= |2|2 + |3|2 + |2|2 + |1|2 + |1|2 + |2|2 + |3|2 + |2|2

= 4 + 9 + 4 + 1 + 1 + 4 + 9 + 4 = 36 (3.66)

EpalhjeÔste eseÐc, me ton Ðdio akrib¸c trìpo, ìti
1

T2

∫ T2

0
y2(t)dt = 30.

Gia to trÐto olokl rwma, prèpei na prosèxoume idiaÐtera. 'Opwc proanafèrjhke, mporoÔme na

ekfr�soume ton tÔpo tou Parseval,
1

T2

∫ T2

0
x(t)y(t)dt, me lìgia: to olokl rwma se mia koin 

perÐodo tou ginomènou twn duo shm�twn sto qrìno isoÔtai me to �jroisma twn ginomènwn twn

suntelest¸n Fourier (me ton ènan ek twn dÔo na eÐnai suzug c) tou dÐpleurou anaptÔgmatoc

stic IDIES armonikèc suqnìthtec kf0.

Ac k�noume pr¸ta safèc to ex c (PROSOQH!): Duo OPOIADHPOTE pragmatik� periodi-

k� s mata me thn Ðdia perÐodo T0 anaptÔssontai to kajèna se mia seir� Fourier stic IDIES

armonikèc suqnìthtec kf0. Ac to doÔme majhmatik� (mhn trom�zete, yuqraimÐa!):
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'Ena periodikì s ma x(t) me perÐodo T0 (kai �ra jemeli¸dh suqnìthta f0 = 1
T0
) anaptÔssetai

se seir� Fourier wc:

x(t) =

+∞∑
k=−∞

Xke
j2πkf0t

'Ena deÔtero periodikì s ma y(t) me thn IDIA perÐodo T0 (kai �ra me thn IDIA jemeli¸dh

suqnìthta f0 pou èqei kai to x(t)) anaptÔssetai se seir� Fourier wc:

y(t) =
+∞∑

k=−∞
Yke

j2πkf0t

Blèpete ìti autì pou all�zei eÐnai ta migadik� pl�th twn ekjetik¸n sunistws¸n ej2πkf0t. Gia

to pr¸to s ma, ta migadik� pl�th eÐnai Xk, gia to deÔtero s ma eÐnai Yk. 'Omwc oi ekjetikèc

sunist¸sec eÐnai oi Ðdiec kai stic duo peript¸seic: ej2πkf0t! Autì shmaÐnei ìti KAI TA DUO

SHMATA analÔontai stic Ðdiec ekjetikèc sunist¸sec, dhl. stic Ðdiec armonikèc suqnìthtec.

DeÐte to ki alli¸c: autì shmaÐnei ìti sta dÐpleura f�smata pl�touc (kai f�shc) KAI TWN DUO

SHMATWN, ja èqoume mh mhdenikèc timèc stic suqnìthtec kf0, dhl. stic ±f0,±2f0,±3f0,±4f0

klp.

Autì sumbaÐnei giatÐ kai ta duo s mata èqoun thn Ðdia perÐodo, �ra thn Ðdia jemeli¸dh suqnìthta

f0 = 1
T0
, opìte oi armonikèc suqnìthtec pou prokÔptoun kat� ta anaptÔgmata se seir� Fourier

eÐnai oi Ðdiec kai sta duo anaptÔgmata!

Se mia tètoia perÐptwsh, h efarmog  tou tÔpou tou Parseval gÐnetai kateujeÐan:

1

T0

∫ T0

0
x(t)y∗(t)dt =

+∞∑
k=−∞

XkY
∗
k = ...+X−4Y

∗
−4 +X−3Y

∗
−3 + ...+X3Y

∗
3 +X4Y

∗
4 + ...

afoÔ to X1 antistoiqeÐ sth suqnìthta 1f0, ìpwc kai to Y1, to X2 antistoiqeÐ sth suqnìthta

2f0, ìpwc kai to Y2, to X3 antistoiqeÐ sth suqnìthta 3f0, ìpwc kai to Y3 k.o.k. , to Ðdio kai

gia ta k < 0.

(An k�pou to ��q�sate��, xanadiab�ste to! EÐnai eÔkolo, ki ac mhn tou faÐnetai :) )

'Estw ìti èqoume katano sei to parap�nw :). Prospaj¸ntac na efarmìsoume ton tÔpo tou

Parseval gia ta x(t), y(t), blèpoume ìti autìc isqÔei MONO gia s mata pou èqoun thn Ðdia

perÐodo T0 (  alli¸c, thn Ðdia jemeli¸dh suqnìthta f0). Sthn perÐptws  mac, to èna s ma (

x(t) ) èqei migadik� pl�th stic suqnìthtec 100, 200, 300, 400 Hz, kai to �llo s ma ( y(t) ) èqei

migadik� pl�th stic suqnìthtec 50, 100, 150, 200 Hz. To na poÔme:

+∞∑
k=−∞

XkY
∗
k = X−4Y

∗
−4 +X−3Y

∗
−3 + ...+X3Y

∗
3 +X4Y

∗
4
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kai met� antikajist¸ntac amèswc tic timèc apì thn ekf¸nhsh, ja  tan LAJOS! GiatÐ? GiatÐ

ta Xk, Yk den antapokrÐnontai stic Ðdiec armonikèc suqnìthtec! Gia par�deigma, to X1 eÐnai to

migadikì pl�toc pou antistoiqeÐ sta 100 Hz, en¸ to Y1 eÐnai to migadikì pl�toc pou antistoiqeÐ

sta 50 Hz! Opìte den isqÔei to �jroisma ginomènwn pou gr�yame mìlic pio p�nw. Prèpei na

up�rqei ��antistoiqÐa�� metaxÔ twn plat¸n, dhl. na anafèrontai stic Ðdiec suqnìthtec, �sqeta

me ton deÐkth k pou èqoun!

'Ara telik� (ouf!...) autì pou prèpei na k�noume eÐnai na pollaplasi�soume ta Xk, Yk twn Ðdiwn

suqnot twn. Sugkekrimèna:

+∞∑
k=−∞

XkY
∗
k = X∗−1Y−2︸ ︷︷ ︸+X∗−2Y−4︸ ︷︷ ︸+X1Y

∗
2︸ ︷︷ ︸+X2Y

∗
4︸ ︷︷ ︸

me to pr¸to �gkistro na deÐqnei ta migadik� pl�th twn −100Hz, to deÔtero twn −200Hz, to

trÐto twn 100Hz kai to tètarto twn 200Hz.

Epeid  ta s mata eÐnai pragmatik�, isqÔei X−k = X∗k , �ra ja eÐnai telik�:

+∞∑
k=−∞

XkY
∗
k = X1Y

∗
2 +X2Y

∗
4 +X1Y

∗
2 +X2Y

∗
4

= ej
π
3 2e−j

π
3 + 2ej

π
4 e−j

π
4 + ej

π
3 2e−j

π
3 + 2ej

π
4 e−j

π
4

= 2 + 2 + 2 + 2 = 8 (3.67)

apotèlesma logikì, giatÐ to olokl rwma duo pragmatik¸n shm�twn de gÐnetai na mac d¸sei

migadikì apotèlesma. An perÐsseue k�poio ejφ, tìte k�poio l�joc ja eÐqame k�nei.

ShmeÐwsh - gia proqwrhmènouc :-) : Autì pou k�name ��siwphr��� parap�nw eÐnai to ex c:

ParathroÔme ìti to x(t) èqei perÐodo T1 = 1
100 = 0.01sec kai to y(t) èqei perÐodo T2 = 1

50 =

0.02sec, dhl. T2 = 2T1. Opìte mporoÔme na ��jewr soume�� (k�pwc teqnik  prosèggish aut )

ìti to x(t) eÐnai periodikì me perÐodo T1 = 0.02sec kai �ra jemeli¸dh suqnìthta f0 = 50Hz.

Opìte oi ��nèec �� armonikèc tou ja eÐnai [±50,±100,±150,±200,±250,±300,±350,±400] Hz,

kai bèbaia sta ±50,±150,±250,±350 Hz ta migadik� pl�th ja eÐnai mhdèn. Opìte gia to x(t)

èqoume touc ��nèouc �� suntelestèc Fourier, X ′k, oi opoÐoi eÐnai:

X ′k = [X ′1, X
′
2, X

′
3, X

′
4, X

′
5, X

′
6, X

′
7, X

′
8] = [0, X1, 0, X2, 0, X3, 0, X4] (3.68)

gia tic suqnìthtec [50, 100, 150, 200, 250, 300, 350, 400].

T¸ra up�rqei antistoiqÐa suqnot twn me to Yk, opìte plèon mporoÔme na qrhsimopoi soume
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ton tÔpo tou Parseval wc:

1

T2

∫ T2

0
x(t)y(t)dt =

+∞∑
k=−∞

X ′kY
∗
k

= X ′−4Y
∗
−4 +X ′−3Y

∗
−3 + ...+X ′3Y

∗
3 +X ′4Y

∗
4

= X
′∗
4 Y4 +X

′∗
3 Y3 + ...+X

′
3Y
∗

3 +X
′
4Y
∗

4

= ... = 8 (3.69)

ìpwc parap�nw.

16. AnaptÔxte se seir� Fourier to periodikì s ma

x(t) = sin(πf0t) (3.70)

to opoÐo èqei perÐodo T0.

LÔsh:

EÐnai

X0 =
1

T0

∫ T0

0
x(t)dt

=
1

T0

∫ T0

0
sin
( π
T0

)
dt

= − 1

T0

T0

π

∫ T0

0

(
cos
(πt
T0

))′
dt

= − 1

π
cos
(πt
T0

)∣∣∣T0

0

=
1

π
+

1

π

=
2

π
. (3.71)
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EpÐshc

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt =

1

T0

∫ T0

0
sin
(πt
T0

)
e−j2πkf0tdt

= − 1

T0

T0

π

∫ T0

0

(
cos
(πt
T0

))′
e−j2πkf0tdt

= − 1

π
cos
(πt
T0

)
e−j2πkf0t

∣∣∣T0

0
+

1

π

∫ T0

0
cos
(πt
T0

)(
e−j2πkf0t

)′
dt

=
1

π
+

1

π
+

1

π
(−j2πkf0)

∫ T0

0
cos
(πt
T0

)
e−j2πkf0tdt

=
2

π
− 2jk

T0

∫ T0

0
cos
(πt
T0

)
e−j2πkf0tdt

=
2

π
− 2jk

T0

∫ T0

0

T0

π

(
sin
(πt
T0

))′
e−k2πkf0tdt

=
2

π
− 2jk

π
sin
(πt
T0

)
e−j2πkf0t

∣∣∣T0

0
+

2jk

T0

T0

π

(
− 2jπk

T0

)∫ T0

0
sin
(πt
T0

)
e−j2πkf0tdt

=
2

π
+

4k2

T0

∫ T0

0
sin
(πt
T0

)
e−j2πkf0tdt

=
2

π
+ 4k2 1

T0

∫ T0

0
sin
(πt
T0

)
e−j2πkf0tdt

=
2

π
+ 4k2Xk ⇐⇒

Xk − 4k2Xk =
2

π

Xk(1− 4k2) =
2

π

Xk =
2

π(1− 4k2)
(3.72)

'Ara ja eÐnai

x(t) =
2

π
+

∞∑
k=∞,k 6=0

2

π(1− 4k2)
ej2πkf0t

=
2

π
+
∞∑
k=1

4

π(1− 4k2)
cos(2πkf0t)

=
2

π
+

4

π

∞∑
k=1

1

(1− 4k2)
cos(2πkf0t) (3.73)
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17. DeÐxte ìti gia pragmatik� s mata isqÔei:

� 'Artio s ma Q 'Artio s ma = 'Artio s ma

� Perittì s ma Q Perittì s ma = 'Artio s ma

� 'Artio s ma Q Perittì s ma = Perittì s ma

LÔsh:

� {
An x(t) �rtio ⇔ x(t) = x(−t)
An y(t) �rtio ⇔ y(t) = y(−t)

}
=⇒ x(t)y(t) = x(−t)y(−t) =⇒ z(t) = z(−t)

(3.74)

pou dhl¸nei ìti to z(t) eÐnai �rtio.

� {
An x(t) perittì ⇔ x(t) = −x(−t)
An y(t) perittì ⇔ y(t) = −y(−t)

}
=⇒ x(t)y(t) = x(−t)y(−t) =⇒ z(t) = z(−t)

(3.75)

pou dhl¸nei ìti to z(t) eÐnai �rtio.

� {
An x(t) �rtio ⇔ x(t) = x(−t)

An y(t) perittì ⇔ y(t) = −y(−t)

}
=⇒ x(t)y(t) = −x(−t)y(−t) =⇒ z(t) = −z(−t)

(3.76)

pou dhl¸nei ìti to z(t) eÐnai perittì.

18. UpologÐste to olokl rwma ∫ 2π

0
sin10(t)dt

qrhsimopoi¸ntac to je¸rhma tou Parseval.

LÔsh:

To je¸rhma tou Parseval sunoyÐzetai sthn exÐswsh

1

T0

∫ T0

0
x2(t)dt = X2

0 +

∞∑
k=−∞

|Xk|2 = A2
0 +

∞∑
k=1

A2
k

2

h opoÐa perilamb�nei kai th monìpleurh kai th dÐpleurh (ekjetik ) anapar�stash thc seir�c

Fourier.
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AnalÔoume to s ma se seir� Fourier:

x(t) = sin5(t) =
(ejt − e−jt

2j

)5
=

(ejt − e−jt)5

32j
(3.77)

Qrhsimopoi¸ntac ton tÔpo tou Newton,

(a+ b)n = an + nan−1b+
n(n− 1)

2!
an−2b2 + · · ·+ nabn−1 + bn (3.78)

h sqèsh (3.77) gr�fetai:

x(t) =
1

32j
(ej5t − 5ej4te−jt + 10ej3te−j2t − 10ej2te−j3t + 5ejte−j4t − e−j5t)

=
1

32j
(ej5t − e−j5t − 5ej3t + 5e−j3t + 10ejt − 10e−jt)

=
1

32j
(2j sin(5t)− 10j sin(3t) + 20j sin(t))

=
1

16
sin(5t)− 5

16
sin(3t) +

5

8
sin(t)

Opìte sÔmfwna me ta parap�nw

1

2π

∫ 2π

0

(
sin5(t)

)2
dt =

126

512
⇒
∫ 2π

0

(
sin5(t)

)2
dt = 2π

126

512
(3.79)

pou eÐnai kai to zhtoÔmeno.

19. 'Estw to periodikì s ma x(t) pou orÐzetai se mia perÐodo −T0/2 ≤ t ≤ T0/2

wc:

x(t) =

{
1, |t| ≤ tc
0, tc < |t| ≤ T0/2

me tc < T0/2. AnaptÔxte to se seir� Fourier, gia tc = T0/4 kai tc = T0/10.

LÔsh:

Ja anaptÔxoume to periodikì s ma se seir� Fourier qwrÐc antikat�stash thc tc, h opoÐa ja

gÐnei sto tèloc. EÐnai:

X0 =
1

T0

∫ T0

0
x(t)dt =

1

T0

∫ tc

−tc
1dt =

1

T0
t
∣∣∣tc
−tc

=
1

T0
(tc + tc) =

2tc
T0

(3.80)
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kai

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt

=
1

T0

∫ tc

−tc
e−j2πkf0tdt

=
1

T0

1

−j2πkf0
e−j2πkf0t

∣∣∣tc
−tc

= − 1

j2πk

(
e−j2πkf0tc − ej2πkf0tc

)
=

1

j2πk
2j sin(2πkf0tc)

=
sin(2πkf0tc)

πk
(3.81)

� Gia tc = T0
4 , èqoume

X0 =
2T0/4

T0
=

1

2
(3.82)

Xk =
sin(2πkf0T0/4)

πk
=

sin(πk/2)

πk
=

1

2
sinc(k/2) (3.83)

� Gia tc = T0
10 , èqoume

X0 =
2T0/10

T0
=

1

5
(3.84)

Xk =
sin(2πkf0T0/10)

πk
=

sin(πk/5)

πk
=

1

5
sinc(k/5) (3.85)



Kef�laio 4

O Metasqhmatismìc Fourier

4.1 O metasq. Fourier diaisjhtik�

Wc t¸ra èqoume dei ìti èna periodikì s ma analÔetai se èna �jroisma �peirwn sunhmitìnwn me

suqnìthtec akèraiec pollapl�siec miac jemeli¸douc. Aut  h an�lush onom�sthke An�lush se Seirèc

Fourier. O metasq. Fourier orÐzetai eÔkola wc h epèktash twn seir¸n Fourier, ìtan h perÐodoc tou

s matoc teÐnei sto �peiro, ìtan dhlad  to s ma plhsi�zei sto na MHN eÐnai pia periodikì. 'Ara afor�

kurÐwc MH periodik� s mata. Tìte ta Xk paÔoun na orÐzontai gia akèraia k kai gia sugkekrimènec

suqnìthtec kf0, kai orÐzontai plèon gia k�je suqnìthta f , se èna suneqèc f�sma X(f). Gia thn

tupik  apìdeixh, deÐte tic shmei¸seic sac. Diaisjhtik�, mporoÔme na ��apodeÐxoume�� aut  th sqèsh wc

ex c. DeÐte to sq ma 4.1. Sto p�nw tm ma, blèpoume to f�sma pl�touc enìc periodikoÔ s matoc, pou

Sq ma 4.1: Diaisjhtik  apìdeixh thc sqèshc metaxÔ twn seir¸n Fourier kai tou metasq. Fourier.

èqei perÐodo T = 1. Blèpete pwc oi fasmatikèc grammèc eÐnai sqetik� araièc (eÐnai oi k�jetec grammèc
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me ta kukl�kia sthn koruf ). H jemeli¸dhc suqnìthta eÐnai f0 = 1/T = 1/1 = 1 kai ta pollapl�si�

thc brÐskontai stic jèseic kf0 = k, k ∈ Z. H diakekommènh gramm  lègetai fasmatik  perib�llousa,

kai apl� ja mac bohj sei optik� gia th sÔgkrish me to k�tw tm ma tou sq matoc. DeÐte t¸ra to

k�tw tm ma tou sq matoc 4.1. Blèpete pwc an megal¸soume thn perÐodo, kai gÐnei T = 5, tìte h

jemeli¸dhc suqnìthta gÐnetai f0 = 1/T = 1/5 = 0.2 kai eÐnai pio mikr , kai �ra kai ta pollapl�si�

thc, kf0 = 0.2k, k ∈ Z, ja eÐnai pio kont� to èna me to �llo. Autì faÐnetai xek�jara sto f�sma

pl�touc. Oi fasmatikèc grammèc eÐnai polÔ pio kont� ap' ìti prin. SkefteÐte na epanalamb�noume

sunèqeia aut  th diadikasÐa gia ìlo kai pio meg�lec periìdouc T . H jemeli¸dhc suqnìthta f0 gÐnetai

suneq¸c ìlo kai pio mikr , kai oi fasmatikèc grammèc èrqontai ìlo kai pio kont�, kaj¸c ta kf0 eÐnai

ìlo pio kont� to èna sto �llo. 'Otan to T gÐnei polÔ polÔ polu meg�lo, kai teÐnei proc to +∞ �

dhl. to s ma DEN jewreÐtai pia periodikì � tìte to f0 ja gÐnei apeirost� mikrì, kai ta pollapl�si�

tou, kf0 ja eÐnai tìso kont� to èna me to �llo pou de ja orÐzoun pia diakritèc timèc, all� èna suneq 

�xona tou f ! 'Etsi, oi fasmatikèc grammèc ja eÐnai apeirost� kont� metaxÔ touc, tìso kont� pou

plèon de ja eÐnai fasmatikèc grammèc, all� ja orÐzoun mia suneq  sun�rthsh X(f)! ?-) Aut  eÐnai h

diaisjhtik  prosèggish thc sqèshc metasq. Fourier kai thc seir�c Fourier...

Sq ma 4.2: BasisteÐte sth diaÐsjhs  sac!!
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4.2 O metasq. Fourier

Ac jumhjoÔme ton orismì:

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt (4.1)

kai ton antÐstrofo metasq. Fourier

x(t) =

∫ ∞
−∞

X(f)ej2πftdf (4.2)

H sqèsh (4.1) mac analÔei èna mh periodikì s ma se èna suneqèc f�sma X(f), en¸ h sqèsh (4.2) mac

sunjètei to s ma x(t) me èna suneqèc �jroisma ekjetik¸n shm�twn, pou èqei b�roc X(f).

H omoiìthta me tic seirèc Fourier eÐnai, ìpwc eÐdame, arket� meg�lh. 'Opwc, gia pragmatik� periodik�

shmata, duo ekjetik� stic suqnìthtec ±kf0 dÐnoun èna sunhmÐtono suqnìthtac kf0, autì sumbaÐnei

kai ed¸. 'Estw mia apeirost� mikr  suqnìthta ∆f tou suneqoÔc f�smatoc tou s matoc. Epeid 

analÔoume pragmatik� s mata, ja up�rqei kai h antÐstoiqh suqnìthta −∆f kai to pl�toc kajemi�c

ja eÐnai X(∆f) kai X∗(∆f) antÐstoiqa, lìgw twn gnwst¸n idiot twn gia ta pragmatik� s mata. 'Ara

prosjètont�c ta, ìpwc epit�ssei to olokl rwma, ja èqoume:

X(∆f)ej2π∆ft +X∗(∆f)e−j2π∆ft = |X(∆f)|ejφ∆f ej2π∆ft + (|X(∆f)|ejφ∆f )∗e−j2π∆ft

= |X(∆f)|ejφ∆f ej2π∆ft + |X(∆f)|e−jφ∆f e−j2π∆ft

= |X(∆f)|ej(2π∆ft+φ∆f ) + |X(∆f)|e−j(2π∆ft+φ∆f )

= 2|X(∆f)| cos(2π∆ft+ φ∆f ) (4.3)

To f�sma perièqei ènan �peiro arijmì apì tètoia hmÐtona, stajeroÔ pl�touc 2|X(∆f)|. 'Etsi, KAI

o metasqhmatismìc Fourier analÔei èna s ma se hmÐtona sthn pragmatikìthta! Apl� mia tètoia an�-

lush ìpwc th deÐxame mìlic den èqei praktik  shmasÐa, par� mìno gia thn kalÔterh katanìhsh tou

metasqhmatismoÔ.

4.2.1 'Uparxh tou metasq. Fourier

'Opwc proeÐpame, o metasq. Fourier efarmìzetai kurÐwc se MH periodik� s mata. Gia na up�rqei

o metasq. Fourier, prèpei to s ma pou analÔoume na eÐnai apolÔtwc oloklhr¸simo, dhl. na isqÔei∫ ∞
−∞
|x(t)|dt <∞ (4.4)

Autì praktik� shmaÐnei ìti to embadì pou perikleÐetai apì ton �xona t′t kai to s ma mac prèpei na

eÐnai peperasmèno. Gia par�deigma, to s ma x(t) = eαt, α ∈ <, DEN èqei metasqhmatismì Fourier

giatÐ den eÐnai apolÔtwc oloklhr¸simo. To Ðdio kai to x(t) = eαtu(t), α ∈ <+, ìpou u(t) h bhmatik 
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sun�rthsh. 'Omwc, to s ma x(t) = eαtu(t), α ∈ <− eÐnai apolÔtwc oloklhr¸simo, �ra o metasq.

Fourier up�rqei. Autì den eÐnai tuqaÐo. Ta duo pr¸ta s mata eÐnai s mata isqÔoc, kai gia aut� ta

s mata, o metasq. Fourier den up�rqei mèsw tou oloklhr¸matoc Fourier, giatÐ to olokl rwma (4.1)

de sugklÐnei. O lìgoc eÐnai ìti ta s mata aut� den eÐnai apolÔtwc oloklhr¸sima, dhl. h sqèsh (4.4)

den isqÔei. Autì de shmaÐnei ìti den èqoun metasq. Fourier, ISWS èqoun all� den upologÐzetai mèsw

tou oloklhr¸matoc autoÔ - perissìtera ja deÐte parak�tw. AntÐjeta, to trÐto s ma EINAI apolÔtwc

oloklhr¸simo, kai �ra èqei metasq. Fourier.

Ac xekin soume k�poiec parathr seic...

1. 'Eqoume mil sei gia ta s mata isqÔoc, pou eÐnai �peira se di�rkeia, ki èqoun peperasmènh isqÔ

kai �peirh enèrgeia. Ston antÐpoda, up�rqoun ta s mata enèrgeiac, pou èqoun peperasmènh

enèrgeia kai mhdenik  isqÔ. JumÐzoume oti s mata enèrgeiac eÐnai ta s mata gia ta opoÐa isqÔei∫ ∞
−∞
|x(t)|2dt <∞, (4.5)

mia sqèsh pou moi�zei me th sqèsh (4.4) all� ìqi akrib¸c. Ta s mata enèrgeiac èqoun PANTA

metasqhmatismì Fourier. 'Enac gr goroc trìpoc gia na deÐte an èna s ma èqei metasqhmatismì

Fourier eÐnai na deÐte th grafik  par�stas  tou. An to embadì metaxÔ tou s matoc kai tou

orizìntiou �xona eÐnai peperasmèno, tìte up�rqei o metasqhmatismìc Fourier tou kai mporeÐte

na ton upologÐsete me ton orismì.

2. GnwrÐzete ìti

x(t) = Arect(t/T )←→ X(f) = ATsinc(fT ) (4.6)

kai

y(t) = Atri(t/T )←→ Y (f) = ATsinc2(fT ) (4.7)

me

sinc(x) =
sin(πx)

πx
. (4.8)

PolÔ gnwst� kai polÔ qr sima zeug�ria metasq. Fourier. Parathr ste ìti to sinc(fT ) mhde-

nÐzetai stic jèseic f = ± k
T , k ∈ Z. To X(f) eÐnai en gènei migadik  sun�rthsh, �ra ki aut 

mporeÐ na grafeÐ sth morf  mètro-f�sh:

X(f) = |X(f)|ej∠X(f) (4.9)

ìpou to |X(f)| eÐnai p�nta jetikì kai lègetai mètro kai to ∠X(f) lègetai f�sh tou metasq.

Fourier, antÐstoiqa. Gia ta paradeÐgmat� mac, eÐnai

|X(f)| = |sinc(fT )|, |Y (f)| = sinc2(fT ) (4.10)
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kai

∠X(f) =


π, 1+l

T ≤ f <
2+l
T ,

−π, −2+l
T ≤ f < −

1+l
T ,

0, l
T ≤ |f | <

l+1
T

(4.11)

me l = 0, 2, 4, · · · , kai
∠Y (f) = 0. (4.12)

Gia na exhg soume lÐgo tic timèc thc f�shc t¸ra (mhn trom�zete, aut� ta perÐerga diast mata

Sq ma 4.3: (a) S ma tetragwnikoÔ parajÔrou (b) Metasq. Fourier

gia thn f eÐnai apl� ta diast mata pou orÐzoun oi kìkkinec telÐtsec sto sq ma 4.3)... Profan¸c,

epeid  to Y (f) eÐnai mìnima jetikì, gia k�je f , gi' autì kai h f�sh tou eÐnai p�nta mhdèn.

AntÐjeta, to X(f) eÐnai se k�poia diast mata jetikì kai se k�poia arnhtikì. DeÐte to sq ma

4.3. EkeÐ pou to X(f) eÐnai jetikì, h f�sh eÐnai mhdèn. EkeÐ pou eÐnai arnhtikì, èqoume duo

peript¸seic:

� an briskìmaste se jetikèc suqnìthtec, tìte èqoume ìti

X(f) = −sinc(fT ) = sinc(fT )ejπ,
1 + l

T
≤ f < 2 + l

T
. (4.13)
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'Ara h f�sh eÐnai ∠X(f) = π se aut� ta diast mata.

� an briskìmaste se arnhtikèc suqnìthtec, tìte èqoume ìti

X(f) = −sinc(fT ) = sinc(fT )e−jπ, −2 + l

T
≤ f < −1 + l

T
. (4.14)

'Ara h f�sh eÐnai ∠X(f) = −π se aut� ta diast mata.

3. AxÐzei na anafèroume ìti ki ed¸ isqÔei h idèa thc probol c pou eÐdame stic seirèc Fourier. Mìno

pou ed¸ den prob�lloume to s ma se ekjetik� sugkekrimènwn suqnot twn kf0, all� se OLA

ta ekjetik�, ìlwn twn suqnot twn!

4. Ac upologÐsoume to metasq. Fourier enìc �llou sun jouc s matoc enèrgeiac, tou x(t) =

eatu(t), a < 0. EÐnai:

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ ∞
0

e(a−j2πf)tdt

=
1

a− j2πf
e(a−j2πf)t

∣∣∣∞
0

=
1

a− j2πf

(
lim

t→+∞
e(a−j2πf)t − 1

)
(4.15)

Ed¸ t¸ra prèpei na stamat soume. Gia na mhn apoklÐnei autì to ìrio sto ∞, ja prèpei to

ìrisma tou ekjetikoÔ na eÐnai arnhtikì, ¸ste to ìrio na teÐnei sto mhdèn. Gia na isqÔei autì,

ja prèpei na isqÔei a − j2πf < 0. 'Ena leptì ìmwc. To a − j2πf eÐnai migadikìc arijmìc.

Wc gnwstìn, oi migadikoÐ arijmoÐ DEN èqoun di�taxh, �ra to na poÔme ìti prèpei na isqÔei

a− j2πf < 0 eÐnai �neu no matoc, eÐnai olìtela l�joc! :-) 'Ara ti k�noume?

Ja ekmetalleutoÔme èna gnwstì l mma thc Migadik c An�lushc (mhn trom�zete, eÐnai eÔkolo,

ja to xanadeÐte kai parak�tw, sto metasq. Laplace), pou lèei ìti

e�n limt→+∞ f(t) = 0 kai g(t) eÐnai kat' apìluth tim  fragmènh, tìte

limt→+∞ f(t)g(t) = 0.

Gia na doÔme an mporoÔme kat' arq�c na to deÐxoume autì gia to s ma mac. MporoÔme na

gr�youme to s ma mac wc ginìmeno miac fragmènhc kai miac sun�rthshc pou sugklÐnei sto

mhdèn? EÐnai:

e(a−j2πf)t = eate−j2πft = f(t)g(t) (4.16)

'Omwc

|e−j2πft| =
√

cos2(2πft) + sin2(2πft) =
√

1 = 1, (4.17)

gia k�je f, t. Opìte na h fragmènh mac sun�rthsh, h g(t) = e−j2πft. 'Ara arkeÐ na doÔme pìte

isqÔei ìti

lim
t→+∞

f(t) = lim
t→+∞

eat = 0 (4.18)

kai met� mporoÔme na suneqÐsoume th lÔsh thc �skhs c mac. Ed¸ plèon, ston ekjèth mac

èqoume pragmatikì arijmì, �ra xèroume ìti h sun�rthsh eat fjÐnei sto 0 ìtan t→ +∞, mìno
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an a < 0, pou isqÔei apì upìjesh (ki an den Ðsque, ja to b�zame me to zìri gia na sugklÐnei

to olokl rwma :-) ). Ac oloklhr¸soume th lÔsh mac.

X(f) =
1

a− j2πf

(
lim

t→+∞
e(a−j2πf)t − 1

)
=

1

a− j2πf

(
0− 1

)
=

1

j2πf − a
, a < 0 (4.19)

'Ara o metasq. Fourier tou s matoc x(t) = eatu(t), a < 0, eÐnai

x(t) = eatu(t), a < 0⇐⇒ X(f) =
1

j2πf − a
(4.20)

4.2.2 Metasq. Fourier kai S mata IsqÔoc

'Omwc, emeÐc epeid  eÐmaste perÐergoi :-) , jèloume na mporoÔme na brÐskoume ton metasq. Fourier

kai gia s mata isqÔoc, ìqi mìno enèrgeiac. Ac prospaj soume na efarmìsoume ton orismì tou metasq.

Fourier se èna s ma isqÔoc ìpwc to x(t) = cos(2πf0t).

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ ∞
−∞

cos(2πf0t)e
−j2πftdt =

∫ ∞
−∞

ej2πf0t + e−j2πf0t

2
e−j2πftdt

=
1

2

∫ ∞
−∞

e−j2π(f−f0)tdt+
1

2

∫ ∞
−∞

e−j2π(f+f0)tdt =

=
1

2

1

(−j2π(f − f0))
e−j2π(f−f0)t

∣∣∣∞
−∞

+
1

2

1

(−j2π(f + f0))
e−j2π(f+f0)t

∣∣∣∞
−∞

(4.21)

Gia na mporèsoume na suneqÐsoume apì dw kai pèra, kai na upologÐsoume tic timèc twn oloklhrwm�twn,

prèpei na jèsoume periorismoÔc sta f − f0, f + f0, ¸ste ta oloklhr¸mata na mhn apoklÐnoun sto

±∞. Sugkekrimèna, prèpei na jewr soume ìti f − f0 > 0 ⇔ f > f0 gia to pr¸to olokl rwma kai

f + f0 > 0 ⇔ f > −f0 gia to deÔtero olokl rwma, ìtan t = ∞. AntÐstrofa gia ìtan t = −∞.

Autì ìmwc den epitrèpetai! O metasq. Fourier prèpei na orÐzetai gia k�je tim  tou f ! 'Ara o orismìc

apotugq�nei. Ti k�noume tìte? Tìte mpaÐnei sto paiqnÐdi h perÐfhmh sun�rthsh Dèlta, δ(t). Aut 

h sun�rthsh eÐnai perÐergo pr�gma, majhmatikoeidèc apì ta lÐga! :-) H sun�rthsh Dèlta den eÐnai

akrib¸c sun�rthsh all� katanom ,   alli¸c genikeumènh sun�rthsh, opìte de sumperifèretai ìpwc

oi gnwstèc mac sunart seic. H sun�rthsh Dèlta ikanopoieÐ tic parak�tw idiìthtec:

δ(t) = 0, t 6= 0 (4.22)∫ ∞
−∞

δ(t)dt = 1 (4.23)

Autèc shmaÐnoun ìti mporeÐte na fantasteÐte th sun�rthsh Dèlta san èna polÔ polÔ leptì tetragw-

nikì palmì,
1

ε
rect

( t
ε

)
(4.24)

ìpou to ε, dhl. to eÔroc tou palmoÔ, teÐnei sto 0, opìte to pl�toc tou palmoÔ, 1
ε teÐnei sto �peiro.

DeÐte to sq ma 4.4aþ. O sunduasmìc aut¸n twn duo krat�ei ìmwc to sunolikì embadìn thc sun�r-
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(aþ) Prosèggish δ(t)apì tetragwnikì palmì (bþ) Prosèggish δ(t) apì Gkaousian  sun�rthsh

Sq ma 4.4: ProseggÐseic thc sun�rthshc Dèlta

thshc Dèlta stajerì kai Ðso me th mon�da, ìpwc mac lèei h sqèsh 4.23. PolÔ diaisjhtik  aut  h

perigraf  ìmwc, mìno gia touc skopoÔc tou maj matoc! :-) O tetragwnikìc palmìc den eÐnai h mình

��fusiologik �� sun�rthsh pou proseggÐzei th sun�rthsh Dèlta. Up�rqoun ki �llec, gia par�deigma

h sun�rthsh

x(t) =
1

4aπ
e
−x2

4a (4.25)

h opoÐa faÐnetai sto sq ma 4.4bþ kai sto opoÐo blèpete ìti ìso a→ 0, tìso h sun�rthsh proseggÐzei

th sun�rthsh Dèlta. EpÐshc, kai h gnwst  mac sun�rthsh sinc, pou faÐnetai sto sq ma 4.3b', mporeÐ

na proseggÐzei polÔ kal� th sun�rthsh Dèlta. Genik�, ìpoia sun�rthsh ikanopoieÐ tic sqèseic 4.23

kai 4.22, tìte eÐnai kai aut  mia sun�rthsh Dèlta! :-) Epeid , ìpwc blèpete, h genikìterh sumperifor�

twn genikeumènwn sunart sewn eÐnai èxw apì touc skopoÔc twn shmei¸sewn kai tou maj matoc, mac

arkeÐ na qrhsimopoioÔme mìno tic idiìthtèc thc. EpÐshc, h sun�rthsh Dèlta qrhsimopoieÐtai ìpote

jèloume na orÐsoume sunart seic pou èqoun tim  MONO se shmeÐa, kai pantoÔ alloÔ eÐnai mhdèn.

Gia par�deigma, to s ma

x(t) =


2, t = 0,

−1, t = 2,

3, t = 5

0, elsewhere

(4.26)

mporeÐ na grafeÐ ¸c

x(t) = 2δ(t)− δ(t− 2) + 3δ(t− 5) (4.27)

Me qr sh tou metasq. Fourier thc sun�rthshc Dèlta, o opoÐoc eÐnai

δ(t− t0)←→ e−j2πft0 (4.28)
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mporoÔme na broÔme to metasqhmatismì Fourier thc parap�nw sun�rthshc, kai o opoÐoc eÐnai

X(f) = 2− e−j2π2f + 3e−j2π5f (4.29)

Epanerqìmenoi sto par�deigm� mac me to x(t) = cos(2πf0t), o metasq. Fourier tou ja eÐnai

X(f) = F{1

2
ej2πf0t}+ F{1

2
e−j2πf0t} =

1

2
δ(f − f0) +

1

2
δ(f + f0) (4.30)

Up�rqoun qarakthristikèc idiìthtèc thc sth bibliografÐa, pou mac dieukolÔnoun polÔ sth qr sh thc.

Oi shmantikìterec apì autèc eÐnai oi parak�tw:

x(t− t0) ∗ δ(t− t1) = x(t− t0 − t1) (4.31)

x(t− t0)δ(t− t1) = x(t0 + t1)δ(t− t1) (4.32)∫ ∞
−∞

x(t)δ(t)dt = x(0)

∫ ∞
−∞

δ(t)dt = x(0) (4.33)∫ ∞
−∞

x(t)δ(t− t0)dt = x(t0) (4.34)

ìpou ∗ dhl¸nei thn pr�xh thc sunèlixhc.

EpÐshc, up�rqoun �llec teqnikèc gia ton upologismì tou metasq. Fourier shm�twn isqÔoc. Gia

par�deigma, èna s ma isqÔoc x̂(t) mporeÐ na grafeÐ wc �jroisma thc mèshc tim c tou kai enìc s matoc

pou èqei mhdenik  mèsh tim , dhl.

x̂(t) = x0 + xz(t) (4.35)

ìpou x0 eÐnai h mèsh tim  tou s matoc kai xz(t) to tm ma tou s matoc me th mhdenik  mèsh tim .

Profan¸c, o metasq. Fourier tou ja eÐnai:

X̂(f) = x0δ(f) + F{xz(t)} (4.36)

ArkeÐ na broÔme to metasq.Fourier tou xz(t). Gia par�deigma, h gnwst  bhmatik  sun�rthsh x(t) =

u(t) den èqei mhdenik  mèsh tim . MporeÐ ìmwc na grafeÐ ìpwc parap�nw wc:

x(t) =
1

2
+

1

2
sgn(t) (4.37)

ìpou sgn(t) eÐnai h sun�rthsh pros mou

sgn(t) =

{
1, t > 0,

−1, t < 0,
(4.38)

H sun�rthsh pros mou faÐnetai sto sq ma 4.5. Profan¸c xz(t) = 1
2sgn(t) kai x0 = 1

2 . ArkeÐ

na broÔme to metasq. Fourier thc sun�rthshc pros mou. An qrhsimopoi soume thn idiìthta thc
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Sq ma 4.5: S ma pros mou sgn(t)

parag¸gishc gia to metasq.Fourier, h opoÐa upenjumÐzetai ìti eÐnai h

F{dx(t)

dt
} = j2πfX(f) (4.39)

ja èqoume ìti:

Xz(f) =
1

j2πf
F{dxz(t)

dt
} =

1

j2πf
F{2δ(t)} ←→ Xz(f) =

2

j2πf
=

1

jπf
(4.40)

Opìte telik� h bhmatik  sun�rthsh èqei metasq. Fourier

X̂(f) =
1

2
δ(f) +

1

2

1

jπf
(4.41)

Fusik� h parap�nw an�lush gia ta s mata isqÔoc èqei nìhma ìtan h mèsh tim  tou s matoc eÐnai

MH mhdenik . Gia par�deigma, to s ma isqÔoc

x(t) = e2tu(t) (4.42)

DEN èqei mèsh tim , kaj¸c aux�nei sto ∞ ìso t→∞. 'Ena kalì krit rio � all� ìqi kai anagkaÐo

� gia thn Ôparxh tou metasq. Fourier enìc s matoc isqÔoc eÐnai to na eÐnai fragmèno, dhl.

|x(t)| < M, M <∞ (4.43)

ìpwc gia par�deigma ta

x(t) = cos(t), y(t) = sin(t), z(t) = u(t), w(t) = sgn(t) (4.44)

kai �lla pou ikanopoioÔn th sqèsh 4.43.

To foberì thc upìjeshc eÐnai ìti par' ìla ta ��kìlpa�� pou mporoÔme na efarmìsoume gia na broÔme

to metasq. Fourier shm�twn isqÔoc, autìc mporeÐ na MHN up�rqei! :-R Den eÐnai sÐgouro dhlad  ìti

èna s ma isqÔoc èqei s¸nei kai kal� metasq. Fourier, ìsec teqnikèc ki an qrhsimopoi soume (bèbaia
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tètoia s mata sun jwc èqoun el�qisto praktikì endiafèron kai de mac apasqoloÔn). Opìte tÐjetai

to prìblhma tou ti mporoÔme na k�noume gia na melet soume to suqnotikì perieqìmeno tètoiwn sh-

m�twn. H ap�nthsh eÐnai ìti meletoÔme to metasq. Fourier thc autosusqètishc tou s matoc, all� de

ja epektajoÔme perissìtero...

Sthn arq  tou kefalaÐou, orÐsame diaisjhtik� to metasq. Fourier wc mia genÐkeush twn seir¸n

Fourier, ìtan h perÐodoc èteine sto ∞. EÐdame tìte ìti oi fasmatikèc grammèc èrqontan ìlo kai pio

kont�, me apotèlesma na mhn èqoume telik� èna diakritì f�sma Xk all� èna suneqèc f�sma X(f).

EÐmai sÐgouroc :-R ìti polloÐ èqete anarwthjeÐ an mporoÔme na p�me antÐstrofa! Dhl. an mporoÔme

na ��arai¸soume�� tic fasmatikèc grammèc, kai na epistrèyoume apì to metasq. Fourier stic seirèc

Fourier. H ap�nthsh eÐnai èna meg�lo NAI! :-) Mìno pou den ��arai¸noume�� tic fasmatikèc grammèc,

apl� dialègoume apì to suneqèc f�sma autèc tic grammèc pou antapokrÐnontai sth seir� Fourier!

P¸c? Apl� paÐrnontac timèc thc X(f) an� diast mata k/T0, ìpou T0 h perÐodoc tou periodikoÔ

s matoc!!! :-) Me lÐga majhmatik�,

Xk =
1

T0
X(f)

∣∣∣
f= k

T0

(4.45)

'Etsi loipìn, èqoume �llo èna ergaleÐo upologismoÔ twn seir¸n Fourier, mèsw tou metasqhmatismoÔ.

UpologÐzoume to metasq. Fourier MIAS periìdou tou s matoc, kai met� ton deigmatolhptoÔme an�

akèraia pollapl�sia tou 1
T0
, dhl. tou f0! :-) 'Ena polÔ endiafèron stoiqeÐo eÐnai ìti, ìpwc blèpete,

to T0 mporeÐ na eÐnai OPOIADHPOTE perÐodoc! Me �lla lìgia, mporoÔme apì to f�sma tou meta-

sq. Fourier, na broÔme touc suntelestèc Fourier gia opoiad pote perÐodo tou antÐstoiqou periodikoÔ

s matoc! Autì pou sumbaÐnei eÐnai ìti apl� deigmatolhptoÔme se diaforetikèc apost�seic to f�sma

tou metasqhmatismoÔ Fourier! ?-)

Tèloc, èna shmantikì, ìso kai axiojaÔmasto, stoiqeÐo pou axÐzei na anaferjeÐ eÐnai to ex c:

tìso stic seirèc Fourier, ìso kai sto metasq. Fourier, èna opoiod pote s ma x(t) anaparÐstatai ( 

alli¸c, mporeÐ na suntejeÐ) apì migadik� ekjetik�, pou sthn perÐptwsh twn pragmatik¸n shm�twn

eÐnai sunhmÐtona (eÐdame ìti o metasq. Fourier sqetÐzetai sten� me tic seirèc Fourier). 'Wc gnwstìn, ta

sunhmÐtona èqoun �peirh di�rkeia. SkefteÐte to lÐgo: èna mh periodikì s ma pou eÐnai, gia par�deigma,

mh mhdenikì se ena di�sthma [a, b] kai mhdèn pantoÔ alloÔ, mporeÐ na anaparastajeÐ AKRIBWS wc

èna �jroisma �peirwn se di�rkeia sunhmitìnwn! To f�sma X(f) perièqei �peira migadik� ekjetik�

(  sunhmÐtona) pou xekinoÔn apì to −∞ kai diarkoÔn gia p�nta. Ta pl�th kai oi f�seic aut¸n twn

sunistws¸n eÐnai tètoia ¸ste otan ta prosjèsoume, paÐrnoume AKRIBWS to s ma x(t) sto di�sthma

[a, b], en¸ èxw apì auto, oi sunist¸sec autèc ajroÐzontai sto mhdèn!!!! An ��paÐzame�� me pl�th kai

f�seic �peirou arijmoÔ sunhmitìnwn gia na petÔqoume mia tìso tèleia, akrib c, kai lept  isorropÐa

metaxÔ touc ¸ste na anakataskeu�zoume akrib¸c to s ma mac, ja  tan af�ntasta dÔskolo � pijan¸c

adÔnato � na ta katafèroume! Ki omwc, o metasq. Fourier (ìpwc kai oi seirèc Fourier) to petuqaÐnei

me meg�lh eukolÐa, qwrÐc poll  skèyh apì mèrouc mac. Merikèc forèc, mac aporrofoÔn tìso ta
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majhmatik� pou xeqn�me na prosèxoume merikèc tètoiec, ìmorfec, kai jaumastèc leptomèreiec...

4.2.3 Idiìthtec kai zeÔgh metasq. Fourier

Up�rqoun pollèc idiìthtec tou metasq. Fourier pou sac bohjoÔn na paraleÐyete ton orismì.

Prèpei na tic gnwrÐzete kal� kai na mporeÐte na tic qrhsimopoieÐte me euqèreia. Ston pÐnaka 4.1

apeikonÐzontai oi perissìterec.

Idiìthtec metashmatismoÔ Fourier

Idiìthta S ma Metasqhmatismìc Fourier

x(t) X(f)
y(t) Y (f)

Grammikìthta Ax(t) +By(t) AX(f) +BY (f)

Qronik  metatìpihsh x(t− t0) X(f)e−j2πft0

Metatìpish sth suqnìthta ej2πf0tx(t) X(f − f0)

Suzugèc s ma sto qrìno x∗(t) X(−f)∗

Antistrof  sto qrìno x(−t) X(−f)

St�jmish x(at) 1
|a|X(fa )

Sunèlixh x(t) ∗ y(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ X(f)Y (f)

Duikìthta X(t) x(−f)

Pollaplasiasmìc x(t)y(t) X(f) ∗ Y (f)

Parag¸gish
dx(t)

dt
j2πfX(f)

Olokl rwsh

∫ t

−∞
x(τ)dτ

X(f)

j2πf
+
X(0)δ(f)

2

Suzug c summetrÐa x(t) pragmatikì


X(f) = X(−f)∗,
<{X(f)} = <{X(−f)},
={X(f)} = −={X(−f)},
|X(f)| = |X(−f)|,
∠X(f) = −∠X(−f)

'Artio mèroc xe(t) = Ev{x(t)}, x(t) pragmatikì <{X(f)}
Perittì mèroc xo(t) = Od{x(t)}, x(t) pragmatikì j={X(f)}

Je¸rhma tou Parseval

∫ ∞
−∞
|x(t)|2dt

∫ ∞
−∞
|X(f)|2df

PÐnakac 4.1: PÐnakac Idiot twn tou metasq. Fourier

EpÐshc, o pÐnakac 4.2 deÐqnei merik� gnwst� zeÔgh metasqhmatism¸n pou mporeÐte na qrhsimo-

poieÐte qwrÐc apìdeixh.

4.3 'Omwc...

Qm. PolÔ kal� wc t¸ra. :-) 'Eqoume lÔsei to prìblhma thc mh periodikìthtac, afoÔ opwc

eÐqame pei ìtan meletoÔsame tic seirèc Fourier, èna apì ta probl mat� mac  tan ìti ta s mata pou

up�rqoun sth fÔsh   pou mporoÔme na par�xoume sto ergast rio eÐnai mh periodik�, kai �ra oi seirèc
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Qr sima zeÔgh metashmatismoÔ Fourier

S ma Metasqhmatismìc Fourier
∞∑

k=−∞
Xke

j2πkf0t
∞∑

k=−∞
Xkδ(f − kf0)

ej2πkf0t δ(f − f0)

cos(2πkf0t)
1
2δ(f − f0) + 1

2δ(f + f0)

sin(2πkf0t)
1
2j δ(f − f0)− 1

2j δ(f + f0)

1 δ(f)

Arect
(
t
T

)
ATsinc(fT )

Atri
(
t
T

)
ATsinc2(fT )

∞∑
k=−∞

δ(t− kT )
1

T

∞∑
k=−∞

δ
(
f − k 1

T

)
δ(t) 1

u(t)
1

2
δ(f) +

1

j2πf

e−atu(t), <{a} > 0
1

a+ j2πf

eatu(−t), <{a} > 0
1

a− j2πf
te−atu(t), <{a} > 0

1

(a+ j2πf)2

−teatu(−t), <{a} > 0
1

(a− j2πf)2

tn−1

(n−1)!e
−atu(t), <{a} > 0

1

(a+ j2πf)n

− tn−1

(n−1)!e
atu(−t), <{a} > 0

1

(a− j2πf)n

PÐnakac 4.2: PÐnakac zeug¸n metasq. Fourier

Fourier den eparkoÔsan. Me thn eisagwg  tou metasq. Fourier, lÔsame autì to prìblhma. 'Omwc

mac parousi�sthke èna nèo prìblhma, autì thc mh Ôparxhc tou metasq. Fourier gia orismèna s mata

isqÔoc. Tètoia s mata mporeÐ na antiproswpeÔoun sust mata   kai eisìdouc se sust mata, kai kalì

ja  tan na broÔme ènan trìpo na ta qeirizìmaste. Autì ja mac to prosfèrei o metasq. Laplace, pou

ja doÔme polÔ sÔntoma.
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4.4 Ask seic

1. BreÐte to metasq. Fourier tou parak�tw s matoc

Sq ma 4.6: Sq ma 'Askhshc 3.1

LÔsh:

MporoÔme na sp�soume to s ma se k�poia mikrìtera gnwst� mac s mata. Poi� ja eÐnai aut�?

Ja eÐnai èna tetragwnikì par�juro, di�rkeiac 2T , me kèntro to t0 = 3T , èna trigwnikì par�juro

di�rkeiac 2T , me kèntro to t0 = 3T , kai mia sun�rthsh Dèlta sth jèsh t0 = 6T , ìpwc sto

sq ma 4.7. Gia to pr¸to s ma tou sq matoc 4.7, ja èqoume

Sq ma 4.7: Sq ma 'Askhshc 3.1 - Spasmèno s ma

X1(f) =
A

2
2Tsinc(2fT )e−j2π3Tf

gia to deÔtero, ja eÐnai

X2(f) =
A

2
Tsinc2(fT )e−j2π3Tf

kai gia to trÐto, ja eÐnai

X3(f) =
A

2
e−j2π6Tf

'Ara sunolik� ja eÐnai

X(f) =
A

2
2Tsinc(2fT )e−j2π3Tf +

A

2
Tsinc2(fT )e−j2π3Tf +

A

2
e−j2π6Tf

= AT
(
sinc(2fT ) +

1

2
sinc2(fT ) +

A

2
e−j2π3Tf

)
e−j2π3T (4.46)
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2. BreÐte to metasq. Fourier tou s matoc

x(t) = Arect
( t

2T

)
∗ (δ(t− 5T) + δ(t) + δ(t + 5T))

LÔsh:

Ja qrhsimopoi soume thn idiìthta thc sun�rthshc Dèlta

x(t) ∗ δ(t− t0) = x(t− t0)

'Ara ja èqoume

x(t) = Arect
( t

2T

)
∗ (δ(t− 5T ) + δ(t) + δ(t+ 5T ))

= Arect
( t− 5T

2T

)
+Arect

( t

2T

)
+Arect

( t+ 5T

2T

)
←→

X(f) = 2ATsinc(2fT )e−j2π5Tf + 2ATsinc(2fT ) + 2ATsinc(2fT )ej2π5Tf

= 2ATsinc(2fT )(e−j2π5Tf + 1 + ej2π5Tf )

= 2ATsinc(2fT )(1 + 2 cos(10πfT )) (4.47)

'Enac �lloc trìpoc ja  tan na qrhsimopoi soume thn idiìthta pou lèei sunèlixh sto qrìno ⇔
pollaplasiasmìc sth suqnìthta. Tìte, ja eÐqame

X(f) = F{Arect
( t

2T

)
}F{(δ(t− 5T ) + δ(t) + δ(t+ 5T ))}

= 2ATsinc(2fT )(e−j2π5Tf + 1 + ej2π5Tf )

= 2ATsinc(2fT )(1 + cos(10πfT )) (4.48)

3. Na sqedi�sete to s ma

x(t) = e−α|t|, t ∈ <

me a > 0 kai na upologÐsete to metasq. Fourier tou s matoc. EpÐshc, na u-

pologÐsete to mètro kai th f�sh tou. UpologÐste th mèsh tim  tou s matoc∫ ∞
−∞

x(t)dt

Se poièc suqnìthtec to f�sma pl�touc isoÔtai me to misì thc mèshc tim c

tou s matoc?

LÔsh:
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To s ma mporeÐ na grafeÐ wc

x(t) =

{
e−at, t ≥ 0

eat, t < 0
= e−atu(t) + eatu(−t)

To s ma faÐnetai sto sq ma 4.8 EÐnai

Sq ma 4.8: S ma 'Askhshc 3.3

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ 0

−∞
eate−j2πftdt+

∫ ∞
0

e−ate−j2πftdt

=

∫ 0

−∞
e(a−j2πf)tdt+

∫ ∞
0

e−(a+j2πf)tdt

=
1

a− j2πf
e(a−j2πf)t

∣∣∣0
−∞

+
1

−a− j2πf
e−(a+j2πf)t

∣∣∣∞
0

=
1

a− j2πf
(1− 0) +

1

−a− j2πf
(0− 1) =

2a

a2 + 4π2f2
, a > 0 (4.49)

ParathroÔme ìti to X(f) eÐnai pragmatikì s ma, kai jetikì gia k�je f . 'Ara h f�sh tou eÐnai

φ = 0 kai to mètro tou eÐnai o Ðdioc o metasqhmatismìc Fourier, dhl.

|X(f)| = 2a

a2 + 4π2f2
kai ∠X(f) = 0 (4.50)

EpÐshc

µx =

∫ ∞
−∞

x(t)dt = X(f)
∣∣∣
f=0

= X(0) =
2

a
(4.51)

Jèloume t¸ra na broÔme se poièc suqnìthtec, tèloc, to f�sma pl�touc isoÔtai me to misì thc

mèshc tim c tou s matoc. LÔnontac apl� thn exÐswsh, èqoume

|X(f)| =
2
a

2
=

1

a
⇔ 2a

a2 + 4π2f2
=

1

a

⇔ 4π2f2 = a2

⇔ f = ± a

2π
(4.52)

4. Na brejeÐ o metasq. Fourier tou s matoc pou faÐnetai sto sq ma 4.9
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Sq ma 4.9: Sq ma 'Askhshc 3.4

LÔsh:

Gia thn eÔresh tou metasq. Fourier tou s matoc x(t) pou apeikonÐzetai sto sq ma, mporoÔme

na efarmìsoume polloÔc trìpouc. Ac doÔme merikoÔc...

(aþ) Me ton orismì:

X(f) =

∫ ∞
−∞

x(t)e−2πftdt

=

∫ 2

1
1e−j2πftdt+

∫ 3

2

3

2
e−j2πftdt+

∫ 4

3
1e−j2πftdt

= − 1

j2πf
e−j2πft

∣∣∣2
1
− 3

2

1

j2πf
e−j2πft

∣∣∣3
2
− 1

j2πf
e−j2πft

∣∣∣4
3

=
1

−j2πf
e−j4πf − 1

−j2πf
e−j2πf︸ ︷︷ ︸+

1

−j2πf
3

2
e−j6πf − 1

−j2πf
3

2
e−j4πf︸ ︷︷ ︸+

+
1

−j2πf
e−j4πf − 1

−j2πf
e−j6πf︸ ︷︷ ︸

=
1

−j2πf
e−j3πf (e−jπf − ejπf ) +

3

2

1

−j2πf
e−j5πf (e−jπf − ejπf ) +

+
1

−j2πf
e−j7πf (e−jπf − ejπf )

=
1

−j2πf
e−j3πf (−2j sin(πf)) +

3

2

1

−j2πf
e−j5πf (−2j sin(πf)) +

1

−j2πf
e−j7πf (−2j sin(πf))

=
sin(πf)

πf
e−j3πf +

3

2

sin(πf)

πf
e−j5πf +

sin(πf)

πf
e−j7πf

= sinc(f)
(
e−j3πf +

3

2
e−j5πf + e−j7πf

)
(4.53)

Parathr ste touc ìrouc pou bg�lame koinì par�gonta ¸ste na emfanistoÔn ta sin(πf).

Me �gkistro eÐnai ta ekjetik� pou qrhsimopoi same mazÐ ¸ste na to petÔqoume autì.

(bþ) AnalÔontac to s ma se aploÔstera gnwst� s mata. To pio aplì eÐnai h parak�tw di�-

spash, pou faÐnetai sto sq ma 4.10. 'Eqoume �ra

X1(f) = 3sinc(3f)e−j2π5f/2 = 3sinc(3f)e−j5πf
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Sq ma 4.10: Di�spash 'Askhshc 3.4 - deÔteroc trìpoc

kai

X2(f) =
1

2
sinc(f)e−j2π5f/2 =

1

2
sinc(f)e−j5πf

'Ara to telikì s ma ja eÐnai to �jroisma

X(f) = X1(f) +X2(f) = e−j5πf
(1

2
sinc(f) + 3sinc(3f)

)
Parathr ste ìti to apotèlesma moi�zei diaforetikì apì autì tou pr¸tou trìpou pou

akolouj same, all� sthn ousÐa eÐnai to Ðdio s ma. Autì mporeÐte na to epibebai¸sete me

to MATLAB   k�nontac pr�xeic sto apotèlesma tou pr¸tou trìpou.

(gþ) AnalÔontac to s ma se trÐa s mata, antÐ gia dÔo, ìmoia me to deÔtero trìpo, ìpwc faÐnetai

sto sq ma 4.11. 'Omoia loipìn, ja èqoume

Sq ma 4.11: Di�spash 'Askhshc 3.4 - trÐtoc trìpoc
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X(f) = X1(f) +X2(f) +X3(f) = sinc(f)
(
e−j3πf +

3

2
e−j5πf + e−j7πf

)
(4.54)

To apotèlesma eÐnai Ðdio me autì pou proèkuye me ton orismì, all� polÔ pio eÔkola kai

sÔntoma. :-) Up�rqoun 1-2 trìpoi akìma pou mporeÐte na sp�sete to arqikì s ma se

aploÔstera. Qrhsimopoi ste th fantasÐa sac! ?-)

5. Na upologÐsete to metasq. Fourier tou s matoc sto sq ma 4.12.

Sq ma 4.12: Sq ma 'Askhshc 3.5

LÔsh:

O eÔkoloc trìpoc eÐnai na sp�soume to s ma mac ìpwc sthn 'Askhsh 1. K�nte to! :-) Epibe-

bai¸ste ìti to apotèlesma eÐnai

X(f) =
AT

2

(
sinc(fT ) +

1

2
sinc2

(fT
2

))
(4.55)

'Enac �lloc trìpoc ja  tan na qrhsimopoi soume thn idiìthta thc parag¸gishc, h opoÐa se

peript¸seic pou den mporoÔme na sp�soume to s ma mac, mac lÔnei ta qèria. H idiìthta jumÐzetai

ìti eÐnai
dx(t)

dt
↔ j2πfX(f) (4.56)

Ja doulèyoume wc ex c: ja qrhsimopoi soume thn par�gwgo tou x(t), ja broÔme ton metasq.

Fourier, kai mèsw thc sqèshc 4.56, ja broÔme to X(f). Sthn prosp�jei� mac na paragwgÐsoume

to x(t) èqontac sto mualì mac thn klasik  jewrÐa thc An�lushc, ja sunant soume duskolÐec.

Up�rqoun shmeÐa sto s ma ìpou up�rqoun asunèqeiec. Ta shmeÐa aut� eÐnai stic qronikèc

stigmèc t = ±T
2 , ìpou to s ma all�zei akariaÐa timèc. SÔmfwna me ìsa gnwrÐzoume apì ton

Apeirostikì Logismì, den orÐzetai par�gwgoc sta shmeÐa aut�. 'Omwc èqete dei ìti

du(t− t0)

dt
= δ(t− t0) (4.57)

dhl. ìti h par�gwgoc thc bhmatik c sun�rthshc u(t− t0) eÐnai mia sun�rthsh Dèlta sth jèsh

t = t0. Kat' autìn ton trìpo, orÐsthke h par�gwgoc miac asunèqeiac, ìpwc aut  pou èqei h

bhmatik  sun�rthsh, me qr sh genikeumènwn sunart sewn, ìpwc eÐnai h sun�rthsh Dèlta. Aut 
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h diadikasÐa faÐnetai sto sq ma 4.13. Autì shmaÐnei ìti opoiod pote s ma perièqei mia asunèqeia

Sq ma 4.13: Par�gwgoc bhmatik c sun�rthshc

(  kai perissìterec), mporeÐ na grafeÐ wc grammikìc sunduasmìc bhmatik¸n sunart sewn. Gia

par�deigma, o gnwstìc mac tetragwnikìc palmìc

x(t) = Arect
( t
T

)
mporeÐ na grafeÐ wc

x(t) = Arect
( t
T

)
= Au

(
t+

T

2

)
−Au

(
t− T

2

)
ìpou kai me thn parag¸gis  tou, prokÔptoun duo sunart seic Dèlta stic jèseic t = ±T

2 ,

akrib¸c lìgw thc parap�nw sqèshc kai thc sqèshc 4.57.

Opìte ìtan paragwgÐzoume èna s ma, prèpei na eÐmaste idiaÐtera prosektikoÐ sta shmeÐa asu-

nèqeiac, arqik� anagnwrÐzont�c ta, kai èpeita qwrÐc na paraleÐpoume na b�zoume thn antÐstoiqh

sun�rthsh Dèlta sta shmeÐa asunèqeiac. ParagwgÐzontac loipìn to s ma, katal goume sto

sq ma 4.14. Opìte èqoume ìti to s ma dx(t)
dt apoteleÐtai apì:

Sq ma 4.14: Parag¸gish s matoc 'Askhshc 3.5

� Mia sun�rthsh Dèlta, x1(t) = A
2 δ
(
t+ T

2

)
� 'Ena tetragwnikì par�juro, x2(t) = A

T rect
(
t+T

4
T/2

)
� 'Allo èna tetragwnikì par�juro, x2(t) = −A

T rect
(
t−T

4
T/2

)
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� Kai mia akìma sun�rthsh Dèlta, x4(t) = −A
2 δ
(
t− T

2

)
'Ara telik� ja eÐnai

dx(t)

dt
= x1(t) + x2(t) + x3(t) + x4(t)

=
A

2
δ
(
t+

T

2

)
+
A

T
rect

( t+ T
4

T/2

)
− A

T
rect

( t− T
4

T/2

)
− A

2
δ
(
t− T

2

)
↔

F{dx(t)

dt
} =

A

2
ej2πfT/2 +

A

T

T

2
sinc

(fT
2

)
ej2πfT/4 − A

T

T

2
sinc

(fT
2

)
e−j2πfT/4 − A

2
e−j2πfT/2

= Aj sin(πfT ) +
A

2
sinc

(fT
2

)
2j sin

(πfT
2

)
j2πfX(f) = Aj sin(πfT ) +

A

2
sinc

(fT
2

)
2j sin

(πfT
2

)
X(f) =

AT

2
sinc(fT ) +

AT

4
sinc2

(fT
2

)
(4.58)

6. Na brejeÐ o metasq. Fourier tou s matoc

x(t) =
2

1 + t2

LÔsh:

H lÔsh me ton orismì de sunÐstatai... ja k�noume qr sh idiot twn kai sugkekrimèna thn idiìthta

thc duikìthtac

x(t)↔ X(f)⇒ X(t)↔ x(−f)

EpÐshc gnwrÐzoume apì prohgoÔmenh �skhsh ìti

e−a|t| ↔ 2a

a2 + 4π2f2

Gia a = 2π, h parap�nw sqèsh gr�fetai wc

e−2π|t| ↔ 1

2π

2

1 + f2
⇔ 2πe−2π|t| ↔ 2

1 + f2

O deÔteroc ìroc thc parap�nw exÐswshc èqei th morf  tou s matoc sto qrìno pou y�qnoume.

Me qr sh thc idiìthtac thc duikìthtac, ja eÐnai

x(t) =
2

1 + t2
↔ X(f) = 2πe−2π|−f | = 2πe−2π|f | (4.59)

7. UpologÐste to

E =

∫ ∞
−∞
|x(t)|2dt

gia to s ma x(t) pou èqei metasq. Fourier ìpwc sto sq ma 4.15.
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Sq ma 4.15: S ma 'Askhshc 3.6

LÔsh:

Arqik�, ja mporoÔse k�poioc na skefteÐ na brei to x(t) mèsw tou X(f), afoÔ to teleutaÐo

eÐnai aplì s ma. AfoÔ to X(f) apoteleÐtai apì s mata rect, tìte to x(t) ja apoteleÐtai apì

s mata sinc. Pio sugkekrimèna, an

X(f) = 2rect
(f − 3/4

1/2

)
+ rect

(f
1

)
+ 2rect

(f + 3/4

1/2

)
↔

x(t) = sinc(t)ej2π3t/4 + sinc(t) + sinc(t)e−j2π3t/4

= sinc(t) + sinc(t)2 cos(3πt/2)

= sinc(t)
(

1 + 2 cos
(3πt

2

))
(4.60)

AfoÔ ft�same wc ed¸, prèpei t¸ra na broÔme to |x(t)|2 kai na oloklhr¸soume. Autìc o trìpoc
� an bg�zei kai poujen� :-) � DEN sunÐstatai!

'Ena �lloc trìpoc ja  tan na qrhsimopoi soume to je¸rhma tou Parseval,∫ ∞
−∞
|x(t)|2dt =

∫ ∞
−∞
|X(f)|2df

ArkeÐ na upologÐsoume to deÔtero mèloc, �ra ja eÐnai

∫ ∞
−∞
|X(f)|2df = 2

∫ 1/2

0
12df + 2

∫ 1

1/2
22df = 1 + 4 = 5 (4.61)

8. EÐdame sth jewrÐa ìti pollèc sunart seic mporoÔn na proseggÐsoun th

sun�rthsh Dèlta. An orÐsoume th sun�rthsh Dèlta wc

δ(t) = lim
A→0

sin(πt/A)

πt

apodeÐxte ìti o metasq. Fourier thc δ(t) eÐnai 1.
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LÔsh:

O metasq. Fourier eÐnai

F{δ(t)} =

∫ ∞
−∞

δ(t)e−j2πftdt =

∫ ∞
−∞

lim
A→0

sin(πt/A)

πt
e−j2πftdt

= lim
A→0

∫ ∞
−∞

sin(πt/A)

πt
e−j2πftdt = lim

A→0

∫ ∞
−∞

1

A
sinc

( t
A

)
e−j2πftdt

'Omwc to olokl rwma autì den eÐnai tÐpota �llo apì to metasq. Fourier tou s matoc

x(t) =
1

A
sinc

( t
A

)
Apì thn idiìthta thc duikìthtac, eÔkola brÐskoume ìti o metasq. Fourier tou s matoc x(t),

eÐnai

X(f) = rect
( f

1/A

)
Opìte t¸ra zht�me to

lim
A→0

rect
( f

1/A

)
ParathroÔme ìti to 1/A eÐnai h di�rkeia tou palmoÔ, ìpwc xèroume. 'Oso A → 0, tìso to

1/A→∞, �ra tìso megalÔteroc gÐnetai o palmìc se di�rkeia. 'Ara telik�

F{δ(t)} = lim
A→0

rect
( f

1/A

)
= 1 (4.62)

Mia ligìtero diaisjhtik  ermhneÐa èrqetai ìtan qrhsimopoi soume apl� majhmatik�, dhl.

lim
A→0

rect
( f

1/A

)
= lim

A→0
rect(Af) = rect(0) = 1 (4.63)

9. Qrhsimopoi¸ntac to je¸rhma Parseval, apodeÐxte ìti∫ ∞
−∞

sin2(αt)

t2
dt = απ

LÔsh:

JumÐzoume to je¸rhma tou Parseval:∫ ∞
−∞
|x(t)|2dt =

∫ ∞
−∞
|X(f)|2df
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'Eqoume ìti

∫ ∞
−∞

sin2(at)

t2
dt =

∫ ∞
−∞

a2
sin2

(
π aπ t

)
a2t2

dt =

∫ ∞
−∞

(
a

sin
(
π aπ t

)
π aπ t

)2

dt

=

∫ ∞
−∞

(
asinc

(a
π
t
))2

dt =

∫ ∞
−∞

x2(t)dt (4.64)

'Ara arkeÐ na broÔme to metasq. Fourier tou s matoc

x(t) = asinc
(a
π
t
)

Apì gnwstèc idiìthtec èqoume ìti

x(t) = asinc
(a
π
t
)
↔ X(f) = πrect

( f

a/π

)
'Ara ja eÐnai ∫ ∞

−∞
x2(t)dt =

∫ ∞
−∞

(
asinc

(a
π
t
))2

dt = π2

∫ ∞
−∞

rect2
( f

a/π

)
df

= π2

∫ a/(2π)

−a/(2π)
12df = π2f

∣∣∣a/(2π)

−a/(2π)
= π2 a

π
= aπ (4.65)

10. Upologiste to metasq. Fourier tou s matoc

x(t) =
1

πt

LÔsh:

To s ma

x(t) =
1

πt

eÐnai perittì giatÐ isqÔei x(t) = −x(−t). 'Ara o metasq. Fourier tou s matoc ja èqei mìno

fantastikì mèroc, dhlad :

X(f) = j=(f) = −2j

∫ ∞
0

sin(2πft)

πt
dt = − 2

π
j

∫ ∞
0

sin(2πft)

t
dt

'Omwc isqÔei ìti ∫ ∞
0

sin(ax)

x
dx =


π
2 , a > 0,

0, a = 0,

−π
2 , a < 0
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Opìte ja eÐnai

X(f) =


−j, f > 0,

0, f = 0,

j f < 0

pou gr�fetai en suntomÐa wc

X(f) = −jsgn(f) (4.66)

me sgn(f) h sun�rthsh pros mou

sgn(t) =
t

|t|
, t 6= 0.

11. 'Estw ìti X(f) = <(f) + j=(f) eÐnai o metasqhmatismìc Fourier enìc pragmati-

koÔ s matoc x(t). ApodeÐxte ìti o metasq. Fourier tou �rtiou mèrouc tou

x(t) eÐnai Ðsoc me <(f) kai o antÐstoiqoc tou perittoÔ mèrouc eÐnai Ðsoc me

j=(f).

LÔsh:

EÐnai

X(f) = Xev(f) +Xodd(f) =

∫ ∞
−∞

xev(t)e
−j2πftdt+

∫ ∞
−∞

xodd(t)e
−j2πftdt

=

∫ ∞
−∞

xev(t) cos(2πft)dt− j
∫ ∞
−∞

xev(t) sin(2πft)dt+

+

∫ ∞
−∞

xodd(t) cos(2πft)dt− j
∫ ∞
−∞

xodd(t) sin(2πft)dt

=

∫ ∞
−∞

(xev(t) + xodd(t)) cos(2πft)dt− j
∫ ∞
−∞

(xev(t) + xodd(t)) sin(2πft)dt

=

∫ ∞
−∞

x(t) cos(2πft)dt− j
∫ ∞
−∞

x(t) sin(2πft)dt

= <(f) + j=(f) (4.67)

12. ApodeÐxte ìti to pragmatikì, <(f), kai fantastikì, =(f), tou metasqhmati-

smoÔ Fourier enìc migadikoÔ s matoc x(t) = xR(t) + jxI(t) dÐnontai apì tic pa-

rak�tw exis¸seic:

<(f) =

∫ ∞
−∞

[
xR(t) cos(2πft) + xI(t) sin(2πft)

]
dt

=(f) =

∫ ∞
−∞

[
xI(t) cos(2πft)− xR(t) sin(2πft)

]
dt

LÔsh:



104 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

O metasq. Fourier gr�fetai wc

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ ∞
−∞

[xR(t) + jxI(t)]e
−j2πftdt

=

∫ ∞
−∞

[xR(t)e−j2πft + jxI(t)e
−j2πft]dt

=

∫ ∞
−∞

xR(t)e−j2πftdt+ j

∫ ∞
−∞

xI(t)e
−j2πftdt

=

∫ ∞
−∞

xR(t)(cos(2πft)− j sin(2πft))dt+ j

∫ ∞
−∞

xI(t)(cos(2πft)− j sin(2πft))dt

=

∫ ∞
−∞

(xR(t) cos(2πft) + xI(t) sin(2πft))dt+ j

∫ ∞
−∞

(xI(t) cos(2πft)− xR sin(2πft))dt

= <(f) + j=(f) (4.68)

13. ApodeÐxte ìti èna pragmatikì aitiatì s ma x(t) gr�fetai wc

x(t) = 4

∫ ∞
0
<(f) cos(2πft)df

gia t > 0 kai ìpou <(f) eÐnai to pragmatikì mèroc tou metasq. Fourier.

LÔsh:

'Ena aitiatì s ma èqei thn idiìthta

x(t) = 0, t < 0

To �rtio mèroc tou s matoc gr�fetai wc

xEv(t) =
x(t) + x(−t)

2
=
x(t)

2
⇒ x(t) = 2xEv(t)↔ X(f) = 2<(f)

'Ara ja èqoume

x(t) =

∫ ∞
−∞

X(f)ej2πftdf =

∫ ∞
−∞

2<(f)ej2πftdf

= 2

∫ ∞
−∞

(
<(f) cos(2πft) + j<(f) sin(2πft)

)
df

= 2

∫ ∞
−∞
<(f) cos(2πft)df + 2j

∫ ∞
−∞
<(f) sin(2πft)df

= 2

∫ ∞
−∞
<(f) cos(2πft)df + 0

= 4

∫ ∞
0
<(f) cos(2πft)df (4.69)

ìpou to deÔtero olokl rwma eÐnai mhdèn wc ginìmeno �rtiac epÐ peritt c sun�rthshc se summe-

trikì di�sthma.
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14. 'Estw to s ma y(t) tou sq matoc 4.16.

Sq ma 4.16: S ma 'Askhshc 3.15

(aþ) UpologÐste to metasq. Fourier tou y(t).

(bþ) Se poièc suqnìthtec up�rqoun mhdenismoÐ sthn Y(f)?

(gþ) UpologÐste to f�sma f�shc gia −1 < f < 1 Hz.

LÔsh:

(aþ) Ja qrhsimopoi soume parag¸gish gia na broÔme eÔkola to met. Fourier tou s matoc. H

par�gwgoc faÐnetai sto sq ma 4.17. EÐnai:

Sq ma 4.17: Par�gwgoc s matoc 'Askhshc 3.15

dy(t)

dt
= rect

( t− 3/2

1

)
− rect

( t− 9/2

1

)
↔

F{dy(t)

dt
} = sinc(f)e−j3πf − sinc(f)e−j9πf ⇔

j2πfY (f) = sinc(f)(e−j3πf − e−j9πf )⇔

j2πfY (f) = sinc(f)e−j6πf2j sin(3πf)⇔

Y (f) = 3e−j6πfsinc(3f)sinc(f) (4.70)
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(bþ) Oi mhdenismoÐ gÐnontai ìtan

3πf = kπ, k ∈ Z kai πf = lπ, l ∈ Z

�ra to f�sma ja mhdenÐzetai ìtan

f =
k

3
, k ∈ Z (4.71)

(gþ) H f�sh tou s matoc apoteleÐtai apì th f�sh tou ekjetikoÔ, −6πf , kai th f�sh tou

sinc(3f)sinc(f). Dedomènou ìti oi mhdenismoÐ gÐnontai k�je k/3 Hz, ja èqoume ìti

∠Y (f) =


−6πf, sinc(3f)sinc(f) > 0,

−6πf + π, sinc(3f)sinc(f) < 0, f > 0

−6πf − π, sinc(3f)sinc(f) < 0, f < 0

Sugkentrwtik�,

∠Y (f) =



−6πf, −1 ≤ f < −2/3

−6πf − π, −2/3 ≤ f < −1/3

−6πf, −1/3 ≤ f ≤ 1/3

−6πf + π, 1/3 < f ≤ 2/3

−6πf, 2/3 < f ≤ 1

15. To s ma y(t) tou prohgoÔmenou jèmatoc eÐnai eÐsodoc sto sÔsthma me apì-

krish h(t) = δ(t) + δ(t + 6). Na upologisteÐ o metasq. Fourier thc exìdou kai

oi timèc tou f�smatoc gia 1
3 ≤ f ≤ 1

3 .

LÔsh:

EÐnai

Z(f) = Y (f)H(f) = 3e−j6πfsinc(3f)sinc(f)H(f)

= 3e−j6πfsinc(3f)sinc(f)(1 + ej2π6f )

= 3sinc(3f)sinc(f)(e−j2π3f + ej2π3f )

= 6sinc(3f)sinc(f) cos(6πf) (4.72)

Epeid  =(f) = 0, h f�sh ja eÐnai 0   ±π. 'Opou to s ma eÐnai jetikì, h f�sh eÐnai 0. 'Opou eÐnai

arnhtikì, èqoume duo peript¸seic: gia jetikèc suqnìthtec, h f�sh eÐnai π, en¸ gia arnhtikèc

suqnìthtec, èqoume f�sh −π. Ta shmeÐa mhdenismoÔ gia k�je ìro tou ginomènou eÐnai stic
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jèseic

3πf = kπ, πf = lπ, 6πf = mπ ± π

2
, k, l,m ∈ Z

f =
k

3
, f = l, f =

m± 1
2

6
=
m

6
± 1

12
, k, l,m ∈ Z

(4.73)

Profan¸c, to sunolikì s ma mhdenÐzetai sto di�sthma [−1/3, 1/3] ìtan

f =
m

6
± 1

12

Sugkentrwtik�,

∠Z(f) =



0, −1/3 ≤ f < −3/12

−π, −3/12 ≤ f < −1/12

0, −1/12 ≤ f ≤ 1/12

+π, 1/12 < f ≤ 3/12

0, 3/12 < f ≤ 1/3

16. 'Ena s ma x(t) èqei mh mhdenikèc suqnìthtec sto di�sthma [−B,B].DeÐxte ìti

to s ma xn(t) èqei mh mhdenikèc suqnìthtec sto di�sthma [−nB,nB].

LÔsh:

GnwrÐzoume ìti

x(t)x(t)←→ X(f) ∗X(f)

kai to f�sma eÐnai mh mhdenikì sto di�sthma [−2B, 2B].

'Omoia,

x(t)x(t)x(t)←→ [X(f) ∗X(f)] ∗X(f)

kai to f�sma eÐnai mh mhdenikì sto di�sthma [−3B, 3B] AntÐstoiqa,

x(t)x(t) · · ·x(t)︸ ︷︷ ︸
n forèc

←→ X(f) ∗X(f) ∗ · · · ∗X(f)︸ ︷︷ ︸
n forèc

kai skeptìmenoi ìmoia, to f�sma eÐnai mh mhdenikì stic suqnìthtec [−nB, nB].
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Kef�laio 5

Sunèlixh

5.1 Eisagwg 

EÐnai gnwstì ìti h sunèlixh apoteleÐ mia pr�xh polÔ shmantik , giatÐ sqetÐzetai me thn an�lush

susthm�twn, all� kai me to gegonìc ìti h sunèlixh metatrèpetai se ginìmeno ìtan all�zoume q¸rouc

(ap' to qrìno sth suqnìthta kai antÐstrofa). H sunèlixh, lìgw tou ìti emplèkei ton upologismì ènoc

oloklhr¸matoc, èqei mia duskolÐa. H duskolÐa ègkeitai sto ìti sthn pr�xh emperièqetai to ginìmeno

duo shm�twn, ek twn opoÐwn to èna èqei uposteÐ an�klash kai metatìpish.

5.2 H sunèlixh analutik�

Ed¸ ja xedialÔnoume ton trìpo me ton opoÐo upologÐzoume to olokl rwma thc sunèlixhc. Ac

doÔme ton orismì:

cxy(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ (5.1)

H pr¸th parat rhsh eÐnai ìti to olokl rwma èqei wc metablht  to τ ! 'OQI to t. To t to jewroÔme

stajerì mèsa sto olokl rwma. 'Epeita, to olokl rwma autì perièqei duo s mata: to x(τ) kai to

y(t− τ). To pr¸to eÐnai autoÔsio to s ma, den èqei k�poia metabol . To deÔtero ìmwc, blèpete ìti

èqei uposteÐ duo eÐdh epexergasÐac: an�klash kai metatìpish. H akoloujÐa metatrop c eÐnai h ex c:

y(t)→ y(τ)→ y(−τ)→ y(−τ + t) = y(t− τ) (5.2)

Opìte to s ma pou qrhsimopoieÐtai sto olokl rwma thc sunèlixhc èqei uposteÐ mia an�klash wc proc

ton katakìrufo �xona kai akoloÔjwc mia metatìpish wc proc t. To s ma pou prokÔptei pollapla-

si�zetai me to x(τ) kai oloklhr¸netai wc proc τ . Sun jwc protim�tai h grafik  lÔsh thc sunèlixhc,

kai èna tètoio par�deigma faÐnetai sto sq ma 5.1.

� Parathr ste ìti èqoume duo s mata, to f(t) kai to g(t) sthn pr¸th gramm  tou sq matoc.

Epilègoume na paÐxoume me to g(t), dhl. autì ja metatopÐsoume kai ja anakl�soume.
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Sq ma 5.1: DiadikasÐa sunèlixhc

� Sth deÔterh gramm , èqoume xan� ta duo s mata, mìno pou t¸ra eÐnai sunart sei tou τ kai ìqi

tou t, ìpwc akrib¸c epit�ssei to olokl rwma thc sunèlixhc, kai to g(τ) èqei anaklasteÐ wc

proc ton katakìrufo �xona, kai èqei metatopisteÐ kat� t. JumÐzw ìti autì to t to qeirizìmaste

wc stajer�. DeÐte thn allag  sta �kra tou g(τ), kai p¸c aut� prosarmìsthkan met� thn

an�klash kai th metatìpish.
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� Sthn trÐth gramm , paÐrnoume to g(t − τ) pou mìlic fti�xame kai xekin�me na to ��sèrnoume��

p�nw ston Ðdio �xona me to f(τ), xekin¸ntac apì to −∞ kai proc to +∞.

� Sthn poreÐa (tètarth gramm ), blèpete ìti sunant�ei k�poia stigm  to f(τ). 'Otan to sunant�ei,

èqoume ginìmeno metaxÔ twn duo shm�twn kai �ra arqÐzoume na upologÐzoume to olokl rwma

thc sunèlixhc. 'Ara, autèc oi qronikèc stigmèc eÐnai ìtan to dexÐ �kro tou g(t− τ) sunant� to

aristerì �kro tou f(τ) kai pèra, KAI ìtan to aristerì �kro tou g(t− τ) DEN èqei per�sei to

0, dhl. ìtan

t− 1 ≥ 0⇒ t ≥ 1 kai t− 4 ≤ 0⇒ t ≤ 4 (5.3)

opìte tìte h sunèlixh upologÐzetai sto di�sthma apì 0 wc t − 1, ekeÐ dhlad  pou up�rqei

ginìmeno metaxÔ twn duo shm�twn, wc

cfg(t) =

∫ t−1

0
f(τ)g(t− τ)dτ = · · · , (5.4)

ìpou kai antikajistoÔme tic majhmatikec morfèc twn shm�twn, kai upologÐzoume to olokl rwma.

� Sthn pèmpth gramm , to g(t− τ) èqei mpei olìklhro mèsa sto f(τ), pr�gma pou den eÐqe sumbeÐ

parap�nw, �ra eÐnai diaforetik  perÐptwsh. Ed¸, h sunèlixh orÐzetai ìtan to aristerì �kro thc

g(t− τ) per�sei to 0, dhl. ìtan

t− 4 > 0⇒ t > 4 (5.5)

kai h sunèlixh upologÐzetai wc

cfg(t) =

∫ t−1

t−4
f(τ)g(t− τ)dτ = · · · , (5.6)

ìpou kai antikajistoÔme tic majhmatikec morfèc twn shm�twn, kai upologÐzoume to olokl rwma.

� 'Allh perÐptwsh den up�rqei, opìte gia k�je �llo t ektìc apì ta parap�nw, h sunèlixh eÐnai

mhdèn, �ra

cfg(t) = 0, t < 1 (5.7)

Ac doÔme merikèc parathr seic...

1. 'Opwc blèpete, to pio shmantikì pr�gma eÐnai na mporeÐte na upologÐsete to metatopismèno

s ma kai na blèpete swst� tic peript¸seic kai ta �kra tou oloklhr¸matoc. Oi pr�xeic sto

olokl rwma eÐnai apl� majhmatik�.

2. H sunèlixh eÐnai antimetajetik  pr�xh, isqÔei dhl. ìti

cfg(t) = f(t) ∗ g(t) = g(t) ∗ f(t) = cgf (t) (5.8)

dhl. an paÐzame me to f(t) antÐ gia to g(t), ja eÐqame p�li to Ðdio apotèlesma.
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Sq ma 5.2: PolÔc kìsmoc èqei talaipwrhjeÐ apì th sunèlixh...

3. ProtimoÔme na paÐxoume me to mikrìtero se di�rkeia s ma, giatÐ sun jwc eÐnai pio eÔkolh h

diadikasÐa. An kai ta duo s mata eÐnai �peirhc di�rkeiac, protimoÔme ìpoio jèloume.

4. Qr simh parat rhsh gia peperasmènhc di�rkeiac s mata eÐnai h ex c: an to èna ek twn duo eÐnai

mh mhdenikì sto di�sthma [a, b] kai to �llo eÐnai mh mhdenikì sto di�sthma [c, d], tìte h sunèlix 

touc eÐnai mh mhdenik  sto di�sthma [a+ c, b+d]. EÐnai qr simh parat rhsh gia na mporoÔme na

elègqoume ta apotelèsmat� mac. Gia par�deigma, an sto sq ma 5.1, eÐqame sunèlixh thc g(t) me

ton eautì thc, dhl. cgg(t) = g(t) ∗ g(t), tìte to apotèlesma ja  tan mh mhdenikì sto di�sthma

[2, 8].

5. Sth bibliografÐa, ja breÐte ton orismì thc sunèlixhc me diaforetikèc metablhtèc. P.q.

cxy(t) =

∫ ∞
∞

x(τ)y(t− τ)dτ (5.9)

cxy(τ) =

∫ ∞
∞

x(t)y(τ − t)dt (5.10)

Kai oi duo parap�nw sqèseic eÐnai swstèc. Apl� all�xame tic metablhtèc t, τ metaxÔ touc.

Dialèxte ìpoia sac boleÔei, arkeÐ na eÐste sunepeÐc kai prosektikoÐ. Se autèc tic shmei¸seic,

protimoÔme sun jwc thn pr¸th sqèsh.

6. H grafik  epÐlush pou suzht same ed¸ faÐnetai ek pr¸thc ìyewc perÐplokh kai apojarrÔnei to

foitht . Pr�gmati, k�poioi isqurÐzontai ìti h sunèlixh èqei odhg sei polloÔc proptuqiakoÔc

se tm mata Mhqanik¸n H/U na ensternistoÔn th JeologÐa, eÐte gia swthrÐa yuq c eÐte wc

enallaktik  karièra!! :-) (deÐte to periodikì IEEE Spectrum, M�rtioc 1991, sel. 60).
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5.3 PÐnakac Sunèlixhc

H diadikasia thc sunèlixhc aplopoieÐtai shmantik� apì ètoimouc pÐnakec sunèlixhc, ìpwc o PÐna-

kac 5.1). Autìc o pÐnakac, pou anafèrei di�fora zeÔgh shm�twn kai to apotèlesma thc sunèlix c

touc, mporeÐ na sac bohj sei ston èlegqo twn apotelesm�twn sac.

Qr sima zeÔgh sunèlixhc
x(t) y(t) x(t) ∗ y(t)

x(t) δ(t− T ) x(t− T )

eatu(t) u(t)
1− eat

−a
u(t)

u(t) u(t) tu(t)

eatu(t) ebtu(t)
eat − ebt

a− b
u(t), a 6= b

eatu(t) eatu(t) teatu(t)

teatu(t) eatu(t)
1

2
t2eatu(t)

tnu(t) eatu(t)
n!eat

an+1
u(t)−

n∑
j=0

n!tn−j

aj+1(n− j)!
u(t)

tmu(t) tnu(t)
m!n!

(n+m+ 1)!
tm+n+1u(t)

teatu(t) ebtu(t)
ebt − eat + (a− b)teat

(a− b)2
u(t)

tmeatu(t) tneatu(t)
m!n!

(n+m+ 1)!
tm+n+1eatu(t)

tmeatu(t) tnebtu(t)

m∑
j=0

(−1)jm!(n+ j)!tm−jeat

j!(m− j)!(a− b)!n+j+1
u(t)

a 6= b +
n∑
k=0

(−1)kn!(m+ k)!tn−kebt

k!(n− k)!(b− a)m+k+1
u(t)

eat cos(bt+ θ)u(t) eλtu(t)
cos(θ − φ)eλt − e−at cos(bt+ θ − φ)√

(a+ λ)2 + b2
u(t)

φ = tan−1 −b
a+λ

eatu(t) ebtu(−t) eatu(t) + ebtu(−t)
b− a

, <{b} > <{a}

eatu(−t) ebtu(−t) eat − ebt

b− a
u(−t)

PÐnakac 5.1: PÐnakac zeug¸n sunelÐxewn

5.4 Sust mata

Ta sust mata den eÐnai tÐpota �llo apì s mata ki aut�, ta opoÐa sun jwc k�noun mia sugkekri-

mènh doulei� ep�nw sto s ma eisìdou touc, x(t). Aut  h doulei� antikatoptrÐzetai sthn èxodo tou

sust matoc, y(t). To s ma pou perigr�fei to sÔsthma sun jwc sumbolÐzetai wc h(t), kai lègetai

kroustik  apìkrish. H sqèsh eisìdou-exìdou orÐzetai wc h sunèlixh thc eisìdou me thn kroustik 
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apìkrish:

y(t) = x(t) ∗ h(t) (5.11)

ìpou ∗ sumbolÐzei thn pr�xh thc sunèlixhc. EpÐshc, mporeÐ èna sÔsthma na perigrafeÐ me mia apl 

majhmatik  sqèsh, wc h èxodoc sunart sei thc eisìdou:

y(t) = f(x(t)) (5.12)

5.4.1 Idiìthtec Susthm�twn

Ta sust mata èqoun orismènec qr simec idiìthtec, tic opoÐec kai ja suzht soume ed¸. Oi idiìthtec

autèc eÐnai oi ex c:

1. Sust mata me mn mh: ta sust mata me mn mh eÐnai aut� gia ta opoÐa h èxodìc touc apaiteÐ

prohgoÔmenec timèc thc eisìdou gia na upologisteÐ. Gia par�deigma, to sÔsthma y(t) = 2x(t)

eÐnai èna sÔsthma qwrÐc mn mh, en¸ to sÔsthma y(t) = ex(t−1) eÐnai èna sÔsthma me mn mh.

2. Aitiat� sust mata: ta aitiat� sust mata eÐnai aut� gia ta opoÐa o upologismìc thc exìdou

DEN apaiteÐ mellontikèc timèc thc eisìdou. Gia par�deigma, to sÔsthma y(t) = 2x(t − 1) +

sin(x(t)) eÐnai aitiatì, en¸ to sÔsthma y(t) = x(t − 2)2 + 4x(t + 4) eÐnai mh aitiatì, epeid 

gia ton upologismì tou y(t) apaiteÐtai mellontik  tim  thc eisìdou, h x(t + 4). Enallaktik�,

mporeÐte na elègqete thn h(t), an sac dÐnetai. An isqÔei ìti h(t) = 0, t < 0, tìte to sÔsthma

eÐnai aitiatiì. Mia kai eÐpame ìti èna sÔsthma den eÐnai tÐpota �lla apì èna s ma ki autì, ja

deÐte lÐgo parak�tw ìti èna aitiatì s ma x(t) ikanopoieÐ th sqèsh x(t) = 0, t < 0.

3. Grammik� sust mata: ta grammik� sust mata eÐnai aut� gia ta opoÐa isqÔei ìti:

x(t) = Ax1(t) +Bx2(t)→ y(t) = T{Ax1(t) +Bx2(t)}

= AT{x1(t)}+BT{x2(t)} = y1(t) + y2(t) (5.13)

Me lìgia, grammik� eÐnai ta sust mata sta opoÐa an efarmìsoume wc eÐsodo èna �jroisma

shm�twn, ja p�roume wc èxodo to �jroisma twn exìdwn pou ja paÐrname an eÐqame d¸sei wc

eÐsodo èna-èna ta s mata, ki ìqi ìla mazÐ wc �jroisma. Gia par�deigma, to sÔsthma y(t) =

2x(t + 1) − 3x(t − 4) eÐnai grammikì, en¸ to sÔsthma y(t) =
√
x(t) den eÐnai grammikì, ìpwc

epÐshc kai to y(t) = x2(t) den eÐnai grammikì. H idiìthta thc grammikìthtac eÐnai polÔ shmantik .

4. Qronik� Amet�blhta sust mata: ta sust mata pou eÐnai qronik� amet�blhta eÐnai aut�

gia ta opoÐa isqÔei ìti h èxodìc touc DEN exart�tai rht� apì to qrìno t. Gia par�deigma, to

sÔsthma y(t) = 3x(t+2)−2 cos(x(t−2)) eÐnai qronik� amet�blhto, en¸ to sÔsthma y(t) = tx(t)

eÐnai qronik� metablhtì.
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(aþ) Sust mata se seir� (bþ) Sust mata se seir� - isodÔnamh di�taxh

Sq ma 5.3: Sust mata se seir�

5. Eustaj  sust mata: ta sust mata pou eÐnai eustaj  eÐnai aut� gia ta opoÐa isqÔei:

|x(t)| < Mx ⇒ |y(t)| < My, Mx,My < +∞ (5.14)

Me lìgia, an h eÐsodoc eÐnai fragmènh kat' apìluth tim , tìte kai h èxodoc eÐnai fragmènh

kat' apìluth tim . Gia par�deigma, to sÔsthma y(t) = x(t − 1) + t den eÐnai eustajèc, ìpwc

epÐshc kai to sÔsthma y(t) = t/x(t + 2), en¸ to sÔsthma y(t) = sin(x(t)) eÐnai eustajèc. O

sugkekrimènoc orismìc thc eust�jeiac lègetai kai BIBO stablility - Bounded Input Bounded

Output stability, pou dhl¸nei akrib¸c ì,ti eÐpame: ìtan h eÐsodoc eÐnai apolÔtwc fragmènh,

tìte kai h èxodoc eÐnai apolÔtwc fragmènh (ki ìqi aparaÐthta apì ton Ðdio arijmì-fr�gma, ìpwc

faÐnetai parap�nw).

Apì ìlec autèc tic kathgorÐec shm�twn, ta pio shmantik� eÐnai aut� pou eÐnai grammik�, qronik�

amet�blhta, kai se aut� ja anaferìmaste apì ed¸ kai pèra ìtan mil�me gia sust mata. H eust�jeia

eÐnai sun jwc mia epijumht  idiìthta all� de ja th jewr soume dedomènh sth melèth mac.

5.4.2 Sunèlixh kai sust mata - I

'Opwc anafèrame parap�nw, h sunèlixh eÐnai mia polÔ shmantik  pr�xh, giatÐ sundèei thn èxodo,

y(t), enìc sust matoc me thn eÐsodì tou, x(t), mèsw thc sqèshc

y(t) = x(t) ∗ h(t) = h(t) ∗ x(t) (5.15)

ìpou h(t) h perÐfhmh kroustik  apìkrish, to s ma dhlad  pou qarakthrÐzei to sÔsthm� mac kai th

leitourgÐa tou. H analutik  melèth susthm�twn den eÐnai antikeÐmeno tou maj matoc � dustuq¸c :-) �

opìte prin doÔme èna qarakthristikì par�deigma sust matoc, ac doÔme merikèc diat�xeic susthm�twn

pou sunant¸ntai suqn� sthn pr�xh.

Sto sq ma 5.3aþ, faÐnontai duo sust mata se seir�. H èxodoc apì èna tètoio sÔsthma, ys1(t),

eÐnai:

ys1(t) = (x1(t) ∗ h1(t)) ∗ h2(t) = x1(t) ∗ (h1(t) ∗ h2(t)) = (x1(t) ∗ h2(t)) ∗ h1(t) (5.16)

lìgw thc antimetajetik c idiìthtac thc sunèlixhc.
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(aþ) Par�llhla sust mata (bþ) Par�llhla sust mata - isodÔnamh di�taxh

Sq ma 5.4: Par�llhla sust mata

An anadiat�xoume th seir� twn susthm�twn, ja èqoume th di�taxh sto sq ma 5.3bþ, gia thn opoÐa

h èxodoc eÐnai

ys2(t) = (x1(t) ∗ h2(t)) ∗ h1(t) = x1(t) ∗ (h2(t) ∗ h1(t)) = (x1(t) ∗ h1(t)) ∗ h2(t) (5.17)

pou eÐnai isodÔnamh me th sqèsh 5.16, �ra oi duo diat�xeic eÐnai isodÔnamec.

Sto sq ma 5.4aþ, faÐnontai duo sust mata se parallhlÐa. H èxodoc apì èna tètoio sÔsthma,

ys1(t), eÐnai:

ys1(t) = (x1(t) ∗ h1(t)) + (x1(t) ∗ h2(t)) = x1(t) ∗ (h1(t) + h2(t)) (5.18)

lìgw idiot twn thc sunèlixhc.

'Estw ìti èqoume th di�taxh sto sq ma 5.4bþ, gia thn opoÐa h èxodoc eÐnai

ys2(t) = x1(t) ∗ (h1(t) + h2(t)) = (x1(t) ∗ h1(t)) + (x1(t) ∗ h2(t)) (5.19)

pou eÐnai isodÔnamh me th sqèsh 5.18, �ra oi duo diat�xeic eÐnai isodÔnamec.

5.4.3 Sunèlixh kai Sust mata - II

EÐpame prohgoumènwc ìti h sqèsh pou sundèei thn eÐsodo, x(t), me thn èxodo, y(t), enìc sust -

matoc, h(t), ekfr�zetai mèsw thc sunèlixhc:

y(t) =

∫ ∞
−∞

x(τ)h(t− τ)dτ (5.20)

'Omwc èna apì ta shmantikìtera porÐsmata thc An�lushc Fourier eÐnai ìti h sunèlixh sto qrìno

gÐnetai pollaplasiasmìc sth suqnìthta, kai to antÐstrofo. 'Ara h Ðdia sqèsh pou perigr�fei to
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sÔsthma mporeÐ na grafeÐ kai wc:

Y (f) = X(f)H(f) (5.21)

O metasq. Fourier tou sust matoc h(t) lègetai, sthn orologÐa twn susthm�twn, apìkrish suqnìth-

tac. 'Ena sÔsthma h(t) me apìkrish se suqnìthta H(f) Ðswc mporeÐ na upologisteÐ pio eÔkola sto

q¸ro twn suqnot twn ap' ìti sto q¸ro tou qrìnou. P¸c? Profan¸c apì th sqèsh

H(f) =
Y (f)

X(f)
(5.22)

Blèpete ìti, en gènei, h apìkrish se suqnìthta eÐnai mia rht  sun�rthsh thc suqnìthtac f . MporoÔme

loipìn na poÔme ìti

H(f) =
Y (f)

X(f)
=
N(f)

D(f)
(5.23)

ìpou N(f), D(f) o arijmht c kai o paronomast c, antÐstoiqa, thc apìkrishc se suqnìthta H(f),

me ìpoiec aplopoi seic mporeÐ na gÐnoun sto kl�sma. ApodeiknÔetai ìti mia tètoia rht  sun�rthsh

mporeÐ na analujeÐ se mikrìtera kl�smata mèsa apì mia apl  diadikasÐa pou lègetai ��Anaptugma se

Merik� Kl�smata��, kai perigr�fetai analutik� sto Par�rthma aut¸n twn shmei¸sewn. En suntomÐa,

to An�ptugma se Merik� Kl�smata lèei ìti ìti mia tètoia rht  sun�rthsh, en gènei, mporeÐ na grafeÐ

wc

H(f) =
N(f)

D(f)
=

M∑
k=1

Ak
αk + j2πf

+
L∑
k=1

Bk
βk − j2πf

(5.24)

SÔmfwna me ton pÐnaka me ta zeÔgh Fourier (4.2), mporoÔme, èqontac thn An�lush se Merik� Kl�-

smata, na broÔme thn h(t), wc

H(f) =
M∑
k=1

Ak
αk + j2πf

+
L∑
k=1

Bk
βk − j2πf

←→ h(t) =
M∑
k=1

Ake
−αktu(t) +

L∑
k=1

Bke
βktu(−t) (5.25)

Fusik� h diadikasÐa aut  mporeÐ na qrhsimopoihjeÐ gia na brejeÐ kai to x(t)←→ X(f), afoÔ kai to

X(f) ekfr�zetai wc rht  sun�rthsh:

X(f) =
Y (f)

H(f)
(5.26)

Ac doÔme merik� paradeÐgmata p�nw se aut�.

Par�deigma 1:

'Estw to sÔsthma

h(t) = e−3tu(t) (5.27)

Sthn eÐsodì tou parousi�zetai to s ma

x(t) = 2e−tu(t) + e−2tu(t) (5.28)

BreÐte thn èxodo tou sust matoc y(t).
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LÔsh:

Autì pou ja mporoÔsame na k�noume eÐnai na upologÐsoume th sunèlixh thc eisìdou me to sÔsth-

ma, me ton klasikì trìpo tou oloklhr¸matoc. 'Omwc, an metaferjoÔme sto pedÐo thc suqnìthtac,

sumbouleuìmenoi ton pÐnaka 4.2, èqoume ìti

y(t) = x(t) ∗ h(t)←→ Y (f) = X(f)H(f) =
( 2

1 + j2πf
+

1

2 + j2πf

) 1

3 + j2πf

=
2

(1 + j2πf)(3 + j2πf)
+

1

(2 + j2πf)(3 + j2πf)

=
A

1 + j2πf
+

B

3 + j2πf
+

C

2 + j2πf
+

D

3 + j2πf
←→

y(t) = Ae−tu(t) + (B +D)e−3tu(t) + Ce−2tu(t) (5.29)

me

A =
2

(1 + j2πf)(3 + j2πf)
(1 + j2πf)

∣∣∣
f=−1/j2π

=
2

(3 + j2πf)

∣∣∣
f=−1/j2π

= 1 (5.30)

B =
2

(1 + j2πf)(3 + j2πf)
(3 + j2πf)

∣∣∣
f=−3/j2π

=
2

(1 + j2πf)

∣∣∣
f=−3/j2π

= −1 (5.31)

C =
1

(2 + j2πf)(3 + j2πf)
(2 + j2πf)

∣∣∣
f=−2/j2π

=
1

(3 + j2πf)

∣∣∣
f=−2/j2π

= 1 (5.32)

D =
1

(2 + j2πf)(3 + j2πf)
(3 + j2πf)

∣∣∣
f=−3/j2π

=
1

(2 + j2πf)

∣∣∣
f=−3/j2π

= −1 (5.33)

kai �ra

y(t) = e−tu(t)− 2e−3tu(t) + e−2tu(t) (5.34)

Ac upologÐsoume to Ðdio me efarmog  tou orismoÔ thc sunèlixhc (qwrÐc grafik  lÔsh, mia kai den

eÐnai aparaÐthto). 'Etsi, ja èqoume:

y(t) = x(t) ∗ h(t) =

∫ ∞
−∞

x(τ)h(t− τ)dτ

=

∫ ∞
−∞

(2e−τu(τ) + e−2τu(τ))e−3(t−τ)u(t− τ)dτ

=

∫ ∞
−∞

2e−τu(τ)e−3(t−τ)u(t− τ)dτ +

∫ ∞
−∞

e−2τu(τ)e−3(t−τ)u(t− τ)dτ(
isqÔei ìti u(τ)u(t− τ) =

{
1, 0 < τ < t

0, alloÔ

)

=

∫ t

0
2e−τe−3(t−τ)dτ +

∫ t

0
e−2τe−3(t−τ)dτ
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=

∫ t

0
2e−τ−3(t−τ)dτ +

∫ t

0
e−2τ−3(t−τ)dτ

=

∫ t

0
2e2τ−3tdτ +

∫ t

0
eτ−3tdτ

= 2e−3t

∫ t

0
e2τdτ + e−3t

∫ t

0
eτdτ

= e−3te2τ
∣∣∣t
0

+ e−3teτ
∣∣∣t
0

= e−3t(e2t − 1) + e−3t(et − 1)

= e−t − e−3t + e−2t − e−3t

= e−t − 2e−3t + e−2t, 0 < t

= e−tu(t)− 2e−3tu(t) + e−2tu(t) (5.35)

pou eÐnai h Ðdia akrib¸c sqèsh me thn 5.34! :-) Dialèxte ti protim�te. :-)

EpÐshc, me parìmoio trìpo mporoÔme na broÔme thn eÐsodo x(t), an mac dÐnetai to sÔsthma kai h

èxodoc tou. DeÐte:

Par�deigma 2:

'Estw èna sÔsthma me apìkrish suqnìthtac

H(f) =
1

3 + j2πf
(5.36)

Sthn eÐsodì tou, brÐsketai èna s ma x(t), to opoÐo dÐnei èxodo

y(t) = e−tu(t)− e−2tu(t) (5.37)

BreÐte thn eÐsodo, x(t).

LÔsh:

Me parìmoio trìpo èqoume

y(t)←→ Y (f) =
1

1 + j2πf
− 1

2 + j2πf
(5.38)
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Profan¸c isqÔei

Y (f) = H(f)X(f)⇐⇒ X(f) =
Y (f)

H(f)
=

1
1+j2πf −

1
2+j2πf

1
3+j2πf

=

1
(2+j2πf)(1+j2πf)

1
3+j2πf

=
3 + j2πf

(2 + j2πf)(1 + j2πf)

=
A

2 + j2πf
+

B

1 + j2πf
←→

x(t) = Ae−2tu(t) +Be−tu(t) (5.39)

me

A =
3 + j2πf

(2 + j2πf)(1 + j2πf)
(2 + j2πf)

∣∣∣
f=−2/j2π

=
3 + j2πf

(1 + j2πf)

∣∣∣
f=−2/j2π

= −1 (5.40)

B =
3 + j2πf

(2 + j2πf)(1 + j2πf)
(1 + j2πf)

∣∣∣
f=−1/j2π

=
3 + j2πf

(2 + j2πf)

∣∣∣
f=−1/j2π

= 2 (5.41)

kai �ra telik� h eÐsodoc ja eÐnai

x(t) = −e−2tu(t) + 2e−tu(t) (5.42)

Merikèc parathr seic...

1. Me parìmoio trìpo brÐskoume to sÔsthma h(t) an mac dÐnetai h eÐsodoc kai h èxodoc, x(t), y(t),

antÐstoiqa. K�nte to! :-)

2. Gia ton upologismì twn stajer¸n A,B,C,D parap�nw, deÐte to Par�rthma aut¸n twn shmei¸-

sewn.

3. Fusik� gia ton upologismì thc exìdou enìc sust matoc mporeÐte na qrhsimopoi sete to olo-

kl rwma thc sunèlixhc, an sac boleÔei. To p¸c ja katalabaÐnete poiìc trìpoc eÐnai pio eÔkoloc

  sÔntomoc, apaiteÐ empeirÐa kai trib  se ask seic. Pollèc forèc m�lista den eÐnai emfanèc me

to m�ti k�ti tètoio, kai anagkastik� douleÔete ìpwc nomÐzete eseÐc, mèqri na epibebaiwjeÐte  

na diayeusteÐte. :-)

5.4.4 FÐltra

K�poia sust mata ekteloÔn sugkekrimènec leitourgÐec, oi opoÐec eÐnai polÔ sun jeic kai polÔ

qr simec sthn pr�xh. Autèc oi leitourgÐec perilamb�noun thn apokop  sugkekrimènwn suqnot twn

tou s matoc eisìdou kai th dièleush k�poiwn �llwn, kai/  thn enÐsqush twn suqnot twn tou s -

matoc eisìdou pou dièrqontai eleÔjera tou sust matoc. Lìgw aut c thc leitourgÐac touc, aut� ta
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sust mata onom�zontai ��fÐltra��. O lìgoc, profan c: ìpwc to fÐltro (tou kafè p.q.) desmeÔei ton

kafè se stèrea morf  kai epitrèpei th dièleush tou ugroÔ kafè, ètsi kai aut� ta fÐltra, epitrèpoun

th dièleush orismènwn suqnot twn en¸ desmeÔoun (katastèlloun, mhdenÐzoun to pl�toc touc dhlad )

k�poiec �llec.

Up�rqoun tèssera basik� eÐdh fÐltrwn:

1. To bajuperatì (lowpass) fÐltro: epitrèpei th dièleush suqnot twn apì th mhdenik  suqnìthta

wc mia sugkekrimènh, pou lègetai suqnìthta apokop c, fc.

2. To uyiperatì (highpass) fÐltro: epitrèpei th dièleush suqnot twn apì mia sugkekrimènh, pou

lègetai suqnìthta apokop c, fc, wc to +∞.

3. To zwnoperatì (bandpass) fÐltro: epitrèpei th dièleush suqnot twn apì mia sugkekrimènh fc1 ,

wc mia �llh sugkekrimènh suqnìthta, fc2 . Sun jwc aut  h z¸nh suqnot twn eÐnai mikr .

4. To zwnoapagoreutikì (bandstop) fÐltro: apagoreÔei th dièleush suqnot twn apì mia sugke-

krimènh fc1 , wc mia �llh sugkekrimènh suqnìthta, fc2 . Sun jwc aut  h z¸nh suqnot twn eÐnai

mikr . To zwnoapagoreutikì fÐltro eÐnai k�pwc san to ��antÐjeto�� tou zwnoperatoÔ. :-)

Sq ma 5.5: Idanik� FÐltra

Ta fÐltra aut� faÐnontai sqhmatik� sthn eikìna 5.5, mìno gia tic jetikèc suqnìthtec. Summetrik�

eÐnai ta sq mata kai gia tic arnhtikèc, afoÔ mil�me gia pragmatik� s mata. Ta fÐltra aut� lègontai
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idanik�, giatÐ orÐzontai mìno jewrhtik�, dhl. den mporoÔme na ta kataskeu�soume sthn pr�xh ètsi

ìpwc faÐnontai sthn eikìna. MporoÔme na ta proseggÐsoume arket� kal�, me fÐltra ìpwc aut�

thc eikìnac 5.6. Proc to parìn kai se autì to m�jhma, mac endiafèroun mìno ta idanik� fÐltra,

Sq ma 5.6: Pragmatopoi sima FÐltra

gia ta opoÐa mporoÔme na èqoume mia eÔkolh majhmatik  anapar�stas  touc. Gia par�deigma, to

qamhloperatì fÐltro mporeÐ na anaparastajeÐ majhmatik� wc:

H(f) =

{
1, |f | ≤ fc
0, |f | > fc

(5.43)

H SqedÐash FÐltrwn eÐnai ènac olìklhroc tomèac thc EpexergasÐac S matoc apì mìnoc tou, opìte

de ja epektajoÔme perissìtero ed¸.

5.5 SÔgkrish shm�twn - Susqètish

'Eqontac plèon ìla ta ergaleÐa thc An�lushc Fourier diajèsima, mporoÔme na rÐxoume mia gr gorh

mati� sth sÔgkrish shm�twn. H sqèsh pou mac bohj�ei se aut n thn kateÔjunsh lègetai Susqètish
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kai gia duo s mata x(t), y(t) dÐnetai apì thn exÐswsh

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ (5.44)

H suzugÐa sto x(t) emfanÐzetai epeid  en gènei ta s mata eÐnai migadik�. An prìkeitai gia pragmatik�

s mata, h suzugÐa apl� paraleÐpetai. H susqètish ��baftÐzetai�� me diaforetikì ìnoma an sugkrÐnoume

diaforetik� s mata (eterosusqètish), en¸ an sugkrÐnoume to s ma me ton eautì tou (x(t) = y(t)),

lègetai autosusqètish. H susqètish metaxÔ duo shm�twn eÐnai exairetik� shmantik  epeid  eÐnai èna

mètro thc omoiìthtac metaxÔ duo shm�twn. H jewrÐa thc susqètishc emfanÐzetai se di�forouc tomeÐc

epexergasÐac s matoc, ìpwc sta rant�r, sta sìnar, stic yhfiakèc epikoinwnÐec, klp.

5.5.1 Periodik  Susqètish

Ac xekin soume apì thn periodik  susqètish, dhl. apì th melèth omoiìthtac periodik¸n shm�twn.

Gia na jumhjoÔme k�poia pr�gmata. DeÐte:

Xk =
1

T0

∫ T0

0
x(t)e−j2πkf0tdt (5.45)

φxy(t) =
1

T0

∫ T0

0
x(τ)y(τ + t)dτ (5.46)

Blèpete pwc h omoiìthta eÐnai profan c! (mh mou peÐte pwc den to blèpete! :-) ) Kai mantèyte �

h idèa thc probol c pou suzht same parap�nw gia touc suntelestèc Xk, isqÔei ki ed¸! PantoÔ

aut  h probol , telik�! :-) Ed¸ ìmwc, prob�lloume to s ma x(t) p�nw se èna �llo s ma y(t) to

opoÐo ed¸ èqei thn ikanìthta na metakineÐtai sto qrìno, y(τ + t), kai gia k�je qronik  metakÐnhsh

t, paÐrnoume kai èna mètro thc omoiìthtac metaxÔ twn shm�twn. 'Opwc akrib¸c paÐrname èna Xk gia

k�je akèraia pollapl�sia suqnìthta e−j2πkf0t sth sqèsh 5.45, ètsi ki ed¸ paÐrnoume èna φxy(∆t)

gia k�je apeirost  metakÐnhsh ∆t tou s matoc y(t), kai fusik� aut  h diadikasÐa mac dÐnei sto tèloc

mia suneq  sun�rthsh φxy(t).

Gia na katal�boume diaisjhtik� th susqètish, ac jewr soume pr¸ta to par�deigma thc autosu-

sqètishc, dhl. thc susqètishc enìc s matoc me ton eautì tou:

φxx(t) =
1

T0

∫ T0

0
x(τ)x(τ + t)dτ (5.47)

Ed¸ èqoume loipìn èna mètro thc omoiìthtac tou s matoc me ton eautì tou. Prèpei na sac eÐnai

antilhptì ìti h mègisth omoiìthta tou s matoc ja sumbaÐnei ìtan den up�rqei kami� metakÐnhsh, dhl.

ìtan t = 0. Tìte ta duo s mata ��pèftoun to èna p�nw sto �llo�� kai to ginìmenì touc eÐnai mègisto.

'Oso to t arqÐzei na all�zei, dhl. to x(τ + t) na metakineÐtai, tìso diaforopoieÐtai autì to ginìmeno,

giatÐ plèon ta duo s mata arqÐzoun na mh moi�zoun pia se mia qronik  stigm  t0. 'Omwc, prèpei na

jumìmaste ìti èqoume na k�noume me periodikì s ma. 'Ara met� apì metakÐnhsh kat� t = T0, ta s mata
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p�li ja pèftoun akrib¸c to èna p�nw sto �llo, kai �ra p�li h omoiìtht� touc ja eÐnai mègisth! Ki

autì ja suneqÐzetai ep' �peiron. Apì aut n thn parat rhsh, sumperaÐnoume ìti

|φxx(t)| ≤ φxx(0) = φxx(kT0) (5.48)

pou eÐnai h majhmatik  graf  thc parat rhshc pou k�name mìlic sqetik� me th mègisth omoiìthta.

H eterosusqètish mporeÐ na gÐnei antilhpt  me parìmoio trìpo, mìno pou t¸ra den èqoume duo Ðdia

s mata, all� duo diaforetik� x(t), y(t). Ta shmeÐa megÐstou thc sun�rthshc eterosusqètishc eÐnai

ekeÐ pou ta duo s mata moi�zoun perissìtero to èna me to �llo. ?-)

Sto q¸ro twn suqnot twn, apodeiknÔetai ìti to s ma thc susqètishc metafr�zetai wc

φxy(t) =
1

T0

∫ T0

0
x∗(τ)y(τ + t)dτ =

∞∑
k=−∞

X∗kYke
j2πkf0t (5.49)

PolÔ pio apl  sqèsh sth suqnìthta, sumfwneÐte? Gia thn perÐptwsh thc autosusqètishc, h parap�nw

sqèsh apl� gÐnetai

φxx(t) =
1

T0

∫ T0

0
x∗(τ)x(τ + t)dτ =

∞∑
k=−∞

|Xk|2ej2πkf0t (5.50)

Parathr ste ìti gia t = 0, h autosusqètish mac dÐnei thn isqÔ tou s matoc, sÔmfwna me to je¸rhma

tou Parseval:

φxx(0) = E =

∞∑
k=−∞

|Xk|2 (5.51)

5.5.2 Susqètish gia mh periodik� s mata

Ac suneqÐsoume me thn susqètish gia mh periodik� s mata. H antistoiqÐa ki ed¸ eÐnai emfan c.

DeÐte:

X(f) =

∫ ∞
∞

x(t)e−j2πftdt (5.52)

φxy(t) =

∫ ∞
−∞

x(τ)y(τ + t)dτ (5.53)

Blèpete pwc ki ed¸ h omoiìthta eÐnai profan c! (ki ed¸ mh mou peÐte pwc den to blèpete! :-) ) Ed¸,

aut  th for�, prob�lloume to s ma x(t) p�nw se èna �llo s ma y(t) to opoÐo ed¸ èqei thn ikanìthta

na metakineÐtai sto qrìno y(τ + t), kai gia k�je qronik  metakÐnhsh t, paÐrnoume kai èna mètro thc

omoiìthtac metaxÔ twn shm�twn. 'Opwc akrib¸c paÐrname èna X(∆f) gia k�je suqnìthta e−j2π∆ft

sth sqèsh 5.52, ètsi ki ed¸ paÐrnoume èna φxy(∆t) gia k�je apeirost  metakÐnhsh ∆t tou s matoc

y(t), kai fusik� aut  h diadikasÐa mac dÐnei sto tèloc mia suneq  sun�rthsh φxy(t).
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Ki ed¸ h autosusqètish, orÐzetai wc:

φxx(t) =

∫ ∞
−∞

x(τ)x(τ + t)dτ (5.54)

Kai ed¸ èqoume loipìn èna mètro thc omoiìthtac tou s matoc me ton eautì tou. H mègisth omoiìthta

tou s matoc ja sumbaÐnei ìtan den up�rqei kami� metakÐnhsh, dhl. ìtan t = 0. Tìte ta duo s mata

��pèftoun to èna p�nw sto �llo�� kai to ginìmenì touc eÐnai mègisto. 'Oso to t arqÐzei na all�zei,

dhl. to x(τ + t) na metakineÐtai, tìso diaforopoieÐtai autì to ginìmeno, giatÐ plèon ta duo s mata

arqÐzoun na mh moi�zoun pia se mia qronik  stigm  t0. Apì aut n thn parat rhsh, sumperaÐnoume ìti

|φxx(t)| ≤ φxx(0) (5.55)

pou eÐnai h majhmatik  graf  thc parat rhshc pou k�name mìlic sqetik� me th mègisth omoiìthta.

Shmei¸ste ìti ta s mata den eÐnai pia periodik�, opìte up�rqei mìno èna shmeÐo ìpou h autosusqè-

tish eÐna mègisth. H eterosusqètish mporeÐ na gÐnei antilhpt  me parìmoio trìpo, mìno pou t¸ra

den èqoume duo Ðdia s mata, all� duo diaforetik� x(t), y(t). To shmeÐo megÐstou thc sun�rthshc

eterosusqètishc � den mporeÐ na eÐnai parap�nw apì èna � eÐnai ekeÐ pou ta duo s mata moi�zoun

perissìtero to èna me to �llo (ìqi aparaÐthta sto 0). ?-)

Sto q¸ro twn suqnot twn, apodeiknÔetai ìti to s ma thc susqètishc metafr�zetai wc

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ ↔ Φxy(f) = X∗(f)Y (f) (5.56)

ìpou h

Φxy(f) = X∗(f)Y (f) (5.57)

onom�zetai Energy Interspectral Density � Diafasmatik  Puknìthta Enèrgeiac.

Gia thn perÐptwsh thc autosusqètishc, h parap�nw sqèsh apl� gÐnetai

φxx(t) =

∫ ∞
−∞

x∗(τ)x(τ + t)dτ ↔ Φxx(f) = |X(f)|2 (5.58)

ìpou h

Φxx(f) = |X(f)|2 (5.59)

onom�zetai (pio apl�) Energy Spectral Density � Fasmatik  Puknìthta Enèrgeiac, kai mac perigr�fei

thn katanom  thc enèrgeiac tou s matoc an� tic suqnìthtec. 'Ara ed¸ faÐnetai ìti h eterosusqètish

sto qrìno eÐnai apl� to mètro tou metasq. Fourier sto tetr�gwno, sth suqnìthta!

Parathr ste ìti gia t = 0, h autosusqètish mac dÐnei thn enèrgeia tou s matoc, sÔmfwna me to

je¸rhma tou Parseval:

φxx(0) =

∫ ∞
−∞
|x(t)|2dt =

∫ ∞
−∞
|X(f)|2df (5.60)
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5.5.3 Susqètish gia s mata isqÔoc

Ta periodik� s mata eÐnai s mata isqÔoc all� ìqi mìno aut�. Ja epekteÐnoume thn an�lush twn

periodik¸n shm�twn gia s mata isqÔoc. Gia s mata isqÔoc, h eterosusqètish orÐzetai wc

φxy(t) = lim
T→∞

∫ T/2

−T/2
x∗(τ)y(τ + t)dτ (5.61)

en¸ h sun�rthsh autosusqètishc wc

φxx(t) = lim
T→∞

∫ T/2

−T/2
x∗(τ)x(τ + t)dτ (5.62)

O metasq. Fourier thc autosusqètishc onom�zetai Power Spectral Density � Fasmatik  Puknìthta

IsqÔoc, kai mac perigr�fei thn katanom  thc isqÔoc an� suqnìthta, en¸ o antÐstoiqoc thc eterosu-

sqètishc onom�zetai Power Interspectral Density � Diafasmatik  Puknìthta IsqÔoc.

Parathr ste ìti gia t = 0, h autosusqètish mac dÐnei thn isqÔ (kai ìqi pia enèrgeia � mil�me gia

s mata isqÔoc �llwste) tou s matoc, sÔmfwna me to je¸rhma tou Parseval:

φxx(0) =

∫ ∞
−∞

Φx(f)df (5.63)

Prosèxte pwc ed¸, h Fasmatik  Puknìthta IsqÔoc DEN isoÔtai me to mètro tou metasq. Fourier

sto tetr�gwno thc autosusqètishc, ìmwc mporeÐ na upologisteÐ eÔkola apì th sqèsh

Φx(f) = lim
T→∞

1

T
|X(f, T )|2 (5.64)

ìpou X(f, T ) eÐnai o metasq. Fourier tou s matoc

x(t, T ) = x(t)rect
( t
T

)
(5.65)

ìpou x(t) eÐnai to s ma isqÔoc, en¸ to x(t, T ) eÐnai èna komm�ti tou s matoc isqÔoc, di�rkeiac T , dhl.

eÐnai s ma enèrgeiac.

5.5.4 Efarmogèc

Ac anafèroume apl� duo efarmogèc thc susqètishc sthn pr�xh, ètsi, gia na sac peÐsoume gia th

shmasÐa thc. :-)

1. Ac jewr soume èna rant�r, ìpou stìqoc tou eÐnai na aniqneÔsei ènan pijanì stìqo, stèlnontac

proc autìn èna s ma. An o stìqoc eÐnai par¸n, to s ma antanakl�tai kai epistrèfei ston

pompì, en¸ an ìqi, o pompìc lamb�nei mìno jìrubo (fusik� ta s mata aut� eÐnai mh periodik�).

H parousÐa   h apousÐa tou anakl¸menou s matoc epibebai¸nei thn parousÐa   thn apousÐa

tou stìqou (de mil�me gia katast�seic Stealth, ètsi? Mil�me gia apl� pr�gmata :-) ). To
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krÐsimo prìblhma se aut  th diadikasÐa eÐnai h anÐqneush tou anakl¸menou s matoc. Fusik�,

to anakl¸meno s ma pou lamb�netai èqei alloiwjeÐ sobar� lìgw apìstashc kai jorÔbou tou

perib�llontoc. Se mia tètoia perÐptwsh, h susqètish tou lhfjèntoc s matoc me ton arqikì,

pou metadìjhke, mporeÐ na mac bohj sei shmantik�!

Ac exhg soume DIAISJHTIKA :-) p¸c gÐnetai h anÐqneush tou s matoc me qr sh thc susqè-

tishc. Metr¸ntac th qronik  kajustèrhsh metaxÔ tou s matoc pou st�ljhke kai autoÔ pou

el fjh, mporoÔme na prosdiorÐsoume thn apìstash tou stìqou. 'Estw ìti to s ma pou st�l-

jhke eÐnai to g(t) kai autì pou el fjh eÐnai to f(t), ìpwc perigr�fontai sto sq ma 5.7. An

Sq ma 5.7: ErmhneÐa thc susqètishc

ginìtan ap' eujeÐac sÔgkrish gia thn omoiìthta, me mia exÐswsh ìpwc

φfg(t) =

∫ ∞
−∞

f(t)g(t)dt (5.66)

to apotèlesma ja  tan mhdèn. Gi� autì kai qrhsimopoioÔme th gnwst  sqèsh susqètishc

φfg(t) =

∫ ∞
−∞

f(τ)g(τ + t)dτ (5.67)

An gia k�poio t (pou eÐnai oi di�forec kajuster seic tou enìc s matoc) parathrhjeÐ isqur 

susqètish (pou shmaÐnei meg�lh tim  sto olokl rwma), den aniqneÔetai mìno h parousÐa tou

s matoc all� kai h sqetik  qronik  metatìpish tou f(t) se sqèsh me to g(t). 'Etsi, ìqi

mìno metr�me thn parousÐa enìc stìqou all� kai thn apìstas  tou. ?-) Opìte   qtup�me to

sunagermì   stèlnoume ton pÔraulo na ton qtup sei... :-)

2. 'Ena polÔ hot jèma sthn EpergasÐa S matoc Fwn c (w nai, asqoloÔmaste polÔ me aut� emeÐc

:-) ) eÐnai h eÔresh thc legìmenhc jemeli¸douc suqnìthtac f0 se tm mata fwn c pou eÐnai

èmfwna, ìpwc to /a/. Se aut� ta tm mata, jewroÔme ìti oi suqnìthtec tou f�smatoc eÐnai

akèraiec (  sqedìn akèraiec) pollapl�siec miac jemeli¸douc suqnìthtac. An broÔme aut ,

mporoÔme na broÔme kai tic upoloipec. JewroÔme dhlad  ìti to èmfwno s ma fwn c eÐnai

periodikì (pou den eÐnai, all� mac boleÔei kai sthn pr�xh douleÔei kiìlac! :-) ) 'Enac apì
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touc pr¸touc trìpouc pou prot�jhkan gia thn eÔresh aut c thc suqnìthtac, eÐnai h mèjodoc

thc autosusqètishc. Jewr¸ntac mikr� tm mata fwn c pou jewroÔme me k�poia bebaiìthta ìti

eÐnai èmfwna, efarmìzoume thn autosusqètish sto qrìno se k�je èna apì aut�. SusqetÐzoume

dhlad  k�je tm ma me ton eautì tou. 'Opwc eÐdame, h susqètish periodik¸n shm�twn dÐnei

mègista se qronikèc stigmèc pollapl�siec thc periìdou T0. 'Etsi loipìn, brÐskontac th mègisth

tim  thc sun�rthshc autosusqètishc (ektìc fusik� apì thn tim  sth jèsh 0), brÐskoume thn

perÐodo tou s matoc, kai �ra th jemeli¸dh suqnìthta f0 = 1/T0.

5.5.5 Parathr seic

1. Parathr ste ìti h susqètish moi�zei kataplhktik� me th sunèlixh. 'Omwc en¸ h sunèlixh

emplèkei thn an�klash kai th metatìpish enìc ek twn duo shm�twn, h susqètish emplèkei

MONO th metatìpish. DeÐte parak�tw � jewroÔme pragmatik� s mata:

cxy(t) =

∫ ∞
−∞

x(τ)y(t− τ)dτ (5.68)

φxy(t) =

∫ ∞
−∞

x(τ)y(t+ τ)dτ (5.69)

'Ara prèpei na sac eÐnai pio eÔkolo na upologÐsete th susqètish, apl� metatopÐzontac � ki ìqi

anastrèfontac � to èna ek twn duo shm�twn, akolouj¸ntac parìmoia diadikasÐa me aut  pou

akolouj same sth sunèlixh.

2. Fusik�, aut  h tìsh meg�lh omoiìthta metaxÔ sunèlixhc kai susqètishc de ja mporoÔse par�

na mac odhg sei se mia sqèsh pou tic sundèei:

φxy(t) = x(−t) ∗ y(t) (5.70)

en¸ gia thn autosusqètish eÐnai

φxx(t) = x(−t) ∗ x(t) (5.71)

3. Shmantikì eÐnai na parathr sete ìti DEN isqÔei h antimetajetik  idiìthta sth susqètish, dhl.

φxy(t) 6= φyx(t) (5.72)

en¸ èqoume dei ìti isqÔei gia th sunèlixh:

cxy(t) = x(t) ∗ y(t) = y(t) ∗ x(t) = cyx(t) (5.73)

Aut  eÐnai mia shmantik  diaforopoÐhsh twn duo sqèsewn.

4. EÐdame parap�nw ìti o metasq. Fourier thc autosusqètishc φxx(t) (pou ton baftÐsame Fasma-
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tik  Puknìthta Enèrgeiac) eÐnai Ðsoc me |X(f)|2, dhl. eÐnai PANTA pragmatik  sun�rthsh,

kai PANTA jetik  gia ìlec tic suqnìthtec! 'Ara h f�sh tou metasqhmatismoÔ eÐnai p�nta

mhdèn. Autì shmaÐnei ìti o metasq. Fourier thc autosusqètishc eÐnai anex�rthtoc opoiasd -

pote metakÐnhshc sto qrìno (f�sh sth suqnìthta == metakÐnhsh sto qrìno) thc sun�rthshc

autosusqètishc. Endiafèron! :-)

5. Shmantikì eÐnai na jum�ste ìti:

(aþ) O metasq. Fourier thc autosusqètishc mac dÐnei th Fasmatik  Puknìthta Enèrgeiac

(bþ) O antÐstr. metasq. Fourier thc Fasmatik c Puknìthtac Enèrgeiac mac dÐnei thn auto-

susqètish
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5.6 Ask seic

1. 'Estw ta parak�tw s mata: Na upologÐsete th sunèlixh y(t) = x(t) ∗ h(t).

Sq ma 5.8: Sq ma 'Askhshc 4.1

LÔsh:

Epilègoume na paÐxoume me to x(t), kaj' ìti eukolìtero. H an�klash kai h metatìpish tou

s matoc faÐnetai sto sq ma 5.9. Akolouj¸ntac th diadikasÐa pou perigr�fhke sthn par�grafo

Sq ma 5.9: Metatìpish kai an�klash gia 'Askhsh 4.1

5.2, ja èqoume tic parak�tw peript¸seic:

� y(t) = 0, t < 0 (sq ma 5.10aþ)

� y(t) =

∫ t

0

τ

T
dτ =

τ2

2T

∣∣∣t
0

=
t2

2T
, gia t ≥ 0 kai t− T ≤ 0⇔ 0 ≤ t ≤ T (sq ma 5.10bþ)

� y(t) =

∫ t

t−T

τ

T
dτ+

∫ t

T

(
2− τ

T

)
dτ = − t

2

T
+3t− 3T

2
, gia t−T < T kai t ≥ T ⇔ T ≥ t < 2T

(sq ma 5.11aþ)

� y(t) =

∫ 2T

t−T

(
2 − τ

T

)
dτ =

(
2τ − τ2

2T

)∣∣∣2T
t−T

=
t2

2T
− 3t +

9T

2
, gia t < 3T kai t ≥ 2T ⇔

2T ≤ t < 3T (sq ma 5.11bþ)

� y(t) = 0, t ≥ 3T (sq ma 5.12aþ)
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(aþ) 1h perÐptwsh 'Askhshc 4.1 (bþ) 2h perÐptwsh 'Askhshc 4.1

Sq ma 5.10: Peript¸seic 'Askhshc 4.1 - I

(aþ) 3h perÐptwsh 'Askhshc 4.1 (bþ) 4h perÐptwsh 'Askhshc 4.1

Sq ma 5.11: Peript¸seic 'Askhshc 4.1 - II

(aþ) 5h perÐptwsh 'Askhshc 4.1

Sq ma 5.12: Peript¸seic 'Askhshc 4.1 - III

'Ara telik� ja eÐnai:

y(t) =


0, t < 0 kai t ≥ 3T
t2

2T , 0 ≤ t ≤ T
− t2

T + 3t− 3T
2 , T ≥ t < 2T

t2

2T − 3t+ 9T
2 , 2T ≤ t < 3T

(5.74)

pou eÐnai kai to zhtoÔmeno.

2. 'Estw ta s mata

x(t) = Ae−|t|, h(t) = 2(u(t− 3)− u(t− 5))

pou faÐnontai sto sq ma 5.13 UpologÐste th sunèlixh twn duo shm�twn.
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Sq ma 5.13: Sq ma 'Askhshc 4.2

LÔsh:

Epilègoume na paÐxoume me to h(t), kaj' ìti eukolìtero. H an�klash kai h metatìpish tou

s matoc faÐnetai sto sq ma 5.14. Akolouj¸ntac th diadikasÐa pou perigr�fhke sthn par�grafo

Sq ma 5.14: An�klash kai metatìpish tou s matoc 'Askhshc 4.2

5.2, ja èqoume tic parak�tw peript¸seic:

� y(t) =

∫ t−3

t−5
2Aeτdτ = 2A(et−3 − et−5), gia t− 3 ≤ 0⇔ t ≤ 3 (sq ma 5.15aþ)

� y(t) =

∫ 0

t−5
2Aeτdτ +

∫ t−3

0
2Ae−τdτ = 2A(2A− et−5 − e3−t), gia t ≤ 5 kai t > 3⇔ 3 <

t ≤ 5 (sq ma 5.15bþ)

� y(t) =

∫ t−3

t−5
2Ae−τdτ = 2A(e5−t − e3−t), gia t− 5 > 0⇔ t > 5 (sq ma 5.16aþ)

'Ara telik� ja èqoume

y(t) =


2A(et−3 − et−5), t ≤ 3

2A(2A− et−5 − e3−t), 3 < t ≤ 5

2A(e5−t − e3−t), t > 5

(5.75)

pou eÐnai kai to zhtoÔmeno.

3. 'Estw ta s mata

x(t) =

{
0, alloÔ
1
t , t ≥ 1
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(aþ) 1h perÐptwsh 'Askhshc 4.2 (bþ) 2h perÐptwsh 'Askhshc 4.2

Sq ma 5.15: Peript¸seic 'Askhshc 4.2 - I

(aþ) 3h perÐptwsh 'Askhshc 4.2

Sq ma 5.16: Peript¸seic 'Askhshc 4.2 - II

y(t) =

{
t2, 0 ≤ t ≤ 1

0, alloÔ

UpologÐste th sunèlixh twn duo shm�twn.

LÔsh:

Epilègoume na paÐxoume me to h(t), kaj' ìti eukolìtero sth sqedÐash. H an�klash kai h

metatìpish tou s matoc faÐnetai sto sq ma 5.17. Akolouj¸ntac th diadikasÐa pou perigr�fhke

Sq ma 5.17: Anaklasmèno kai metatopismèno s ma 'Askhshc 4.3

sthn par�grafo 5.2, ja èqoume tic parak�tw peript¸seic:

� y(t) = 0, t ≤ 1

� y(t) =

∫ t

1

1

τ
(t− τ)2dτ = t2 ln |τ |

∣∣∣t
1
− 2tτ

∣∣∣t
1

+
τ2

2

∣∣∣t
1

= · · · , gia t < 2 kai t > 1⇔ 1 < t < 2
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� y(t) =

∫ t

t−1

1

τ
(t− τ)2dτ = t2 ln |τ |

∣∣∣t
t−1
− 2tτ

∣∣∣t
t−1

+
τ2

2

∣∣∣t
t−1

= · · · , gia t− 1 ≥ 1⇔ t ≥ 2

Epibebai¸ste eseÐc sqhmatik� ìti ta parap�nw eÐnai swst�! :-)

4. 'Estw to s ma

x(t) = 2δ(t)− 3δ(t− 4)

kai to s ma h(t) pou faÐnetai sto sq ma 5.18. BreÐte to apotèlesma thc

Sq ma 5.18: Sq ma 'Askhshc 4.4

sunèlixhc twn duo shm�twn.

LÔsh:

H sunèlixh me sunart seic Dèlta apl� par�gei antÐgrafa twn shm�twn me ta opoÐa sunelÐssetai,

metatopismèna sth jèsh thc sun�rthshc Dèlta, pollaplasiasmèna me to pl�toc thc. OÔte

oloklhr¸mata, oÔte metatopÐseic, oÔte anastrofèc, oÔte tÐpota! :-) GÐnetai ìmwc eureÐa qr sh

twn idiot twn thc sun�rthshc Dèlta, ìpwc h

x(t) ∗ δ(t− t0) = x(t− t0)

'Ara ja eÐnai apl�

y(t) = h(t) ∗ (2δ(t)− 3δ(t− 4)) = 2h(t) ∗ δ(t)− 3h(t) ∗ δ(t− 4) = 2h(t)− 3h(t− 4)

To apotèlesma thc sunèlixhc faÐnetai sto sq ma 5.19.
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Sq ma 5.19: S ma sunèlixhc h(t) ∗ x(t) 'Askhshc 4.4

5. Na upologisteÐ h sunèlixh twn shm�twn

x(t) = u(t)

y(t) = e−2tu(t)

LÔsh:

Ta duo s mata eÐnai ìpwc sto sq ma 5.20. PaÐzoume me to x(t). To anestrammèno kai ana-

Sq ma 5.20: S mata 'Askhshc 4.5

klasmèno s ma faÐnetai sto sq ma 5.21. DiakrÐnoume duo peript¸seic, oi opoÐec faÐnontai sta

Sq ma 5.21: Metatopismèno s ma 'Askhshc 4.5

sq mata 5.22aþ kai 5.22bþ.

� cxy(t) = 0, t ≤ 0

� cxy(t) =

∫ ∞
−∞

e−2τu(t)u(t− τ)dτ =

∫ t

0
e−2τdτ =

1− e−2t

2
, t > 0
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(aþ) PerÐptwsh 1h (bþ) PerÐptwsh 2h

Sq ma 5.22: Peript¸seic 'Askhshc 4.5

'Ara telik� ja eÐnai

cxy(t) =

{
1−e−2t

2 , t > 0

0, t ≤ 0
(5.76)

pou eÐnai kai to zhtoÔmeno.

6. JewroÔme to sÔsthma pou faÐnetai sto sq ma 5.23, me

Sq ma 5.23: S ma 'Askhshc 4.6

x(t) = u
(
t +

1

2

)
− u

(
t− 1

2

)
h1(t) = δ

(
t− 3

2

)
h2(t) = u(t)− u(t− 3)

Na upologisteÐ kai na sqediasteÐ h èxodoc tou sust matoc, y(t).

LÔsh:

AfoÔ ta sust mata eÐnai se seir�, mporoÔme na broÔme to sunolikì sÔsthma h(t), pou eÐnai h

sunèlixh twn duo susthm�twn, kai eÐnai

h(t) = h1(t) ∗ h2(t) = δ
(
t− 3

2

)
∗
(
u(t)− u(t− 3)

)
= u

(
t− 3

2

)
− u
(
t− 3− 3

2

)
= u

(
t− 3

2

)
− u
(
t− 9

2

)
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'Ara eÐnai san na pern�me thn eÐsodo x(t) apì to sÔsthma h(t). ParathroÔme ìti

x(t) = u
(
t+

1

2

)
− u
(
t− 1

2

)
= rect

( t
1

)
h(t) = u

(
t− 3

2

)
− u
(
t− 9

2

)
= rect

( t− 3

3

)
Oi peript¸seic faÐnontai sto sq ma 5.24, 5.25, 5.26. Kat� ta gnwst� loipìn, ja paÐxoume me

(aþ) PerÐptwsh 1h (bþ) PerÐptwsh 2h

Sq ma 5.24: Peript¸seic 'Askhshc 4.6 - 1

(aþ) PerÐptwsh 3h (bþ) PerÐptwsh 4h

Sq ma 5.25: Peript¸seic 'Askhshc 4.6 - 2

Sq ma 5.26: Peript¸seic 'Askhshc 4.6 - 3

to h(t), kai ja èqoume tic parak�tw peript¸seic:

� y(t) = 0, t ≤ 1

� y(t) =

∫ t−3/2

−1/2
dτ = τ

∣∣∣t−3/2

−1/2
= t− 1, gia 1 < t ≤ 2.

� y(t) =

∫ 1/2

−1/2
dτ = τ

∣∣∣1/2
−1/2

= 1, gia 2 < t ≤ 4
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� y(t) =

∫ 1/2

t−9/2
dτ = τ

∣∣∣1/2
t−9/2

= 5− t, gia 4 < t ≤ 5

� y(t) = 0, t > 5

'Ara sunolik� ja eÐnai

y(t) =


0, t < 1, t > 5

t− 1, 1 < t ≤ 2

1, 2 < t ≤ 4

5− t, 4 < t ≤ 5

(5.77)

To apotèlesma faÐnetai sto sq ma 5.27.

Sq ma 5.27: Apotèlesma 'Askhshc 4.6

Parat rhsh: MporoÔme na per�soume thn eÐsodo apì to h1(t), na broÔme thn èxodo y1(t), kai

èpeita na per�soume thn y1(t) apì to h2(t) kai na broÔme thn telik  èxodo y(t).

7. UpologÐste th sun�rthsh autosusqètishc tou s matoc

x(t) = e−αtu(t), α > 0

LÔsh:

H autosusqètish emplèkei to ginìmeno tou s matoc me ton eautì tou, metatopismèno kat� t.

DouleÔoume ìpwc me th sunèlixh, apl� den anastrèfoume to s ma, mìno to metatopÐzoume.

DiakrÐnoume tic peript¸seic, an�loga me th jèsh tou x(τ + t).

� EÐnai

φxx(t) =

∫ ∞
0

e−aτe−a(τ+t)dτ = e−at
∫ ∞

0
e−2aτdτ

= e−at
1

−2a
e−2aτ

∣∣∣∞
0

=
1

2a
e−at, t > 0
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� EÐnai

φxx(t) =

∫ ∞
−t

e−aτe−a(τ+t)dτ = e−at
∫ ∞
−t

e−2aτdτ

= e−at
1

−2a
e−2aτ

∣∣∣∞
−t

=
1

2a
eat, t < 0

'Ara sunolik� isqÔei

φxx(t) =
1

2a
e−a|t|, a > 0 (5.78)

8. UpologÐste th Fasmatik  Puknìthta Enèrgeiac tou s matoc

x(t) = e−αtu(t), α > 0

LÔsh:

Xèroume ìti h Fasmatik  Puknìthta Enèrgeiac dÐnetai apì to metasq. Fourier thc autosusqè-

tishc:

Φxx(f) = F{φxx(t)} =

∫ ∞
−∞

φxx(t)e−j2πftdt

'Omwc èqoume deÐxei ìti

Φxx(f) = |X(f)|2

ArkeÐ na broÔme to |X(f)|2. EÐnai:

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt =

∫ ∞
0

e−ate−j2πftdt

=

∫ ∞
0

e−(a+j2πf)tdt = − 1

a+ j2πf
e−(a+j2πf)t

∣∣∣∞
0

= − 1

a+ j2πf

(
lim
t→∞

e−(a+j2πf)t − 1
)

Gia to olokl rwma autì isqÔei ìti:

e−(a+j2πf)t = e−ate−j2πft = f(t)g(t)

H sun�rthsh f(t) = e−at teÐnei sto 0 ìtan t → ∞, en¸ h sun�rthsh g(t) = e−j2πft eÐnai

fragmènh, giatÐ |g(t)| = |e−j2πft| = 1, gia k�je f, t. Apì gnwstì je¸rhma, to ìrio tou

ginomènou teÐnei sto 0. 'Ara

lim
t→∞

f(t)g(t) = lim
t→∞

e−(a+j2πf)t = 0

'Ara telik�,

X(f) = − 1

a+ j2πf
(0− 1) =

1

a+ j2πf
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Tèloc, h Fasmatik  Puknìthta Enèrgeiac eÐnai

Φxx(f) = |X(f)|2 =
1

a2 + 4π2f2
, a > 0 (5.79)

9. 'Estw x(t),y(t) duo migadik� s mata kai

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ

h sun�rthsh eterosusqètishc touc. 'Estw X(f),Y(f) o metasqhmatismoÔc

Fourier touc. DeÐxte ìti

(aþ) φyx(t)↔ Y∗(f)X(f)

(bþ) φ∗xy(−t) = φyx(t)

(gþ) φ∗yx(−t) = φxy(t)

LÔsh:

EÐnai

(aþ)

F{φyx(t)} =

∫ ∞
−∞

(∫ ∞
−∞

y∗(τ)x(τ + t)dτ
)
e−j2πftdt

=

∫ ∞
−∞

y∗(τ)

∫ ∞
−∞

x(τ + t)e−j2πftdtdτ

=

∫ ∞
−∞

y∗(τ)X(f)ej2πfτdτ

= X(f)

∫ ∞
−∞

y∗(τ)ej2πfτdτ

= X(f)
(∫ ∞
−∞

y(τ)e−j2πfτdτ
)∗

= X(f)Y ∗(f) (5.80)

(bþ) EÐnai

φyx(t) =

∫ ∞
−∞

y∗(τ)x(t+ τ)dτ (5.81)
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EpÐshc

φxy(t) =

∫ ∞
−∞

x∗(τ)y(t+ τ)dτ, (jètw t← −t)

φxy(−t) =

∫ ∞
−∞

x∗(τ)y(τ − t)dτ

φ∗xy(−t) =
(∫ ∞
−∞

x∗(τ)y(τ − t)dτ
)∗

φ∗xy(−t) =

∫ ∞
−∞

x(τ)y∗(τ − t)dτ

Jètw u = τ − t⇒ du = dτ . 'Ara

φ∗xy(−t) =

∫ ∞
−∞

x(u+ t)y∗(u)du (5.82)

Apì tic sqèseic 5.81, 5.82, apodeiknÔetai to zhtoÔmeno.

(gþ) EÐnai

φxy(t) =

∫ ∞
−∞

x∗(τ)y(τ + t)dτ (5.83)

EpÐshc

φyx(t) =

∫ ∞
−∞

x(τ + t)y∗(τ)dτ, (jètw t← −t)

φyx(−t) =

∫ ∞
−∞

x(τ − t)y∗(τ)dτ

φ∗yx(−t) =
(∫ ∞
−∞

x(τ − t)y∗(τ)dτ
)∗

φ∗yx(−t) =

∫ ∞
−∞

x∗(τ − t)y(τ)dτ

Jètw u = τ − t⇒ du = dτ . Ara

φ∗yx(−t) =

∫ ∞
−∞

x∗(u)y(u+ t)du (5.84)

Apì tic sqèseic 5.84, 5.83, apodeiknÔetai to zhtoÔmeno.

10. 'Estw to s ma

x(t) =



5, t = −2

2, t = −1

2, t = 1

5, t = 2

0, alloÔ

(5.85)
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(aþ) Sqedi�ste to x(t).

(bþ) Gr�yte to x(t) wc grammikì sunduasmì thc sun�rthshc Dèlta

(gþ) UpologÐste to metasq. Fourier tou x(t)

(dþ) DeÐxte ìti Φxx(f) ≤ 156, ìpou Φxx(f) h fasmatik  puknìthta enèrgeiac

tou s matoc.

LÔsh:

(aþ) To s ma faÐnetai sto sq ma 5.28.

Sq ma 5.28: 'Ajroisma sunart sewn Dèlta

(bþ) To x(t) gr�fetai wc

x(t) = 5δ(t+ 2) + 2δ(t+ 1) + 2δ(t− 1) + 5δ(t− 2) (5.86)

(gþ) O metasq. Fourier eÐnai

F{x(t)} = 5ej2π2f + 2ej2πf + 2e−j2πf + 5e−j2π2f

= 10 cos(4πf) + 4 cos(2πf)

= 10(2 cos2(2πf)− 1) + 4 cos(2πf)

= 20 cos2(2πf)− 10 + 4 cos(2πf)

= 20 cos2(2πf) + 4 cos(2πf)− 10 (5.87)

(5.88)
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(dþ) EÐnai

Φxx(f) = |X(f)|2 (5.89)

= |10 cos(4πf) + 4 cos(2πf)|2

= 100 cos2(4πf) + 40 cos(4πf) cos(2πf) + 16 cos2(2πf)

= 100 cos2(4πf) + 20 cos(2πf) + 20 cos(6πf) + 16 cos2(2πf)

Profan¸c −1 ≤ cos(x) ≤ 1 kai 0 ≤ cos2(x) ≤ 1, opìte:

Φxx(f) = 100 cos2(4πf) + 20 cos(2πf) + 20 cos(6πf) + 16 cos2(2πf)

≤ 100 + 20 + 20 + 16

= 156 (5.90)

11. Gia èna pragmatikì s ma x(t) apodeÐxte ìti h sun�rthsh autosusqètishc

eÐnai �rtia sun�rthsh.

LÔsh:

Jèloume na deÐxoume ìti φxx(t) = φxx(−t). To s ma mac eÐnai pragmatikì, �ra x(t) = x∗(t).

EÐnai:

φxx(−t) =

∫ ∞
−∞

x∗(τ)x(τ − t)dτ

=

∫ ∞
−∞

x(τ)x(τ − t)dτ ( jètw τ − t = u⇒ dτ = du)

=

∫ ∞
−∞

x(u+ t)x(t)du

= φxx(u) (5.91)

pou eÐnai kai to zhtoÔmeno.

12. ApodeÐxte ìti gia ta s mata

x(t) = e−αtu(t)

y(t) = e−2αtu(t), α > 0

isqÔei Φxy(f) = X∗(f)Y(f), ìpou Φxy(f) h sun�rthsh Diafasmatik c Puknìth-

tac Enèrgeiac.
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LÔsh:

EÐnai

Φxy(f) = F{φxy(t)} =

∫ ∞
−∞

(∫ ∞
−∞

e−aτu(τ)e−2a(τ+t)u(τ + t)dτ
)
e−j2πftdt

=

∫ ∞
−∞

e−aτu(τ)

∫ ∞
−∞

e−2a(τ+t)u(τ + t)e−j2πftdtdτ

=

∫ ∞
−∞

e−aτu(τ)
(∫ ∞
−∞

y(τ + t)e−j2πftdt
)
dτ

=

∫ ∞
−∞

e−aτu(τ)
(
Y (f)ej2πfτ

)
dτ

= Y (f)

∫ ∞
−∞

e−aτu(τ)ej2πfτdτ

= Y (f)
(∫ ∞
−∞

e−aτu(τ)e−j2πfτdτ
)∗

= Y (f)X∗(f) = X∗(f)Y (f) (5.92)

Parat rhsh:

Ed¸, apodeÐxame th zhtoÔmenh sqèsh genik�, gia k�je s ma x(t), y(t). ApodeÐxte eseÐc to

pragmatikì zhtoÔmeno, upologÐzontac th Φxy(f) me ton orismì, kai epibebai¸ste ìti isoÔtai me

X∗(f)Y (f), upologÐzontac kai autì to ginìmeno. :-)

13. Qrhsimopoi¸ntac thn anisìthta Schwarz

∣∣∣ ∫ ∞
−∞

x∗(t)y(t+ τ)dt
∣∣∣2 ≤ ∫ ∞

−∞
|x(t)|2dt

∫ ∞
−∞
|y(t)|2dt

deÐxte ìti:

(aþ) h sun�rthsh eterosusqètishc èqei mègisto gia t = 0.

(bþ) h sun�rthsh autosusqètishc èqei mègisto gia t = 0.

LÔsh:

(aþ) 'Eqoume

|φxy(t)|2 =
∣∣∣ ∫ ∞
−∞

x∗(τ)y(t+ τ)dτ
∣∣∣2 ≤ ∫ ∞

−∞
|x(τ)|2dτ

∫ ∞
−∞
|y(τ)|2dτ

= φxx(0)φyy(0)⇒ |φxy(t)| ≤
√
φxx(0)φyy(0) (5.93)
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(bþ) 'Eqoume

|φxx(t)|2 =
∣∣∣ ∫ ∞
−∞

x∗(τ)x(t+ τ)dτ
∣∣∣2 ≤ ∫ ∞

−∞
|x(τ)|2dτ

∫ ∞
−∞
|x(τ)|2dτ

= φxx(0)φxx(0) = φ2
xx(0)⇒ |φxx(t)| ≤ |φxx(0)| (5.94)
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Kef�laio 6

O metasqhmatismìc Laplace

6.1 Eisagwg 

'Eqoume  dh dei ìti o metasq. Fourier eÐnai èna ergaleÐo pou mac epitrèpei na anaparistoÔme èna

s ma x(t) san èna suneqèc �jroisma (olokl rwma) ekjetik¸n shm�twn thc morf c ej2πft, dhl.

x(t) =

∫ ∞
−∞

X(f)ej2πftdf (6.1)

pou den eÐnai �llh sqèsh fusik� ektìc apì ton antÐstr. metasq. Fourier.

'Estw loipìn èna s ma

x(t)←→ X(f) (6.2)

'Estw, gia lìgouc eukolÐac, ìti X(f) ∈ <. GnwrÐzete p¸c na sqedi�sete èna f�sma pl�touc. DeÐte

to sq ma 6.1. O �xonac p�nw ston opoÐo orÐzetai o X(f) eÐnai oi gnwstèc mac suqnìthtec, pou

èqoume apl� antikatast sei to f me to j2πf , mia autì eÐnai to ìrisma twn ekjetik¸n mac sto metasq.

Fourier. Se autì to sq ma, apl� èqoume orÐsei èna q¸ro, ston opoÐo oi x, y diast�seic tou eÐnai to

migadikì epÐpedo, kai h trÐth di�stash eÐnai oi timèc tou metasq. Fourier. De sac to eÐqame pei rht�

Sq ma 6.1: O metasq. Fourier sto migadikì s-epÐpedo

(to kratoÔsame gia èkplhxh :-R ), all� ìso douleÔete me to metasq. Fourier, ousiastik� èna tètoio
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s ma blèpete, upì aut  thn optik , apl� profan¸c eÐnai polÔ pio bolikì na to sqedi�zoume ìpwc

èqoume dei pollèc forèc, se èna didi�stato epÐpedo, par� ìpwc sto sq ma 6.1. :-) Blèpete loipìn ìti

o metasq. Fourier X(f) orÐzetai p�nw ston katakìrufo �xona twn fantastik¸n suqnot twn j2πf

tou migadikoÔ epipèdou. MONON ekeÐ ìmwc. To blèpete �llwste, to s ma eÐnai san mia ��fèta�� pou

feÔgei mìno proc ta ��p�nw�� apo to fantastikì �xona. 'Omwc, to migadikì epÐpedo èqei profan¸c

ki �llec eujeÐec p�nw stic opoÐec mporoÔme na orÐsoume metasqhmatismoÔc. Mia apì autèc faÐnetai

sto sq ma 6.1, ki aut  eÐnai h <{s} = σ = 3. P�nw se autìn ton �xona, ja eÐqame suqnìthtec

s = σ + j2πf = 3 + j2πf , kai h probol  tou s matoc x(t) ja ginìtan p�nw se ekjetik� thc morf c

e−(3+j2πf)t. Stamat�me ed¸ proswrin�, an kai prèpei  dh na èqete upoyiasteÐ ti prìkeitai na sumbeÐ.

:-)

Epistrèfoume sto metasq. Fourier loipìn. Mia tètoia anapar�stash eÐnai polÔtimh sthn an�lush kai

epexergasÐa shm�twn. OMWS (pantoÔ up�rqei èna ��ìmwc �� pou mac qal�ei th di�jesh :-) ) eÐdame

ìti o metasq. Fourier up�rqei mìno gia mia periorismènh kathgorÐa shm�twn, p.q. o metasq. Fourier

den orÐzetai gia s mata thc morf c

x(t) = eatu(t), a > 0 (6.3)

dhl. gia aÔxonta ekjetik� (de mou arèsei oÔte ki emèna o ìroc � growing exponentials eÐnai sta

Agglik� � all� ac mou to epitrèyete :-R ). EpÐshc, up�rqoun perioqèc ìpwc h An�lush Susthm�twn,

pou o metasq. Fourier de mac bohj� polu.

Sq ma 6.2: Den antilamb�nontai touc metasqhmatismoÔc ìloi me ton Ðdio trìpo... :-)

6.1.1 O metasqhmatismìc Laplace

O basikìc lìgoc gia tic duskolÐec pou mac prokÔptoun eÐnai ìti gia merik� s mata, ìpwc to s ma

sth sqèsh (6.3), o metasq. Fourier den up�rqei, epeid  ta sun jh hmÐtona   ekjetik� thc morf c ej2πft

eÐnai anÐkana na sunjèsoun aÔxonta ekjetik� s mata, ìpwc to parap�nw (logikì, an skefteÐte ìti

èqoun stajerì pl�toc X(f), ìpwc eÐdame sth sqèsh (6.1) ). An af soume th fantasÐa mac eleÔjerh

(POLU eleÔjerh :-) ), ja doÔme ìti to prìblhma autì mporeÐ na lujeÐ. P¸c? An mporoÔsame na

qrhsimopoi soume wc s mata b�shc ekjetik� thc morf c est, me to s na mhn periorÐzetai mìno p�nw

sto fantastikì �xona (ìpwc ginetai ston metasq. Fourier). Autì akrib¸c gÐnetai ston perÐfhmo
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(aþ) To aÔxon ekjetikì x(t) (bþ) To fjÐnon ekjetikì x̂(t)

Sq ma 6.3: Ekjetik� s mata

metasqhmatismì Laplace. Ed¸, h suqnìthtec eÐnai migadikèc, thc morf c s = σ+j2πf , kai aut 

h genÐkeush mac epitrèpei na qrhsimopoi soume aÔxonta ekjetik� (kai �ra aÔxonta hmÐtona) gia na

sunjèsoume èna s ma x(t). Poi� eÐnai aut�? Ma fusik� ta eσtej2πft! :-) Prin p�me sta majhmatik�,

ac prospaj soume na katal�boume diaisjhtik� kai me èna aplì par�deigma ti akrib¸c kerdÐzoume me

to metasqhmatismì autì.

6.1.2 Diaisjhtik  katanìhsh tou metasq. Laplace

An èna s ma loipìn, ìpwc to x(t) = eatu(t), a > 0, sto sq ma 6.3aþ, den èqei metasq. Fourier,

mporoÔme na to k�noume na èqei, pollaplasi�zont�c to me èna fjÐnon ekjetikì, ìpwc to e−σt. Gia

par�deigma, to s ma

x(t) = e2tu(t) (6.4)

mporeÐ na gÐnei metasqhmatÐsimo (polÔ koultoÔra :-) ) kat� Fourier, apl� pollaplasi�zont�c to me

to e−σt, me σ > 2, orÐzontac ètsi to

x̂(t) = x(t)e−σt = e(2−σ)tu(t) (6.5)

Autì to nèo s ma eÐnai s ma enèrgeiac pia, ìpwc faÐnetai sto sq ma 6.3bþ � p�nta gia σ > 2. 'Ara

to s ma x̂(t) èqei plèon metasq. Fourier, X̂(f), kai oi sunist¸sec tou eÐnai thc morf c ej2πft, me

suqnìthtec f pou trèqoun apì −∞ wc∞. Ta ekjetik� thc morf c ej2πft kai e−j2πft ja prostejoÔn

kai ja mac d¸sun èna hmÐtono, ìpwc kal� xèroume apì tic sqèseic tou Euler. Ac to deÐxoume xan�

ed¸, gia na mhn y�qnete se �llo kef�laio :-) kai gia lìgouc sÔgkrishc me to metasq. Laplace.

'Estw mia suqnìthta ∆f tou suneqoÔc f�smatoc tou s matoc. Epeid  analÔoume pragmatik� s mata,

ja up�rqei kai h antÐstoiqh suqnìthta −∆f kai to pl�toc kajemi�c ja eÐnai X̂(∆f) kai X̂∗(∆f)
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(aþ) StajeroÔ pl�touc hmÐtona (bþ) MetablhtoÔ pl�touc hmÐtona

Sq ma 6.4: HmÐtona twn duo metasqhmatism¸n

antÐstoiqa, lìgw twn gnwst¸n idiot twn gia ta pragmatik� s mata. 'Ara prosjètont�c ta, ìpwc

epit�ssei to olokl rwma, ja èqoume:

X̂(∆f)ej2π∆ft + X̂∗(∆f)e−j2π∆ft = |X̂(∆f)|ejφ∆f ej2π∆ft + (|X̂(∆f)|ejφ∆f )∗e−j2π∆ft

= |X̂(∆f)|ejφ∆f ej2π∆ft + |X̂(∆f)|e−jφ∆f e−j2π∆ft

= |X̂(∆f)|ej(2π∆ft+φ∆f ) + |X̂(∆f)|e−j(2π∆ft+φ∆f )

= 2|X̂(∆f)| cos(2π∆ft+ φ∆f ) (6.6)

To f�sma perièqei ènan �peiro arijmì apì tètoia hmÐtona, stajeroÔ pl�touc 2|X̂(∆f)|. Ja  tan

polÔ qronobìro na sqedi�soume ìla aut� ta hmÐtona, ètsi sto sq ma 6.4aþ deÐqnoume mìno duo apì

aut�. H prìsjesh ìlwn aut¸n twn sunistws¸n (�peirwn se arijmì) ja mac d¸sei to x̂(t). EÐnai

ìmwc profanèc ìti to epijumhtì s ma x(t) mporeÐ na suntejeÐ apì ton pollaplasiasmì tou x̂(t) me

ta e+σt, ètsi den eÐnai? Autì ti shmaÐnei? ShmaÐnei ìti pollaplasi�zoume k�je fasmatik  sunist¸sa

X̂(f) tou x̂(t) me e+σt, kai met� tic prosjètoume. IdoÔ:

x(t) = x̂(t)e+σt = e+σt

∫
X̂(f)ej2πftdf =

∫
e+σt[X̂(f)ej2πft]df (6.7)

All� mia tètoia kÐnhsh shmaÐnei epÐshc ìti ta hmÐtona pou prokÔptoun ja èqoun aÔxonta pl�th! H

prìsjesh ìlwn aut¸n twn aÔxontwn hmitìnwn ja mac d¸sei to x(t)! GiatÐ? Ac k�noume to Ðdio me th

sqèsh (6.6), mìno pou t¸ra ac upojèsoume ìti èqoume pl�th X̂(∆f)eσt:

eσtX̂(∆f)ej2π∆ft + eσtX̂∗(∆f)e−j2π∆ft = 2|X̂(∆f)|eσt cos(2π∆ft+ φ∆f ) (6.8)
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EÐnai fanerì ed¸ ìti ta pl�th twn hmitìnwn DEN eÐnai stajer�, ìpwc sthn perÐptwsh tou metasq.

Fourier, all� eÐnai sunart sei tou qrìnou, 2|X̂(∆f)|eσt, kai m�lista eÐnai kai aÔxonta, ìpwc sto

sq ma 6.4bþ!

EpÐshc, o pollaplasiasmìc twn sunistws¸n tou x̂(t) me to e+σt ja mac d¸sei sunist¸sec thc morf c

e(σ+j2πf)t, ìpwc eÐnai fanerì apì th sqèsh (6.7), en¸nontac ta duo ekjetik� mèsa sto olokl rwma!

'Ara, k�je suqnìthta thc morf c j2πf tou x̂(t) metasqhmatÐzetai se mia �llh suqnìthta σ + j2πf

sto f�sma tou x(t). 'Ara poÔ ja brÐskontai autèc oi nèec suqnìthtec? PoÔ alloÔ, ektìc apì p�nw

se mia nèa eujeÐa sto migadikì s-epÐpedo, sthn eujeÐa pou perilamb�nei tic suqnìthtec σ + j2πf !

Plèon eÐnai xek�jaro ìti to s ma x(t) mporeÐ na suntejeÐ apì aÔxonta ekjetik� pou brÐskontai sto

monop�ti σ + j2πf , me to f na kumaÐnetai apì −∞ èwc ∞. H tim  tou σ eÐnai metablht . Gia par�-

deigma, an x(t) = e2tu(t), tìte to x̂(t) = x(t)e−σt mporeÐ na gÐnei metasqhmatÐsimo kat� Fourier an

dialèxoume σ > 2. 'Ara katalabaÐnete ìti èqoume �peirec epilogèc gia thn tim  tou σ. Autì shmainei

ìti to f�sma tou x(t) den eÐnai monadikì, kai ìti up�rqoun �peiroi trìpoi na sunjèsoume to x(t).

'Omwc, to σ èqei mia el�qisth, sugkekrimènh tim  σ0 gia èna dedomèno x(t) (ìpwc ed¸, σ0 = 2, gia

x(t) = e2tu(t)). Aut  h perioq  tou migadikoÔ s-epipèdou pou orÐzontai �peiroi trìpoi sÔnjeshc tou

x(t) apì ta aÔxonta ekjetik� lègetai PedÐo SÔgklishc tou metasqhmatismoÔ tou x(t).

Autìc o nèoc metasqhmatismìc loipìn, pou qrhsimopoieÐ ekjetik� thc morf c e(σ+j2πf)t lègetai

Metasqhmatismìc Laplace kai orÐzetai wc:

X(s) =

∫ ∞
−∞

x(t)e−stdt (6.9)

en¸ o antÐstrofìc tou wc:

x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)estds (6.10)

o opoÐoc ìmwc de ja qrhsimopoihjeÐ gia touc skopoÔc mac, mia kai up�rqoun pio eÔkoloi trìpoi apì

thn epÐlush enìc oloklhr¸matoc sto migadikì epÐpedo... :-)

6.1.3 'Uparxh tou metasq. Laplace

Mia ikan  sunj kh gia thn Ôparxh tou metasq. Laplace eÐnai h∫ ∞
−∞
|x(t)e−σt|dt <∞ (6.11)

'Otan to parap�nw olokl rwma sugklÐnei gia k�poia tim  σ, tìte up�rqei o metasq. Laplace. A-

podeiknÔetai ìti k�je s ma pou aux�nei ìqi grhgorìtera apì to ekjetikì s ma Meσ0t, gia k�poia

M,σ0, ikanopoieÐ aut  th sunj kh (6.11). Gia par�deigma, to s ma x(t) = et
2
aux�nei pio gr gora

apì to eσ0t, kai �ra den èqei metasq. Laplace. Eutuq¸c, tètoia s mata èqoun el�qisth jewrhtik   

praktik  shmasÐa.



152 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

Bèbaia, ìpwc kai sto metasq. Fourier, aut  h sunj kh den eÐnai kai anagkaÐa. Gia par�deigma, to

s ma x(t) = 1√
t
apeirÐzetai sto t = 0 kai h sqèsh (6.11) den ikanopoieÐtai, all� o metasqhmatismìc

Laplace up�rqei kai eÐnai o X(s) =
√

π
s . EmeÐc den asqoloÔmaste me tètoia s mata, kai p�nta ìtan

zhteÐtai o metasq. Laplace, upojètoume ìti up�rqei, dhl. ìti to olokl rwma tou metasq. Laplace

sugklÐnei.

6.1.4 SunoyÐzontac...

O metasq. Laplace eÐnai genik� mia ��epèktash�� tou metasq. Fourier, gia s mata twn opoÐwn to

suqnotikì perieqìmeno den mporeÐ na upologisteÐ ap' thn klasik  jewrÐa Fourier. O metasq. Fourier

prob�llei to s ma p�nw se suqnìthtec pou orÐzontai sto fantastikì �xona (e−j2πft). All�zontac

tic sunart seic b�shc e−j2πft se e−(σ+j2πf)t, prob�lloume to s ma se eujeÐec par�llhlec me ton

�xona twn fantastik¸n. Oi nèec suqnìthtec σ + j2πf eÐnai, ìpwc eÐnai fanerì, migadikèc plèon.

O metasq. Laplace orÐzetai wc:

X(s) =

∫ ∞
−∞

x(t)e−stdt (6.12)

me s = σ + j2πf, σ, f ∈ <. 'Opwc eÔkola diapist¸nete, an jèsoume σ = 0, o metasq. Laplace

metatrèpetai ston metasq. Fourier:

X(s)
∣∣∣
σ=0

=

∫ ∞
−∞

x(t)e−(0+j2πf)tdt = X(f) (6.13)

Gia aitiat� s mata, orÐzetai o monìpleuroc metasq. Laplace wc:

X(s) =

∫ ∞
0

x(t)e−stdt (6.14)

pou de diafèrei se poll� apì ton dÐpleuro metasq. Laplace pou suzhtoÔsame wc t¸ra.

6.2 EÐdh shm�twn

An kai èqei prohghjeÐ mia diaisjhtik  parousÐash twn eid¸n shm�twn sth jewrÐa sqetik� me thn

an�lush Fourier, ed¸ ja orÐsoume tupik� ta s mata an�loga me th jèsh kai th di�rkei� touc sto

qrìno. Aut  h di�krish ja mac bohj sei polÔ sto na orÐzoume eÔkola kai gr gora thn perÐfhmh

perioq  sÔgklishc - region of convergence tou metasq. Laplace, sthn opoÐa ja anaferjoÔme sthn

epìmenh par�grafo. Pr¸ta ìmwc, ac doÔme ta eÐdh shm�twn:

� Aristerìpleuro lègetai to s ma gia to opoÐo isqÔei (sq ma 6.5aþ)

f(t) = 0, t ≥ t0 (6.15)



Kef�laio 6. O metasqhmatismìc Laplace 153

(aþ) Aristerìpleuro s ma (bþ) Dexiìpleuro s ma (gþ) AmfÐpleuro s ma (dþ) Peperasmènhc di�r-
keiac s ma

Sq ma 6.5: EÐdh shm�twn

� Dexiìpleuro lègetai to s ma gia to opoÐo isqÔei (sq ma 6.5bþ)

f(t) = 0, t ≤ t0 (6.16)

� AmfÐpleuro (  dÐpleuro) lègetai to s ma gia to opoÐo isqÔei (sq ma 6.5gþ)

f(t) 6= 0, t ∈ < (6.17)

� Peperasmènhc di�rkeiac lègetai to s ma gia to opoÐo isqÔei (sq ma 6.5dþ)

f(t) 6= 0, t0 ≤ t ≤ t1 (6.18)

H di�krish twn eid¸n eÐnai sqetik� eÔkolh upìjesh, eÐte apì ton orismì touc eÐte apì th grafik 

touc par�stash. Ac gnwrÐsoume ìmwc ed¸ kai duo nèec kathgorÐec shm�twn:

� Aitiat� lègontai ta s mata gia ta opoÐa isqÔei

f(t) = 0, t < 0 (6.19)

ìpwc sto sq ma 6.6aþ.

� AntÐ-aitiat� lègontai ta s mata gia ta opoÐa isqÔei h sqèsh

f(t) = 0, t > 0 (6.20)

ìpwc autì sto sq ma 6.6bþ.

� Up�rqoun kai ta mh aitiat� s mata, gia ta opoÐa h sqèsh (6.19) den isqÔei, ìpwc ta s mata se

ìla ta sq mata 6.5.



154 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

(aþ) Aitiatì s ma (bþ) Anti-aitiatì s ma

Sq ma 6.6: Aitiatì kai anti-aitiatì s ma

Sq ma 6.7: Ta anti-aitiat� sust mata mporoÔn na gÐnoun pragmatopoi sima me qronik  kajustèrhsh!

6.3 Perioq  SÔgklishc

H perioq  sÔgklishc (region of convergence - ROC) prokaleÐ suqn� sÔgqush tìso ìson afor�

thn proèleus  thc, ìso kai th qr sh thc kai th shmasÐa thc. Ed¸ ja xekajarÐsoume ìla aut�,

qrhsimopoi¸ntac tria qarakthristik� paradeÐgmata.

1. Ac p�roume èna s ma gia to opoÐo o metasq. Fourier den up�rqei. Gia par�deigma, to s ma

x(t) = eatu(t), a ∈ < (6.21)

Gi' autì to s ma, den up�rqei o metasq. Fourier, mìno an a > 0. Ac to deÐxoume, elègqontac

to krit rio sqetik� me thn apìluth olokl rwsh. IsqÔei ìti∫ ∞
−∞
|x(t)|dt =

∫ ∞
0
|eat|dt =

∫ ∞
0

eatdt =
1

a
eat
∣∣∣∞
0

(6.22)

An a ∈ <+, to olokl rwma gia t = ∞ ja apoklÐnei sto +∞. 'Ara o metasq. Fourier den

up�rqei. Fusik� gnwrÐzoume ìti to krit rio autì eÐnai ikanì all� ìqi kai anagkaÐo, giatÐ p.q.

kai gia ta hmitonoeid  s mata to krit rio thc apìluthc olokl rwshc den isqÔei all� gnwrÐzoume

ìti up�rqei o metasq. Fourier, me qr sh twn sunart sewn Dèlta. Par' ìla aut�, gia to

sugkekrimèno s ma, autì eÐnai arketì. EpÐshc, an k�poioc apì es�c mp ke ston kìpo na skefteÐ
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p¸c eÐnai h grafik  par�stash tou s matoc autoÔ, ja diapÐstwse ìti prìkeitai gia s ma isqÔoc,

�ra ja eÐqe mia upoyÐa gia to ìti den up�rqei o metasq. Fourier. :-)

Ap' thn �llh, an a < 0, tìte o metasq. Fourier up�rqei, mia kai to s ma mac eÐnai s ma enèrgeiac.

Ac jewr soume sto par�deigm� mac, ìti a ∈ <, gia perissìterh genikìthta. Ac dokim�soume

na efarmìsoume ton metasq. Laplace kai na doÔme merik� pr�gmata:

X(s) =

∫ ∞
−∞

x(t)e−stdt =

∫ ∞
0

e(a−s)tdt =
1

a− s
e(a−s)t

∣∣∣∞
0

=
1

a− s

(
lim

t→+∞
e(a−s)t − 1

)
(6.23)

Ed¸ t¸ra prèpei na stamat soume. Prèpei na èqete katal�bei ti prìkeitai na sumbeÐ apì

parìmoia diadikasÐa pou eÐdame sto metasq. Fourier... Gia na mhn apoklÐnei autì to ìrio sto∞,

ja prèpei to ìrisma tou ekjetikoÔ na eÐnai arnhtikì, ¸ste to ìrio na teÐnei sto mhdèn. Gia na

isqÔei autì, ja prèpei na isqÔei a− s < 0. 'Ena leptì ìmwc. To s = σ + j2πf eÐnai migadikìc

arijmìc, �ra kai o a−s. Wc gnwstìn, oi migadikoÐ arijmoÐ DEN èqoun di�taxh, �ra to na poÔme

ìti prèpei na isqÔei a− s < 0 eÐnai LAJOS!

Ja ekmetalleutoÔme loipìn to plèon gnwstì l mma thc Migadik c An�lushc, pou upenjumÐzetai

ìti lèei ìti

e�n limt→+∞ f(t) = 0 kai g(t) eÐnai fragmènh kat' apìluth tim , tìte

limt→+∞ f(t)g(t) = 0.

Gia na doÔme an mporoÔme kat' arq�c na to deÐxoume autì gia to s ma mac. MporoÔme na

gr�youme to s ma mac wc ginìmeno miac fragmènhc kai miac sun�rthshc pou sugklÐnei sto

mhdèn? EÐnai:

e(a−s)t = e(a−(σ+j2πf)t) = e((a−σ)−j2πf)t = e(a−σ)te−j2πft = f(t)g(t) (6.24)

'Omwc

|e−j2πft| = 1, (6.25)

gia k�je f, t, ìpwc èqoume dei. Opìte na h fragmènh mac sun�rthsh, h g(t) = e−j2πft. 'Ara

arkeÐ na doÔme pìte isqÔei ìti

lim
t→+∞

f(t) = lim
t→+∞

e(a−σ)t = 0 (6.26)

kai met� mporoÔme na suneqÐsoume th lÔsh thc �skhs c mac. Ed¸ plèon, ston ekjèth mac èqoume

pragmatikoÔc arijmoÔc, �ra xèroume ìti h sun�rthsh e(a−σ)t fjÐnei sto 0 ìtan t→ +∞, mìno

an

a− σ < 0⇔ a < σ ⇔ <{s} > a (6.27)

Aut  h sqèsh lègetai pedÐo sÔgklishc, giatÐ apoteleÐ to q¸ro p�nw sto epÐpedo gia ton

opoÐo up�rqei o metasq. Laplace, dhl. to sqetikì olokl rwma sugklÐnei! Opìte deÐxame ìti h
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sun�rthsh e(a−s)t gr�fetai wc ginìmeno duo sunart sewn, ek twn opoÐwn h mia eÐnai fragmènh

kai h �llh sugklÐnei to mhdèn, kai �ra, ap 'to gnwstì l mma, to ginìmenì touc sugklÐnei ki autì

sto mhdèn. Ac oloklhr¸soume th lÔsh mac.

(6.23)⇒ X(s) =
1

a− s

(
lim

t→+∞
e(a−s)t − 1

)
=

1

a− s

(
0− 1

)
=

1

s− a
, <{s} > a (6.28)

'Ara o metasq. Laplace tou s matoc x(t) = eatu(t), a ∈ <, eÐnai

x(t) = eatu(t)↔ X(s) =
1

s− a
, <{s} > a (6.29)

O arijmìc a lègetai pìloc tou metasq. Laplace, kai to pedÐo sÔgklishc eÐnai to hmiepÐpedo

DEXIA thc katakìrufhc eujeÐac σ = a, ìpwc br kame parap�nw, qwrÐc na thn perilamb�nei.

Fusik�, sto hmiepÐpedo <{s} ≤ a, o metasq. Laplace DEN sugklÐnei!

2. Ac doÔme �llo èna par�deigma. 'Estw t¸ra to s ma x(t) = −eatu(−t), tou opoÐou jèloume

na upologÐsoume to metasq. Laplace. An a ∈ <+, tìte to s ma eÐnai s ma enèrgeiac, kai o

metasq. Fourier tou up�rqei. An ìmwc a ∈ <−, tìte den up�rqei o metasq. Fourier, mia kai

tìte to s ma eÐnai s ma isqÔoc, kai to olokl rwma tou metasq. Fourier apoklÐnei sto ∞. Ac

jewr soume ìti a ∈ <, qwrÐc periorismoÔc. O metasq. Laplace ja eÐnai:

X(s) =

∫ ∞
−∞

x(t)e−stdt = −
∫ 0

−∞
e(a−s)tdt = − 1

a− s
e(a−s)t

∣∣∣0
−∞

= − 1

a− s

(
1− lim

t→−∞
e(a−s)t

)
(6.30)

Eqoume xan� thn Ðdia kat�stash me to prohgoÔmeno par�deigma. Jèloume na upologÐsoume to

lim
t→−∞

e(a−s)t (6.31)

Skeptìmenoi akrib¸c ìmoia, katal goume ìti to ìrio autì fjÐnei sto 0 mìno an

a− σ > 0⇔ a > <{s} ⇔ <{s} < a (6.32)

kai autì eÐnai to pedÐo sÔgklishc tou metasq. Laplace. Sto pedÐo autì, to ìrio fjÐnei sto

mhdèn, kai �ra apì th sqèsh (6.30) eqoume:

(6.30)⇒ X(s) = − 1

a− s
(1− 0) =

1

s− a
, <{s} < a (6.33)

'Ara telik�, èqoume ìti

x(t) = −eatu(−t)↔ X(s) =
1

s− a
, <{s} < a (6.34)

3. EÐmai sÐgouroc ìti o peirasmìc sac na prosjèsete ta s mata twn parap�nw paradeigm�twn kai
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na deÐte an up�rqei o metasq. Laplace tou ajroÐsmatìc touc, eÐnai meg�loc (ìso kai h epijumÐa

sac na per�sete to m�jhma :-) ). Ac orÐsoume loipìn to s ma

x(t) = eatu(t)− eatu(−t), a ∈ < (6.35)

Den to anafèrame parap�nw, all� den eÐnai kai mustikì, afoÔ apodeiknÔetai eÔkola. O metasq.

Laplace eÐnai grammikìc. 'Ara to �jroisma duo shm�twn èqei metasq. Laplace to �jroisma twn

epimèrouc metasqhmatism¸n. 'Oso gia to pedÐo sÔgklishc, autì eÐnai h tom  twn epimèrouc

pedÐwn sÔgklishc. 'Ara loipìn,

X(s) =
1

s− a
+

1

s− a
=

2

s− a
, ROC = ROC1 ∩ROC2 = {σ > a} ∩ {σ < a} = ∅ (6.36)

'Ara blèpoume ìti par� ìlo pou mporoÔme na prosjèsoume touc epimèrouc metasqhmatismoÔc,

o sunolikìc metasqhmatismìc Laplace DEN UPARQEI, giatÐ den up�rqei pedÐo sto s-epÐpedo

sto opoÐo na sugklÐnei! :-)

'Ara blèpoume ìti den eÐnai aparaÐthto na up�rqei o metasq. Laplace gia ìla ta s mata. ?-)

Ac doÔme ìmwc ti ja sunèbaine an eÐqame

x(t) = eatu(t)− eβtu(−t), a, β ∈ <, a 6= β (6.37)

Tìte

X(s) =
1

s− a
+

1

s− β
=

(s− β) + (s− a)

(s− a)(s− β)
, ROC = ROC1 ∩ROC2 = {σ > a} ∩ {σ < β}

(6.38)

to opoÐo den eÐnai aparaÐthta to kenì sÔnolo. Exart�tai apì tic sqetikèc jèseic twn a, β. P.q.

an a < β, tìte to pedÐo sÔgklishc eÐnai mia ��lwrÐda�� sto s-epÐpedo, to a < <{s} < β, en¸ an

a > β, tìte to pedÐo sÔgklishc eÐnai to kenì sÔnolo.

Ac xekin soume tic parathr seic mac...

1. H pio shmantik  parat rhsh èrqetai an sugkrÐnoume tic sqèseic (6.29) kai (6.34). Ac tic

xanagr�youme ed¸:

x(t) = eatu(t)↔ X(s) =
1

s− a
, <{s} > a (6.39)

x(t) = −eatu(−t)↔ X(s) =
1

s− a
, <{s} < a (6.40)

ParathroÔme ìti duo entel¸c diaforetik� s mata sto qrìno, èqoun thn IDIA majhmatik  a-

napar�stash sto q¸ro tou metasq. Laplace! Swst�? L�joc! :-) O metasqhmatismìc Laplace

perilamb�nei KAI to pedÐo sÔgklishc! Autì eÐnai pou xeqwrÐzei touc duo, Ðdiouc kat� ta �lla,
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metasqhmatismoÔc. QwrÐc to pedÐo sÔgklishc, de ja mporoÔsame na apofasÐsoume se poiì s ma

sto qrìno antistoiqeÐ o metasqhmatismìc Laplace X(s) pou èqoume parap�nw!

2. EÐdate parap�nw ìti to pedÐo sÔgklishc den eÐnai k�ti tuqaÐo. ProkÔptei ap' thn an�gkh na

sugklÐnei to olokl rwma tou metasq. Laplace! K�je metasq. Laplace èrqetai ��parèa�� me

to pedÐo sÔgklishc. QwrÐc autì, o metasq. Laplace eÐnai qwrÐc nìhma! SunhjÐste loipìn na

gr�fete to metasqhmatismì MAZI me to ek�stote pedÐo sÔgklishc. :-)

3. Profan¸c de qrei�zetai se k�je �skhsh na apodeiknÔete to pedÐo sÔgklishc, ektìc an sac zh-

teÐtai rht�, p.q. se efarmog  tou orismoÔ. Akìma kai tìte, de qrei�zetai na deÐqnete analutik�

ìti oi sunart seic eÐnai fragmènec, klp. MporeÐte na qrhsimopoieÐte ètoima ta apotelèsmata

thc jewrÐac.

4. O pìloc a pou eÐdame sta paradeÐgmata 1 kai 2 ja mporoÔse na eÐnai migadikìc arijmìc. Genik�,

oi pìloi den eÐnai aparaÐthto na eÐnai p�nta pragmatikoÐ. Den all�zei tÐpota se ìsa eÐpame

parap�nw, par� mìnon ìti plèon ta pedÐa sÔgklishc ja eÐnai sth morf 

<{s} ≷ <{a} (6.41)

dhl. qrhsimopoioÔme to pragmatikì mèroc tou, kat�llhlou k�je for�, migadikoÔ pìlou sthn

perigraf  tou pedÐou sÔgklishc.

5. Apì th stigm  pou oi sunart seic (σ + j2πf)t orÐzoun eujeÐec sto epÐpedo twn migadik¸n

arijm¸n (to legìmeno s-epÐpedo), ta pedÐa sÔgklishc ja eÐnai mia perioq  tou epipèdou arister�

  dexi� miac katakìrufhc gramm c,   mia ��lwrÐda�� metaxÔ duo katakìrufwn gramm¸n.

6. Ta pedÐa sÔgklishc den perièqoun POTE pìlouc!

7. 'Enac metasq. Laplace mporeÐ na èqei kanènan, ènan,   perissìterouc pìlouc.

8. An to x(t) eÐnai dexiìpleuro, to pedÐo sÔgklishc eÐnai dexiìpleuro, gia par�deigma, <{s} > <{a}
me a = dexiìteroc pìloc.

9. An to x(t) eÐnai aristerìpleuro, to pedÐo sÔgklishc eÐnai aristerìpleuro, gia par�deigma,

<{s} < <{a} me a = aristerìteroc pìloc.

10. An x(t) eÐnai amfÐpleuro   �jroisma dexiìpleurwn kai aristerìpleurwn shm�twn, to pedÐo sÔg-

klishc eÐnai mia ��lwrÐda�� sto hmiepÐpedo (p.q. <{a} < <{s} < <{b}),   to kenì sÔnolo (giatÐ

ta epimèrouc pedÐa sÔgklishc de ja epikalÔptontai). Sthn perÐptwsh pou to pedÐo sÔgklishc

eÐnai to kenì sÔnolo, profan¸c o metasq. Laplace den orÐzetai.

11. An x(t) eÐnai peperasmènhc di�rkeiac, to pedÐo sÔgklishc eÐnai OLO to s-epÐpedo.

12. Suqn�, to pedÐo sÔgklishc sumbolÐzetai wc ROC, apì ta arqik� thc agglik c met�frashc tou

pedÐou sÔgklishc (region of convergence).
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6.4 SÔndesh me to metasqhmatismì Fourier

EÐpame sthn eisagwg  nwrÐtera ìti an jèsoume σ = 0, tìte o metasq. Laplace mac dÐnei to

metasq. Fourier. Autì den isqÔei en gènei! 'Otan jètoume σ = 0, autì pou k�noume ��siwphl��� eÐnai

ìti ektimoÔme to metasq. Laplace se suqnìthtec pou brÐskontai p�nw sthn katakìrufh eujeÐa σ = 0,

pou den eÐnai �llh ap' ton �xona ton fantastik¸n arijm¸n! Gia na mporoÔme ìmwc na to k�noume

autì, PREPEI o katakìrufoc �xonac twn fantastik¸n na perièqetai mèsa sto pedÐo sÔgklishc tou

metasq. Laplace! Alli¸c den èqei kanèna nìhma o upologismìc tou X(s)|σ=0! Gi� autì loipìn, ìtan

prospajoÔme na upologÐsoume to metasq. Fourier mèsw tou metasq. Laplace, prèpei na prosèqoume

pr¸ta an o fantastikìc �xonac perièqetai mèsa sto pedÐo sÔgklishc tou metasq. Laplace. An

perièqetai, kal¸c, antikajistoÔme σ = 0 ston tÔpo tou metasq. Laplace kai èqoume to metasq.

Fourier. An ìqi, tìte o metasq. Fourier DEN mporeÐ na upologisteÐ mèsw tou metasq. Laplace! Ac

mil soume ìmwc me lÐgo megalÔterh akrÐbeia sqetik� me aut�...

O orismìc tou metasq. Laplace

X(s) =

∫ ∞
−∞

x(t)e−stdt (6.42)

eÐnai tautìshmoc me ton orismì tou metasq. Fourier

X(f) =

∫ ∞
−∞

x(t)e−j2πftdt (6.43)

an sth sqèsh (6.43) jèsoume ìpou j2πf to s = σ + j2πf . EÐnai eulogofanèc na perimènei kaneÐc ìti

o metasq. Laplace, X(s), enìc s matoc x(t), na eÐnai Ðdioc me ton metasq. Fourier, X(f), tou Ðdiou

s matoc, me to j2πf na èqei antikatastajeÐ apì to s. Gia par�deigma, gnwrÐzoume ìti

e−atu(t), a > 0
F−→ 1

a+ j2πf
(6.44)

Antikajist¸ntac to j2πf me to s, èqoume ìti

X(f)
∣∣∣
j2πf←s=σ+j2πf

=
1

a+ s
= X(s) (6.45)

pou eÐnai o metasq. Laplace, ìpwc eÐdame se prohgoÔmeno par�deigma. Dustuq¸c aut  h diadikasÐa

den isqÔei gia k�je s ma x(t). MporoÔme na thn qrhsimopoioÔme mìno ìtan h perioq  sÔgklishc tou

metasq. Laplace perièqei to fantastikì (j2πf) �xona.

Gia par�deigma, o metasq. Fourier thc bhmatik c sun�rthshc x(t) = u(t) eÐnai o

x(t) = u(t)
F−→ X(f) =

1

2
δ(f) +

1

j2πf
(6.46)

O antÐstoiqoc metasq. Laplace eÐnai o

x(t) = u(t)
L−→ X(s) =

1

s
, <{s} > 0 (6.47)
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kai ìpwc blèpoume apì thn perioq  sÔgklishc, den perilamb�netai o fantastikìc �xonac σ = <{s} =

0. 'Ara, o metasq. Laplace DEN mporeÐ na mac d¸sei to metasq. Fourier, all� oÔte kai to antÐstrofo!

Se autèc tic peript¸seic, h sqèsh metaxÔ twn duo metasqhmatism¸n den eÐnai tìso apl . O lìgoc

gia aut n thn periplok  sqetÐzetai me th sÔgklish tou oloklhr¸matoc tou metasq. Fourier, ìpou h

olokl rwsh periorÐzetai p�nw ston fantastikì �xona. Lìgw autoÔ tou periorismoÔ, to olokl rwma

Fourier gia th bhmatik  sun�rthsh de sugklÐnei. Qrei�zetai na qrhsimopoi soume mia genikeumènh

sun�rthsh (δ(f)) gia th sÔgklish. Antijètwc, to olokl rwma Laplace gia th bhmatik  sun�rthsh

sugklÐnei all� mìno gia <{s} > 0, mia perioq  pou eÐnai ��apagoreumènh�� gia to metasq. Fourier! :-)

'Ena akìma endiafèron stoiqeÐo eÐnai ìti par' ìlo pou o metasq. Laplace eÐnai mia genÐkeush tou metasq.

Fourier, up�rqoun s mata (p.q. periodik� s mata), gia ta opoÐa o metasq. Laplace DEN UPARQEI,

en¸ o metasq. Fourier UPARQEI! :-) (all� den prokÔptei apì apl  sÔgklish tou oloklhr¸matoc).

6.5 Idiìthtec kai zeÔgh tou metasq. Laplace

Oi idiìthtec tou metasq. Laplace eÐnai parìmoiec me autèc twn seir¸n kai tou metasq. Fourier. Oi

kuriìterec brÐskontai ston pÐnaka 6.1, ìpou xeqwrist� emfanÐzontai mìno oi idiìthtec tou monìpleurou

Idiìthtec dÐpleurou metashmatismoÔ Laplace

Idiìthta S ma Metasqhm. Laplace ROC

x(t) X(s) Rx
y(t) Y (s) Ry

Grammikìthta Ax(t) +By(t) AX(s) +BY (s) Toul�qiston to Rx ∩Ry
Qronik  metatìpihsh x(t− t0) X(s)e−st0 Rx

Metatìpish sth suqnìthta es0tx(t) X(s− s0) Metatìpish tou Rx
Suzugèc s ma sto qrìno x∗(t) X∗(s∗) Rx

St�jmish x(at) 1
|a|X( sa) Stajmismèno Rx

Sunèlixh x(t) ∗ y(t) X(s)Y (s) Toul�qiston to Rx ∩Ry
Parag¸gish sto qrìno dx(t)

dt sX(s) Toul�qiston to Rx

Parag¸gish sth suqnìthta −tu(t) dX(s)
dt Rx

Olokl rwsh sto qrìno

∫ t

−∞
x(τ)dτ

X(s)

s
+

1

s

∫ 0−

−∞
x(t)dt Toul�qiston Rx ∩ {<{s} > 0}

Olokl rwsh sth suqnìthta
x(t)

t

∫ ∞
s

X(z)dz

Idiìthtec monìpleurou metashmatismoÔ Laplace

Parag¸gish sto qrìno dx(t)
dt sX(s)− x(0−) Toul�qiston to Rx

Olokl rwsh

∫ t

0−
x(τ)dτ

X(s)

s
Rx

PÐnakac 6.1: PÐnakac Idiot twn tou metasq. Laplace

metasq. Laplace pou eÐnai diaforetikèc apì autèc tou dÐpleurou.

O pÐnakac 6.2 parajètei merik� gnwst� zeÔgh metasqhmatism¸n pou mporeÐte na qrhsimopoieÐte

qwrÐc apìdeixh.
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Qr sima zeÔgh metashmatismoÔ Laplace

S ma Metasqhmatismìc Laplace ROC

δ(t) 1 'Olo to s-epÐpedo

cos(2πf0t)u(t)
s

s2 + (2πf0)2
<{s} > 0

sin(2πf0t)u(t)
2πf0

s2 + (2πf0)2
<{s} > 0

Arect
(
t
T

)
A
s (esT/2 − e−sT/2) ìlo to s-epÐpedo

u(t)
1

s
<{s} > 0

−u(−t) 1

s
<{s} < 0

e−atu(t)
1

s+ a
<{s} > −<{a}

−e−atu(−t) 1

s+ a
<{s} < −<{a}

tn−1

(n−1)!e
−atu(t)

1

(s+ a)n
<{s} > −<{a}

− tn−1

(n−1)!e
−atu(−t) 1

(s+ a)n
<{s} < −<{a}

e−at cos(2πf0t)u(t)
s+ a

(s+ a)2 + (2πf0)2
<{s} > −<{a}

e−at sin(2πf0t)u(t)
2πf0

(s+ a)2 + (2πf0)2
<{s} > −<{a}

PÐnakac 6.2: PÐnakac zeug¸n metasq. Laplace

6.6 Metasq. Laplace kai Sust mata

O metasq. Laplace eÐnai èna polÔtimo ergaleÐo KAI gia thn an�lush susthm�twn. PoluergaleÐo

dhlad . :-) H ikanìtht� tou na ermhneÔei suqnotik� pl joc shm�twn, shmantik� perissìterwn apì

to metasq. Fourier, ton k�nei idanikì gia th melèth susthm�twn.

'Eqoume dei k�poia pr�gmata gia ta sust mata se prohgoÔmeno kef�laio, kai k�poia �lla sqetik�

me aitiatìthta all� kai me ta eÐdh shm�twn se prohgoÔmenh par�grafo. Ta teleutaÐa isqÔoun kai

gia ta sust mata, afoÔ ki aut� eÐnai s mata kai perigr�fontai me ton Ðdio akrib¸c trìpo. Up�rqoun

dexiìpleura, aristerìpleura, amfÐpleura, aitiat� kai mh, sust mata, pou orÐzontai akrib¸c me ton

Ðdio trìpo pou perigr�fhke sthn par�grafo 6.2.

Ac tonÐsoume ed¸ ìti èna sÔsthma h(t) èqei metasq. Laplace H(s) o opoÐoc eÐnai thc morf c

H(s) = Y (s)
X(s) , me Y (s), X(s) oi metasq. Laplace thc exìdou kai thc eisìdou, antÐstoiqa. Autì

prokÔptei eÔkola apì thn efarmog  thc perÐfhmhc sqèshc sunèlixhc kai pollaplasiasmoÔ stouc duo

q¸rouc (qrìnoc kai suqnìthta). Sthn par�grafo 5.4.3 eÐdame p¸c analÔetai èna sÔsthma me b�sh to

metasq. Fourier kai thn An�ptuxh se Merik� Kl�smata. Akrib¸c ìmoia èqoume kai sthn perÐptwsh
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tou metasq. Laplace. Gia aitiat� sust mata (h(t) = 0, t < 0), èqoume

H(s) =
Y (s)

X(s)
=

N∑
k=1

Ak
s− sk

←→ h(t) =
N∑
k=1

Ake
sktu(t) (6.48)

me sk oi pìloi tou metasq. Laplace. 'Ena nèo stoiqeÐo pou ja eis�goume t¸ra eÐnai h ènnoia thc

eust�jeiac, me ìrouc metasq. Laplace. 'Ena sÔsthma lègetai eustajèc ìtan par�gei fragmènh èxodo

gia mia dedomènh fragmènh eÐsodo. Dhl.

An |x(t)| < Bx ⇒ |y(t)| < By (6.49)

ìpou Bx, By pragmatikoÐ arijmoÐ. Autì to gnwrÐzete  dh apì th jewrÐa kai apì prohgoÔmenec

paragr�fouc. Ac doÔme th sqèsh aut  me to metasq. Laplace:

|y(t)| =
∣∣∣ ∫ ∞
−∞

x(τ)h(t− τ)dτ
∣∣∣ ≤ ∫ ∞

−∞
|x(τ)||h(t− τ)|dτ < Bx

∫ ∞
−∞
|h(t− τ)|dτ (6.50)

Autì shmaÐnei ìti gia na eÐnai fragmènh h èxodoc y(t), ja prèpei na isqÔei ìti∫ ∞
−∞
|h(t− τ)|dτ (6.51)

pou shmaÐnei ìti to h(t) prèpei na eÐnai apolÔtwc oloklhr¸simo. Dedomènou ìti to h(t), gia èna

aitiatì sÔsthma (qwrÐc bl�bh thc genikìthtac), ekfr�zetai, ìpwc eÐdame, wc antÐstrofoc metasq.

Laplace wc

H(s) =
Y (s)

X(s)
=

N∑
k=1

Ak
s− sk

←→ h(t) =
N∑
k=1

Ake
sktu(t) (6.52)

ìpou sk oi pìloi tou metasqhmatismoÔ Laplace, ja eÐnai

∫ ∞
−∞
|h(t)|dt ≤

∫ ∞
−∞

N∑
k=1

|Ak||esktu(t)|dt =

N∑
k=1

|Ak|
∫ ∞

0
|eσkt||ej2πft|dt =

N∑
k=1

|Ak|
∫ ∞

0
|eσkt|dt

(6.53)

Katal xame plèon ìti gia na eÐnai fragmènh h èxodoc, kai �ra to sÔsthma eustajèc, ja prèpei na isqÔei

ìti h eσkt eÐnai apolÔtwc oloklhr¸simh. Autì profan¸c sumbaÐnei MONON ìtan <{sk} = σk < 0!

Pìte isqÔei ìmwc autì? Fusik� ìtan ìloi oi pìloi tou H(s) brÐskontai sto aristerì hmiepÐpedo! 'Ara

èna aitiatì sÔsthma eÐnai eustajèc ìtan èqei ìlouc touc pìlouc tou sto

aristerì migadikì hmiepÐpedo.

6.7 Jewr mata arqik c kai telik c tim c

Se k�poiec efarmogèc eÐnai epijumhtì na gnwrÐzoume tic timec enìc s matoc x(t) ìtan autì teÐnei

sto 0 kai sto ∞, mèsw tou metasq. Laplace tou. Ta jewr mata arqik c kai telik c tim c mac
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Sq ma 6.8: Prosoq  sthn eust�jeia twn susthm�twn!!

bohjoÔn se autì.

To je¸rhma thc arqik c tim c - J.A.T. dhl¸nei ìti an to x(t) kai h par�gwgìc tou, dx(t)/dt,

èqoun metasq. Laplace, tìte

x(0+) = lim
s→∞

sX(s) (6.54)

dedomènou ìti to parap�nw ìrio up�rqei.

To je¸rhma thc telik c tim c - J.T.T. dhl¸nei ìti an to x(t) kai h par�gwgìc tou, dx(t)/dt,

èqoun metasq. Laplace, tìte

lim
t→∞

x(t) = lim
s→0

sX(s) (6.55)

dedomènou ìti to sX(s) den èqei pìlouc sto dexiì migadikì hmiepÐpedo   p�nw ston fantastikì �xona.

To J.A.T. prèpei na efarmìzetai mìnon an to X(s) èqei austhr� megalÔterh t�xh paronomast 

ap' ìti arijmht , alli¸c to ìrio den up�rqei, kai to je¸rhma den efarmìzetai.

AntÐstoiqa, to J.T.T. efarmìzetai mìnon an oi pìloi tou sX(s) eÐnai ìloi sto aristerì migadikì

hmiepÐpedo. An up�rqei pìloc sto fantastikì �xona, to limt→0 sX(s) den up�rqei, en¸ an up�rqei

pìloc sto dexiì migadikì hmiepÐpedo, to limt→∞ x(t) den up�rqei.
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6.8 Ask seic

1. 'Estw to s ma

x(t) =

{
A, 0 ≤ t ≤ T
0, alloÔ

(6.56)

(aþ) Na upologÐsete to metasq. Fourier tou.

(bþ) Na upologÐsete to metasq. Laplace tou. Epibebai¸ste to apotèlesma

tou prohgoÔmenou erwt matoc, qrhsimopoi¸ntac ton metasq. Laplace.

LÔsh:

EÐnai

(aþ) EÐnai

x(t) = Arect
( t− T

2

T

)
↔ X(f) = ATsinc(fT )e−j2πT/2f = ATsinc(ft)e−jπfT (6.57)

(bþ) EÐnai

X(s) =

∫ T

0
Ae−stdt =

A

−s
e−st

∣∣∣T
0

= −A
s

(e−sT − 1) =
A

s
(1− esT ) (6.58)

Epeid  to s ma eÐnai peperasmènhc di�rkeiac, to pedÐo sÔgklis c tou eÐnai ìlo to s-epÐpedo.

Epeid  to pedÐo sÔgklishc perilamb�nei to fantastikì �xona, ac broÔme to metasq. Fourier

mèsw tou metasq. Laplace pou mìlic upologÐsame. EÐnai

X(s)
∣∣∣
σ=0

=
A

j2πf
(1− e−j2πfT ) =

A

j2πf
e−jπfT (ejπfT − e−jπfT )

=
A

j2πf
e−jπfT 2j sin(πfT )

=
A

πf
e−jπfT sin(πfT )

=
AT

πfT
e−jπfT sin(πfT )

= ATsinc(fT )e−jπfT (6.59)

pou eÐnai to Ðdio akrib¸c apotèlesma me autì pou upologÐsame parap�nw.

2. UpologÐste to metasq. Laplace tou s matoc

x(t) = eαtu(t) + e2αtu(−t), α > 0 (6.60)

UpologÐzetai gia to s ma autì o metasq. Fourier mèsw tou metasq. Laplace?
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An nai, breÐte ton. An ìqi, exhgeÐste.

LÔsh:

EÐnai

X(s) =

∫ ∞
−∞

x(t)e−stdt =

∫ ∞
0

e(a−s)tdt+

∫ 0

−∞
e(2a−s)tdt

=
1

a− s
e(a−s)t

∣∣∣∞
0

+
1

2a− s
e(2a−s)t

∣∣∣0
−∞

=
1

a− s
0− 1

a− s
+

1

2a− s
− 1

2a− s
0

= − 1

a− s
+

1

2a− s

=
a− s− 2a+ s

(2a− s)(a− s)

=
−a

(s− 2a)(s− a)
(6.61)

an a−<{s} < 0 kai 2a−<{s} > 0⇔ a < <{s} < 2a.

Ta duo pedÐa sÔgklishc proèkuyan ap' touc gnwstoÔc periorismoÔc sta oloklhr¸mata, ìtan

t = ±∞, ¸ste aut� na sugklÐnoun. Epeid  èqoume �jroisma shm�twn, to pedÐo sÔgklishc ja

eÐnai h tom  twn epimèrouc pedÐwn sÔgklishc.

O metasqhmatismìc Fourier den mporeÐ na upologisteÐ mèsw tou metasq. Laplace, giatÐ to pedÐo

sÔgklishc den perilamb�nei to fantastikì �xona <{s} = σ = 0.

3. DeÐxte ìti o metasq. Laplace tou s matoc

x(t) = teαtu(t), α > 0

eÐnai o

X(s) =
1

(s + α)2
, <{s} > −α

DÐnetai ìti

∫
te−αtdt =

1

α2
e−αt

(
− αt− 1

)

LÔsh:



166 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

EÐnai

X(s) =

∫ ∞
−∞

x(t)e−stdt =

∫ ∞
−∞

teatu(t)e−stdt =

∫ ∞
0

te−(a+s)tdt

=
e−(a+s)t

(a+ s)2

(
− (a+ s)t− 1

)∣∣∣+∞
0

= lim
t→+∞

(
− te−(a+s)t

a+ s
− e−(a+s)t

(a+ s)2

)
+

1

(a+ s)2

= lim
t→+∞

−te(a+s)t

a+ s
− lim
t→+∞

e−(a+s)t

(a+ s)2
+

1

(a+ s)2

=
1

a+ s
lim

t→+∞

−t
e(a+s)t

− 0 +
1

(a+ s)2

=
1

(a+ s)2
lim

t→+∞

−1

e(a+s)t
+

1

(a+ s)2

= 0 +
1

(a+ s)2
=

1

(a+ s)2
, an <{s}+ a > 0⇔ <{s} > −a. (6.62)

Ed¸, to pedÐo sÔgklishc proèkuye apì touc gnwstoÔc periorismoÔc, ¸ste ta ìria na fjÐnoun

sto mhdèn. EpÐshc, sto teleutaÐo ìrio, efarmìsame ton kanìna tou De L’ Hospital gia na to

lÔsoume.

4. DeÐxte ìti o metasq. Laplace tou s matoc

x(t) = tu(t)

eÐnai

X(s) =
1

s2
, <{s} > 0.

DÐnetai ìti

∫
te−αtdt =

1

α2
e−αt

(
− αt− 1

)

LÔsh:

EÐnai

X(s) =

∫ ∞
−∞

tu(t)e−stdt =

∫ ∞
0

te−stdt =
e−st

s2
(−st− 1)

∣∣∣∞
0

=
(
− te−st

s
− e−st

s2

)∣∣∣∞
0

= − te
−st

s

∣∣∣∞
0
− e−st

s2

∣∣∣∞
0

= − lim
t→+∞

te−st

s
+

1

s2
= lim

t→+∞

t

est
+

1

s2

= lim
t→+∞

1

sest
+

1

s2
= 0 +

1

s2
=

1

s2
, <{s} > 0. (6.63)

Ed¸ kai p�li qrhsimopoi same ton kanìna tou De L’ Hospital, en¸ to pedÐo sÔgklishc prokÔ-

ptei kat� ta gnwst� (plèon :-) ).
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5. DeÐxte ìti o metasq. Laplace tou s matoc 6.9 eÐnai o

Sq ma 6.9: Sq ma 'Askhshc 5.5

X(s) =
2

s2
(e−s − e−2s)− 2

s
e−4s

DÐnetai ìti

∫
te−αtdt =

1

α2
e−αt

(
− αt− 1

)

LÔsh:

1oc trìpoc:

EÐnai

X(s) =

∫ 2

1
(2t− 2)e−stdt+

∫ 4

2
2e−stdt =

∫ 2

1
2te−stdt−

∫ 2

1
2e−stdt+

∫ 4

2
2e−stdt

= 2
e−st

s2
(−st− 1)

∣∣∣2
1

+ 2
e−st

s

∣∣∣2
1
− 2

e−st

s

∣∣∣4
2

= −2
e−2s

s2
+ 2

e−s

s2
− 2

e−4s

s

=
2

s2
(e−s − e−2s)− 2

s
e−4s (6.64)

To pedÐo sÔgklishc eÐnai ìlo to s-epÐpedo, afoÔ to x(t) eÐnai peperasmèno.

2oc trìpoc:

EÐnai

dx(t)

dt
= 2rect

( t− 3
2

1

)
− 2δ(t− 4)⇒  L{dx(t)

dt
} =

2

s
e−

3
2
s(e

s
2 − e−

s
2 )− 2e−4s

=
2

s
e−s − 2

s
e−2s − 2e−4s (6.65)

IsqÔei ìti

 L{dx(t)

dt
} = sX(s)− x(0−) = sX(s)



168 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

Sq ma 6.10: Par�gwgoc 'Askhshc 5.5

'Ara

2

s
(e−s − e−2s)− 2e−4s = sX(s)− x(0−)⇔ X(s) =

2

s2
(e−s − e−2s)− 2

s
e−4s (6.66)

O deÔteroc trìpoc lÔshc eÐnai pio eÔkoloc, me thn proôpìjesh ìti ja paragwgisteÐ swst� to

sq ma kai ja efarmìsete swst� thn idiìthta.

6. Na upologisteÐ o metasq. Laplace tou s matoc pou faÐnetai sto sq ma 6.11.

Sq ma 6.11: Sq ma 'Askhshc 5.6

LÔsh:

ParagwgÐzontac, èqoume to s ma tou sq matoc 6.12. EÐnai
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Sq ma 6.12: Par�gwgoc sq matoc 'Askhshc 5.6

sX(s)− x(0−) =  L{dx(t)

dt
} =  L{δ(t− 1)− rect

( t− 3
2

1

)
}+ rect

( t− 5
2

1

)
− δ(t− 3)}

= e−s − 1

s
(1− e−s) +

1

s
(1− e−s)e−2s − e−3s ⇔

sX(s) = e−s − 1

s
e−s +

1

s
e−2s +

1

s
e−2s − 1

s
e−3s − e−3s

= e−s
(

1− 1

s

)
+ e−2s

(1

s
+

1

s

)
− e−3s

(1

s
+ 1
)
⇔

X(s) =
e−s(s− 1)

s2
+ 2

e−2s

s2
− e−3s(s+ 1)

s2
(6.67)

To s ma eÐnai peperasmènhc di�rkeiac, �ra to pedÐo sÔgklishc eÐnai ìlo to s-epÐpedo.

7. 'Estw

X(s) =
3s + 5

s2 + 3s + 2

me ROC : −2 < <{s} < −1. BreÐte ton antÐstrofo metasq. Laplace, x(t).

LÔsh:

Profan¸c de ja qrhsimopoi soume ton orismì gia na broÔme ton antistr. metasq. Laplace, all�

ja qrhsimopoi soume  dh gnwst� mac zeÔgh metasqhmatism¸n, sp�zontac to meg�lo kl�sma se

mikrìtera. IsqÔei ìti h t�xh tou poluwnÔmou tou arijmht  eÐnai mikrìterh ap' thn antÐstoiqh

tou paronomast , �ra mporoÔme na efarmìsoume an�ptugma se merik� kl�smata.

EÐnai:

X(s) =
3s+ 5

s2 + 3s+ 2
=

3s+ 5

(s+ 1)(s+ 2)
=

A1

s+ 1
+

A2

s+ 2

A1 = X(s)(s+ 1)
∣∣∣
σ=−1

=
3s+ 5

s+ 2

∣∣∣
σ=−1

= 2

A2 = X(s)(s+ 2)
∣∣∣
σ=−2

=
3s+ 5

s+ 1

∣∣∣
σ=−2

= 1
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'Ara ja eÐnai

X(s) = 2
1

s+ 1
+

1

s+ 2

To pedÐo sÔgklishc dÐdetai ìti eÐnai

ROC : −2 < <{s} < −1⇔ <{s} > −2 ∩ <{s} < −1

'Ara, gnwrÐzontac ìti to X(s) eÐnai �jroisma duo shm�twn thc parap�nw morf c, me pedÐa

sÔgklishc ta duo parap�nw, jèloume na broÔme ta duo s mata sto qrìno. Apì touc pÐnakec

twn zeug¸n metasqhmatism¸n, èqoume ìti:

e−2tu(t)↔ 1

s+ 2
, <{s} > −2

−e−tu(−t)↔ 1

s+ 1
, <{s} < −1

'Ara telik�

x(t) = e−2tu(t)− 2e−tu(−t) (6.68)

eÐnai to s ma pou y�qnoume.

8. Na upologisteÐ o antÐstrofoc metasq. Laplace tou s matoc

X(s) =
−3

(s + 2)(s− 1)

ìtan:

(aþ) ROC : −2 < <{s} < 1

(bþ) ROC : <{s} > 1

(gþ) ROC : <{s} < −2

Se k�je perÐptwsh, sqedi�ste thn perioq  sÔgklishc.

LÔsh:

EÐnai

X(s) =
−3

(s+ 2)(s− 1)
=

A1

s+ 2
+

A2

s− 1

me

A1 = X(s)(s+ 2)
∣∣∣
s=−2

=
−3

s− 1

∣∣∣
s=−2

= 1

A2 = X(s)(s− 1)
∣∣∣
s=1

=
−3

s+ 2

∣∣∣
s=1

= −1
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An�loga me ta pedÐa sÔgklishc pou dÐnontai, ja kajoristeÐ kai to s ma sto qrìno pou ja

prokÔyei.

(aþ) 'Ara

X(s) =
1

s+ 2
− 1

s− 1

−2<<{s}<1={−2<<{s}}∩{<{s}<1}−−−−−−−−−−−−−−−−−−−−−−−→
L−1

x(t) = e−2tu(t)+etu(−t) (6.69)

To pedÐo sÔgklishc faÐnetai sto sq ma 6.13.

Sq ma 6.13: 1o PedÐo SÔgklishc 'Askhshc 5.8

(bþ) 'Ara

X(s) =
1

s+ 2
− 1

s− 1

<{s}>1={<{s}>−2}∩{<{s}>1}−−−−−−−−−−−−−−−−−−−−→
L−1

x(t) = e−2tu(t)− ettu(t) (6.70)

To pedÐo sÔgklishc faÐnetai sto sq ma 6.14.

Sq ma 6.14: 2o PedÐo SÔgklishc 'Askhshc 5.8

(gþ) 'Ara

X(s) =
1

s+ 2
− 1

s− 1

<{s}<−2={<{s}<−2}∩{<{s}<1}−−−−−−−−−−−−−−−−−−−−−→
L−1

x(t) = −e−2tu(−t) + ettu(−t)
(6.71)
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To pedÐo sÔgklishc faÐnetai sto sq ma 6.15.

Sq ma 6.15: 3o PedÐo SÔgklishc 'Askhshc 5.8

9. O metasq. Laplace dÐnetai apì th sqèsh

X(s) =
s + 2

s2 − 2s− 3

(aþ) Gia ìla ta dunat� pedÐa sÔgklishc, breÐte ton antÐstrofo metasq. La-

place, x(t).

(bþ) Se poi� perÐptwsh upologÐzetai o metasq. Fourier? UpologÐste ton.

LÔsh:

EÐnai

(aþ) Oi pìloi tou paronomast  eÐnai oi s1 = 3, s2 = −1, ìpwc eÔkola diapist¸noume. 'Ara

X(s) =
s+ 2

(s− 3)(s+ 1)
=

A1

s− 3
+

A2

s+ 1

Ta A1, A2 dÐnontai apì tic sqèseic

A1 = X(s)(s− 3)
∣∣∣
s=3

=
s+ 2

s+ 1

∣∣∣
s=3

=
5

4

A2 = X(s)(s+ 1)
∣∣∣
s=−1

=
s+ 2

s− 3

∣∣∣
s=−1

= −1

4

'Ara èqoume

X(s) = −1

4

1

s+ 1
+

5

4

1

s− 3
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me pijan� pedÐa sÔgklishc ta

ROC =


<{s} < −1,

<{s} > 3,

−1 < <{s} < 3

� Gia thn perÐptwsh <{s} < −1, qreiazìmaste h tom  twn pedÐwn sÔgklishc twn duo

shm�twn na mac dÐnei to hmiepÐpedo σ < −1. Autì gÐnetai mìnon an {<{s} < 3} ∩
{<{s} < −1}. Gi' aut� ta duo pedÐa sÔgklishc, ja èqoume

−1

4
e−tu(−t) <{s}<−1−−−−−−→

L

1

4

1

s+ 1

−5

4
e3tu(−t) <{s}<3−−−−−→

L

5

4

1

s− 3

'Ara to s ma sto qrìno ja eÐnai to

x(t) =
1

4
e−tu(−t)− 5

4
e3tu(−t) (6.72)

� Gia thn perÐptwsh <{s} > 3, qreiazìmaste h tom  twn pedÐwn sÔgklishc twn duo

shm�twn na mac dÐnei to hmiepÐpedo σ > 3. Autì gÐnetai mìnon an {<{s} > 3}∩{<{s} >
−1}. Gi' aut� ta duo pedÐa sÔgklishc, ja èqoume

1

4
e−tu(t)

<{s}>−1−−−−−−→
L

1

4

1

s+ 1
5

4
e3tu(t)

<{s}>3−−−−−→
L

5

4

1

s− 3

'Ara to s ma sto qrìno ja eÐnai to

x(t) = −1

4
e−tu(t) +

5

4
e3tu(t) (6.73)

� Gia thn perÐptwsh −1 < <{s} < 3, qreiazìmaste h tom  twn pedÐwn sÔgklishc

twn duo shm�twn na mac dÐnei to hmiepÐpedo −1 < σ < 3. Autì gÐnetai mìnon an

{<{s} < 3} ∩ {<{s} > −1}. Gi' aut� ta duo pedÐa sÔgklishc, ja èqoume

1

4
e−tu(t)

<{s}>−1−−−−−−→
L

1

4

1

s+ 1

−5

4
e3tu(−t) <{s}<3−−−−−→

L

5

4

1

s− 3

'Ara to s ma sto qrìno ja eÐnai to

x(t) = −1

4
e−tu(t)− 5

4
e3tu(−t) (6.74)



174 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

(bþ) O metasqhmatismìc Fourier upologÐzetai mìno sthn perÐptwsh ROC = −1 < <{s} < 3,

giatÐ mìno se autì to pedÐo perilamb�netai o �xonac twn fantastik¸n, σ = 0.

'Ara gia σ = 0, ja èqoume

X(s)
∣∣∣
σ=0

=
2(jπf + 1)

(j2πf + 1)(j2πf − 3)
(6.75)

10. UpologÐste th lÔsh thc diaforik c exÐswshc

d2y(t)

dt2
+ 7

dy(t)

dt
+ 12y(t) = x(t)

me arqikèc sunj kec y(0) = 0, dy(t)
dt

∣∣∣
t=0

= −2 kai x(t) = u(t).

LÔsh:

PaÐrnoume to metasq. Laplace twn duo mer¸n thc exÐswshc:

 L{d
2y(t)

dt2
}+ 7 L{dy(t)

dt
}+ 12 L{y(t)} =  L{x(t)}

s2Y (s)− sy(0−)− y′(0) + 7sY (s)− 7y(0−) + 12Y (s) = X(s)

s2Y (s)− (−2) + 7sY (s) + 12Y (s) = X(s)

Y (s)(s2 + 7s+ 12) = X(s)− 2

Y (s) =
1− 2s

s(s2 + 7s+ 12)

Y (s) =
A

s
+

B

s+ 4
+

C

s+ 3
(6.76)

Ja eÐnai

A = Y (s)s
∣∣∣
s=0

=
1

12

B = Y (s)(s+ 4)
∣∣∣
s=−4

=
9

4

C = Y (s)(s+ 3)
∣∣∣
s=−3

= −7

3

'Ara

Y (s) =
1

12

1

s
+

9

4

1

s+ 4
− 7

3

1

s+ 3
→

y(t) =
1

12
u(t) +

9

4
e−4tu(t)− 7

3
e−3tu(t)

=
( 1

12
+

9

4
e−4t − 7

3
e−3t

)
u(t) (6.77)
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Parat rhsh:

Qrhsimopoi same thn idiìthta

 L{d
nx(t)

dtn
} = snX(s)− sn−1x(0−)− · · · − x(n−1)(0−)

11. Na brejeÐ o antÐstrofoc metasq. Laplace thc

X(s) =
3s + 2

s2 + 2s + 10

LÔsh:

EÐnai

X(s) =
3s+ 2

s2 + 2s+ 10
=

3s+ 2

(s− (−1 + 3j))(s− (−1− 3j))

=
A

s− (−1 + 3j)
+

A∗

s− (−1− 3j)

Ta A,A∗ dÐnontai apì

A = X(s)(s− (−1 + 3j))
∣∣∣
s=−1+3j

=
3s+ 2

s− (−1− 3j)

∣∣∣
s=−1+3j

=
3

2
+ j

1

6

A∗ =
3

2
− j 1

6

Opìte

X(s) =
(3

2
+ j

1

6

) 1

s− (−1 + 3j)
+
(3

2
− j 1

6

) 1

s− (−1− 3j)

Oi pijanoÐ pìloi eÐnai oi s0 = −1− 3j, s1 = s∗0 = −1 + 3j, oi opoÐoi brÐskontai p�nw sthn Ðdia

eujeÐa, σ = −1. 'Ara ta pijan� pedÐa sÔgklishc eÐnai ta <{σ} > −1,<{σ} < −1. An�loga me

aut� ta pedÐa sÔgklishc, ja èqoume kai ta antÐstoiqa x(t). BreÐte ta! :-)

12. Gia èna s ma kai to metasq. Laplace tou gnwrÐzete ìti:

(aþ) to s ma sto qrìno eÐnai pragmatikì kai �rtio

(bþ) èqei 4 pìlouc kai kanèna mhdenikì sto migadikì epÐpedo

(gþ) ènac pìloc brÐsketai sto s = 1
2ej

π
4

(dþ)

∫ ∞
−∞

x(t)dt = 4

BreÐte to X(s).

LÔsh:
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Profan¸c to X(s) ja eÐnai thc morf c:

X(s) =
A

(s− s1)(s− s2)(s− s3)(s− s4)

DÐdetai ìmwc ìti to s ma eÐnai pragmatikì kai �rtio, �ra ja eÐnai

x(t) = x∗(t)↔ X(s) = X∗(s∗) kai x(t) = x(−t)↔ X(s) = X(−s)

'Ara an èqei ènan pìlo sth jèsh sk, ja èqei epÐshc ènan pìlo sth jèsh −sk (apì th sqèsh tou

�rtiou s matoc). 'Omoia, an èqei ènan pìlo sth jèsh −sk ja èqei epÐshc ènan pìlo sth jèsh

−s∗k (apì th sqèsh tou pragmatikoÔ s matoc). GnwrÐzoume ìti èqei ènan pìlo s1, �ra ja èqei

ki ènan −s1, ki ènan −s∗1 kai ènan s∗1. Opìte to s ma ja gr�fetai:

X(s) =
A

(s− s1)(s− s∗1)(s+ s1)(s+ s∗1)

Mènei na broÔme to A.

DÐnetai ìti ∫ ∞
−∞

x(t)dt = 4

'Omwc xèroume ìti

X(0) =

∫ ∞
−∞

x(t)e−0tdt =

∫ ∞
−∞

x(t)dt = 4⇔

4 =
A

(0− s1)(0− s∗1)(0 + s1)(0 + s∗1)
=

A

|s1|2|s1|2
=

A
1
4

1
4

=
A
1
16

⇒ A =
1

4

'Ara to s ma pou y�qnoume eÐnai to

X(s) =
1
4

(s− 1
2e
j π

4 )(s+ 1
2e
j π

4 )(s− 1
2e
−j π

4 )(s+ 1
2e
−j π

4 )
(6.78)

13. Sac dÐnontai ta parak�tw stoiqeÐa gia èna pragmatikì s ma x(t) kai to

metasq. Laplace tou.

(aþ) To X(s) èqei akrib¸c duo pìlouc

(bþ) To X(s) den èqei kanèna mhdenikì

(gþ) To X(s) èqei pìlo sto s = −1 + j

(dþ) To e2tx(t) den eÐnai apolÔtwc oloklhr¸simo

(eþ) X(0) = 8

BreÐte to X(s) kai thn perioq  sÔgklishc.
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LÔsh:

LÔste to! :-)

Hint: BreÐte pr¸ta th majhmatik  morf  tou X(s). BreÐte ta pijan� pedÐa sÔgklishc. Tèloc,

to (d') stoiqeÐo axiopoi ste to gia na breÐte to pedÐo sÔgklishc. ErmhneÔste swst� ti shmaÐnei

to e2tx(t) den eÐnai apolÔtwc oloklhr¸simo.

14. ApodeÐxte ìti èna anti-aitiatì s ma eÐnai eustajèc an kai mìno an ìloi oi

pìloi tou brÐskontai sto dexiì migadikì hmiepÐpedo. GenikeÔste gia èna

mh-aitiatì sÔsthma, apodeiknÔontac ìti to pedÐo sÔgklis c tou prèpei na

perilamb�nei ton fantastikì �xona.

LÔsh:

Gia èna anti-aitiatì sÔsthma ja èqoume

H(s) =
Y (s)

X(s)
=

N∑
k=1

Ak
s− sk

←→ h(t) = −
N∑
k=1

Ake
sktu(−t) (6.79)

ìpou sk oi pìloi tou metasqhmatismoÔ Laplace, ja eÐnai

∫ ∞
−∞
|h(t)|dt ≤

∫ ∞
−∞

N∑
k=1

|Ak||esktu(−t)|dt

=
N∑
k=1

|Ak|
∫ 0

−∞
|eσkt||ej2πft|dt

=

N∑
k=1

|Ak|
∫ 0

−∞
|eσkt|dt (6.80)

to opoÐo kai shmaÐnei ìti to sÔsthma eÐnai eustajèc mìno an σk > 0. 'Ara ìloi oi pìloi tou

anti-aitiatoÔ sust matoc prèpei na brÐskontai sto dexiì migadikì hmiepÐpedo.

GenikeÔontac gia èna opoiod pote s ma, ja èqoume

H(s) =
Y (s)

X(s)
=

N∑
k=1

Ak
s− sk

+

L∑
k=1

Bk
s− λk

←→ h(t) =

N∑
k=1

Ake
sktu(t)−

L∑
k=1

Bke
λktu(−t) (6.81)
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ìpou sk, λk oi pìloi tou metasqhmatismoÔ Laplace, ja eÐnai

∫ ∞
−∞
|h(t)|dt ≤

∫ ∞
−∞

( N∑
k=1

|Ak||esktu(t)|+
L∑
k=1

| −Bk||eλktu(−t)|
)
dt

<

∫ ∞
−∞

N∑
k=1

|Ak||esktu(t)|dt+

∫ ∞
−∞

L∑
k=1

|Bk||eλktu(−t)|dt

=
N∑
k=1

|Ak|
∫ ∞

0
|eσkt||ej2πft|dt+

L∑
k=1

|Bk|
∫ 0

−∞
|eζkt||ej2πft|dt

=

N∑
k=1

|Ak|
∫ ∞

0
|eσkt|dt+

L∑
k=1

|Bk|
∫ 0

−∞
|eζkt|dt (6.82)

To pr¸to olokl rwma sugklÐnei ìtan <{sk} = σk < 0 kai to deÔtero ìtan <{λk} = ζk > 0.

Autì shmaÐnei ìti ìloi oi pìloi sk tou aitiatoÔ tm matoc tou s matoc brÐskontai sto aristerì

migadikì hmiepÐpedo, en¸ ìloi oi pìloi λk tou anti-aitiatoÔ tm matoc tou s matoc brÐskontai

sto dexiì megadikì hmiepÐpedo. 'Estw sr o dexiìteroc pìloc tou sunìlou twn pìlwn sk kai λl o

aristerìteroc pìloc tou sunìlou twn pìlwn λk. To pedÐo sÔgklishc ja eÐnai σr < <{s} < ζl,

kai afoÔ σr < 0 kai ζl > 0, to pedÐo sÔgklishc perilamb�nei to fantastikì �xona.

'Ara krit rio eust�jeiac gia ta sust mata eÐnai h perÐlhyh tou fantastikoÔ �xona mèsa sto

pedÐo sÔgklishc tou metasq. Laplace pou to perigr�fei.

15. DÐnetai h parak�tw grammik  diaforik  exÐswsh 2hc t�xhc:

d2y(t)

dt2
+ 5

dy(t)

dt
+ 6y(t) = x(t)

me arqikèc sunj kec

y(0−) = 2,
dy(t)

dt

∣∣∣
t=0−

= 1

kai

x(t) = e−tu(t)

BreÐte to y(t).

LÔsh:

GnwrÐzoume ìti

dx(t)

dt
←→ sX(s)− x(0−)

d2x(t)

dt2
←→ s2X(s)− sx(0−)− x′(0−)
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EÐnai

d2y(t)

dt2
+ 5

dy(t)

dt
+ 6y(t) = x(t)←→

s2Y (s)− sy(0−)− y′(0−) + 5sY (s)− 5y(0−) + 6Y (s) = X(s)

s2Y (s)− 2s− 1 + 5sY (s)− 10 + 6Y (s) = X(s)

Y (s)(s2 + 5s+ 6) = X(s) + 2s+ 11

Y (s) =
1
s+1 + 2s+ 11

s2 + 5s+ 6

Y (s) =
2s2 + 13s+ 12

(s+ 1)(s+ 2)(s+ 3)

AnalÔoume se merik� kl�smata (mporoÔme kateujeÐan, giatÐ h t�xh tou arijmht  eÐnai mikrìterh

aut c tou paronomast ):

Y (s) =
2s2 + 13s+ 12

(s+ 1)(s+ 2)(s+ 3)
=

A

s+ 1
+

B

s+ 2
+

C

s+ 3

me

A = (s+ 1)Y (s)
∣∣∣
s=−1

=
2s2 + 13s+ 12

(s+ 2)(s+ 3)

∣∣∣
s=−1

=
1

2

B = (s+ 2)Y (s)
∣∣∣
s=−2

=
2s2 + 13s+ 12

(s+ 1)(s+ 3)

∣∣∣
s=−2

= 6

C = (s+ 3)Y (s)
∣∣∣
s=−3

=
2s2 + 13s+ 12

(s+ 1)(s+ 2)

∣∣∣
s=−3

= −9

2

'Ara telik�,

Y (s) =
1

2

1

s+ 1
+ 6

1

s+ 2
− 9

2

1

s+ 3
←→

y(t) =
1

2
e−tu(t) + 6e−2tu(t)− 9

2
e−3tu(t) (6.83)

pou eÐnai kai to zhtoÔmeno.

16. 'Estw to s ma

x(t) = e−2tu(t) + e−t cos(3t)u(t)

(aþ) Na brejeÐ o metasq. Laplace

(bþ) Na brejeÐ h arqik  sunj kh x(0+) mèsw tou metasq. Laplace

(gþ) Na upologisteÐ to ìrio limt→∞ x(t) mèsw tou metasq. Laplace

(dþ) Epibebai¸ste ta apotelèsmata twn parap�nw duo erwthm�twn upolo-

gÐzontac analutik� ta ìria
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LÔsh:

(aþ)

X(s) =  L{e−2tu(t)}+  L{e−t cos(3t)u(t)} =
1

s+ 2
+

s+ 1

(s+ 1)2 + 9
, <{s} > −1

kai k�nontac lÐgec pr�xeic, èqoume

X(s) =
2s2 + 5s+ 12

s3 + 5s2 + 14s+ 20

(bþ)

x(0+) = lim
s→∞

sX(s) = lim
s→∞

s
2s2 + 5s+ 12

s3 + 5s2 + 14s+ 20

= lim
s→∞

2s3 + 5s2 + 12s

s3 + 5s2 + 14s+ 20

(De L’ Hospital) = lim
s→∞

6s2 + 10s+ 12

3s2 + 10s+ 14

(De L’ Hospital) = lim
s→∞

12s+ 10

6s+ 10

(De L’ Hospital) = lim
s→∞

12

6
= 2⇐⇒

x(0+) = 2 (6.84)

(gþ)

lim
t→∞

x(t) = lim
s→0

sX(s) = lim
s→0

2s3 + 5s2 + 12s

s3 + 5s2 + 14s+ 20
= 0⇐⇒ lim

t→∞
x(t) = 0

(dþ) Dikì sac. :-)



Kef�laio 7

DeigmatolhyÐa

7.1 Eisagwg 

Oi perissìterec metr simec fusikèc diadikasÐec pou sumbaÐnoun ston kìsmo mac eÐnai analogikèc.

Apì thn hliak  aktinobolÐa, thn anjr¸pinh fwn , ton  qo miac lÔrac, ta seismik� kÔmata, wc mia

fwtografÐa, to qtÔpo thc kardi�c, kai ta egkefalik� kÔmata, ìla aut� eÐnai analogik� s mata.

Aut� ta s mata eÐnai sunart seic tou qrìnou, dhl. all�zoun timèc me thn p�rodì tou. O ìroc

analogikìc èqei thn ènnoia thc suneqoÔc sun�rthshc, se qrìno kai pl�toc, dhl. èna analogikì s ma

orÐzetai gia k�je qronik  stigm  kai èqei tim  me �peira dekadik� yhfÐa. Oi timèc autèc ekfr�zoun

k�ti diaforetikì, an�loga me thn efarmog  (p.q. sth fwtografÐa ekfr�zoun to qr¸ma tou pixel, en¸

ston  qo thn èntash tou  qou) . Me thn èkrhxh twn hlektronik¸n upologist¸n th dekaetÐa tou '50,

anazht jhke o trìpoc na mporoÔn na apojhkeutoÔn tètoia s mata se ènan upologist , gia peraitèrw

epexergasÐa. Fusik�, ènac upologist c den katalabaÐnei sthn ousÐa tÐpota �llo ektìc apì 0 kai 1,

en¸ h qwrhtikìthta kai h akrÐbei� tou eÐnai peperasmènec. 'Etsi loipìn èprepe na brejeÐ ènac trìpoc

na katagrafoÔn aut� ta analogik� s mata se yhfiak  morf , all� me thn ikanìthta na mporoÔn na

“d¸soun pÐsw”to analogikì s ma apì to opoÐo pro ljan. Me �lla lìgia, apì to suneqèc/analogikì

s ma, na mpor¸ na p�rw k�poia deÐgmat� tou, all� aut� ta deÐgmata na eÐnai ikan� na mou d¸soun pÐsw

olìklhro to suneqèc s ma! DÔskolh doulei�! :-) H diadikasÐa metatrop c, loipìn, enìc analogikoÔ

s matoc se DIAKRITO (ki ìqi yhfiakì) lègetai DeigmatolhyÐa.

Ac d¸soume èna par�deigma thc ìlhc diadikasÐac apì thn kajhmerinìtht� sac. :-) O PloÔtarqoc

(respect), ìtan tragoud�ei mprost� se èna mikrìfwno, ta hqhtik� kÔmata apì th fwn  tou taxideÔ-

oun ston aèra kai ft�noun wc to mikrìfwno. Ta hqhtik� aut� kÔmata qtupoÔn èna di�fragma mèsa

sto mikrìfwno, to opoÐo p�ei mproc - pÐsw (talant¸netai). 'Ena phnÐo, pou eÐnai sundedemèno me to

di�fragma, kineÐtai ki autì mproc - pÐsw. 'Enac magn thc pou eÐnai mazÐ me to phnÐo, par�gei magnhti-

kì pedÐo pou to diapern�, kai lìgw thc mproc - pÐsw kÐnhshc tou phnÐou, par�getai ro  hlektrikoÔ

reÔmatoc. To reÔma autì rèei proc ènan enisqut    mia suskeu  katagraf c (�lla mikrìfwna qrhsi-

mopoioÔn diaforetikì trìpo all� sthn ousÐa p�li metatrèpoun hqhtik  enèrgeia se hlektrik ). 'Ara

sthn perÐptws  mac, to analogikì s ma eÐnai hlektrikì, all� de mac apasqoleÐ h fÔsh tou s matoc.
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EÐnai èna s ma. Autì to s ma jèloume na to apojhkeÔsoume se ènan upologist . Prèpei loipìn na

to deigmatolhpt soume, dhl. na dialèxoume k�poiec qronikèc stigmèc kai na p�roume tic timèc tou

hlektrikoÔ s matoc se ekeÐnec tic stigmèc, na p�roume dhl. deÐgmata tou s matoc.

Ed¸ ac k�noume mia parènjesh gia na orÐsoume lÐgo thn orologÐa. OrÐzoume wc perÐodo deig-

matolhyÐac Ts thn apìstash (se deuterìlepta) metaxÔ twn deigm�twn pou paÐrnoume. Sun jwc

eÐnai stajer . EpÐshc, orÐzoume wc suqnìthta deigmatolhyÐac fs to antÐstrofo thc periìdou

deigmatolhyÐac (fs = 1
Ts
), kai eÐnai ènac arijmìc pou mac lèei pìsa deÐgmata paÐrnoume an� deuterì-

lepto. Gia par�deigma, sta mousik� CD tou emporÐou, h suqnìthta deigmatolhyÐac eÐnai 44100Hz.

Autì shmaÐnei ìti se èna deuterìlepto hqhtikoÔ kommatioÔ, èqoume p�rei 44100 deÐgmata, ta opoÐa

apèqoun 1
44100 deuterìlepta metaxÔ touc! Poll� deÐgmata, polÔ kont� to èna me to �llo! Gi' autì kai

h poiìthta thc mousik c eÐnai tìso kal . Ac kleÐsoume ìmwc ed¸ thn parènjesh ki ac epistrèyoume

sth jewrÐa...

Ta erwt mata pou mporeÐ kaneÐc na skefteÐ kai na jèsei �mesa eÐnai: poi� deÐgmata na p�rw? 'Opoia

jèlw? Kai k�je pìte na ta paÐrnw? 'Opote jèlw? Na p�rw dhl. èna deÐgma t¸ra ki èna deÐgma met�

apì 5 sec, ki �llo èna met� apì 40 sec? 'H prèpei na up�rqei èna stajerì qronikì di�sthma sto opoÐo

ja prèpei na paÐrnw deÐgmata? Ki an ta p�rw aut� ta deÐgmata, met� ja mpor¸ na anakataskeu�sw

kai na akoÔsw to tragoÔdi tou PloÔtarqou apì èna hqeÐo   ja akoÔsw Mpetìben? (pou lèei o lìgoc

:-) - enno¸ k�ti �sqeto) 'Ola aut� ta erwt mata ta ap�nthse o Nyquist kai o Shannon, to 1928 o

pr¸toc, kai to 1949 o deÔteroc, me k�poiec diaforèc stic ergasÐec touc. To je¸rhma pou apant�ei

se aut� ta erwt mata onom�sthke Je¸rhma twn Shannon-Nyquist.

'Ena s ma me mègisth suqnìthta B, mporeÐ na anakthjeÐ apì ta deÐgmat� tou, an deigmatolhpthjeÐ

me suqnìthta deigmatolhyÐac fs > 2B, dhl. me perÐodo deigmatolhyÐac Ts <
1

2B .

H sunj kh:

fs > 2B(   Ts <
1

2B
) (7.1)

lègetai sunj kh tou Shannon (h mègisth suqnìthta B sun jwc anafèretai kai sth bibliografÐa wc

fmax)

7.2 JewrÐa

'Opwc prèpei na sac èqei gÐnei  dh antilhptì, to je¸rhma thc deigmatolhyÐac emplèkei mèsa to

pedÐo thc suqnìthtac, ektìc apì autì tou qrìnou. To pedÐo thc suqnìthtac, ìpwc PREPEI na

xèrete, den eÐnai tÐpota �llo apì thn anapar�stash tou Ðdiou s matoc wc proc th suqnìthta f , ki ìqi

wc proc to qrìno t.

'Estw loipìn ìti èqoume èna analogikì s ma x(t) pou jèloume na deigmatolhpt soume, san ki autì

sto sq ma 7.1: kai autì to s ma èqei f�sma (anapar�stash sto pedÐo thc suqnìthtac) X(f) ìpwc

faÐnetai sto sq ma 7.2. ParathreÐte ìti to f�sma tou s matoc èqei mègisth suqnìthta B. Met�
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Sq ma 7.1: Analogikì s ma

Sq ma 7.2: F�sma analogikoÔ s matoc

th suqnìthta aut , den up�rqoun timèc (mple gramm ) gia tic upìloipec suqnìthtec. To Ðdio kai gia

to arnhtikì mèroc twn suqnot twn. Ac k�noume t¸ra deigmatolhyÐa sto s ma mac sto qrìno, me

perÐodo deigmatolhyÐac Ts = 1
fs
. H sun�rthsh deigmatolhyÐac den eÐnai tÐpota �llo apì mia seir� apì

tic gnwstèc mac sunart seic Dèlta:

xδ(t) =
+∞∑

k=−∞
δ(t− kTs) (7.2)

H sun�rthsh deigmatolhyÐac faÐnetai sto sq ma 7.3. 'Opwc faÐnetai, autèc oi sunart seic Dèlta

apèqoun metaxÔ touc qrìno Ts.

O metasqhmatismìc Fourier thc sun�rthshc deigmatolhyÐac eÔkola mporeÐ na deiqjeÐ (k�nte to)

ìti eÐnai:

∆(f) =
1

Ts

+∞∑
k=−∞

δ(f − kfs) (7.3)

Blèpoume ìti kai o metasq. Fourier eÐnai mia seir� apì sunart seic Dèlta, oi opoÐec apèqoun metaxÔ

touc fs Hz. H deigmatolhyÐa mporeÐ na anaparastajeÐ loipìn majhmatik� apì ton pollaplasiasmì
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Sq ma 7.3: Sun�rthsh DeigmatolhyÐac

sto qrìno tou s matoc plhroforÐac x(t) me th seir� apì sunart seic Dèlta, xδ(t). 'Ara ja èqoume:

xs(t) = x(t)xδ(t) = x(t)
+∞∑

k=−∞
δ(t− kTs) =

+∞∑
k=−∞

x(kTs)δ(t− kTs) (7.4)

Opìte autì pou ja p�roume ja eÐnai oi kìkkinec timèc stic korufèc twn sunart sewn Dèlta. Oi

upìloipec timèc q�nontai. Autì pou mènei loipìn eÐnai to DIAKRITO s ma mac, autì pou sta plaÐsia

tou maj matoc onom�zoume x[n]. Autì to x[n] den eÐnai tÐpota �llo apì tic timèc x(kTs) pou p rame

parap�nw. 'Ola aut� mac ta deÐqnei epoptik� h eikìna 7.4 kai 7.5: Ac doÔme ti sumbaÐnei sto pedÐo

Sq ma 7.4: DeigmatolhyÐa

thc suqnìthtac. To ginìmeno twn duo parap�nw shm�twn, xs(t) = x(t)xδ(t), gÐnetai sunèlixh sth

suqnìthta:

Xs(f) = X(f)∗∆(f) = X(f)∗ 1

Ts

+∞∑
k=−∞

δ(f−kfs) =
1

Ts

+∞∑
k=−∞

(
X(f)∗δ(f−kfs)

)
=

1

Ts

+∞∑
k=−∞

X(f−kfs)

(7.5)

'Ara loipìn, autì pou paÐrnoume sto pedÐo thc suqnìthtac sÔmfwna me thn parap�nw sqèsh, eÐnai

epanal yeic tou f�smatoc X(f) gÔrw apì tic suqnìthtec ±kfs. An h suqnìthta deigmatolhyÐac fs

pou epilèxame ikanopoieÐ to krit rio tou Shannon, dhl. eÐnai fs > 2B, ìpou B h mègisth suqnìthta
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Sq ma 7.5: Deigmatolhpthmèno s ma

tou s matoc x(t), tìte autì pou ja sumbeÐ sto pedÐo thc suqnìthtac faÐnetai sto sq ma 7.6: Ti

Sq ma 7.6: Mh epikaluptìmeno f�sma

parathroÔme kai sto sq ma 7.6? ParathroÔme xan� ìti, lìgw thc diadikasÐac thc deigmatolhyÐac,

emfanÐsthkan apì to poujen� periodikèc ��epanal yeic �� tou arqikoÔ f�smatoc gÔrw apì tic suqnì-

thtec ±kfs. Autì eÐnai to f�sma tou deigmatolhpthmènou (== DIAKRITOU) s matoc. Sto sq ma

faÐnontai mìno oi ��epanal yeic �� tou f�smatoc gÔrw apì tic suqnìthtec ±fs, all� aut  h epan�lhyh
suneqÐzetai se ìla ta pollapl�sia thc fs, apì to −∞ wc to +∞. To Ðdio f�sma dhl. emfanÐzetai kai

gÔrw apì th suqnìthta 2fs, 3fs, klp. To Ðdio kai stic tic arnhtikèc touc. Apl� gia lìgouc eukolÐac,

ed¸ deÐqnoume mìno tic epanal yeic gÔrw apì thn fs kai thn −fs.
UpenjumÐzetai ìti met� thn epexergasÐa tou diakritoÔ s matoc pou ja k�noume ston upologist ,

skopìc mac eÐnai na mporoÔme na p�roume pÐsw to arqikì s ma, dhl. thn mplè gramm . Autì gÐnetai

me thn efarmog  enìc qamhloperatoÔ (lowpass) fÐltrou gÔrw apì to kentrikì f�sma, kìbontac ta

��perisseuoÔmena�� f�smata kai krat¸ntac mìno to kentrikì, ìpwc faÐnetai sthn parak�tw eikìna.

JumÐzetai ìti to kentrikì (mple) f�sma eÐnai to f�sma tou arqikoÔ analogikoÔ s matoc, en¸ ta

pr�sina ��xefÔtrwsan�� lìgw thc diadikasÐac thc deigmatolhyÐac. Opìte an jèloume na anakt soume

to analogikì s ma, ja prèpei na krat soume mìno to kentrikì f�sma, giatÐ MONO autì antistoiqeÐ

sto analogikì s ma, ìpwc deÐqnei to sq ma 7.7. To fÐltro autì, pou profan¸c to orÐzoume parap�nw
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Sq ma 7.7: FÐltro anakataskeu c

sth suqnìthta, dÐnetai apì thn exÐswsh:

H(f) =
1

fs
rect(

f

fs
) (7.6)

Autì shmaÐnei ìti to par�juro orÐzetai sto di�sthma [−fs/2, fs/2]. O antÐstrofoc metasq. Fourier

tou s matoc autoÔ -deÐxte to- eÐnai:

h(t) = sinc(
t

Ts
) (7.7)

Pollaplasi�zontac to s maH(f) me to f�sma tou diakritoÔ s matoc
1

Ts

+∞∑
k=−∞

X(f−kfs), ja èqoume:

1

Ts
H(f)

+∞∑
k=−∞

X(f − kfs) =
1

Ts

1

fs
X(f) = X(f), (7.8)

afoÔ to H(f) eÐnai mh mhdenikì sto di�sthma [−fs/2, fs/2].

To ginìmeno sth suqnìthta gÐnetai sunèlixh sto qrìno:

h(t) ∗
+∞∑

k=−∞
x(kTs)δ(t− kTs) =

+∞∑
k=−∞

x(kTs)h(t− kTs) =

+∞∑
k=−∞

x(kTs)sinc(
t

Ts
− k) (7.9)

H parap�nw sqèsh eÐnai polÔ shmantik . Mac lèei ìti, idanik�, èna analogikì s ma (to opoÐo orÐzetai

se k�je qronik  stigm  - �ra se �peirec qronikèc stigmèc) mporeÐ na anakataskeuasteÐ ìtan ta
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deÐgmat� tou x(kTs) (dhl. apì k�poiec diakritèc mìno qronikèc stigmèc tou s matoc) sunduastoÔn

grammik� me th sun�rthsh sinc.

Ac epanèljoume lÐgo sto f�sma tou diakritoÔ s matoc, pou to parajètoume parak�tw gia eukolÐa.

Parathr ste lÐgo to dexÐ �kro thc mplè gramm c kai to aristerì �kro thc pr�sinhc gramm c (tou

dexioÔ f�smatoc). Blèpete ìti to èna èqei suqnìthta B kai to �llo èqei suqnìthta fs − B. An

aut� ta duo �kra  tan pio kont� ap' ìti faÐnetai sto sq ma (dhl. an h fs  tan ��pio kont��� sto

mhdèn ap' ìti faÐnetai sto sq ma), tìte pijanìn na ��èmpaine�� to èna mèsa sto �llo, na eÐqame dhl.

epik�luyh sta f�smata. Gia na mh sumbaÐnei autì, katalabaÐnete ìti prèpei to aristerì �kro thc

pr�sinhc gramm c na eÐnai PANTA megalÔtero apì to dexÐ �kro thc mplè gramm c, dhl. na isqÔei

B < fs − B ⇔ fs > 2B, pou eÐnai to krit rio tou Shannon. Aut  ousiastik� eÐnai h apìdeixh tou

jewr matoc thc deigmatolhyÐac (qwrÐc majhmatik� :-) ). Proèrqetai apl� apì thn parat rhsh autoÔ

tou sq matoc. DeÐte parak�tw, sto sq ma 7.8, ti sumbaÐnei an to krit rio tou Shannon parabi�zetai,

dhl. h suqnìthta deigmatolhyÐac fs eÐnai mikrìterh apì th dipl�sia mègisth suqnìthta B tou s matoc.

Blèpete ìti plèon h mplè gramm  den eÐnai h Ðdia me prin. Sta �kra thc èqoun prostejeÐ suqnìthtec

Sq ma 7.8: F�sma me xènec suqnìthtec

“xènec”, kai èqoun alloi¸sei to kentrikì f�sma. KatalabaÐnete ti gÐnetai an h fs eÐnai akìma pio

kont� sto mhdèn... qamìc! To fainìmeno autì thc epik�luyhc twn fasm�twn onom�zetai Aliasing

sta Agglik�, en¸ den èqw idèa pwc mporeÐ k�poioc na to metafr�sei sta Ellhnik� qwrÐc na bgei mia

lèxh pou na hqeÐ par�xena. :-)
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7.3 Parathr seic

1. Prosèxte ìti sthn parap�nw an�lus  mac, jewr same ìti to x(t) eÐnai èna s ma peperasmènhc

z¸nhc suqnot twn, dhl. to f�sma tou, X(f), eÐnai mh mhdenikì se èna peperasmèno di�sthma

suqnot twn. Autì mporeÐ na MHN isqÔei p�nta, kai pr�gmati DEN isqÔei gia ìla ta s mata

pou mporoÔme na kataskeu�soume sthn pr�xh, mia kai ìla ta uparkt� s mata eÐnai peperasmènhc

di�rkeiac sto qrìno, �ra �peirhc di�rkeiac sth suqnìthta! :-) Tìte prèpei na efarmìsoume sto

f�sma tou s matoc èna fÐltro, san to H(f) pou eÐdame, ¸ste na periorÐsoume to eÔroc z¸nhc

tou, ¸ste na isqÔei h an�lush pou k�name parap�nw. To fÐltro autì prèpei na eÐnai kat�llhlo

¸ste na mhn “kìbei”meg�lo komm�ti ap' thn plhroforÐa tou s matoc.

2. DeÐte to fÐltro H(f) pou qrhsimopoi same sthn an�lus  mac (sq ma 7.7). Autì to fÐltro eÐnai

idanikì, all�zei timèc sta �kra tou me akariaÐo trìpo, eÐnai asuneqèc kai �ra mh ulopoi simo

sthn pr�xh, ìmwc up�rqoun arket� parìmoia pou to proseggÐzoun. Aut  h “paraq¸rhsh”pou

k�noume eis�gei paramìrfwsh sto s ma mac, all� den mporeÐ na gÐnei alli¸c... :-(

3. H sun�rthsh deigmatolhyÐac xδ(t) epÐshc den mporeÐ na ulopoihjeÐ sthn pr�xh. ProseggÐzetai

arket� kal� ìmwc apì tetragwnikoÔc palmoÔc (antÐ gia sunart seic Dèlta) me polÔ mikrì

eÔroc, ìpwc o palmìc pou eÐdame sto Kef�laio gia to metasq. Fourier

δ(t) ≈ 1

ε
rect

( t
ε

)
(7.10)

ìpou ìso to ε→ 0, tìso h prosèggish plhsi�zei pio kont� sth jewrhtik  sun�rthsh Dèlta.

4. H sunj kh tou Shannon den eÐnai anagkaÐa gia th swst  an�kthsh tou s matoc. GiatÐ? DeÐte

to parak�tw par�deigma:

'Estw x(t)↔ X(f), me f ∈ [−B,B]. 'Estw y(t) = x3(t), �ra ja eÐnai Y (f) 6= 0 sto [−3B, 3B].

Gia an�kthsh tou s matoc sÔmfwna me ta ìsa èqoume pei, prèpei fs > 6B. 'Estw ìti to

deigmatolhptoÔme me fs = 2B. Ti sumbaÐnei? Profan¸c up�rqoun epikalÔyeic sto f�sma tou

diakritoÔ s matoc y(nTs). 'Omwc gia deÐte thn di�taxh sto sq ma 7.9. GÐnetai   ìqi swst 

an�kthsh tou s matoc apì thn parap�nw di�taxh? :-)

Sq ma 7.9: Di�taxh an�kthshc s matoc
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7.4 SunoyÐzontac...

Kat� th di�rkeia thc deigmatolhyÐac, prèpei na prosèqoume ¸ste h suqnìthta deigmatolhyÐac fs

na eÐnai megalÔterh apì th dipl�sia mègisth suqnìthta B tou s matoc pou jèloume na deigmatolh-

pt soume, dhl. na eÐmaste sÔmfwnoi me to krit rio tou Shannon.

An sumbaÐnei autì, tìte DEN èqoume epikalÔyeic sto kentrikì f�sma, kai mporoÔme na anakt -

soume to arqikì f�sma mèsw enìc qamhloperatoÔ fÐltrou pou kìbei tic epanal yeic tou f�smatoc

stic suqnìthtec ±kfs.
An den ikanopoieÐtai to krit rio tou Shannon, tìte èqoume epikalÔyeic (aliasing) sto f�sma tou

diakritoÔ s matoc, kai tìte den mporoÔme na anakt soume to arqikì f�sma me qr sh tou qamhlope-

ratoÔ fÐltrou. Autì de shmaÐnei ìti den mporoÔme na k�noume tÐpota. An�loga thn perÐptwsh Ðswc

mporoÔme na katafÔgoume se di�forec lÔseic gia na anakt soume xan� to s ma mac (oi opoÐec de mac

endiafèroun ed¸ fusik�) :-) .
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7.5 Ask seic

1. 'Ena suneqèc s ma thc morf c

x(t) = 3 cos(400πt) + 5 sin(1200πt) + 6 cos(4400πt)

deigmatolhpteÐtai me fs = 4kHz, par�gontac thn akoloujÐa x[n]. BreÐte th ma-

jhmatik  èkfrash tou x[n].

LÔsh:

Profan¸c t = nTs = n 1
4000sec. 'Ara ja eÐnai:

x[n] = 3 cos(400πnTs)+5 sin(1200πnTs)+6 cos(4400πnTs) = 3 cos(
nπ

10
)+5 sin(

12nπ

40
)+6 cos(

44nπ

40
)

2. DeÐxte ìti
+∞∑

k=−∞
δ(t− kT) =

1

T

+∞∑
k=−∞

ej2πkt/T.

LÔsh:

Parathr ste ìti to �jroisa twn sunart sewn Dèlta eÐnai periodikì: epanalamb�netai k�je T

qronikèc stigmèc. 'Ara mporoÔme na to anaptÔxoume se seir� Fourier. Profan¸c h perÐodìc

tou eÐnai T kai k�je mia perÐodoc perilamb�nei mìno mia sun�rthsh Dèlta. Ac broÔme touc

suntelestèc Fourier, Xk:

Xk =
1

T

∫ T/2

−T/2
x(t)e−j2π

k
T
tdt =

1

T

∫ T/2

−T/2
δ(t)e−j2π

k
T
tdt =

1

T

giatÐ ∫ T/2

−T/2
δ(t)ej2πk

1
T
tdt = 1e0 = 1

'Ara

x(t) =
∞∑

k=−∞
Xke

j2πkt/T =
∞∑

k=−∞

1

T
ej2πkt/T =

1

T

∞∑
k=−∞

ej2πkt/T (7.11)

pou eÐnai kai to zhtoÔmeno.

3. DeÐxte ìti to fÐltro

h(t) =
sin(2πfct)

πfst
,

me fM < fc < fs − fM kai fs = 1
Ts

paÐrnei thn tim  h[nTs] = δ[n] gia k�je n, an i-

sqÔei ìti fc = fs
2 . DÐnetai ìti h diakrit  sun�rthsh Dèlta (  alli¸c Dirac
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Dèlta) orÐzetai wc:

δ[n] =

{
1, n = 0,

0, alloÔ

LÔsh:

Antikajist¸ntac, èqoume

h(t) =
sin(2πfct)

πfst
=

sin(2πfst/2)

πfst
=

sin(πfst)

πfst
= sinc(fst)

Deigmatolhpt¸ntac me fs = 1
Ts
, èqoume

h[nTs] = sinc(n/Ts)←→ h[n] = sinc(n/Ts)

Profan¸c, epeid  to sugkekrimèno sinc mhdenÐzetai stic jèseic

πn

Ts
= kπ ⇔ n = kTs, k ∈ Z

kai oi timèc tou h[n] eÐnai akrib¸c p�nw se aut� ta shmeÐa mhdenismoÔ, isqÔei ìti

h[n] =

{
sinc(0) = 1, n = 0,

sinc(nTs) = 0, n 6= 0

pou ousiastik� eÐnai o orismìc thc diakrit c sun�rthshc Dèlta, �ra

h[n] = δ[n] (7.12)

4. 'Estw to s ma x(t) me metasq. Fourier X(f), o opoÐoc èqei mh mhdenikèc timèc

sto di�sthma [−B,B]. BreÐte thn suqnìthta Nyquist gia th deigmatolhyÐa

twn parak�tw shm�twn:

(aþ) x(t)

(bþ) x(t− t0)

(gþ) x(t)ej2πf0t

(dþ) x(t− t0) + x(t + t0)

(eþ)
dx(t)

dt

(�þ) x(t)x(t)

(zþ) x(t) ∗ x(t)

LÔsh:
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Profan¸c h el�qisth suqnìthta deigmatolhyÐac (suqnìthta Nyquist) kajorÐzetai MONO apì

to f�sma tou s matoc. 'Ara:

(aþ) H mègisth suqnìthta eÐnai B, �ra h suqnìthta Nyquist eÐnai fs = 2B.

(bþ) IsqÔei ìti

x(t− t0)↔ X(f)e−j2πft0

H mègisth suqnìthta tou s matoc paramènei B, �ra h suqnìthta Nyquist eÐnai fs = 2B.

(gþ) IsqÔei ìti

x(t)ej2πf0t ↔ X(f − f0)

To s ma èqei metatopisteÐ gÔrw apì th suqnìthta f0, �ra h mègisth suqnìtht� tou eÐnai

plèon f0 +B, �ra fs = 2(f0 +B).

(dþ) IsqÔei ìti

x(t− t0) + x(t+ t0)↔ X(f)e−j2πft0 +X(f)ej2πft0 = 2X(f) cos(2πft0)

H mègisth suqnìthta tou f�smatoc paramènei B, �ra fs = 2B.

(eþ) IsqÔei ìti
dx(t)

dt
↔ j2πfX(f)

Ki ed¸, h mègisth suqnìthta tou f�smatoc paramènei B, �ra fs = 2B.

(�þ) IsqÔei ìti

x(t)x(t)↔ X(f) ∗X(f)

H sunèlixh, ìpwc èqoume dei, duo shm�twn pou eÐnai mh mhdenik� se peperasmèna diast mata

eÐnai mh mhdenik  sto di�sthma pou orÐzetai ¸c to �jroisma twn �krwn twn diasthm�twn.

'Ara to f�sma eÐnai mh mhdenikì sto di�sthma [−B − B,B + B] = [−2B, 2B]. Opìte h

suqnìthta Nyquist eÐnai fs = 4B.

(zþ) IsqÔei ìti

x(t) ∗ x(t)↔ X(f)X(f) = X2(f)

Profan¸c h suqnìthta Nyquist eÐnai fs = 2B.

5. BreÐte th suqnìthta Nyquist gia ta s mata

(aþ) sinc2(100t)

(bþ) 0.01sinc2(100t)

(gþ) sinc(100t) + 3sinc2(60t)

(dþ) sinc(50t)sinc(100t)
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LÔsh:

EÐnai

(aþ) sinc2(100t) ↔ 1
100 tri

(
f

100

)
'Ara h mègisth suqnìthta tou s matoc eÐnai 100 Hz, �ra h

suqnìthta Nyquist ja eÐnai fs = 200 Hz.

(bþ) H allag  sto pl�toc den ephre�zei to f�sma, �ra ki ed¸ fs = 200 Hz.

(gþ) sinc(100t) + 3sinc2(60t)↔ 1
100rect

(
f

100

)
+ 3 1

60 tri
(
f
60

)
, ara h mègisth suqnìthta eÐnai 60

Hz, opìte h suqnìthta Nyquist eÐnai fs = 120 Hz.

(dþ) sinc(50t)sinc(100t) ↔ 1
50rect

(
f
50

)
1

100rect
(

f
100

)
, �ra h mègisth suqnìthta eÐnai 50 Hz,

opìte h suqnìthta Nyquist ja eÐnai fs = 100 Hz.
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Kef�laio 8

Epanalhptik�/Proqwrhmèna Jèmata

1. BreÐte to an�ptugma se ekjetik  seir� Fourier tou s matoc sto sq ma 8.1

Sq ma 8.1: Trapezoeidèc s ma 'Askhshc 7.1

LÔsh:

O analutikìc upologismìc thc seir�c mèsw twn tÔpwn eÐnai qronobìroc. MporoÔme na p�me

mèsw tou Metasq. Fourier. Gnwstì je¸rhma lèei ìti h eÔresh twn suntelest¸n thc ekjetik c

seir�c Fourier mporeÐ na gÐnei mèsw tou metasq. Fourier se mia perÐodo, dhl.

Xk =
1

T0
XT0(f)

∣∣∣
f= k

T0

(8.1)

ìpou XT0(f) eÐnai o metasq. Fourier tou s matoc se mia perÐodo (dhl. jewroÔme to s ma

wc mh periodikì, krat¸ntac mìno mia perÐodì tou). Profan¸c h perÐodoc tou s matoc eÐnai

T0 = 3T . 'Estw xT0(t) h mia perÐodoc tou x(t). O metasq. Fourier autoÔ tou s matoc mporeÐ

na upologisteÐ arket� eÔkola mèsw thc idiìthtac twn parag¸gwn:

F{dxT0(t)

dt
} ←→ j2πfXT0(f) (8.2)

ParagwgÐzontac loipìn to s ma, paÐrnoume to s ma tou sq matoc 8.2.
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Sq ma 8.2: Par�gwgoc tou trapezoeidoÔc s matoc 'Askhshc 7.1

Auto mporei na grafeÐ wc:

dxT0(t)

dt
=

2

T
rect

( t+ 3T
4

T
2

)
− 2

T
rect

( t− 3T
4

T
2

)
↔

F{dxT0

dt
} =

T

2

2

T
sinc

(fT
2

)
ej2π

3T
4
f − T

2

2

T
sinc

(fT
2

)
e−j2π

3T
4
f

= sinc
(fT

2

)
(ej2π

3T
4
f − e−j2π

3T
4
f ) = sinc

(fT
2

)
2j sin

(
2π

3T

4
f
)
⇔

j2πfX(f) = sinc
(fT

2

)
2j sin

(
2π

3T

4
f
)
⇔ (8.3)

X(f) =
sin(π 3T

2 f)

πf
sinc

(fT
2

)
⇔ (8.4)

X(f) =
3T

2
sinc

(3T

2
f
)
sinc

(fT
2

)
(8.5)

'Ara telik�

Xk =
1

T0
XT0(f)

∣∣∣
f= k

T0

=
1

2
sinc

(k
2

)
sinc

(k
6

)
(8.6)

Opìte h ekjetik  seir� Fourier mporeÐ na grafeÐ wc ex c:

x(t) =
∞∑

k=−∞
Xke

j2π k
3T
t =

1

2

∞∑
k=−∞

sinc
(k

2

)
sinc

(k
6

)
ej2π

k
3T
t (8.7)

pou eÐnai kai to zhtoÔmeno.
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(aþ) F�sma X(f) 'Askhshc 7.2 (bþ) FÐltro H(f) 'Askhshc 7.2

Sq ma 8.3: S mata sust matos'Askhshc 7.2

2. 'Estw pragmatikì s ma x(t) me metasq. Fourier ìpwc sto parak�tw sq ma

8.3aþ To s ma autì pern�ei apì to sÔsthma tou sq matoc 8.4 me to H(f) ìpwc

Sq ma 8.4: SÔsthma 'Askhshc 7.2

sto sq ma 8.3bþ kai

δTs(t) =

+∞∑
k=−∞

δ(t− kTs)

(aþ) BreÐte to y(t) mèsw tou Y(f)

(bþ) BreÐte to w(t) kai sqedi�ste to f�sma tou. Poi� gnwst  sac diadikasÐa

sac jumÐzei h kataskeuh tou w(t)?

(gþ) BreÐte thn el�qisth suqnìthta deigmatolhyÐac fs gia na mporeÐ na ana-

kataskeuasteÐ to y(t) apì to w(t).

LÔsh:

(aþ) EÐnai

u(t) = x(t) cos(2πf0t)↔ U(f) = X(f) ∗
(1

2
δ(f + f0) +

1

2
δ(f − f0)

)
⇔

U(f) =
1

2
X(f + f0) +

1

2
X(f − f0)
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apì gnwst  idiìthta thc sunèlixhc s matoc me sunart seic Dèlta.

To parap�nw lèei ousiastik� ìti to f�sma tou U(f) apoteleÐtai ap'to f�sma tou X(f)

metatopismèno gÔrw ap'th suqnìthta f = −f0 (X(f + f0)) kai gÔrw ap'th suqnìthta

f = f0 (X(f − f0)), me pl�toc 1/2 to kajèna. Sqhmatik�, faÐnetai sto sq ma 8.5. O

Sq ma 8.5: To f�sma tou s matoc U(f) 'Askhshc 7.2

pollaplasiasmìc twn duo shm�twn, U(f) kai H(f), sth suqnìthta ja mac d¸sei to Y (f)

ìpwc faÐnetai sto sq ma 8.6. Prèpei na broÔme t¸ra to Y (f). Up�rqoun duo trìpoi gia

Sq ma 8.6: To f�sma tou s matoc H(f)U(f) 'Askhshc 7.2

na to k�noume autì.

1oc trìpoc:

ParathroÔme ìti to f�sma apoteleÐtai apì 2 par�jura, pou èqoun kèntro th suqnìthta

fc = ±(f0 + f1+f2

2 ). 'Ara qrhsimopoi¸ntac thn idiìthta x(t)e±j2πfct ↔ X(f ∓ fc), ja
èqoume ìti:

Y (f) = rect
( f + fc
f2 − f1

)
+ rect

( f − fc
f2 − f1

)
↔

y(t) = (f2 − f1)sinc((f2 − f1)t)e−j2πfct + (f2 − f1)sinc((f2 − f1)t)ej2πfct

2oc trìpoc:

'Enac deÔteroc trìpoc eÐnai na parathr soume ìti ta duo par�jura mporoÔn na prokÔyoun

an jewr soume èna meg�lo par�juro pou xekin�ei apì to −f0−f2 kai telei¸nei sto f0+f2,

kai apì autì na afairèsoume èna lÐgo mikrìtero, pou xekin�ei apì to −f0−f1 kai telei¸nei
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sto f0 + f1. Autì ja mac d¸sei:

Y (f) = rect
( f

2(f0 + f2)

)
− rect

( f

2(f0 + f1)

)
↔

y(t) = 2(f0 + f2)sinc(2(f0 + f2)t)− 2(f0 + f1)sinc(2(f0 + f1)t)

(bþ) EÐnai

w(t) = δTs(t)y(t) = y(t)
∞∑

k=−∞
δ(t− kTs) =

∞∑
k=−∞

y(kTs)δ(t− kTs)

O pollaplasiasmìc enìc s matoc me mia �peirh seir� apì sunart seic dèlta, oi opoÐec

isapèqoun metaxÔ touc kat� qrìno Ts, eÐnai h gnwst  mac diadikasÐa thc deigmatolhyÐac.

PerÐodoc deigmatolhyÐac eÐnai h Ts kai suqnìthta deigmatolhyÐac h fs = 1
Ts
. Gia na broÔme

to f�sma, èqoume:

W (f) = Y (f) ∗ F{δTs(t)} = Y (f) ∗ 1

Ts

+∞∑
k=−∞

δ(f − kfs) =
1

Ts

+∞∑
k=−∞

Y (f − kfs)

lìgw thc gnwst c idiìthtac X(f) ∗ δ(f − f0) = X(f − f0). Autì mac lèei ìti to f�sma

tou W (f) eÐnai to f�sma tou Y (f) epanalambanìmeno gÔrw apì tic suqnìthtec kfs, pou

ja mporoÔsame na to ex�goume katèujeÐan apì th jewrÐa mac sqetik� me th deigmatolhyÐa

- apl� ed¸ to deÐxame kai me majhmatik�. An to fs eÐnai arket� meg�lo, tìte to f�sma ja

eÐnai ìpwc sto sq ma 8.7.

Sq ma 8.7: To f�sma tou s matoc W (f) 'Askhshc 7.2

(gþ) SÔmfwna me to je¸rhma tou Shannon, gia na mporeÐ na anakataskeuasteÐ èna s ma apì th

deigmatolhpthmènh morf  tou, ja prèpei h suqnìthta deigmatolhyÐac na eÐnai megalÔterh

apì th dipl�sia mègisth suqnìthta tou s matoc pou prìkeitai na deigmatolhpthjeÐ. An

koit�xoume to f�sma tou Y (f), blèpoume ìti h mègisth suqnìtht� tou eÐnai h fmax =

f0 + f2. 'Ara h fs prèpei na eÐnai gn sia megalÔterh me 2(f0 + f2), gia na mporeÐ na

anakthjeÐ to s ma apì ta deÐgmat� tou. 'Ara prèpei fs > 2(f0 + f2).
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3. 'Estw

H(s) =
2s2e−2s

(s− 2)(s− 3)

to opoÐo èqei antÐstr. metasq. Laplace èna h(t) pou eÐnai amfÐpleuro s ma.

BreÐte thn perioq  sÔgklishc kai to h(t).

LÔsh:

AfoÔ to H(s) eÐnai amfÐpleuro kai èqei pìlouc, to pedÐo sÔgklis c tou ja eÐnai mia “lwrÐda”sto

migadikì epÐpedo. Oi pìloi eÐnai stic jèseic s = 2, s = 3, �ra to pedÐo sÔgklishc (apì ta 3

pijan�) ja eÐnai to ROC : 2 < <{s} < 3.

EÐnai

H(s) =
2s2e−2s

(s− 2)(s− 3)
=

2s2

(s− 2)(s− 3)
e−2s = 2G(s)e−2s ↔ h(t) = 2g(t− 2)

me

G(s) =
s2

(s− 2)(s− 3)

Opìte arkeÐ na broÔme to g(t) kai na antikatast soume. Ja k�noume an�lush se merik� kl�-

smata sto G(s) loipìn. Parathr¸ntac to G(s), blèpoume ìti o bajmìc tou poluwnÔmou tou

paronomast  eÐnai Ðsoc me ton bajmì tou arijmht , �ra den mporoÔme na efarmìsoume amèswc

an�lush se merik� kl�smata. Gia na gÐnei autì, prèpei na èqoume bajmì poluwnÔmou parono-

mast  > bajmì poluwnÔmou arijmht . Gia na èrjoume se mia tètoia perÐptwsh, ja k�noume

diaÐresh twn poluwnÔmwn. Opìte ja èqoume:

G(s) =
s2

(s− 2)(s− 3)
= 1 +

5s− 6

(s− 2)(s− 3)
= 1 +

A

s− 2
+

B

s− 3

me

A =
5s− 6

(s− 2)(s− 3)
(s− 2)

∣∣∣
s=2

= −4 kai

B =
5s− 6

(s− 2)(s− 3)
(s− 3)

∣∣∣
s=3

= 9

�ra telik�

G(s) = 1− 4

s− 2
+

9

s− 3

Xèroume ìti 2 < <{s} < 3 ⇔ <{s} > 2 kai <{s} < 3. Profan¸c to pr¸to pedÐo antistoiqeÐ

ston pr¸to ìro kai to deÔtero pedÐo sto deÔtero ìro. Koit¸ntac touc pÐnakec me ta zeÔgh twn

metasq. Laplace, katal goume ìti:

G(s) = 1− 4

s− 2
+

9

s− 3
↔ g(t) = δ(t)− 4e2tε(t)− 9e3tε(−t) (8.8)
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Opìte telik� ja èqoume:

h(t) = 2g(t− 2) = 2δ(t− 2)− 8e2(t−2)ε(t− 2)− 18e3(t−2)ε(t− 2) (8.9)

pou eÐnai to zhtoÔmeno.

4. 'Estw h(t) pragmatikì s ma, pou èqei rhtì metasq. Laplace me 4 pìlouc ek

twn opoÐwn ènac eÐnai sto s1 = −1 + j, kai duo sto s2 = 2. EpÐshc, èqei duo

mhdenik� sto s0 = 1. Tèloc, gnwrÐzoume oti

∫ ∞
−∞

h(t)dt = 1. Na brejoÔn:

(aþ) to H(s).

(bþ) ta pijan� pedÐa sÔgklishc.

(gþ) to h(t), an gnwrÐzete ìti to h(t)e4t EINAI apolÔtwc oloklhr¸simo.

(dþ) pìte to H(s) eÐnai eustajèc?

LÔsh:

Apì ekf¸nhsh, xèroume ìti

H(s) =
A(s− 1)2

(s− 2)2(s− (−1 + j))(s− s3)

(aþ) Epeid  to s ma h(t) eÐnai pragmatikì, oi pìloi eÐnai se suzug  jèsh, �ra o tètartoc pìloc

eÐnai o s3 = s∗1 = −1− j. 'Ara ja eÐnai

H(s) =
A(s− 1)2

(s− 2)2(s− (−1 + j))(s− (−1− j))

EpÐshc, apì to olokl rwma thc ekf¸nhshc, isqÔei ìti

H(0) =
A(0− 1)2

(0− 2)2(0− (−1 + j))(0− (−1− j))
=
A

8
= 1⇔ A = 8

'Ara telik� to H(s) ja eÐnai

H(s) =
8(s− 1)2

(s− 2)2(s− (−1 + j))(s− (−1− j))
(8.10)

(bþ) Ta pijan� pedÐa sÔgklishc eÐnai ta <{s} > 2, −1 < <{s} < 2,   <{s} < −1.

(gþ) Gia na broÔme to h(t) prèpei na gnwrÐzoume to pedÐo sÔgklishc, afoÔ autì ja mac orÐ-

sei monos manta to zeÔgoc tou metasqhmatismoÔ Laplace. O met. Laplace tou s matoc

H(s)e4t up�rqei, kai eÐnai o H(s − 4). Ta pijan� pedÐa sÔgklishc eÐnai ta <{s} < 3,
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3 < <{s} < 6,   <{s} > 6. AfoÔ to h(t)e4t eÐnai apolÔtwc oloklhr¸simo, shmaÐnei ìti o

metasq. Fourier tou up�rqei, �ra o fantastikìc �xonac up�rqei sto pedÐo sÔgklis c tou.

Apì ta tria pijan� pedÐa, mìno to <{s} < 3 perilamb�nei ton fantastikì �xona. To pedÐo

autì proèrqetai apì to pedÐo <{s} < −1 tou s matoc h(t). 'Ara to pedÐo sÔgklishc tou

H(s) eÐnai to <{s} < −1.

Opìte p�me na broÔme to s ma sto qrìno:

H(s) =
8(s− 1)2

(s− 2)2(s− (−1 + j))(s− (−1− j))

=
A

s− 2
+

B

(s− 2)2
+

C

s− (−1 + j)
+

D

s− (−1− j)

me

A =
d

ds
H(s)(s− 2)2

∣∣∣
s=2

=
16(s− 1)(s− (−1− j))(s− (−1 + j))− 8(s− 1)2(2s+ 2)

(s− (−1 + j))2(s− (−1− j))2

∣∣∣
s=2

= −16

5

B = H(s)(s− 2)2
∣∣∣
s=2

=
8(s− 1)2

(s− (−1− j))(s− (−1 + j))

∣∣∣
s=2

=
8

(3 + j)(3− j)
=

4

5

C = H(s)(s− (−1 + j))
∣∣∣
s=−1+j

=
8(s− 1)2

(s− 2)2(s− (−1− j))

∣∣∣
s=−1+j

= 2.24− 7.68j

D = H(s)(s− (−1− j))
∣∣∣
s=−1−j

=
8(s− 1)2

(s− 2)2(s− (−1 + j))

∣∣∣
s=−1−j

= 2.24 + 7.68j

(8.11)

'Ara to h(t) ja eÐnai

h(t) = −Ae2tu(−t)−Bte2tu(−t)− Ce(−1+j)tu(−t)−De(−1−j)tu(−t) (8.12)

me A,B,C,D ìpwc parap�nw.

(dþ) To H(s) eÐnai eustajèc mìnon an −1 < <{s} < 2 giatÐ mìno tìte to pedÐo sÔgklishc

perilamb�nei to fantastikì �xona.

5. BreÐte to Metasqhmatismì Fourier tou s matoc:

x(t) =

{
t, 0 ≤ t < 2

−2t+ 6, 2 ≤ t < 3

me qr sh parag¸gwn.

LÔsh:
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ParagwgÐzontac to s ma, èqoume

dx(t)

dt
=

{
1, 0 ≤ t < 2

−2, 2 ≤ t < 3

to opoÐo gr�fetai wc

dx(t)

dt
= rect

( t− 1

2

)
− 2rect

( t− 5
2

1

)
↔

F{dx(t)

dt
} = 2sinc(2f)e−j2πf − 2sinc(f)e−j5πf

j2πfX(f) = 2sinc(2f)e−j2πf − 2sinc(f)e−j5πf

X(f) =
e−j2πf

jπf
sinc(2f)− e−j5πf

jπf
sinc(f)

X(f) = e−jπ/2
e−j2πf

πf
sinc(2f)− e−jπ/2 e

−j5πf

jπf
sinc(f)

X(f) =
e−j(2πf+π/2)

πf
sinc(2f)− e−j(5πf+π/2)

jπf
sinc(f) (8.13)

6. Na lujeÐ h diaforik  exÐswsh:

d2y(t)

dt2
+ 5

dy(t)

dt
+ 6y(t) =

dx(t)

dt
+ x(t)

me arqikèc sunj kec y(0−) = 2, y
′
(0−) = 1 kai eÐsodo x(t) = e−4tu(t).

LÔsh:

Efarmìzontac to metasq. Laplace kai sta duo mèlh, èqoume:

 L{d
2y(t)

dt2
}+  L{5dy(t)

dt
}+  L{6y(t)} =  L{dx(t)

dt
}+  L{x(t)}

s2Y (s)− sy(0−)− y′(0−) + 5sY (s)− 5y(0−) + 6Y (s) = sX(s)− x(0−) +X(s)

s2Y (s)− 2s− 1 + 5sY (s)− 10 + 6Y (s) = sX(s)− 0 +X(s)

Y (s)(s2 + 5s+ 6)− 2s− 11 = X(s)(s+ 1)

Y (s)(s2 + 5s+ 6)− 2s− 11 =
s+ 1

s+ 4

Y (s)(s2 + 5s+ 6) =
s+ 1

s+ 4
+ 2s+ 11

Y (s) =
s+1
s+4 + 2s+ 11

s2 + 5s+ 6

Y (s) =
2s2 + 20s+ 45

(s+ 2)(s+ 3)(s+ 4)

(8.14)
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MporoÔme na efarmìsoume An�ptugma se Merik� Kl�smata, mia kai h t�xh tou poluwnÔmou

tou paronomast  eÐnai megalÔterh thc t�xhc tou arijmht . Opìte

Y (s) =
2s2 + 20s+ 45

(s+ 2)(s+ 3)(s+ 4)
=

A

s+ 2
+

B

s+ 3
+

C

s+ 4

me

A = Y (s)(s+ 2)
∣∣∣
s=−2

=
2s2 + 20s+ 45

(s+ 3)(s+ 4)

∣∣∣
s=−2

=
13

2

B = Y (s)(s+ 3)
∣∣∣
s=−3

=
2s2 + 20s+ 45

(s+ 2)(s+ 4)

∣∣∣
s=−3

= −3

C = Y (s)(s+ 4)
∣∣∣
s=−4

=
2s2 + 20s+ 45

(s+ 2)(s+ 3)

∣∣∣
s=−4

= −3

2

'Ara telik�

Y (s) =
13

2

1

s+ 2
− 3

1

s+ 3
− 3

2

1

s+ 4

Opìte phgaÐnontac pÐsw sto qrìno, ja eÐnai

y(t) =
13

2
e−2tu(t)− 3e−3tu(t)− 3

2
e−4tu(t) (8.15)

pou eÐnai kai to zhtoÔmeno.

7. DeÐxte ìti ∫ ∞
−∞

sinc2(kt)dt =
1

k

LÔsh:

Apì to je¸rhma tou Parseval, èqoume∫ ∞
−∞

x2(t)dt =

∫ ∞
−∞
|X(f)|2df

GnwrÐzoume ìti

sinc(kt)↔ 1

k
rect

(f
k

)
'Ara

∫ ∞
−∞

sinc2(kt)dt =
1

k2

∫ ∞
−∞

rect2
(f
k

)
df =

1

k2

∫ k/2

−k/2
df =

1

k2
f
∣∣∣k/2
−k/2

=
1

k
(8.16)

pou eÐnai kai to zhtoÔmeno.
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8. DÐdetai to parak�tw sÔsthma (sq ma 8.8) gia voice scrambling, ¸ste na pa-

rèqei prostasÐa apì upoklopèc. Ac upotejeÐ ìti to f�sma thc fwn c èqei

Sq ma 8.8: Voice Scrambler 'Askhshc 7.8

metasqhmatismì Fourier X(f) pou faÐnetai sto sq ma. To idanikì uyiperatì

fÐltro H1(f) epitrèpei th dièleush mìno twn fasmatik¸n sunistws¸n me su-

qnìthta megalÔterh thc f1. To idanikì qamhloperatì fÐltro H2(f) epitrèpei

th dièleush mìno twn fasmatik¸n sunistws¸n me suqnìthta mikrìterh thc

B.Sthn èxodo tou s matoc, to s ma èqei f�sma me anestrammèno fasmatikì

perieqìmeno pou to kajist� sqedìn akat�lhpto.

(aþ) Na deÐxete ìti x(t) cos(2πf1t)↔ 1
2X(f − f1) + 1

2X(f + f1).

(bþ) Na sqedi�sete to f�sma Y(f).

(gþ) Na breÐte thn tim  thc f2 wc sun�rthsh thc B kai thc f1 ¸ste to Z(f) na

èqei th morf  pou dÐnetai sto sq ma.

LÔsh:

Ja èqoume:

(aþ) EÐnai

x(t) cos(2πf1t)←→ X(f)∗
(1

2
δ(f+f1)+

1

2
δ(f−f1)

)
=

1

2
X(f+f1)+

1

2
X(f−f1) (8.17)

kai faÐnetai sto sq ma 8.9.
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Sq ma 8.9: F�sma x(t) ∗ cos(2πf1t) 'Askhshc 7.8

(bþ) Prèpei na broÔme to Y (f). To Y (f) prokÔptei an per�soume to s ma pou br kame sto

prohgoÔmeno er¸thma mèsa apì to sÔsthma-fÐltro H1(f). EÐnai

Y (f) =
(1

2
X(f + f1) +

1

2
X(f − f1)

)
H1(f) (8.18)

To apotèlesma faÐnetai sto sq ma 8.10.

Sq ma 8.10: F�sma Y (f) 'Askhshc 7.8

(gþ) Ac upojèsoume mia tuqaÐa f2 >> f1. O pollaplasiasmìc tou f�smatoc tou sq matoc

8.10 me cos(2πf2t) ja mac d¸sei to sq ma 8.11. Profan¸c, gia na p�roume to Z(f) pou

Sq ma 8.11: F�sma y(t) ∗ cos(2πf2t) 'Askhshc 7.8

dÐnetai sthn ekf¸nhsh, prèpei ta f�smata na mhn eÐnai ìpwc sto sq ma 8.11, ìpou ta
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f�smata eÐnai makri� metaxÔ touc, all� ìpwc faÐnontai sto sq ma 8.12. Opìte, met� apì

Sq ma 8.12: ZhtoÔmeno f�sma y(t) ∗ cos(2πf2t) 'Askhshc 7.8

thn efarmog  tou fÐltou H2(f), ìpwc autì dÐnetai sthn ekf¸nhsh, ja apomeÐnei to f�sma

tou sq matoc 8.13. 'Ara, h sqèsh pou sundèei to th suqnìthta f2 me thn f1 kai th B eÐnai

Sq ma 8.13: F�sma Z(f) 'Askhshc 7.8

aut  pou faÐnetai kai sto sq ma 8.12, dhl.

f2 − f1 −B = 0⇐⇒ f2 = f1 +B (8.19)

9. To s ma X(f) sto sq ma 8.14 èqei fu = 25kHz kai W = 10kHz. Sqedi�ste poio-

tik� to f�sma Xs(f) tou s matoc x(nTs) pou proèrqetai apì thn idanik  deig-

matolhyÐa tou x(t) me suqnìthtec deigmatolhyÐac fs = 60,45,20kHz.

LÔsh:

Gia suqnìthta deigmatolhyÐac fs = 60 kHz, to deigmatolhpthmèno f�sma tou s matoc, faÐnetai

sto sq ma 8.15. Den up�rqei epik�luyh sta f�smata giatÐ fs > 2fmax = 50 kHz. Gia su-

qnìthta deigmatolhyÐac fs = 45 kHz, to deigmatolhpthmèno f�sma tou s matoc, faÐnetai sto



208 Efarmosmèna Majhmatik� gia MhqanikoÔc - HU215

Sq ma 8.14: Deigmatolhpthmèno f�sma 'Askhshc 7.9

Sq ma 8.15: Deigmatolhpthmèno f�sma gia fs = 60kHz 'Askhshc 7.9

sq ma 8.16. Up�rqei epik�luyh sta f�smata giatÐ fs < 2fmax = 50 kHz. Gia suqnìthta deig-

Sq ma 8.16: Deigmatolhpthmèno f�sma gia fs = 45kHz 'Askhshc 7.9

matolhyÐac fs = 20 kHz, to deigmatolhpthmèno f�sma tou s matoc, faÐnetai sto sq ma 8.17.

Up�rqei epik�luyh sta f�smata giatÐ fs < 2fmax = 50 kHz. Se ìla ta sq mata, ta f�smata

Sq ma 8.17: Deigmatolhpthmèno f�sma gia fs = 20kHz 'Askhshc 7.9
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suneqÐzontai periodik� an� fs.

10. 'Estw to sÔsthma

H(s) =
s− 1

s3 + 2s2 − s− 2
(8.20)

Sqoli�ste thn eust�jeia kai thn aitiatìthta tou sust matoc, gia k�je

pijanì ROC pou mporeÐ na prokÔyei, qwrÐc na upologÐsete to h(t). An pol-

laplasi�soume to H(s) me e2s, ti all�zei sqetik� me thn eust�jeia kai thn

aitiatìthta?

LÔsh:

EÐnai

H(s) = =
s− 1

s3 + 2s2 − s− 2

=
s− 1

(s− 1)(s+ 1)(s+ 2)

=
1

(s+ 1)(s+ 2)

=
A

s+ 1
+

B

s+ 2

me

A = H(s)(s+ 1)
∣∣∣
s=−1

=
1

s+ 2

∣∣∣
s=−1

= 1

B = H(s)(s+ 2)
∣∣∣
s=−2

=
1

s+ 1

∣∣∣
s=−2

= −1

kai �ra

H(s) =
1

s+ 1
− 1

s+ 2

Ta pijan� pedÐa sÔgklishc eÐnai ta −2 < <{s} < −1, <{s} < −2, <{s} > −1.

� −2 < <{s} < −1: to s ma eÐnai mh eustajèc, giatÐ den perilamb�netai o fantastikìc

�xonac sto pedÐo sÔgklishc, en¸ eÐnai amfÐpleuro kai �ra mh aitiatì.

� <{s} < −2: to s ma eÐnai mh eustajèc, giatÐ den perilamb�netai o fantastikìc �xonac sto

pedÐo sÔgklishc, en¸ eÐnai aristerìpleuro kai �ra mh aitiatì.

� <{s} > −1: to s ma eÐnai eustajèc, giatÐ o fantastikìc �xonac perilamb�netai sto pedÐo

sÔgklishc, en¸ eÐnai dexiìpleuro kai aitiatì, giatÐ apoteleÐtai apì apl� kl�smata qwrÐc

kajustèrhsh.
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O pollaplasiasmìc me e2s dÐnei to s ma h(t+2). Den all�zei tÐpota ìson afor� thn eust�jeia,

afoÔ ta pedÐa sÔgklishc den all�zoun, afoÔ den �llaxan oi pìloi. 'Oson afor� thn aitiatìthta,

to s ma den eÐnai aitiatì se kamÐa perÐptwsh.

11. BreÐte touc suntelestèc tou dÐpleurou anaptÔgmatoc se seir� Fourier tou

periodikoÔ s matoc tou sq matoc 8.18.

Sq ma 8.18: Periodikì Trigwnikì S ma 'Askhshc 7.11

LÔsh:

Ja broÔme pr¸ta to metasq. Fourier miac periìdou tou s matoc x(t) kai met� ja deigmatolh-

pt soume to f�sma gia na broÔme touc suntelestèc Fourier. EÐnai

x(t, T ) = 2tri
( t
T

)
↔ X(f, T ) = 2Tsinc2(fT )

H perÐodoc tou periodikoÔ s matoc eÐnai T0 = 2T , �ra oi suntelestèc Fourier ja eÐnai

Xk =
1

T0
X(f, T )

∣∣∣
f= k

T0

=
1

2T
2Tsinc2

( k

2T
T
)

= sinc2
(k

2

)
(8.21)

12. ApodeÐxte ìti èna s ma den mporeÐ na eÐnai peperasmèno sto q¸ro tou qrì-

nou kai, tautìqrona, peperasmèno sto q¸ro thc suqnìthtac.

LÔsh:

'Estw ìti èna s ma x(t) eÐnai tautoqrìnwc peperasmèno kai stouc duo q¸rouc. Sto q¸ro thc

suqnìthtac, ja eÐnai:

X(f) = 0, |f | > B

Tìte, mporoÔme na gr�youme to s ma autì wc

X ′(f) = X(f)rect
( f

2B

)
Metaferìmenoi sto q¸ro tou qrìnou, ja eÐnai

X ′(f) = X(f)rect
( f

2B

)
↔ x′(t) = x(t) ∗ 2Bsinc(2Bt)
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H parap�nw sqèsh mac lèei ìti to x′(t) (kai �ra kai to x(t)) den mporeÐ na eÐnai peperasmèno

sto qrìno, giatÐ h sun�rthsh sinc èqei �peirh di�rkeia. 'Ara �topo, opìte de gÐnetai na up�rxei

s ma peperasmèno kai stouc duo q¸rouc.

13. H ekjetik  seir� Fourier enìc periodikoÔ s matoc dÐdetai wc:

x(t) = (2 + j2)e−j3t + j2e−jt + 3− j2ejt + (2− j2)ej3t.

Na brejeÐ:

(aþ) An to s ma eÐnai pragmatikì, fantastikì,   migadikì.

(bþ) To f�sma pl�touc kai f�shc tou s matoc.

(gþ) To monìpleuro an�ptugma se seir� Fourier.

(dþ) To olokl rwma
∫ T0

0 x2(t)dt.

(eþ) Thn periodik  autosusqètish tou s matoc, φxx(t), se ekjetik  kai tri-

gwnometrik  morf .

LÔsh:

(aþ) ParathroÔme ìti oi antÐstoiqoi suntelestèc twn ekjetik¸n eÐnai suzugeÐc metaxÔ touc,

dhl. isqÔei Xk = X∗−k. Aut  h idiìthta isqÔei mìno gia pragmatik� s mata, �ra to s ma

mac eÐnai pragmatikì.

(bþ) Gia na broÔme eÔkola to f�sma pl�touc kai f�shc, arkeÐ na metatrèyoume touc suntelestèc

Xk se morf  mètro-f�sh, dhl. Xk = |Xk|ejφk . EÐnai

2 + j2 =
√

22 + 22ej tan−1 2
2 =
√

8ej tan−1(1) =
√

8ej
π
4

j2 = 2ej
π
2

2− j2 = (
√

8ej
π
4 )∗ =

√
8e−j

π
4

−j2 = 2e−j
π
2

To f�sma pl�touc faÐnetai sto sq ma 8.19aþ kai to f�sma f�shc sto sq ma 8.19bþ.

(gþ) To monìpleuro an�ptugma dÐnetai eÔkola wc

x(t) = (2 + j2)e−j3t + j2e−jt + 3− j2ejt + (2− j2)ej3t

=
√

8ej
π
4 e−j3t + 2ej

π
2 e−jt + 3 + 2e−j

π
2 ejt +

√
8e−j

π
4 ej3t

= 3 + 2
√

8 cos
(

3t− π

4

)
+ 4 cos

(
t− π

2

)
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(aþ) F�sma pl�touc 'Askhshc 7.13 (bþ) F�sma f�shc 'Askhshc 7.13

Sq ma 8.19: F�sma pl�touc kai f�shc 'Askhshc 7.13

(dþ) To olokl rwma ja upologisteÐ apì th sqèsh tou Parseval:

∫ T0

0
x2(t)dt = T0

3∑
k=−3

|Xk|2

= 2π
(

32 + (
√

8)2 + (
√

8)2 + 22 + 22
)

= 2π33

= 66π

(eþ) H sun�rthsh autosusqètishc gia thn ekjetik  seir� Fourier dÐnetai wc

φxx(t) =

∞∑
k=−∞

|Xk|2ej2πkf0t

= 9 + 8e−jt + 8ejt + 4ej3t + 4e−j3t

EÔkola metatrèpoume thn parap�nw anapar�stash se trigwnometrik :

φxx(t) = 9 + 8e−jt + 8ejt + 4ej3t + 4e−j3t

= 9 + 16 cos(t) + 8 cos(3t)

14. DÐnetai to parak�tw periodikì s ma x(t):

x(t) = 2 cos
(
2π200t +

π

3

)
+ cos

(
2π500t− π

8

)
− sin

(
2π600t +

2π

5

)
(aþ) BreÐte thn perÐodo, T0, tou s matoc kai sqedi�ste to f�sma pl�touc

kai f�shc.
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(bþ) UpologÐste th sun�rthsh autosusqètishc, φx(t), kai th Fasmatik  Pu-

knìthta IsqÔoc, Φx(f), tou s matoc x(t).

(gþ) Poi� eÐnai h el�qisth suqnìthta deigmatolhyÐac pou apaiteÐtai gia na

metatrèyoume to s ma se diakritoÔ qrìnou, ¸ste met� na mporoÔme na

to anakt soume pl rwc apì ta deÐgmat� tou?

(dþ) To s ma x(t) pern�ei apì èna fÐltro h(t), pou èqei metasqhmatismì Fou-

rier:

H(f) =

{
1, f > 400Hz

0, f ≤ 400Hz.

Sqedi�ste to f�sma pl�touc tou x(t) sthn èxodo tou fÐltrou.

LÔsh:

(aþ) To s ma èqei suqnìthtec 200, 500, 600Hz, �ra jemeli¸dh suqnìthta f0 = MKD{200, 500, 600} =

100Hz. Opìte h perÐodoc ja eÐnai T0 = 1/100 = 0.01sec. Qrhsimopoi¸ntac tic sqèseic

tou Euler, to s ma gr�fetai wc:

x(t) = ej2π200tejπ/3 + e−j2π200te−jπ/3 +
1

2
ej2π500te−jπ/8 +

1

2
e−j2π500tejπ/8 −

− 1

2j
ej2π600tej2π/5 +

1

2j
e−j2π600te−j2π/5

= ej2π200tejπ/3 + e−j2π200te−jπ/3 +
1

2
ej2π500te−jπ/8 +

1

2
e−j2π500tejπ/8 +

+
1

2
ejπ/2ej2π600tej2π/5 +

1

2
e−jπ/2e−j2π600te−j2π/5

= ej2π200tejπ/3 + e−j2π200te−jπ/3 +
1

2
ej2π500te−jπ/8 +

1

2
e−j2π500tejπ/8 +

+
1

2
ej2π600tej9π/10 +

1

2
e−j2π600te−j9π/10 (8.22)

To f�sma pl�touc kai f�shc faÐnetai sto sq ma 8.20.

(bþ) H sun�rthsh autosusqètishc dÐnetai wc:

φx(t) =

∞∑
k=−∞

|Xk|2ej2πkf0t

'Ara ja eÐnai:

φx(t) = ej2π200t + e−j2π200t +
1

4
ej2π500t +

1

4
e−j2π500t +

1

4
ej2π600t +

1

4
e−j2π600t (8.23)

H Fasmatik  Puknìthta IsqÔoc Φx(f) eÐnai o metasq. Fourier thc autosusqètishc tou
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(aþ) F�sma pl�touc 'Askhshc 7.14 (bþ) F�sma f�shc 'Askhshc 7.14

Sq ma 8.20: F�sma pl�touc kai f�shc 'Askhshc 7.14

s matoc. 'Ara ja eÐnai:

Φx(f) = F{φx(t)}

= δ(f − 200) + δ(f + 200) +
1

4
δ(f − 500) +

+
1

4
δ(f + 500) +

1

4
δ(f − 600) +

1

4
δ(f + 600) (8.24)

(gþ) SÔmfwna me to je¸rhma tou Shannon, h el�qisth suqnìthta deigmatolhyÐac ja eÐnai h

dipl�sia thc mègisthc suqnìthtac tou s matoc. 'Ara fs = 2fmax = 1200Hz.

(dþ) AfoÔ to fÐltro kìbei tic suqnìthtec pou eÐnai mikrìterec apì 400Hz, kai af nei anal-

loÐwtec autèc pou eÐnai megalÔterec apì 400Hz, to f�sma pl�touc tou s matoc ja eÐnai

autì sto sq ma 8.21.

15. DÐnontai ta parak�tw s mata:

x(t) = −3rect
(t + 3

2

)
, y(t) = tri

( t

2

)
− tri

(t− 4

2

)
(aþ) BreÐte to metasqhmatismì Fourier, X(f),Y(f), twn shm�twn x(t),y(t).

(bþ) UpologÐste th sunèlixh, cxy(t), twn shm�twn x(t),y(t).

(gþ) UpologÐste th Fasmatik  Puknìthta Enèrgeiac, Φx(f), tou s matoc x(t).

(dþ) An Z(f) = fX(f), breÐte ton antÐstrofo metasqhmatismì Fourier, z(t).

LÔsh:
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Sq ma 8.21: Filtrarismèno s ma 'Askhshc 7.14

(aþ) O metasq. Fourier dÐnetai wc:

X(f) = −6sinc(2f)ej2π3f kai Y (f) = 2sinc2(2f)− 2sinc2(2f)e−j2π4f . (8.25)

(bþ) H sunèlixh tou s matoc dÐnetai wc:

i. cxy(t) = 0, gia 4 + t < −2⇔ t < −6.

ii. cxy(t) = −3

∫ 4+t

−2

(1

2
τ + 1

)
dτ = · · · , gia 4 + t ≥ −2 kai 4 + t < 0⇔ −6 ≤ t < −4.

iii. cxy(t) = −3

∫ 0

2+t

(1

2
τ + 1

)
dτ − 3

∫ t+4

0

(
− 1

2
τ + 1

)
dτ = · · · , gia t + 4 < 2 kai

t+ 4 ≥ 0⇔ −4 ≤ t < −2.

iv. cxy(t) = −3

∫ 4+t

2+t

(
− 1

2
τ + 1

)
dτ = · · · , gia t+ 2 ≥ 0 kai t+ 4 < 4⇔ −2 ≤ t < 0.

v. cxy(t) = −3

∫ 4

t+2

(
− 1

2
τ + 1

)
dτ − 3

∫ 4+t

4

(1

2
τ − 3

)
dτ = · · · , gia t + 2 < 4 kai

4 + t ≥ 4⇔ 0 ≤ t < 2.

vi. cxy(t) = −3

∫ 6

2+t

(1

2
τ − 3

)
dτ = · · · , gia 2 + t ≥ 4 kai 2 + t < 6⇔ 2 ≤ t < 4.

vii. cxy(t) = 0, gia 2 + t ≥ 6⇔ t ≥ 4.

(gþ) H Fasmatik  Puknìthta Enèrgeiac, Φx(f), dÐnetai apì ton tÔpo

Φx(f) = |X(f)|2 = 36sinc2(2f). (8.26)
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(dþ) Me qr sh thc idiìthtac thc parag¸gishc,
dx(t)

dt
←→ j2πfX(f), èqoume:

Z(f) = fX(f)

j2πZ(f) = j2πfX(f)←→

j2πz(t) =
dx(t)

dt
= −3δ(t+ 4) + 3δ(t+ 2)⇐⇒

z(t) =
1

j2π
(−3δ(t+ 4) + 3δ(t+ 2)) (8.27)

pou eÐnai kai to zhtoÔmeno.

16. H Fasmatik  Puknìthta Enèrgeiac, Φx(f), enìc s matoc x(t) dÐnetai wc:

Φx(f) = 2sinc(2f) + sinc2(4f)

(aþ) BreÐte th sun�rthsh autosusqètishc, φx(t), tou s matoc x(t).

(bþ) BreÐte thn enèrgeia tou s matoc, E =

∫ ∞
−∞
|x(t)|2dt.

LÔsh:

(aþ) H sun�rthsh autosusqètishc eÐnai o antÐstr. metasq. Fourier thc Fasmatik c Puknìthtac

Enèrgeiac, �ra:

φx(t) = F−1{Φx(f)} = rect
( t

2

)
+

1

4
tri
( t

4

)
(8.28)

(bþ) H enèrgeia tou s matoc dÐnetai apl� apì thn tim  thc autosusqètishc sth jèsh τ = 0,

�ra

φx(0) =

∫ ∞
−∞
|x(t)|2dt = rect(0) +

1

4
tri(0) = 1 +

1

4
=

5

4
(8.29)

pou eÐnai kai to zhtoÔmeno.

17. Gia èna s ma h(t), dÐnetai o metasqhmatismìc Laplace tou:

H(s) =
2s2 + 5

s2 + 3s + 2

(aþ) Poi� eÐnai ta pijan� pedÐa sÔgklishc gia ton parap�nw metasqhmati-

smì?

(bþ) An up�rqei o metasqhmatismìc Fourier tou s matoc h(t), poiì eÐnai t¸ra

to pedÐo sÔgklishc?

(gþ) BreÐte ton antÐstrofo metasqhmatismì Laplace, h(t), dedomènou tou pe-

dÐou sÔgklishc pou br kate sto 2o er¸thma.
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LÔsh:

(aþ) Oi pìloi brÐskontai stic jèseic s1 = −1, s2 = −2. 'Ara ta pijan� pedÐa sÔgklishc eÐnai

ta: <{s} < −2,<{s} > −1,−2 < <{s} < −1.

(bþ) H up�rxh tou metasq. Fourier shmaÐnei ìti to pedÐo sÔgklishc perièqei ton �xona twn

fantastik¸n arijm¸n. To mìno pedÐo pou ikanopoieÐ thn parap�nw apaÐthsh eÐnai to:

<{s} > −1.

(gþ) To pedÐo sÔgklishc mac plhroforeÐ ìti to s ma eÐnai dexiìpleuro. EpÐshc, parathroÔme

ìti o metasq. Laplace eÐnai rht  sun�rthsh, me Ðdio bajmì ston arijmht  kai ston paro-

nomast . 'Ara prèpei na diairèsoume ta polu¸numa prin k�noume An�pptugma se Merik�

Kl�smata. EÐnai:

H(s) =
2s2 + 5

s2 + 3s+ 2
=

2(s2 + 3s+ 2)− 6s+ 1

s2 + 3s+ 2
= 2 +

−6s+ 1

s2 + 3s+ 2

'Ara telik�

H(s) = 2 +
−6s+ 1

s2 + 3s+ 2
= 2− 6s− 1

(s+ 1)(s+ 2)
= 2−G(s)

Ja k�noume An�ptugma se Merik� Kl�smata sto G(s). EÐnai:

G(s) =
6s− 1

(s+ 1)(s+ 2)
=

A

s+ 1
+

B

s+ 2

me

A = G(s)(s+ 1)
∣∣∣
s=−1

=
6s− 1

s+ 2

∣∣∣
s=−1

= −7,

B = G(s)(s+ 2)
∣∣∣
s=−2

=
6s− 1

s+ 1

∣∣∣
s=−2

= 13

'Ara telik�:

G(s) = −7
1

s+ 1
+ 13

1

s+ 2

Opìte sunolik�,

H(s) = 2−G(s) = 2 + 7
1

s+ 1
− 13

1

s+ 2

kai �ra,

h(t) = 2δ(t)− g(t) = 2δ(t) + 7e−tε(t)− 13e−2tε(t).

pou eÐnai kai to s ma pou zhteÐtai.

18. DÐnetai o metasqhmatismìc Laplace enìc dexiìpleurou s matoc:

H(s) =
2s2e4s

(1− s)(−2− s)

(aþ) BreÐte to pedÐo sÔgklishc. Dikaiolog ste thn epilog  sac.
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(bþ) BreÐte ton antÐstrofo metasqhmatismì Laplace, h(t).

(gþ) UpologÐzetai o metasqhmatismìc Fourier tou parap�nw s matoc mèsw

tou metasq. Laplace? An nai, breÐte ton. An ìqi, exhg ste.

LÔsh:

(aþ) Oi pìloi eÐnai profan¸c oi: <{s} = 1,<{s} = −2. Dedomènou ìti to s ma eÐnai dexiì-

pleuro, to pedÐo sÔgklishc ja einai to: <{s} > 1.

(bþ) 'Eqoume:

H(s) =
2s2e4s

(1− s)(−2− s)
=

2s2

(1− s)(−2− s)
e4s =

=
2s2

(s− 1)(s+ 2)
e4s = G(s)e4s ↔ h(t) = g(t+ 4)

'Ara arkeÐ na broÔme to g(t). Xekin�me apì to G(s) kai epeid  ta polu¸numa tou arij-

mht  kai tou paronomast  eÐnai Ðdiou bajmoÔ, ja k�noume diaÐresh poluwnÔmwn kai met�

An�ptugma se Merik� Kl�smata. EÐnai:

G(s) =
2s2

(s− 1)(s+ 2)
=

2s2

s2 + s− 2
=

2(s2 + s− 2)− 2s+ 4

(s− 1)(s+ 2)
= 2 +

−2s+ 4

(s− 1)(s+ 2)

'Ara ja èqoume:

G(s) = 2 +
A

s− 1
+

B

s+ 2
= 2 +R(s),

me

A = R(s)(s− 1)
∣∣∣
s=1

=
−2s+ 4

s+ 2

∣∣∣
s=1

=
2

3

B = R(s)(s+ 2)
∣∣∣
s=−2

=
−2s+ 4

s− 1

∣∣∣
s=−2

= −8

3

Opìte eÐnai:

G(s) = 2 +R(s) = 2− 8

3

1

s+ 2
+

2

3

1

s− 1
↔ g(t) = 2δ(t)− 8

3
e−2tε(t) +

2

3
etε(t)

Telik�, afoÔ h(t) = g(t+ 4), ja èqoume:

h(t) = g(t+ 4) = 2δ(t+ 4)− 8

3
e−2(t+4)ε(t+ 4) +

2

3
et+4ε(t+ 4)

(gþ) O metasq. Fourier gia to parap�nw s ma den up�rqei, giatÐ to pedÐo sÔgklishc <{s} > 1,

den perilamb�nei ton �xona twn fantastik¸n arijm¸n.



Par�rthma Aþ

Majhmatikì Upìbajro

'Iswc autì to kef�laio na èprepe na eÐnai to pr¸to, all� ta jèmata pou suzhtoÔntai se autì

to kef�laio den einai entel¸c kainoÔria gia to foithth. 'Eqete hdh melet sei poll� apì aut� ta

jèmata se prohgoÔmena maj mata   ja èprepe (k�poia) na ta gnwrÐzete apì thn propanepisthmiak 

sac ekpaÐdeush. Par' ìla auta, autì to apaitoÔmeno majhmatikì upìbajro axÐzei miac anakefalaÐwshc

epeid  eÐnai toso kurÐarqo ston tomèa thc epexergasÐac s matoc. H apìdosh lÐgou qronou se mia

tetoia sÔnoyh ja sac wfel sei ta m�la :-) argìtera. Epiplèon, to ulikì autì eÐnai qr simo ìqi mìno

gi' autì to m�jhma all� kai gia �lla pou ja akolouj soun. EpÐshc, mporei na qrhsimopoihjeÐ kai wc

ulikì anaforac gia th mellontik  epaggelmatik  sac karièra.

Aþ.1 MigadikoÐ ArijmoÐ

Oi migadikoÐ arijmoÐ eÐnai apl� mia proèktash twn sunhjismènwn arijm¸n kai eÐnai komm�ti tou

sÔgqronou arijmhtikoÔ sust matoc. Oi migadikoÐ arijmoÐ, idiaÐtera oi fantastikoÐ arijmoÐ, akoÔgontai

exwtikoÐ, must rioi, yeÔtikoi, kai Ðswc ��qrhstoi�. Autèc oi apìyeic kurÐwc proèrqontai apì thn

kainotomÐa pou èferan, kai apì to gegonìc oti den eimaste apì mikroÐ exoikeiwmènoi mazi touc, par�

apì thn upotijèmenh �mh Ôparx � touc. Oi majhmatikoÐ touc apok�lesan afel¸c �fantastikoÔs�, mia

onomasÐa pou amesa prokatalamb�nei thn antÐlhyh. An autoÐ oi arijmoÐ eiqan onomasteÐ diaforetik�,

ja eÐqan apomujopoihjeÐ polÔ kairì prin, ìpwc oi �rrhtoi arijmoÐ   oi arnhtikoÐ arijmoÐ.

Pollèc m�taiec prosp�jeiec èqoun gÐnei gia na dwjeÐ èna fusikì nìhma stouc migadikoÔc arijmoÔc.

'Omwc, an to skefteÐ kaneÐc, aut  h prosp�jeia eÐnai mh anagkaÐa. Sta majhmatik�, mporoÔme na

d¸soume se sÔmbola h pr�xeic opoio nìhma epijumoÔme, arkeÐ na throÔme mia eswterik  sunèpeia.

Mia pio ugi c prosèggish ja  tan na orÐsoume èna sumbolo i (me ìpoia �llh shmasÐa plhn tou

�fantastikoÔ�), pou èqei thn idiìthta i2 = −1. H istorÐa twn majhmatik¸n brÐjei peript¸sewn pou

olìklhrec ontìthtec brÐskontan se apèqjeia, ¸spou h exoikeÐwsh mazi touc tic èkane apodektèc.

'Opwc gia par�deigma, oi arnhtikoÐ arijmoÐ: h apodoq  twn arnhtik¸n arijm¸n èkane efikt  th lÔsh

exis¸sewn ìpwc h x + 5 = 0, pou wc tìte den eiqe lÔsh. 'Etsi, to arijmhtikì sÔsthma genikeÔjhke

¸ste na perilamb�nei kai touc arnhtikoÔc arijmoÔc. 'Omwc, exis¸seic thc morf c x2 + 1 = 0↔ x2 =
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−1 exakoloujoÔsan na mhn èqoun lÔsh sto sÔnolo twn pragmatik¸n arijm¸n. 'Etsi,  tan anagkaio

na oristeÐ èna nèo eidoc arijmoÔ, tou opoÐo tou tetr�gwno na eÐnai Ðso me −1.

Ton kairì tou Kartèsiou kai tou NeÔtwna1, oi fantastikoÐ arijmoÐ èginan tm ma tou arijmhtikoÔ

sust matoc, all� akìmh jewroÔntan wc algebrikì �kataskeÔasma�. O Elbetìc majhmatikìc Leonard

Euler2 eis gage th shmeiografÐa i (ap' th lèxh imaginary), to 1777. Oi hlektrolìgoi mhqanikoÐ

qrhsimopoioÔn to j antÐ tou i, gia na mhn up�rqei sugqush me to i pou gi' autoÔc sumbolÐzei thn

hlektrik  èntash. 'Etsi

j2 = −1 (Aþ.1)

kai
√
−1 = ±j (Aþ.2)

En�ntia sthn koin  antÐlhyh, den  tan h lÔsh thc exÐswshc x2+1 = 0 pou èkane touc fantastikoÔc

arijmoÔc apodektoÔc apì touc tote majhmatikoÔc. Ja mporoÔsan na aporrÐyoun to
√
−1 wc anohsÐa

ìtan emfanÐsthke wc lÔsh thc x2 + 1 = 0, apl¸c epeidh h exÐswsh den èqei pragmatik  lÔsh. 'Omwc,

to 1545, o G. Cardano dhmosÐeuse thn Ars Magna - The Great Art, pou jewreÐtai h pio shmantik 

algebrik  ergasÐa thc Anagènnhshc. Se autì to biblÐo, èdwse mia mèjodo gia th lÔsh thc genik c

kubik c exÐswshc, sthn opoÐa se ena endi�meso b ma, emfanizìtan ènac arnhtikìc arijmìc se rÐza.

SÔmfwna me th mèjodo tou, h lÔsh thc tritob�jmiac exÐswshc

x3 + ax+ b = 0 (Aþ.3)

dÐnetai apì

x =
3

√
− b

2
+

√
b2

4
+
a3

27
+

3

√
− b

2
−
√
b2

4
+
a3

27
(Aþ.4)

Gia paradeigma, gia na broÔme th lÔsh thc exÐswshc x3 + 6x − 20 = 0, jètoume a = 6, b = −20 kai

èqoume

x =
3

√
10 +

√
108 +

3

√
10−

√
108 =

3
√

20.392 =
3
√

0.392 = 2 (Aþ.5)

'Otan ìmwc o Cardano prosp�jhse na lÔsei thn exÐswsh

x3 − 15x− 4 = 0 (Aþ.6)

me th mèjodì tou, h lÔsh tou  tan

x =
3

√
2 +
√
−121 +

3

√
2−
√
−121 (Aþ.7)

'Htta! :-) Ti ja k�nate sth jèsh tou an  sastan sto 1545? EkeÐnec tic mèrec, akìma kai oi arnhtikoÐ

1Oi �njrwpoi fusik� lègontan Descartes kai Newton, kai potè den kat�laba giatÐ touc �ellhnopoi same� me aut�
ta perÐerga onìmata... tèlosp�ntwn...

2Autìc pwc mac xèfuge kai den ton k�name OðlerÐdh   Oðler�kh :-R
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arijmoÐ antimetwpÐzontan me kaqupoyÐa, pìso m�llon mia tetragwnik  rÐza enìc arnhtikoÔ arijmoÔ!

:-) Bèbaia, s mera xèroume ìti

(2± j)3 = 2± j11 = 2±
√
−121 (Aþ.8)

'Etsi, h mèjodoc tou Cardano dÐnei

x = (2 + j) + (2− j) = 4 (Aþ.9)

O Cardano prosp�jhse me mis  kardi� :-) na exhg sei thn parousÐa tou
√
−121 all� telik� apèrriye

to ìlo egqeÐrhma wc ��tìso leptì ìso kai �qrhsto��.

'Alloi majhmatikoÐ, opwc o R. Bombelli kai o K. F. Gauss (o opoÐoc kai apèdeixe to Jemeli¸dec

Je¸rhma thc 'Algebrac � ìti dhlad  k�je exÐswsh n t�xhc èqei akrib¸c n lÔseic) èpeisan th majh-

matik  koinìthta ìti oi migadikoÐ arijmoÐ (ìro pou eis gage o Gauss) èqoun shmasÐa kai mporoÔn na

qrhsimopoihjoÔn. Fusik�, k�je problhma tou pragmatikoÔ kìsmou prèpei na xekin� me pragmatikoÔc

arijmoÔc kai na telei¸nei me pragmatikoÔc arijmoÔc. 'Omwc, h poreÐa thc lÔshc mporeÐ na aplopoi-

hjeÐ shmantik� me th qr sh twn migadik¸n arijm¸n wc endi�meso b ma. Asfal¸c, mporeÐ kaneÐc na

lÔsei ìla ta probl mata tou pragmatikoÔ kìsmou me �llec mejìdouc, qrhsimopoi¸ntac apokleistik�

pragmatikoÔc arijmoÔc, all� mia tètoia diadikasÐa ja aÔxane ton kìpo tou qwrÐc na eÐnai pragmatik�

aparaÐthto - gi' autì kai mac apasqoloÔn, giatÐ mac dieukolÔnoun :-) .

Aþ.2 'Algebra Migadik¸n Arijm¸n

'Enac migadikìc arijmìc (a, b)   a+jb, mporeÐ na anaparastajeÐ grafik� me ena shmeÐo tou opoÐou oi

kartesianèc suntetagmènec eÐnai (a, b) sto migadikì epÐpedo. SumbolÐzoume touc migadikoÔc arijmoÔc

me to sÔmbolo z, ètsi ¸ste z = a + jb. Oi arijmoÐ a kai b, h tetmhmènh kai h tetagmènh antÐstoiqa,

onom�zontai pragmatikì kai fantastikì mèroc, antÐstoiqa, tou z. EpÐshc, sun jwc sumbolÐzontai wc

<{z} = a, ={z} = b (Aþ.10)

Prosèxte oti sto migadikì epÐpedo ìloi oi pragmatikoÐ arijmoÐ brÐskontai ston orizìntio �xona, en¸

oloi oi fantastikoÐ brÐskontai ston katakìrufo �xona.

Mia POLU qr simh anapar�stash twn migadik¸n arijm¸n eÐnai h polik  morf . An (r, θ) eÐnai oi

polikèc suntetagmènec enìc shmeÐou z = a+ jb, tìte

a = r cos(θ), b = r sin(θ) (Aþ.11)

kai

z = a+ jb = r cos(θ) + jr sin(θ) = r(cos(θ) + j sin(θ)) (Aþ.12)
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ìpwc sto sq ma Aþ.1

Sq ma Aþ.1: Anapar�stash arijmoÔ z sto migadikì epÐpedo

Aþ.2.1 O tÔpoc tou Euler

H perÐfhmh sqèsh tou Euler, pou ja mac apasqol sei POLU sto m�jhma, orÐzetai wc

ejθ = cos(θ) + j sin(θ) (Aþ.13)

H tromer� qr simh, ìso kai perÐergh � se pr¸th an�gnwsh � sqèsh apodeiknÔetai an anaptÔxoume

touc ìrouc thc me seirèc Maclaurin:

ejθ = 1 + jθ +
(jθ)2

2!
+

(jθ)3

3!
+

(jθ)4

4!
+ · · · (Aþ.14)

= 1 + jθ − θ2

2!
− j θ

3

3!
+
θ4

4!
+ · · · (Aþ.15)

cos(θ) = 1− θ2

2!
+
θ4

4!
− θ6

6!
+
θ8

8!
+ · · · (Aþ.16)

sin(θ) = θ − θ3

3!
+
θ5

5!
− θ7

7!
+ · · · (Aþ.17)

'Etsi, eÔkola blèpoume oti

ejθ = cos(θ) + j sin(θ) (Aþ.18)

kai apì thn prohgoÔmenh par�grafo, mporoume na gr�youme ìti

z = a+ jb = rejθ (Aþ.19)

'Etsi, blèpoume ìti ènac migadikìc arijmìc mporeÐ na ekfrasteÐ se kartesian  morfh, a + jb,   se

polik  morf , rejθ, me

a = r cos(θ), b = r sin(θ) (Aþ.20)
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kai

r =
√
a2 + b2, θ = tan−1

( b
a

)
(Aþ.21)

Parathr ste ìti to r eÐnai h apìstash tou shmeÐou z apì thn arq  twn axìnwn. Gi' autì to lìgo,

to r epÐshc lègetai apìluth tim    mègejoc tou migadikoÔ arijmoÔ z, kai sumbolÐzetai me r = |z|.
'Omoia, to θ lègetai gwnÐa   f�sh tou z kai sumbolÐzetai me ∠z. 'Etsi

|z| = r, ∠z = θ (Aþ.22)

kai ètsi

z = |z|ej∠z (Aþ.23)

EpÐshc
1

z
=

1

rejθ
=

1

r
e−jθ =

1

|z|
e−j∠z (Aþ.24)

Suzug c enìc migadikoÔ arijmoÔ

OrÐzoume wc z∗ to suzug  tou z = a+ jb wc

z∗ = a− jb = re−jθ = |z|e−j∠z (Aþ.25)

H sqèsh metaxÔ enìc migadikoÔ z kai tou suzugoÔc tou, z∗, faÐnetai sto sq ma Aþ.1. Parathr ste

ìti o z∗ eÐnai apl� h eikìna tou z me b�sh ton orizìntio axona. 'Etsi, gia na broÔme to suzug 

enìc opoioud pote migadikoÔ, apl� prèpei na antikatast soume to j me to −j � pou isodunameÐ me

allag  tou pros mou thc f�shc tou. PolÔ qrhsimec idiìthtec up�rqoun metaxÔ tou ajroÐsmatoc

enìc migadikoÔ kai tou suzugoÔc tou, kaj¸c kai to ginìmenì touc:

z + z∗ = (a+ jb) + (a− jb) = 2a = 2<{z} (Aþ.26)

zz∗ = (a+ jb)(a− jb) = a2 + b2 = |z|2 = r2 (Aþ.27)

Aþ.2.2 Katanìhsh merik¸n qr simwn idiot twn

Sto migadikì epÐpedo, to rejθ anaparista èna shmeÐo se apìstash r apì to kèntro twn axìnwn kai

upì gwnÐa θ me ton orizìntio �xona. Gia paradeigma, o arijmìc −1 eÐnai se monadiaÐa apìstash apì

thn arqh twn axìnwn kai èqei gwnÐa π   pi (gia thn akrÐbeia, èqei gwnÐa k�je akèraio pollapl�sio

tou ±π). 'Etsi
1ej±π = −1 (Aþ.28)

Genikìtera,

e±jnπ = −1, n perittoc akèraioc (Aþ.29)
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O arijmìc 1 ap' thn �llh meri�, brÐsketai epÐshc se monadiaÐa apìstash apì thn arq  twn axìnwn,

all� upì gwnÐa 2π (gia thn akrÐbeia, upì gwnÐa ±2nπ, gia k�je akèraio n). 'Etsi,

e±j2nπ = 1, n akèraioc (Aþ.30)

O arijmìc j eÐnai se monadiaÐa apìstash apì thn arq  twn axìnwn kai upì gwnÐa π/2. 'Etsi,

ejπ/2 = j (Aþ.31)

'Omoia

e−jπ/2 = −j (Aþ.32)

kai �ra

e±jπ/2 = ±j (Aþ.33)

Gia thn akrÐbeia,

e±jnπ/2 = ±j, n = 1, 5, 9, 13, · · · (Aþ.34)

kai

e±jnπ/2 = ∓j, n = 3, 7, 11, 15, · · · (Aþ.35)

Ta apotelèsmata aut� sunoyÐzontai ston PÐnaka Aþ.1.

PÐnakac Qr simwn tim¸n migadik¸n ekjetik¸n sunart sewn
r θ rejθ

1 0 ej0 = 1

1 ±π e±jπ = −1

1 ±nπ e±jnπ = −1, n perittìc
1 ±2π e±j2π = 1

1 ±2nπ e±j2nπ = 1, n akèraioc

1 ±π/2 e±jπ/2 = ±j
1 ±nπ/2 e±jnπ/2 = ±j, n = 1, 5, 9, 13, · · ·
1 ±nπ/2 e±jnπ/2 = ∓j, n = 3, 7, 11, 15, · · ·

PÐnakac Aþ.1: PÐnakac Qr simwn tim¸n migadik¸n ekjetik¸n sunart sewn

Aþ.2.3 Arijmhtikèc Pr�xeic, Dun�meic, kai RÐzec Migadik¸n Arijm¸n

Gia na k�noume prìsjesh kai afairesh me migadikoÔc arijmoÔc, oi arijmoÐ autoÐ prèpei na eÐnai se

kartesian  morf . 'Etsi, an

z1 = 3 + j4 = 5ej53.1o

z2 = 2 + j3 =
√

13ej56.3o
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ja èqoume

z1 + z2 = (3 + j4) + (2 + j3) = 5 + j7 (Aþ.36)

An oi arijmoÐ mac dÐnontan sthn polik  touc morf , ja èprepe na k�noume th metatrop  se kartesian 

gia na k�noume tic pr�xeic (prìsjesh   afairesh). Se perÐptwsh ìmwc pollaplasiasmoÔ   diaÐreshc,

h pr�xh mporei na gÐnei kai me tic duo morfèc, me polÔ bolikìterh thn polik . DeÐte:

z1z2 = r1e
jθ1r2e

jθ2 = r1r2e
j(θ1+θ2) (Aþ.37)

kai
z1

z2
=
r1e

jθ1

r2ejθ2
=
r1

r2
ej(θ1−θ2) (Aþ.38)

Epiplèon,

zn = (rejθ)n = rnejnθ (Aþ.39)

kai

z1/n = (rejθ)1/n = r1/nejθ/n (Aþ.40)

Ta parap�nw deiqnoun ìti o pollaplasiasmìc, h diaÐresh, oi dun�meic kai oi rÐzec, mporoÔn na upo-

logistoÔn me kataplhktik  eukolÐa ìtan oi arijmoÐ eÐnai se polik  morfh. An den to pisteÔete, apl�

dokim�ste na k�nete tic pr�xeic se kartesian  morf . :-)

Aþ.3 HmÐtona

Jewrhste to hmÐtono

f(t) = C cos(2πf0t+ θ) (Aþ.41)

Gnwrizoume ìti

cos(φ) = cos(φ+ 2πn), n = 0,±1,±2,±3, · · · (Aþ.42)

'Etsi, to cos(φ) epanalamb�netai gia k�je allag  megèjouc 2π sth gwnÐa φ. Gia to parap�nw hmÐtono,

h gwnÐa 2πf0t+θ all�zei kat� 2π ìtan to t all�zei kat� 1/f0. Xek�jara, to hmÐtono epanalamb�netai

k�je 1/f0 deuterìlepta. Autì shmaÐnei ìti èqoume f0 epanal yeic an� deuterìlepto. Autìc o arijmìc

lègetai suqnìthta tou hmitìnou, metriètai se Herz - Hz, kai to di�sthma epan�lhyhc T0 dÐnetai apì

th sqèsh

T0 =
1

f0
(Aþ.43)

kai lègetai perÐodoc, kai metriètai se deuterìlepta (seconds). EpÐshc, h posìthta C lègetai pl�toc,

kai h θ lègetai f�sh3. Ac jewrhsoume duo eidikèc peript¸seic hmitìnwn me θ = 0 kai θ = π/2, ìpwc

parak�tw:

3Pollèc forèc sth bibliografÐa, up�rqei sÔgqush ìson afor� th f�sh, giati merikèc forèc anafèroume wc f�sh
to sunolikì ìrisma tou hmitìnou, dhl. to 2πf0t+ θ, kai wc θ anafèroume th f�sh metatìpishc. Apì dw kai sto ex c
ìtan anafèroume th f�sh, ja mil�me p�nta gia th f�sh metatìpishc θ.
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1. f(t) = C cos(2πf0t)

2. f(t) = C cos(2πf0t− π/2) = C sin(2πf0t)

H gwnÐa (  f�sh) mporei na ekfrasteÐ se moÐrec   se aktÐnia (radians). Sta plaÐsia tou maj matoc,

protimoÔme thn èkfrash se aktÐnia. EpÐshc, suqn� sth bibliografÐa qrhsimopoieitai h metablht  ω0

(gwniak  suqnìthta, metriètai se rad/sec) gia na ekfr�sei thn posìthta 2πf0:

ω0 = 2πf0 (Aþ.44)

Me autì to sumbolismì, ja èqoume

f(t) = C cos(ω0t+ θ) (Aþ.45)

kai h perÐodoc tou hmitìnou dinetai apì th sqèsh

T0 =
1

ω0/2π
=

2π

ω0
(Aþ.46)

kai �ra

ω0 =
2π

T0
(Aþ.47)

Stic shmei¸seic autèc qrhsimopoioÔme th suqnìthta f0 se Hz. Fusik� mporeite na uiojet sete opoia

morf  jèlete, arkeÐ na eÐste sunepeÐc. :-)

Prìsjesh hmitìnwn

Duo hmÐtona pou èqoun thn Ðdia suqnìthta all� diaforetikèc f�seic prostÐjentai kai dhmiourgoÔn

èna hmÐtono Ðdiac suqnìthtac. Ac to deÐxoume:

C cos(2πf0t+ θ) = C cos(θ) cos(2πf0t)− C sin(θ) sin(2πf0t)

= a cos(2πf0t) + b sin(2πf0t) (Aþ.48)

me

a = C cos(θ), b = −C sin(θ) (Aþ.49)

'Etsi,

C =
√
a2 + b2 (Aþ.50)

θ = tan−1
(−b
a

)
(Aþ.51)

Oi parap�nw sqèseic deÐqnoun oti to C kai to θ apoteloÔn to mètro kai th f�sh, antÐstoiqa, tou

migadikoÔ arijmoÔ a− jb. Me �lla lìgia, a− jb = Cejθ. 'Ara, gia na broÔme ta C,θ, metatrepoume to
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a− jb se polik  morf , kai to pl�toc kai h f�sh thc polik c morf c eÐnai to C kai to θ antÐstoiqa.

SunoyÐzontac,

a cos(2πf0t) + b sin(2πf0t) = C cos(2πf0t+ θ) (Aþ.52)

me C kai θ pou dÐnontai ìpwc parap�nw. Prosèxte omwc! O upologismìc thc θ jèlei mia idiaÐterh

prosoq . GiatÐ? JumhjeÐte oti gia ènan migadikì z = a+ jb, h f�sh tou, θ, dÐnetai apì th sqèsh

θ = tan−1
( b
a

)
= tan−1

(={z}
<{z}

)
(Aþ.53)

afoÔ

a = <{z}, b = ={z} (Aþ.54)

Profan¸c to prìshmo twn a, b upodhl¸nei kai se poiì tetarthmìrio tou migadikoÔ epipèdou brÐsketai

o migadikìc arijmìc. 'Enac migadikìc z1 me <{z1} = 1/2,={z1} = 1/2 brÐsketai sto pr¸to tetarth-

mìrio, en¸ ènac alloc, z2, me <{z2} = −1/2,={z2} = −1/2 brÐsketai sto trÐto tetarthmìrio. Prèpei

na sac eÐnai profanèc ìti autoÐ oi arijmoÐ an koun sthn eujeÐa y = x, �ra tèmnoun ta tetarthmìria sth

mèsh, opìte h f�sh touc ja eÐnai θ1 = π/4 gia ton z1, en¸ h f�sh tou z2 ja eÐnai θ2 = π+π/4 = 5π/4.

'Ola aut�, me epoptikì trìpo, ekmetalleuìmenoi thn ��idiaÐterh�� epilog  twn migadik¸n arijm¸n pou

èqoume, kai tic el�qistec gn¸seic trigwnometrÐac. Ac p�me t¸ra na upologÐsoume th gwnÐa θ me ton

tÔpo pou gnwrÐsame parap�nw:

θ1 = tan−1 1/2

1/2
= tan−1(1) = π/4 (Aþ.55)

θ2 = tan−1 −1/2

−1/2
= tan−1(1) = θ1!!! (Aþ.56)

pou eÐnai profan¸c l�joc. Gia ton parap�nw lìgo, prèpei p�nta na shmei¸noume to tetarthmìrio pou

an kei o migadikìc arijmìc, wste na prosarmìzoume katallhla touc upologismoÔc mac. Ac doÔme èna

par�deigma:

Par�deigma:

Stic parak�tw peript¸seic, ekfr�ste to f(t), wc sun�rthsh enìc mìno sunhmitìnou.

1. f(t) = cos(2πf0t)−
√

3 sin(2πf0t)

2. f(t) = −3 cos(2πf0t) + 4 sin(2πf0t)

1. Se aut n thn perÐptwsh, a = 1, b =
√

3, kai apì tic sqèseic pou eÐdame mìlic pio p�nw, ja einai:

C =

√
12 + (

√
3)2, θ = tan−1

√
3

1
= π/3 (Aþ.57)

'Etsi ja einai

f(t) = 2 cos(2πf0t+ π/3) (Aþ.58)
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2. Se aut n thn perÐptwsh, a = −3, b = 4, kai tìte

C =
√

(−3)2 + 42 = 5 (Aþ.59)

θ = tan−1 −4

−3
= −127o (Aþ.60)

Parathr ste oti tan−1 −4
−3 6= tan−1 4

3 = 53.1o. 'Etsi

f(t) = 5 cos(2πf0t− 127o) (Aþ.61)

HmÐtona se morf  ekjetik¸n

Ta hmÐtona mporoÔn na ekfrastoÔn me ìrouc ekjetik¸n me qr sh twn tÔpwn tou Euler:

cos(θ) =
1

2
(ejθ + e−jθ) (Aþ.62)

sin(θ) =
1

2j
(ejθ − e−jθ) (Aþ.63)

AntÐstrofa, autèc oi exis¸seic gÐnontai:

ejθ = cos(θ) + j sin(θ) (Aþ.64)

e−jθ = cos(θ)− j sin(θ) (Aþ.65)

Aþ.4 An�ptugma se Merik� Kl�smata

Se aut n thn par�grafo, ja doÔme merik� pr�gmata sqetik� me thn An�lush se Merik� Kl�smata

(Partial Fraction Expansion - PFE), pou mac eÐnai qr simh sto metasq. Laplace, all� kai sth melèth

shm�twn kai susthm�twn genikìtera. 'Opwc lèei kai to ìnom� thc, h PFE diasp� mia rht  sun�rthsh,

me sun jwc uyhl c t�xhc polu¸numa ston arijmht  kai ston paronomast , se apl� kl�smata, me

polu¸numa mikr c t�xhc (1   2) ston paronomast .

H mèjodoc pou akoloujoÔme gia thn PFE eÐnai polÔ apl , kai apl� qrei�zetai trib  gia na th

sunhjÐsete. Up�rqoun duo sun jeic peript¸seic PFE pou sunant�me sthn Epexerg. S matoc sqetik�

me th rht  sun�rthsh pou jèloume na aplousteÔsoume.

Prèpei na shmeiwjeÐ ìti h PFE efarmìzetai MONON ìtan h t�xh tou poluwnÔmou tou arijmht 

eÐnai gn sia mikrìterh thc t�xhc tou poluwnÔmou tou paronomast . An den isqÔei autì, tìte prèpei na

k�noume pr¸ta diaÐresh poluwnÔmwn arijmht  kai paronomast , ¸ste na katal xoume se perÐptwsh

pou mporoÔme na efarmìsoume PFE.

DiakrÐnoume loipìn tic peript¸seic:

1. O paronomast c èqei aplèc rÐzec

2. O paronomast c èqei mia   perissìterec rÐzec pollaplìthtac r
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Aþ.4.1 Aplèc rÐzec

JewroÔme pr¸ta thn pio apl  perÐptwsh, ìpou h sun�rths  mac

F (x) =
P (x)

Q(x)
(Aþ.66)

èqei aplèc rÐzec ston paronomast  thc, Q(x). Jewr ste to akìloujo par�deigma:

F (x) =
bmx

m + bm−1x
m−1 + · · ·+ b1x+ b0

xn + an−1xn−1 + · · ·+ a1x+ a0
, m < n (Aþ.67)

=
P (x)

(x− ρ1)(x− ρ2) · · · (x− ρn)

MporoÔme na deÐxoume ìti h parap�nw sqèsh mporeÐ na grafeÐ wc

F (x) =
k1

x− ρ1
+

k2

x− ρ2
+ · · ·+ kn

x− ρn
(Aþ.68)

Gia na broÔme ton suntelest  ki, pollaplasi�zoume kai tic duo pleurèc thc parap�nw sqèshc me

(x− ρ1), kai èpeita jètoume x = ρ1. 'Ara

(x− ρ1)F (x)
∣∣∣
x=ρ1

=
[
k1 +

k2(x− ρ1)

x− ρ2
+
k3(x− ρ3)

x− ρ3
+ · · ·+ kn(x− ρ1)

x− ρn

]∣∣∣
x=ρ1

(Aþ.69)

'Oloi oi ìroi sth dexi� pleur� apaleÐfontai, ektìc tou k1. 'Ara katal goume sto

k1 = (x− ρ1)F (x)
∣∣∣
x=ρ1

(Aþ.70)

Parìmoia, katal goume ìti

ki = (x− ρi)F (x)
∣∣∣
x=ρi

, i = 1, 2, · · · , n (Aþ.71)

H parap�nw diadikasÐa douleÔei anex�rthta an oi rÐzec eÐnai pragmatikèc   migadikèc.

Aþ.4.2 RÐzec pollaplìthtac r

An h sun�rthsh F (x) èqei pollapl  rÐza, me pollaplìthta r, ston paronomast , tìte ja eÐnai

thc morf c

F (x) =
P (x)

(x− λ)r(x− ρ1)(x− ρ2)(x− ρ3) · · · (x− ρj)
(Aþ.72)

To An�ptugma se Merik� Kl�smata gia aut  th sun�rthsh dÐnetai wc

F (x) =
d0

(x− λ)r
+

d1

(x− λ)r−1
+ · · ·+ dr−1

(x− λ)

+
k1

x− ρ1
+

k2

x− ρ2
+ · · ·+ kj

x− ρj
(Aþ.73)
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Oi suntelestèc ki antistoiqoÔn stic rÐzec qwrÐc pollaplìthta kai upologÐzontai ìpwc perigr�yame

sthn prohgoÔmenh par�grafo. Gia na broÔme touc suntelestèc d0, · · · , dr−1, pollaplasi�zoume kai

ta duo mèlh me (x− λ)r:

(x− λ)rF (x) = d0 + d1(x− λ) + d2(x− λ)2 + · · ·+ dr−1(x− λ)r−1 +

+ k1
(x− λ)r

x− ρ1
+ k2

(x− λ)r

x− ρ2
+ · · ·+ kn

(x− λ)r

x− ρn
(Aþ.74)

Jètontac x = λ kai sta duo mèlh, èqoume

(x− λ)rF (x)
∣∣∣
x=λ

= d0 (Aþ.75)

'Ara to d0 upologÐzetai ��krÔbontac �� ton ìro (x − λ)r sthn F (x), kai jètontac x = λ sth sqèsh

pou apomènei. An paragwgÐsoume th sqèsh Aþ.74 wc proc x, to dexiì mèloc katal gei sto d1+ ìroi

pou perièqoun to (x− λ) stouc arijmhtèc. Jètontac x = λ kai sta duo mèlh, èqoume

d

dx

[
(x− λ)rF (x)

]∣∣∣
x=λ

= d1 (Aþ.76)

'Ara, to d1 upologÐzetai ��krÔbontac �� ton ìro (x − λ)r apì ton ìro F (x), paragwgÐzontac thn

upìloiph èkfrash wc proc x kai met� jètontac x = λ. SuneqÐzontac kat' autìn ton trìpo, èqoume

ìti

dj =
1

j!

dj

dxj
[(x− λ)rF (x)]

∣∣∣
x=λ

(Aþ.77)

'Ara o suntelest c dj upologÐzetai ��krÔbontac �� ton ìro (x−λ)r sto F (x), upologÐzontac met� thn

j−ost  par�gwgo thn èkfrashc pou apomènei, diair¸ntac me j!, kai tèloc jètontac x = λ.
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Aþ.5 Qr simo Tupolìgio

Aþ.5.1 Kanìnac tou De L’ Hospital

An lim f(x)
g(x) eÐnai aprosdiìristhc morfhc 0

0   ∞∞ , tìte

lim
f(x)

g(x)
= lim

f ′(x)

g′(x)
(Aþ.78)

Aþ.5.2 Seirèc Taylor - Maclaurin

f(x) = f(a) +
(x− a)

1!
f ′(a) +

(x− a)2

2!
f ′′(a) + · · · (Aþ.79)

f(x) = f(0) +
x

1!
f ′(0) +

x2

2!
f ′′(0) + · · · (Aþ.80)

Aþ.5.3 Dunamoseirèc

ex = 1 + x+
x2

2!
+
x3

3!
+ · · ·+ xn

n!
+ · · · (Aþ.81)

sin(x) = x− x3

3!
+
x5

5!
− x7

7!
+ · · · (Aþ.82)

cos(x) = 1− x2

2!
+
x4

4!
− x6

6!
+
x8

8!
− · · · (Aþ.83)

tan(x) = x+
x3

3
+

2x5

15
+

17x7

315
+ · · · , x2 < π2/4 (Aþ.84)

tanh(x) = x− x3

3
+

2x5

15
− 17x7

315
+ · · · , x2 < π2/4 (Aþ.85)

(1 + x)n = 1 + nx+
n(n− 1)

2!
x2 +

n(n− 1)(n− 2)

3!
x3 + · · ·+

(
n

k

)
xk + · · ·+ xn (Aþ.86)

≈ 1 + nx, |x| � 1 (Aþ.87)
1

1− x
= 1 + x+ x2 + x3 + · · · , |x| < 1 (Aþ.88)
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Aþ.5.4 MigadikoÐ ArijmoÐ

e±jπ/2 = ±j (Aþ.89)

e±jnπ = (−1)n (Aþ.90)

e±jθ = cos(θ)± j sin(θ) (Aþ.91)

a+ jb = rejθ, r =
√
a2 + b2, θ = tan−1

( b
a

)
(Aþ.92)

(rejθ)k = rkejkθ (Aþ.93)

(r1e
jθ1)(r2e

jθ2) = r1r2e
j(θ1+θ2) (Aþ.94)

Aþ.5.5 Parag¸gish

(f(g(x)))′ = g′(x)f ′(g(x)) (Aþ.95)

(fg(x))′ = f ′(x)g(x) + f(x)g′(x) (Aþ.96)

f(x)

g(x)
=

f ′(x)g(x)− g′(x)f(x)

g2(x)
(Aþ.97)

(xn)′ = nxn−1 (Aþ.98)

(ln(ax))′ =
a

x
(Aþ.99)

(log(ax))′ =
a log(e)

x
(Aþ.100)

(ebx)′ = bebx (Aþ.101)

(abx)′ = b(ln a)abx (Aþ.102)

(sin(ax))′ = a cos(ax) (Aþ.103)

(cos(ax))′ = −a sin(ax) (Aþ.104)

(tan(ax))′ =
a

cos2(ax)
(Aþ.105)

(sin−1(ax))′ =
a√

1− a2x2
(Aþ.106)

(cos−1(ax))′ = − a√
1− a2x2

(Aþ.107)

(tan−1(ax))′ =
a√

1 + a2x2
(Aþ.108)
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Aþ.5.6 Trigwnometrikèc Tautìthtec

e±jx = cos(x)± j sin(x) (Aþ.109)

cos(x) =
1

2
(ejx + e−jx) (Aþ.110)

sin(x) =
1

2j
(ejx − e−jx) (Aþ.111)

cos(x± π/2) = ∓ sin(x) (Aþ.112)

sin(x± π/2) = ± cos(x) (Aþ.113)

2 sin(x) cos(x) = sin(2x) (Aþ.114)

sin2(x) + cos2(x) = 1 (Aþ.115)

cos2(x)− sin2(x) = cos(2x) (Aþ.116)

cos2(x) =
1

2
(1 + cos(2x)) (Aþ.117)

sin2(x) =
1

2
(1− cos(2x)) (Aþ.118)

cos3(x) =
1

4
(3 cos(x) + cos(3x)) (Aþ.119)

sin3(x) =
1

4
(3 sin(x)− sin(3x)) (Aþ.120)

sin(x± y) = sin(x) cos(y)± cos(x) sin(y) (Aþ.121)

cos(x± y) = cos(x) cos(y)∓ sin(x) sin(y) (Aþ.122)

tan(x± y) =
tan(x)± tan(y)

1∓ tan(x) tan(y)
(Aþ.123)

sin(x) sin(y) =
1

2
(cos(x− y)− cos(x+ y)) (Aþ.124)

cos(x) cos(y) =
1

2
(cos(x− y) + cos(x+ y)) (Aþ.125)

sin(x) cos(y) =
1

2
(sin(x− y) + sin(x+ y)) (Aþ.126)

a cos(x) + b sin(x) = C cos(x+ θ), C =
√
a2 + b2, θ = tan−1

(−b
a

)
(Aþ.127)
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Aþ.5.7 Aìrista Oloklhr¸mata

∫
xdy = xy −

∫
ydx (Aþ.128)∫

f(x)g′(x)dx = f(x)g(x)−
∫
f ′(x)g(x)dx (Aþ.129)∫

sin(ax)dx = −1

a
cos(ax) (Aþ.130)∫

cos(ax)dx =
1

a
sin(ax) (Aþ.131)∫

sin2(ax)dx =
x

2
− sin(2ax)

4a
(Aþ.132)∫

cos2(ax)dx =
x

2
+

sin(2ax)

4a
(Aþ.133)∫

x sin(ax)dx =
1

a2
(sin(ax)− ax cos(ax)) (Aþ.134)∫

x cos(ax)dx =
1

a2
(cos(ax) + ax sin(ax)) (Aþ.135)∫

x2 sin(ax)dx =
1

a3
(2ax sin(ax) + 2 cos(ax)− a2x2 cos(ax)) (Aþ.136)∫

x2 cos(ax)dx =
1

a3
(2ax cos(ax)− 2 sin(ax) + a2x2 sin(ax)) (Aþ.137)∫

sin(ax) sin(bx)dx =
sin((a− b)x)

2(a− b)
− sin((a+ b)x)

2(a+ b)
, a2 6= b2 (Aþ.138)∫

sin(ax) cos(bx)dx = −
[cos((a− b)x)

2(a− b)
+

cos((a+ b)x)

2(a+ b)

]
, a2 6= b2 (Aþ.139)∫

cos(ax) cos(bx)dx =
sin((a− b)x)

2(a− b)
+

sin((a+ b)x)

2(a+ b)
, a2 6= b2 (Aþ.140)∫

eaxdx =
1

a
eax (Aþ.141)∫

xeaxdx =
eax

a2
(ax− 1) (Aþ.142)∫

x2eaxdx =
eax

a3
(a2x2 − 2ax+ 2) (Aþ.143)∫

eax sin(bx)dx =
eax

a2 + b2
(a sin(bx)− b cos(bx)) (Aþ.144)∫

eax cos(bx)dx =
eax

a2 + b2
(a cos(bx) + b sin(bx)) (Aþ.145)∫

1

x2 + a2
dx =

1

a
tan−1 x

a
(Aþ.146)∫

x

x2 + a2
dx =

1

2
ln(x2 + a2) (Aþ.147)
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Aþ.6 Ask seic

1. Gia z1 = 2eπ/4, z2 = 8ejπ/3, breÐte ta a) 2z1 − z2, b)
1
z1
, g) z1

z2
2
, d) 3
√
z2.

2. Jewr ste th sun�rthsh X(f) = 2+j2πf
3+j8πf .

(aþ) Ekfr�ste to X(f) se kartesian  morf , kai breÐte to fantastikì kai to pragmatikì tou

mèrouc.

(bþ) Ekfraste to X(f) se polik  morf , kai breite to mètro |X(f)| kai th f�sh tou, ∠X(f).
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